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Abstract

We investigate the extended Higgs models especially focusing on the following three topics, the
physics of the discovered Higgs boson, that of additional Higgs bosons, and the global symmetry
of the Higgs sector. The discovered Higgs boson is a probe of new physics, and detailed studies
of its nature are one of the central interests of current and future high energy physics. The
Higgs strahlung process from an electron-positron collision is the dominant production process
at the early stage of the future lepton colliders such as the International Linear Collider (ILC),
and the production cross section will be measured with a few percent accuracies. We study the
higher-order corrections for the Higgs strahlung process in various extended Higgs models. We
find that the extended Higgs models can be classified by measuring the pattern of deviations
from the standard model (SM) prediction in the cross section times decay branching ratio. The
direct search of additional Higgs bosons is also the key program especially at the current Large
Hadron Collider (LHC) experiment and its luminosity upgraded operation (HL-LHC). We find
that indirect and direct studies play a complementary role. If the couplings of the discovered
Higgs boson are slightly different from those in the SM, the decay modes into the discovered
Higgs boson are quite useful to search additional Higgs bosons at the HL-LHC. On the other
hand, theoretical arguments such as perturbative unitarity and vacuum stability put an upper
bound for the typical mass scale of additional Higgs bosons if deviations are measured at the
ILC. Thus, the synergy between indirect and direct searches enables us to explore the wide range
of the parameter space of the extended Higgs models. The decay patterns of additional Higgs
bosons are drastically changed depending on the size of deviations in the discovered Higgs boson
couplings. We find that the Higgs-to-Higgs decays are sensitive to the radiative corrections.
Therefore, it is important to include the higher-order corrections for the direct searches of
additional Higgs bosons. Finally, we propose a new scenario, where the current experimental
data are explained as a consequence of the global symmetry of the Higgs potential at a high
energy scale. We find that there are characteristic predictions on the mass spectrum of the
additional Higgs bosons and on the coupling constants of the discovered Higgs boson. These
features can be tested at the collider experiments such as the HL-LHC and the ILC.
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Chapter 1

Introduction and summary

1.1 Introduction

The standard model (SM) of particle physics successfully describes the nature of fundamen-
tal particles. The way of the three known interactions, strong, weak and electromagnetic
interactions, are determined by a gauge principle [1, 2], which imposes the invariance of the
theory under local gauge transformations. The strong interaction is described by Quantum
Chromodynamics (QCD) [3–6], while the Glashow-Weinberg-Salam (GWS) model [7–9] of the
electroweak interactions provides a unified description for the weak and electromagnetic inter-
actions. The masses of fundamental particles, especially of gauge bosons, are prohibited by
the gauge symmetry, while the observed particles are massive. The Higgs mechanism [10–14]
successfully provides the masses of particles based on the spontaneous breaking down of the
gauge symmetry triggered by a fundamental scalar field.

The SM has been tested in detail especially at the collider experiments. The large electron-
positron (LEP) collider [15] revealed the non-abelian structure of the weak interaction. It
also tested the quantum corrections of the top quark and the Higgs boson even before their
discoveries through the precision study of weak gauge bosons. The hadron collider such as the
Tevatron and the Large Hadron Collider (LHC) discovered the top quark [16,17] and the Higgs
boson [18, 19] with the masses consistent with the results of the electroweak precision tests at
the LEP. Since the discovery of the Higgs boson, it has turned out that its properties are in
agreement with those in the SM within theoretical and experimental uncertainties [20, 21].

Despite the success of the SM, we are convinced that the SM is not a fundamental theory
because of the following reasons. First of all, the SM does not contain gravity. Second, there are
phenomena that cannot be explained within the SM, such as the existence of dark matter [22],
baryon asymmetry of the universe [22,23] and tiny but non-zero neutrino masses [24–26]. Third,
there are conceptual problems in the SM such as the hierarchy problem [27–29], the strong CP
problem [30], no unified description for the gauge group [31] and the flavor structure [32] and
so on. Therefore, the SM must be replaced by a more fundamental theory.

In seeking a more fundamental theory, one may realize that the structure of the Higgs
sector, which determines the concrete realization of the Higgs mechanism, is still a mystery
while the Higgs boson was found. There is no theoretical principle to insist on the minimal
structure of the Higgs sector as introduced in the SM. We can construct models with extended
Higgs sectors, that are consistent with current experimental data. In addition, new physics
models with non-minimal Higgs sectors can solve the above-mentioned problems in the SM.
Determination of the structure of the Higgs sector is one of the central interests of current and
future high-energy physics. By unraveling the nature of the Higgs sector, we can narrow down
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the scenario of new physics.

The clear evidence of extended Higgs sectors is a discovery of additional Higgs bosons. Its
properties such as the mass, the electric charge and the parity give important information about
the Higgs sector. Various efforts have been devoted to discovering such new particles in a wide
variety of search channels. Although no observation of such new particles has been reported,
leading to constraints on parameters of extended Higgs models, there are various scenarios that
have not been explored yet. Therefore, the direct search of new particles is one of the key
programs especially at the LHC as well as at its luminosity upgraded operation (HL-LHC).

In addition to the direct search, we can indirectly explore the extended Higgs sector. Even
before the discoveries of the top quark and the Higgs boson, we had a rough estimation for
their masses by studying their indirect effects on the electroweak observables. In addition, even
before the discovery of the SM-like Higgs boson, the extended Higgs sector is also constrained
by electroweak precision measurements and various flavor measurements. The electroweak
precision measurements, especially the measurement of the electroweak rho parameter, tell us
the information about the multiplet structure of the Higgs fields. On the other hand, flavor
measurements, especially the suppression of the flavor-changing neutral current (FCNC), give
information about the structure of the Yukawa interactions. Thus, the indirect study of new
particles is a powerful way to explore new physics models.

The discovery of the SM-like Higgs boson has opened a new window. The evidence of
extended Higgs sectors indirectly appears in the properties of the SM-like Higgs boson, since
they might be changed from that in the SM. Thus, the studies of the various Higgs observables
such as the decay branching ratios, total width and production cross sections tell us important
hints for extended Higgs sectors. If the deviations from the SM predictions are observed, one
can theoretically deduce an upper limit on the typical mass scale of additional Higgs bosons,
and this would set the next target of the energy scale at hadron colliders. Therefore, the
discovered Higgs boson is a probe of new physics. The detailed studies of the SM-like Higgs
boson are also one of the key programs at current and future collider experiments.

At the LHC, the Higgs boson couplings have been measured with typically order ten percent
accuracy [20,21], and they have been in agreement with those in the SM up to now. This leads
us to study the so-called Higgs alignment scenario [33] in extended Higgs models, where SM-
like Higgs boson couplings take their SM values. In most of the extended Higgs models, such
SM-like scenario can be realized by following two ways. The first one is the alignment due to
the decoupling of additional Higgs bosons. In the decoupling scenario, a new scale introduced
in extended Higgs models is much larger than the TeV scale, and their indirect effects decouple
from observables at the electroweak scale [34]. The second one is the alignment of the SM-like
Higgs boson couplings without decoupling. In this scenario, inner parameters of extended Higgs
models, especially mixing among the SM-like Higgs boson and additional Higgs bosons, take
the values so that the SM-like Higgs boson couplings take their SM values.

The accuracy of Higgs measurements will be improved at the HL-LHC and further signif-
icantly at future lepton colliders such as the International Linear Collider (ILC) [35–38], the
Future Circular Collider (FCC-ee) [39] and the Circular Electron Positron Collider (CEPC) [40].
Since a few percent accuracies are typically expected in these future experiments, theoretical
predictions at the lowest order of perturbation are not enough, and inclusion of the higher-order
corrections due to the quantum effects is important. In addition, the current SM-like situation
makes the study of the higher-order corrections further important because these corrections
would give different predictions from the SM even if the SM-like Higgs boson couplings are
aligned at the lowest order.

It should be emphasized that there is a complementarity between direct and indirect searches,
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and it enables us to study the extended Higgs sector in detail at future collider experiments.
The direct search of additional Higgs bosons gives a lower bound for the mass scale of the ad-
ditional Higgs bosons. On the other hand, if the couplings of the SM-like Higgs boson slightly
deviate from those in the SM, the indirect search gives an upper bound for the mass scale of
the additional Higgs bosons. As we discuss in this thesis, decays of additional Higgs bosons
into the SM-like Higgs boson can be a dominant decay process in the approximate alignment
scenario, and such Higgs-to-Higgs decays are quite useful for the direct search of additional
Higgs bosons. Thus, we can explore the extended Higgs sector, especially in the approximately
SM-like scenario by utilizing the synergy between the direct search of Higgs-to-Higgs decay at
future hadron colliders and the indirect search at future lepton colliders.

In this thesis, we show that higher-order corrections play an important role not only in the
physics of the discovered Higgs boson but also in that of additional Higgs bosons. In order to
open the Higgs-to-Higgs decay modes, the SM-like Higgs boson couplings should deviate from
their SM value at the lowest order. Therefore, the Higgs-to-Higgs decays are suppressed at the
tree level in the alignment scenario. Since the size of the lowest-order contribution is relatively
small, the size of higher-order corrections might be the same magnitude. Thus, the inclusion
of the higher-order corrections is important, especially for the Higgs-to-Higgs decays in the
approximate alignment scenario.

From a theoretical viewpoint, it is important to investigate the origin of Higgs alignment.
The Higgs alignment would indicate the nature of the Higgs sector, as the electroweak rho
parameter and suppression of the FCNCs shed light on the structure of the extended Higgs sec-
tor. Global symmetry is one of the promising ways to naturally understand these observations.
In this thesis, we propose a new scenario where both the electroweak rho parameter and the
Higgs alignment by a global symmetry of the Higgs potential at a higher scale. We have the
characteristic predictions on the mass spectrum of the additional Higgs bosons and the SM-like
Higgs boson couplings, and this scenario can be tested at future collider experiments. Since the
structure of the Higgs potential would be determined by the dynamics of more fundamental
theory, we can shed light on the nature of new physics by reconstructing the shape of the Higgs
potential.

1.2 Summary of the author’s work

We present the following results in this thesis.

(I) Cross section for the Higgs strahlung process from electron-positron collisions
including the full next-to-leading order electroweak corrections in various
extended Higgs models. [in Chapter 6]

We evaluate the production cross section for e+e− → hZ process with arbitrary sets of
electron and Z boson polarization including the full next-to-leading order electroweak
corrections in various extended Higgs models, such as the Higgs singlet model (HSM), the
inert doublet model (IDM) and the two Higgs doublet model (2HDM). We find that the
various extended Higgs models can be discriminated by precisely analyzing the deviation
in the cross section times branching ratio.

(II) The synergy between direct searches for additional Higgs bosons at the hadron
colliders and precision measurements of the SM-like Higgs boson properties
at future electron-positron colliders. [in Chapter 7]
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In the 2HDM, we concretely show that most of the parameter space can be explored by
the direct searches of the additional Higgs bosons and also by the theoretical constraints
if the future collider experiments measure the deviations in the coupling constants of the
SM-like Higgs boson.

(III) Decay branching ratios of charged Higgs bosons including NLO EW correc-
tions, as well as QCD corrections. [in Chapter 8]

We evaluate the decay branching ratios of charged Higgs bosons including NLO EW
corrections, as well as QCD corrections in the 2HDMs.

(IV) Decay branching ratios of CP-odd Higgs boson including NLO EW correc-
tions, as well as QCD corrections. [in Chapter 9]

We evaluate the decay branching ratios of CP-odd Higgs boson including NLO EW
corrections, as well as QCD corrections in the 2HDMs.

(V) New scenario for the SM-like Higgs couplings originated from the global
symmetry of the Higgs potential at a high energy scale. [in Chapter 10]

We propose a new scenario of the 2HDM, where the current experimental data for the
electroweak rho parameter and those for the Higgs boson couplings can be simultaneously
explained. We find that there are characteristic predictions on the mass spectrum of the
additional Higgs bosons and on the couplings of the SM-like Higgs boson, which make it
possible to test this scenario at the current and future collider experiments.

These results are based on the following author’s work in collaboration with Prof. Shinya
Kanemura, Prof. Kentarou Mawatari, Prof. Kei Yagyu, Prof. Mariko Kikuchi and Dr. Kodai
Sakurai.

[41] M. Aiko, S. Kanemura and K. Mawatari. ”Next-to-leading-order corrections to the Higgs
strahlung process from electron-positron collisions in extended Higgs models”, Eur. Phys.
J. C, Vol. 81, No. 11, p. 1000, 2021.

[42] M. Aiko, S. Kanemura, M. Kikuchi, K. Mawatari, K. Sakurai and K. Yagyu, ”Probing
extended Higgs sectors by the synergy between direct searches at the LHC and precision
tests at future lepton colliders”, Nucl. Phys. B, Vol. 966, p. 115375, 2021.

[43] M. Aiko, S. Kanemura and K. Sakurai, ”Radiative corrections to decays of charged Higgs
bosons in two Higgs doublet models”, Nucl. Phys. B, Vol. 973, p. 115581, 2021.

[44] M. Aiko and S. Kanemura, ”New scenario for aligned Higgs couplings originated from the
twisted custodial symmetry at high energies”, JHEP, Vol. 02, p. 046, 2021.

1.3 Organization

This thesis is organized as follows. In Chapter 2 and 3, we review the SM and the extended
Higgs models. In Chapter 4, we review the gauge independent renormalization of the SM and
the extended Higgs models. In Chapter 5, we review the decays of the discovered Higgs boson
including the higher-order corrections. In Chapter 6, we study the Higgs strahlung produc-
tion process at electron-proton colliders including the quantum corrections. In Chapter 7, we
study the synergy between direct searches for additional Higgs bosons at the hadron colliders
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and precision measurements of the SM-like Higgs boson properties at future electron-positron
colliders. In Chapter 8 and 9, we study the radiative corrections for the decays of additional
Higgs bosons and discuss their impacts motivated by the study in Chapter 7. In Chapter 10, we
propose the scenario where the current experimental constraints are explained as a consequence
of the global symmetry structure of the Higgs potential. We conclude this thesis in Chapter 11.
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Part I

Review of the Higgs physics
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Chapter 2

Review of the standard model

In this chapter, we review the SM. The SM is based on the two pillars. The first one is the
gauge principle [1] which determines the structure of the gauge interactions. The second one
is the Higgs mechanism [10–14] by which the SM particles acquire their mass through the
spontaneous breaking down of the gauge symmetry.

We follow the sign notation in H-COUP program [45,46] which corresponds to η = η′ = ηe =
−1, ηZ = ηθ = ηY = +1 and ηG = +1 in Ref. [47].

2.1 Particle contents

In this section, we list the particle contents of the SM and their representation under the gauge
group G = SU(3)c × SU(2)L × U(1)Y .

2.1.1 Quarks and Leptons

SU(3)C SU(2)L U(1)Y

Qi 3 2 1/6
uiR 3 1 2/3
diR 3 1 −1/3
Li 1 2 −1/2
ℓiR 1 1 −1

Table 2.1: Representation of fermion fields under the SM gauge symmetry. Index i represents
the generation of quarks and leptons. 3 and 2 are fundamental representation of SU(3)c and
SU(2)L, respectively. Index R represents the right-handed fermions, while Q and L corresponds
to left-handed quarks and leptons, respectively.

There are six flavors of quarks and leptons in the SM. Based on the SU(2)L multiplet struc-
ture, we classify the quarks and leptons into three generations. The transformation properties
of fermion multiplets are summarized in Table. 2.1.

The left-handed quarks Qi = (ui, d′i)TL are the fundamental representation of SU(3)c and
SU(2)L gauge symmetry.

Q1 =

(
u
d′

)
L

, Q2 =

(
c
s′

)
L

, Q3 =

(
t
b′

)
L

. (2.1)
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The right-handed quarks uiR and diR are also the fundamental representation of SU(3)c but
singlet of SU(2)L.

All of the leptons are singlet under the SU(3)c. The left-handed leptons Li = (νiℓ, ℓ
i)TL are

the fundamental representation of SU(2)L

L1 =

(
νe
e

)
L

, L2 =

(
νµ
µ

)
L

, L3 =

(
ντ
τ

)
L

, (2.2)

while right-handed leptons ℓiR are singlet.

2.1.2 Gauge bosons

SU(3)C SU(2)L U(1)Y

Ga
µ 8 1 0

W i
µ 1 3 0

Bµ 1 1 0

Table 2.2: Representation of gauge fields under the SM gauge symmetry. SU(3)c index a =
1, 2, · · · 8, and SU(2)L index i = 1, 2, 3. 8 and 3 are adjoint representation of SU(3)c and
SU(2)L respectively.

There are three kinds of gauge fields in the SM. The transformation properties of gauge
fields are summarized in Table. 2.2.

2.1.3 Higgs boson

SU(3)C SU(2)L U(1)Y

Φ 1 2 1/2
Φc 1 2 −1/2

Table 2.3: Representation of Higgs fields under the SM gauge symmetry. Φc is charge conjuga-
tion of Φ.

There is one Higgs doublet field in the SM. The transformation properties of Higgs fields
are summarized in Table. 2.3. The charge conjugation of Higgs field Φc is defined as

Φc = iσ2Φ
∗. (2.3)

Φc behaves as a doublet under the SU(2)L transformation, while it has opposite hypercharge
as Φ.

16



2.2 Classical Lagrangian of the SM

The classical Lagrangian of the standard model is given by

LSM = −1

4

8∑
a=1

Ga
µνG

aµν − 1

4

3∑
a=1

W a
µνW

aµν − 1

4
BµνB

µν

+Q
i
(i /D)Qi + uiR(i /D)uiR + d

i

R(i /D)diR + L
i
(i /D)Li + ℓ

i

R(i /D)ℓiR

+ (DµΦ)
†DµΦ + µ2Φ†Φ− λ

2
(Φ†Φ)2

−
[
Y ij
u Q

i
ujRΦ

c + Y ij
d Q

i
djRΦ + Y ij

e L
i
ℓjRΦ + h.c.

]
. (2.4)

The field strength tensors Ga
µν ,W

a
µν , Bµν are defined as

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gsf

abcGb
µG

c
ν , (2.5)

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gϵabcW b

µW
c
ν , (2.6)

Ba
µν = ∂µB

a
ν − ∂νB

a
µ, (2.7)

where fabc and ϵabc are the structure constants of SU(3)c and SU(2)L, respectively. The co-
variant derivative is defined as

Dµ = ∂µ − igsT
aGa

µ − igτaW a
µ − ig′Y Bµ, (2.8)

where T a = λa/2 are SU(3)c generators with the Gell-Mann matrices λa, while τ i = σi/2 are
SU(2)L generators with the Pauli matrices σi.

2.2.1 Higgs mechanism

In the SM, the Higgs potential is given by

V (Φ) = −µ2Φ†Φ +
λ

2
(Φ†Φ)2, (2.9)

where µ2 and λ are real parameter, and λ is positive due to the stability of the Higgs potential.
If µ2 is positive, the Higgs potential has a non-trivial minimum, and SU(2)L×U(1)Y gauge

symmetry spontaneously breaks down into U(1)em. We parametrize Φ as

Φ =

(
G+

1√
2
(v + h+ iG0)

)
, (2.10)

where v is vacuum expectation value (VEV), and G± and G0 are the Nambu-Goldstone (NG)
bosons [48,49]. The stationary condition, ∂V (Φ)/∂h|0 = 0, leads to

µ2 =
1

2
λv2, (2.11)

and the mass of the Higgs boson h is given by

m2
h = λv2. (2.12)
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We obtain the mass terms of the gauge bosons from the kinetic term of the Higgs field

LHiggs ⊃
(gv
2

)2
W+

µ W
−µ +

v2

8

(
W 3

µ Bµ

)( g2 gg′

gg′ g′2

)(
W 3µ

Bµ

)
, (2.13)

where we have defined charged weak bosons W± as

W±
µ ≡ 1√

2

(
W 1

µ ∓ iW 2
µ

)
. (2.14)

We define mass eigenstates Zµ and Aµ as(
Zµ

Aµ

)
≡
(
cW −sW
sW cW

)(
W 3

µ

Bµ

)
, (2.15)

with the shorthand notation for the trigonometric functions as sW = sin θW and cW = cos θW .
The weak mixing angle θW is defined by tan θW ≡ g′/g. The masses of the gauge bosons are
given by

mW =
1

2
gv, mZ =

1

2
gZv, mγ = 0, (2.16)

with gZ ≡ g/cW .
We obtain the mass terms of the quarks and leptons from the Yukawa interaction terms

LYukawa ⊃ −
∑

f=u,d,e

f
i

L

(
1√
2
Y ij
f v

)
f j
R + h.c. (2.17)

Since any n-dimensional square complex matrix can be diagonalized by a bi-unitary transfor-
mation, we can define the mass eigenstate of the quarks and leptons as,

uiL = U ij
L u

(m)j
L , uiR = U ij

R u
(m)j
R , (2.18)

diL = Dij
L d

(m)j
L , diR = Dij

Rd
(m)j
R , (2.19)

eiL = Eij
L e

(m)j
L , eiR = Eij

Re
(m)j
R , (2.20)

such that

diag(mu,mc,mt) =
v√
2
(U †

L)
ikY kℓ

u U ℓj
R , (2.21)

diag(md,ms,mb) =
v√
2
(D†

L)
ikY kℓ

d Dℓj
R , (2.22)

diag(me,mµ,mτ ) =
v√
2
(E†

L)
ikY kℓ

e Eℓj
R . (2.23)

2.2.2 Weak and electromagnetic currents

We obtain the fermion’s electromagnetic, weak-charged and weak-neutral currents from the
kinetic terms of the fermions. In the mass eigenstate, they are given by

L ⊃ eJµ
emAµ +

g√
2

[
Jµ
+W

+
µ + h.c.

]
+ gZJ

µ
ZZµ, (2.24)
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with e ≡ gsW = g′cW . The electromagnetic current is given by

Jµ
em = δij

∑
f=u,d,e

Qff
(m)i

γµf (m)j, (2.25)

where the electromagnetic charge Qf is determined by the Nishijima-Gell-Mann’s formula [50–
52],

Qf ≡ τ 3f + Yf . (2.26)

The weak-charged current is defined by

Jµ
+ = V ij

CKMu
(m)iγµPLd

(m)j + δijν
iγµPLe

(m)j, (2.27)

with Cabibbo-Kobayashi-Maskawa (CKM) matrix [53,54]

V ij
CKM = (U †

L)
ikDkj

L . (2.28)

Since there is no mass term for the neutrinos, we have rotated the left-handed neutrinos so that
the leptonic charged current becomes flavor diagonal. The weak-neutral current is given by

Jµ
Z = δij

∑
f=u,d,e

f
(m)i

γµ(vf − afγ
5)f (m)j, (2.29)

with

vf =
1

2
τ 3f −Qfs

2
W , af =

1

2
τ 3f . (2.30)

Since the weak-neutral current is flavor diagonal, it conserves all quark flavors in the SM [55].

2.2.3 Higgs boson couplings

The interaction terms of the Higgs boson and the weak gauge bosons are given by

L ⊃ m2
W

v
gµνhW+

µ W
−
µ +

m2
Z

2v
gµνhZµZµ. (2.31)

Since the Higgs boson is neutral under the SU(3)c color and the U(1)em charge, there is no
tree-level interaction with the gluon and the photon. The interaction terms of the Higgs boson
and the fermions are given by

LYukawa ⊃ −
∑

f=u,d,e

mf

v
ffh. (2.32)

Since the mass matrices and the Yukawa interaction terms are diagonalized simultaneously, the
interactions of the Higgs boson and fermions conserve the quark flavors in the SM.

The Higgs boson couplings to gauge bosons and fermions are proportional to their mass.
Thus, its couplings to the weak gauge bosons, top and bottom quark, and tau lepton are
relevant for the Higgs physics.
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2.3 Quantization of the standard model

2.3.1 Gauge fixing in the Rξ gauge

We need to make the gauge fixing following the Faddeev-Popov prescription [56] in order to
quantize the standard model. In the Rξ gauge [57], the gauge fixing terms are given by

LGF = −1

2
F 2
G − F+F− − 1

2
F 2
Z − 1

2
F 2
A, (2.33)

where

F a
G = (ξG)

−1/2∂µGa
µ, (2.34)

F± = (ξW )−1/2∂µW±
µ ∓ i(ξW )1/2mWG

±, (2.35)

FZ = (ξZ)
−1/2∂µZµ − (ξZ)

1/2mZG, (2.36)

FA = (ξA)
−1/2∂µAµ. (2.37)

In the Rξ gauge, the mixing terms between the gauge bosons and the NG bosons cancel out.
We choose the gauge parameters as

ξG = ξW = ξZ = ξA = ξ, (2.38)

and adopt the ’t Hooft-Feynman gauge [58] where ξ = 1.

2.3.2 Fadeev-Popov Ghost

In order to restore the unitarity, the Fadeev-Popov ghosts [56] must be introduced as

Lghost =
8∑

a,b=1

ω̄a∂(δF
a
G)

∂βb
ωb

+
∑

i=±,Z,A

[
c̄+
∂(δF+)

∂αi
+ c̄−

∂(δF−)

∂αi
+ c̄Z

∂(δFZ)

∂αi
+ c̄A

∂(δFA)

∂αi

]
ci, (2.39)

where ωa denote the SU(3)c ghosts, and c±, cZ and cA are electroweak ghosts. We have defined
the gauge parameters βa by the SU(3)c transformation

Uc = exp(−igsT aβa). (2.40)

In addition, We have defined the gauge parameters α±, αZ , αA as

α± =
1√
2
(α1 ∓ iα2), (2.41)

αZ = α3cW − α4sW , (2.42)

αA = α3sW + α4cW . (2.43)

by the SU(2)L and U(1)Y transformation

UL = exp
(
−igτ iαi

)
, i = 1, 2, 3, (2.44)

UY = exp
(
−ig′Y α4

)
. (2.45)

20



2.4 Higgs sector in the SM

In this section, we discuss theoretical and experimental features of the Higgs sector in the SM.

2.4.1 Custodial symmetry

The Higgs potential in the SM given in Eq. (2.9) respects not only the local SU(2)L × U(1)Y
gauge symmetry but also global O(4) symmetry. In the symmetric phase, we parametrize Φ as

Φ =
1√
2

(
ϕ1 + iϕ2

ϕ3 + iϕ4

)
. (2.46)

Since the Higgs potential consists of |Φ|2 =
∑

i ϕ
2
i /2, this is invariant under the global SO(4)

transformation of ϕi

ϕi → Oijϕj, OijOik = δik. (2.47)

In the broken phase, the VEV of ϕ3 breaks the global SO(4) symmetry into SO(3) symmetry
leading to three NG bosons.

The SO(4) and SO(3) groups are homomorphic to SU(2) × SU(2) and SU(2) groups,
respectively. Therefore, we can regard the breaking pattern of the global symmetry as SU(2)×
SU(2) symmetry into SU(2) symmetry. We call the unbroken SO(4) ∼ SU(2)L × SU(2)R
symmetry as custodial symmetry, while this terminology is originally introduced for the residual
SU(2)V symmetry [59]. One can study this global symmetry structure by introducing a bi-
doublet field,

M = (Φc,Φ). (2.48)

The bi-doublet field transforms under the SU(2)L × U(1)Y transformation as,

SU(2)L : M → eigαa(x)τaM, (2.49)

U(1)Y : M →Me−ig′Y α4(x)σ3 , (2.50)

and Tr
(
M †M

)
= 2|Φ|2 is gauge invariant. The Higgs potential is written by

V (Φ) = −µ
2

2
Tr
(
M †M

)
+
λ

8
Tr2(M †M), (2.51)

and it is invariant under the global SU(2)L × SU(2)R transformation of the bi-doublet field,

M → ULMU †
R. (2.52)

From Eq. (2.50), we can see that global U(1)Y is a subgroup of global SU(2)R.
In the broken phase, the bi-doublet field becomes,

⟨M⟩ = v√
2

(
1 0
0 1

)
, (2.53)

and this breaks both SU(2)L and SU(2)R,

UL ⟨M⟩ ̸= ⟨M⟩ , ⟨M⟩U †
R ̸= ⟨M⟩ . (2.54)
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However, ⟨M⟩ leaves the unbroken subgroup SU(2)V , which is corresponding to simultaneous
transformation of SU(2)L and SU(2)R with UV

UV ⟨M⟩U †
V = ⟨M⟩ . (2.55)

Thus the VEV of the bi-doublet filed breaks global SU(2)L × SU(2)R symmetry into SU(2)V .
The custodial symmetry is not the global symmetry of the whole SM Lagrangian. The

covariant derivative of the bi-doublet field is written by

DµM = ∂µM − igWµτ
aM + ig′Y BµMσ3. (2.56)

Since U †
R does not commute with σ3, the hypercharge interaction breaks the custodial symmetry.

In order to study the Yukawa interaction terms, we introduce the left-handed doublet Qi
L = Qi

and the right-handed doublet Qi
R = (ui, d′i)TR. The Yukawa interaction terms for quarks are

written by

LYuk ⊃ −1

2
(Y ij

u + Y ij
d )Q

i

LMQj
R − 1

2
(Y ij

u − Y ij
d )Q

i

LMσ3Q
j
R. (2.57)

Thus, the custodial symmetry is broken by the second term, which is proportional to the mass
difference between up and down-type quarks after the symmetry breaking. Since there is no
right-handed neutrino, the Yukawa interaction terms for leptons maximally break the custodial
symmetry.

2.4.2 Perturbative unitarity

The perturbative unitarity bound [60,61] gives the upper limit on the mass of the Higgs boson
in the SM. From Eq. (2.12), we can see that a heavier Higgs boson leads to a larger Higgs
quartic coupling. This indicates that there is an upper bound for the mass of the Higgs boson
above which the perturbative expansion for the Higgs quartic coupling is not verified.

Unitarity condition

The breakdown of the perturbative expansion violates the unitarity of the S matrix, S†S = 1.
In order to isolate the interaction, we parametrize the S matrix as S = 1 + iT and obtain

T †T = −i(T − T †). (2.58)

For the initial state |i⟩ = |k1, k2, · · ·⟩ and the final state |f⟩ = |p1, p2, · · ·⟩, the scattering
amplitude satisfies the unitarity condition,

−i{M(i→ f)−M∗(f → i)} =
∑
X

∫
dΠXM∗(f → X)M(i→ X), (2.59)

where we used the completeness relationship

1 =
∑
X

(
X∏
i=1

∫
d3qi
(2π)3

1

2Ei

)
|X⟩ ⟨X| (2.60)

with an intermediate state |X⟩ = |q1, q2, · · ·⟩. The scattering amplitude is defined by

⟨f | iT |i⟩ = (2π)4δ4
(∑

ki −
∑

pi

)
iM(i→ f), (2.61)
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and the phase space integral is defined by∫
dΠX =

(
X∏
i=1

∫
d3qi
(2π)3

1

2Ei

)
(2π)4δ4

(∑
ki −

∑
qi

)
. (2.62)

For the two-body to two-body scattering, we can define the partial wave amplitude aJ as

M(i→ f) = 16π
∞∑
j=0

(2J + 1)aJPJ(cos θ), (2.63)

with the Legendre polynomials PJ(cos θ). This gives the unitarity bound for the partial wave
amplitude ∣∣∣∣a2→2

J − 1

2

∣∣∣∣2 +∑
n>2

∣∣a2→n
J

∣∣2 = 1

4
, (2.64)

in a reprisentation where the elastic scattering amplitudes are diagonal. Thus, the two-body
elastic scattering amplitudes lie on a circle of radius ηj/2 cenreted at (0, 1/2) in the complex
plane, with

ηj =

(
1− 4

∑
n>2

∣∣a2→n
J

∣∣2)1/2

. (2.65)

Lee-Quigg-Thacker bound

The high-energy region where
√
s≫ mV , the longitudinal polarization vector of massive gauge

boson V behaves as

ϵµL =
pµ

mV

+O
(
mW√
s

)
. (2.66)

Therefore, it is expected that the amplitudes of four longitudinal gauge bosons scattering behave
as

M = A

(
E

mV

)4

+B

(
E

mV

)2

+ C. (2.67)

Therefore, they potentially break the unitarity bound at a high-energy limit. However, one
can show that the coefficients A and B become zero after summing over the relevant Feynman
diagrams. Thus, the unitarity bound constrains the magnitude of C, and it gives the upper
bound for the mass of the Higgs boson, which is the so-called Lee-Quigg-Thacker bound [60,61].

Instead of evaluating the scattering amplitudes of longitudinal gauge bosons, we use the
equivalence theorem. This theorem states that the longitudinal gauge bosons can be replaced
by the corresponding NG bosons in the high-energy limit,

M(W±
L , ZL) ≃ M(G±, G0) +O

(
mW√
s

)
. (2.68)

In the high-energy limit with s ≫ mh, contact interaction diagrams are only relevant. The
partial wave amplitudes are given by

a0 = −GFm
2
h

8π
√
2


3 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


1√
2

∣∣G+G− + 1
2
(hh+G0G0)

〉
1√
2

∣∣G+G− − 1
2
(hh+G0G0)

〉
1
2
|hh−G0G0⟩

|hG0⟩

. (2.69)
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Figure 2.1: RG evolution of λ coupling varying mt and αs. We have reproduced Fig.1 in
Ref. [62].

Form the largest eigenvalue, we obtain the upper bound for the mass of the Higgs boson as

mh ≤

√
4π

√
2

3GF

∼ 500GeV. (2.70)

The observed Higgs boson mass mh ≃ 125GeV satisfies the Lee-Quigg-Thacker bound, and we
can verify the perturbative calculation within the SM.

2.4.3 Vacuum stability

At LO, the parameters of the Higgs potential in the SM should satisfy the following conditions,

µ2 > 0, λ > 0. (2.71)

The first condition is necessary to make the origin of the potential to be unstable and to occur
the spontaneous breaking down of the gauge symmetry. The second condition guarantees that
the Higgs potential is bounded from below with large field values.

However, the value of the coupling constant is scale-dependent. Therefore, one needs to
study the scale dependence of the parameters of the Higgs potential by using the renormalization
equation in order to investigate the potential structure at a large energy scale. Fig. 2.1 shows
the scale dependence of λ(µ). We have reproduced Fig. 1 in Ref. [62] by using the one-loop
beta functions and obtained consistent results. We vary the value of the input parameters mt

and αs between the ±3σ. Black line in both Fig.2.1 shows the evolution of the λ for central
value of mt and αs. The blue and red band show 3σ width of mt and αs respectively. The value
of λ close to zero and breaks vacuum stability around 1010 GeV when we use central value of
mt and αs. However, the value of the vacuum stability breaking scale is highly dependent on
the value of the input parameter mt, and it can be varied between 108 and 1016 GeV.
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2.4.4 Flavor changing neutral current and GIM mechanism

As we have discussed in Subsecs. 2.2.2 and 2.2.3, both of the weak-neutral current and the
Yukawa interaction conserve the quark flavors in the SM. Therefore, there is no flavor-changing
neutral current (FCNC) in the SM.

FCNC processes such as K0 − K̄0 mixing occur through the charged-current loop diagram.
However, one-loop amplitudes are suppressed not only by the loop factor 1/4π but also by
the mass-squared differences among the virtual quarks such as (m2

c −m2
u)/v

2. This is because
the mass differences of quarks are the only sources for the flavor violation in the SM since the
weak-charged current also conserves the quark flavor if the masses of the quarks are degenerate.
Thus, FCNC processes in the SM are highly suppressed as a consequence of the quark flavor
structure, and this is the so-called GIM mechanism [55].

2.4.5 Electroweak precision test

The electroweak S, T and U parameters [63,64] parametrize the radiative corrections appearing
in the two-point functions of weak gauge bosons. Since these parameters are independent of
external particles in the process, they are so-called oblique parameters. These parameters
are useful to study new particles because they can capture the non-decoupling effects of new
particles.

The two-point functions of gauge bosons are composed of the transverse and longitudinal
parts,

ΠAB
µν (q) =

(
−gµν +

qµqν
q2

)
ΠAB

T (q2) +
qµqν
q2

ΠAB
L (q2), (2.72)

where AB = γγ, Zγ, ZZ, WW . The transverse part can be parametrized as

Πγγ
T (q2) = e2ΠQQ

T (q2), (2.73)

ΠZγ
T (q2) = egZ

[
Π3Q

T (q2)− s2WΠQQ
T (q2)

]
, (2.74)

ΠZZ
T (q2) = g2Z

[
Π33

T (q2)− 2s2WΠ3Q
T (q2) + s4WΠQQ

T (q2)
]
, (2.75)

ΠWW
T (q2) = g2Π11

T (q2). (2.76)

The S, T and U parameters are defined by

S = 16πRe
[
Π3Q

T,γ(m
2
Z)− Π33

T,Z(0)
]
, (2.77)

T =
4
√
2GF

αem

Re
[
Π33

T (0)− Π11
T (0)

]
, (2.78)

U = 16πRe
[
Π33

T,Z(0)− Π11
T,W (0)

]
, (2.79)

with

ΠAB
T,V (q

2) =
ΠAB

T (q2)− ΠAB
T (m2

V )

q2 −m2
V

. (2.80)
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Figure 2.2: Constraints in the oblique parameters S and T fixing U = 0 (blue contour). The
masses of Higgs boson and top quark are mh = 125 GeV and mt = 172.5 GeV, respectively.
Individual constraints are also shown from the asymmetry and direct sin2 θℓeff measurements
(yellow), the Z partial and total widths (green) and W mass and width (red). This figure is
taken from Ref. [65].

In terms of the two-point functions of γ, Z and W bosons, S, T and U parameters are given by

α

4s2W c
2
W

S = −Re

[
ΠZZ

T (m2
Z)− ΠZZ

T (0)

m2
Z

− c2W − s2W
cW sW

ΠZγ
T (m2

Z)

m2
Z

− Πγγ
T (m2

Z)

m2
Z

]
, (2.81)

αT = −Re

[
ΠWW

T (0)

m2
W

− ΠZZ
T (0)

m2
Z

]
, (2.82)

α

4s2W
U = −Re

[
ΠWW

T (m2
W )− ΠWW

T (0)

m2
W

− c2W
ΠZZ

T (m2
Z)− ΠZZ

T (0)

m2
Z

− 2sW cW
ΠZγ

T (m2
Z)

m2
Z

− s2W
Πγγ

T (m2
Z)

m2
Z

]
. (2.83)

These parameters have been studied by the electroweak precision tests at LEP/SLC ex-
periments, and they provided the information of masses of top quark and Higgs boson even
before their discovery. Fig. 2.2 taken from Ref. [65] shows that the global fit for S and T the
parameter. We can see that the SM predictions for S and T parameter with observed Higgs
boson and top quark masses, mh = 125 GeV and mt = 172.5 GeV, are consistent with the
current experimental data at 95% CL.

2.4.6 Decay of Higgs boson

The Higgs couplings to gauge bosons and fermions are proportional to their masses. Therefore,
the Higgs boson tends to decay into heavy particles if such decay modes are kinematically al-
lowed. We here qualitatively discuss the decay property of the Higgs boson, while the theoretical
calculations including the higher-order corrections are discussed in Chapter 5.

The theoretical predictions for the Higgs branching ratio including the electroweak and
QCD higher-order corrections have been performed [67]. We quote the recommended value
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Figure 2.3: The theoretical predictions for the Higgs branching ratio including the electroweak
and QCD higher-order corrections. This figure is taken from Ref. [66].

bb̄ τ τ̄ µµ̄ cc̄ gg γγ Zγ WW ZZ
58.2% 6.27% 0.0218% 2.89% 8.19% 0.227% 0.153% 21.4% 2.62%

Table 2.4: The theoretical predictions for the branching ratios of the Higgs boson withmh = 125
GeV. The predicted total width is 4.09 MeV. These values are taken from Ref. [66]. We omit
the estimated errors for simplicity.

for the Higgs branching ratio provided by the LHC Higgs Cross section Working Group [67].
These results have been evaluated by using the programs HDECAY [68, 69] and PROPHECY4F

[70]. HDECAY evaluates the partial decay width for the Higgs two-body decays into a pair of
fermions h→ ff̄ and on-shell gauge boson pair h→ V V , as well as the loop-induced processes
h → γγ, Zγ, gg. On the other hand, PROPHECY4F evaluates those for the Higgs off-shell four-
body decays h→ V ∗V ∗ → 4f .

Fig. 2.3 taken from Ref. [66] shows the theoretical predictions for the branching ratio of
the Higgs boson including the higher-order corrections as a function of its mass. The bands
for each line show the respective uncertainties estimated by considering both the theoretical
and the parametric uncertainties. The former comes from the experimental error for input
parameters, while the latter comes from missing the higher-order corrections. The detail of the
higher-order calculations and estimation of uncertainties are explained in Ref. [67]. We also list
the predicted values for the Higgs branching ratio with the discovered mass mh = 125 GeV in
Table 2.4. These values are taken from Ref. [66].
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Chapter 3

Review of the extended Higgs models

In this chapter, we review extended Higgs models. Before moving on to the descriptions of
each extended Higgs model, we give the motivations for studying the extended Higgs sectors.
We also discuss the electroweak rho parameter in the extended Higgs models and introduce the
HSM, the 2HDM and the IDM.

Unraveling the structure of the Higgs sector is one of the promising ways to approach a
more fundamental theory. While the SM-like Higgs boson was found, the structure of the Higgs
sector is still a mystery. There is no theoretical principle to insist on the minimal structure
of the Higgs sector as introduced in the SM. In addition, non-minimal Higgs sectors are often
introduced in various new physics models, which can solve problems beyond the SM. Therefore,
the determination of the Higgs sector is one of the important tasks to narrow down a scenario
of new physics.

Although there are various ways to extend the Higgs sector in general, the electroweak rho
parameter constrains the possible multiplet structure of the extended Higgs models. The rho
parameter is defined by

ρ =
m2

W

m2
Z cos2 θW

. (3.1)

It is unity at the tree level in the SM. On the other hand, it deviates from unity in extended
Higgs models in general. The rho parameter at the tree level is given by

ρtree =

∑
i [Ti(Ti + 1)− Y 2

i ]v
2
i

2
∑

i Y
2
i v

2
i

, (3.2)

in the model with an arbitrary number of scalar fields ϕi with a hypercharge Yi, an isospin Ti
and a VEV vi. Since the observed value of the rho parameter is close to unity, the extended
Higgs models in which the rho parameter becomes unity at the tree level are promising.

There are two ways to make the rho parameter unity at the tree level. The first way is
introducing the Higgs multiplets which satisfy

Ti(Ti + 1)− 3Y 2
i = 0. (3.3)

In such models, the rho parameter becomes unity independently of the value of Higgs VEVs.
The HSM and 2HDM belong to this class. The second way is assuming an alignment among
the Higgs VEVs. The Georgi-Machacek (GM) model [71], in which we introduce the additional
real and complex triplet fields with Yi = 0 and Yi = 1, belongs to this class. We note that the
rho parameter does not change if additional Higgs multiplets do not develop the VEVs, such
as the IDM.

In this thesis, we study the HSM, the 2HDM and the IDM in detail as a representative of
the extended Higgs models.
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3.1 Higgs singlet model

In the HSM, we have one isospin doublet scalar field Φ with the hypercharge Y = 1/2 and one
real singlet field S with Y = 0. The Lagrangian of the HSM is given by

LHSM = LSM + (∂µS)
2 − VHSM(Φ, S), (3.4)

where LSM is the Lagrangian of the SM without the Higgs potential. The most general Higgs
potential is given by

VHSM(Φ, S) = m2
Φ|Φ|

2 + λ|Φ|4 + µΦS|Φ|2S + λΦS|Φ|2S2

+ tSS +m2
SS

2 + µSS
3 + λSS

4, (3.5)

where all the parameters are real.
We parametrize these scalar fields as

Φ =

(
G+

1√
2
(v + ϕ+ iG0)

)
, S = vS + s. (3.6)

where v is the VEV of the doublet field which is related to the Fermi constant by v =
(
√
2GF )

−1/2, while vS is the VEV of the singlet field. The component fields G± and G0 in
the doublet field correspond to the NG bosons. We can take any value of vS without changing
physical results [72].

The tadpole terms for ϕ and s are given by

Tϕ = v
[
m2

Φ + λv2 + vS(λΦSvS + µΦS)
]
, (3.7)

TS = ts +
1

2
µΦSv

2 + vS
[
λΦSv

2 + 2m2
S + 3µSvS + 4λSv

2
S

]
. (3.8)

By imposing the stational conditions TΦ = TS = 0, m2
Φ and tS are written as,

m2
Φ = −λv2 − vS(λΦSvS + µΦS), (3.9)

tS = −1

2
µΦSv

2 − vS
[
λΦSv

2 + 2m2
S + 3µSvS + 4λSv

2
S

]
. (3.10)

After solving the tadpole conditions, the mass matrix of the neutral scalar fields are given
by

L ⊃ −1

2

(
s, ϕ
)(M2

11 M2
12

M2
12 M2

22

)(
s
ϕ

)
, (3.11)

where

M2
11 =M2 + λΦSv

2, M2
22 = 2λv2, M2

12 = (2λΦSvS + µΦS)v, (3.12)

with

M2 = 2m2
S + vS(6µS + 12λSvS). (3.13)

The mass eigenstates of the neutral scalar fields are defined by introducing the mixing angle
α as (

s
ϕ

)
= R(α)

(
H
h

)
with R(θ) =

(
cθ −sθ
sθ cθ

)
. (3.14)
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We define the domain of α as −π/2 ≤ α ≤ π/2. The squared masses of neutral Higgs bosons
and mixing angle are given by

m2
H =M2

11c
2
α +M2

22s
2
α +M2

12s2α, (3.15)

m2
h =M2

11s
2
α +M2

22c
2
α −M2

12s2α, (3.16)

tan 2α =
2M2

12

M2
11 −M2

22

, (3.17)

We identify h as the discovered Higgs boson with a mass of 125 GeV.
We can replace the parameters λ,m2

S and µΦS withm2
H ,m

2
h and α by using Eqs. (3.15)-(3.17)

as

λ =
1

2
(m2

hc
2
α +m2

Hs
2
α), (3.18)

m2
S =

m2
Hc

2
α

2
+
m2

hs
2
α

2
− 1

2
λΦSv

2 − 3vS(µS + 2λSvS), (3.19)

µΦS =
(m2

H −m2
h)s2α

2v
− 2λΦSvS. (3.20)

We choose the following five parameters to be the free input parameters in the HSM:

mH , λΦS, µS, λS, cα, (3.21)

and the two parameters mh and v are fixed by experiments. If the Higgs potential respects an
exact discrete Z2 symmetry, the tS, µS and µΦS terms are forbidden. This corresponds to the
case with α → 0 and µS → 0.

The kinetic terms of scalar fields are given by

LHSM
kin = |DµΦ|2 +

1

2
(∂µS)

2, (3.22)

where Dµ is the covariant derivative for the Higgs doublet. The gauge-gauge-scalar type inter-
action terms are given by

LHSM
kin ⊃ gmW (cαW

+
µ W

−µh+ sαW
+
µ W

−µH) +
gZmZ

2
(cαZµZ

µh+ sαZµZ
µH). (3.23)

The Yukawa interaction terms are the same as those in the SM and given by

LHSM
Y = −YuQLΦ̃uR − YdQLΦdR − YeLLΦeR + h.c.. (3.24)

The interaction terms for h and H with fermions are given by

LHSM
Y ⊃ −

∑
f=u,d,e

mf

v
(cαf̄fh+ sαf̄fH). (3.25)

We note that the SM-like Higgs boson couplings with the SM particles are universally suppressed
by cα as compared to those SM values.

The parameters in the Higgs potential are constrained by perturbative unitarity, vacuum
stability and the conditions to avoid wrong vacua. For the perturbative unitarity bound, there
are four independent eigenvalues given in Refs. [73, 74].

a01,± =
1

16π

(
3λ+ 6λS ±

√
(3λ− 6λS)2 + 4λ2ΦS

)
, (3.26)

a02 =
1

8π
λ, (3.27)

a03 =
1

8π
λΦS. (3.28)
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The necessary and sufficient conditions to satisfy vacuum stability are given by [75]

λΦ > 0, λS > 0, 2
√
λΦλS + λΦS > 0. (3.29)

For the conditions to avoid wrong vacua can be found in Refs. [72,76,77].

3.2 Two Higgs doublet model

In the 2HDM, we have two isospin doublet scalar fields Φ1 and Φ2 with the hypercharge Y = 1/2.
The Lagrangian of the 2HDM is given by

L2HDM = LSM + L2HDM
kin (Φ1,Φ2) + L2HDM

Y (Φ1,Φ2)− V2HDM(Φ1,Φ2), (3.30)

where LSM is the Lagrangian of the SM without the Higgs fields.
In the most general 2HDM, flavor-changing neutral currents (FCNCs) appear at tree level,

and it is severely constrained by experiments. In order to avoid such FCNCs, we introduce
a discrete Z2 symmetry, where two doublets transform as Φ1 → Φ1 and Φ2 → −Φ2 [78, 79].
One can introduce the soft breaking term of the Z2 symmetry in the Higgs potential without
spoiling the desirable property of the flavor sector.

The most general Higgs potential under the softly-broken Z2 symmetry is given by

V2HDM(Φ1,Φ2) = m2
1|Φ1|2 +m2

2|Φ2|2 −m2
3

(
Φ†

1Φ2 + h.c.
)

+
1

2
λ1|Φ1|4 +

1

2
λ2|Φ2|4 + λ3|Φ1|2|Φ2|2 + λ4

∣∣∣Φ†
1Φ2

∣∣∣2
+

1

2
λ5

[(
Φ†

1Φ2

)2
+ h.c.

]
. (3.31)

Although m2
3 and λ5 are generally complex, we take them to be real and consider the CP-

conserving case for simplicity.
We parametrize the doublet fields as

Φi =

(
ω+
i

1√
2
(vi + hi + izi)

)
, (i = 1, 2), (3.32)

where v1 and v2 are the VEVs of two doublets with v =
√
v21 + v22. We define the ration of

VEVs as tan β = v2/v1.
The tadpole terms for h1 and h2 are given by

T1 = vcβ

[
−m2

1 +M2s2β −
v2

2
(λ1c

2
β + λ345s

2
β)

]
, (3.33)

T2 = vsβ

[
−m2

2 +M2c2β −
v2

2
(λ2s

2
β + λ345c

2
β)

]
, (3.34)

where λ345 = λ3 + λ4 + λ5. The dimensionful parameter M2 = m2
3/(sβcβ) describes the softly-

breaking scale of the Z2 symmetry. Since we are considering the charge-conserving vacuum,
there are no terms linear in the charged fields ω+

i . In addition, there are no terms linear in the
CP-odd fields zi due to the CP-conservation in the Higgs potential. By imposing the stationary
conditions T1 = T2 = 0, m2

1 and m2
2 are written as,

m2
1 =M2s2β −

v2

2
(λ1c

2
β + λ345s

2
β), (3.35)

m2
2 =M2c2β −

v2

2
(λ2s

2
β + λ345c

2
β). (3.36)
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After solving the stationary conditions, the mass matrices of the Higgs fields are given by

V2HDM ⊃ 1

2

(
h1 h2

)
M2

h

(
h1
h2

)
+

1

2

(
z1 z2

)
M2

z

(
z1
z2

)
+
(
ω−
1 ω−

2

)
M2

ω

(
ω+
1

ω+
2

)
, (3.37)

where

M2
h =

(
m2

12
v2
v1

+ λ1v
2
1 −m2

12 + λ345v1v2
−m2

12 + λ345v1v2 m2
12

v1
v2

+ λ2v
2
2

)
+

(
T1/v1 0
0 T2/v2

)
, (3.38)

M2
z =

(
m2

12

v1v2
− λ5

)(
v22 −v1v2

−v1v2 v21

)
+

(
T1/v1 0
0 T2/v2

)
, (3.39)

M2
ω =

1

2

(
m2

12

v1v2
− λ4 + λ5

2

)(
v22 −v1v2

−v1v2 v21

)
+

1

2

(
T1/v1 0
0 T2/v2

)
, (3.40)

Since Mz and Mω have the same structure, we can diagonalize them by using the same
angle β, while we need to introduce another angle α to diagonalize CP even states. The mass
eigenstates of the Higgs fields are defined as(

ω±
1

ω±
2

)
= R(β)

(
G±

H±

)
,

(
z1
z2

)
= R(β)

(
G0

A

)
,

(
h1
h2

)
= R(α)

(
H
h

)
, (3.41)

where H± and A are the charged and CP-odd Higgs bosons respectively, while H and h are
the CP-even Higgs bosons. We define the domain of β to be 0 ≤ β ≤ π/2. We identify h as
the discovered Higgs boson with a mass of 125 GeV. The squared masses of the charged and
CP-odd Higgs bosons are given by

m2
H± =M2 − 1

2
(λ4 + λ5)v

2, m2
A =M2 − λ5v

2. (3.42)

The squared masses of the neutral Higgs bosons and the mixing angle β − α are given by

m2
H =M2

11c
2
β−α +M2

22s
2
β−α −M2

12s2(β−α), (3.43)

m2
h =M2

11s
2
β−α +M2

22c
2
β−α +M2

12s2(β−α), (3.44)

tan 2(β − α) = − 2M2
12

M2
11 −M2

22

, (3.45)

where M2
ij (i, j = 1, 2) are the squared mass matrix elements for the CP-even scalar states in

the Higgs basis [80] (h1, h2)R(β):

M2
11 = (λ1c

4
β + λ2s

4
β)v

2 +
1

2
λ345v

2s22β, (3.46)

M2
22 =M2 +

1

4
(λ1 + λ2 − 2λ345)v

2s22β, (3.47)

M2
12 = −1

2
(λ1c

2
β − λ2s

2
β − λ345c2β)v

2s2β. (3.48)

We define the domain of β − α to be 0 ≤ β − α ≤ π so that sβ−α is always positive and cβ−α

has the opposite sign from M2
12 [81]. The eight parameters in the Higgs potential are expressed

by the following six input parameters:

mH , mA, mH± , M2, tan β, sβ−α, (3.49)
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Z2 charge Mixing factor
Φ1 Φ2 QL LL uR dR eR ζu ζd ζe

Type-I + − + + − − − cot β cot β cot β
Type-II + − + + − + + cot β − tan β − tan β
Type-X (lepton specific) + − + + − − + cot β cot β − tan β
Type-Y (flipped) + − + + − + − cot β − tan β cot β

Table 3.1: Charge assignment of the softly-broken Z2 symmetry and the mixing factors in
Yukawa interactions.

and the two parameters mh and v are fixed by experiments. In addition, we have a degree of
freedom of the sign of cβ−α.

The kinetic terms of the Higgs doublets are given by

L2HDM
kin = |DµΦ1|2 + |DµΦ2|2. (3.50)

In the mass eigenbasis of the Higgs bosons, the gauge-gauge-scalar type interaction terms are
given by

L2HDM
kin ⊃ gmW (sβ−αW

+
µ W

−µh+ cβ−αW
+
µ W

−µH) +
gZmZ

2
(sβ−αZµZ

µh+ cβ−αZµZ
µH).

(3.51)

The Yukawa interaction terms under the Z2 symmetry are given by

L2HDM
Y = −YuQLΦ̃uuR − YdQLΦddR − YeLLΦeeR + h.c., (3.52)

where Φu,d,e are either Φ1 or Φ2. As in Table 3.1, there are four types of Yukawa interactions
according to the Z2 charge assignment [82, 83]. The interaction terms for the physical Higgs
bosons with the fermions are given by

L2HDM
Y ⊃ −

∑
f=u,d,e

mf

v

[
(sβ−α + ζfcβ−α)f̄fh+ (cβ−α − ζfsβ−α)f̄fH − 2iIfζf f̄γ5fA

]
+

√
2

v

[
Vudū(muζuPL −mdζdPR)dH

+ −meζeν̄PReH
+ + h.c.

]
, (3.53)

with If = 1/2 (−1/2) for f = u (d, e) and Vud is the Cabbibo–Kobayashi–Maskawa matrix
element.

The parameters in the Higgs potential are constrained by perturbative unitarity, vacuum
stability and the condition to avoid wrong vacua. For the perturbative unitarity bound, there
are twelve independent eigenvalues of the s-wave amplitude matrix [84–87].

a01,± =
1

32π

[
3(λ1 + λ2)±

√
9(λ1 − λ2)2 + 4(2λ3 + λ4)2

]
, (3.54)

a02,± =
1

32π

[
(λ1 + λ2)±

√
(λ1 − λ2)2 + 4λ24

]
, (3.55)

a03,± =
1

32π

[
(λ1 + λ2)±

√
(λ1 − λ2)2 + 4λ25

]
, (3.56)

a04,± =
1

16π
(λ3 + 2λ4 ± 3λ5), (3.57)

a05,± =
1

16π
(λ3 ± λ4), (3.58)

a06,± =
1

16π
(λ3 ± λ5). (3.59)
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The vacuum stability bound is sufficiently and necessarily satisfied by imposing the following
conditions [88–92]

λ1 > 0, λ2 > 0,
√
λ1λ2 + λ3 +MIN(0, λ4 + λ5, λ4 − λ5) > 0. (3.60)

In addition, the wrong vacua can be avoided by taking M2 ≥ 0 [93]. We thus only take the
positive value of M2 in the following discussion.

3.3 Inert doublet model

The contents of the Higgs bosons in the IDM are the same as those in the 2HDM. In the IDM,
we assume an exact Z2 symmetry and prohibit the m2

3 term in the Higgs potential which softly
breaks the Z2 symmetry in the 2HDM. We also assume that the second Higgs doublet Φ2 does
not develop the VEV to avoid the spontaneous breaking down of the Z2 symmetry.

We parametrize the doublets as

Φ1 =

(
G+

1√
2
(v + h+ iG0)

)
, Φ2 =

(
H+

1√
2
(H + iA)

)
. (3.61)

The squared masses of the Higgs bosons are given by

m2
h = λ1v

2, (3.62)

m2
H =M2 +

1

2
(λ3 + λ4 + λ5)v

2, (3.63)

m2
A =M2 +

1

2
(λ3 + λ4 − λ5)v

2, (3.64)

m2
H± =M2 +

1

2
λ3v

2, (3.65)

where M2 ≡ m2
2. We note that in addition to the absence of the m2

3 term, there is no tadpole
condition for H. Therefore, the mass formulae for the scalar bosons are different from those
in the 2HDM. We choose the following five parameters to be the free input parameters in the
IDM:

mH , mA, mH± , M2, λ2, (3.66)

and the two parameters mh and v are fixed by experiments.
The parameters in the Higgs potential are constrained by perturbative unitarity, vacuum

stability and the condition to guarantee the inert vacuum. The same conditions for perturbative
unitarity and vacuum stability in the 2HDM can be applied to the IDM, because these bounds
are given in terms of the scalar quartic couplings. In addition, there is the condition to guarantee
the inert vacuum with (⟨Φ0

1⟩ , ⟨Φ0
2⟩) = (v/

√
2, 0) [94],

m2
1√
λ1

<
M2

√
λ2
. (3.67)

Since the tadpole condition makes m2
1 negative, and the vacuum stability condition constraints

λ1 and λ2 to be positive, the condition given in Eq. (3.67) is satisfied by taking M2 > 0. We
refer to this condition as the one to avoid wrong vacua, according to the other two models
discussed above.

Finally, we summarize the scaling factors for the SM-like Higgs boson couplings to the weak
bosons κV and the fermions κf in Table 3.2.
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HSM 2HDMs IDM
κV cα sβ−α 1
κf cα sβ−α + ζfcβ−α 1

Table 3.2: Scaling factors for the SM-like Higgs boson couplings in the extended Higgs models.
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Chapter 4

Renormalization

In this chapter, we review the renormalization of the ultraviolet (UV) divergences in higher-
order calculations.

Before moving to the detail of the renormalization scheme, we give a qualitative discussion
here. We separate the parameters in the bare Lagrangian into the renormalized parameters
and counterterms

gB = Zgg = g + δg. (4.1)

The finite renormalized parameters are fixed by a set of renormalization conditions, and coun-
terterms absorb the UV divergences in higher-order corrections. In addition, we redefine the
bare fields in terms of the renormalized fields.

ϕ0 = Z
1/2
ϕ ϕ. (4.2)

Expanding the renormalization constant as

Zi = 1 + δZi, (4.3)

the Lagrangian is split into a renomalized and counterterm part

L(ϕ0, g0) = L(ϕ, g) + δL(ϕ, g, δZϕ, δg), (4.4)

which results for all Green functions to be finite at a given order.

4.1 Renormalization of the standard model

In this section, we review the renormalization scheme for the EWSM which has been developed
in Refs. [95,96]. We choose the particle masses and the fine-structure constant as the physical
parameters. The weak-mixing angle θW is defined in terms of the masses of the weak gauge
bosons

s2θW = 1− m2
W

m2
Z

. (4.5)

We separate the bare parameters in the symmetric Lagrangian into the physical parameters
and the counterterms. For gauge sector,

W a
µ,B = (ZW )1/2W a

µ , Bµ,B = (ZB)
1/2Bµ, (4.6)

gB = Zg(ZW )−3/2g, g′B = Zg′(ZB)
−3/2g′. (4.7)
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For matter sector

ψL
i,B = (Zi

L)
1/2ψL

i , (4.8)

ψR
iσ,B = (Ziσ

R )1/2ψR
iσ, (σ = +,−) (4.9)

yiσ,B = (ZΦ)
−1/2Ziσyiσ. (4.10)

For Higgs sector

ΦB = (ZΦ)
1/2Φ, vB = (ZΦ)

1/2(v − δv), (4.11)

µ2
B = (ZΦ)

−1(µ2 − δµ2), λB = (ZΦ)
−2Zλλ. (4.12)

4.1.1 Gauge sector

The counterterms of mass eigenstates of gauge bosons are given by

W±
µ0 =

(
1 +

1

2
δZW

)
W±

µ , (4.13)

(
Zµ0

Aµ0

)
=

 1 + 1
2
δZZ

1
2

(
δZZγ −

δs2W
cW sW

)
1
2

(
δZγZ +

δs2W
cW sW

)
1 + 1

2
δZγ

( Zµ

Aµ

)
, (4.14)

where (
δZZ

δZγ

)
=

(
c2W s2W
s2W c2W

)(
δZW

δZB

)
, (4.15)

δZZγ = δZγZ =
cW sW
c2W − s2W

(δZZ − δZγ) = sW cW (δZW − δZB), (4.16)

δZgg′ = sW cW (δZg − δZg′), (4.17)

δZZ = δZγ +
c2W − s2W
cW sW

δZγZ , (4.18)

δZW = δZγ +
cW
sW

δZγZ , (4.19)

δs2W
cW sW

=
cW
sW

(
δm2

Z

m2
Z

− δm2
W

m2
W

)
= 3δZZγ − 2δZgg′ . (4.20)

Two point function of gauge bosons are expressed by the sum of longitudinal polarization
part and transverse polarization part:

Πµν
V V (q

2) =

(
−gµν + qµqν

q2

)
ΠT

V V (q
2) +

qµqν

q2
ΠL

V V (q
2). (4.21)

At the tree level, in ’t Hooft-Feynman gauge, ΠT
V V and ΠL

V V are given by

ΠT
V V =

i

q2 −m2
V

, ΠL
V V =

−i
q2 −m2

V

, (4.22)

At the one-loop level, the vector boson propagators Πµν (V = γ, Z,W ) are given by

Πµν
V V (q

2) =
−igµν

q2 −m2
V + Π̂V V (q2)

, (4.23)

Πµν
Zγ(q

2) = −igµν
[
1

q2
(−Π̂Zγ)

1

q2 −mZ

]
, (4.24)
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where the renormalized two point functions Π̂V V are written as

Π̂WW (q2) = Π1PI
WW (q2)− δm2

W + δZW (q2 −m2
W ),

Π̂ZZ(q
2) = Π1PI

ZZ (q
2)− δm2

Z + δZZ(q
2 −m2

Z),

Π̂γγ(q
2) = Π1PI

γγ (q2) + δZγq
2,

Π̂Zγ(q
2) = Π1PI

Zγ (q
2)− δZZγ

(
q2 − 1

2
m2

Z

)
−m2

Z

δs2W
2sW cW

.

We impose the following five renormalization conditions,

ReΠ̂WW (m2
W ) = 0, ReΠ̂ZZ(m

2
Z) = 0, (4.25)

d

dq2
Π̂γγ(q

2)

∣∣∣∣
q2=0

= 0, Π̂γZ(0) = 0, (4.26)

Γ̂µ
eeγ(q

2 = 0, /p1 = /p2 = me) = ieγµ, (4.27)

where Γ̂µ
eeγ is the renormalized photon-electron-positron vertex. By these renormalization con-

dition, five independent counter terms, δm2
W , δm

2
Z , δZγ, δZγZ , δαem, are fixed as

δm2
W = ReΠ1PI

WW (m2
W ), δm2

Z = ReΠ1PI
ZZ (m

2
Z), (4.28)

δZγ = − d

dq2
Π̂1PI

γγ (q2)

∣∣∣∣
q2=0

, δZγZ = − 2

m2
Z

Π1PI
γZ (0) +

δs2W
sW cW

, (4.29)

δe

e
=

1

2

d

dq2
Π̂1PI

γγ (q2)

∣∣∣∣
q2=0

− sW
cW

Π1PI
γZ (0)

m2
Z

. (4.30)

The other counterterms are determined as

δs2W
cW sW

=
cW
sW

[
ReΠ1PI

ZZ (mZ)

m2
Z

− ReΠ1PI
WW (mW )

m2
W

]
, (4.31)

δZZ = − d

dq2
Π̂1PI

γγ (q2)

∣∣∣∣
q2=0

− 2(c2W − s2W )

cW sW

Π1PI
γZ (0)

m2
Z

+
c2W − s2W
cW sW

δs2W
sW cW

, (4.32)

δZW = − d

dq2
Π̂1PI

γγ (q2)

∣∣∣∣
q2=0

− 2cW
sW

Π1PI
γZ (0)

m2
Z

+
cW
sW

δs2W
sW cW

. (4.33)

By the tree-level relation,

v20 =
m2

W0s
2
W0

παem0

, (4.34)

we obtain the counterterm δv as

δv

v
=

1

2

[
s2W − c2W
s2W

ReΠ1PI
WW (m2

W )

m2
W

+
c2W
s2W

ReΠ1PI
ZZ (m

2
W )

m2
Z

−
dΠ̂1PI

γγ (q2)

dq2

∣∣∣∣∣
q2=0

+
2sW
cW

Π1PI
γZ (0)

m2
Z

]
.

(4.35)

In this renormalization scheme, the residue of the gauge boson two-point function is not

unity. Therefore, we need to add the extra term dΠ̂V V (q
2)
/
dq2

∣∣∣
q2=m2

V

to the each external

W± and Z boson.
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4.1.2 Fermion sector

The counterterms of the fermions in the mass eigenstate are given by,

mf0 = mf + δmf , ψ0L = ψL +
1

2
δZf

LψL, ψ0R = ψR +
1

2
δZf

RψR, (4.36)

and for ψ = ψL + ψR,

ψ0 = ψ +
1

2

(
δZf

V − δZf
Aγ5

)
ψ, (4.37)

with

δZf
V =

1

2
(δZf

L + δZf
R), δZf

A =
1

2
(δZf

L − δZf
R). (4.38)

Two point functions of fermion fields are composed of vector, axial and scalar parts,

Π1PI
ff (p2) = /pΠ

1PI
ff,V − /pγ5Π

1PI
ff,A +mfΠ

1PI
ff,S. (4.39)

At the one loop level, self energies Π1PI
ff,V ,Π

1PI
ff,A and Π1PI

ff,S enter the fermion fields propagator

Sf
F as follows,

Sf
F (p) =

i

/p−mf

[
1 + i(Π̂ff,V + Π̂ff,A)

i

/p−mf

]
, (4.40)

where the renormalized self energies of fermions are given by

Π̂ff,V = /p
(
Π1PI

ff,V (p
2
)
+ δZf

V ) +mf

(
Π1PI

ff,S(p
2)− δZf

V − δmf

mf

)
, (4.41)

Π̂ff,A = −/pγ5
(
Π1PI

ff,A(p
2) + δZf

A

)
. (4.42)

We impose the following renormalization conditions,

Π̂ff,V (m
2
f ) = 0,

d

d/p
Π̂ff,V (p

2)

∣∣∣∣
p2=m2

f

= 0,
d

d/p
Π̂ff,A(p

2)

∣∣∣∣
p2=m2

f

= 0. (4.43)

By these renormalization conditions, three independent counterterms, δmf , δZ
f
V and δZf

A are
determined as

δmf = mf

[
Π1PI

ff,V (m
2
f ) + Π1PI

ff,S(m
2
f )
]
, (4.44)

δZf
V = −Π1PI

ff,V (m
2
f )− 2m2

f

[
d

dp2
Π1PI

ff,V (p
2)

∣∣∣∣
p2=m2

f

+
d

dp2
Π1PI

ff,S(p
2)

∣∣∣∣
p2=m2

f

]
, (4.45)

δZf
A = −Π1PI

ff,A(m
2
f ) + 2m2

f

d

dp2
Π1PI

ff,A(p
2)

∣∣∣∣
p2=m2

f

. (4.46)
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4.1.3 Higgs sector

We shift bare Higgs mass, bare Higgs field and tadpole parameter as follows.

m2
h0 = m2

h + δm2
h, , h0 = h+

1

2
δZh, , Th0 = Th + δTh. (4.47)

At the one-loop level, the tadpole term is

iT̂h = iTh + i(T 1PI
h + δTh). (4.48)

We renormalize bare parameters such that the tadpole vanishes order by order,

Th = 0, T 1PI
h + δTh = 0. (4.49)

The renormalized self energy is defined by

Π̂hh(p
2) = Π1PI

hh (p2) + (p2 −m2
h)δZh − δm2

h +
δTh
v
. (4.50)

We impose the following renormalization conditions,

Re Π̂hh(m
2
h) = 0,

dΠ̂hh(p
2)

dp2

∣∣∣∣∣
p2=m2

h

= 0. (4.51)

By these renormalization conditions, two independent counter terms δm2
h and δZh are fixed as

δm2
h = Π1PI

hh (m2
h) +

δTh
v
, δZh = − dΠ̂1PI

hh (p2)

dp2

∣∣∣∣∣
p2=m2

h

(4.52)

4.2 Renormalization of the extended Higgs models

4.2.1 Higgs singlet models

In the Higgs singlet model, we have the seven free parameters. We shift the bare parameters
as

m2
h0 = m2

h + δm2
h, m2

H0 = m2
H + δm2

H , α0 = α + δα,

λΦS0 = λΦS + δλΦS, λS0 = λS + δλS, µS0 = µS + δµS. (4.53)

The CP-even scalar fields are shifted as(
H0

h0

)
=

(
1 + 1

2
δZH δChH + δα

δCHh − δα 1 + 1
2
δZh

)(
H
h

)
, (4.54)

where δChH = δCHh. The tadpole terms are shifted as

Th0 = Th + δTh, TH0 = TH + δTH , (4.55)

where Th and TH are given by (
Ts
Tϕ

)
= R(α)

(
TH
Th

)
. (4.56)
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At the one-loop level, the renormalized one-point functions are

T̂h = Th + T 1PI
h + δTh, T̂H = TH + T 1PI

H + δTH . (4.57)

We determine the counterterms such that the tadpole vanishes order by order,

Th = 0, T 1PI
h + δTh = 0, (4.58)

TH = 0, T 1PI
H + δTH = 0. (4.59)

At the one-loop level, the renormalized two-point functions are given by

Π̂hh(p
2) = (p2 −m2

h)(1 + δZh)− δm2
h +

c2α
v
δTϕ +Π1PI

hh (p2), (4.60)

Π̂hH(p
2) = (p2 −m2

h)δCHh + (p2 −m2
H)δChH + (m2

h −m2
H)δα

+
cαsα
v

δTϕ +Π1PI
hH (p2), (4.61)

Π̂HH(p
2) = (p2 −m2

H)(1 + δZH)− δm2
H +

s2α
v
δTϕ +Π1PI

HH(p
2). (4.62)

We impose the following renormalization conditions,

Π̂hh(m
2
h) = 0, Π̂HH(m

2
H) = 0, (4.63)

Π̂hH(m
2
h) = 0, Π̂hH(m

2
H) = 0, (4.64)

dΠ̂hh(p
2)

dp2

∣∣∣∣∣
p2=m2

h

= 0,
dΠ̂HH(p

2)

dp2

∣∣∣∣∣
p2=m2

H

= 0 (4.65)

By these renormalization conditions, the counterterms are determined as

δm2
h =

c2α
v
δTϕ +Π1PI

hh (m2
h), δm2

H =
s2α
v
δTϕ +Π1PI

HH(m
2
h), (4.66)

δChH = δCHh =
1

2(m2
H −m2

h)

[
Π1PI

hH (m2
h)− Π1PI

hH (m2
H)
]
, (4.67)

δα =
1

2(m2
H −m2

h)

[
2sαcα
v

Tϕ +Π1PI
hH (m2

h) + Π1PI
hH (m2

H)

]
, (4.68)

δZh = − dΠ̂1PI
hh (p2)

dp2

∣∣∣∣∣
p2=m2

h

, δZH = − dΠ̂1PI
HH(p

2)

dp2

∣∣∣∣∣
p2=m2

H

. (4.69)

We cannot determine the δµS and δλΦS in terms of the one- and two-point functions.
They are determined such that the UV divergences in the renormalized hhh and Hhh vertices
disappear. The counterterms for the renormalized hhh and Hhh vertices are given by

δΓhhh = s3αδµS − vcαs
2
αδλΦS, (4.70)

δΓHhh = −3cαs
2
αδµS − v

4
(sα − 3s3α)δλΦS. (4.71)
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They are determined as

δΓhhh = − s2α
16π2

[∑
f

2N f
c m

2
f

v
λΦScα − 2c3α

v3
(2m4

W +m4
Z)−

3

v
λΦScα(2m

2
W +m2

Z)

+
m2

h

4v
λΦS(11cα + c3α) +

m2
H

v
λΦScαs

2
α + 4vλΦS(3λS + λΦS)cα − 36µSλSsα

]
∆div,

(4.72)

δΓHhh =
sα

16π2

[∑
f

N f
c m

2
f

v
λΦS(1 + 3c2α)−

c2α(c2α − 3)

v3
(2m4

W +m4
Z)

− 3

2v
λΦS(1 + 3c2α)(2m

2
W +m2

Z) +
3m2

h

2v
λΦSc

2
α(3 + c2α)−

3m2
H

v
λΦSs

4
α

+ 2vλΦS(3λS + λΦS)(1 + 3c2α)− 108µSλScαsα

]
∆div. (4.73)

4.2.2 Two-Higgs doublet model

In the 2HDM, we have the seven free parameters. We shift the bare parameters as

m2
ϕ0 = m2

ϕ + δm2
ϕ, α0 = α + δα, β0 = β + δβ, M2

0 =M2 + δM2, (4.74)

where ϕ = h,H,A,H±. The scalar fields are shifted as(
H0

h0

)
=

(
1 + 1

2
δZH δCh + δα

δCh − δα 1 + 1
2
δZh

)(
H
h

)
, (4.75)(

G0
0

A0

)
=

(
1 + 1

2
δZG0 δCA + δβ

δCA − δβ 1 + 1
2
δZA

)(
G0

A

)
, (4.76)(

G±
0

H±
0

)
=

(
1 + 1

2
δZG± δCH± + δβ

δCH± − δβ 1 + 1
2
δZH±

)(
G±

H±

)
. (4.77)

The tadpole terms are shifted as

Th0 = Th + δTh, TH0 = TH + δTH , (4.78)

where Th and TH are given by (
T1
T2

)
= R(α)

(
TH
Th

)
. (4.79)

At the one-loop level, the renormalized one-point functions are

T̂h = Th + T 1PI
h + δTh, T̂H = TH + T 1PI

H + δTH . (4.80)

We determine the counterterms such that the tadpole vanishes order by order,

Th = 0, T 1PI
h + δTh = 0, (4.81)

TH = 0, T 1PI
H + δTH = 0. (4.82)
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At the one-loop level, the renormalized two-point functions are given by

Π̂hh(p
2) = (p2 −m2

h)(1 + δZh)− δm2
h + Π̃1PI

hh (p2), (4.83)

Π̂HH(p
2) = (p2 −m2

H)(1 + δZH)− δm2
H + Π̃1PI

HH(p
2), (4.84)

Π̂AA(p
2) = (p2 −m2

A)(1 + δZA)− δm2
A + Π̃1PI

AA(p
2), (4.85)

Π̂H+H−(p2) = (p2 −m2
H)(1 + δZH±)− δm2

H± + Π̃1PI
H+H−(p2), (4.86)

where

Π̃1PI
hh (p2) = Π1PI

hh (p2) +
s2α
cβ

δT1
v

+
c2α
sβ

δT2
v
, (4.87)

Π̃1PI
HH(p

2) = Π1PI
HH(p

2) +
c2α
cβ

δT1
v

+
s2α
sβ

δT2
v
, (4.88)

Π̃1PI
AA(p

2) = Π1PI
AA(p

2) +
s2β
cβ

δT1
v

+
c2β
sβ

δT2
v
, (4.89)

Π̃1PI
H+H−(p2) = Π1PI

H+H−(p2) +
s2β
cβ

δT1
v

+
c2β
sβ

δT2
v
. (4.90)

Those for the scalar mixings are given by

Π̂hH(p
2) = Π̃1PI

hH (p2) + 2p2δCh +m2
h(δα− δCh)−m2

H(δα + δCh), (4.91)

Π̂AG0(p2) = Π̃1PI
AG0(p2) + 2p2δCA +m2

A(δβ − δCA), (4.92)

Π̂H+H−(p2) = Π̃1PI
H+G−(p2) + 2p2δCH± +m2

H±(δβ − δCH±), (4.93)

where

Π̃1PI
Hh(p

2) = Π1PI
Hh(p

2)− sαcα

(
δT1
cβv

− δT2
sβv

)
, (4.94)

Π̃1PI
AG0(p2) = Π1PI

AG0(p2) +
1

v
(sβ−αTH − cβ−αTh), (4.95)

Π̃1PI
H+G−(p2) = Π1PI

H+G−(p2) +
1

v
(sβ−αTH − cβ−αTh). (4.96)

We impose the following renormalization conditions,

Π̂ϕϕ(m
2
ϕ) = 0,

dΠ̂ϕϕ(p
2)

dp2

∣∣∣∣∣
p2=m2

ϕ

= 0, for ϕ = h,H,A,H± (4.97)

By these renormalization conditions, the counterterms are determined as

δm2
ϕ = Π̃1PI

ϕϕ (m2
ϕ), (4.98)

δZϕ = −
dΠ̂1PI

ϕϕ (p2)

dp2

∣∣∣∣∣
p2=m2

ϕ

. (4.99)

For the mixing between the CP-even scalars, we impose the following renormalization con-
ditions,

Π̂Hh(m
2
h) = Π̂Hh(m

2
H) = 0. (4.100)
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The counterterms δα and δCh are determined as

δα =
1

2(m2
H −m2

h)

[
Π1PI

Hh(m
2
h) + Π1PI

Hh(m
2
H)− 2sαcα

(
δT1
cβv

− δT2
sβv

)]
, (4.101)

δCh =
1

2(m2
H −m2

h)

[
Π1PI

Hh(m
2
h)− Π1PI

Hh(m
2
H)
]
. (4.102)

For the mixing between the CP-odd scalars, we impose the following renormalization con-
ditions,

Π̂AG0(0) = Π̂AG0(m2
A) = 0. (4.103)

The counterterms δβ and δCA are determined as

δβ = − 1

2m2
A

[
Π̃1PI

AG0(m2
A) + Π̃1PI

AG0(0)
]
, (4.104)

δCA = − 1

2m2
A

[
Π̃1PI

AG0(m2
A)− Π̃1PI

AG0(0)
]
. (4.105)

For the mixing between the charged scalars, we impose the following renormalization con-
dition,

Π̂H+G−(0) = 0. (4.106)

The counterterm δCH± is determined as

δCH± = δβ +
1

m2
H±

Π̃1PI
H+G−(0). (4.107)

Since δβ has already been fixed, we cannot fix the mixing between the charged scalars so that
it disappears with p2 = m2

H± . Therefore, we need to take into account the finite contribution

of Π̂H+G−(mH±).
We cannot determine the δM2 in terms of the one- and two-point functions. We determine

it so that the UV divergences in the renormalized hhh vertex disappear.

δM2

M2
=

1

16π2

[∑
f

2N f
c m

2
fζ

2
f

v2
+

4M2 − 2m2
H± −m2

A

v2
+
s2α
s2β

m2
H −m2

h

v2
− 3

2m2
W +m2

Z

v2

]
∆div.

(4.108)

4.2.3 Inert doublet model

We shift the bare parameters as

m2
ϕ0 = m2

ϕ + δm2
ϕ, M2

0 =M2 + δM2, λ20 = λ2 + δλ2, (4.109)

where ϕ = h,H,A,H±. Since the Z2 symmetry prohibits the scalar mixings, the scalar fields
are shifted as

ϕ0 =

(
1 +

1

2
δZϕ

)
ϕ. (4.110)
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The tadpole term is shifted as

Th0 = Th + δTh. (4.111)

At the one-loop level, the renormalized one-point functions are

T̂h = Th + T 1PI
h + δTh. (4.112)

We determine the counterterms such that the tadpole vanishes order by order,

Th = 0, T 1PI
h + δTh = 0. (4.113)

At the one-loop level, the renormalized two-point functions are given by

Π̂ϕϕ(p
2) = (p2 −m2

ϕ)(1 + δZϕ)− δm2
ϕ +Π1PI

ϕϕ (p2) (4.114)

We impose the following renormalization conditions,

Π̂ϕϕ(m
2
ϕ) = 0,

dΠ̂ϕϕ(p
2)

dp2

∣∣∣∣∣
p2=m2

ϕ

= 0. (4.115)

By these renormalization conditions, the counterterms are determined as

δm2
ϕ = Π̃1PI

ϕϕ (m2
ϕ), (4.116)

δZϕ = −
dΠ̂1PI

ϕϕ (p2)

dp2

∣∣∣∣∣
p2=m2

ϕ

. (4.117)

We cannot determine the δM2 and δλ2 in terms of the one- and two-point functions. We
determine them so that the UV divergences in the renormalized hAA and hhHH vertices
disappear, respectively.
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Chapter 5

One-loop calculations for decays of the
SM-like Higgs boson

In this chapter, we review the decay rates of the SM-like Higgs boson for various decay modes.
In Sec. 5.1, we list the analytic expressions of the form factors for vertex functions of the SM-
like Higgs boson. The decay rates including NLO EW corrections, as well as QCD corrections
up to NNLO, are given in terms of the form factors. In Sec. 5.2, the numerical evaluations are
shown for the decay branching ratios of the SM-like Higgs boson obtained by using the H-COUP
program [45,46]. This chapter is the review of Refs. [97,98].

5.1 Decay rates with higher order corrections

In this section, we discuss the decay rates with NLO EW corrections for the decays of the SM-
like Higgs boson. For the decay into a pair of quarks h→ qq̄, the QCD corrections up to NNLO
are presented. For the loop-induced decay processes h → gg, γγ, Zγ, the QCD corrections up
to NLO are presented.

5.1.1 Form factors for vertex functions

We define renormalized vertex functions that are relevant for the decays of the SM-like Higgs
boson. NLO EW corrections are expressed in terms of the form factors of the vertex functions.

hff̄ vertex

The renormalized hff̄ vertex can be decomposed as [99]

Γ̂hff̄ (p
2
1, p

2
2, q

2) = Γ̂S
hff̄ + γ5Γ̂

P
hff̄ + /p1Γ̂

V1

hff̄
+ /p2Γ̂

V2

hff̄

+ /p1γ5Γ̂
A1

hff̄
+ /p2γ5Γ̂

A2

hff̄
+ /p1/p2Γ̂

T
hff̄ + /p1/p2γ5Γ̂

PT
hff̄ , (5.1)

where p1(p2) denotes the incoming four-momentum of the fermion (anti-fermion), and q is the
outgoing four-momentum of the SM-like Higgs boson (see Fig. 5.1). The following relations
hold for the on-shell fermions; i.e., p21 = p22 = m2

f ,

Γ̂P
hff = Γ̂PT

hff = 0, Γ̂V1
hff = −Γ̂V2

hff , Γ̂A1
hff = −Γ̂A2

hff . (5.2)

The renormalized form factors are composed of the tree-level and the one-loop part as

Γ̂X
hff̄ = ΓX,tree

hff̄
+ ΓX,loop

hff̄
, (X = S, P, V1, V2, A1, A2, T, PT ), (5.3)
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Figure 5.1: Momentum assignment for the renormalized hff̄ and hV V vertices.

where the one-loop part is further decomposed into the contributions from 1PI diagrams and
the counterterms,

ΓX,loop

hff̄
= ΓX,1PI

hff̄
+ δΓX

hff̄ . (5.4)

The tree-level coupling for hff̄ vertice is given by,

ΓS,tree

hff̄
= −mf

v
κf , ΓX,tree

hff̄
= 0 (X ̸= S). (5.5)

The analytic expressions for the 1PI contributions are presented in Ref. [74] for the HSM,
Ref. [100] for the 2HDMs and Ref. [101] for the IDM.

hV V vertex

The renormalized hV V vertex is defined by

Γ̂µν
hV V (p1, p2, q) =

[
gµνΓ̂1

hV V +
pν1p

µ
2

m2
V

Γ̂2
hV V + iϵµνρσ

p1ρp2σ
m2

V

Γ̂3
hV V

]
(p21, p

2
2, q

2), (5.6)

where pµ1 and pµ2 are incoming four-momenta of the weak bosons, and qµ is the outgoing four-
momentum of the Higgs boson (see Fig. 5.1). We can further decompose these vertices into the
tree-level and one-loop level contributions

Γ̂X
hV V = Γi,tree

hV V + Γi,loop
hV V , with Γi,loop

hV V = Γi,1PI
hV V + δΓi

hV V , (i = 1, 2, 3). (5.7)

The tree-level couplings are given by,

Γ1,tree
hV V =

2m2
V

v
κV , Γ2,tree

hV V = Γ3,tree
hV V = 0. (5.8)

The form factor Γ̂3
hZZ is non-zero only when the SM-like Higgs boson is a CP-mixed state.

Therefore this form factor vanishes in the model with CP conservation in the Higgs sector. The
analytic expressions for the 1PI diagrams and counterterms are presented in Ref. [74] for the
HSM, Ref. [100] for the 2HDMs and Ref. [101] for the IDM.

Similarly, the loop-induced hVV ′ vertex is defined by

Γ̂µν
hVV ′(p

2
1, p

2
2, q

2) = gµνΓ̂1
hVV ′ +

pν1p
µ
2

q2
Γ̂2
hVV ′ + iϵµνρσ

p1ρp2σ
q2

Γ̂3
hVV ′ . (5.9)

For the on-shell photon and gluon with a four-momentum pµi , the Ward-Takahashi identity
holds, piµΓ̂

µν
hVV ′ = 0, and we have

Γ̂2
hVV ′ = − 2q2

q2 − p21 − p22
Γ̂1
hVV ′ . (5.10)

The analytic expressions for the 1PI diagrams are presented in Refs. [98,102].
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Zff̄ vertex

The renormalized Zff̄ vertex can be decomposed in the massless limit of external fermions as

Γ̂µ

Zff̄
(pf , pf̄ , pZ) = gZγ

µ
[
Γ̂V
Zff̄ − γ5Γ̂

A
Zff̄

]
(p2f , p

2
f̄ , p

2
Z), (5.11)

where pf (pf̄ ) is the incoming four-momentum of the fermion (anti-fermion), and pZ is the
outgoing four-momentum of the Z boson. We can further decompose these vertices into the
tree-level and one-loop level contributions

Γ̂i
Zff̄ = Γ

i,(0)

Zff̄
+ Γ

i,(1)

Zff̄
, with Γ

i,(1)

Zff̄
= Γi,1PI

Zff̄
+ δΓi

Zff̄ , (i = V,A). (5.12)

The tree-level contribution is given by

Γ
V,(0)

Zff̄
=
If
2

−Qfs
2
W , Γ

A,(0)

Zff̄
=
If
2
. (5.13)

In the massless limit of external fermions, expressions of these vertices in the HSM, the 2HDMs
and the IDM are the same as those in the SM. Analytic expressions for the 1PI diagrams and
counterterms are presented in Appendix B in Ref. [98].

5.1.2 Decay rates of h→ ff̄

The decay rate for the h→ ff̄ (f ̸= t) process is given by

Γ(h→ ff̄) = ΓLO(h→ ff̄)
[
1 + ∆f

EW +∆f
QCD

]
, (5.14)

where ΓLO is the decay rate at LO expressed as

ΓLO(h→ ff̄) = N f
c

mh

8π

∣∣ΓS,tree
hff

∣∣2β3
f , (5.15)

with βf = (1−4m2
f/m

2
h)

1/2. ∆f
EW and ∆f

QCD denote the EW and QCD corrections, respectively.

For the leptonic decay, f = ℓ, we use the lepton pole mass in ΓS,tree
hff , while for the light quarks,

f = q ( ̸= t), we use the MS mass m̄q (µ = mh).
The EW correction is decomposed into weak and QED corrections as

∆f
EW = ∆f

weak +∆f
QED. (5.16)

Here, the weak correction denotes loop contributions except for photon and gluon loops. The
QED correction is composed of the contributions of virtual-photon loops and those from the
real-photon emissions. The expression for ∆f

weak is given by

∆f
weak =

2

ΓS,tree
hff

Re

{[
ΓS,loop
hff + 2mfΓ

V1,loop
hff +m2

h

(
1−

m2
f

m2
h

)
ΓT,loop
hff

]
(m2

f ,m
2
f ,m

2
h)

}
−∆r.

(5.17)

For the leptonic decays, the QED correction in the on-shell scheme is given by [103–105]

∆ℓ
QED =

αem

π
Q2

ℓ

[
1

β
AQED(β) +

1

16β3
(3 + 34β2 − 13β4) log

1 + β

1− β
+

3

8β2
(7β2 − 1)

]
, (5.18)
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with

AQED(β) = (1 + β2)

[
4Li2

(
1− β

1 + β

)
+ 2Li2

(
−1− β

1 + β

)
− 3 log

1 + β

1− β
log

2

1 + β

− 2 log
1 + β

1− β
log β

]
− 3β log

4

1− β2
− 4β log β. (5.19)

For the hadronic decays, the QED correction in the MS scheme [106] with the renormaliza-
tion scale µ is given by

∆q
QED =

αem

π
Q2

q

(
17

4
+

3

2
log

µ2

m2
h

)
. (5.20)

The QCD correction in the MS scheme [106] is given by

∆q
QCD = ∆qq +∆h. (5.21)

The quark-mass independent part ∆qq is given by

∆qq =
αs(µ)

π
CF

(
17

4
+

3

2
log

µ2

m2
h

)
+

(
αs(µ)

π

)2

(35.94− 1.36Nf ), (5.22)

with CF = 4/3. The quark-mass dependent part ∆h is given by

∆h =

(
αs(µ)

π

)2(
1.57− 2

3
log

m2
h

m2
t

+
1

9
log2

m̄2
q

m2
h

)
. (5.23)

5.1.3 Decay rates of h→ ZZ∗ → Zff̄

The decay rate for the h→ ZZ∗ → Zff̄ process is given by

Γ(h→ Zff̄) = ΓLO(h→ Zff̄)
[
1 + ∆Z

EW +∆Z
QCD

]
. (5.24)

In the following, we neglect the masses of final-state fermions. The decay rate at LO is given
by

ΓLO(h→ Zff̄) =

∫ (mh−mZ)2

0

|MZ
0 |2 ds, (5.25)

with the Mandelstam variable s = (pf + pf̄ )
2. The squared tree-level amplitude |MZ

0 |2 is given
by

|MZ
0 |2 =

g2Z
∣∣Γ1,tree

hZZ

∣∣2
256π3m3

h

v2f + a2f
(xs − xZ)2

λ(xZ , xs) + 12xZxs
3xZ

λ1/2(xZ , xs), (5.26)

with xZ = m2
Z/m

2
h, xs = s/m2

h and λ(x, y) = (1− x− y)2 − 4xy.
The EW correction is composed of the weak and QED corrections,

∆Z
EW = ∆Z

weak +∆Z
QED. (5.27)
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Figure 5.2: Diagrams contributing to the h → ZZ∗ → Zff̄ (h → WW ∗ → Wff̄ ′) mode
at NLO. Each diagram denotes the contributions from hV V vertex corrections (a), oblique
corrections (b), V ff̄ vertex corrections (c), hff̄ vertex corrections (d) and box corrections (e).

The weak correction ∆Z
weak is given by

∆Z
weak =

2

ΓLO

∫ (mh−mZ)2

0

ds |MZ
0 |2
{
Re

[
Γ1,loop
hZZ

Γ1,tree
hZZ

+
λ̄(xZ , xs)

xZ

Γ2,loop
hZZ

Γ1,tree
hZZ

]
(m2

Z , s,m
2
h)

+
vfQfcW sW
v2f + a2f

s−m2
Z

s
Re

[
Γ̂1
hZγ

Γ1,tree
hZZ

+ λ̄(xZ , xs)
Γ̂2
hZγ

Γ1,tree
hZZ

]
(m2

Z , s,m
2
h)

+
Re[vfΓ

V,loop
Zff + afΓ

A,loop
Zff ](0, 0, s)

v2f + a2f
− Re Π̂ZZ(s)

s−m2
Z

− vfQfsW cW
v2f + a2f

Re Π̂Zγ(s)

s

}

+
1

ΓLO

∫ (mh−mZ)2

0

ds

∫ umax

umin

duRe
(
TZ
hff +BZ

)
− 2∆r − ReΠ̂′

ZZ(m
2
Z), (5.28)

with

λ̄(x, y) =
1− x− y

2

λ(x, y)

λ(x, y) + 12xy
. (5.29)

The first and second lines denote the contributions from the diagram (a) in Fig. 5.2. The third
line denotes the contributions from diagrams (b) and (c). In the fourth line, the TZ

hff and

BZ terms represent the contribution from the hff̄ vertex corrections and the box diagrams
shown as the diagrams (d) and (e) in Fig. 5.2, respectively. Both TZ

hff and BZ depend on the
Mandelstam variable u = (pZ + pf̄ )

2 in loop functions. The integration range of u is given by

umax,min =
m2

h

2
[1 + xZ − xs ± λ1/2(xZ , xs)]. (5.30)
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The fifth line denotes the finite contributions originated from the replacement of VEV and the
wave function renormalization of the external Z boson.

The QED and QCD corrections only enter the Zff̄ vertex correction depicted in the diagram
(c) in Fig. 5.2. They are given by [107]

∆Z
QED = Q2

f

3αem

4π
, ∆Z

QCD = CF
3αs(µ)

4π
. (5.31)

Although diagrams (d) and (e) also receive both QED and QCD corrections, they vanish in the
massless limit for the external fermions.

5.1.4 Decay rates of h→ WW ∗ → Wff̄ ′

The decay rate for the h→ WW ∗ → Wff̄ ′ process is given by

Γ(h→ Wff̄ ′) = ΓLO(h→ Wff̄ ′)
[
1 + ∆W

EW +∆W
QCD

]
. (5.32)

In the following, we neglect the masses of final-state fermions. The decay rate at LO is given
by

ΓLO(h→ Wff̄ ′) =

∫ (mh−mW )2

0

|MW
0 |2 ds, (5.33)

with the Mandelstam variable s = (pf +pf̄ ′)2. The squared tree-level amplitude |MW
0 |2 is given

by

|MW
0 |2 =

g2
∣∣Γ1,tree

hWW

∣∣2
512π3m3

h

λ(xW , xs) + 12xWxs
3xW (xs − xW )2

λ1/2(xW , xs), (5.34)

with xW = m2
W/m

2
h, xs = s/m2

h.

The EW correction ∆W
EW is given by

∆W
EW =

1

ΓLO

∫ (mh−mW )2

0

ds |MW
0 |2
{
Re

[
2Γ1,loop

hWW

Γ1,tree
hWW

+
λ̄(xW , xs)

xW

Γ2,loop
hWW

Γ1,tree
hWW

]
(m2

W , s,m
2
h)

+ 2Re[ΓV,loop
Wff + ΓA,loop

Wff ](0, 0, s)− 2Re Π̂WW (s)

s−m2
W

}

+
1

ΓLO

[∫ (mh−mW )2

0

ds

∫ umax

umin

du
(
TW
hff +BW

)
+ Γ(h→ Wff̄ ′γ)

]
− 2∆r − ReΠ̂′

WW (m2
W ), (5.35)

Differently from the h → Zff̄ mode, we cannot separate the weak and QED corrections
because virtual photons appear together with virtual W bosons in vertex corrections. The IR
divergences are cancelled by adding the real photon emissions Γ(h→ Wff̄ ′γ).

The QCD correction is the same as that given in Eq. (5.31) because the gluon loop correc-
tions only appear in the Wf̄f ′ vertex similar to the h→ Zff̄ decay [108].
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5.1.5 Decay rates of h→ γγ, Zγ, gg

The decay rate for the h→ VV ′ process is given by

ΓLO(h→ VV ′) =

∣∣∣Γ̂1
hVV ′(m2

V ,m
2
V ′ ,m2

h)
∣∣∣2

8πmh

λ1/2
(
m2

V
m2

h

,
m2

V ′

m2
h

)
. (5.36)

For h→ gg decay, the QCD corrected decay rate in the MS scheme is given by [109]

Γ(h→ gg) = ΓLO(h→ gg)

[
1 +

αs(µ)

π

(
95

4
− 7

6
Nf +

33− 2Nf

6
log

µ2

m2
h

)]
, (5.37)

in the heavy top limit mt → ∞.
For h → γγ and h → Zγ, we take into account the NLO QCD correction only for the

top-loop contributions because those for the other quarks loops are negligible. In the heavy top
limit, the QCD correction in the MS scheme is given by [109]

Γ̂1
hVγ(m

2
V , 0,m

2
h)t → Γ̂1

hVγ(m
2
V , 0,m

2
h)t

[
1− αs(µ)

π

]
, (V = γ, Z), (5.38)

where Γ̂1
hVγ(m

2
V , 0,m

2
h)t is the top-quark loop contribution to the renormalized hγγ and hZγ

vertices.

5.2 Numerical results

In this section, we discuss the predictions for the branching ratios of the SM-like Higgs boson
at NLO in the HSM, the IDM and the four types of 2HDM. The deviation in the branching
ratios from those SM predictions is parametrized by

∆µXY ≡ BRNP(h→ XY )

BRSM(h→ XY )
− 1. (5.39)

We can expand ∆µXY up to NLO as

∆µXY ≈ ∆ΓXY −∆Γtot, (5.40)

where

∆ΓXY ≡ ΓNP(h→ XY )

ΓSM(h→ XY )
− 1, (5.41)

∆Γtot ≡
Γtot,NP

Γtot,SM

− 1. (5.42)

Thus, the qualitative behavior of ∆µXY can be understood by analyzing ∆ΓXY and ∆Γtot.

5.2.1 Deviation in partial decay widths

Fig. 5.3 shows the correlation between between ∆Γττ and ∆Γbb in the HSM and the 2HDMs.
The colored regions correspond to the predictions in these models; i.e., yellow, red, blue, green
and purple correspond to the HSM, Type-I, II, X and Y 2HDMs, respectively. The contrast
of the colors represents the mass scales of the additional Higgs bosons. The left (right) panel
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Figure 5.3: Correlation between ∆Γττ and ∆Γbb in the HSM (yellow) and the Type-I (red),
Type-II (blue), Type-X (green), Type-Y (purple) 2HDMs. The left (right) panel shows the
case for cβ−α < 0 (> 0) in the 2HDMs. The ranges of the parameters are described in the text.
The tree-level predictions with tan β = 1 and 3 in the 2HDMs are also presented by gray and
black lines, respectively.

Figure 5.4: Correlation between ∆Γττ and ∆Γcc in the HSM (yellow), the Type-I and Y (red)
and Type-II and X (blue) 2HDMs. The ranges of the scanned parameters are the same as in
those of Fig. 5.3.
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Figure 5.5: Correlation between ∆Γττ and ∆ΓZZ∗ in the HSM (yellow), the Type-I and Y (red)
and Type-II and X (blue) 2HDMs. The ranges of the scanned parameters are the same as in
those of Fig. 5.3.

shows the results with cβ−α < 0 (cβ−α > 0) in the 2HDMs, while the results in the HSM are
the same both in the left and right panels. The tree-level predictions with tanβ = 1 (3) in the
2HDMs are shown by gray (black) lines with dots denoting sβ−α = 1, 0.995, 0.99, 0.98, 0.95
from the origin.

The patterns of the deviations are mainly determined by the mixing on the tree-level cou-
plings [110]. In the HSM, the decay widths are monotonically decreasing from the SM pre-
dictions both for the ττ and bb modes as the mixing angle cα is decreasing from the SM limit
(cα = 1). On the other hand, those in each type of the 2HDM show characteristic patterns
due to the Yukawa structures. The size of the mixing parameters is constrained by theoretical
constraints such as perturbative unitarity and vacuum stability. The darker-colored regions
include the lighter-colored regions. Therefore, we can set the upper bound of the additional
Higgs boson masses when a deviation is observed.

Fig. 5.4 shows the correlation the correlation between between ∆Γττ and ∆Γcc. At the tree
level, the results in the Type-I (Type-II) 2HDM coincide with those in the Type-Y (Type-
X) 2HDM, because the Yukawa structures for up-type quarks and leptons are the same. In
contrast to the case in Fig. 5.3, the predictions in the Type-II and Y 2HDM spread out since
the Yukawa structures between up-type quarks and leptons are different. From the correlations
among the three different fermionic decay modes of the Higgs boson shown in Figs. 5.3 and 5.4,
we can identify a type of the 2HDM independently of the model parameters when a deviation
is observed in experiments.

Fig. 5.5 shows the correlation the correlation between between ∆Γττ and ∆ΓZZ∗ . Similar to
the discussion in Fig. 5.3, patterns of the deviations can be mainly determined by the mixing in
the tree-level Higgs couplings. The HSM can be distinguished from the 2HDMs if the deviation
∆RZZ∗ is larger than a few percent. On the other hand, the results in the Type-I (Type-II)
2HDM coincide with those in the Type-Y (Type-X) 2HDM at the tree level, as the Yukawa
structures for leptons are the same. An important remark on the 2HDMs is the difference of
the magnitude of the deviations between h → ff and h → V V ∗ [100]. The 5% deviation for
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Figure 5.6: Deviation in the total width from the SM prediction as a function of cα (left) and
mH (right) in the HSM with µS = 0 and λS = 0.1. The values of cα, mH and M2 are scanned
within 0.95 < cα < 1, 300 ≤ mH ≤ 5000 GeV and 0 ≤M2 ≤ m2

H , respectively.

the coupling in the gauge sector (i.e. sβ−α = 0.95) gives rise to ∆RZZ∗ ∼ −10% – −15%, while
∆Rff ∼ ±60% or more. We also remark that the dependence on the extra Higgs boson masses
are different between the HSM and the 2HDMs. The deviations in the HSM can be larger than
those in the 2HDMs for mH > 1 TeV [111,112].

5.2.2 Deviation in the total decay width

Higgs singlet model

We first discuss the total width of the SM-like Higgs boson. Fig. 5.6 shows the deviation
in the total width from the SM prediction in the HSM. The dependences on cα and mH are
then displayed in the left and right panels, respectively. At LO, the deviation in the width is
determined by s2α, and it corresponds to the upper edge of the distribution in the left panel.
The loop effects reduce the width by at most about 2% level. In the right panel, it is seen that
the magnitude of deviations becomes smaller for larger mass regions because the large mixing is
excluded by the theoretical bounds. The precision measurement of the total width is important
to identify the HSM since the branching ratios of the SM-like Higgs boson are almost the same
as those in the SM due to nearly universal suppression of the partial decay rates.

Two Higgs doublet model

Fig. 5.7 shows the deviation in the total width as a function of tan β in four types of the 2HDMs
with sβ−α = 0.99 and cβ−α < 0 (> 0) in the left (right) panel. The values of mΦ and M2 are
scanned within 300 ≤ mΦ ≤ 1000 GeV and 0 ≤M2 ≤ m2

Φ, respectively.
In the case with cβ−α < 0 (the left panel), the width becomes larger as tan β increases except

for the Type-I 2HDM. This is because some of the partial widths have a tan β enhancement,
e.g., the h → bb̄ (h → τ τ̄) mode in the Type-II and Type-Y (Type-II and Type-X) 2HDMs.
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Figure 5.7: Deviation in the total width from the SM prediction in four types of the 2HDMs
with sβ−α = 0.99 as a function of tan β. The left (right) panel shows the case of cβ−α < 0 (> 0).

Figure 5.8: Deviation in the total width from the SM prediction in the IDM with λ2 = 0.1.
The value M2 is scanned for the case with mH = mH± shown by dots. The black curve shows
the case for mH = 63 GeV.

In the Type-I 2HDM on the contrary, the total width approaches s2β−αΓSM, at the large tan β
region. The region with tan β ≳ 11 is eliminated by the theoretical constraints.

In the case with cβ−α > 0 (the right panel), the total width has the minimal value at
tan β ∼ 7 in the Type-II, Type-X and Type-Y 2HDMs, due to the cancellation between the
sβ−α term and the cβ−α term in κf , see Table 7.3. This behavior is remarkably observed in the
Type-II and Type-Y 2HDMs, because the h → bb̄ mode, which is the biggest partial width of
h in the SM. We can also see that the deviation in the total width becomes zero at tan β ≃ 14,
as we have κ2f ≃ 1 for all the types of Yukawa interaction. In the Type-I 2HDM, the width
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Figure 5.9: Correlation between ∆µττ and ∆µbb in the Type-I (red), Type-II (blue), Type-X
(green), Type-Y (magenta) 2HDMs, the HSM (orange) and the IDM (black). The left (right)
panel shows the case with ∆µWW = 0±2% (0±4%). In the 2HDMs, we scan 1.5 ≤ tan β ≤ 10,
0 ≤ M2 ≤ m2

Φ and 300 (600) ≤ mΦ ≤ 1000 GeV for (darker) colored points. In the HSM, we
scan 300 ≤ mH ≤ 5000 GeV and 0 ≤ M2 ≤ m2

H , while in the IDM we fix mH to be 63 GeV
and scan 100 ≤ mA(= mH±) ≤ 1000 GeV.

approaches to the SM value at a large value of tan β as in the case with cβ−α < 0.

Inert doublet model

Fig. 5.8 shows the total width in the IDM as a function of mH± with mA = mH± . The
following two cases, (i) mH is fixed to 63 GeV and (ii) mH = mH± , are studied. Case (i)
is motivated by the scenario where the dark matter abundance is explained by the thermal
freeze-out mechanism [113, 114], where H can be a dark matter candidate. In the IDM, the
total width does not change from the SM value at the tree level, so any deviation is purely due
to loop effects. In case (i), the total width monotonically decreases and the deviation is larger
as mH± is getting larger. The black curve is truncated at around mH± = 700 GeV, because
of the unitarity constraint. In the case (ii), the maximal deviation is given at M2 = 0 for
mH± < 600 GeV. On the other hand, the unitarity constrains the minimal value of M2 above
mH± ≃ 600 GeV, and possible deviations become smaller.

5.2.3 Deviation in branching ratios

The branching ratios of the SM-like Higgs boson will be measured with a few percent accuracies
at future collider experiments such as ILC.

First, we discuss the case where the central value of ∆µWW is consistent with zero at the
2σ level. The left (right) panel of Fig. 5.9 shows the correlation between ∆µττ and ∆µbb (∆µcc)
in the HSM, four types of the 2HDMs and the IDM. The error for ∆µWW is taken to consider
about 2σ level region at ILC250 [36]. Parameters of each model are scanned as it is described
in the caption. We see that the predictions in the HSM and the IDM are given almost at the
origin of this plane. This is because the partial decay rates are almost universally suppressed
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Figure 5.10: Same as Fig. 5.9, but for the case with ∆µWW to be +5± 4%.

Figure 5.11: Same as Fig. 5.9, but for the case with ∆µWW to be −5± 4%.

in these models. On the other hand, the predictions in the 2HDMs are spread out in different
directions depending on the type of Yukawa interactions.

Next, we discuss the case where the central value of ∆µWW is found to be nonzero, and
∆µWW = 0 is excluded at the 2σ level. In this case, the HSM and the IDM are excluded since
predictions for ∆µWW in these models are almost zero. On the other hand, the 2HDMs can
explain such a deviation.

The left panel of Fig. 5.10 shows the correlation between ∆µττ and ∆µbb in the 2HDMs with
∆µWW = +5.0± 4.0%. The predictions appear in the regions with ∆µbb < 0 independently of
the types of 2HDMs. This is because the positive value of ∆µWW requires the reduction of the
other decay rates, especially the h → bb̄ mode since the partial width of h → WW ∗ decreases
by the tree-level mixing and the one-loop effects. From the sign of ∆µττ , we can distinguish
Type-I and II 2HDMs from Type-X and Y 2HDMs. In order to distinguish Type-I and II, or
Type-X and Y, ∆µcc is useful. The right panel of Fig. 5.10 shows the correlation between ∆µττ
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and ∆µcc. The predictions in the four types of 2HDMs are clearly separated from one another,
and we can distinguish the four types of 2HDMs when the deviations are measured.

The left panel of Fig. 5.11 shows the correlation between ∆µττ and ∆µbb in the 2HDMs
with ∆µWW = −5.0 ± 4.0%. The predictions in different types of 2HDMs are overlapped.
This is because the negative value of ∆µWW can be realized by either decreasing the partial
width of the h → WW ∗ mode or increasing the other partial widths. Therefore, the sign of
∆µbb can take both positive and negative. The right panel of Fig. 5.11 shows the correlation
between ∆µττ and ∆µcc. The predictions in the four types of 2HDMs are separated from one
another except for the case in the Type-X 2HDM with lighter additional Higgs bosons. Thus,
the correlation between ∆µττ and ∆µbb helps for further discrimination of the models.
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Part II

Study on extended Higgs sectors
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Chapter 6

Higgs strahlung process in
electron–positron colliders

The e+e− → hZ process is the dominant production process at the early stage of the future
lepton colliders such as the ILC, and the production cross section will be measured with a few
percent accuracies. Thus, it is important to perform the theoretical calculation compatible
with future precision measurements by including the higher-order corrections. In this chapter,
we discuss the cross section for the Higgs strahlung process e+e− → hZ with arbitrary sets of
electron and Z boson polarization at the full next-to-leading order. We systematically perform
the complete one-loop calculations to the helicity amplitudes in the HSM, IDM, and 2HDMs
based on the on-shell renormalization scheme. We present the full analytic results, as well as
numerical evaluations. We find that the extended Higgs models can be classified by measuring
the pattern of deviations from the SM prediction in the cross section times decay branching
ratio.

6.1 Electroweak corrections to the process e+e− → hZ

In this section, we define the notation for the process e+e− → hZ and discuss the helicity
amplitudes based on the form-factor decomposition. We list relevant renormalized quantities
for this process and give the formulae of form factors including the one-loop corrections. The
differential cross section with arbitrary sets of electron and Z boson polarization is also pre-
sented.

6.1.1 Helicity amplitudes and cross section

The process

e−(pe, σe) + e+(pē, σē) → h(kh) + Z(kZ , λ) (6.1)

is depicted in Fig. 6.1. The momenta and helicities of the incoming electron and positron are
denoted by (pe, σe) and (pē, σē), respectively. Correspondingly, (kZ , λ) is used for the outgoing
Z boson, and kh is the momentum of the outgoing Higgs boson. The signs ‘+’ and ‘−’ of the
variables σe and σē refer to helicities +1/2 and −1/2, respectively. The helicity λ takes ‘±’ or
‘0’. In the following discussion, we neglect the mass of the electron whenever it is possible.
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Figure 6.1: The process e+e− → hZ with momentum and helicity assignments. The momenta
pe and pē are incoming, while kh and kZ are outgoing.

The Mandelstam variables are given by

s = (pe + pē)
2 = (kZ + kh)

2, (6.2)

t = (pe − kZ)
2 = (pē − kh)

2, (6.3)

u = (pe − kh)
2 = (pē − kZ)

2, (6.4)

and they satisfy s+ t+ u = m2
Z +m2

h. In the center-of-mass (CM) frame of the e+e− collision,
the momenta of each external particle are

pµe =

√
s

2
(1, 0, 0, 1), (6.5)

pµē =

√
s

2
(1, 0, 0,−1), (6.6)

kµZ =

√
s

2

(
1 +

m2
Z −m2

h

s
, β sin θ, 0, β cos θ

)
, (6.7)

kµh =

√
s

2

(
1− m2

Z −m2
h

s
,−β sin θ, 0,−β cos θ

)
, (6.8)

where β is defined by

β =
|kZ |
E

=
1

s

√
[s− (mZ +mh)2][s− (mZ −mh)2], (6.9)

with the beam energy E =
√
s/2. We use the scattering angle θ between e− and Z boson;

p̂e · k̂Z = cos θ where the hat indicates the unit vector. The scattering angle θ is related to t
and u via

t =
1

2
(m2

Z +m2
h − s) +

s

2
β cos θ, (6.10)

u =
1

2
(m2

Z +m2
h − s)− s

2
β cos θ. (6.11)

The helicity amplitudes for e+e− → hZ vanish for σe = σē in the limit me → 0 due to the
chirality conservation. Therefore, we use σ = σe = −σē for the non-vanishing amplitudes. The
helicity amplitude Mσλ(s, t) can be decomposed into a set of basic matrix elements Mi,σλ(s, t)
and corresponding form factors Fi,σ(s, t) as [115]

Mσλ(s, t) =
3∑

i=1

Fi,σ(s, t)Mi,σλ(s, t). (6.12)
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The basic matrix elements are given by

Mi,σλ = jσ,µ(pe, pē)T
µν
i (s, t)ε∗ν(kZ , λ), (6.13)

where ε∗µ(kZ , λ) is the polarization vector for Z boson, and jµσ (pe, pē) is the fermion current of
the initial electron and positron,

ε∗µ(kZ ,±) =
1√
2
[0,∓ cos θ, i,± sin θ], (6.14)

ε∗µ(kZ , 0) =

√
s

2mZ

[β, α sin θ, 0, α cos θ], (6.15)

jµσ (pe, pē) = v̄(pē)γ
µPσu(pe) =

√
s[0, 1, σi, 0], (6.16)

with the chirality projection operator Pσ = (1 + σγ5)/2 and α = 1 + (m2
Z −m2

h)/s. The three
basis tensor T µν

i are defined by

T µν
1 = gµν , T µν

2 = kµZ(pe + pē)
ν , T µν

3 = kµZ(pe − pē)
ν . (6.17)

In the CM frame, the first elements of basic matrix M1,σλ become

M1, σ± = σ

√
s

2
(1± σ cos θ) = σ

√
2s d1σ,±(θ), (6.18)

M1, σ0 = − sα

2mZ

sin θ = σ
sα√
2mZ

d1σ,0(θ), (6.19)

where djm′,m(θ) is the Wigner’s d function. The second elements M2,σλ are

M2,σ± = 0, (6.20)

M2,σ0 = −s
2β2

4mZ

sin θ = σ
s2β2

2
√
2mZ

d1σ,0(θ). (6.21)

The third elements M3,σλ are

M3, σ± = ±sβ
2

√
s

2
sin2 θ = ±sβ

√
s

3
d22,0(θ), (6.22)

M3, σ0 =
s2αβ

4mZ

cos θ sin θ = −s
2αβ

4m2
Z

[
d22,1(θ)− d22,−1(θ)

]
. (6.23)

The six physical helicity amplitudes are given in terms of the form factors Fi,σ by

Mσ±(s, t) =

√
s

2

[
F1,σ(s, t)±

sβ

2
(σ ∓ cos θ)F3,σ(s, t)

]
(σ ± cos θ), (6.24)

Mσ0(s, t) = − s

2mZ

[
αF1,σ(s, t) +

sβ2

2
F2,σ(s, t)−

sαβ

2
cos θF3,σ(s, t)

]
sin θ. (6.25)

We denote the tree- and one-loop contributions to the helicity amplitude as

M(0)
σλ(s, t) =

3∑
i=1

F
(0)
i,σ (s, t)Mi,σλ, (6.26)

M(1)
σλ(s, t) =

3∑
i=1

F
(1)
i,σ (s, t)Mi,σλ. (6.27)
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Figure 6.2: Tree-level diagram for the process e+e− → hZ.

The helicity-dependent differential cross section at NLO in EW is given by

dσ

dΩ
(σ, λ; s, t) =

β

64π2s

{
|M(0)

σλ(s, t)|
2 + 2Re[M(0)

σλ(s, t)M
(1)∗
σλ (s, t)]

}
. (6.28)

The helicity-dependent cross section σ(σ, λ; s) can be obtained by integrating Eq. (6.28) over
the solid angle.

In a realistic setup, one needs to introduce the degree of polarization of initial electron Pe

and positron Pē. We use the convention where a purely left-handed (right-handed) electron
corresponds to Pe = −1 (+1). The polarized differential cross section is given by

dσ

dΩ
(Pe, Pē, λ; s, t) =

∑
σ=±

1

4
(1 + σPe)(1− σPē)

dσ

dΩ
(σ, λ; s, t). (6.29)

The unpolarized cross section σ(λ; s) corresponds to Pe = Pē = 0. (Pe, Pē) = (∓0.8,±0.3) is
planned polarization at the ILC [36].

The polarized cross section can be rewritten in terms of the helicity-dependent cross section
as [116]

σ(Pe, Pē, λ; s) =
1

4
(1− Pe)(1 + Pē)σ(−, λ; s) +

1

4
(1 + Pe)(1− Pē)σ(+, λ; s)

= σ(λ; s)(1− PePē)(1− PeffALR), (6.30)

where the effective polarization Peff and the left-right asymmetry ALR are defined as

Peff =
Pe − Pē

1− PePē

, (6.31)

ALR =
σ(−, λ; s)− σ(+, λ; s)

σ(−, λ; s) + σ(+, λ; s)
. (6.32)

By using Eq. (6.30), one can easily evaluate the effect of the beam polarization from the helicity-
dependent cross sections. Therefore, in the following discussion, we focus on the unpolarized
and helicity-dependent cross section to exhibit analytical behaviors.

6.1.2 Tree-level contribution to the helicity amplitudes

At LO, only one diagram of Fig. 6.2 is relevant since the electron-Higgs coupling is proportional
to me, and it is negligible. The contribution of the tree-level diagram to the form factors is
expressed as

F
(0)
i,σ =

gZΓ
1,(0)
hZZ

s−m2
Z

gσf
(0)
i , (6.33)
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Figure 6.3: (Left) Helicity-dependent cross sections of e+e− → hZ at LO in the SM as a
function of the CM energy. The red lines show the results for the left-handed electron and the
right-handed positron, while the blue lines show those for the right-handed electron and the left-
handed positron. The solid (dashed) lines show the results for the transversely (longitudinally)
polarized Z bosons. The black solid line corresponds to that for the unpolarized cross section
where the polarization of Z boson is also summed. (Right) Helicity-dependent differential cross
sections of e+e− → hZ at LO in the SM as a function of cos θ at

√
s = 250 GeV. The line

colors and styles are the same as those of the left figure.

with the tree-level hZZ coupling Γ
1,(0)
hZZ = 2κZm

2
Z/v. The scaling factor κZ is given in Table 3.2.

If there is no mixing between CP-even scalars, the cross section in the extended Higgs models
is the same as that in the SM at LO. The couplings g± are defined by

g+ = s2W , g− = −1

2
+ s2W . (6.34)

The coefficients f
(0)
i are

f
(0)
1 = 1, f

(0)
2 = f

(0)
3 = 0. (6.35)

The lowest order differential cross section is given by

dσLO
dΩ

(σ, λ; s, t) =
β

64π2s

∣∣F (0)
1,σ

∣∣2

2s
∣∣d1σ,±(θ)∣∣2 (λ = ±),

s2α2

2m2
Z

∣∣d1σ,0(θ)∣∣2 (λ = 0).
(6.36)

In the left panel of Fig. 6.3, we show the helicity-dependent cross sections at LO as a function
of the CM energy. In the numerical evaluation, we take GF as an input given in Appendix A
and use the tree-level relation v = (

√
2GF )

−1/2. The solid and dashed lines correspond to the
transversely (λ = ±) and the longitudinally (λ = 0) polarized Z bosons, respectively. The cross
sections peak just above the threshold

√
s = mZ +mh and monotonically decrease at higher

energies. For energies well above the threshold, the longitudinally polarized Z boson dominates
the cross section. This is due to the factor s/m2

Z originated from the longitudinal polarization
vector defined in Eq. (6.15). The cross section for the left-handed electron is larger than that
for the right-handed electron because the left-handed electron more strongly couples to the Z
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Figure 6.4: NLO corrections for e+e− → hZ; (a) Gauge boson self-energy, (b) Zeē vertex, (c)
hZZ and hZγ vertices, (d-e) heē vertex, (f) Box diagrams.

boson than the right-handed electron (g−/g+)
2 ≃ 1.8. At

√
s = 250 GeV, the unpolarized

cross section is 242 fb, and the polarized cross section is 379 fb with (Pe, Pē) = (−0.8, 0.3).
Therefore, the beam polarization significantly changes the size of the cross section. We note
that the predicted value of the LO cross section highly depends on the input schemes.

The angular distributions of the LO cross section at
√
s = 250 GeV are given in the right

panel of Fig. 6.3. They are determined by d1σ,λ(θ). The cross section for the transversely polar-
ized Z boson is proportional to 1+ cos2 θ, and it takes maximal value in the forward-backward
direction. On the other hand, that for the longitudinally polarized Z boson is proportional
to 1 − cos2 θ, and it vanishes in the forward-backward direction and takes maximal value at
cos θ = 0.

6.1.3 One-loop contributions to the form factors

As shown in Fig. 6.4, the one-loop contributions to the form factors F
(1)
i,σ consist of (a) the Z

boson self-energy and the Zγ mixing, (b) the Zeē vertex correction, (c) the hZZ and hZγ
vertex corrections, (d-e) the heē vertex correction and (f) the box diagrams. In addition,
the renormalization factors of the weak gauge bosons are not to be unity in our renormaliza-
tion scheme [95, 96]. Therefore, we have the term −Re{Π′

ZZ(m
2
Z)}/2 from the wave function

renormalization of the on-shell Z boson. Furthermore, the EW correction to the Fermi decay
constant ∆r appears when one replaces the VEV in the tree-level amplitude with GF , since the
tree-level relation between these two parameters is no longer valid at the one-loop level. This
replacement corresponds to the resummation of universal higher-order leading corrections such
as large logarithms from light fermion masses [117]. The one-loop contributions to the form

factors F
(1)
i,σ are given by

F
(1)
i,σ = FZZ

i,σ + FZγ
i,σ + FZeē

i,σ + F hZZ
i,σ + F hZγ

i,σ + F heē
i,σ + FBox

i,σ

+ F
Π′

ZZ
i,σ + F∆r

i,σ , (6.37)

where the terms in the first line correspond to the contributions from the diagrams in Fig. 6.4,
while the terms in the second line come from the renormalization procedure. For the compu-
tation of these EW corrections, we adopt the modified on-shell renormalization scheme defined
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in Ref. [112]. In the on-shell renormalization scheme, all the counterterms in the amplitude
of e+e− → hZ are determined in terms of the one-particle irreducible (1PI) diagrams for one-
and two-point functions of Higgs bosons, gauge bosons and fermions by imposing a set of the
renormalization conditions. Adding these counterterms, one can obtain the ultra-violet (UV)
finite one-loop corrected vertices.

In the wide range of extended Higgs models, there are mixings among Higgs bosons, and the
gauge dependence appears in the renormalization of these mixing angles. We apply the pinch
technique to remove the gauge dependence in the renormalized vertex functions [112,118,119].

Apart from the UV divergences, there are infrared (IR) divergences when we calculate
virtual photon loop contributions. In the calculation of individual photon loop contributions,
we regularize them with a finite photon mass µ. The photon mass dependences in the one-
loop calculation are exactly canceled by adding contributions of real photon emissions. The
analytic expression of the real photon contribution with the soft-photon approximation is given
by [115,117,120],

dσsoft = dσLO

{
−α
π

[
ln

4∆E2

µ2

(
1 + ln

m2
e

s

)
+

1

2
ln2 m

2
e

s
+ ln

m2
e

s
+
π2

3

]}
, (6.38)

with the photon energy cutoff ∆E. The dependence of ∆E vanishes in the inclusive cross
section where one also includes the contribution of hard photon emissions [117]. The inclusive
cross section still depends on ln(m2

e/s), and this logarithmic term potentially takes a large
value. This dependence can also be eliminated by introducing the electron structure functions
as discussed in Ref. [121]. However, the treatment of hard photon emission highly depends
on the experimental setup. The hard photon changes the kinematics of the process, and these
effects would be eliminated by applying appropriate experimental cuts. In addition, if one
considers the scenario with κZ ≃ 1, these effects in extended Higgs models are almost the same
as in the SM. Therefore, we do not consider the electromagnetic effects when we focus on the
difference between the predictions in the extended models and those in the SM.

In the one-loop calculation, we choose the fine structure constant αem, the Fermi constantGF

and the Z boson mass mZ as the input EW parameters. In addition to these EW parameters,
we also use the shift of the fine structure constant ∆αem, the strong coupling constant αs and
the masses of the fermions and the discovered Higgs boson as the input parameters. The values
of these SM input parameters are given in Appendix A. We use the input parameters given in
Eqs. (3.21), (3.49) and (3.66) in the HSM, the 2HDMs and the IDM, respectively.

Expression of form factors including one-loop corrections

We list the one-loop contributions to the form factors in terms of the renormalized quantities.
The one-loop propagator corrections appear in the sum in Eq. (6.37) as the term

F SE
i,σ =

gZΓ
1,(0)
hZZ

s−m2
Z

[
−gσ

Π̂T
ZZ(s)

s−m2
Z

−QesW cW
Π̂T

Zγ(s)

s

]
f
(0)
i , (6.39)

with the renormalized self-energies Π̂T
V V ′(s) of the neutral vector bosons. The renormalized Zeē

corrections appear as

FZeē
i,σ =

gZΓ
1,(0)
hZZ

s−m2
Z

{[
Γ̂V
Zeē − σΓ̂A

Zeē

]
(m2

e,m
2
e, s)

}
f
(0)
i . (6.40)
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The renormalized hZV (V = Z, γ) corrections appear as

F hZV
i,σ =

gZ
s−m2

Z

gσf
Z(1)
i (s) +

gZ
s
QesW cWf

γ(1)
i (s), (6.41)

with

f
Z(1)
1 (s) = Γ̂1

hZZ(m
2
Z , s,m

2
h), (6.42)

f
Z(1)
2 (s) = − 1

m2
Z

Γ̂2
hZZ(m

2
Z , s,m

2
h), (6.43)

f
γ(1)
1 (s) = Γ̂1

hZγ(m
2
Z , s,m

2
h), (6.44)

f
γ(1)
2 (s) = − 1

m2
h

Γ̂2
hZγ(m

2
Z , s,m

2
h). (6.45)

The renormalized heē corrections appear as

F heē
i,σ = −gZgσ

{[
Γ̂V1
heē + σΓ̂A1

heē

]
(t, 0,m2

h)−
[
Γ̂V2
heē + σΓ̂A2

heē

]
(0, u,m2

h)
}
f
(0)
i . (6.46)

The 1/t and 1/u terms originated from the fermion propagator are canceled by the vertex
corrections [115]. However, the renormalized vertices depend on t and u, and they cause non-
trivial cos θ dependence.

There are the five W boson mediated and one Z boson mediated box diagrams in the
massless limit of the electron. The amplitudes of the W boson mediated diagrams can be
written as

Mk
σλ =

κV
16π2

δσ−

3∑
i=1

CkF k
i (s, t)Mi,σλ, (k = 1, 2, · · · , 5), (6.47)

with

F k
1 (s, t) = F k(s, t), (6.48)

F k
2 (s, t) =

1

2

[
F k
e (s, t) + F k

ē (s, t)
]
, (6.49)

F k
3 (s, t) =

1

2

[
F k
e (s, t)− F k

ē (s, t)
]
. (6.50)

The amplitude of the Z boson mediated diagram has a different structure from others, and it
can be written as

M6
σλ =

κV
16π2

3∑
i=1

g3σC
6F 6

i (s, t)Mi,σλ, (6.51)

with

F 6
1 (s, t) = F 6(s, t), (6.52)

F 6
2 (s, t) =

1

2

[
F 6
e (s, t) + F 6

ē (s, t)
]
, (6.53)

F 6
3 (s, t) =

1

2

[
F 6
e (s, t)− F 6

ē (s, t)
]
. (6.54)
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The expressions of Ck and F k
i (s, t) are given in Appendix B in Ref. [41]. We define Bi,σ(s, t)

by

Bi,σ(s, t) =
κV
16π2

[
δσ−

5∑
k=1

CkF k
i (s, t) + g3σC

6F 6
i (s, t)

]
. (6.55)

Finally, the form factors at one-loop level are given by

F
(1)
i,σ =

gZ
s−m2

Z

{
Γ
1,(0)
hZZ

[
−gσ

Π̂T
ZZ(s)

s−m2
Z

+
[
Γ̂V
Zeē − σΓ̂A

Zeē

]
(m2

e,m
2
e, s)

]
f
(0)
i + gσf

Z(1)
i (s)

}

+
eQe

s

[
−Γ

1,(0)
hZZ

Π̂T
Zγ(s)

s−m2
Z

f
(0)
i + f

γ(1)
i (s)

]
− gZgσ

{[
Γ̂V1
heē + σΓ̂A1

heē

]
(t, 0,m2

h)−
[
Γ̂V2
heē + σΓ̂A2

heē

]
(0, u,m2

h)
}
f
(0)
i

+Bi,σ(s, t) +
gZΓ

1,(0)
hZZ

s−m2
Z

gσ

[
−1

2
Re
{
Π′

ZZ(m
2
Z)
}
−∆r

]
f
(0)
i . (6.56)

6.2 Numerical results

In this section, we begin with an analysis of the behavior of the NLO weak corrections to the
cross section of the e+e− → hZ process in the SM. We then analyze the deviations from the
SM values at NLO in the HSM, the IDM and the 2HDMs.

We have newly implemented the formulae of F
(1)
i,σ into the H-COUP program [45, 46], and

enabled to evaluate the cross section of e+e− → hZ including the higher-order corrections.
In order to compare our results in the SM with the previous works [115, 122–124], we extend
the H-COUP program and take mW as an input instead of GF . With this extension, we have
confirmed that our results are in agreement with the previous results. In the following, we show
the results obtained in the scheme where αem(0), GF and mZ are input parameters.

In order to study the theoretical behavior of the one-loop corrections, we parametrize the
differential cross section as

dσ = dσLO(1 + δweak + δem), (6.57)

where δweak and δem denote the relative weak and electromagnetic corrections, respectively.
As we will see below, the NP effects mainly come from Γ̂1

hZZ vertex, and that appear
independently of σ and λ. Therefore, we show the results of the unpolarized cross section
where the polarization of the Z boson is also summed. In order to analyze the NP effects in

each renormalized quantity, we introduce ∆
EW

X ,

∆
EW

X = ∆EW
X,NP −∆EW

X,SM, (X = ZZ, Zγ, Zeē, hZZ, hZγ, heē, Box, Π′
ZZ , ∆r), (6.58)

with ∆EW
X = σX/σLO. We evaluate σX by substituting

M(1)X
σλ (s, t) =

3∑
i=1

FX
i,σMi,σλ (6.59)

into M(1)
σλ(s, t) in Eq. (6.28), where FX

i,σ is defined in Eq. (6.37). We also evaluate the ratios of
the total cross sections to exhibit the deviations from the predictions in the SM,

∆RhZ =
σNP

σSM
− 1. (6.60)
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Figure 6.5: (Left) Weak corrections to the helicity-dependent cross sections in the SM. The red
lines show the results for the left-handed electron and the right-handed positron, while the blue
lines show those for the right-handed electron and the left-handed positron. The solid (dashed)
lines show the results for the transversely (longitudinally) polarized Z bosons. The black solid
line corresponds to that for the unpolarized cross section where the polarization of Z boson is
also summed. (Right) Weak corrections to the helicity-dependent differential cross sections in
the SM at

√
s = 250 GeV. The line colors and styles are the same as those of the left figure.

6.2.1 Standard Model

In the left panel of Fig. 6.5, we show the weak one-loop corrections to the helicity-dependent
cross sections as a function of the CM energy. The weak corrections to the cross section for
the right-handed electron are positive, and they increase the cross section by about 10%. On
the other hand, those for the left-handed electron are negative, and the size of these correc-
tions strongly depends on the CM energy. The reason for this difference comes from negative
contributions from the box diagrams. Among the six box diagrams, the five W boson medi-
ated diagrams only contribute to the helicity amplitudes for the left-handed electron. They
give negative contributions to the helicity-dependent cross sections for the left-handed electron.
In addition, their effects become relevant at higher energies and give large negative correc-
tions. The peak around

√
s ≃ 350 GeV corresponds to the threshold at 2mt in the top-loop

contributions. We note that the NNLO electroweak-QCD corrections have been estimated in
Refs. [123,124], and the magnitude is about a percent.

In the right panel of Fig. 6.5, we show the weak one-loop corrections to the differential cross
sections as a function of the CM energy. From Eq. (6.55), we can see that only the heē vertex
and box corrections cause different cos θ dependence from those at LO. At

√
s = 250 GeV, this

effect is not so large, and the angular distribution of the Z boson is almost determined by the
d1σ,λ(θ) functions. At higher energies, the angular distribution of the Z boson is significantly
modified through the box contributions [115]. However, the size of the cross sections decreases
in such a higher energy region.

6.2.2 Higgs singlet model

First, we consider the Z2 symmetric scenario in the HSM where cα = 1 and µS = 0. There
remain three input parameters, mH , λΦS and λS. In the following analysis, we impose pertur-
bative unitarity, vacuum stability, avoiding wrong vacua, and the constraints on the S and T
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Figure 6.6: NP effects in the EW corrections as a function of the mass of the additional

Higgs boson in the Z2 symmetric HSM at
√
s = 250 GeV. The left panel shows ∆

EW

X with
λS = 1. The right panel shows ∆RhZ with λS = 0.1 (red), 1 (blue) and 2 (green). The solid
and dashed curves denote the case with the maximal and minimal values of M2, respectively.
Perturbative unitarity, vacuum stability, avoiding wrong vacua, and the constraints on the S
and T parameters are imposed.

parameters. In order to analyze the theoretical behavior, we here do not impose the constraints
from the direct searches of the additional Higgs boson and the Higgs coupling measurements.
In addition, we impose M2 > 0 as in the case of the IDM and the 2HDMs.

In the left panel of Fig. 6.6, we show ∆
EW

X defined in Eq. (6.58) as a function of the mass of
the additional Higgs boson in the Z2 symmetric HSM at

√
s = 250 GeV. We here take λS = 1

and scan λΦS for |λΦS| < 4π. In the Z2 symmetric HSM, only ∆
EW

hZZ takes non-zero value.
Furthermore, among the components of the renormalized hZZ vertex in Eq. (??), the wave
function renormalization factor of the SM-like Higgs boson δZh only gives the NP effects. δZh

is defined by the two-point function of the SM-like Higgs boson Π1PI
hh (p2) as

δZh = − d

dp2
Π1PI

hh (p2)

∣∣∣∣
p2=m2

h

. (6.61)

As the NP contributions, there are two H propagated diagrams in Π1PI
hh (p2). One of them is

proportional to λhhHH , while the other is proportional to λ2hHH . However, the former does not
contribute to δZh because the loop function A(mH) does not depend on the external momentum
p2. Therefore, only the latter contributes to the helicity amplitude as the NP effect,

δZHSM
h − δZSM

h = −λ
2
hHH

16π2

d

dp2
B0(p

2;m2
H ,m

2
H)

∣∣∣∣
p2=m2

h

, (6.62)

with λhHH = −λΦSv. We note that this difference does not directly depend on λS, but it
indirectly determines the possible size of the NP effects through the perturbative unitarity and
vacuum stability bounds.

The magnitude of ∆
EW

hZZ becomes larger when the mass of the extra Higgs boson is taken to
be larger up to around 700 GeV. This peak corresponds to the point where the minimum value
of M2 = m2

H − λΦSv
2 changes from zero to non-zero due to the perturbative unitarity bound.
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Figure 6.7: NP effects in the EW corrections as a function of the mass of the additional Higgs

boson in the HSM with cα = 0.99 and µS = 0 at
√
s = 250 GeV. The left panel shows ∆

EW

X with
λS = 1. The right panel shows ∆RhZ with λS = 0.1 (red), 1 (blue) and 2 (green). The solid
and dashed curves denote the case with the maximal and minimal values of M2, respectively.
The black dashed line shows the size of the LO deviation due to the mixing of the CP-even
states. Perturbative unitarity, vacuum stability, avoiding wrong vacua, and the constraints on
the S and T parameters are imposed.

At this point, λΦS takes the maximal value, and it triggers a sizable effect. In the case of larger

values of mH , the magnitude of ∆
EW

hZZ monotonically decreases because perturbative unitarity
constrains the size of λΦS. In such a large mass region, mH is approximately equal to M , and
the additional Higgs boson almost decouples following the decoupling theorem [34].

We can also see the relatively large NP effects when the mass of the additional Higgs boson is
below 200 GeV. In this region, λΦS takes a negative value satisfying the vacuum stability bound
thanks to the sizable λS. While the sign of λΦS is flipped, only |λΦS|2 appears in Eq. (6.62).

Therefore, ∆
EW

hZZ is negative independently of the sign of λΦS.

In the right panel of Fig. 6.6, we show the predictions of ∆RhZ in Eq. (6.60) as a function
of the mass of the additional Higgs boson in the Z2 symmetric HSM at

√
s = 250 GeV. We

here take λS to 0.1, 1 and 2 and scan λΦS for |λΦS| < 4π. In the Z2 symmetric HSM, the Z2

symmetry prohibits the mixing of the CP-even states, and ∆RhZ = 0 at LO. The behavior of

∆RhZ is only determined by δZh, and almost the same as that of ∆
EW

hZZ . The possible magnitude
of ∆RhZ indirectly depends on the value of λS through the conditions of perturbative unitarity
and vacuum stability. For mH ≥ 200 GeV, the possible magnitude of ∆RhZ decreases as
λS becomes large. On the other hand, for mH < 200 GeV, the possible magnitude of ∆RhZ

increases as λS becomes large because a large negative value of λΦS is allowed under the vacuum
stability bound.

We here mention the scenario where µS softly breaks the Z2 symmetry. We note that ∆RhZ

does not directly depend on µS, and the behavior of ∆RhZ is the same as that in the Z2

symmetric HSM. However, µS indirectly affects the possible size of the NP effects through the
conditions for avoiding wrong vacua. For example, the region where mH ≲ 300 GeV is excluded
if µS = 100 GeV.

Next, we consider the scenario with the mixing of the CP-even states. In the left panel of

Fig. 6.7, we show ∆
EW

X as a function of the mass of the additional Higgs boson with cα = 0.99
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Figure 6.8: NP effects in the EW corrections as a function of the masses of the additional
Higgs bosons in the IDM at

√
s = 250 GeV. We take mH = mA = mH± . The left panel

shows ∆
EW

X with λ2 = 1. The right panel shows ∆RhZ with λ2 = 0.1 (red), 1 (blue) and 5
(green). The solid and dashed curves denote the case with the maximal and minimal value of
M2, respectively. Perturbative unitarity and vacuum stability bounds and the constraints on
the S and T parameters are imposed.

and µS = 0 at
√
s = 250 GeV. We here take λS = 1 and scan λΦS for |λΦS| < 4π. We note that

not only the renormalized hZZ vertex but also the other renormalized quantities differ from

the SM values unlike the case in the Z2 symmetric HSM. However, the magnitude of ∆
EW

hZZ is

larger than that of the others. For mH ≲ 700GeV, ∆
EW

hZZ takes a negative value, while it takes
a positive value for mH > 700 GeV. In order to realize the finite mixing of the CP-even states
with a large mass of the additional Higgs boson, the Higgs quartic couplings should take large
values, and it triggers a so-called non-decoupling effect.

In the right panel of Fig. 6.7, we show the predictions of ∆RhZ as a function of the mass
of the additional Higgs boson with cα = 0.99 and µS = 0 at

√
s = 250 GeV. We here take

λS to 0.1, 1 and 2 and scan λΦS for |λΦS| < 4π. If there is the mixing of the CP-even states,
the LO cross section decreases from its SM value. When cα = 0.99, the size of deviation is
∆RhZ = −s2α ≃ −0.02 at LO. We can see that the magnitude of one-loop effects is comparable
with that of the LO contribution, and the NP effects sizably change the predictions for ∆RhZ .

The behavior of ∆RhZ is almost the same as that of ∆
EW

hZZ . For mH ≲ 500GeV, ∆
EW

hZZ increases
the magnitude of ∆RhZ , while it decreases the magnitude of ∆RhZ for mH > 500 GeV. For
mH ≥ 1000 GeV, the possible magnitude of ∆RhZ decreases as λS becomes large. On the other
hand, for mH < 500 GeV, it increases as λS becomes large.

6.2.3 Inert doublet model

In the IDM, the Z2 symmetry prohibits the mixing of the CP-even states, and ∆RhZ = 0 at
LO, similarly to the case in the Z2 symmetric HSM. In the following analysis, we assume that
the additional Higgs bosons are degenerate in their mass, mΦ ≡ mH = mH± = mA. There
remain two input parameters, λ2 and M

2. We impose perturbative unitarity, vacuum stability,
avoiding wrong vacua, and the constraints on the S and T parameters. In order to analyze
the theoretical behavior, we here do not impose the constraints from the direct searches of the
additional Higgs boson, the Higgs coupling measurements and the dark matter experiments.
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In the left panel of Fig. 6.8, we show ∆
EW

X as a function of the mass of the additional Higgs
bosons in the IDM at

√
s = 250GeV. We here take λ2 = 1 and scanM2 for 0 ≤M2 ≤ (3TeV)2.

We note that not only the renormalized hZZ vertex but also the other renormalized quantities
differ from the SM values unlike in the Z2 symmetric HSM. This is because the additional Higgs

bosons are charged under the SM gauge group. However, the magnitude of ∆
EW

hZZ is larger than

that of the others in most cases. In the IDM, there are two main contributions to ∆
EW

hZZ . The
first one is λ2hΦΦ terms originated from δZh, similarly to the case in the Z2 symmetric HSM.
In addition, there are 1PI diagram contributions proportional to λhΦΦ, where the additional
Higgs bosons propagate internal lines. The couplings λhΦΦ are proportional to (m2

Φ −M2)/v,
and large corrections appear when one consider the sizable differences between mΦ and M . In

general, δZh governs the magnitude of ∆
EW

hZZ , and its behavior is almost the same as that in the
Z2 symmetric HSM. The maximal deviation in the IDM is larger than that in the Z2 symmetric
HSM because we have more than one additional Higgs boson running in the loop in the IDM.
It monotonically decreases when mΦ > 600 GeV following the decoupling theorem.

We can also see the sizable NP effects when mΦ is below 200 GeV, similarly to the case

in the HSM. In addition, ∆
EW

hZZ can be positive if mΦ is lighter than about 150 GeV. This
is because of the contributions from 1PI diagrams. While δZh gives negative contributions

to ∆
EW

hZZ , 1PI diagrams for the hZZ vertex give positive contributions. As we have already
mentioned, δZh generally gives larger contributions than 1PI diagram contributions. However,
if λhΦΦ is not so large, 1PI diagram contributions can overcome the contribution of δZh, and

there are parameter points, where ∆
EW

hZZ is positive.
In the right panel of Fig. 6.8, we show the predictions of ∆RhZ as a function of the mass of

the additional Higgs bosons in the IDM at
√
s = 250 GeV. We here take λ2 to 0.1, 1 and 5 and

scan M2 for 0 ≤ M2 ≤ (3TeV)2. The behavior of ∆RhZ is almost the same as that of ∆
EW

hZZ .
The possible magnitude of ∆RhZ indirectly depends on the value of λ2 through the conditions
of perturbative unitarity and vacuum stability. For mΦ ≥ 200 GeV, the possible magnitude
of ∆RhZ decreases as λ2 becomes large. On the other hand, for mΦ < 200 GeV, the possible
magnitude of ∆RhZ increases as λ2 becomes large, similarly to the case in the Z2 symmetric
HSM.

6.2.4 Two Higgs doublet model

First, we consider the alignment limit with sβ−α = 1, where ∆RhZ = 0 at LO. We also assume
that the additional Higgs bosons are degenerate in their mass, mΦ ≡ mH = mH± = mA.
There remain two input parameters, tan β and M2. We impose perturbative unitarity, vacuum
stability, avoiding wrong vacua, and the constraints on the S and T parameters. In order to
analyze the theoretical behavior, we here do not impose the constraints from the direct searches
of the additional Higgs boson, the Higgs coupling measurements and the flavor measurements.

We analyze all the four types of 2HDMs, and it turns out that predictions for ∆
EW

X and
∆RhZ are almost the same. This is because differences among the four types of 2HDMs appear
through the down-type quark and lepton Yukawa interactions with the SM-like Higgs boson.

As we will see later, the magnitude of ∆
EW

hZZ is larger than that of the others in the 2HDMs,

similarly to the case in the HSM and the IDM. In ∆
EW

hZZ , the top-quark contributions dominate
fermionic contributions, and there is no sizable difference among the four types of 2HDMs.
Therefore, we show the predictions for ∆RhZ in the Type-I 2HDM as a representative in the
following.

In the left panel of Fig. 6.9, we show ∆
EW

X as a function of the mass of the additional Higgs
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Figure 6.9: NP effects in the EW corrections as a function of masses of the additional Higgs
bosons in the Type-I 2HDM with sβ−α = 1 at

√
s = 250 GeV. We take mH = mA = mH± . The

left panel shows ∆
EW

X with tan β = 1.5. The right panel shows ∆RhZ with tan β = 1.5 (red),
3 (blue) and 5 (green). The solid and dashed curves denote the case with the maximal and
minimal value ofM2, respectively. Perturbative unitarity and vacuum stability bounds and the
constraints on the S and T parameters are imposed.

bosons in the Type-I 2HDM with sβ−α = 1 at
√
s = 250GeV. We here take tan β = 1.5 and

scan M2 for 0 ≤M2 ≤ (3TeV)2. We note that not only the renormalized hZZ vertex but also
the other renormalized quantities differ from the SM values because the additional Higgs bosons

interact with the gauge bosons, the quarks and the leptons. Qualitative behaviors of ∆
EW

X are
almost the same as those in the Z2 symmetric HSM and the IDM except for mΦ ≤ 200GeV.

The magnitude of ∆
EW

hZZ is larger than that of the others in most of the parameter space. It
monotonically decreases when mΦ > 450 GeV following the decoupling theorem.

There is no sizable negative correction below 200GeV unlike in the Z2 symmetric HSM and
the IDM. This is because the Higgs quartic couplings in the 2HDMs are more constrained by
vacuum stability than λS in the HSM and λ2 in the IDM. If mΦ is lighter than about 150 GeV,

∆
EW

X can be positive due to the 1PI diagram contributions, similarly to the case in the IDM.

In the right panel of Fig. 6.9, we show the predictions of ∆RhZ as a function of the mass
of the additional Higgs bosons in the Type-I 2HDM at

√
s = 250 GeV. We here take tan β to

1.5, 3 and 5 and scan M2 for 0 ≤ M2 ≤ (3TeV)2. The behavior of ∆RhZ is almost the same

as that of ∆
EW

hZZ . The possible magnitude of ∆RhZ decreases as tan β becomes large due to the
perturbative unitarity and vacuum stability bounds.

Next, we consider the scenario with the mixing of the CP-even states. In the top (bottom)

left panel of Fig. 6.10, we show ∆
EW

X as a function of the mass of the additional Higgs bosons
in the Type-I 2HDM with sβ−α = 0.99 and cβ−α < 0 (cβ−α > 0) at

√
s = 250GeV. We here

take tan β = 1.5 and scan M2 for 0 ≤ M2 ≤ (3TeV)2. The magnitude of ∆
EW

hZZ is larger than

that of the others independently of the sign of cβ−α. In addition, ∆
EW

hZZ takes a negative value
except for the mH ≲ 300GeV with cβ−α < 0 unlike in the HSM. We can see the non-decoupling
effect in a large mass region of the additional Higgs bosons because they cannot decouple while
keeping the finite mixing of the CP-even states, similarly to the case in the HSM. The maximal
value of mΦ is about 900 GeV for sβ−α = 0.99 with cβ−α < 0, while it is about 600 GeV with
cβ−α > 0 for tan β = 1.5.
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In the top (bottom) right panel of Fig. 6.10, we show ∆RhZ as a function of the mass of
the additional Higgs bosons in the Type-I 2HDM with sβ−α = 0.99 and cβ−α < 0 (cβ−α > 0)
at

√
s = 250GeV. We here take tan β to 1.5, 3 and 5 and scan M2 for 0 ≤ M2 ≤ (3TeV)2.

The LO cross section decreases from its SM value due to the mixing of the CP-even states.
When sβ−α = 0.99, the size of deviation is ∆RhZ = −c2β−α ≃ −0.02 at LO. We can see that
the magnitude of one-loop effects is comparable with that of the LO contribution, and the NP
effects sizably change the predictions for ∆RhZ . The behavior of ∆RhZ is almost the same as

that of ∆
EW

hZZ . In the both signs of cβ−α, ∆
EW

hZZ generally increases the magnitude of
∣∣∆RhZ

∣∣
except for the region with relatively lighter mass of the additional Higgs bosons. The possible
magnitude of ∆RhZ decreases as tan β becomes large due to the perturbative unitarity and
vacuum stability bounds.

Finally, we mention the corrections to the angular distribution of the Z boson. As we have
mentioned, the heē vertex and box contributions cause non-trivial cos θ dependence. In the
limit of the massless electron, only mixing of CP-even states modifies the heē vertex and box
contributions. However, as we can see from Figs. 6.7 and 6.10, these effects are rather small
at

√
s = 250 GeV. Therefore, the angular distribution of Z bosons is almost the same as the

predictions in the SM.
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Figure 6.10: NP effects in the EW corrections as a function of masses of the additional Higgs
bosons in the Type-I 2HDM with sβ−α = 0.99 at

√
s = 250 GeV. We take mH = mA = mH± .

The top left panel shows ∆
EW

X with tan β = 1.5 and cβ−α < 0. The top right panel shows ∆RhZ

with tan β = 1.5 (red), 3 (blue) and 5 (green) and cβ−α < 0. The bottom panels correspond
to the case with cβ−α > 0. The solid and dashed curves denote the case with the maximal and
minimal value of M2, respectively. The black dashed line shows the size of the LO deviation
due to the mixing. Perturbative unitarity and vacuum stability bounds and the constraints on
the S and T parameters are imposed.
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σ(e+e− → Zh) h→ bb̄ h→ cc̄ h→ τ τ̄ h→ WW ∗ h→ ZZ∗ h→ γγ
2% 1.3% 8.3% 3.2% 4.6% 18% 34%

Table 6.1: Expected 1σ accuracy for the SM-like Higgs boson measurements at the ILC. We
quote the values at

√
s = 250 GeV with 250 fb−1 for (Pe, Pē) = (−0.8,+0.3) in Table VI in

Ref. [35]. Except for σ(e+e− → Zh), the numbers correspond to the accuracy of σ(e+e− →
hZ)× BR(h→ XY ).

6.2.5 Correlation in the cross section times decay branching ratios

In this subsection, we analyze the correlation in the cross section times decay branching ratios
of the SM-like Higgs boson in the HSM, the IDM and the four types of 2HDMs.

At future collider experiments such as the ILC, the cross section of e+e− → hZ can be
measured without depending on the decay of the SM-like Higgs boson by utilizing the recoil
mass technique [35, 125]. This makes it possible to measure the decay branching ratios of the
SM-like Higgs boson independently of the cross section. However, the cross section times decay
branching ratios of the SM-like Higgs boson can be measured more precisely. In Table 6.1,
we summarize the expected accuracy of the cross section times decay branching ratios of the
SM-like Higgs boson at the ILC at

√
s = 250 GeV with 250 fb−1 for (Pe, Pē) = (−0.8,+0.3).

The values in Table 6.1 are taken from Table VI in [35].

In the following, we analyze the predictions for σ(e+e− → hZ)×BR(h→ XY ) at one-loop
level, where X and Y denote decay products of the SM-like Higgs boson. In order to discuss
deviations from predictions in the SM, we evaluate the ratio of the total cross section times the
decay branching ratios

∆RhZ
XY =

σNP(e
+e− → hZ)BRNP(h→ XY )

σSM(e+e− → hZ)BRSM(h→ XY )
− 1, (6.63)

where we assume the beam polarization (Pe, Pē) = (−0.8,+0.3). In the evaluation of the decay
branching ratios of the SM-like Higgs boson with the one-loop EW and QCD corrections, we
use the H-COUP program [45,46]. Although the magnitude of ∆RhZ

XY depends on the treatment
of the QED corrections, we do not consider these corrections and discuss the pattern of the
deviations in the correlation of σ(e+e− → hZ) × BR(h → XY ). The QED corrections in the
cross section universally change the magnitude of σ(e+e− → hZ)× BR(h → XY ). Therefore,
the pattern of the deviations is not changed even if we include the QED corrections following
a realistic experimental setup.

We scan the input parameters in each model in the following way. In the HSM, there are
five input parameters as given in Eq. (3.21). We here use M2 as an input parameter instead of
λΦS. The mass of the additional Higgs boson H is scanned as

400GeV ≤ mH < 2000GeV, (6.64)

while cα and M2 are scanned as

0.95 ≤ cα < 1, 0 ≤M2 < (mH + 250 GeV)2. (6.65)

We here take µs = 0 and λS = 0.1 for simplicity.

In the 2HDMs, we have six input parameters given in Eq. (3.49). We assume that the
additional Higgs bosons are degenerate in their mass as in the previous subsection. In this
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κb κτ κγ κg κZ κW
1.03+0.19

−0.17 1.05+0.16
−0.15 1.05± 0.09 0.99+0.11

−0.10 1.11± 0.08 1.05± 0.09

Table 6.2: Current measurements κXY factors at 1σ accuracy. We quote the values in Table XI
in [127]. We assume that there is no decay mode where the SM-like Higgs boson decays into
additional Higgs bosons.

scenario, the constraint of the T parameter is satisfied independently of the type of the 2HDMs.
The degenerate mass mΦ(= mH± = mH = mA) is scanned as

400GeV ≤ mΦ < 2000GeV for the Type-I and X 2HDMs, (6.66)

800GeV ≤ mΦ < 2000GeV for the Type-II and Y 2HDMs. (6.67)

The lower bound of mΦ in the Type-I and Type-X 2HDMs comes from the direct search for
A → τ τ̄ at the LHC [42]. In the Type-I 2HDM, the parameter regions with tan β ≳ 2 are
not excluded. However, we take the above parameter regions for simplicity. In the Type-
II and Type-Y 2HDMs, the lower bound comes from the flavor experiments, especially from
Bs → Xsγ [126]. In addition, we scan the other parameters as

0.98 ≤ sβ−α < 1, 2 ≤ tan β < 10, 0 ≤M2 < (mΦ + 250 GeV)2. (6.68)

The lower bound of tan β comes from the flavor experiments. We analyze both the positive
and negative signs of cβ−α.

In the IDM, we have five input parameters given in Eq. (3.66). We takemH = 63 GeV which
is favored by dark matter constraints. In order to satisfy the constraint on the T parameter,
we assume that H± and A are degenerate in mass. The degenerate mass mH±(= mA), M

2 and
λ2 are scanned as

100GeV ≤ mH± < 1000GeV, (6.69)

0 ≤M2 < (mΦ + 250GeV)2, (6.70)

0 < λ2 < 4π. (6.71)

Over the above parameter spaces, we impose the constraints discussed in Chapter. 3 such
as perturbative unitarity, vacuum stability, avoiding wrong vacua, and the constraints on the
S and T parameters. In addition, we take into account the current data of the signal strengths
of the discovered Higgs boson at the LHC. We evaluate the decay rates of the SM-like Higgs
boson with higher-order corrections by using the H-COUP program [45,46]. We define the scaling
factor κXY =

√
ΓNP
h→XY /Γ

SM
h→XY at the one-loop level, and remove the parameter points, where

κXY deviates from the observed data at 95% C.L.. In Table 6.2, we summarize the current
measurements of κXY factors at 1σ accuracy. The values in Table 6.2 are taken from Table XI
in Ref. [127]. We assume that there is no decay mode where the SM-like Higgs boson decays
into additional Higgs bosons.

In the Type-II, X and Y 2HDMs, we have parameter points where Yukawa coupling con-
stants take the negative sign with a large value of tan β and cβ−α > 0. These parameter points
show the sizable deviation both in the Higgs branching ratio and cross section. However,
we simply omit such particular parameter points in the following analysis in order to extract
general features in the 2HDMs.

Before moving on to the numerical results, we discuss the general property of ∆RhZ
XY . The

ratio of the total cross section times the decay branching ratio ∆RhZ
XY can be rewritten as

∆RhZ
XY = ∆RZh +∆RXY +∆RZh∆RXY , (6.72)
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Figure 6.11: Correlation between ∆RhZ
ττ and ∆RhZ

bb in the HSM (orange), the IDM (grey) and
the Type-I (red), Type-II (blue), Type-X (green), Type-Y (purple) 2HDMs. The left panel
shows the results with cβ−α < 0 in the 2HDMs, and the right panel shows those with cβ−α > 0.
The ranges of the parameters are explained in the text. The lighter color corresponds to the
lighter mass scale of the additional Higgs bosons, mΦ ≥ 400, 800, 1200 and 1600 GeV in order.

with ∆RZh defined in Eq. (6.60) and ∆RXY defined as

∆RXY =
BRNP(h→ XY )

BRSM(h→ XY )
− 1. (6.73)

The order of loop expansion of ∆RZh∆RXY is O(ℏ2), and it is sub-leading. Therefore, the
qualitative behavior of ∆RhZ

XY can be understood by independently analyzing ∆RZh and ∆RXY .
The behavior of ∆RXY has been studied in Ref. [98] by using the H-COUP program [45,46].

For later convenience, we briefly summarize the behavior of ∆RXY in the HSM, the IDM and
the four types of 2HDMs. First, in the HSM, the decay branching ratios of h are almost the
same as those in the SM predictions, because the partial decay widths are universally suppressed
by the radiative corrections and the mixing of the CP-even states. In our study, both ∆Rττ

and ∆Rbb are at most 0.5%.
The same argument has been claimed for the IDM in Ref. [98]. However, we find that the

parameter regions where both ∆Rbb and ∆Rττ take a few percent deviations. This difference
comes from the large value of λ2. In Ref. [98], λ2 has been fixed to 0.1. However, the magnitude
of λ2 indirectly controls the possible size of other Higgs quartic couplings especially through
the vacuum stability bound given in Eq. (3.60). We have obtained the almost same results as
those in Ref. [98] when we impose λ2 ≤ 0.1.

In the 2HDMs, the predictions to ∆Rττ and ∆Rbb spread out into different directions ac-
cording to the type of the Yukawa interactions and the sign of cβ−α. The possible magnitudes
of the deviations in the Type-II, X and Y 2HDMs are rather large compared to the Type-I
2HDM, the HSM and the IDM. They can reach several tens of percent, and especially ∆Rττ

reaches a hundred percent in the Type-X 2HDM.
In Fig. 6.11, we show the correlations between ∆RhZ

ττ and ∆RhZ
bb in the HSM, the IDM

and the four types of 2HDMs. We take the color codes where orange, grey, red, blue, green
and purple correspond to the HSM, the IDM and the Type-I, II, X, Y 2HDMs, respectively.
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Figure 6.12: Correlation between ∆RhZ
ττ and ∆RhZ

cc . Color codes and the ranges of the param-
eters are the same as in those of Fig. 6.11.

The lighter color corresponds to the lighter mass scale of the additional Higgs bosons, mΦ ≥
400, 800, 1200 and 1600 GeV in order. In the left (right) panel, we show the results with
cβ−α < 0 (cβ−α > 0). The results in the HSM and the IDM are the same both in the left and
right panels.

As discussed in Eq. (6.72), ∆RhZ
XY can be rewritten as the sum of ∆RZh and ∆RXY , and

∆RZh takes a negative value in most cases. In the Type-II, X and Y 2HDMs, the typical size
of ∆RXY is larger than ∆RZh. Therefore, the pattern of the deviation is mainly determined
by ∆RXY , and it is consistent with previous analysis in Ref. [98]. In these models, the possible
sizes of the deviations are large enough to be detected at the ILC if mΦ is about one TeV or
less.

In the HSM, the Type-I 2HDM and the IDM, we can see sizable deviations both in ∆RhZ
ττ

and ∆RhZ
bb , and they reach about 10%. Both ∆RhZ

ττ and ∆RhZ
bb take larger values than those

in ∆Rττ and ∆Rbb. This is because the typical size of ∆RZh is larger than ∆RXY in these
models, and ∆RXY also takes a negative value in the HSM, the Type-I 2HDM with cβ−α < 0
and the IDM. In the Type-I 2HDM with cβ−α > 0, ∆RXY takes a positive value. However, the
typical size of ∆RXY is smaller than ∆RhZ , and ∆RZh

XY takes a negative value in most of the
parameter regions. In the Type-I 2HDM, ∆RZh

XY quickly decouples. This is because a non-zero
cβ−α realizes the maximal deviation in ∆RhZ , especially at LO. If mΦ is large, the possible
value of cβ−α is constrained mainly by perturbative unitarity. On the contrary, in the other
types of 2HDMs with cβ−α > 0, the decoupling behavior is not clearly seen. This is because
taking the inner parameter tan β large keeps the magnitude of the deviation to be large even
in the case of large mΦ. On the other hand, constraints from the Higgs signal strength in the
HSM are weaker than those in the 2HDMs, and the deviation in cα realizes the sizable ∆RZh

XY

even if mΦ is larger than 1 TeV. In the IDM, the decoupling limit cannot be applied because we
fix mH = 63 GeV. Therefore, we have a sizable deviation although there is no mixing between
the CP-even states.

In Fig. 6.12, we show the correlations between ∆RhZ
ττ and ∆RhZ

cc in the HSM, the IDM and
the four types of 2HDMs. The color codes and gradations are the same as those in Fig. 6.11.
In the left (right) panel, we show the results with cβ−α < 0 (cβ−α > 0). The results in the HSM
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Figure 6.13: Correlation between ∆RhZ
ττ and ∆RhZ

WW . Color codes and the ranges of the pa-
rameters are the same as in those of Fig. 6.11.

and the IDM are the same both in the left and right panels.

The qualitative behavior of the deviations in each model is the same as in Fig. 6.11. In the
Type-II, X and Y 2HDMs, the typical size of ∆RXY is larger than ∆RZh, and the pattern of the
deviation is mainly determined by ∆RXY . On the other hand, we also have sizable deviations
in the HSM, the Type-I 2HDM and the IDM, and they reach about 10%. In the Type-I 2HDM
with cβ−α > 0, ∆RXY takes a positive value. However, the typical size of ∆RXY is smaller
than ∆RhZ , and ∆RZh

XY takes a negative value in most of the parameter regions.

If cβ−α is negative, the directions of the deviations in ∆RhZ
ττ and ∆RhZ

cc are the same in
the HSM, the IDM and the Type-I and Y 2HDMs. However, this overlap can be partially
resolved by looking at the correlation between ∆RhZ

ττ and ∆RhZ
bb where the Type-Y 2HDM

shows a different correlation with others. On the other hand, if cβ−α is positive, the directions
of the deviations in ∆RhZ

ττ and ∆RhZ
bb are the same in the HSM, the IDM and the Type-I and

II 2HDMs. This overlap can also be resolved by looking at the correlation between ∆RhZ
ττ and

∆RhZ
cc where the Type-II 2HDM shows a different correlation with others.

In order to discriminate the Type-I 2HDM from the HSM and the IDM, we can use the
correlation between ∆RhZ

ττ and ∆RhZ
WW . In Fig. 6.13, we show the correlations between ∆RhZ

ττ

and ∆RhZ
WW in the HSM, the IDM and the four types of 2HDMs. The color codes and gradations

are the same as those in Fig. 6.11. In the left (right) panel, we show the results with cβ−α < 0
(cβ−α > 0). The results in the HSM and the IDM are the same both in the left and right
panels. Especially in the case of cβ−α < 0, ∆RhZ

WW takes a positive value in the Type-I 2HDM,
while it takes a negative value in the HSM and the IDM. Even in the case of cβ−α > 0, there is
a stronger correlation between ∆RhZ

ττ and ∆RhZ
WW in the HSM and the IDM than those in the

Type-I 2HDM.

Finally, we discuss the discrimination between the HSM and the IDM. The deviation ∆RhZ
γγ

might be useful to discriminate these models because it is mainly affected by the contribution
of the charged Higgs bosons. The behaviors of ∆RhZ

ττ and ∆RhZ
γγ show a different correlation

between the HSM and the IDM. However, the possible size of ∆RhZ
γγ is at most 20%, and it is

rather challenging to discriminate them with 95% C.L. at the ILC. The large uncertainty in
∆RhZ

γγ at the ILC mainly comes from the low statistics [35], and this would be improved by
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performing the combined study with the measurements at the ILC and the HL-LHC [128].
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Chapter 7

Synergy between direct searches at the
LHC and precision tests at future
lepton colliders

In this chapter, we discuss the complementarity between direct searches for additional Higgs
bosons at the (HL-)LHC and precision measurements of the Higgs boson properties at future
electron-positron colliders such as the ILC. The direct search of additional Higgs bosons gives
a lower bound for the mass scale of the additional Higgs bosons. On the other hand, if the
couplings of the SM-like Higgs boson slightly deviate from those in the SM, the indirect search
gives an upper bound for the mass scale of the additional Higgs bosons through the theoretical
constraints. The decays of additional Higgs bosons into the SM-like Higgs boson can be a
dominant decay process in the approximate alignment scenario, and such Higgs-to-Higgs decays
are quite useful for the direct search of additional Higgs bosons. In the 2HDM, we concretely
show that most of the parameter space can be explored by utilizing the synergy between the
direct search of Higgs-to-Higgs decay at future hadron colliders and the indirect search at future
lepton colliders.

7.1 Decays of the Higgs bosons

In this section, we give the analytic expressions for the decay rates of the Higgs bosons including
higher-order corrections in QCD. In addition, some numerical results for the decays of the Higgs
bosons are shown.

7.1.1 QCD corrections to the neutral Higgs decays

In the following, we describe how to include QCD corrections for processes of the neutral Higgs
bosons ϕ (= h,H,A) in our calculations. For the decay rates of h, we adopt the formulae of
incorporating those QCD corrections in H-COUP v2 [46].

The decay rate into a pair of light quarks (q ̸= t) including next-to-next-to-leading order
(NNLO) QCD corrections in the MS scheme is given by [106,129–132]

Γ(ϕ→ qq̄) = Γ0(ϕ→ qq̄)(1 + ∆ϕ
q ), (7.1)
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where

∆ϕ
q =

αs(µ)

π
CF

(
17

4
+

3

2
ln
µ2

m2
ϕ

)
+

(
αs(µ)

π

)2

(35.94− 1.36Nf ) + ∆ϕ
t-loop, (7.2)

with the color factor CF = 4/3. The last term ∆ϕ
t-loop indicates top-quark loop contributions,

which calculated in the case with mt ≫ mϕ and µ = mϕ as

∆H
t-loop =

κHt
κHq

(
αs(µ)

π

)2(
1.57− 2

3
ln
m2

H

m2
t

+
1

9
ln2

m2
q(µ)

m2
H

)
, (7.3)

∆A
t-loop =

κAt
κAq

(
αs(µ)

π

)2(
3.83− ln

m2
A

m2
t

+
1

6
ln2

m2
q(µ)

m2
A

)
. (7.4)

In the LO decay rate Γ0, mass parameters arising from Yukawa couplings are replaced by
the running masses mq(µ). Thereby, large logarithmic corrections induced by the light quark
masses are resummed [133].

For the top pair, the QCD correction factor ∆ϕ
t depends on the CP property of the Higgs

boson. We obtain the decay rate at the NLO in the on-shell scheme as

Γ(ϕ→ tt̄) = Γ0(ϕ→ tt̄)(1 + ∆ϕ
t ), (7.5)

where [134,135]

∆H
t =

αs(µ)

π
CF

[
L(βt)

βt
− 1

16β3
t

(3 + 34β2
t − 13β4

t ) ln ρt +
3

8β2
t

(7β2
t − 1)

]
, (7.6)

∆A
t =

αs(µ)

π
CF

[
L(βt)

βt
− 1

16β3
t

(19 + 2β2
t + 3β4

t ) ln ρt +
3

8
(7− β2

t )

]
, (7.7)

with βt = λ1/2(m2
t/m

2
ϕ,m

2
t/m

2
ϕ) and ρt = (1− βt)/(1 + βt), where the function λ is defined by

λ(x, y) = 1 + x2 + y2 − 2x− 2y − 2xy. (7.8)

The function L(βt) is given by

L(βt) = (1 + β2
t )

[
4Li2(ρt) + 2Li2(−ρt) + 3 ln ρt ln

2

1 + βt
+ 2 ln ρt ln βt

]
− 3βt ln

4

1− β2
t

− 4βt ln βt, (7.9)

where Li2 is the dilog function. In the chiral limit βt → 1, we obtain

∆ϕ
t =

αs(µ)

π
CF

(
9

4
+

3

2
ln
m2

t

m2
ϕ

)
. (7.10)

Contributions of the top quark mass in the NLO QCD corrections are significant near the
threshold region. On the other hand, dominant contributions in mϕ ≫ mt can be the loga-
rithmic contribution, ln

(
m2

t/m
2
ϕ

)
, which appears in the QCD corrections in the MS scheme. In

order to take into account both of the effects, we use interpolation for the corrections to ϕ→ tt̄
as discussed in Ref. [68].
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For the decays into an off-shell gauge boson ϕ→ V V ∗ and ϕ→ ϕV ∗ (V = W,Z), the QCD
correction can enter in the V ∗ → qq̄ part. This effect can be included by [136]

Γ(ϕ→ V V ∗ → V qq̄) = Γ0(ϕ→ V V ∗ → V qq̄)(1 + ∆QCD), (7.11)

Γ(ϕ→ ϕ′V ∗ → ϕ′qq̄) = Γ0(ϕ→ ϕ′V ∗ → ϕ′qq̄)(1 + ∆QCD), (7.12)

where

∆QCD = CF
3αs(µ)

4π
. (7.13)

The fermion loop contribution to the decay rate of ϕ → γγ receives QCD corrections. At
the NLO, the QCD correction can be implemented by the following replacement of the quark
loop function IϕF (τq) in the MS scheme [137,138]

IϕF (τq) → IϕF (τq)

[
1 +

αs(µ)

π
Cϕ

]
, (7.14)

where IϕF (τq) is defined in Appendix B, and the factor Cϕ is determined by the scale µ and the
mass ratio τq ≡ m2

ϕ/(4m
2
q). In our computation, we adopt the analytic expression of Cϕ given

in Ref. [139], in which Cϕ is written in terms of the polylog functions, up to the Li4 function.
It has been known that the factor Cϕ becomes the simple form in the large top mass limit,
τt → 0, as [137,138,140]

CH = −1, CA = 0. (7.15)

On the other hand, in the large Higgs mass limit or equivalently the massless fermion limit,
the factor Cϕ is common to the case for the CP-even and CP-odd Higgs boson [138]:

ReIϕFCϕ = − 1

18

[
ln2(4τq)− π2 − 2

3
ln(4τq) + 2 ln

µ2

m2
q

]
, ImIϕFCϕ =

π

3

[
1

3
ln(4τq) + 2

]
. (7.16)

For H/A→ Zγ decays, we calculate them at the LO.
For the ϕ→ gg decays, we take into account the decay rate corrected up to NNLO expressed

as,

Γ(ϕ→ gg) = Γ0(ϕ→ gg)

[
1 +

αs(µ)

π
E

(1)
ϕ +

(
αs(µ)

π

)2

E
(2)
ϕ

]
. (7.17)

For the NLO QCD corrections to the ϕ→ gg decays, there are contributions from virtual gluon
loops and those from real emissions of a gluon (ϕ→ ggg) and a gluon splitting into quark pair

(ϕ→ gqq̄). E
(1)
ϕ in Eq. (7.17) can be decomposed as [138],

E
(1)
ϕ = Evirt

ϕ (mt → ∞) + Ereal
ϕ (mt → ∞) + ∆Eϕ. (7.18)

The first and second terms respectively denote the contribution from virtual gluon loops and
that from real gluon emissions in the large top-quark mass limit. These are expressed by

Evirt
H (mt → ∞) =

11

2
+

33− 2Nf

6
ln

µ2

m2
H

, (7.19)

Evirt
A (mt → ∞) = 6 +

33− 2Nf

6
ln

µ2

m2
A

, (7.20)

Ereal
H (mt → ∞) = Ereal

A (mt → ∞) =
73

4
− 7

6
Nf . (7.21)
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The last term ∆Eϕ vanishes in the large top-quark mass limit, which can be decomposed into
the following three parts:

∆Eϕ = ∆Evirt
ϕ +∆Eggg

ϕ +Nf∆E
gqq̄
ϕ . (7.22)

Similar to the ϕ→ γγ decays, we adopt the analytic expression for the virtual correction ∆Evirt
ϕ

given in Ref. [139]. Those for the real emissions ∆Eggg
ϕ and ∆Egqq̄

ϕ are given in Ref. [138], which
are expressed in the form with a double integral with respect to phase space variables. According
to Ref. [138], the factor ∆Eϕ is dominantly determined by the contribution from the virtual
gluon loop ∆Evirt

ϕ , so that in our computation we neglect the contributions from ∆Eggg
ϕ and

∆Egqq̄
ϕ . From Eq. (7.21), Eϕ is given to be about 18 at µ = mϕ and Nf = 5, and it gives

sizable correction to the decay rate; e.g., ∼ 70% for mϕ = 100 GeV. For NNLO contributions;

i.e., E
(2)
ϕ , we incorporate those in the limit with mt ≫ mϕ and setting as µ = mϕ, which are

expressed as [141,142]

E
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8
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, (7.23)

E
(2)
A =
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216
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6

)
. (7.24)

7.1.2 QCD corrections to the charged Higgs decays

The QCD corrections to charged Higgs decays into light quarks are presented in the MS scheme.
The expression can be written in the same way with the neutral Higgs boson decays as

Γ(H± → qq′) = Γ0(H
± → qq′)(1 + ∆H±

q ), (7.25)

where the ∆H±
q is given by Eq. (7.2) but without the last term ∆ϕ

t-loop. For the the decays into
quarks including the top quark, we apply the QCD correction in the on-shell scheme. It is given
in [135,143]

Γ(H± → qq′) =
3GFmH±

4
√
2π

|Vqq′ |2λ1/2qq′

[
(1− µq − µq′)
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(
1 + CF
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π
∆+
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)

+m2
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2
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(
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αs(µ)

π
∆−

qq′
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− 4

√
µqµq′mqmq′ζqζq′

]
, (7.26)

where µq = m2
q/m

2
H± , λqq′ = (1− µq − µq′)

2 − 2µqµq′ . The QCD corrections ∆+

qq′
and ∆−

qq′
are

expressed by

∆+
qq′ =

9

4
+

3− 2µq + 2µq′

4
ln
µq

µq′
+

(3
2
− µq − µq′)λqq′ + 5µqµq′

2λ
1/2
qq′ (1− µq − µq′)

lnxqxq′ +Bqq′ , (7.27)

∆−
qq′ = 3 +

µq′ − µq

2
ln
µq

µq′
+
λqq′ + 2(1− µq − µq′)

2λ
1/2
qq′

lnxqxq′ +Bqq′ , (7.28)
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where xq = 2µq/(1−µq−µq′ +λ
1/2
qq′ ). A function Bqq′ is given in Ref. [135]. In these expressions,

quark pole masses are used. Similar to ϕ→ tt̄, we incorporate the corrections with interpolation
to consider the effect of the top quark mass and the logarithmic corrections due to light down-
type quark masses.

For the off-shell decays into a neutral Higgs boson and a W boson, H± → ϕW ∗, the QCD
correction can be applied as similar to ϕ→ ϕ′V ∗. It can be written as

Γ(H± → ϕW±∗ → ϕqq′) = Γ0(H
± → ϕW±∗ → ϕqq′)(1 + ∆QCD), (7.29)

where the QCD correction factor is given in Eq. (7.13). For loop induced decay processes of the
charged Higgs bosons, H± → W±V (V = Z, γ), which have been studied in Refs. [144–147],
we calculate them at the LO.

7.1.3 Total decay widths and decay branching ratios

We here discuss total widths and branching ratios for the neutral Higgs bosons and the charged
Higgs bosons in four types of the 2HDMs in order for later discussion about direct searches of
heavy Higgs bosons. We describe the behavior of the total widths and the branching ratios in
cases with the alignment limit, sβ−α = 1 and without taking the alignment limit, sβ−α = 0.995.
In the QCD correction functions Cϕ and Evirt

ϕ , polylog functions appear. We use CHAPLIN [148]
for the numerical evaluation of such polylog functions. We have confirmed that our numerical
results for the total widths and the branching ratios are consistent with 2HDMC [149].

We here show the case that masses of the additional Higgs bosons as well as M are degen-
erate; i.e., mΦ ≡ mH = mA = mH± and M = mΦ. While the mΦ is set to be mΦ = 200 GeV
or 800 GeV, tan β is scanned in the following range, 0.5 < tan β < 50. We note that, without
depending on tan β, results with mΦ = 200 GeV for Type-II and Type-X are already excluded
by the constraint from the flavor physics (also, for Type-I and Type-Y in lower tanβ regions,
tan β ≲ 2) [126,150]. Nevertheless, we show them in order to compare results among four types
of the 2HDM. For the SM parameters, we use the following values of the MS quark masses at
a scale of each pole mass;

mb(mb) = 4.18 GeV [151], mc(mc) = 1.28 GeV [151], mt(mt) = 162.3 GeV [152].
(7.30)

For the mass of the strange quark we use the running mass at µ = 2 GeV [153], ms(2 GeV) =
0.097 GeV. In the derivation, the running strong coupling is evaluated with the following values

of Λ
Nf

QCD [151],

Λ6
QCD = 89 MeV, Λ5

QCD = 210 MeV, Λ4
QCD = 292 MeV, Λ3

QCD = 332 MeV, (7.31)

for Nf= 6, 5, 4, and 3, respectively. The input value of the CKM matrix elements and the total
width for the weak gauge bosons as well as the top quark are taken as [151],

Vtb = 0.999172, Vts = 0.3978, Vcb = 0.04053, (7.32)

ΓW = 2.085 GeV, ΓZ = 2.4952 GeV, Γt = 1.42 GeV. (7.33)

The former is relevant for the charged Higgs decays into quarks, H± → tb, H± → ts and
H± → cb. The latter is used in the computation of the Higgs boson decays into off-shell
particles.

Before we show numerical behaviors of the total widths and the branching ratios, we mention
the loop-induced decays of the charged Higgs bosons. The branching ratio of H± → W±Z
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Figure 7.1: Total widths of h, H, A and H± as a function of tan β in Type-I, Type-II, Type-X
and Type-Y of the 2HDM from the left panels to the right panels. Solid lines and dashed lines
show results of mΦ =M = 200 GeV and mΦ =M = 800 GeV, respectively. In the top panels,
sβ−α is set to be 1. In the middle and bottom panels, sβ−α is set to be 0.995 with cβ−α < 0 and
cβ−α > 0, respectively.

can be enhanced when the mass difference between H± and A is taken to some extent [145].
Whereas, in the following numerical results, where the additional Higgs bosons are degenerate,
the branching ratio of H± → W±Z is at most O(10−4) in the present parameter choices.
Furthermore, the branching ratio of H± → W±γ is smaller than that of H± → W±Z.

The following numerical results for the total widths and the branching ratios are similar to
those given in Ref. [110], where the systematic studies have been done. Nevertheless, we here
show them because there are some developments from the previous study. Main difference from
Ref. [110] is that we compute the decay processes including higher-order QCD corrections. Also,
we incorporate the above mentioned decay processes for the charged Higgs bosons, H± → W±Z
and H± → W±γ, in the evaluation of the total width.

In Fig. 7.1, we show the total decay widths for the neutral Higgs bosons and the charged
Higgs bosons as a function of tan β in the cases ofmΦ =M = 200 GeV andmΦ =M = 800 GeV.
Different values of sβ−α are taken in each panel, namely sβ−α = 1 in the top panels, sβ−α = 0.995
with cβ−α < 0 in the middle panels, and sβ−α = 0.995 with cβ−α > 0 in the bottom panels.
For the h decays, in the alignment limit sβ−α = 1, the couplings with fermions and weak gauge
bosons coincide with those in the SM at tree level, so that the total decay width does not
depend on tan β. On the contrary, when tan β increases at sβ−α = 0.995 with cβ−α < 0, the
total width also increases due to the effect of tan β enhancement on h→ bb̄ (h→ τ τ̄) in Type-II
and Type-Y (Type-X). For the heavy Higgs bosons H,A and H±, the total widths vary in the
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Figure 7.2: Decay branching ratios for h, H, A and H± as a function of tan β in the case of
mΦ = M = 200 GeV and sβ−α = 1. Results for Type-I, Type-II, Type-X and Type-Y of the
2HDM are shown from the left panels to the right panels.

both cases of sβ−α = 1 and sβ−α ̸= 1. While those in Type-I monotonically decrease except for
H with a mass of 800 GeV, there appears the dip at a certain value of tan β for each additional
Higgs boson in Type-II, X and Y.

In Fig. 7.2, we show tan β dependence of the decay branching ratios for the neutral Higgs
bosons and the charged Higgs bosons in the alignment limit, sβ−α = 1, with mΦ = M =
200 GeV. For the SM-like Higgs boson decays, there is no tan β dependence of all the decay
modes, since all the scaling factors κhX are unity when sβ−α = 1. We note that, in addition, the
squared scaling factors of the fermion couplings for H and A are common and simply expressed
by ζf parameters; i.e., |κHf |2 = |κAf |2 = ζ2f at sβ−α = 1. In the case with mΦ = M = 200 GeV,
the decay mode into a pair of the top quarks does not open for the H(A) decays. Hence,
for tan β > 1, the main decay mode of H is H → bb̄ except for Type-X, as similar to the
SM-like Higgs boson decays. For Type-X, the main decay mode is H → τ τ̄ due to the tan β
enhancement for the leptonic decays, which also causes H → µµ̄ with about 0.3% for tan β ≳ 4.
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Figure 7.3: Decay branching ratios for h, H, A and H± as a function of tan β in the case of
mΦ = M = 800 GeV and sβ−α = 1. Results for Type-I, Type-II, Type-X and Type-Y of the
2HDM are shown from the left panels to the right panels.

For decays of A, one can see that the behavior of the branching ratios for decays into
fermions is similar to those of H for all types of the 2HDM because of |κHf |2 = |κAf |2. The
difference from H decays appears in the decay into gg. Namely, BR(A → gg) is relatively
larger than BR(H → gg). This mainly comes from the fact that the NLO QCD correction is
more significant than H → gg, although the expressions at the LO are also different between
H and A.

Apart from the neutral Higgs bosons, decays including a top quark exist for the charged
Higgs bosons. While the decay into tb is the main decay mode for Type-I and Type-Y, the decay
into τν can be dominant in high tan β regions for Type-X. For Type-II both of the bottom
Yukawa and the tau Yukawa coupling are enhanced by tan β. As a consequence, the branching
ratio BR(H± → τν) approaches to BR(H± → tb) in high tan β regions, in which effect of the
top Yukawa coupling is negligible.
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Figure 7.4: Decay branching ratios for h, H, A and H± as a function of tan β in the case of
mΦ = M = 200 GeV and sβ−α = 0.995. Solid lines show results of cβ−α < 0 and dotted lines
are those of cβ−α > 0. Results for Type-I, Type-II, Type-X and Type-Y of the 2HDM are
shown from the left panels to the right panels.

In Fig. 7.3, the branching ratios in the case of sβ−α = 1 and mΦ =M = 800 GeV are shown
as a function of tan β. For h decays, the behavior does not change much from the case with
mΦ = M = 200 GeV since the decay rates do not depend on the mass of the additional Higgs
bosons at tree level. Main difference from Fig. 8.4 is appearance of the decays into tt̄ in H and
A. It dominates the branching ratios of H and A for Type-I with any value of tan β. On the
other hands, for Type-II, Type-X and Type-Y, H → tt̄ and A → tt̄ can be dominant only for
tan β ≲ 10 since the decay rate is proportional to cot2 β.

Next, we move on cases without taking the alignment limit, sβ−α ̸= 1. In these cases, the
branching ratios of fermionic decay modes of H and h vary with a sign of cβ−α. Furthermore, for
decays of heavy Higgs bosons, additional decay modes, such as H → V V (V = W,Z) H → hh,
A→ Zh and H± → W±h, shall appear. Therefore, their decay patterns can drastically change
from the case of the alignment limit.
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Figure 7.5: Decay branching ratios for h, H, A and H± as a function of tan β in the case of
mΦ = M = 800 GeV and sβ−α = 0.995. Solid lines show results of cβ−α < 0 and dotted lines
are those of cβ−α > 0. Results for Type-I, Type-II, Type-X and Type-Y of the 2HDM are
shown from the left panels to the right panels.

In Fig. 7.4, we show tan β dependence of the branching ratios for h, H, A and H± in the case
with sβ−α = 0.995 and mΦ = M = 200 GeV. For decays of h and H, predictions in the cases
with cβ−α < 0 and cβ−α > 0 are separately plotted by solid lines and dotted lines, respectively.
Regarding the decay of h one can see clear tan β dependence for all the decay modes. In
particular, the branching ratio for h → bb̄ remarkably increases by tan β. For the CP-even
Higgs boson H, decays into the on-shell weak gauge bosons H → ZZ and H → W+W−, which
are proportional to m3

H as seen in Eq. (B.4) of Appendix B, can dominate. Whereas, the decay
into bb̄ (τ τ̄) overcomes them for large tan β in Type-II and Type-Y (Type-X). Similarly, decays
into a scalar boson and an off-shell vector boson A→ hZ∗ and H± → hW±∗ can be sizable in
Type-I for large tan β.

In Fig. 7.5, the branching ratios in the case with sβ−α = 0.995 and mΦ = M = 800 GeV
are also shown. While H → tt̄ and A→ tt̄ can be the main decay mode as similar to Fig. 7.3,
for decays of H, H → hh can be dominant due to the large scalar coupling λHhh. Apart from
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Constrained quantity Applicable mass region Reference

σ(ϕ)× BR(ϕ→ ττ) 200 < mΦ < 2000 GeV Fig. 7(a) in [172]
σ(ϕ(bb))× BR(ϕ→ ττ) 200 < mΦ < 2000 GeV Fig. 7(b) in [172]
σ(ϕ(bb))× BR(ϕ→ bb) 450 < mΦ < 1400 GeV Fig. 8 in [173]
σ(ϕ)× BR(ϕ→ tt) 400 < mΦ < 5000 GeV Fig. 14 in [174]
σ(H)× BR(H → hh)× BR(h→ bb)2 260 < mΦ < 2000 GeV Fig. 9(a) in [175]
σ(H)× BR(H → WW ) 200 < mΦ < 2000 GeV Fig. 5 in [176]
σ(H)× BR(H → ZZ) 200 < mΦ < 2000 GeV Fig. 6 in [177]
σ(A)× BR(A→ Zh)× BR(h→ bb) 200 < mΦ < 2000 GeV Fig. 6(a) in [178]
σ(A(bb))× BR(A→ Zh)× BR(h→ bb) 200 < mΦ < 2000 GeV Fig. 6(b) in [178]
σ(tH±)× BR(H± → tb) 200 < mΦ < 2000 GeV Fig. 8 in [179]
σ(tH±)× BR(H± → τν) 200 < mΦ < 2000 GeV Fig. 8(a) in [180]

Table 7.1: List of constraints used in this study from direct searches for heavy Higgs bosons at
the 13 TeV LHC.

this, one can see that the branching ratio for H → tt̄ and H → hh are close to 0 at tan β ∼ 10
and tan β ∼ 16, respectively, when cβ−α > 0. This is because the scaling factor κHt and the
scalar coupling λHhh vanish at those values of tan β. We note that the value of λHhh depends
on the value of M . Therefore, the decay width for H → hh can change if we consider the
non-degenerate case; i.e., mΦ ̸=M .

The branching ratios including QCD corrections are discussed in the above paragraphs. On
the other hands, there are a lots of studies on EW corrections to decays of the SM-like Higgs
boson [97–100,112,121,154–160,160,161] and additional Higgs bosons [119,162–164]. NLO EW
corrections to h → ff̄ can be evaluated by utilizing H-COUP v2 [46]. Also, in the program,
those to h → V V ∗ → V ff̄ are calculated. In 2HDECAY [165], NLO corrections to on-shell
two-body decays of h, H, A, and H± are evaluated. In addition, NLO EW corrections to
h/H → V (∗)V (∗) → 4f are calculated in Prophecy4f [70].

7.2 Direct searches at the LHC

In this section, we present current constraints on the parameter space in the 2HDMs from direct
searches for heavy Higgs bosons with the LHC Run-II data.

Let us briefly summarize the procedure how we obtain the constraints on the parameters
in the 2HDMs from model-independent analyses for heavy Higgs boson searches at the LHC.
First, we compute production cross sections of heavy neutral Higgs bosons, ϕ = H and A, in the
2HDMs for the gluon-fusion process (pp→ ϕ) and for the bottom-quark associated (or bottom-
quark annihilate) process (pp→ ϕ(bb̄)) at the NNLO in QCD by using Sushi-1.7.0 [166,167].
For the charged Higgs boson production pp → tH±, we use the values given at the NLO
QCD by the Higgs cross section working group (HXSWG) [66], based on Refs. [168–171].
Second, we calculate decay branching ratios of the Higgs bosons in the 2HDMs, including
higher-order QCD corrections, as described in Sec. 7.1. Finally, we compute the production
cross sections times the branching ratios for each parameter point for each search channel at
the LHC listed in Table 7.1, and compared with the upper limits at 95% CL with 36 fb−1 data
to obtain the constraints. Here, as in Sec. 7.1, we assume the common heavy Higgs boson
masses mH = mA = mH± (≡ mΦ) and also M = mΦ. Because we are interested in the near
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Figure 7.6: Production cross sections for the CP-even heavy Higgs boson H at the 13 TeV
LHC on the mΦ–tan β plane. Panels in two columns from the left (right) show the production
via the gluon fusion (the bottom-quark associated) in the Type-I and Type-II 2HDMs, where
the value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α < 0 from the top to the bottom
panels. The cross sections are shown with different colors from blue to red, corresponding to
from 10−5 pb to 102 pb.

alignment scenario, we consider the value of sβ−α as 1, 0.995, 0.99 and 0.98 both for cβ−α < 0
and cβ−α > 0. We note that we use the expected upper limits, not the observed ones, from the
LHC analyses in order for the HL-LHC projection. Although we use the ATLAS data, listed in
Table 7.1, the similar limits have been reported by the CMS experiment [181–186]. We also note
that, although new analyses with full Run-II data (139 fb−1) are available for some channels;
e.g., ϕ→ τ τ̄ [187], we use the upper limit with 36 fb−1 data for a fair comparison with the other
channels. Similar phenomenological studies have been done earlier in; e.g., Refs. [188,189].

7.2.1 Production cross sections for the additional Higgs bosons

Before we discuss current constraints on the parameter space from direct searches, we present
production rates for the heavy Higgs bosons at the 13 TeV LHC. Figure 7.6 shows cross sections
for the CP-even heavy Higgs boson H via the gluon fusion process (left two columns) and via
the bottom-quark associated process (right two columns) on the mΦ–tan β plane. We only
show the cases in the Type-I and Type-II 2HDMs since the lepton sector is irrelevant for the
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Figure 7.7: Production cross sections for the CP-even heavy Higgs boson H at the 13 TeV
LHC on the mΦ–tan β plane. Panels in two columns from the left (right) show the production
via the gluon fusion (the bottom-quark associated) in the Type-I and Type-II 2HDMs, where
the value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α > 0 from the top to the bottom
panels. The cross sections are shown with different colors from blue to red, corresponding to
from 10−5 pb to 102 pb.

productions, namely, the productions in Type-X and Type-Y are the same as in Type-I and
Type-II, respectively. The value of sβ−α is set to be 1, 0.995, 0.99, and 0.98 with cβ−α < 0 from
the top to the bottom panels.

For the gluon-fusion process, shown in the left two columns in Fig. 7.6, the Higgs bosons
are produced via quark loops. Therefore, the difference of the Yukawa sector between Type-I
and Type-II leads to significantly different dependence on the model parameters. In Type-I,
where the top-quark loop is entirely dominant, the larger tan β is, the smaller the cross section
is for a fixed mass. One can also see the threshold enhancement of the top-quark loop at
mΦ ∼ 2mt. In Type-II, the top-quark loop is dominant for small tan β, while the production
via the bottom-quark loop becomes dominant for large tan β because of the bottom-Yukawa
enhancement. The sβ−α dependence of the cross sections is very small for small tan β. In the
large tan β region, on the other hand, the cross sections for a fixed mass tend to be larger
as sβ−α deviates from the alignment limit. The production via the bottom-quark associated
process, shown in the right two columns in Fig. 7.6, is entirely subdominant in Type-I, while
that becomes dominant for large tan β in Type-II.
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Figure 7.8: Production cross sections for the CP-odd Higgs boson A at the 13 TeV LHC on
the mΦ–tan β plane. Panels from the left to the right show the production via the gluon fusion
in the Type-I and Type-II 2HDMs, and via the bottom-quark associated process in the Type-I
and Type-II 2HDMs, respectively.
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Figure 7.9: Production cross sections for the charged Higgs boson H± at the 13 TeV LHC on
the mΦ–tan β plane in the Type-I (left) and Type-II (right) 2HDMs.

In Fig. 7.7, similar to Fig. 7.6, but for cβ−α > 0, we show the production rates. In this
case, except for the b-associate process in Type-II, the cross sections show a peculiar tan β
dependence since the top and the bottom Yukawa in Type-I and the top Yukawa in Type-II,
vanishes for a certain sβ−α and tan β; e.g., tan β ∼ 10 for the sβ−α = 0.995 case.

Figure 7.8 presents production rates for the CP-odd Higgs boson A. The production pro-
cesses are same as those for H, shown in Figs. 7.6 and 7.7, namely the gluon fusion process (left
two columns) and the bottom-quark associated process (right two columns). Different from
the CP-even Higgs bosons, the production rates only depend on tan β because of the Yukawa
structure. The global parameter dependence of the cross sections via the gluon fusion is similar
to that for H with sβ−α = 1, but the production rate for A is slightly larger than that for H
at each point on the mΦ–tan β plane. The parameter dependence of the cross sections via the
bottom-quark annihilation is as same as for H with sβ−α = 1.

In Fig. 7.9, at the LHC charged Higgs bosons H± are mainly produced in association with
a top quark via gb → tH± for mH± > mt, whose cross sections are shown. Similar to the
productions for A, the cross section only depends on tan β. For a fixed mass, in Type-I, the
larger tan β is, the smaller the production rate is. In Type-II, on the other hand, up to tanβ ∼ 7,
the larger tan β is, the smaller the production rate is, similar to the Type-I case. However, for
tan β ≳ 7, the production rate becomes larger for larger tan β due to tan β enhancement of the
bottom-Yukawa coupling.

We here mention other heavy Higgs boson productions. Although we assume mH± = mH

in this study, if the H/A → H±W∓ decay is kinematically allowed, the production via gg →
H → H±W∓ can be comparable with that via gb → tH± [190–193]. Heavy Higgs bosons are
also produced in electroweak processes such as HA, H±h/H/A, and H+H− [194, 195], as well
as in loop induced processes such as H±W∓ [196] and H+H− [197].
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7.2.2 Constraints from the direct searches
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Figure 7.10: Regions on the mΦ–tan β plane excluded at 95% CL in the Type-I, Type-II, Type-
X and Type-Y 2HDMs (from the left to the right panels) via direct searches for heavy Higgs
bosons with the 36 fb−1 LHC Run-II data. The value of sβ−α is set to be 1, 0.995, 0.99 and
0.98 with cβ−α < 0 from the top to the bottom panels.

Now, let us turn to discuss constraints on the parameter space in each 2HDM from direct
searches for heavy Higgs bosons with the LHC Run-II data.

In Fig. 7.10, we show exclusion regions at 95% CL on the mΦ–tan β plane in the Type-I,
Type-II, Type-X and Type-Y 2HDMs (from the left to the right panels) via various direct
searches for heavy Higgs bosons with the 36 fb−1 LHC Run-II data listed in Table 7.1. The
value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α < 0 from the top to the bottom
panels. The shaded regions with dotted, solid, and dashed border lines denote the exclusion
regions for H, A, and H±, respectively.

Each exclusion region is understood by each production rate, shown in Figs. 7.6–7.9, times
each branching ratio, depicted in Figs. 7.2–7.5. We highlight several points for A, H and H±
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in order.
Regarding to the CP-odd Higgs boson A;

• For large tan β, exclusion regions only appear in the Type-II and the Type-Y 2HDMs, in
which the production via the bottom-quark loop as well as the bottom-quark associated
production becomes dominant.

• The A → τ τ̄ channel is significant only for mA < 2mt or for large tan β in Type-II. We
note that, although the branching ratio of the A → τ τ̄ decay is even dominant for large
tan β in Type-X, the production rate is too small to be constrained.1 For mA > 2mt, the
A→ tt̄ channel becomes relevant in the small tan β region in all the types.2

• Since the A → Zh decay only occurs for the non-alignment case, the exclusion regions
are remarkably different between for the alignment case and for the non-alignment case.
The region of the exclusion from the A→ Zh channel becomes larger from sβ−α = 0.995
to 0.98, since the decay rate for A→ Zh is proportional to c2β−α.

Regarding the CP-even heavier Higgs boson H;

• The production rate via the gluon fusion for the heavier CP-even Higgs boson H is smaller
than that for the A production, as mentioned above. Moreover, in the non-alignment case,
the fermionic branching ratios of H for low tan β is smaller than those for A due to the
decays into a pair of the weak gauge bosons, which are forbidden for A. Therefore, the
constraints are slightly weaker than the A case, and we do not present the exclusions
explicitly for the H → τ τ̄ , H(bb̄) → τ τ̄ , H(bb̄) → bb̄ and H → tt̄ channels.

• For mH > 2mW,Z and/or mH > 2mh, the peculiar decay modes for H are H → WW ,
H → ZZ and H → hh for the non-alignment case and give rise to the relatively large
exclusions. The region of the constraint from H → WW is similar to H → ZZ, but
smaller, so we do not show it explicitly.

• We note that, as mentioned in Sec. 7.1, the H → hh decay depends on M2. For a non-
degenerate case M ̸= mΦ, the exclusion region from the H → hh channel can be different
that for the degenerate case.

Regarding to the charged Higgs boson H±;

• For the near alignment scenario, in the low tan β region (tan β ≲ 5), the H± → tb decay is
dominant for all the types, therefore the exclusions of the low-mass and low-tanβ region
from the H± → tb channel are almost same for all the panels.

• In the large tan β region, the constraint from the H± → τν channel can be significant
only in Type-II. Although the branching ratio of the H± → τν is even dominant for large
tan β in Type-X, the constraint is insignificant due to the small production rate.

• We note that, as mentioned in Sec. 3.2, in Type-II and Type-Y there is an independent
constrain from flavor observables on the mass of charged Higgs bosons, mH± ≳ 800 GeV.

1Four-τ final states from the pp → HA process in Type-X can be relevant [198].
2Because there is no specific analysis for the spin-0 resonance in the tt̄ final state in the LHC Run-II, we use

the limit for Z ′ [174], which is valid from the Run-I 8 TeV analysis [199].
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Figure 7.11: Regions on the mΦ–tan β plane excluded at 95% CL in the Type-I, Type-II, Type-
X and Type-Y 2HDMs (from the left to the right panels) via direct searches for heavy Higgs
bosons with the 36 fb−1 LHC Run-II data. The value of sβ−α is set to be 1, 0.995, 0.99 and
0.98 with cβ−α > 0 from the top to the bottom panels.

Figure 7.11 shows the same as in Fig. 7.10, but for the cβ−α > 0 case. The global picture
of the exclusion regions is same as for the cβ−α < 0 case. A remarkable difference is that the
constraints for H in the non-alignment case are much weaker for around tanβ ∼ 7− 10 due to
the strong suppression of the production rates. Although σ(A → Zh) does not depend on the
sign of cβ−α, the exclusion regions for cβ−α > 0 in Type-II and Y are smaller than those for
cβ−α < 0. This is because the analysis includes the h→ bb̄ decay, whose branching ratio has a
singular behavior for cβ−α > 0; see Figs. 7.3 and 7.5.

Before closing this section, we briefly discuss the signal strength for the discovered Higgs
boson measured at the LHC Run-II experiment, which provides independent constraints on the
parameter space from those given by the direct searches discussed in this section. Measure-
ments of the signal strength set constraints on the Higgs boson couplings; i.e., the κ values
defined in Sec. 3.2, which can be translated into those on sβ−α and tan β. In Table 7.2, we
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sβ−α Type-I Type-II Type-X Type-Y

0.995 tβ ≥ 0.54 (tβ ≥ 0.54) – (0.57 ≤ tβ ≤ 1.6) 0.43 ≤ tβ ≤ 4.1 (0.42 ≤ tβ ≤ 4.2) – (–)
0.990 tβ ≥ 0.86 (tβ ≥ 0.86) – (–) 0.71 ≤ tβ ≤ 2.0 (0.72 ≤ tβ ≤ 2.5) – (–)
0.980 tβ ≥ 1.3 (tβ ≥ 1.3) – (–) – (–) – (–)

Table 7.2: 95% CL allowed range of tan β for the case with cβ−α < 0 (cβ−α > 0) from the signal
strength of the discovered Higgs boson at the LHC [127]. The hyphen denotes no allowed
region.

summarize the 95% CL allowed range of tan β in the 2HDMs with fixed values of sβ−α. The
κ values are extracted from Ref. [127], which are presented in Table 7.3 as a reference. We
see that except for the Type-I 2HDM it gives severe constraints on tan β, because κb and/or
κτ can significantly differ from unity in the Type-II, Type-X and Type-Y 2HDMs even for the
approximate alignment case.

7.3 Combined results of direct searches at the HL-LHC

and precision tests at the ILC

Now, let us turn to investigate how the current parameter space in the 2HDMs discussed in the
previous section can be explored further in future experiments, especially by direct searches for
heavy Higgs bosons at the HL-LHC as well as by precision measurements of the Higgs boson
couplings at the ILC. We note that complementarity for direct searches for heavy Higgs bosons
between at the LHC and the ILC500 was discussed for the 2HDMs in Ref. [200].

In order to obtain the sensitivity projection to the HL-LHC with 3000 fb−1 of integrated
luminosity, we rescale the current expected sensitivity by

√
3000/36 ∼ 9.1. We also perform a

further rescaling of the sensitivity from
√
s = 13 TeV to

√
s = 14 TeV by taking into account

the ratio of the signal cross sections, σ(mΦ)14TeV/σ(mΦ)13TeV. Here, we assume that signal and
background increase by the same amount from 13 TeV to 14 TeV, which can be conservative
particularly for the high-mass region. Detailed projection with systematic uncertainties for the
ϕ → τ τ̄ channel was performed in the report for the HL-LHC [201], where one can see the
higher sensitivity for mΦ ≳ 1200 GeV.

In addition, from precision measurements of the 125 GeV Higgs boson couplings, we can
further constrain the parameter space in the 2HDMs. In Table 7.3, we summarize the current
measurements of the κ values at the LHC Run-II and the expected 1σ accuracies of their
measurements at the HL-LHC and at the ILC. As we can see, the current uncertainties of the
measured κ values are not small, 10% and 10–20% level for κV and κf , respectively. However,
these uncertainties can be reduced significantly at those future collider experiments; e.g., κZ is
expected to be measured with a few percent at the HL-LHC and less than 1% at the ILC. As we
explained in Sec. 3.2, if a nonzero deviation in a Higgs boson coupling is confirmed, an upper
limit on the mass of the additional Higgs bosons can be given because the decoupling limit is
no longer realized. In the following discussion, we numerically derive the upper limit on the
common mass of the additional Higgs bosons mΦ by imposing the bounds from perturbative
unitarity and vacuum stability, which are discussed in Sec. 3.2. We will see that the upper limit
appears for the non-alignment case sβ−α ̸= 1, depending on the value of tan β.

In Fig. 7.12, we show regions on the mΦ–tan β plane expected to be excluded at 95% CL
in the Type-I, Type-II, Type-X and Type-Y 2HDMs (from the left to the right panels) via
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Current (ATLAS, CMS) HL-LHC (ATLAS, CMS) ILC250 ILC500 (1σ [%])

κZ (1.11± 0.08, 1.00± 0.11) (2.6, 2.4) 0.38 0.30
κW (1.05± 0.09,−1.13+0.16

−0.13) (3.1, 2.6) 1.8 0.40
κb (1.03+0.19

−0.17, 1.17
+0.27
−0.31) (6.2, 6.0) 1.8 0.60

κt (1.09+0.15
−0.14, 0.98± 0.14) (6.3, 5.5) – 6

κc (–, –) (–, –) 2.4 1.2
κτ (1.05+0.16

−0.15, 1.02± 0.17) (3.7, 2.8) 1.9 0.80
κµ (–, 0.80+0.59

−0.80) (7.7, 6.7) 5.6 5.1

κg (0.99+0.11
−0.10, 1.18

+0.16
−0.14) (4.2, 4.0) 2.2 0.97

κγ (1.05± 0.09, 1.07+0.14
−0.15) (3.7, 2.9) 1.1 1.0

κZγ (–, –) (12.7, –) 16 16

κh (–, –) (–, –) – 27

Table 7.3: Summary for the current measurements and expected 1σ accuracies of the κ values.
For the current measurements, we refer to the values, assuming that the branching ratio of the
decay into BSM particles is zero, which are given by the ATLAS experiments with 80 fb−1 [127]
and the CMS experiments with 35.9 fb−1 [20]. For the HL-LHC, we refer to the expected
accuracies given in Ref. [201] using systematic uncertainties at the Run-II experiment. For the
ILC250, we refer to the expected accuracies given by the ILC with 250 GeV and 2000 fb−1 [36].
For the ILC500, the expected accuracies are based on the results of the ILC250 combining the
simulations at

√
s = 350 GeV with 200 fb−1 and those at

√
s = 500 GeV with 4000 fb−1 [36].

direct searches for heavy Higgs bosons at the HL-LHC and via precision measurements of the
Higgs boson couplings at the ILC. The search channels we consider are same as for the current
constraints in Figs. 7.10 and 7.11. The value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with
cβ−α < 0 from the top to the bottom panels. The shaded regions with solid, dotted, and dashed
border lines denote the exclusion regions for A, H, and H±, respectively.

The global picture of the exclusion regions from the direct searches is similar to the current
exclusions, but much wider parameter regions are excluded. Especially, for the non-alignment
case sβ−α ̸= 1, the large portion in this parameter space is excluded via the A → Zh and
H → hh channels, which set the lower-mass limit with a given tan β. We note again that the
exclusion region from the H → hh channel can be different for the M ̸= mΦ case.

Black shaded regions are the regions excluded from the constraints of perturbative unitarity
and/or vacuum stability. Here, we assume the precision at the ILC250, and the Higgs boson
couplings with weak bosons deviate with 1σ (2σ) level, which corresponds to black solid (dashed)
curves, as

κhV = [0.995, 0.99, 0.98]± 0.0038 (0.0076). (7.34)

For these constraints, we scan the value of M2 with M2 > 0, so that the black shaded region
indicates that there is no value of M2 which simultaneously satisfies the unitarity and the
vacuum stability bounds. In the above sense, the black region can be regarded as a conservative
excluded region. Interestingly, it is seen that a non-zero deviation for the 125 GeV Higgs
couplings from the SM prediction sets an upper limit of the heavy Higgs masses. For sβ−α =
0.995, the alignment limit is included by the 2σ error, so that the dashed curve does not appear.
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Figure 7.12: Regions on the mΦ–tan β plane expected to be excluded at 95% CL in the Type-I,
Type-II, Type-X and Type-Y 2HDMs (from the left to the right panels) via direct searches
for heavy Higgs bosons at the HL-LHC and via precision measurements of the Higgs boson
couplings at the ILC. The value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α < 0 from
the top to the bottom panels.

Details of the behavior of the upper limit from precision measurements on mΦ, shown in
Fig. 7.12, are following, where explicit formulae of the constraints are given in Sec. 3.2. For
cβ−α < 0, the third condition of the vacuum stability bound given in Eq. (3.60) sets an upper
limit on M which is slightly smaller than mΦ almost without depending on the value of tan β;
e.g., M ≳ 680, 730 and 780 GeV being excluded for x = −0.1 and mΦ = 800, 900 and 1000
GeV, respectively, where x ≡ π/2 − (β − α). The important point here is that the required
value of m2

Φ −M2(> 0) gets larger for a larger value of mΦ. Whereas, the unitarity bound
excludes a larger difference between M2 and m2

Φ, which makes magnitudes of the λ parameters
larger. Therefore, for a fixed value of sβ−α and tan β we can find a critical value of m2

Φ, above
which the solution of the value of M2 to satisfy both unitarity and vacuum stability bounds
vanishes. Such an upper limit on mΦ becomes stronger when the value of tan β differs from
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unity because the λ1 or λ2 parameter becomes significant so that the unitarity bound sets more
severe constraint on |M2−m2

Φ|. We here emphasize that the entire parameter space we consider
is explored by combining the constraints from the direct searches at the HL-LHC and from the
precision measurements of the 125 GeV Higgs boson couplings at the ILC.

Figure 7.13 shows the same as in Fig. 7.12, but for the cβ−α > 0 case. Because of the
singular behaviors of the production cross section for H and of the branching ratios for h
around tan β ∼ 7 − 10, shown in Figs. 7.7 and 7.3, a narrow parameter region in the Type-II
and the Type-Y models remains without any constraints from the direct searches even for low
mΦ. Similar to Fig. 7.12, there appears an upper limit on mΦ by the constraints of unitarity
and vacuum stability in Fig. 7.13. A remarkable difference, however, arises from the vacuum
stability bound as compared with the case for cβ−α < 0. In this case with a low tan β region,
the condition λ2 > 0 sets an upper limit on M2 for a fixed value of m2

Φ with M2 ≲ m2
Φ. This

upper limit on M2 gets milder when tan β becomes larger. When tan β exceeds a certain value,
the upper limit on M2 is almost fixed to be m2

Φ due to the condition λ1 > 0 instead of λ2 > 0.
Such a non-trivial tan β dependence on the vacuum stability bound provides two peaks of the
upper limit on mΦ as seen in Fig. 7.13. As a result, some small parameter regions remain
uncovered by both the HL-LHC and the ILC250.

We here give a comment on the case, where the degeneracy between the common mass of the
additional Higgs bosons mΦ and M is relaxed. In the above analysis, we have set M = mΦ in
the analysis of the exclusion region by the direct searches for simplicity. As we have mentioned
in Sec. 7.1, the decay width for H → hh depends on the value of M , and the exclusion region
for H might change if we consider the case of M ̸= mΦ. We note, however, that most of the
parameter regions excluded by H → hh are also excluded by the A → Zh decay mode, which
does not depend on the value of M . Therefore, our main conclusion does not change even if we
relax the degeneracy among mΦ and M .

To summarize, the entire parameter space in the 2HDMs can be explored by the synergy
between the direct searches at the HL-LHC and the precision measurements of the 125 GeV
Higgs boson couplings at the ILC. In other words, if we observed any deviations for the Higgs
boson couplings at the ILC, we would be able to find additional Higgs bosons at the HL-LHC,
or reject a certain type of new physics models. In order to quantify the above statement, we
have also checked the 5σ discovery sensitivity by naive rescaling. We find that the discovery
regions are certainly smaller than the 95% CL excluded region shown in Figs. 7.12 and 7.13.
Consequently, for cβ−α < 0, we find that most of the parameter space is covered by the direct
searches at the HL-LHC and the precision tests at the ILC250. For cβ−α > 0, on the other
hand, some parameter regions appear, which requires more data and/or more precision to be
explored.
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Figure 7.13: Regions on the mΦ–tan β plane expected to be excluded at 95% CL in the Type-I,
Type-II, Type-X and Type-Y 2HDMs (from the left to the right panels) via direct searches
for heavy Higgs bosons at the HL-LHC and via precision measurements of the Higgs boson
couplings at the ILC. The value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α > 0 from
the top to the bottom panels.
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Chapter 8

One-loop calculations for decays of the
charged Higgs bosons

In this chapter, we discuss the decay rates of charged Higgs bosons for various decay modes in
the 2HDMs. Decay branching ratios of charged Higgs bosons are evaluated including NLO EW
corrections, as well as QCD corrections up to NNLO. We have newly implemented them into the
H-COUP program [45, 46]. We comprehensively study the impacts of the NLO EW corrections
to the branching ratios in approximate alignment scenarios. We find that the H± → W±h
decay modes can be dominant decay modes even in the case where deviation in hZZ couplings
is quite small and cannot be detected at the ILC. Thus, we can extract the information on the
mixing angle by studying the H± → W±h decay modes at future collider experiments.

8.1 Decay rates with higher order corrections

In this section, we explain calculations of the decay rates with NLO EW corrections for two-
body decay of the charged Higgs bosons, i.e., H± → ff̄ ′ and H± → W±ϕ (ϕ = h,H,A).
For the decay into a pair of quarks H± → qq̄′, QCD corrections up to NNLO are presented.
Formulae for the loop-induced decay processes H± → W±V (V = Z, γ) are given at LO.

For the computations of the NLO EW corrections to the charged Higgs boson decays, we
adopt the improved on-shell renormalization scheme [112]. While we do not give all descriptions
for the renormalization scheme in this paper, we here highlight the main points, for details see
Ref. [112]. In the Higgs sector, there are six free parameters given in Eq. (3.49). Together
with the wave function renormalization constants, the masses of the additional Higgs bosons
and the mixing angles are renormalized by the on-shell conditions for the Higgs bosons in the
mass eigenstates. However, the gauge dependence appears in the renormalization of mixing
angles [202], which are resolved by applying the pinch technique [112, 119]. The remaining
parameter in the Higgs sector, M2, is renormalized by the minimal subtraction [156]. On the
other hand, the renormalization of the gauge sector and the fermion sector are performed by
using on-shell conditions [96]. In our calculation for H± → qq̄′, we do not take into account
contributions arising by quark mixing at one-loop level, which is always suppressed by the CKM
matrix element. Hence renormalization of the CKM matrix does not have to be carried out.

While the UV divergences are correctly removed by virtue of the mentioned above renormal-
ization, IR divergences appear in one-loop diagrams containing a virtual photon, which cancel
with those of real photon emission diagrams. We regularize them by introducing a small photon
mass µ, and numerically confirm that IR divergences are canceled out when virtual corrections
and real emissions are summed up.
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Figure 8.1: Momentum assignment for the renormalized H+ff̄ ′ vertex.

8.1.1 Form factors for vertex functions of charged Higgs bosons

Before we give formulae for decay rates with higher corrections, we first define renormalized
vertex functions of the charged Higgs bosons. All NLO EW corrections are expressed in terms
of the form factors of the vertex functions.

H±ff ′ vertex

In the computations of the charged Higgs boson decays into two fermions H± → ff̄ ′, the
renormalized H±ff ′ vertex functions are needed. In general, the vertex functions can be
expressed as [99]

Γ̂H±ff ′ = Γ̂S
H±ff ′ + γ5Γ̂

P
H±ff ′ + /p1Γ̂

V1
H±ff ′ + /p2Γ̂

V2
H±ff ′

+ /p1γ5Γ̂
A1
H±ff ′ + /p2γ5Γ̂

A2
H±ff ′ + /p1/p2Γ̂

T
H±ff ′ + /p1/p2γ5Γ̂

PT
H±ff ′ , (8.1)

where p1 and p2 denote incoming momenta of a fermion f ′ and the SU(2) partner f , and q is
the outgoing momentum of the charged Higgs bosons (see Fig. 8.1). The renormalized form
factors can be commonly written by the tree-level part and the one-loop part as

Γ̂X
H±ff ′ = ΓX,tree

H±ff ′ + ΓX,loop
H±ff ′ , (X=S, P, V1, V2, A1, A2, T, PT), (8.2)

where the one-loop parts are further divided into contributions from 1PI diagrams and coun-
terterms, i.e., ΓX,loop

H±ff ′ = ΓX,1PI
H±ff ′ + δΓX

H±ff ′ . The 1PI diagrams contributions ΓX,1PI
H±ff ′ are given in

Appendix B.2. in Ref. [43].

The tree-level couplings for H±ff ′ vertices are given by,

ΓS,tree
H±ff ′ = ± Vff ′

√
2v

(mfζf −mf ′ζf ′), ΓP,tree
H±ff ′ = ∓ Vff ′

√
2v

(mfζf +mf ′ζf ′), (8.3)

ΓX,tree
H±ff ′ = 0 (X ̸= S, P ). (8.4)

The counterterms for H±ff ′ vertices are presented by

δΓ
S/P

H±ff ′ =
1

2
(δΓR

H±ff ′ ± δΓL
H±ff ′), (8.5)
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Figure 8.2: Momentum assignment for the renormalized H+W−µϕ vertex.

with

δΓR
H±ff ′ = ∓

√
2mf ′

v
ζf ′

[
δmf ′

mf ′
− δv

v
− ζf ′δβ +

δZf ′

R + δZf
L

2
+
δZH±

2

+
1

ζf ′
δCH± −

(
1

ζf ′
+ ζf ′

)
δβPT

]
, (8.6)

δΓL
H±ff ′ = ±

√
2mf

v
ζf

[
δmf

mf

− δv

v
− ζfδβ +

δZf
R + δZf ′

L

2
+
δZH±

2

+
1

ζf
δCH± −

(
1

ζf
+ ζf

)
δβPT

]
, (8.7)

where concrete expressions for the counterterms for fermion masses δm2
f (′) , the wave function

renormalization δZf (′)

R/L, the electroweak VEV δv, and the mixing angle δβ are presented in

Appendix C of Ref. [112]. The wave function renormalization constants of the charged Higgs
bosons are expressed by

δZH± = − d

dq2
Π1PI

H+H−(q2)

∣∣∣∣
q2=m2

H±

, (8.8)

δCH± = δβ +
1

m2
H±

(
Π1PI

H+G−(0) + sβ−α
T 1PI
H

v
− cβ−α

T 1PI
h

v

)
, (8.9)

where 1PI diagram contributions to two point functions for the charged Higgs boson and H+-
G− mixing, Π1PI

H+H−(q2) and Π1PI
H+G−(q2) are given in Appendix B.1. in Ref. [43]. Those to the

one-point functions T 1PI
H and T 1PI

h are presented in Appendix C of Ref. [100]. The pinch term
for the mixing angle in the Feynman gauge δβPT is given by

δβPT = − 1

2m2
A

(
ΠPT

AG0(m2
A) + ΠPT

AG0(0)
)
. (8.10)

The last term in Eqs. (8.6) and (8.7) corresponds to a subtraction term due to the following
reason. The pinch terms for the mixing angle are only required for the counterterms arising
from the shift of the couplings, and, for those arising from the shift of scalar fields, we use the
counterterm δβ without the pinch terms.

H±W∓ϕ vertex

For calculations of charged Higgs boson decays into a vector boson and a scalar boson H± →
W±ϕ (ϕ = h,H,A), renormalization of H±W∓ϕ vertex are needed. the vertex functions can
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be commonly expressed as

Γ̂µ
H±W∓ϕ(p

2
1, p

2
2, q

2) = (p1 + q)µΓ̂H±W∓ϕ, (8.11)

where pµ1 and pµ2 denote the incoming momenta of a scalar boson ϕ and a W± bosons, respec-
tively. A momentum qµ denotes the outgoing one of the charged Higgs boson (see Fig. 8.2).
Since we here assume that the external gauge bosons are on-shell, the term proportional to
p2 = q − p1 vanishes due to the orthogonality of the polarization vector. Similar to the H±ff̄ ′

vertex, the renormalized form factor can be decomposed as

Γ̂H±W∓ϕ = Γtree
H±W∓ϕ + Γloop

H±W∓ϕ. (8.12)

with Γtree
H±W∓ϕ = −igϕH±W∓ . The one-loop part Γloop

H±W∓ϕ is schematically expressed in terms of

1PI diagram Γ1PI
H±W∓ϕ and the counterterm δΓH±ϕW∓ as

Γloop
H±W∓ϕ = Γ1PI

H±W∓ϕ + δΓH±W∓ϕ. (8.13)

The 1PI diagram contributions to these vertex functions are given in Appendix B.2. in Ref. [43].
The counterterms are expressed as

δΓH±W∓h = ∓mW

v
cβ−α

[δm2
W

2m2
W

− δv

v
+

1

2
(δZW + δZH± + δZh)

+ tan(β − α)(δβPT − δαPT + δCH± − δCh)
]
, (8.14)

δΓH±W∓H = ±mW

v
sβ−α

[δm2
W

2m2
W

− δv

v
+

1

2
(δZW + δZH± + δZH)

+ cot(β − α)(δβPT + δαPT − δCH± − δCh)
]
, (8.15)

δΓH±W∓A = +i
mW

v

[δm2
W

2m2
W

− δv

v
+

1

2
(δZW + δZH± + δZA)

]
, (8.16)

where the δαPT denotes the pinch term contribution to δα. In the Feynman gauge, it is
expressed by

δαPT =
1

2(m2
H −m2

h)

(
ΠPT

Hh(m
2
h) + ΠPT

Hh(m
2
H)
)
. (8.17)

Inclusion of the terms with δαPT and δβPT has the same reason with the one presented in
Sec. 8.1.1. We again refer Appendix C of Ref. [112] for concrete expressions to the W± boson
mass counterterm δmW and the wave function renormalization constants for the W± boson
δZW and the Higgs bosons δCh, δZϕ (ϕ = h,H,A).

H±VW∓ vertex

For computations of loop induced charged Higgs decays, i.e., H± → ZW± and H± → γW±,
H±VW∓ (V = Z, γ) vertex appears. The renormalized tensor vertex functions can be expressed
by [144,145]

Γµν
H±VW∓ = gµνΓ1

H±VW∓ + pν1p
µ
2Γ

2
H±VW∓ + iϵµνρσp1ρp2σΓ

3
H±VW∓ , (8.18)

where pµ1 denotes an incoming momentum for a W± boson and pν2 is that of a Z boson or a
photon, and q is the outgoing momentum of the charged Higgs bosons (see Fig. 8.3). In this
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Figure 8.3: Momentum assignment for the renormalized H+V µW−ν vertex.

expression, relations for on-shell vector bosons, ϵµ(p1)p
µ
1 = ϵν(p2)p

ν
2 = 0, have been applied.

Since H±ZW
∓
and H±γW∓ vertices do not exist at the tree level, form factors are written by

the loop contributions,

Γi
H±VW∓ = Γi,loop

H±VW∓ = Γi,1PI
H±VW∓ + δΓi

H±VW∓ . (8.19)

The 1PI diagram contributions are given in Appendix B.2. in Ref. [43]. While there is no
tree-level contributions, counterterms are introduced from G±γW∓ vertices though the mixing
with charged Higgs bosons. It is expressed by

δΓ1
H±VW∓ = gG±W∓V (δCG+H− + δβ), δΓ2,3

H±VW∓ = 0, (8.20)

where the tree-level couplings for NG boson are gG±W∓γ = egv/2 and gG±W∓Z = −ggZvs2W/2.

8.1.2 Decay rates of H± → ff ′

The decay rates for charged Higgs boson decays into a pair of fermions with NLO EW corrections
and QCD corrections can be written as

Γ(H± → ff̄ ′) =
N f

c mH±|Vff ′|2

8πv2
λ

1
2 (µf , µf ′)

[
(1− µf − µf ′)

{
m2

f ′ζ2f ′

(
1 + ∆QCD

RR +∆EW
RR

)
+m2

fζ
2
f

(
1 + ∆QCD

LL +∆EW
LL

)}
+ 4

√
µfµf ′mfmf ′ζfζf ′

(
1 + ∆QCD

RL +∆EW
RL

)]
+ Γ(H± → ff̄ ′γ), (8.21)

with µf (′) = m2
f (′)/m

2
H± and the color factor N f

c = 3 (1) for quarks (leptons). The kinematical

factor λ(x, y) is defined by

λ(x, y) = (1− x− y)2 − 4xy. (8.22)

Factors ∆QCD
XX and ∆EW

XX (XX = LL, RR, RL) denote QCD correction parts and EW correction
parts, respectively. In this expression, the real photon emission contribution is included, by
which the IR divergences are removed. The analytic formula is given in Appendix C. in Ref. [43].
The LO decay rate Γ(H± → ff̄ ′)LO is easily obtained by omitting all NLO contributions,

∆
QCD/EW
XX → 0 and Γ(H± → ff̄ ′γ) → 0.
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The EW corrections parts are written by

∆EW
RR = − 2v√

2mf ′ζf ′Vff ′
Re
(
GS,loop

H±ff ′ +GP,loop
H±ff ′

)
− 2

ζf ′

ReΠ̂H+G−(m2
H±)

m2
H±

−∆r, (8.23)

∆EW
LL =

2v√
2mfζfVff ′

Re
(
GS,loop

H±ff ′ −GP,loop
H±ff ′

)
− 2

ζf

ReΠ̂H+G−(m2
H±)

m2
H±

−∆r, (8.24)

∆EW
RL = − v√

2mfmf ′ζfζf ′Vff ′

[
mfζfRe

(
GS,loop

H±ff ′ +GP,loop
H±ff ′

)
−mf ′ζf ′Re

(
GS,loop

H±ff ′ −GP,loop
H±ff ′

)]
−
(

1

ζf
+

1

ζf ′

)
ReΠ̂H+G−(m2

H±)

m2
H±

−∆r, (8.25)

where functions GS,loop
H±ff ′ and G

P,loop
H±ff ′ are expressed in terms of form factors for the H±ff ′ vertex

as

GS,loop
H±ff ′ = ΓS,loop

H±ff ′ +mf ′ΓV 1,loop
H±ff ′ −mfΓ

V 2,loop
H±ff ′ +m2

H±

(
1−

m2
−

m2
H±

− mfmf ′

m2
H±

)
ΓT,loop
H±ff ′ , (8.26)

GP,loop
H±ff ′ = ΓP,loop

H±ff ′ −mf ′ΓA1,loop
H±ff ′ −mfΓ

A2,loop
H±ff ′ +m2

H±

(
1−

m2
+

m2
H±

+
mfmf ′

m2
H±

)
ΓPT,loop
H±ff ′ , (8.27)

with m+ = mf +mf ′ and m− = mf −mf ′ . The last term in Eqs. (8.23)-(8.25), ∆r, denotes
the one-loop weak corrections to the muon decay, which is introduced due to resummation of
universal leading higher-order corrections, such as large logarithms from light fermion masses
and contributions with the squared mass of the top quark [108,203]. The contributions to the
renormalized self-energy Π̂H+G− come from H+W− and H+G− mixings, which are derived by
using the Slavnov-Taylor identity [204].

Expressions for the QCD correction parts are different depending on the final state fermions.
For the decays into a pair of light quarks, we apply the QCD corrections at NNLO in the
MS scheme [106, 129–132]. The correction factors are expressed by a common factor, i.e.,
∆QCD

RR = ∆QCD
LL = ∆QCD

RL = ∆H±
q ;

∆H±

q =
αs(mH±)

π
CF

23

4
+

(
αs(mH±)

π

)2

(35.94− 1.36Nf ), (8.28)

where αs(mH±) denotes the strong coupling constant at the scale of mH± , CF is the color factor
CF = 4/3, and Nf is the active flavor number. In the MS scheme, the light quark masses in
LO parts of Eq. (8.21), which comes from the Yukawa couplings of H±, are replaced by the
corresponding running masses, mq(′)→ m̄q(′)(mH±). Thereby, large logarithm contributions at
the higher-order are absorbed by the quark masses [133, 205–207]. On the other hand, for
the decay into quarks including the top quark, we apply both QCD corrections in the on-shell
scheme and those of MS scheme and interpolate them following Ref. [68]. The reason is that the
contributions of the top quark mass in the on-shell scheme are significant in the case of lighter
charged Higgs bosons, mH± ∼ mt + mD (D = b, s, d), whereas the logarithm contributions
log
(
m2

t/m
2
H±

)
can dominate in case of mH± ≫ mt +mD. The QCD correction factors at NLO

in the on-shell scheme are given by [135,143]

∆QCD
RR = CF

αS(µ)

π
∆+

qq′ , ∆QCD
LL = CF

αS(µ)

π
∆+

q′q, ∆QCD
RL = CF

αS(µ)

π
∆−

qq′ , (8.29)

114



where

∆+
ff ′ =

9

4
+

3− 2µf + 2µf ′

4
ln
µf

µf ′
+

(3
2
− µf − µf ′)λff ′ + 5µfµf ′

2λ
1/2
ff ′(1− µf − µf ′)

lnxfxf ′ +Bff ′ , (8.30)

∆−
ff ′ = 3 +

µf ′ − µf

2
ln
µf

µf ′
+
λff ′ + 2(1− µf − µf ′)

2λ
1/2
ff ′

lnxqxf ′ +Bff ′ , (8.31)

with xf = 2µf/(1− µf − µf ′ + λ
1/2
ff ′). The function Bff ′ is given in Ref. [135]. When we apply

the OS QCD corrections, quark pole masses are used in the LO parts.

8.1.3 Decay rates of H± → W±ϕ

We describe the one-loop corrected decay rates for the charged Higgs boson decay into the W±

bosons and scalar bosons H± → W±ϕ (ϕ = h,H,A), with NLO EW corrections. They can be
expressed by [119,208–210]

Γ(H± → W±ϕ) = Γ(H± → W±ϕ)LO(1 + ∆EW
ϕ ) + Γ(H± → W±ϕγ). (8.32)

The LO decay rate Γ(H± → W±ϕ)LO is written by

Γ(H± → W±ϕ)LO =
m3

H±

16πm2
W

λ (µϕ, µW )
3
2 |gϕH±W∓|2, (8.33)

with µϕ = m2
ϕ/m

2
H± and µW = m2

W/m
2
H± . The NLO correction ∆EW

ϕ is expressed by

∆EW
ϕ =

2Re
(
Γtree
H±W∓ϕΓ

loop∗
H±W∓ϕ

)
∣∣∣Γtree

H±W∓ϕ

∣∣∣2 − 2
gϕG±W∓

gϕH±W∓

ReΠ̂H+G−(m2
H±)

m2
H±

−∆r − ReΠ̂′
WW (mW ), (8.34)

where the tree-level couplings with the charged NG bosons are given by

ghG±W∓ = ∓imW

v
sβ−α, gHG±W∓ = ∓imW

v
cβ−α, gAG±W∓ = 0. (8.35)

The term Π̂′
WW (m2

W ) arises because we do not impose that the residue of renormalized W±

bosons propagator is unity.

8.1.4 Decay rates of H± → W±V

We present the loop induced decay rates for charged Higgs boson, H± → W±Z and H± →
W±γ. Using the form factors in Eq. (8.18), the decay rate for H± → W±Z are expressed
as [144,145]

Γ(H± → W±Z) =
1

16πmH±
λ

1
2 (µW , µZ)

(
|MTT |2 + |MLL|2

)
, (8.36)

|MTT |2 = 2|Γ1
H±ZW∓ |2 +

m4
H±

2
λ (µW , µZ) |Γ3

H±ZW∓|2, (8.37)

|MLL|2 =
m4

H±

4m2
Wm

2
Z

∣∣∣∣∣ (1− µW − µZ) Γ
1
H±ZW∓ +

m2
H±

2
λ (µW , µZ) Γ

2
H±ZW∓

∣∣∣∣∣
2

, (8.38)
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where µW = m2
W/m

2
H± and µZ = m2

Z/m
2
H± . For H± → W±γ, using the Ward identity,

Γ1
H±γW∓ = −p1 · p2Γ2

H±γW∓ , one can obtain

Γ(H± → W±γ) =
m3

H±

32π

(
1− m2

W

m2
H±

)3 (
|Γ2

H±γW∓ |2 + |Γ3
H±γW∓ |2

)
. (8.39)

Since there is no contribution from the longitudinal part in the process, this formula only
involves the transverse part of gauge bosons in the final states.

8.2 Theoretical behaviors of charged Higgs boson decays

with NLO corrections

8.2.1 Impact of NLO EW corrections to the decay rates

In this section, we examine the impact of NLO EW corrections on the decay rates of the charged
Higgs boson in Type-I and Type-II. We here omit to show the results for Type-X and Type-Y,
because they are very similar to those of Type-I or Type-II. In the next subsection and next
section, we compare the results for all types of the Yukawa interactions. We use the following
quantities to describe the magnitudes of NLO EW corrections,

∆EW(H+ → XY ) =
ΓNLO EW(H+ → XY )

ΓLO(H+ → XY )
− 1, (8.40)

where ΓNLO EW(H+ → XY ) corresponds to the decay rates without QCD corrections. For
the calculation of decay rates at LO ΓLO, we employ the quark running masses not the pole
masses. We evaluate this quantity in both the alignment scenario, sβ−α = 1, and a nearly
alignment scenario, sβ−α = 0.99. For each scenario, tan β is taken to be the following three
values, tan β = 1, 5, and 10. The dimensionful parameter M is scanned in the region of
0 < M < 1500 GeV. In this analysis, we impose the theoretical constraints discussed in
Sec. ??, i.e., the perturbative unitarity and the vacuum stability. On the other hand, we here
do not take into account the constraint from the flavor physics in order to compare the difference
of ∆EW among all the types, while the mass of charged Higgs boson is strictly constrained by
Bs → Xsγ, especially for Type-II and Type-X. All results with the constraints including the
flavor experiments are presented in the next section.

In Fig. 8.4, we show the EW corrections to various charged Higgs boson decays as a function
of degenerated mass of the additional Higgs bosons, mΦ ≡ mH± = mH = mA in the alignment
limit, sβ−α = 1 with the different values of tan β, tan β = 1 (red), 3 (blue), and 10 (green).
The solid (dashed) lines correspond to the results with a maximum (minimum) value of M
satisfying the theoretical constraints, Mmax (Mmin). In this case, charged Higgs decays into a
pair of fermions are dominant. For the results of H+ → tb̄ with tan β = 1, one can see that
there are kinks at mΦ ≃ mt +mb, 2mt and 600 GeV. The first one comes from the threshold
of the (t, b) loop diagram in the H+-H− self-energy. The second one comes from the threshold
of the top loop diagram in the A-G0 mixing self-energy, which appears in the counterterms for
the H+ff ′ vertex. The third kink corresponds to the points where the values of M change
from zero to non-zero due to the perturbative unitarity. At this point, the scalar couplings
λH+H−ϕ (ϕ = h,H,A) are maximized under the constraint from the perturbative unitarity.
Non-decoupling effects of h,H and A loops in the H+-H− self-energy are then dominant, and
∆EW(H± → tb̄) can be almost 10% for all the types of 2HDMs. On the other hand, even if mΦ
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Figure 8.4: Magnitudes of NLO corrections to the decay widths for charged Higgs bosons in
the alignment limit sβ−α = 1 with tan β = 1 (red), 3 (blue), 10 (green). We consider masses of
additional Higgs bosons are degenerate, mΦ ≡ mH± = mA = mH . The dimensionful parameter
Mmax (Mmin) is the maximum (minimum) value of M under the theoretical constraints.

is sufficiently large, the EW corrections do not decouple. Namely, the decoupling theorem [34]
is not applicable in this case, and non-decoupling effects are significant.

For the results with tan β = 3, and 10, the possible values of M are almost constants due
to the strict theoretical constraints, i.e. M ∼ mΦ. While for Type-I, one do not see large
difference between tan β = 3, and tan β = 10, for Type-II, the corrections can be sizable in
the case of tan β = 10, e.g., ∆EW(H+ → tb̄) ≃ −25 % at mΦ = 2 TeV. We find that these
behaviors can be explained by large negative contributions from the tensor form factors ΓT

H+ff ′

and ΓTP
H+ff ′ , which give the contributions proportional to the square of the charged Higgs boson

mass in the decay rate (see Eqs. (8.26) and (8.27)).
For other decay modes, one can see the similar behaviors described above. On the other

hand, the remarkable thing is that the correction ∆EW(H+ → cs̄) can be over −100% at
mΦ = 600GeV. We note that ∆EW(H+ → cs̄) tends to be larger than the other decay modes
for the following reason. The decay rate with NLO EW corrections Γ(H+ → cs̄) is evaluated
by using the pole masses for the charm quark and the strange quark while the LO decay rates
are evaluated with the running masses at the scale of µ = mH± . Consequently, the difference
between the pole masses and the running masses enhances ∆EW(H+ → cs̄) 1.

1For instance, the ratios of the running masses and pole masses are estimated as mc/m̄c(mH±) =
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Figure 8.5: Magnitudes of NLO corrections to the decay widths for charged Higgs bosons in
the case of sβ−α = 0.99 with cβ−α < 0. The masses of the additional Higgs bosons are degen-
erate, mΦ ≡ mH± = mA = mH . The dimensionful parameter Mmax (Mmin) is the maximum
(minimum) value of M under the theoretical constraints.

In Fig. 8.5, the results in the nearly alignment scenario, sβ−α = 0.99 with cβ−α < 0, are
shown as a function of the degenerate mass mΦ. In the non-alignment case, an upper bound
of mΦ is given for each value of tan β because of the theoretical constraints. However, the
maximum magnitudes of NLO EW corrections for the case of tanβ = 1 are almost unchanged
from the scenario of the alignment limit. Apart from that, the charged Higgs bosons can
decay into W+h in the nearly alignment scenario. For this decay mode, peaks appear at
mH± ≃ mh +mW , which correspond to the thresholds of 1PI diagrams in the H+W−h vertex
function such as (W,H±/G±, h) and the (h, h/H,W ) loop diagrams. The maximum value of
the corrections is 26% in the case of tan β = 1 for all the types of 2HDMs.

In the Fig. 8.6, we also show the results with sβ−α = 0.99 and cβ−α > 0. The remarkable
difference from the results with cβ−α < 0 is that the allowed regions for tan β = 10 are broader
than those for tan β = 3. Hence, compared with cβ−α < 0, the corrections ∆EW for tan β = 10
can be larger. In addition, for H+ → W+h, direction of the threshold peak at mϕ ≃ mh +mW

is opposite from cβ−α < 0 because the contributions from the H+W−h vertex function depends

1.67 GeV/0.609 GeV = 2.74, ms/m̄s(mH±) = 0.1 GeV/0.0491 GeV = 2.03. Magnitude of ∆EW(H+ → cs̄) is
enlarged by these factors. The discussion does not depend on sβ−α, so that the same holds in Fig. 8.5 and 8.6.
Namely ∆EW(H+ → cs̄) can also be over -100% in case of sβ−α = 0.99.
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Figure 8.6: Magnitudes of NLO corrections to the decay widths for charged Higgs bosons in
the case of sβ−α = 0.99 with cβ−α > 0. The masses of the additional Higgs bosons are degen-
erate, mΦ ≡ mH± = mA = mH . The dimensionful parameter Mmax (Mmin) is the maximum
(minimum) value of M under the theoretical constraints.

on the tree-level coupling ghH+W− (see Eq. (8.34)). On the other hand, one can see that the
sign of ∆EW(H+ → W+h) in the region mΦ ≳ 500 with tan β = 1 are positive in the both
cases of cβ−α < 0 and cβ−α > 0. The dominant contributions in this region mainly come from
non-decoupling effects of additional Higgs bosons, i.e., pure scalar loop diagrams in δCh and
δCH+ , which are proportional to the square of the scalar couplings λϕiϕjϕk

λϕi′ϕj′ϕk′
. Among

them, there are contributions that are not proportional to cβ−α, so that they do not depend on
the sign of cβ−α.

8.2.2 Branching ratios

In this subsection, we describe behaviors of the branching ratios with the NLO EW corrections
as well as the QCD corrections. Similar to the previous section, we evaluate them in both the
alignment scenario and the nearly alignment scenario under the theoretical constraints and the
S, T parameters. We here consider the following three cases with a different mass spectrum of
the additional Higgs bosons:

Case 1: A relatively small mass of H±, mH± = 160 GeV, and degenerate masses of H and A with
H±, mH = mA = mH± . In this case, the on-shell decay H+ → tb̄ does not open.
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Case 2: A relatively large mass of H±, mH± = 600 GeV, and degenerate masses of H and A with
H±, mH = mA = mH± .

Case 3: A relatively large mass of H±, mH± = 600 GeV, degenerate masses of A with H±,
mA = mH± , and lighter mass of H, mH = 300 GeV. In this case, the on-shell decay
H± → W+H is kinematically allowed.

Whereas masses of the additional Higgs bosons are fixed for each case, M and tan β are com-
monly scanned in the following regions of 0 < M < 1500 GeV and 0.5 < tan β < 50. Taking
into account the flavor constraints for Type-II and Type-Y, the mass of charged Higgs boson
in each case would be too light. However, we dare to show the results for not only Type-I and
Type-X but also Type-II and Type-Y for the comparison. For Case 2 and Case 3, we checked
that behaviors of the charged Higgs bosons are similar if we change the mass of charged Higgs
boson from mH± = 600 GeV to mH± = 800 GeV.

In Fig. 8.7, we show the results in Case 1 for the alignment scenario, sβ−α = 1, and the
nearly alignment scenarios, sβ−α = 0.99 with cβ−α < 0 and cβ−α > 0 from top panels to bottom
panels. For the results of Type-I in sβ−α = 1, all decay modes into quarks and leptons are
proportional to 1/ tan2 β. Hence, except for H+ → γW+, the branching ratios are almost
constants without depending on tan β. As the results, the decay H+ → t∗b̄ dominates in the
whole region of tan β. On the other hand, one can see that the branching ratio of H+ → γW+

can be much varied by the scale of M . This is due to contributions from the (H,H±, H±)
diagrams in the form factor Γ2

H+γW . We note that another pure scalar loop diagram disappears
in the alignment limit. In the case of M=Mmin (black dashed line) and tan β ≫ 1, the relevant
scalar coupling for this diagram, λH+H−H can be sizable. Hence, the decay H+ → γW+ is
enhanced. For the results of Type-II and Type-X, the main decay mode becomes H+ → τ+ν
in the large tan β regions, since the tau Yukawa coupling is enhanced.

For the results of the nearly alignment scenario sβ−α = 0.99, behaviors of the charged Higgs
boson decays are similar to those of the alignment scenario, while the value of the tan β is
bounded at tan β ≃ 10 because of the theoretical constraints. In these scenarios, the decay into
H+ → W+h opens. The branching ratio can exceed 3% when tan β = 10 in Type-I.

In Fig. 8.8, we show the results in Case 2 for the alignment scenario and the nearly alignment
scenario from the top panels to the bottom panels. Here we take the value of sβ−α in the nearly
alignment scenario as sβ−α = 0.995 in light of the severe theoretical constraints. In the bottom
panels, the violet regions correspond to the ones excluded by the theoretical constraints. In
Case 2, the on-shell decay into tb̄ opens and it is the dominant decay mode in the alignment
scenario expect for Type-X. However, the situation can be changed in the nearly alignment
scenario with cβ−α > 0. Namely, the additional decay modeH+ → W+h can overcomeH+ → tb̄
in Type- I and Type-X. Another remarkable behavior for Case 2 is that the EW corrections to
the decay into cs̄ can be considerably large at tan β ≃ 1 because of the non-decoupling effects of
the additional Higgs bosons as already seen in Fig. 8.4, while the magnitudes of the branching
ratios are below 10−4.

In Fig 8.9, the results of Case 3 are shown in the scenarios of sβ−α = 1 and sβ−α = 0.995.
The feature of these scenarios is that the decay into W+H opens. The decay rate can be
significant since it is proportional to the cube of mH± . In addition, the corresponding tree-
level coupling is proportional to sβ−α, so that this decay mode appears even in the alignment
scenario. Remarkably, if tan β ≳ 1, the decay into H+ → W+H dominates the branching ratios
in both the alignment and nearly alignment scenarios for all the types of 2HDMs.
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Figure 8.7: Decay branching ratios for charged Higgs bosons as a function of tan β in the
alignment limit sβ−α = 1 (top panels) and in the nearly alignment scenarios sβ−α = 0.99 with
cβ−α < 0 (middle panels) and cβ−α > 0 (bottom panels), where the NLO EW and NNLO QCD
corrections are included if they are applicable. Masses of the charged Higgs boson as well as
the neutral Higgs bosons are taken to be degenerate, i.e., mH± = mH = mA = 160GeV. Each
decay mode is specified by color as given in the legend. Solid (dashed) lines correspond to the
results with M = Mmax (Mmin). The dimensionful parameter Mmax (Mmin) is the maximum
(minimum) value of M under the theoretical constraints. The gray region shows predictions on
BR(H+ → W+γ) in the region Mmin < M < Mmax.
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Figure 8.8: Decay branching ratios for charged Higgs bosons as a function of tan β in the
alignment limit sβ−α = 1 (top panels) and in the nearly alignment scenarios sβ−α = 0.995 with
cβ−α < 0 (middle panels) and cβ−α > 0 (bottom panels), where the NLO EW and the NNLO
QCD corrections are included if they are applicable. The masses of the charged Higgs boson as
well as the neutral Higgs bosons are taken to be degenerate, i.e., mH± = mH = mA = 600GeV.
Each decay mode is specified by color as given in the legend. Solid (dashed) lines correspond to
the results withM =MMax (Mmin). The dimensionful parameterMmax (Mmin) is the maximum
(minimum) value of M under the theoretical constraints. The violet region corresponds to the
one excluded by the theoretical constraints.
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Figure 8.9: Decay branching ratios for charged Higgs bosons as a function of tan β in the
alignment limit sβ−α = 1 (top panels) and in the nearly alignment scenarios sβ−α = 0.995 with
cβ−α < 0 (middle panels) and cβ−α > 0 (bottom panels), where the NLO EW and the NNLO
QCD corrections are included if they are applicable. The masses of the charged Higgs boson
and the neutral Higgs bosons are taken to be degenerate, i.e., mH± = mH = mA = 600 GeV
and mH = 300 GeV. Each decay mode is specified by color as given in the legend. Solid
(dashed) lines correspond to the results with M =MMax (Mmin). The dimensionful parameter
Mmax (Mmin) is the maximum (minimum) value of M under the theoretical constraints. The
violet region corresponds to the one excluded by the theoretical constraints.
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Figure 8.10: Decay branching ratios for the charged Higgs bosons as a function of ∆κZ(≡ κZ−1)
in Scenario A, where colored points denote different values of tan β. Predictions on Type-I
(Type-X) are shown in the first and third columns (the second and fourth columns).

8.3 Phenomenological impact of the charged Higgs bo-

son decays

8.3.1 Decay pattern of the charged Higgs bosons in the nearly align-
ment regions

In this subsection, we discuss whether or not four types of 2HDMs can be discriminated by
looking at decay patterns of the charged Higgs bosons, and also whether or not information of
the inner parameters can be extracted. As already studied, the discrimination of 2HDMs can
be accomplished by patterns of the deviations from the SM predictions for the couplings [100,
110, 112] and/or the branching ratios [97, 98] of the discovered Higgs boson if the deviations
are actually found in the future collider experiments. In particular, four types of 2HDMs can
be clearly separated by a correlation of the hbb coupling and the hττ coupling [100, 110, 112].
However, current experimental data from the LHC Run II favor the alignment regions, and
such a desired situation would not be necessarily realized in the future. Hence, it would be
worth investigating the impacts of discovery of the charged Higgs bosons for a test of 2HDMs
especially in the case that the significant deviations in the h couplings are not detected in the
future collider experiments.

To this end, we consider two distinct scenarios for the mass of the charged Higgs boson,

(Scenario A) : mH± = 400 GeV (8.41)

(Scenario B) : mH± = 1000 GeV, (8.42)

For Scenario A, Type II and Y are already excluded by the flavor constraint (see, e.g, Ref. [65]),
so that we compare the difference of the branching ratios between Type-I and Type-X. For
Scenario B, all the types of 2HDMs are not excluded by the flavor constraints. In order to avoid
constraint from the T parameter, we set the mass of the CP-odd Higgs boson as mA = mH± .
Whereas, the mass of the heavier CP-even Higgs boson is taken in the following range for each
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Figure 8.11: Decay branching ratios for the charged Higgs bosons as a function of ∆κZ(≡ κZ−1)
in Scenario B, where colored points denote different values of tan β. Predictions on Type-I, II,
X and Y are shown from the left panels to the right panels.

scenario,

250 GeV < mH < 800 GeV for Scenario A, (8.43)

800 GeV < mH < 1200 GeV for Scenario B. (8.44)

For the lower bound of Scenario A, we take into account the constraint from the direct search for
H → ZZ∗, by which mH ≲ 250 GeV and tan β ≲ 6 (5) are excluded in the case of sβ−α = 0.995
with cβ−α < 0 for Type-I (X) [42]. The remaining parameters are scanned for both the scenarios
as

0.995 < sβ−α < 1, 2 < tan β < 10, 0 < M < mH± + 500GeV, (8.45)

considering both cases of cβ−α < 0 and cβ−α > 0. The lower bound of tan β comes from the
consideration of the constraint from Bd → µµ for Scenario A [65] and H → hh in the case
of sβ−α = 0.995 with cβ−α < 0 for Scenario B [42]. With these scan regions, we impose the
theoretical constraints and the S,T parameters in the same way as Sec. 8.2. Furthermore, we
exclude parameter points that are not consistent with the current data of the Higgs signal
strength at the LHC in Ref. [21]. We calculate the decay rates for h with NLO EW and
NNLO QCD corrections by utilizing H-COUP v2 [46] and evaluate the scaling factors κX =
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Figure 8.12: Correlation between BR(H+ → τ+ν) and BR(H+ → cb̄) for Scenario B in four
types of 2HDMs. Colored dots correspond to different values of tan β, mH −mH± , and cβ−α in
the left top panel, the right top panel and the bottom panel, respectively.

√
Γ2HDM
h→XX/Γ

SM
h→XX for each parameter point. We then remove parameter points if the calculated

scaling factors deviate from the values presented in Table 11 (a) of Ref. [21] at 95 % CL.

While the alignment limit is defined by sβ−α = 1 at tree level, this might not be valid beyond
tree level. At loop levels, the quantum corrections by additional Higgs bosons can give non-zero
contributions to ΓhV V ∗ even in sβ−α = 1. Hence, we use the scaling factor κZ and define the
alignment limit as κZ = 1 at loop levels. At the ILC 250, expected 1σ (2 σ) accuracies of κZ
is 0.38% (0.76%) [36]. Thus, we mainly discuss the behavior of the branching ratios of H+ for
each type of 2HDMs within ∆κZ(≡ κZ − 1) ≲ 0.76%, assuming situations that the deviations
in the h couplings are not found.

In Fig. 8.10, we present the branching ratios at NLO in Type-I (top panels) and Type-X
(bottom panels) for Scenario A as a function of ∆κZ , where the color points denote values of
tan β. For BR(H+ → tb̄), one can see that the size of the branching ratio can reach almost
100% without depending on ∆κZ as well as types of 2HDMs. The reason is that such sizable
BR(H+ → tb̄) is realized in the low tan β region, where the top Yukawa coupling in the H+t̄b
vertex dominates for H+ → tb̄. Thus, the difference between Type-I and Type-X does not
appear. For BR(H+ → τ+ν), the prediction of Type-X is obviously larger than that of Type-I
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because of the tan β enhancement for the τ Yukawa coupling in the H+ν̄ττ vertex for Type-X.
Namely, in Scenario A, Type-X can be identified if BR(H+ → τ+ν) is sizable for the discovered
charged Higgs bosons. On the other hand, characteristic predictions of Type-I can be obtained
in H+ → W+h. The branching ratio BR(H+ → W+h) in Type-I can exceed 20%, while
the prediction of Type-X is maximally around 11%. Hence, a large BR(H+ → W+h) is a
clear signature in identifying Type-I. An intriguing point is that this signature can be mostly
realized in the regions of ∆κZ ≲ 0.76%. If the deviation in the hZZ coupling is ∆κZ ≲ −1%,
BR(H+ → W+h) is less than 5% in both Type-I and Type-X. One can also see that these
signatures of Type-I and Type-X contain information on the inner parameters of 2HDMs.
Sizable values of BR(H+ → τ ν̄) in Type-X and BR(H+ → W+h) in Type-I are caused in
the large tan β region. Therefore, information on tan β can be extracted once these branching
ratios are determined.

In addition, we comment on behavior of the branching ratio for H+ → W+(∗)H. This decay
mode kinematically opens when the heavier CP-even Higgs boson is lighter than the charged
Higgs bosons. The maximal size of BR(H+ → W+(∗)H) can reach almost 90% in both Type-I
and Type-X. As can be seen by comparing values of tan β and ∆κZ , parameter points with
huge values of BR(H+ → W+(∗)H) correspond to those with suppressed BR(H+ → tb̄).

In Fig. 8.11, the branching ratios at NLO in Type-I, II, X and Y for Scenario B are shown
as a function of ∆κZ from left to right panels. Behavior of the BR(H+ → tb̄) are similar to
Scenario A, namely, the size of the branching ratio can be huge in the low tan β region for
all types of 2HDMs. Behavior of the BR(H+ → W+H) also does not almost change from
Scenario A. In addition, for identification of Type-I and Type-X, one can rely on the processes
H+ → W+h and H+ → τ+ν as same as Scenario A. In Scenario B, BR(H+ → W+h) of Type-I
can be considerably enhanced unlike other types of 2HDMs. The size of BR(H+ → τ+ν) can
reach 30% only in Type-X. An interesting feature of Scenario B is that a sizable BR(H+ →
W+h) is only realized in the case of cβ−α > 0 differently from Scenario A2. Hence, not only
the size of tan β but also the sign of cβ−α can be extracted from the size of BR(H+ → W+h).
We note that all points with BR(H+ → W+h) > 10% correspond to cβ−α > 0 for all types of
2HDMs.

From the decay modes H+ → tb̄, H+ → τ+ν, H+ → W+h and H+ → W+H, it would
be difficult to separate Type-II and Type-Y. However, this can be performed by looking at
the decay process H+ → cb̄ as shown in Fig. 8.123. For Type-II and Type-Y, BR(H+ → cb̄)
can be larger than 0.1% and one can distinguish these types from Type-I and Type-X by
this decay mode. Furthermore, Type-II and Type-Y can be discriminated from the size of
BR(H+ → τ+ν). As seen from the left top panel of the Fig. 8.12, enhancement of BR(H+ → cb̄)
and/or BR(H+ → τ+ν) is controlled by a value of tan β inType-II, Type-X and Type-Y. From
the right top panel of the figure, one can also see that there is a correlation between the
branching ratios and the mass difference mH − mH± , in particular for Type-X and Type-Y.
The reason for this can be understood as follows. When the mass difference is negatively
large, BR(H+ → W+H) becomes sizable without depending on the types of 2HDMs. This
then reduces the size of BR(H+ → cb̄) and BR(H+ → τ+ν). We have studied on theoretical
possibilities that Type II and Type X are separated from the other types of the 2HDMs by
correlation between BR(H+ → cb̄) and BR(H+ → τ+ν). The predictions for BR(H+ → cb̄) in

2The branching ratio BR(H+ → W+h) can be enhanced in large tanβ regions, which does not occur in case
of cβ−α < 0 for Scenario B due to the theoretical constraints. The similar behavior can be seen in Figs. 8.8 and
8.9.

3For the evaluation of Γ(H+ → cb̄), we only include QCD corrections. The EW corrections to this process
are not implemented.
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Figure 8.13: The total decay width of the charged Higgs bosons as a function of the mass
difference mH − mH± in Scenario A for Type-I and Type-X. The colored dots correspond to
different values of tan β.

Figure 8.14: The total decay width of the charged Higgs bosons as a function of the mass
difference mH −mH± in Scenario B for Type-I, II, X and Y. The colored dots correspond to
different values of tan β.

Type II and Type Y, which are maximally 0.1%, are not large. Phenomenological studies on
expectation whether such a small branching ratio is measured at future colliders is beyond the
scope of this paper.

We give a comment on the results in another case of the degenerated mass of the additional
Higgs bosons, i.e., mH± = mH , where the T parameter constraint is satisfied when sβ−α ≃ 1.
We have performed the same analysis in this case, and obtained qualitatively similar results
for magnitudes of the branching ratios while the allowed parameter regions after imposing the
constraints from theoretical bounds and the electroweak oblique parameters are more strict
than the case of mH± = mA.

Before we close this subsection, we mention the deviations in the h couplings for Scenario A
and for Scenario B. For both the scenarios all types of 2HDMs can be identified by looking at
the branching ratios of the charged Higgs bosons even in the case of ∆κZ ≲ 0.76%, where the
deviation in the hZZ coupling cannot be detected at the ILC [36]. At the same time, even in
this case, the deviations in other h couplings like the Yukawa interactions can be sizable enough
to be detected at the ILC 250 GeV [36]. Namely, the deviations ∆κb and ∆κτ for Type-II, ∆κτ
for Type-X, and ∆κb for Type-Y can still deviate significantly enough to be detected at the
ILC 250 GeV. Therefore, a combination of the charged Higgs boson decays and the h decays
make it possible to identify details of 2HDMs.
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Figure 8.15: Decay branching ratios of the charged Higgs bosons as a function of the mass
difference mH − mH± in Scenario A for Type-I and Type-X. The colored dots correspond to
different values of tan β.

8.3.2 Impact of one-loop corrections to the branching ratios

We next investigate the impact of NLO EW corrections on the branching ratios of H+. In
particular, we discuss how the size of the corrections changes depending on the mass difference
between the charged Higgs bosons and the additional neutral Higgs bosons. Focusing on Sce-
nario A and Scenario B, we consider the case where the masses of CP-odd Higgs boson and
that of the charged Higgs bosons are degenerate, mA = mH± . As pointed out in Ref. [211], in
this case, the custodial symmetry is restored in the Higgs potential, so that the constraint from
the T parameter is satisfied. We then scan mH in the regions given in Eqs. (8.43) and (8.44).
The other parameters are scanned as given in Eq. (9.57) for both scenarios. In the following
discussions, we introduce a quantity to describe magnitudes of the NLO EW corrections to the
branching ratios, i.e.,

∆BR
EW(H+ → XY ) =

BRNLO EW(H+ → XY )

BRLO(H+ → XY )
− 1, (8.46)

where BRNLO EW(H+ → XY ) denotes the branching ratios with NLO EW corrections. In
the evaluation of the branching ratio at LO BRLO(H+ → XY ), the quark running masses are
applied for the decays into quarks. We also describes the NLO EW corrections for the total
decay width, which is defined by

∆EW(total width) =
ΓNLO EW
H+

ΓLO
H+

− 1, (8.47)

with the total decay width for H+ at NLO EW (LO) being ΓNLO EW
H+ (ΓLO

H+). By definition, ∆BR
EW

can be reduced as ∆BR
EW + 1 = (∆EW − 1)/(∆EW(total width)− 1). Namely, it is controlled by

the correction factor for the total decay width ∆EW(total width) and the one for partial decay
width ∆EW(H+ → XY ).

In Fig. 8.13, we present the correction factor for the total width in Scenario A as a function
of the mass difference for the additional Higgs bosons. The color dots denote the values of
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Figure 8.16: Decay branching ratios of the charged Higgs bosons as a function of the mass
difference mH −mH± in Scenario B for Type-I, II, X and Y. The colored dots correspond to
different values of tan β.

tan β. Behavior of the corrections for Type-I (left panel) and the one for Type-X (right panel)
is similar with each other in the regions tan β ≲ 4, while these are different in tan β ≳ 6.
When mH −mH± ≃ −80 GeV, there appear thresholds, in which H+ → W+H opens and the
correction ∆EW(total width) reaches −7%.

In Fig. 8.14, the results in Scenario B are shown for all types of 2HDMs. Similar to Scenario
A, behavior for tan β ≲ 4 does not change match for all the types. Clear difference among the
types of 2HDMs arises for tan β ≳ 4. For Type-I, the allowed region of the mass difference
mH − mH± is wider than the other types of 2HDMs. Consequently, the correction can be
positive when mH −mH± ≳ 30 GeV. On the other hand, for Type-II and Type-Y, the bulk
of points with tan β ≳ 5 shows large negative corrections, compared with those for tanβ ≲ 4.
This is because the bottom Yukawa coupling in H+t̄b vertex is enhanced by large tan β. The
correction can reach −20 (−25) % when mH −mH± ≃ −80GeV for Type-II (Type-Y) due to
the effect of the threshold of the mode H+ → W+H. For Type-X, the predictions in the high
tan β region almost do not deviate from those in the low tan β region.

We now move on discussions of the correction factor for the branching ratios. In Fig. 8.15,
∆BR

EW’s for the decays H+ → tb̄, H+ → τ+ν, H+ → W+h, H+ → W+H are shown. For H+ →
tb̄, The kink when mH −mH± ≃ 80 GeV appears as with the correction for the total width (see
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Fig. 8.13). The correction of the branching ratio distribute in narrow range, −2.75% (−1.9) ≲
∆BR

EW(H+ → tb̄) ≲ +1.25 (+2.3)%, for Type-I (Type-X). This can be understood as follows. A
value of the correction factor for the partial width ∆EW(H+ → tb̄) is close to ∆EW(total width)
in the bulk of parameter points. Thereby, they are canceled with each other in the definition of
∆BR

EW. On the other hand, behavior of ∆BR
EW(H+ → W+H) is different from that of ∆BR

EW(H+ →
tb̄). We note that ∆EW(H+ → W+H) is relatively small, i.e., −2.5% ≲ ∆EW ≲ 0%, for both
Type-I and Type-X 4, so that ∆BR

EW(H+ → W+H) is dominated by the ∆EW (total width). In
fact, behavior of ∆BR

EW is reversal of ∆EW (total width).

One can also see that the size of the correction for H+ → W+h can be remarkably large.
In the low tan β region, ∆BR

EW(H+ → W+h) can exceed +100%. We note that cβ−α is close
to 0, |cβ−α| ≲ 2.5 × 10−2, for all the parameter points with ∆BR

EW(H+ → W+h) ≳ +100%. In
addition, the one-loop amplitude of H+ → W+h contains terms to be independent of cβ−α. The
counterterms δCh and δCH± induce such terms, which can be enhanced by the non-decoupling
effect of the additional Higgs bosons in case of M ∼ v . In this case, the one-loop amplitude
can overcome the tree-level amplitude, and gives ∆BR

EW(H+ → W+h) ≳ 100%. Furthermore,
we found that in some parameter points ∆BR

EW(H+ → W+h) can be smaller than −100%. The
origin is considered due to the fact that terms of the squared one-loop amplitude are truncated
in the calculation of the NLO corrections. The effect of the squared one-loop amplitude is
discussed in the Sec.8.3.3.

In Fig. 8.16, we show the results for the correction factors of the charged Higgs bosons in
Scenario B for all types of 2HDMs. For H+ → tb̄, the same picture described in the results for
Scenario A holds for the low tan β region. When tan β ≃ 2-3, the correction factor is close to
zero, −2.5% ≲ ∆BR

EW(H+ → tb̄) ≲ +1.5% for all types of 2HDMs. For high tan β values the
size of the correction can be much large. In Type-I, ∆BR

EW(H+ → tb̄) can exceed 12% near the
threshold region mH −mH± ≃ −80 GeV, while ∆BR

EW(H+ → tb̄) can be negative in the case of
mH−mH± ≳ 50 GeV due the effect of ∆EW(total width). In Type-II and Y, ∆BR

EW(H+ → tb̄) can
be negatively large and can reach −15.5% due to the tan β enhancement of the bottom Yukawa
coupling in the H+t̄b vertex for ∆EW(H+ → tb̄), which can be seen in Fig. 8.6. For H+ → τ+ν,
one can see that behavior of ∆BR

EW with the low tan β value is similar without depending on
the type of 2HDMs, but the difference can appear in the high tan β region. For H+ → W+H,
we note that the correction factor for the partial width ∆EW(H+ → W+H) monotonically
decreases as the mass difference mH − mH+ becomes negatively large, e.g., ∆EW ∼ −8%
(−4%) when mH − mH+ =200 GeV (100 GeV) for all types of 2HDMs. When the on-shell
decay H+ → W+H is kinematically allowed, the correction ∆BR

EW(H+ → W+H) is determined
by summation of ∆EW(total width) and ∆EW(H+ → W+H). The maximum value of the
∆BR

EW(H+ → W+H) is +13% and +9% for Type-I and Type-X, respectively, while that of
Type-II and Type-Y is +22%.

Finally, we comment on the results in the other case of the degenerate mass of the additional
Higgs bosons, i.e., mH = mH± . We find that for Scenario A the correction factor of the total
decay width ∆EW(total width) shows a cusp structure at mA = 2mt, which is realized by
the threshold of the top loop diagrams in δβ, so that behavior is changed from the case the
mA = mH± . However, the maximum and minimum values of ∆EW(total width) are similar to
the results of mA = mH± . Behavior of the ∆BR

EW for the processes discussed above is somewhat
different from the case of mA = mH± , while values of ∆BR

EW distribute in the similar region to
the case of mA = mH± . For Scenario B, we also note that the size of ∆BR

EW for all the processes

4We have calculated the NLO EW corrections to the on-shell two-body decay of H+ → W+H. In the range
of mW < mH −mH± < 0 GeV, where the off-shell decay H+ → W ∗H happens, the NLO EW corrections have
not been implemented.
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Figure 8.17: The decay branching ratio for H+ → W+h for Scenario A of Type-I in the
alignment limit, sβ−α = 1, as a function of the mass difference mH −mH± , where the squared
one-loop amplitude for H+ → W+h is included in the evaluation. The colored dots correspond
to different values of M .

in the case of mH = mH± tend to be smaller than that of the case mA = mH± except for Type-
I. For Type-I, the maximum value of ∆BR

EW(H+ → tb̄) and ∆BR
EW(H+ → τ+ν) is +12.7% and

+2.6%, respectively, while the one for ∆BR
EW(H+ → W+h) is similar to the case of mA = mH± .

8.3.3 Effect of the squared one-loop amplitude to H+ → W+h

Before we close this section, we discuss the effect of the squared one-loop amplitude for H+ →
W+h. The squared amplitude for this process can be expressed by

|M(H+ → W+h)|2 = CH+W−h

(
|Γtree

H+W−h|2 + 2Γtree
H+W−hReΓ

loop
H+W−h + |Γloop

H+W−h|
2
)

= CH+W−h

(
g2

4
c2β−α + gcβ−αReΓ

loop
H+W−h + |Γloop

H+W−h|
2

)
, (8.48)

where CH+W−h = m4
H±/m2

Wλ(µh, µW ). The first (second) term corresponds to LO (NLO)
contributions to Γ(H+ → W+h). We have involved up to the second term in above discussions.
The third term |Γloop

H+W−h|
2 is the same order as contributions from the tree-level amplitude

times two-loop amplitude, namely NNLO contributions. It is notable that this term contains
contributions that are not proportional to cβ−α. Hence, the term |Γloop

H+W−h|
2 does not disappear

even in the alignment limit. The term |Γloop
H+W−h|

2 can be identified as a leading contribution
if one assumes cβ−α to be tiny and expands the squared amplitude |M(H+ → W+h)|2 into a

power series of cβ−α. We notice from naive order estimation that the term |Γloop
H+W−h|

2 can be
comparable with the first and second terms in Eq. (8.48) under the situation where |cβ−α| ≲ 0.1
andM ≲ v. Therefore, the third term of Eq. (8.48) could be significant in the alignment regions.
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To discuss the effect of |Γloop
H+W−h|

2 in the region of 0.995≲ sβ−α < 1 is beyond the scope of

this paper. If sβ−α ̸= 1, the third term |Γloop
H+W−h|

2 contains the IR divergence and evaluation
of real photon emissions at NNLO are required in order to obtain the IR finite result for
Γ(H+ → W+h). As long as the case of the alignment limit sβ−α = 1, the third term is
IR finite. In addition, contributions to the squared amplitude from the tree-level amplitude
times two-loop amplitude vanish in the alignment limit. Therefore, we only discuss two-loop
corrections due to the third term in Eq. (8.48) to the branching ratio for H+ → W+h only in
the case of sβ−α = 1, and how this is important.

In Fig. 8.17, we show the branching ratio for H+ → W+h including the squared term
|Γloop

H+hW− |2 for Scenario A of Type-I in the alignment limit sβ−α = 1 as a function of the mass
difference mH−mH± . The other parameters tan β andM are scanned as in Eq. (9.57). One can
see that the branching ratio can be 0.1% at most. The intriguing point is that the branching
ratio is maximized when the soft-breaking parameter M is small. We have also calculated the
branching ratio in Scenario A for Type-X and Scenario B for all types of 2HDMs. For Scenario
A of Type-X, we have got the almost same results with Type-I. On the other hand, for Scenario
B, the soft-breaking parameter M cannot be small under the theoretical consistencies such as
the perturbative unitarity and the vacuum stability. Hence, the branching ratios are small, as
compared to Scenario A. We find that the maximum value of the branching ratio is 0.004% in
Scenario B for all types of 2HDMs. In short, the non-decoupling effect of the additional Higgs
bosons enhances the decay H+ → W+h through the contribution from the term of |Γloop

H+hW− |2,
and the branching ratio can be 0.1% when mH± = 400 GeV.
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Chapter 9

One-loop calculations for decays of the
CP-odd Higgs boson

In this chapter, we discuss the decay rates of the CP-odd Higgs boson for various decay modes
in the 2HDMs. Decay branching ratios of the CP-odd Higgs boson are evaluated including
NLO EW corrections, as well as QCD corrections up to NNLO. We have newly implemented
them into the H-COUP program [45, 46]. We comprehensively study the impacts of the NLO
EW corrections to the branching ratios in approximate alignment scenarios. We find that
the A → Zh decay modes can be dominant decay modes even in the case where deviation
in hZZ couplings is quite small and cannot be detected at the ILC. Thus, we can extract
the information on the mixing angle by studying the A → Zh decay mode at future collider
experiments. In addition, we find that the types of 2HDMs can be classified by studying the
decay pattern of the CP-odd Higgs boson even in the alignment scenario. In the alignment
scenario, it is difficult to distinguish the types of 2HDMs from the precision measurement of the
SM-like Higgs boson. Thus, the study of the CP-odd Higgs boson is quite useful to investigate
not only the approximate but also the exact alignment scenario.

9.1 Decay rates with higher-order corrections

9.1.1 Form factors for vertex functions of CP-odd Higgs boson

Aff̄ vertex

The renormalized Aff̄ vertex functions can be expressed as

Γ̂Aff̄ (p
2
1, p

2
2, q

2) = Γ̂S
Aff̄ + γ5Γ̂

P
Aff̄ + /p1Γ̂

V1

Aff̄
+ /p2Γ̂

V2

Aff̄
+ /p1γ5Γ̂

A1

Aff̄
+ /p2γ5Γ̂

A2

Aff̄

+ /p1/p2Γ̂
T
Aff̄ + /p1/p2γ5Γ̂

PT
Aff̄ , (9.1)

where p1 (p2) is the incoming four-momentum of the fermion (anti-fermion), and qµ (= p1+ p2)
is the outgoing four-momentum of the CP-odd Higgs boson (see Fig. 9.1). The renormalized
form factors are composed of the tree-level part and the one-loop part as

Γ̂X
Aff̄ = ΓX,tree

Aff̄
+ ΓX,loop

Aff̄
, (X = S, P, V1, V2, A1, A2, T, PT ), (9.2)

where the one-loop parts are further decomposed into contributions from 1PI diagrams and
counterterms,

ΓX,loop

Aff̄
= ΓX,1PI

Aff̄
+ δΓX

Aff̄ . (9.3)
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Figure 9.1: Momentum assignment for the renormalized Aff̄ vertex.

The 1PI diagrams contributions ΓX,1PI

Aff̄
are given in Appendix.

The tree-level couplings for Aff̄ vertices are given by

ΓP,tree

Aff̄
= i2If

mfζf
v

, ΓX,tree

Aff̄
= 0, (X ̸= P ). (9.4)

The counterterms for Aff̄ vertices are given by

δΓP
Aff̄ = ΓP,tree

Aff̄

[
δmf

mf

− δv

v
− ζfδβ + δZf

V +
δZA

2
+
δCA

ζf
−
(

1

ζf
+ ζf

)
δβPT

]
, (9.5)

δΓX
Aff̄ = 0, (X ̸= P ). (9.6)

The contributions of AZ and AG0 mixing vanish due to the on-shell condition. The ampi-
tudes of AZ and AG0 mixing are given by

Mmix = −
[
Π̂AG(m

2
A)−mZΠ̂AZ(m

2
A)
] 1

ζf (m2
A −m2

Z)
ū(−p2)ΓP,tree

Aff̄
γ5v(−p1)

= −Π̂AG(m
2
A)

ζfm2
A

ū(−p2)ΓP,tree

Aff̄
γ5v(−p1), (9.7)

where we have used the Slavnov-Taylor identity for AZ and AG0 mixing in the last equality

Π̂AG0(m2
A) + i

m2
A

mZ

Π̂AZ(m
2
A) = 0. (9.8)

Since Π̂AG0(m2
A) = 0 by the on-shell renormalization condition, the contributions of AZ and

AG0 mixing vanish in the decay amplitude.
When we neglect the effects of the CP violation, on-shell amplitudes are CP invariant. The

renormalized Aff̄ vertex functions satisfy the following relations

Γ̂S
Aff̄ = Γ̂T

Aff̄ = 0, Γ̂V1

Aff̄
= Γ̂V2

Aff̄
, Γ̂A1

Aff̄
= Γ̂A2

Aff̄
, (p21 = p22 = m2

f ). (9.9)

AV ϕ vertex

The the renormalized AV ϕ vertex functions (V, ϕ) = (Z, h/H) can be expressed as

Γ̂µ
AV ϕ(p1, p2, q) = (p1 + q)µΓ̂AV ϕ(p

2
1, p

2
2, q

2), (9.10)

where p1 and p2 denote the incoming four-momentum of the scalar boson ϕ and the gauge boson
V , respectively. The momentum q (= p1 + p2) is the outgoing four-momentum of the CP-odd
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Figure 9.2: Momentum assignment for the renormalized AV ϕ vertex.

Higgs boson (see Fig. 9.2). Since we here assume that the external gauge boson is on-shell, the
term proportional to p2 vanishes due to the orthogonality of the polarization vector.

For the A→ W±H∓ decays, we use the renormalized H±W∓A vertex function,

Γ̂µ
AW±H∓(p1, p2, q) = Γ̂µ

H±W±A(q, p2, p1)

= −(q + p1)
µΓ̂H±W±A(q

2, p22, p
2
1), (9.11)

where p1 and p2 denote the incoming four-momentum of the charged Higgs bosons H± and the
gauge bosonW±, respectively. The momentum q (= p1+p2) is the outgoing four-momentum of
the CP-odd Higgs boson. The additional minus sign is needed due to the change of momentum
assignment.

The renormalized form factors are composed of the tree-level part and the one-loop part as

Γ̂AV ϕ = Γtree
AV ϕ + Γloop

AV ϕ, (9.12)

where the one-loop parts are further decomposed into contributions from 1PI diagrams and
counterterms,

Γloop
AV ϕ = Γ1PI

AV ϕ + δΓAV ϕ. (9.13)

The 1PI diagrams contributions Γ1PI
AV ϕ are given in Appendix.

The tree-level couplings for AV ϕ vertices are given by

Γtree
AZh = −ighAZ = i

mZ

v
cβ−α, (9.14)

Γtree
AZH = −igHAZ = −imZ

v
sβ−α, (9.15)

Γtree
AW∓H± = −i× (−gAH±W∓) = −imW

v
. (9.16)

The counterterms for AV ϕ vertices are given by

δΓAZh = Γtree
AZh

[
δm2

Z

2m2
Z

− δv

v
+

1

2
(δZh + δZA + δZZ)

+ tan (β − α)
(
δCA − δCh − δβPT + δαPT

)]
, (9.17)

δΓAZH = Γtree
AZH

[
δm2

Z

2m2
Z

− δv

v
+

1

2
(δZH + δZA + δZZ)

− cot (β − α)
(
δCA + δCh − δβPT + δαPT

)]
, (9.18)

δΓAW∓H± = Γtree
AW∓H±

[
δm2

W

2m2
W

− δv

v
+

1

2
(δZH± + δZA + δZW )

]
. (9.19)
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9.1.2 Decay rates of A→ ff̄

The decay rates of the CP-odd Higgs boson into a pair of fermions with NLO EW and QCD
corrections are given by

Γ(A→ ff̄) = ΓLO(A→ ff̄)
(
1 + ∆f

EW +∆f
QCD

)
+ Γ(A→ ff̄γ), (9.20)

with the decay rate at LO

ΓLO(A→ ff̄) = N f
c

√
2GFmA

8π
m2

fζ
2
fλ

1/2

(
m2

f

m2
A

,
m2

f

m2
A

)
, (9.21)

where N f
c is the color factor.

The EW correction ∆f
EW is given by

∆f
EW =

√
2

GFm2
fζ

2
f

Re
[
ΓP,tree

Aff̄
GP,loop∗

Aff̄

]
−∆r, (9.22)

with

GP,loop

Aff̄
= ΓP,loop

Aff̄
−mf

(
ΓA1,loop

Aff̄
+ ΓA2,loop

Aff̄

)
+ (q2 − p21 − p22 −m2

f )Γ
PT,loop

Aff̄

= ΓP,loop

Aff̄
− 2mfΓ

A1,loop

Aff̄
+m2

A

(
1−

3m2
f

m2
A

)
ΓPT,loop

Aff̄
, (9.23)

where we have used the relations in Eq. (9.9) in the last equality. The NLO EW corrections
include the IR divergences, and we regulate them by introducing the finite photon mass. In
order to remove the photon mass dependence, we add the decay rates of real photon emmision
A→ ff̄γ. The analytic expression of Γ(A→ ff̄γ) is given in Appendix ??.

For the decays into a pair of light quarks, we apply the QCD corrections at NNLO in the
MS scheme. The QCD correction is given by

∆q
QCD = ∆qq +∆A. (9.24)

The correction ∆qq in the limit of massless quarks is given by

∆qq =
αs(µ)

π
CF

(
17

4
+

3

2
ln

µ2

m2
A

)
+

(
αs(µ)

π

)2[
10801

144
− 39

2
ζ3 −

(
65

24
− 2

3
ζ3

)
Nf − π2

(
19

12
− 1

18
Nf

)]
≃ αs(µ)

π
CF

(
17

4
+

3

2
ln

µ2

m2
A

)
+

(
αs(µ)

π

)2

(35.94− 1.36Nf ) (9.25)

The correction ∆A includes logarithms of the light-quark and top-quark masses. It is given by

∆A =

(
αs(µ)

π

)2(
3.83 + ln

m2
t

m2
A

+
1

6
ln2

m̄2
q

m2
A

)
(9.26)

For the decay into the top-quark pair, the effects of the top-quark mass in the QCD correc-
tions are significant near the threshold region. On the other hand, dominant contributions in
mA ≫ mt is the logarithmic contribution, which appears in the MS scheme. In order to take
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into account both of the effects, we use interpolation for the corrections to A→ tt̄ as discussed
in Ref. []. The QCD correction in the on-shell scheme is given by

∆t
QCD =

αs(µ)

π
CF

[
L(βt)

βt
− 1

16β3
t

(19 + 2β2
t + 3β4

t ) ln ρt +
3

8
(7− β2

t )

]
, (9.27)

with βt = λ1/2(m2
t/m

2
A,m

2
t/m

2
A) and ρt = (1− βt)/(1 + βt). The function L(βt) is given by

L(βt) = (1 + β2
t )

[
4Li2(ρt) + 2Li2(−ρt) + 3 ln ρt ln

2

1 + βt
+ 2 ln ρt ln βt

]
− 3βt ln

4

1− β2
t

− 4βt ln βt, (9.28)

where Li2(x) is the dilog function.

9.1.3 Decay rates of A→ V ϕ

The decay rate for the CP-odd Higgs boson decays into a Z boson and a h boson with NLO
EW corrections is given by

Γ(A→ Zh) = ΓLO(A→ Zh)

[
1 +

√
2

GFm2
Zc

2
β−α

Re
(
Γtree
AZhΓ

loop∗
AZh

)
−∆r − Re Π̂′

ZZ(m
2
Z)

]
, (9.29)

where

ΓLO(A→ Zh) =

√
2GFm

3
Ac

2
β−α

16π
λ3/2

(
m2

h

m2
A

,
m2

Z

m2
A

)
. (9.30)

The decay rate for the CP-odd Higgs boson decays into a Z boson and a H boson with
NLO EW corrections is given by

Γ(A→ ZH) = ΓLO(A→ ZH)

[
1 +

√
2

GFm2
Zs

2
β−α

Re
(
Γtree
AZHΓ

loop∗
AZH

)
−∆r − Re Π̂′

ZZ(m
2
Z)

]
,

(9.31)

where

ΓLO(A→ ZH) =

√
2GFm

3
As

2
β−α

16π
λ3/2

(
m2

H

m2
A

,
m2

Z

m2
A

)
. (9.32)

The decay rate for the CP-odd Higgs boson decays into a W± boson and a H± boson with
NLO EW corrections is given by

Γ(A→ W±H∓) = ΓLO(A→ W±H∓)

[
1 +

√
2

GFm2
W

Re
(
Γtree
AW−H+Γ

loop∗
AW−H+

)
−∆r − Re Π̂′

WW (m2
W )

]
+ Γ(A→ H±W∓γ), (9.33)

where

ΓLO(A→ W±H∓) =

√
2GFm

3
A

8π
λ3/2

(
m2

H±

m2
A

,
m2

W

m2
A

)
. (9.34)

The decay rates for A→ H±W∓γ is given in Appendix ??.
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9.1.4 Decay rates of loop-induced decays A→ γγ, Zγ, gg

The decay rate of the CP-odd Higgs boson into a pair of photons is given by

Γ(A→ γγ) =
GFα

2
emm

3
A

128
√
2π3

∣∣∣∣∣∑
f

N f
c Q

2
fκ

A
f I

A
F (τf )

∣∣∣∣∣
2

, (9.35)

where κAf = −2iIfζf and τf = m2
A/(4m

2
f ). The loop function IAF (τf ) is given by

IAF (τf ) = −4m2
fC0(0, 0,m

2
A;mf ,mf ,mf )

=
2

τf
f(τf ), (9.36)

with

f(τ) =


arcsin2(

√
τ) (τ ≤ 1),

−1

4

[
ln

1 +
√
1− τ−1

1−
√
1− τ−1

− iπ

]2
(τ > 1).

(9.37)

The quark-loop contributions receive QCD corrections. At the NLO, the QCD correction can
be obtained in the MS scheme by replacing the quark-loop function IAF (τq),

IAF (τq) → IAF (τq)

[
1 +

αs(µ)

π

(
CA

1 (τq) + CA
2 (τq) ln

4τqµ
2

m2
A

)]
. (9.38)

The analytic expressions for QCD corrections are given by

IAFC
A
1 = − θ(1 + θ2)

(1− θ)3(1 + θ)

[
72Li4(θ) + 96Li4(−θ)−

128

3
[Li3(θ)− Li3(−θ)] ln θ

+
28

3
Li2(θ) ln

2 θ +
16

3
Li2(−θ) ln2 θ +

1

18
ln4 θ +

8

3
ζ2 ln

2 θ +
32

3
ζ3 ln θ + 12ζ4

]
+

θ

(1− θ)2

[
− 56

3
Li3(θ)−

64

3
Li3(−θ) + 16Li2(θ) ln θ +

32

3
Li2(−θ) ln θ

+
20

3
ln (1− θ) ln2 θ − 8

3
ζ2 ln θ +

8

3
ζ3

]
+

2θ(1 + θ)

3(1− θ)3
ln3 θ, (9.39)

IAFC
A
2 =

2

τ
[f(τ)− τf ′(τ)], (9.40)

with

θ ≡ θ(τq) =

√
1− τ−1 − 1√
1− τ−1 + 1

. (9.41)

The decay rate of the CP-odd Higgs boson into a Z boson and a photon is given by

Γ(A→ Zγ) =

√
2GFα

2
emm

3
A

128π3

(
1− m2

Z

m2
A

)3
∣∣∣∣∣∑

f

κAfQfN
f
c vfJ

A
F

∣∣∣∣∣
2

, (9.42)
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where

JA
F = −

4m2
f

sW cW
C0(0,m

2
Z ,m

2
A;mf ,mf ,mf ). (9.43)

The decay rate of the CP-odd Higgs boson into a pair of gluon is given by

Γ(A→ gg) = ΓLO(A→ gg)

[
1 +

αs(µ)

π
E

(1)
A +

(
αs(µ)

π

)2

E
(2)
A

]
, (9.44)

where the decay rate at LO is given by

ΓLO(A→ gg) =

√
2GFα

2
sm

3
A

128π3

∣∣∣∣∣∑
q

κAq I
A
F (τq)

∣∣∣∣∣
2

, (9.45)

with the loop function IAF (τ) defined in Eq. (9.36).

The NLO QCD correction E
(1)
A is given by

E
(1)
A =

97

4
− 7

6
Nf +

(
11

2
− 1

3
Nf

)
ln

µ2

m2
A

+∆E
(1)
A , (9.46)

where ∆E
(1)
A is the corrections which vanishes in the heavy top-mass limit (2mt ≫ mA). ∆E

(1)
A

is composed of the virtural corrections, real gluon emmision and light-quark splitting diagrams,

∆E
(1)
A = ∆EA

virt +∆EA
ggg +Nf∆E

A
gqq̄. (9.47)

We do not implement ∆EA
ggg and ∆EA

gqq̄. The analytic expression for virtual corrections is given
by

∆EA
virt = cA(τq)− 6, (9.48)

where

cA = Re


∑

q κ
A
q I

A
F (τq)

(
BA

1 (τq) +BA
2 (τq) ln

µ2

m2
q

)
∑

q κ
A
q I

A
F (τq)

. (9.49)

with

IAFB
A
1 =

θ

(1− θ)2

[
48H(1, 0,−1,−; θ) + 4 ln (1− θ) ln3 θ − 24ζ2Li2(θ)− 24ζ2 ln (1− θ) ln θ

− 72ζ3 ln (1− θ)− 220

3
Li3(θ)−

128

3
Li3(−θ) + 68Li2(θ) ln θ +

64

3
Li2(−θ) ln θ

+
94

3
ln (1− θ) ln2 θ2 − 16

3
ζ2 ln θ +

124

3
ζ3 + 3 ln2 θ

]
− 24θ(5 + 7θ2)

(1− θ)3(1 + θ)
Li4(θ)−

24θ(5 + 11θ2)

(1− θ)3(1 + θ)
Li4(−θ)

+
8θ(23 + 41θ2)

3(1− θ)3(1 + θ)

[
Li3(θ) + Li3(−θ)

]
ln θ

− 4θ(5 + 23θ2)

3(1− θ)3(1 + θ)
Li2(θ) ln

2 θ − 32θ(1 + θ2)

3(1− θ)3(1 + θ)
Li2(−θ) ln2 θ
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+
θ(5− 13θ2)

36(1− θ)3(1 + θ)
ln4 θ +

2θ(1− 17θ2)

3(1− θ)3(1 + θ)
ζ2 ln

2 θ +
4θ(11− 43θ2)

3(1− θ)3(1 + θ)
ζ3 ln θ

+
24θ(1− 3θ2)

(1− θ)3(1 + θ)
ζ4 +

2θ(2 + 11θ)

3(1− θ)3
ln3 θ, (9.50)

IAFB
A
2 =

4

τ
[f(τ)− τf ′(τ)]. (9.51)

The NNLO QCD correction E
(2)
A in the heavy top-mass limit is given by
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. (9.52)

9.2 NLO EW corrections

9.2.1 Branching ratio

In this subsection, we examine the decay branching ratios of the CP-odd Higgs boson including
the higher-order corrections in the four types of 2HDMs. The qualitative behavior does not
change from those in LO while the size of higher-order corrections can reach several dozens
of percent. Therefore, we discuss their behavior and summarize the dominant decay modes
in each type of 2HDMs at first. Since BR(A → Zh) can become negative near sβ−α = 1, we
include the contribution of the square of NLO amplitude. We discuss this point at the end of
this subsection. The magnitude of the higher-order corrections will be examined in the next
subsection.

Fig. 9.3 shows the BR(A → XY ) including the higher-order corrections as a function of
tan β. We have assumed the masses of additional Higgs bosons are degenerate and mΦ = 300
GeV, where the CP-odd Higgs boson cannot decay into a pair of top-quarks. However, the
magnitude of the three-body decay width of A→ tt∗ is not negotiable, and we include it at LO.
We have scanned M under the theoretical constraints and S, T parameters, and Mmax (Mmin)
denotes the maximum (minimum) value of M . In order to discuss the theoretical behavior of
NLO EW corrections, we dare to omit the constraint from the direct and indirect search and
flavor experiment. The results in the Type-I, II, X and Y 2HDMs are shown from the first to
fourth columns in order. The results in the alignment limit are shown in the first row, while
those in the approximate alignment scenario with cβ−α < 0 and cβ−α > 0are shown in the
second and third row, respectively.

In the alignment limit, the CP-odd Higgs boson mainly decays into a pair of fermions and
gluons. In the Type-I 2HDM, κf = cot β and the partial decay widths of A→ ff̄ monotonically
decrease as tan β increases. In addition, the loop-induced A→ gg decay also monotonically de-
creases since the fermion loops, especially the top-quark loop, give the dominant contributions.
Thus, the decay branching ratios are almost constant in the Type-I 2HDM. On the other hand,
there is tan β enhancement in either or both decays into a pair of down-type quarks and leptons
in the other types of 2HDMs. In the Type-II 2HDM, both A→ bb and A→ ττ decays can be
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Figure 9.3: BR(A → XY ) as a function of tan β in the alignment limit sβ−α = 1 (first row)
and in the approximate alignment case sβ−α = 0.995 with cβ−α < 0 (second row) and cβ−α > 0
(third row) including the higher-order EW and QCD corrections. Masses of the additional
Higgs bosons are degenerate and taken as mΦ = 300 GeV. Each decay mode is specified by
color as given in the legend. Solid and dashed lines correspond to the results with M = Mmax

and Mmin, respectively, where Mmax (Mmin) is the maximum (minimum) value of M under the
theoretical constraints.

dominant with large tan β, while the A→ ττ decay and the A→ bb decay can be dominant in
the Type-X and Y, respectively.

In the approximate alignment case, the CP-odd Higgs boson can decay into the Z boson and
the SM-like Higgs boson. Since the tree-level hAZ vertex is independent of tan β, the partial
decay width of A → hZ is almost constant in all types of 2HDMs. In the Type-I 2HDM, the
other decay modes are monotonically decreased as tan β becomes large, and A → Zh is the
dominant decay mode despite the tree-level vertex being small in the approximate alignment
case. In the other types of 2HDMs, the A→ bb or A→ ττ decays are enhanced with large tan β,
but the size of the decay branching ratio of A→ Zh is still several percent with tan β = 10.

Fig. 9.4 shows the BR(A → XY ) with mΦ = 600 GeV, where the CP-odd Higgs boson
can decay into a pair of top-quarks. While the A → tt decay mode monotonically decreases
as tan β becomes large, it is the dominant decay mode for all of the types of 2HDMs due to
the large Yukawa coupling of the top quark. In the alignment limit, the CP-odd Higgs boson
mainly decays into a pair of fermions. In the Type-I 2HDM, the A → tt decay is dominant,
and the decay branching ratios are almost constant as similar to the case with mΦ = 300 GeV.
In the Type-II 2HDM, both A → bb and A → ττ decays are enhanced with large tan β, and
they are competitive with the A → tt decay. In the Type-X and Y 2HDM, the A → ττ decay
and the A→ bb decay is enhanced, respectively and they are also competitive with the A→ tt
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Figure 9.4: BR(A → XY ) as a function of tan β in the alignment limit sβ−α = 1 (first row)
and in the approximate alignment case sβ−α = 0.995 with cβ−α < 0 (second row) and cβ−α > 0
(third row) including the higher-order EW and QCD corrections. Masses of the additional
Higgs bosons are degenerate and taken as mΦ = 600 GeV. Each decay mode is specified by
color as given in the legend. Solid and dashed lines correspond to the results with M = Mmax

and Mmin, respectively, where Mmax (Mmin) is the maximum (minimum) value of M under the
theoretical constraints. The shaded regions are excluded by the theoretical constraints.

decay.
In the approximate alignment case with sβ−α = 0.995 and mΦ = 600 GeV, the unitarity and

vacuum stability bounds exclude the shaded regions. In the case with cβ−α < 0, the A → tt
decay is dominant in all of 2HDMs since the possible value of the tan β is not enough large. On
the other hand, in the case with cβ−α < 0, there are parameter regions with large tan β, where
A→ Zh also becomes the dominant decay mode.

As we have mentioned, the partial decay width and the decay branching ratio for A→ Zh
can be negative if we truncate the perturbation up to NLO. Fig. 9.5 shows the BR(A → Zh)
including the higher-order corrections with tan β=2 (red), 3 (blue), 5 (green). We assume the
masses of additional Higgs bosons are degenerate and mΦ = 300 GeV. The left and right panels
correspond to the results in the Type-I and Type-II 2HDMs, respectively. We can see that NLO
EW corrections modify the BR(A → Zh) sizably especially with small tan β. Since we have
truncated the square of NLO amplitude, which corresponds to the two-loop order, the decay
branching ratio becomes negative near sβ−α ≃ 1. The LO amplitude is proportional to cβ−α,
and it vanishes with the alignment limit. This is because the unphysical result near sβ−α ≃ 1,
where the LO contribution is smaller than the NLO corrections.

This problem can be solved by including the square of NLO amplitude. For the A → Zh
decay, we have no infrared divergence in the NLO amplitude, and we can safely include the
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Figure 9.5: BR(A → Zh) including the higher-order corrections with mΦ = 300 GeV, and
tan β=2 (red), 3 (blue), 5 (green). The figures in the left column show the results with NLO
EW corrections, while those in the right column show the results with partial NNLO EW
corrections. The first (second) row shows the results in the Type-I (Type-II) 2HDM. We
take masses of additional Higgs bosons are degenerate. Mmax (Mmin) denotes the maximum
(minimum) value of M satisfying the theoretical constraints and S, T parameters.

square of NLO amplitude. The plots in the second row of Fig. 9.5 show the BR(A → Zh)
including the partial NNLO corrections. We can see that the decay branching ratio takes
positive values even at sβ−α ≃ 1, and it gives a physically meaningful result.

Since the square of NLO amplitude corresponds to the NNLO, we should include the contri-
bution from the LO amplitude times two-loop amplitude. In the alignment limit, this contribu-
tion vanishes due to the multiplication of the LO amplitude, and we expect that the two-loop
diagram contribution is sub-leading even in the approximate alignment case up to NNLO.

9.2.2 Total decay width

In this subsection, we discuss the total decay width of the CP-odd Higgs boson including the
higher-order corrections in the four types of 2HDMs. As similar to the decay branching ratio,
the qualitative behavior does not change from those in LO.

Fig. 9.6 shows the total decay width of the CP-odd Higgs boson including the higher-order
corrections as a function of tan β. We have assumed the masses of additional Higgs bosons are
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Figure 9.6: BR(A → Zh) including the higher-order corrections with mΦ = 300 GeV, and
tan β=2 (red), 3 (blue), 5 (green). The figures in the left column show the results with NLO
EW corrections, while those in the right column show the results with partial NNLO EW
corrections. The first (second) row shows the results in the Type-I (Type-II) 2HDM. We
take masses of additional Higgs bosons are degenerate. Mmax (Mmin) denotes the maximum
(minimum) value of M satisfying the theoretical constraints and S, T parameters.

degenerate, and the red and blue lines correspond to mΦ = 300 and 600 GeV, respectively. As
similar to the Figs. 9.3 and 9.4, we have scanned M under the theoretical constraints and S, T
parameters.

In the Type-I 2HDMwith the alignment limit, the total decay width monotonically decreases
as tan β becomes large because the partial decay widths of A→ ff̄ and A→ gg are proportional
to cot2 β. On the other hand, the total decay width increases as tan β becomes large since either
or both A→ bb and A→ ττ decays are enhanced in the other types of 2HDMs, especially with
mΦ = 300 GeV. Above the top-quark thresholds, the A→ tt decay becomes the dominant decay
mode, and we cannot see the sizable enhancement in the total decay width below tanβ = 10.

In the Type-I 2HDM with the approximate alignment, the total decay width behaves as
almost constant, since the dominant A→ Zh decay process is independent of tan β at the LO.
In the other types of 2HDMs, the A → bb or A → ττ decays are enhanced as tan β becomes
large, and they increase the total decay width. Above the top-quark thresholds, the A → tt
decay becomes the dominant decay mode, and the behaviors are almost the same as those in
the alignment limit. Since the unitarity and vacuum stability bounds exclude the parameter
regions as shown in Fig. 9.4, the lines with mΦ = 600 GeV are terminated in a middle way.
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Figure 9.7: Size of NLO EW corrections to the partial decay widths of the CP-odd Higgs boson
with sβ−α = 1 and tan β=1 (red), 3 (blue), 10 (green). Masses of additional Higgs bosons are
degenerate, mΦ = mH± = mA = mH . Mmax(Mmin) denotes the maximum (minimum) value of
M satisfying the theoretical constraints and S, T parameters.

9.2.3 Impact of NLO EW corrections to the decay rates

In this subsection, we examine the impact of NLO EW corrections on the decay rates of the CP-
odd Higgs boson in the Type-I and Type-II 2HDMs. We do not show the results in the Type-X
and Type-Y 2HDMs since they are almost similar to those in the Type-I or Type-II 2HDMs.
We introduce the following quantity to describe the magnitudes of NLO EW corrections.

∆EW(A→ XY ) =
ΓNLO EW(A→ XY )

ΓLO(A→ XY )
− 1, (9.53)

where ΓNLO EW(A → XY ) corresponds to the decay rates without QCD corrections. For the
calculation of decay rates at LO ΓLO, we employ the quark pole masses, not the running masses.
We evaluate ∆EW(A → XY ) in both the alignment limit, and the approximately alignment
scenario, sβ−α = 0.995. For each scenario, we take tan β as tan β = 1, 3, and 10. We scan M
in the region of 0 < M < 1500 GeV.

Fig. 9.7 shows the NLO EW corrections to the partial decay widths of the CP-odd Higgs
boson as a function of the masses of additional Higgs bosons with sβ−α = 1. The red, blue, and
green colored regions correspond to tan β=1, 3, and 10, respectively. We assume the masses of
additional Higgs bosons are degenerate. The solid and dashed lines correspond to the results
with maximum and minimum values of M under the constraints, respectively.

The behavior of the NLO EW corrections on the A→ ff decays is almost the same except
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for the A→ tt decay. For the decay into light fermions, there is the threshold effect of top-quark
loop diagrams in the two-point function of the neutral Higgs bosons. On the other hand, the
1PI diagrams in Att̄ vertex also show characteristic behavior at mΦ ≃ 2mt and this cause the
different behavior on the A→ tt decay. We note that the NLO EW corrections do not decouple
even if mΦ is sufficiently large since the decoupling theorem [34] is not applicable.

In the case with tan β = 1, there is additional kinks at mΦ ≃ 600 GeV. This corresponds to
the points where the values ofM change from zero to non-zero due to the perturbative unitarity.
At this point, the scalar couplings take maximal value under the constraints especially from
perturbative unitarity, and the non-decoupling effects of Higgs boson’s loops become dominant.
The magnitude of the non-decoupling effects reaches 20% for A → bb and A → ττ , while it is
below 5% for A→ tt.

For the case with tan β = 3 and 10, M is almost degenerate with mΦ due to the strict theo-
retical constraints. However, we have several percent deviations, and the corrections, especially
on A → bb and A → ττ , become large when the additional Higgs bosons become heavy. We
can also see the sizable negative corrections on the total decay width in the Type-II 2HDM,
which mainly come from the A→ bb and ττ decays.

Fig. 9.8 shows the results with sβ−α = 0.995 and cβ−α < 0 as a function of mΦ. Since
the deviation from the alignment limit is small, the qualitative behavior of the NLO EW
corrections on the A→ ff decays is almost unchanged. The main differences between the case
with sβ−α = 1 and sβ−α ̸= 1 are upper bound on the masses of the additional Higgs bosons and
the A → Zh decay. Since we cannot take the decoupling limit keeping sβ−α ̸= 1, the masses
of the additional Higgs bosons should be below 1 TeV with sβ−α = 0.995 and tan β = 1 under
the theoretical constraints, especially perturbative unitarity.

In the A → Zh decay, there are two kinks at mΦ ≃ 200 GeV and 350 GeV. The first one
corresponds to the threshold effect of Zh, and the second one corresponds to those of top-quark.
Near the top-quark threshold, the magnitude of the NLO EW correction is above 50%, while
it decreases as mΦ becomes large. The behavior of the NLO EW correction to the total decay
width is mainly determined by the A → tt and A → Zh decays. When tan β ≃ 1, the A → tt
decay is the main decay mode, and it determines the shape of the NLO EW correction above
the top-quark threshold. Below the top-quark threshold with tanβ ≃ 1, the A → Zh decay
is the main decay mode, and NLO EW correction increases the total decay width about 10%.
When tan β > 1, the A → tt decay is suppressed, and the A → Zh decay is dominant, while
A→ bb and A→ ττ also contribute in the Type-II, X and Y 2HDMs.

Fig. 9.9 shows the results with sβ−α = 0.995 and cβ−α > 0 as a function of mΦ. The main
differences between the case with cβ−α > 0 are the possible value of tan β and the sign of the
NLO EW corrections to the A → Zh decay. The allowed regions for tan β = 10 are broader
than those for tan β = 3, and the corrections ∆EW for tan β = 10 can be larger compared
with cβ−α < 0. In addition, the sign of the NLO EW corrections to the A → Zh decay is
opposite to those with cβ−α < 0, and higher-order corrections decrease the partial decay width.
The behavior of the NLO EW correction to the total decay width is mainly determined by the
A→ tt and A→ Zh decays as similar to the case with cβ−α < 0.

9.3 Decay pattern of the CP-odd Higgs boson in the

approximate alignment scenario

In this section, we discuss the decay pattern of the CP-odd Higgs boson in the approximate
alignment scenario under the current experimental constraints. In addition to the theoretical

148



Figure 9.8: Size of NLO corrections for the decay widths of the CP-odd Higgs boson with
sβ−α = 0.995, cβ−α < 0 and tan β=1 (red), 3 (blue), 10 (green).

constraints and the S, T parameters, we take into account the constraint from the direct search
for the additional Higgs bosons decay into a pair of fermions, Higgs signal strength, and flavor
experiments. Although there are constraints from the direct search for A → Zh and H → hh
decays at the LHC, they are quite sensitive to the value of sβ−α and the excluded region would
be changed when we include the higher-order corrections. Therefore, we dare to omit the
constraint from the Higgs-to-Higgs decay modes in this thesis. We will study how the higher-
order corrections modify the constraint from the direct search for the additional Higgs bosons
elsewhere.

We consider two distinct scenarios for the mass of the CP-odd Higgs boson,

Scenario A : mA = 300 GeV, (9.54)

Scenario B : mA = 800 GeV, (9.55)

For scenario A, the Type II and Y 2HDMs are already excluded by the flavor constraints (see,
e.g, Ref. [65]). They impose mH± ≥ 800GeV, and a large mass difference between A and H±
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Figure 9.9: Size of NLO corrections for the decay widths of the CP-odd Higgs boson with
sβ−α = 0.995, cβ−α > 0 and tan β=1 (red), 3 (blue), 10 (green).

leads breakdown of perturbative unitarity. For scenario B, we examine all the types of 2HDMs.
In order to avoid constraint from the T parameter, we assume the mass of the CP-odd and

charged Higgs bosons are degenerate as mA = mH± . If the CP-even or charged Higgs bosons
are lighter than the CP-odd Higgs boson, the A → ZH or A → W±H∓ decays are open. The
tree-level AHZ and AH±W∓ vertices do not vanish even in the alignment limit, and these
decay modes can be dominant if there is a sizable mass difference. They drastically change the
decay pattern of the CP-odd Higgs boson, and we also need to take into account the constraints
from the additional Higgs-to-Higgs decay searches. Therefore, we focus on the scenario where
the CP-odd Higgs boson is the lightest additional Higgs boson and clarify the phenomenological
impact of a small deviation from the alignment limit.

The mass of the heavier CP-even Higgs bosons are scanned as following in both of the
scenario,

mA < mH < mA + 500 GeV. (9.56)

The remaining parameters are scanned for both the scenarios as

0.995 < sβ−α < 1, 2 < tan β < 10, 0 < M < mA + 500GeV, (9.57)

considering both cases of cβ−α < 0 and cβ−α > 0. For the lower bound of tan β, we take into
account the constraint from Bd → µµ for scenario A [65]. In addition, tan β ≲ 2 is excluded
by the direct search for the A→ tt and H± → tb decay mode.

We exclude the parameter points that are not consistent with the current measurement of
the Higgs signal strength at the LHC in Ref. [21]. We evaluate the decay rates for h including
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Figure 9.10: Decay branching ratios for the CP-odd Higgs boson as a function of ∆κZ(≡ κZ−1)
in scenario A. The color differences correspond to the value of tan β. Predictions on the Type-I
(Type-X) are shown in the first and third columns (the second and fourth columns).

the NLO EW and NNLO QCD corrections by using H-COUP v2 [46]. We define the scaling
factors at the one-loop level,

κX =

√
Γ2HDM(h→ XY )

ΓSM(h→ XY )
, (9.58)

We remove the parameter point, where the scaling factors for XY = bb, ττ, γγ, gg, ZZ∗ deviate
from the values presented in Table 11 (a) of Ref. [21] at 95 % CL.

Fig. 9.10 shows the branching ratios of the CP-odd Higgs boson including the NLO EW
corrections in Type-I and Type-X 2HDMs for scenario A as a function of ∆κZ . The color
differences correspond to the value of tan β. For BR(A → tt∗), the size of the branching ratio
reaches about 10% with small tan β despite the phase space suppression of the three-body decay.
Since the tree-level top Yukawa coupling is proportional to cot β, BR(A → tt∗) becomes small
with large tan β, especially in the Type-X 2HDM. In the Type-I 2HDM with the alignment limit,
the LO amplitude of A→ Zh vanishes, and other decay modes also monotonically decrease as
tan β becomes large. Therefore, BR(A → tt∗) can be about 10% even with large tan β near
∆κZ = 0. Since the tree-level bottom Yukawa coupling is also proportional to cotβ both in
the Type-I and X 2HDMs, BR(A→ bb) shows almost the same behavior as in BR(A→ tt∗).

For BR(A→ ττ), the size of the branching ratio reaches a few percent in the Type-I 2HDM,
while that in the Type-X 2HDM reaches almost 100% with large tan β and ∆κZ ≃ 0. Since
the tree-level tau Yukawa coupling is proportional to tan β in the Type-X 2HDM, BR(A→ ττ)
enhances with large tan β, while both BR(A → tt∗) and BR(A → bb) are suppressed. In
addition, BR(A → Zh) is also suppressed due to the small tree-level coupling. Therefore,
BR(A→ ττ) can be dominant in the near alignment limit with large tanβ.

For BR(A→ Zh), the size of the branching ratio reaches almost 100% percent both in the
Type-I and X 2HDM, especially in the region with ∆κZ ̸= 0. We note that BR(A → Zh) can
reach about 100% even with ∆κZ ≤ 0.6, where we cannot observe the deviation in the hZZ
coupling at the ILC. In this sense, the A→ Zh decay is useful to investigate whether sβ−α = 1
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Figure 9.11: Decay branching ratios for the CP-odd Higgs boson as a function of ∆κZ(≡ κZ−1)
in scenario B. The color differences correspond to the value of tan β. Predictions on the Type-I,
II, X and Y are shown from the left to right pannels in order.

or not.
Fig. 9.11 shows the branching ratios of the CP-odd Higgs boson including the NLO EW

corrections in the Type-I, II, X, and Type-X 2HDMs for scenario B as a function of ∆κZ . The
color codes are the same as those in Fig. 9.10. In the Type-II, X, and Y 2HDMs, |∆κZ | ≳ 10%
is excluded by the constraint from the Higgs signal measurements. In the Type-I 2HDM, we
can take large tan β with sizable ∆κZ , while such parameter regions are already excluded in
the Type-II, X, and Y 2HDMs.

For BR(A→ tt), the size of the branching ratio reaches about 100% with small tanβ inde-
pendently of the types of 2HDMs. When tan β becomes large, the A→ tt decay is suppressed
by cot β. However, the size of the branching ratio is several dozens percent even with tan β = 10
for all types of the 2HDMs.

For BR(A→ bb), the size of the branching ratio is below a per-mill order in the Type-I and
X 2HDMs, while that in the Type-X 2HDM reaches almost 60% with large tan β and ∆κZ ≃ 0.
Since the tree-level bottom Yukawa coupling is proportional to tan β in the Type-II and Y
2HDMs, BR(A→ bb) enhances with large tan β.

For BR(A → ττ), the size of the branching ratio is below a per-mill order in the Type-
I and Y 2HDMs, while that in the Type-II and X 2HDMs reaches almost 10% and 30%,
respectively, with large tan β and ∆κZ ≃ 0. This is because the tree-level tau Yukawa coupling
is proportional to tan β in the Type-II and X 2HDMs. In the Type-II 2HDM, both BR(A→ bb)
and BR(A→ ττ) are enhanced, while only BR(A→ ττ) is enhanced in the Type-X 2HDM.

For BR(A→ Zh), the size of the branching ratio reaches almost 100% percent in the Type-I
2HDM, especially in the region with ∆κZ ̸= 0. In the Type-II, X, and Y 2HDMs, BR(A→ Zh)
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Figure 9.12: Correlation between BR(A→ ττ) and BR(A→ bb) in Type-I, II, X and Y 2HDMs
for scenario B. The color differences correspond to the value of tanβ and |cβ−α| in the left and
right panels, respectively.

reaches several dozen percent even with ∆κZ ≤ 0.6. Therefore, the A→ Zh decay is still useful
to investigate the approximate alignment case with relatively heavy additional Higgs bosons.

Fig. 9.11 shows the correlation between BR(A → ττ) and BR(A → bb) in the Type-I, II,
X and Y 2HDMs for scenario B. As we have seen, the decay pattern of the CP-odd Higgs
boson mainly depends on the value of tan β. In the Type-I 2HDM, both BR(A → ττ) and
BR(A → bb) become small, while both of them can take several dozen percent in the Type-
II 2HDM. In the Type-X and Y 2HDM, only BR(A → ττ) and BR(A → bb) becomes large,
respectively. Therefore, we can distinguish the types of the Yukawa interactions by examing the
decay pattern of the CP-odd Higgs boson. We would like to emphasize that discrimination via
CP-odd Higgs measurements can work even in the approximate alignment case, as Fig. 9.11.
Thus, in the case with no deviation in the SM-like Higgs boson couplings, the study of the
CP-odd Higgs boson becomes important to reveal the nature of the 2HDMs.
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Chapter 10

Higgs alignment from the twisted
custodial symmetry at higher energy

In this chapter, we propose a new scenario of the 2HDM, where the current experimental data
for the electroweak rho parameter and those for the Higgs boson couplings can be simultaneously
explained as a consequence of the global symmetry in the Higgs potential at a high energy scale.
In this scenario, the 2HDM is supposed to be a low energy effective theory up to a high energy
scale Λ, above which a fundamental theory should appear. We assume that the Higgs potential
respects a global symmetry at Λ, which is to be given as a consequence of the global symmetry
structure of the fundamental theory. By the analysis using one-loop renormalization group
equations, we find that the above experimental data can be explained in a natural way even
when the masses of the extra Higgs bosons are near the electroweak scale. In this scenario, we
have the characteristic predictions on the mass spectrum of the additional Higgs bosons and the
SM-like Higgs boson couplings, and this scenario can be tested at future collider experiments.

10.1 Two Higgs doublet models and the twisted custo-

dial symmetry

In this section, we discuss the twisted custodial symmetry in the 2HDM.

10.1.1 2HDMs with the softly-broken Z2 symmetry

In the softly-broken Z2 symmetric scenario, the Higgs potential is given by

V (Φ1,Φ2) = m2
11Φ

†
1Φ1 +m2

22Φ
†
2Φ2 − (m2

12Φ
†
1Φ2 + h.c.)

+
1

2
λ1(Φ

†
1Φ1)

2 +
1

2
λ2(Φ

†
2Φ2)
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1Φ1)(Φ

†
2Φ2) + λ4(Φ
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1Φ2)(Φ

†
2Φ1)

+
1

2

[
λ5(Φ

†
1Φ2)

2 + h.c.
]
, (10.1)

where m2
11,m

2
22 and λ1−4 are real parameters while m2

12 and λ5 are complex in general. In the
following, we analyze CP conserving Higgs sector. This additional assumption is required when
we consider the custodial symmetric Higgs sector as we discuss later.

It is useful to work in the Higgs basis [80] to study the SM like limit in the 2HDM;(
H1

H2

)
=

(
cos β sin β
− sin β cos β

)(
Φ1

Φ2

)
, (10.2)
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where the mixing angle is defined by tan β = v2/v1 (0 ≤ β ≤ π/2), and vi (i = 1, 2) are the
vacuum expectation values (VEVs) of the neutral component of doublets in the Z2 basis given
in Eq. (10.1); ⟨Φ0

i |Φ0
i ⟩ = vi/

√
2. In the Higgs basis, only one of the Higgs doublets, H1, has the

VEV, v =
√
v21 + v22 = (

√
2GF )

−1/2 ≃ 246 GeV where GF is Fermi constant. We parameterize
the doublets by

H1 =

(
G+

1√
2
(v + h1 + iG)

)
, H2 =

(
H+

1√
2
(h2 + iA)

)
. (10.3)

In this basis, the Higgs potential can be expressed as

V (H1, H2) = Y 2
1 H

†
1H1 + Y 2

2 H
†
2H2 − Y 2

3 (H
†
1H2 +H†

2H1)

+
1

2
Z1(H

†
1H1)

2 +
1

2
Z2(H

†
2H2)

2 + Z3(H
†
1H1)(H

†
2H2) + Z4(H

†
1H2)(H

†
2H1)

+

{
1

2
Z5(H

†
1H2)

2 +
[
Z6H

†
1H1 + Z7H

†
2H2

]
H†

1H2 + h.c.

}
, (10.4)

where Y 2
i and Zi are functions of m2

ij and λi. The stationary conditions are given by

Y 2
1 = −1

2
Z1v

2, Y 2
3 =

1

2
Z6v

2. (10.5)

We note that not all of the parameters in the Higgs basis are independent in the softly-broken
Z2 conserving scenario.

The mass matrices of charged state and CP-odd state are diagonalized in the Higgs basis,

mH± = Y 2
2 +

1

2
Z3v

2 =M2 − 1

2
(λ4 + λ5)v

2, (10.6)

mA = Y 2
2 +

1

2
(Z3 + Z4 − Z5)v

2 =M2 − λ5v
2, (10.7)

where we have introduced softly Z2 breaking scale M = m12/
√
sin β cos β. The mass matrix

for the CP-even states is not diagonarazed in the Higgs basis,

1

2

(
h1, h2

)
M
(
h1
h2

)
=

1

2

(
h1, h2

)( Z1v
2 Z6v

2

Z6v
2 Y 2

2 + 1
2
Z345v

2

)(
h1
h2

)
, (10.8)

and we need further rotation to obtain CP-even mass eigenstates h and H,(
H
h

)
=

(
cos (β − α) − sin (β − α)
sin (β − α) cos (β − α)

)(
h1
h2

)
. (10.9)

The squared masses of the CP-even Higgs bosons and the mixing angle β − α are given by

m2
H = cos2 (β − α)M2

11 + sin2 (β − α)M2
22 − sin 2(β − α)M2

12, (10.10)

m2
h = sin2 (β − α)M2

11 + cos2 (β − α)M2
22 + sin 2(β − α)M2

12, (10.11)

tan2(β − α) =
−2M2

12

M2
11 −M2

22

. (10.12)

We use the convention where sin (β − α) is always positive, i.e., 0 ≤ β−α ≤ π, and cos (β − α)
has the opposite sign from Z6 [81]. In this paper, we identify h as the discovered Higgs boson
h(125), and all additional scalar bosons are assumed to be heavier than h(125).
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10.1.2 Alignment limit

In the mass eigenstate, the interaction terms among the gauge bosons and the CP-even scalars
are given by,

Lint = [sin (β − α)h+ cos (β − α)H]

(
m2

W

v
W+µW−

µ +
m2

Z

2v
ZµZµ

)
. (10.13)

The Yukawa interaction terms among the fermions and the CP-even scalars are given by

Lint = −
∑

f=u,d,e

mf

v

(
ξfhffh+ ξfHffH

)
, (10.14)

where

ξfh = sin (β − α) + ξf cos (β − α), (10.15)

ξfH = cos (β − α)− ξf sin (β − α), (10.16)

and ξf is the Type dependent parameter given in Table 3.1. When sin (β − α) = 1, the couplings
of h with various SM particles become SM like. We call this SM-like limit, sin (β − α) = 1, as
the alignment limit in this paper.

The alignment limit can be achieved in different two ways [33, 156, 212]; (i) decoupling of
additional Higgs bosons, and (ii) alignment without decoupling.

In the scenario (i), we take the decoupling limit: M2 ≫ f(λi)v
2. Then, we have

tan 2(β − α) ≃ −2Z6v
2

−M2
≃ 0, (10.17)

where we have used that Z6 does not depend on the M . Eq. (10.17) implies sin (β − α) = 1,
and the couplings of h become SM like. In this scenario, masses of the additional Higgs bosons
are close to M , and they are decoupled from the electroweak physics.

In scenario (ii), the off-diagonal component of the mass matrix for CP-even state is equal
to zero;

Z6 = −1

2
sin 2β

[
λ1 cos

2 β − λ2 sin
2 β − λ345 cos 2β

]
= 0, (10.18)

where we have used abbreviation λ345 = λ3 + λ4 + λ5. In this scenario, the additional Higgs
bosons need not be decoupled, and masses of these particles can be taken around the electroweak
scale. Therefore, this scenario is testable in current and future experiments [110, 200]. The
simple realization of the condition in Eq. (10.18) is taking the natural alignment conditions [213],

λ1 = λ2 = λ345, (10.19)

where the alignment is realized independently of the value of tan β. We will see that the
conditions in Eq. (10.19) are derived from the twisted custodial symmetry [214].

10.1.3 The oblique parameters

The effect of new physics on the electroweak precision observables can be parameterized in
terms of the oblique parameters, S, T and U [63,64]. In the 2HDM, the oblique parameters are
modified from those in the SM due to the additional Higgs boson loop contritions and modified
SM-like Higgs boson couplings.
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Among these oblique parameters, the T parameter is related to the rho parameter as ρ =
1 + αemT , and it is sensitive for the mass squared differences of the Higgs bosons. When we
decompose the T parameter into the SM contribution TSM and the new physics effects ∆T , ∆T
is given by [215–218]

∆T =
1

16π2αemv2

{
F (m2

H± ,m2
A) + s2β−α

[
F (m2

H± ,m2
H)− F (m2

H ,m
2
A)
]

+ c2β−α

[
F (m2

h,m
2
H±)− F (m2

h,m
2
A)
]
+ 3c2β−α

[
F (m2

H ,m
2
Z)− F (m2

H ,m
2
W )
]

+ 3s2β−α

[
F (m2

h,m
2
Z)− F (m2

h,m
2
W )
]
− 3
[
F (m2

href
,m2

Z)− F (m2
href

,m2
W )
]}
, (10.20)

where we have used abbreviation of sβ−α = sin (β − α) and cβ−α = cos (β − α). The function
F (x, y) is defined by

F (x, y) =
x+ y

2
− xy

x+ y
ln
x

y
, (10.21)

and F (x, x) = 0. If one of the following relations (A, B or C) is satisfied, the loop corrections
due to the additional Higgs bosons are canceled, and ∆T becomes small;

(A) : mA = mH± , (10.22)

(B) : mH = mH± and sin (β − α) = 1, (10.23)

(C) : mh = mH± and cos (β − α) = 1. (10.24)

The possible value of ∆T is strictly constrained by the electroweak precision data [65, 219],
and we expect that one of the above conditions is realized at the electroweak scale at least
approximately. We will see that those conditions can be derived as a consequence of the
custodial symmetry in the Higgs potential, and we can understand the smallness of ∆T in
terms of the global symmetry structure of the Higgs potential.

10.1.4 Twisted custodial symmetry in the 2HDMs

We introduce bi-doublet fields [59] to study the structure of the Higgs potential especially for
the SU(2)L × SU(2)R global symmetry.

Mi = (iσ2H
∗
i , Hi), (i = 1, 2), (10.25)

where σ2 is the second matrix of the Pauli matrices σa (a = 1, 2, 3). These bi-doublet fields
transform under the local gauge transformation as follows,

SU(2)L : Mi → exp{[igαa(x)τa]}Mi, U(1)Y : Mi →Mi exp{[−ig′Y α4(x)σ3]}, (10.26)

where τa = σa/2. We note that we may also use the following bi-doublets,

MiP ≡Mi exp{[−iχσ3]} =Midiag(e
−iχ, eiχ), with 0 ≤ χ < 2π. (10.27)

to construct the gauge-invariant Higgs potential since the U(1)Y transformation of bi-doublet
fields commutes with P .

In the Higgs basis, we defined H1 such that the VEV of this field is real and positive.
Therefore we consider M1 and M ′

2 = M2P as building blocks of the Higgs potential. The
SU(2)L × SU(2)R transformation of M1 and M ′

2 is given by

M1 → LM1R
†, M ′

2 → LM ′
2R

†, (10.28)
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where L ∈ SU(2)L, R ∈ SU(2)R. We can construct four SU(2)L × U(1)Y invariants as

Tr(M †
1M1) = 2|H1|2, (10.29)

Tr(M ′†
2M

′
2) = 2|H2|2, (10.30)

Tr(M †
1M

′
2) = eiχH†

1H2 + e−iχH†
2H1, (10.31)

Tr(M †
1M

′
2σ3) = eiχH†

1H2 − e−iχH†
2H1, (10.32)

where Tr(M †
1M1),Tr(M

′†
2M

′
2) and Tr(M †

1M
′
2) are hermitian and SU(2)L × SU(2)R invariant.

On the other hand, Tr(M †
1M

′
2σ3) is anti-hermitian and does not respect SU(2)L × SU(2)R

symmetry.
The Higgs potential can be rewritten in terms of these invariants as

V (M1,M
′
2) =

1

2
Y 2
1 Tr(M

†
1M1) +

1

2
Y 2
2 Tr(M

′†
2M

′
2)− Re(Y 2

3 e
−iχ)Tr(M †
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′
2)

+
1

8
Z1Tr

2(M †
1M1) +

1

8
Z2Tr

2(M ′†
2M

′
2) +

1

4
Z3Tr(M

†
1M1)Tr(M

′†
2M

′
2)

+
1

4
[Z4 +Re(Z5e

−2iχ)]Tr2(M †
1M

′
2)

+
1

2
[Re(Z6e

−iχ) Tr(M †
1M1) + Re(Z7e

−iχ) Tr(M ′†
2M

′
2)]Tr(M

†
1M

′
2)

− i Im(Y 2
3 e

−iχ) Tr(M †
1M

′
2σ3)−

1

4
[Z4 − Re(Z5e

−2iχ)]Tr2(M †
1M

′
2σ3)

+
i

2
Im(Z5e

−2iχ) Tr(M †
1M

′
2)Tr(M

†
1M

′
2σ3)

+
i

2
[Im(Z6e

−iχ) Tr(M †
1M1) + Im(Z7e

−iχ) Tr(M ′†
2M

′
2)]Tr(M

†
1M

′
2σ3). (10.33)

As we mentioned, Z6 and Z7 are expressed in terms of the other Z1−5 and tan β in the softly-
broken Z2 scenario.

If we assume the global SU(2)L × SU(2)R symmetry, we obtain

Im(Y 2
3 e

−iχ) = Im(Z5e
−2iχ) = Im(Z6e

−iχ) = Im(Z7e
−iχ) = 0, (10.34)

Z4 = Re(Z5e
−2iχ). (10.35)

In order to satisfy Eqs. (10.34) and (10.35), CP invariance is required in the Higgs potential
[220]. When the Higgs potential is CP invariant, Y 2

i and Zi are real, and we have

Z4 = Z5 for χ = 0, π, (10.36)

or

Z4 = −Z5 and Y 2
3 = Z6 = Z7 = 0 for χ = π/2, 3π/2. (10.37)

where we have used Eq. (10.34) to derive the second conditions of Eq. (10.37). These conditions
can be expressed in terms of the parameters in Eq. (10.1), respectively,

λ4 = λ5, for χ = 0, π, (10.38)

or

λ4 = −λ5, λ1 = λ2 = λ3 for χ = π/2, 3π/2. (10.39)

The former case shown in Eq. (10.38) corresponds to the usual realization of the custodial
symmetry (mA = mH±) introduced in Ref. [211], and the latter case in Eq. (10.39) is so-called
the twisted custodial symmetry [214].
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In the twisted-custodial symmetric scenario, the Higgs potential is given by

V (H1, H2) = Y 2
1 H

†
1H1 + Y 2

2 H
†
2H2 +

1

2
ZS(H

†
1H1 +H†

2H2)
2 − ZAS(H

†
1H2 −H†

2H1)
2, (10.40)

where we have introduced ZS = Z1 = Z2 = Z3 and ZAS = Z4 = −Z5. Masses of the physical
Higgs bosons are expressed by

m2
h = ZSv

2. (10.41)

m2
H± = m2

H =M2 = Y2 +
1

2
ZSv

2. (10.42)

m2
A =M2 + ZASv

2. (10.43)

We note that all scalars are simultaneously diagonalized in the Higgs basis, and we do not need
additional rotation for the CP even states (sin (β − α) = 1). As we discussed in the previous
subsection, ∆T becomes small when A is degenerate with H± or when H is degenerate with
H± in the alignment limit. These conditions are naturally realized when the Higgs potential
respects the custodial symmetry.

As it is pointed out in Ref. [220], the CP quantum numbers ofH and A cannot be determined
only from the Higgs potential when Z6 = Z7 = 0. If neutral Higgs-fermion interactions are CP
conserving, as the case we are considering, we can determine such that H is the CP-even and
A is the CP-odd. In the scenario of the twisted custodial symmetry defined in Eq. (10.37),
H± is degenerated with the CP-even scalar H and this scenario is different from Case II in
Ref. [211] where H should be regarded as the CP-odd state. Therefore, we can treat tan β as
a free parameter differently from Case II where tan β = 1 is required.

As it is well known that Yukawa coupling constants and the U(1)Y gauge coupling g′ violate
the custodial symmetry, so that this global symmetry is not the symmetry of the whole 2HDM
Lagrangian. Therefore, the relations among the Higgs quartic couplings given in Eq. (10.39)
are broken under the renormalization group evolution. Although we can explain the observed
data of ∆T and aligned Higgs boson couplings by the twisted custodial symmetry in the Higgs
potential, those violations indicate the peculiarity of the scenario where Higgs potential exactly
respects twisted custodial symmetry at the electroweak scale. In the following section, we
investigate the possibility of the approximate realization of the twisted-custodial symmetry at
the electroweak scale, starting from a twisted-custodial symmetric theory at high scale Λ.

10.2 Boundary conditions and other setup for our sce-

nario

In this section, we discuss constraints on S and T parameters and the Higgs boson couplings
in the twisted-custodial symmetric scenario at a high energy scale Λ. We use the one-loop RG
equations in the following analysis.

10.2.1 Boundary conditions at Λ

There are works in which several authors investigate the validity of the 2HDM up to higher
energy scale and bounds of scalar masses thorough the RG evolution of the Higgs quartic
couplings [91, 92, 221]. After the Higgs boson discovery, the possible cutoff scale is examined
under the current experimental data [222–224]. In these works, experimental constraints on the
oblique parameters and the SM like Higgs boson couplings are satisfied as the initial conditions
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of the RG evolution at the electroweak scale. We can study the structure of the Higgs potential
along this line by assuming a global symmetry is exactly realized at the electroweak scale.
However, such a scenario is not plausible unless the global symmetry is the symmetry of the
whole theory, because the Higgs potential no longer respects the global symmetry at any other
scale.

In this paper, we investigate the possible explanation for the observed data at and below the
electroweak scale in terms of the global symmetry of the Higgs potential at some higher scale
Λ above which a fundamental theory should appear. Below Λ, the twisted-custodial symmetric
2HDM appears as the low energy effective theory. Following this scenario, we impose the
condition of Eq. (10.39) at the scale Λ

λ4(Λ) = −λ5(Λ), λ1(Λ) = λ2(Λ) = λ3(Λ). (10.44)

As we discussed, the twisted custodial symmetry in the Higgs potential is broken under the
RG evolution from Λ to the electroweak scale due to the correction of g′ and yi, so that we can
expect that Eq. (10.44) are not satisfied at the electroweak scale.

10.2.2 Theoretical and experimental bounds

We numerically generate the parameter sets under the boundary condition in Eq. (10.44). We
also impose the following theoretical conditions at and below Λ. First, we require (a) vacuum
stability conditions [88–90,92,225]. Second, we require (b) perturbative unitarity bound [84–87].
Finally, we also require (c) absence of the Landau pole.

λi(µ) < 8π, y2f (µ) < 4π. (10.45)

To evaluate the λi(µ), (mZ ≤ µ < Λ) from λi(Λ), we need to know the value of the gauge
couplings gi(Λ) and Yukawa couplings yi(Λ). At the one-loop level, the beta functions of gi are
independent of both λi and yi, and gi(Λ) can be evaluated from the inputs gi(mZ). Furthermore,
the beta functions of yi are independent of λi, so that we can evaluate yi(Λ) from the inputs
values of mf and tan β at the electroweak scale. For given values of λi(Λ), yi(Λ) and gi(Λ),
we calculate λi(µ), yi(µ) and gi(µ) iteratively by using RG equations and confirm that the
conditions (a), (b) and (c) are satisfied at each step until the electroweak scale.

To translate λi(mZ) into masses of the Higgs bosons and the mixing angle β − α, we need
to know the value of M . We scan M between [0, 1000] GeV, and check if the parameter sets
satisfy (d) the global minimum condition [93,226];

D = m2
12(m

2
11 − k2m2

22)

(
v2
v1

− k

)
> 0, (10.46)

where k = 4
√
λ1/λ2. We extract parameters that reproduce the mass of the discovered Higgs

boson mh ≃ 125 GeV. We allow the 5% error on the deduced value of mh instead of imposing
a more strict constraint because our numerical analysis is done at the one-loop order.

We evaluate S and T parameters and confirm whether the predicted values are satisfied by
the current experimental data, i.e. S = 0.02 ± 0.10, T = 0.07 ± 0.12 and the 92% correlation
among them [219]. We require the agreement between the prediction and observed data to be
at the 2σ level [227].

The mixing between h(125) and H, cos (β − α), is evaluated from λi(mZ),M and tan β.
We check whether the predicted value of cos (β − α) satisfies the current experimental bound
at the 2σ level [20,228].
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Figure 10.1: (Left) The values of λ4 and λ5 at electroweak scale for tan β = 5 in Type I. (Right)
The possible values of Z1 and λ4 at electroweak scale. The points in different color correspond
to the different scale Λ. Dashed line shows the values of Z1 which explains mh = 125± 6 GeV
in the alignment limit.

10.2.3 Violation of the twisted custodial symmetry at the electroweak
scale

In the twisted custodial scenario, the smallness of the ∆T parameter and the SM like Higgs
boson couplings are realized by the condition of Eq. (10.39). However, this condition is violated
at the electroweak scale even if the Higgs potential respects the twisted custodial symmetry at
a higher scale Λ. In this subsection, we analyze the violation of the condition of Eq. (10.39)
under the current experimental data.

In the following discussion, we show the results in the case of tan β = 5 in Type-I as a
representative. We have checked that the results for Type-X and Type-Y are similar for those
for Type-I and Type-II, respectively. Furthermore, the major difference between Type-I and
Type-II comes from the b→ sγ constraint on the charged Higgs boson in Type-II: mH± ≳ 580
GeV [150]. As we will see later, H± and H are almost degenerate and they are lighter than
A in our scenario. This implies that all of the additional Higgs bosons are heavier than 580
GeV, and it will be turned out that these are enough heavy to realize the alignment limit in
the twisted-custodial symmetric scenario at a high energy scale. We have also checked that the
behavior of λi couplings are almost same for various tan β except for the tan β ≃ 1. We will
discuss about the case of tan β ≃ 1 later.

The left panel of Fig. 10.1 shows the possible values of λ4(mZ) and λ5(mZ). We can see that
this scenario can be valid up to Λ = 1019 GeV, and a part of the twisted-custodial condition in
Eq. (10.39), λ4(mZ) = −λ5(mZ), is approximately valid independently of the values of Λ. The
sign of λ4(mZ) tends to be positive, and it converges to be a finite value around 0.25 if we take
Λ to a very high scale.

The stability of λ4 + λ5 = 0 can be understood by the form of the beta function,

Type I : 16π2d(λ4 + λ5)

d lnµ
= 2(λ1 + λ2 + 4λ3 + 2λ4 + 4λ5)(λ4 + λ5)− 3(3g2 + g′2)(λ4 + λ5)

+ 2(3y2t + 3y2b + y2τ )(λ4 + λ5) + 3g2g′2. (10.47)

As we have already mentioned, g′ and yi break the twisted custodial symmetry. Even if λ4+λ5 =
0 at initial point, λ4 + λ5 is generated via the g2g′2 term. However, this violating effect is
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Figure 10.2: (Left) The values of λ2−λ1 and λ2−λ3 at electroweak scale for tan β = 5 in Type
I. The dashed line show the parameter points where λ1 = λ2. (Right) The decoupling behavior
in the high scale twisted custodial symmetric scenario. The points in different color correspond
to the different scale Λ and

negligible. In Type-II and Y, we also have the y2t y
2
b contribution to λ4 + λ5. However, this

effect is also negligible, and λ4 + λ5 = 0 is approximately valid at the electroweak scale.
The right panel of Fig. 10.1 shows the predicted value of Z1(mZ). As we have discussed,

λ4(mZ) tends to be positive and looks to converge to a small region. This behavior can be
understood by looking at the predicted value of Z1(mZ). In the alignment limit, the mass of
h(125) is given by

m2
h = Z1v

2 = [λ1 cos
4 β + λ2 sin

4 β + 2λ345 sin
2 β cos2 β]v2

≃ [λ1 cos
4 β + λ2 sin

4 β + 2λ3 sin
2 β cos2 β]v2, (10.48)

where we have used λ4 + λ5 ≃ 0 in the last equality. To reproduce mh ≃ 125 GeV, Z1 should
be m2

h/v
2 ≃ 0.26 in the alignment limit. However, the vacuum stability condition√

λ1λ2 + λ3 + λ4 − λ5 ≃
√
λ1λ2 + λ3 + 2λ4 > 0, (10.49)

sets the minimum value of Z1 as

Z1 ≃ (
√
λ1 cos

2 β −
√
λ2 sin

2 β)2 + 2(
√
λ1λ2 + λ3) sin

2 β cos2 β

> (
√
λ1 cos

2 β −
√
λ2 sin

2 β)2 − 4λ4 sin
2 β cos2 β. (10.50)

This condition excludes Z1(mZ) ≃ 0.26 for almost all values of negative λ4(mZ) in the alignment
limit. Even positive λ4, possible parameters with Z1 ≃ 0.26 are limited when Λ is very high
scale. This is why λ4(mZ) takes some fixed values with mh ≃ 125 GeV in the approximately
alignment limit.

The left panel of Fig. 10.2 shows the possible values of λ1−λ3 and λ2−λ3 at the electroweak
scale. As we can see both λ1 − λ3 and λ2 − λ3 take non-zero values, so that λ1 ̸= λ3 and
λ2 ̸= λ3. Furthermore, most of the parameter points are away from the dotted line which
indicates λ1 = λ2, so that the second condition λ1 = λ2 = λ3 is violated at the electroweak
scale. This violation generates the off-diagonal component of the mass matrix for the CP-even
scalars, and it predicts deviations in the couplings of h(125) with various SM particles from
those in the SM.
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Figure 10.3: Possible mass differences among the additional Higgs bosons. Left figure showsM
independent mass squared differences. Right figure shows mass differences among A and H±.

The right panel of Fig. 10.2 shows the decoupling behavior in this scenario. We can see
mH± ≳ 300 GeV is enough to achieve the alignment limit. Although Z6 is generated via RG
running, its value is not so large compared with the possible values which are allowed at the
electroweak scale under the theoretical constraints.

As we have discussed in this section, we can explain the smallness of the ∆T parameter and
the SM-like Higgs boson couplings without decoupling of the additional Higgs bosons by the
twisted custodial symmetry of the Higgs potential at scale Λ. In the Type-II scenario, same
argument is valid, however mH± ≲ 580 GeV is excluded by the constraint of b→ sγ [150].

10.3 Predictions from the boundary conditions

10.3.1 Mass spectrum of additional Higgs bosons

In this section, we analyze the prediction on the mass spectrum of additional Higgs bosons in
the twisted-custodial symmetric scenario at a high energy scale. In the alignment limit, masses
of the additional Higgs bosons are given in terms of the parameters in the Z2 basis,

m2
H =M2 +

1

4
(λ1 + λ2 − 2λ345)v

2 sin2 2β, (10.51)

m2
H± =M2 − 1

2
(λ4 + λ5)v

2, (10.52)

m2
A =M2 − λ5v

2. (10.53)

Left panel of Fig. 10.3 shows the predicted mass squared differences in this scenario. We
can see that A is heavier than H±, while H is approximately degenerate with H± in the almost
parameter spaces. To understand the prediction of the mass spectrum, we simplify the mass
difference of the additional Higgs bosons using the condition λ4 +λ5 ≃ 0 which is valid even at
the electroweak scale as shown in the left panel of Fig. 10.2,

m2
A −m2

H±

v2
= λ4,

m2
H −m2

H±

v2
= (λ1 + λ2 − 2λ3) cot

2 β

(
1

1 + cot2 β

)2

. (10.54)

The positivity and convergence behavior of the squared mass difference among A and H± are
the consequence of the prediction on λ4(mZ) which has been discussed in the previous section.
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Figure 10.4: Predictions on the scaling factors of the SM-like Higgs boson in 2HDMs. The
left figure shows the predicted values of κd and κe. The right figure shows those of κu and κd.
tan β = 1, 1.5, 2, 3 and 5 are chosen as representatives

Since λ1−λ3 and λ2−λ3 take non-zero values as shown in Fig. 10.2, the mass squared difference
between H and H± is not zero. However, this difference becomes small if tan β is not close to
unity because λ1−λ3 and λ2−λ3 are O(10−1) and cot2 β suppresses the possible mass squared
difference. Therefore, the following mass spectrum is predicted in this scenario,

mA ≳ mH ≃ mH± . (10.55)

The mass squared difference among A and H± converges to a definite value if Λ is as large as
the Planck scale.

Right panel of Fig. 10.3 shows the behavior of the mass difference ∆m = mA−mH± , where
∆m can be written as

∆m ≃M

[√
1 +

λ4v2

M2
− 1

]
. (µ = mZ) (10.56)

If we take decoupling limit M → ∞, ∆m is close to zero as depicted in the right panel of
Fig. 10.3. We note that mass squared differences Eq. (10.54) are M independent quantity,
while ∆m is M dependent quantity. If we determine ∆m and masses of H and H±, we can
determine λ4 and it imposes the upper bound of Λ.

We mention here the case of tan β ≃ 1. In this parameter region, there is no cot2 β suppres-
sion, and mH −mH± can take about 50 GeV as the maximum value. However, these low tan β
regions are constrained by the b → sγ experiments, and mH± ≳ 600GeV even in the Type-I
and X [188].

10.3.2 The deviations in the Higgs boson couplings

In this subsection, we discuss the deviation in the SM-like Higgs boson couplings with gauge
bosons, quarks and leptons. It is convenient to define the scaling factors by normalizing the
coupling constant of the SM Higgs boson,

Lint = κV h

(
m2

W

v
W+µW−

µ +
m2

Z

2v
ZµZµ

)
−
∑

f=u,d,e

κfh
mf

v
ff. (10.57)
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From Eqs (10.13) and (10.14), κ factors are given at the tree level by

κV = sin (β − α), κf = ξfh = sin (β − α) + ξf cos (β − α). (10.58)

As we have seen in Sec. 3, the alignment limit is approximately realized at the electroweak
scale, and this implies that κV is necessarily close to the SM value in our scenario. For example,
| cos (β − α)| ≤ 0.03 when tan β = 10 and mH± ≥ 300 GeV in Type-I, and it corresponds to
κV ≥ 0.9995. It is difficult to measure this O(10−2)% deviation even in the future precision
measurement at the HL-LHC and the ILC. However, κf can be more deviated from SM values,
because the deviations are enhanced by tan β except for Type-I. Furthermore, the direction of
modifications for κd and κe are highly different in four types of Yukawa interactions, and we
can discriminate the type of 2HDMs through the precise measurement of κf [110].

The left panel of Fig. 10.4 shows predicted values of κe and κd for each type of 2HDMs.
We have plotted the predicted points for tan β = 1, 1.5, 2, 3, 5 with 600GeV ≤ M ≤ 700 GeV.
For illustration purposes, we slightly shift lines along with κx = κy in order to show tan β
dependence in Type-I and II. As we can see, Λ can be taken to the Planck scale if tan β ≥ 1.5.
When tan β = 1, we cannot take Λ to be Planck scale and its maximal value is around 1014

GeV. This is because the square of the top Yukawa coupling becomes larger than 4π during RG
evolution when tan β = 1, and there is no solution above µ = 1014 GeV independently of the
values of λi(Λ). In Type-II, both of κd and κe deviates from SM values because ξd = ξe = − tan β
enhances its deviation. In Type-X (Y), the modification of κe (κd) is enhanced respectively,
while κd (κe) closes to SM value when we take larger tan β because its deviation proportional
to cot β. In Type-I, both of κd and κe close to SM values when we take large tan β.

The right panel of Fig. 10.4 shows the predicted values of κu and κd. We slightly shift lines
along with κx = κy in order to show tan β dependence in Type-I as in the left panel. Although
the predicted values of cos (β − α) depend on the type of 2HDM, we only show the results
in Type-I and II, because the scaling factors κu and κe are same in Type-I (II) and X (Y),
and difference of predicted values between Type-I (II) and X (Y) which comes from τ Yukawa
couplings in the beta functions are almost negligible. The modification of κu is proportional to
cot β independently of the types of 2HDM, and it closes to the SM value when we take large
tan β. In Type-II and Y, the modification of κd is enhanced through tan β, while κd also closes
to SM value by cot β suppression in Type-I and X.

The possible deviations of κf are determined from the value of cos (β − α) for fixed tan β,
and it is generated from the violating effect of the twisted custodial symmetry during RG
evolution. Therefore modifications of the scaling factors become large when we take Λ to a
higher scale, and we can expect about 5% deviations of κd and κe when Λ is Planck scale. We
note that these several percent deviations in the scaling factors can be tested at the future
HL-LHC and ILC experiments, and we can investigate not only the possible scale Λ but also
the type of Yukawa interactions in 2HDMs through the precise measurement of κf .

Finally, we would like to mention the difference between our results and previous works.
The discrimination of extended Higgs models thorough the precise measurement of SM-like
Higgs boson couplings is studied at the tree level [110] and the one-loop level [97,98]. In these
works, the masses of additional Higgs bosons, M and mixing angles are free parameters, and
they scanned parameters that satisfy the theoretical and experimental constraint. However,
these values are predicted by the values of λi at Λ in our scenario, and the modifications of κf
are related to the possible scale Λ. Therefore, we can utilize the precision measurement of the
SM-like Higgs boson couplings not only to discriminate the types of the Yukawa interactions
but also to investigate the new physics scale Λ, where global symmetry in the Higgs potential
is restored and a fundamental theory should appear.
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Chapter 11

Conclusion and discussion

In this thesis, we have comprehensively investigated the extended Higgs models. We have
studied three main topics, the physics of the discovered Higgs boson, that of additional Higgs
bosons and the global symmetry of the extended Higgs model.

In Chap. 6, we have discussed the physics of the discovered Higgs boson, especially its
production cross section at electron-positron colliders. The discovery of the SM-like Higgs
boson has opened a new window to indirectly explore a theory beyond the SM. The deviations
from its SM predictions in the various Higgs observables such as the decay branching ratio, total
width and production cross section tell us pieces of information of new physics models. After
reviewing the renormalization procedure in the extended Higgs models and their applications
to the SM-Higgs boson decay, we have discussed the production cross sections for the Higgs
strahlung process at electron-proton colliders including the higher-order corrections. Most of the
future lepton collider experiments are planned to operate at the center of beam energy around
250 GeV, where the production cross section of this process takes the maximal value. We have
analyzed the deviation in the total cross section from its SM prediction in the various extended
Higgs models. We have also examined the deviation in the cross section times branching ratio,
and it is found that we can distinguish the various extended Higgs models by future precision
measurements.

In Chaps. 7, 8 and 9, we have discussed the physics of additional Higgs bosons. The direct
search of new particles is also the key program to study new physics models, and the LHC and
HL-LHC will make remarkable progress in this direction. In Chaps. 7, we have pointed out that
the indirect and direct studies play a complementary role. It is shown that the synergy between
them enables us to explore the wide range of the parameter space of the 2HDM. Motivated by
this investigation, we discuss the radiative corrections for the decays of additional Higgs bosons.
We have found that the Higgs to Higgs decay process is sensitive to the radiative corrections,
and including these effects are important to study the additional Higgs bosons.

In Chap. 10, we have discussed the structure of new physics, especially focusing on the global
symmetry of the Higgs potential. The global symmetry whether it is exact or approximate is
useful to understand the experimental data. We have proposed the scenario where the current
experimental constraints are explained as a consequence of the global symmetry structure of the
Higgs potential. In this scenario, the Higgs potential respects the global symmetry at a higher
scale, but it is broken by the radiative corrections under the renormalization group running.
While the Higgs potential respects the global symmetry no longer respects the global symmetry
at the electroweak scale, we can explain the current experimental data without decoupling the
additional Higgs bosons.

From the series of these studies, we have found that the nature of the Higgs sector can be
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widely investigated by combining the precision measurement of the SM-like Higgs boson and
the direct search of the additional Higgs bosons. In both of study, radiative corrections play
an important role. Therefore, it is important to perform the theoretical calculation compatible
with precision measurements in future collider experiments.
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Appendix A

Input parameters

In this Appendix, we summarize the input parameters.

A.1 Lepton masses

The lepton masses are

me = 0.510998918× 10−3 GeV, (A.1)

mµ = 0.105658367 GeV, (A.2)

mτ = 1.77686 GeV. (A.3)

A.2 Electroweak parameters

The fine structure constant is

α−1
em = 137.035999139. (A.4)

The Fermi constant is

GF = 1.1663787× 10−5 GeV−2. (A.5)

The mass of the Z boson is

mZ = 91.1876 GeV. (A.6)

A.3 QCD parameters

A.3.1 Strong coupling constant

αs(mZ) = 0.1181. (A.7)

A.3.2 Quark masses

mt = 173.1 GeV, (A.8)

mb = 4.78 GeV, (A.9)

mc = 1.27 GeV. (A.10)
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A.4 Higgs boson mass

The mass of the discovered Higgs boson is

mh = 125.1 GeV. (A.11)
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Appendix B

Decay rates at the leading order

We present the analytic expressions of the decay rates of the Higgs boson at the LO. In order
to specify the LO formula, the subscript 0 is put in the decay rate, Γ0.

B.0.1 Decays of the neutral Higgs bosons

We define ϕ = h, H or A and H = h or H. The decay rates into a fermion pair are given by

Γ0(ϕ→ ff̄) =
√
2GF

mϕm
2
f

8π
|κϕf |

2N f
c λϕ

(
m2

f

m2
ϕ

,
m2

f

m2
ϕ

)
, (B.1)

where N f
c = 1 (3) for f being a lepton (quark) and

λh,H(x, y) = λ3/2(x, y), λA(x, y) = λ1/2(x, y), (B.2)

with

λ(x, y) = (1− x− y)2 − 2xy. (B.3)

The decay rates into a pair of on-shell weak bosons (V = W,Z) are given by

Γ0(ϕ→ V V ) =
√
2GF

m3
ϕ

4πcV
(κϕV )

2

(
3m4

V

m4
ϕ

− m2
V

m2
ϕ

+
1

4

)
λ1/2

(
m2

V

m2
ϕ

,
m2

V

m2
ϕ

)
, (B.4)

where cV = 1 (2) for V = W (Z). When one of the weak bosons is off-shell, we obtain

Γ0(ϕ→ WW ∗) =
3m4

WG
2
Fmϕ

16π3
(κϕV )

2F

(
mW

mϕ

)
, (B.5)

Γ0(ϕ→ ZZ∗) =
m4

ZG
2
Fmϕ

64π3
(κϕV )

2F

(
mZ

mϕ

)(
7− 40

3
s2W +

160

9
s4W

)
, (B.6)

where

F (x) = −|1− x2|
(
47

2
x2 − 13

2
+

1

x2

)
+ 3(1− 6x2 + 4x4)| log x|

+
3(1− 8x2 + 20x4)√

4x2 − 1
cos−1

(
3x2 − 1

2x3

)
. (B.7)
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The loop induced decay rates are given by

Γ0(ϕ→ γγ) =

√
2GFα

2
emm

3
ϕ

256π3

∣∣∣∣∣κϕV IϕW +
∑
f

κϕfQ
2
fN

f
c I

ϕ
F −

λH+H−ϕ

v
IϕS

∣∣∣∣∣
2

, (B.8)

Γ0(ϕ→ Zγ) =

√
2GFα

2
emm

3
ϕ

128π3

(
1− m2

Z

m2
ϕ

)3 ∣∣∣∣∣κϕV Jϕ
W +

∑
f

κϕfQfN
f
c vfJ

ϕ
F −

λH+H−ϕ

v

gZc2W
2

Jϕ
S

∣∣∣∣∣
2

,

(B.9)

Γ0(ϕ→ gg) =

√
2GFα

2
sm

3
ϕ

128π3

∣∣∣∣∣∑
q

κϕq I
ϕ
q

∣∣∣∣∣
2

, (B.10)

where

IϕW =
2m2

W

m2
ϕ

[
6 +

m2
ϕ

m2
W

+ (12m2
W − 6m2

ϕ)C0(0, 0,m
2
ϕ;mW ,mW ,mW )

]
, (B.11)

IHF = −
8m2

f

m2
H

[
1 +

(
2m2

f −
m2

H
2

)
C0(0, 0,m

2
H;mf ,mf ,mf )

]
, (B.12)

IAF = −4m2
fC0(0, 0,m

2
A;mf ,mf ,mf ), (B.13)

IϕS =
2v2

m2
ϕ

[1 + 2m2
H±C0(0, 0,m

2
ϕ;mH± ,mH± ,mH±)], (B.14)

Jϕ
W =

2m2
W

sW cW (m2
ϕ −m2

Z)

{[
c2W

(
5 +

m2
ϕ

2m2
W

)
− s2W

(
1 +

m2
ϕ

2m2
W

)]

×

[
1 + 2m2

WC0(0,m
2
Z ,m

2
ϕ;mf ,mf ,mf )

+
m2

Z

m2
ϕ −m2

Z

[B0(m
2
ϕ;mW ,mW )−B0(m

2
Z ;mW ,mW )]

]
− 6c2W (m2

ϕ −m2
Z)C0(0,m

2
Z ,m

2
ϕ;mf ,mf ,mf )

+ 2s2W (m2
ϕ −m2

Z)C0(0,m
2
Z ,m

2
ϕ;mf ,mf ,mf )

}
, (B.15)

JH
F = −

8m2
f

sW cW (m2
H −m2

Z)

[
1 +

1

2
(4m2

f −m2
H +m2

Z)C0(0,m
2
Z ,m

2
H;mf ,mf ,mf )

+
m2

Z

m2
H −m2

Z

[B0(m
2
H;mf ,mf )−B0(m

2
Z ;mf ,mf )]

]
, (B.16)

JA
F = −

4m2
f

sW cW
C0(0,m

2
Z ,m

2
A;mf ,mf ,mf ), (B.17)

Jϕ
S =

2v2

e(m2
ϕ −m2

Z)

{
1 + 2m2

H±C0(0,m
2
Z ,m

2
ϕ;mH± ,mH± ,mH±)

+
m2

Z

m2
ϕ −m2

Z

[
B0(m

2
ϕ;mH± ,mH±)−B0(m

2
Z ;mH± ,mH±)

]}
, (B.18)

where C0 and B0 are the Passarino-Veltman functions [229].
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The decay rates into a scalar and an on-shell weak boson is given by

Γ0(ϕ→ ϕ′V ) =
|gϕϕ′V |2

16π

m3
ϕ

m2
V

λ3/2

(
m2

V

m2
ϕ

,
m2

ϕ′

m2
ϕ

)
, (B.19)

where the scalar-scalar-gauge couplings are given in Appendix of Ref. [100]. When the weak
boson is off-shell, the decay rate is given by

Γ0(ϕ→ ϕ′W ∗) = 9g2|gϕϕ′W |2 mϕ

128π3
G

(
m2

ϕ′

m2
ϕ

,
m2

W

m2
ϕ

)
, (B.20)

Γ0(ϕ→ ϕ′Z∗) = 3g2Z |gϕϕ′Z |2
mϕ

256π3
G

(
m2

ϕ′

m2
ϕ

,
m2

Z

m2
ϕ

)(
7− 40

3
s2W +

160

9
s4W

)
, (B.21)

where the function G(x, y) is given as

G(x, y) =
1

12y

{
2 (−1 + x)3 − 9

(
−1 + x2

)
y + 6 (−1 + x) y2

+ 6 (1 + x− y) y
√

−λ(x, y)

[
tan−1

(
−1 + x− y√

−λ(x, y)

)
+ tan−1

(
−1 + x+ y√

−λ(x, y)

)]

− 3
[
1 + (x− y)2 − 2y

]
y log x

}
. (B.22)

Finally, the decay rates into two lighter scalar bosons are given by

Γ0(ϕ→ ϕ′ϕ′′) = (1 + δϕ′ϕ′′)
|λϕϕ′ϕ′′ |2

16πmϕ

λ1/2

(
m2

ϕ′

m2
ϕ

,
m2

ϕ′′

m2
ϕ

)
. (B.23)

An example of this type of the decay is H → hh.

B.0.2 Decays of the charged Higgs bosons

Decays of the charged Higgs bosons into two on-shell fermions are given by

Γ0(H
± → ff ′) =

GFmH±

4
√
2π

N f
c Cfλ

1/2

(
m2

f

m2
H±

,
m2

f ′

m2
H±

)
×

[(
1−

m2
f

m2
H±

−
m2

f ′

m2
H±

){
m2

fζ
2
f +m2
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}
+ 4

m2
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2
f ′

m2
H±

ζfζf ′

]
, (B.24)

where a factor Cf is Cf = |Vud|2 (1) for the decay into the up-type quark and the down-type
quark (the lepton and the neutrino). The decay into an off-shell top quark and an on-shell
down-type quark, H± → t∗qd → W±bqd (qd = d, s, b), is expressed by

Γ0(H
± → W±bqd) =

3VtbVtqd
256π3mH±

g2
m4

t

v2
ζ2uH

(
m2

t

m2
H±

,
m2

W

m2
H±

)
, (B.25)
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with

H(x, y) =
1

4x3y

[
2y2 {4(x− 1)y + 3x} log y

+ 2(x− 1)
{
(3x− 1)x3 − 3(x+ 1)xy2 + 4y3

}
log

x− 1

x− y

− x(y − 1)
{
(6x− 5)x2 − 4(x− 2)y2 + (3x− 2)xy

} ]
, (B.26)

where the mass of down-type quark is neglected.
The on-shell decays into a neutral Higgs boson and a W boson are expressed by

Γ0(H
± → ϕW±) =

m3
H±

16πm2
W

|gH±ϕW |2λ
3
2

(
m2

ϕ

m2
H±

,
m2

W

m2
H±

)
, (B.27)

where the coupling gH±ϕW for each neutral Higgs boson is given in Appendix of Ref. [100]. The
decays into a neutral Higgs boson and an off-shell W boson is given by

Γ0(H
± → ϕW±∗) = 9

mH±

128π3
g2|gH±ϕW |2G

(
m2

ϕ

m2
H±

,
m2

W

m2
H±

)
. (B.28)

For the loop induced decay rates, H± → W±Z and H± → W±γ, the concrete expressions
of fermion loop contributions and boson loop contributions are given in Refs. [144, 146] and
Refs. [145,146], respectively.
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