






















































































































Figure 5.9: Correlation between ���� and ��bb in the Type-I (red), Type-II (blue), Type-X
(green), Type-Y (magenta) 2HDMs, the HSM (orange) and the IDM (black). The left (right)
panel shows the case with ��W W = 0�2% (0�4%). In the 2HDMs, we scan 1:5 � tan � � 10,
0 � M2 � m2

� and 300 (600) � m� � 1000 GeV for (darker) colored points. In the HSM, we
scan 300 � mH � 5000 GeV and 0 � M2 � m2

H , while in the IDM we �x mH to be 63 GeV
and scan 100 � mA(= mH�) � 1000 GeV.

approaches to the SM value at a large value of tan � as in the case with c��� < 0.

Inert doublet model

Fig. 5.8 shows the total width in the IDM as a function of mH� with mA = mH� . The
following two cases, (i) mH is �xed to 63 GeV and (ii) mH = mH� , are studied. Case (i)
is motivated by the scenario where the dark matter abundance is explained by the thermal
freeze-out mechanism [113, 114], where H can be a dark matter candidate. In the IDM, the
total width does not change from the SM value at the tree level, so any deviation is purely due
to loop e�ects. In case (i), the total width monotonically decreases and the deviation is larger
as mH� is getting larger. The black curve is truncated at around mH� = 700 GeV, because
of the unitarity constraint. In the case (ii), the maximal deviation is given at M2 = 0 for
mH� < 600 GeV. On the other hand, the unitarity constrains the minimal value of M2 above
mH� ’ 600 GeV, and possible deviations become smaller.

5.2.3 Deviation in branching ratios

The branching ratios of the SM-like Higgs boson will be measured with a few percent accuracies
at future collider experiments such as ILC.

First, we discuss the case where the central value of ��W W is consistent with zero at the
2� level. The left (right) panel of Fig. 5.9 shows the correlation between ���� and ��bb (��cc)
in the HSM, four types of the 2HDMs and the IDM. The error for ��W W is taken to consider
about 2� level region at ILC250 [36]. Parameters of each model are scanned as it is described
in the caption. We see that the predictions in the HSM and the IDM are given almost at the
origin of this plane. This is because the partial decay rates are almost universally suppressed
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Figure 5.10: Same as Fig. 5.9, but for the case with ��W W to be +5 � 4%.

Figure 5.11: Same as Fig. 5.9, but for the case with ��W W to be �5 � 4%.

in these models. On the other hand, the predictions in the 2HDMs are spread out in di�erent
directions depending on the type of Yukawa interactions.

Next, we discuss the case where the central value of ��W W is found to be nonzero, and
��W W = 0 is excluded at the 2� level. In this case, the HSM and the IDM are excluded since
predictions for ��W W in these models are almost zero. On the other hand, the 2HDMs can
explain such a deviation.

The left panel of Fig. 5.10 shows the correlation between ���� and ��bb in the 2HDMs with
��W W = +5:0 � 4:0%. The predictions appear in the regions with ��bb < 0 independently of
the types of 2HDMs. This is because the positive value of ��W W requires the reduction of the
other decay rates, especially the h ! b�b mode since the partial width of h ! WW � decreases
by the tree-level mixing and the one-loop e�ects. From the sign of ���� , we can distinguish
Type-I and II 2HDMs from Type-X and Y 2HDMs. In order to distinguish Type-I and II, or
Type-X and Y, ��cc is useful. The right panel of Fig. 5.10 shows the correlation between ����
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and ��cc. The predictions in the four types of 2HDMs are clearly separated from one another,
and we can distinguish the four types of 2HDMs when the deviations are measured.

The left panel of Fig. 5.11 shows the correlation between ���� and ��bb in the 2HDMs
with ��W W = �5:0 � 4:0%. The predictions in di�erent types of 2HDMs are overlapped.
This is because the negative value of ��W W can be realized by either decreasing the partial
width of the h ! WW � mode or increasing the other partial widths. Therefore, the sign of
��bb can take both positive and negative. The right panel of Fig. 5.11 shows the correlation
between ���� and ��cc. The predictions in the four types of 2HDMs are separated from one
another except for the case in the Type-X 2HDM with lighter additional Higgs bosons. Thus,
the correlation between ���� and ��bb helps for further discrimination of the models.
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Part II

Study on extended Higgs sectors
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Chapter 6

Higgs strahlung process in
electron{positron colliders

The e+e� ! hZ process is the dominant production process at the early stage of the future
lepton colliders such as the ILC, and the production cross section will be measured with a few
percent accuracies. Thus, it is important to perform the theoretical calculation compatible
with future precision measurements by including the higher-order corrections. In this chapter,
we discuss the cross section for the Higgs strahlung process e+e� ! hZ with arbitrary sets of
electron and Z boson polarization at the full next-to-leading order. We systematically perform
the complete one-loop calculations to the helicity amplitudes in the HSM, IDM, and 2HDMs
based on the on-shell renormalization scheme. We present the full analytic results, as well as
numerical evaluations. We �nd that the extended Higgs models can be classi�ed by measuring
the pattern of deviations from the SM prediction in the cross section times decay branching
ratio.

6.1 Electroweak corrections to the process e+e� ! hZ

In this section, we de�ne the notation for the process e+e� ! hZ and discuss the helicity
amplitudes based on the form-factor decomposition. We list relevant renormalized quantities
for this process and give the formulae of form factors including the one-loop corrections. The
di�erential cross section with arbitrary sets of electron and Z boson polarization is also pre-
sented.

6.1.1 Helicity amplitudes and cross section

The process

e�(pe; �e) + e+(p�e; ��e) ! h(kh) + Z(kZ ; �) (6.1)

is depicted in Fig. 6.1. The momenta and helicities of the incoming electron and positron are
denoted by (pe; �e) and (p�e; ��e), respectively. Correspondingly, (kZ ; �) is used for the outgoing
Z boson, and kh is the momentum of the outgoing Higgs boson. The signs ‘+’ and ‘�’ of the
variables �e and ��e refer to helicities +1=2 and �1=2, respectively. The helicity � takes ‘�’ or
‘0’. In the following discussion, we neglect the mass of the electron whenever it is possible.
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e+(pē,�ē)

e�(pe,�e)

Z(kZ ,�)

h(kh)

Figure 6.1: The process e+e� ! hZ with momentum and helicity assignments. The momenta
pe and p�e are incoming, while kh and kZ are outgoing.

The Mandelstam variables are given by

s = (pe + p�e)
2 = (kZ + kh)2; (6.2)

t = (pe � kZ)2 = (p�e � kh)2; (6.3)

u = (pe � kh)2 = (p�e � kZ)2; (6.4)

and they satisfy s+ t+ u = m2
Z +m2

h. In the center-of-mass (CM) frame of the e+e� collision,
the momenta of each external particle are

p�
e =

p
s

2
(1; 0; 0; 1); (6.5)

p�
�e =

p
s

2
(1; 0; 0;�1); (6.6)

k�
Z =

p
s

2

�
1 +

m2
Z �m2

h

s
; � sin �; 0; � cos �

�
; (6.7)

k�
h =

p
s

2

�
1 � m2

Z �m2
h

s
;�� sin �; 0;�� cos �

�
; (6.8)

where � is de�ned by

� =
jkZ j
E

=
1

s

p
[s� (mZ +mh)2][s� (mZ �mh)2]; (6.9)

with the beam energy E =
p
s=2. We use the scattering angle � between e� and Z boson;

p̂e � k̂Z = cos � where the hat indicates the unit vector. The scattering angle � is related to t
and u via

t =
1

2
(m2

Z +m2
h � s) +

s

2
� cos �; (6.10)

u =
1

2
(m2

Z +m2
h � s) � s

2
� cos �: (6.11)

The helicity amplitudes for e+e� ! hZ vanish for �e = ��e in the limit me ! 0 due to the
chirality conservation. Therefore, we use � = �e = ���e for the non-vanishing amplitudes. The
helicity amplitude M��(s; t) can be decomposed into a set of basic matrix elements Mi;��(s; t)
and corresponding form factors Fi;�(s; t) as [115]

M��(s; t) =
3X

i=1

Fi;�(s; t)Mi;��(s; t): (6.12)
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The basic matrix elements are given by

Mi;�� = j�;�(pe; p�e)T
��
i (s; t)"�

�(kZ ; �); (6.13)

where "��(kZ ; �) is the polarization vector for Z boson, and j�
� (pe; p�e) is the fermion current of

the initial electron and positron,

"��(kZ ;�) =
1p
2

[0;� cos �; i;� sin �]; (6.14)

"��(kZ ; 0) =

p
s

2mZ

[�; � sin �; 0; � cos �]; (6.15)

j�
� (pe; p�e) = �v(p�e)


�P�u(pe) =
p
s[0; 1; �i; 0]; (6.16)

with the chirality projection operator P� = (1 + �
5)=2 and � = 1 + (m2
Z �m2

h)=s. The three
basis tensor T ��

i are de�ned by

T ��
1 = g�� ; T ��

2 = k�
Z(pe + p�e)

� ; T ��
3 = k�

Z(pe � p�e)
� : (6.17)

In the CM frame, the �rst elements of basic matrix M1;�� become

M1; �� = �

r
s

2
(1 � � cos �) = �

p
2s d1

�;�(�); (6.18)

M1; �0 = � s�

2mZ

sin � = �
s�p
2mZ

d1
�;0(�); (6.19)

where dj
m0;m(�) is the Wigner’s d function. The second elements M2;�� are

M2;�� = 0; (6.20)

M2;�0 = �s2�2

4mZ

sin � = �
s2�2

2
p

2mZ

d1
�;0(�): (6.21)

The third elements M3;�� are

M3; �� = �s�

2

r
s

2
sin2 � = �s�

r
s

3
d2

2;0(�); (6.22)

M3; �0 =
s2��

4mZ

cos � sin � = �s2��

4m2
Z

�
d2

2;1(�) � d2
2;�1(�)

�
: (6.23)

The six physical helicity amplitudes are given in terms of the form factors Fi;� by

M��(s; t) =

r
s

2

�
F1;�(s; t) � s�

2
(� � cos �)F3;�(s; t)

�
(� � cos �); (6.24)

M�0(s; t) = � s

2mZ

�
�F1;�(s; t) +

s�2

2
F2;�(s; t) � s��

2
cos �F3;�(s; t)

�
sin �: (6.25)

We denote the tree- and one-loop contributions to the helicity amplitude as

M(0)
��(s; t) =

3X
i=1

F
(0)
i;� (s; t)Mi;��; (6.26)

M(1)
��(s; t) =

3X
i=1

F
(1)
i;� (s; t)Mi;��: (6.27)
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e�

e+ Z

h

Z⇤

Figure 6.2: Tree-level diagram for the process e+e� ! hZ.

The helicity-dependent di�erential cross section at NLO in EW is given by

d�

d

(�; �; s; t) =

�

64�2s

n
jM(0)

��(s; t)j2 + 2 Re[M(0)
��(s; t)M(1)�

�� (s; t)]
o
: (6.28)

The helicity-dependent cross section �(�; �; s) can be obtained by integrating Eq. (6.28) over
the solid angle.

In a realistic setup, one needs to introduce the degree of polarization of initial electron Pe

and positron P�e. We use the convention where a purely left-handed (right-handed) electron
corresponds to Pe = �1 (+1). The polarized di�erential cross section is given by

d�

d

(Pe; P�e; �; s; t) =

X
�=�

1

4
(1 + �Pe)(1 � �P�e)

d�

d

(�; �; s; t): (6.29)

The unpolarized cross section �(�; s) corresponds to Pe = P�e = 0. (Pe; P�e) = (�0:8;�0:3) is
planned polarization at the ILC [36].

The polarized cross section can be rewritten in terms of the helicity-dependent cross section
as [116]

�(Pe; P�e; �; s) =
1

4
(1 � Pe)(1 + P�e)�(�; �; s) +

1

4
(1 + Pe)(1 � P�e)�(+; �; s)

= �(�; s)(1 � PeP�e)(1 � Pe�ALR); (6.30)

where the e�ective polarization Pe� and the left-right asymmetry ALR are de�ned as

Pe� =
Pe � P�e

1 � PeP�e

; (6.31)

ALR =
�(�; �; s) � �(+; �; s)

�(�; �; s) + �(+; �; s)
: (6.32)

By using Eq. (6.30), one can easily evaluate the e�ect of the beam polarization from the helicity-
dependent cross sections. Therefore, in the following discussion, we focus on the unpolarized
and helicity-dependent cross section to exhibit analytical behaviors.

6.1.2 Tree-level contribution to the helicity amplitudes

At LO, only one diagram of Fig. 6.2 is relevant since the electron-Higgs coupling is proportional
to me, and it is negligible. The contribution of the tree-level diagram to the form factors is
expressed as

F
(0)
i;� =

gZ�
1;(0)
hZZ

s�m2
Z

g�f
(0)
i ; (6.33)
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Figure 6.3: (Left) Helicity-dependent cross sections of e+e� ! hZ at LO in the SM as a
function of the CM energy. The red lines show the results for the left-handed electron and the
right-handed positron, while the blue lines show those for the right-handed electron and the left-
handed positron. The solid (dashed) lines show the results for the transversely (longitudinally)
polarized Z bosons. The black solid line corresponds to that for the unpolarized cross section
where the polarization of Z boson is also summed. (Right) Helicity-dependent di�erential cross
sections of e+e� ! hZ at LO in the SM as a function of cos � at

p
s = 250 GeV. The line

colors and styles are the same as those of the left �gure.

with the tree-level hZZ coupling �
1;(0)
hZZ = 2�Zm

2
Z=v. The scaling factor �Z is given in Table 3.2.

If there is no mixing between CP-even scalars, the cross section in the extended Higgs models
is the same as that in the SM at LO. The couplings g� are de�ned by

g+ = s2
W ; g� = �1

2
+ s2

W : (6.34)

The coe�cients f
(0)
i are

f
(0)
1 = 1; f

(0)
2 = f

(0)
3 = 0: (6.35)

The lowest order di�erential cross section is given by

d�LO

d

(�; �; s; t) =

�

64�2s

��F (0)
1;�

��2
8><>:

2s
��d1

�;�(�)
��2 (� = �);

s2�2

2m2
Z

��d1
�;0(�)

��2 (� = 0):
(6.36)

In the left panel of Fig. 6.3, we show the helicity-dependent cross sections at LO as a function
of the CM energy. In the numerical evaluation, we take GF as an input given in Appendix A
and use the tree-level relation v = (

p
2GF )�1=2. The solid and dashed lines correspond to the

transversely (� = �) and the longitudinally (� = 0) polarized Z bosons, respectively. The cross
sections peak just above the threshold

p
s = mZ + mh and monotonically decrease at higher

energies. For energies well above the threshold, the longitudinally polarized Z boson dominates
the cross section. This is due to the factor s=m2

Z originated from the longitudinal polarization
vector de�ned in Eq. (6.15). The cross section for the left-handed electron is larger than that
for the right-handed electron because the left-handed electron more strongly couples to the Z
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(f)

Figure 6.4: NLO corrections for e+e� ! hZ; (a) Gauge boson self-energy, (b) Ze�e vertex, (c)
hZZ and hZ
 vertices, (d-e) he�e vertex, (f) Box diagrams.

boson than the right-handed electron (g�=g+)2 ’ 1:8. At
p
s = 250 GeV, the unpolarized

cross section is 242 fb, and the polarized cross section is 379 fb with (Pe; P�e) = (�0:8; 0:3).
Therefore, the beam polarization signi�cantly changes the size of the cross section. We note
that the predicted value of the LO cross section highly depends on the input schemes.

The angular distributions of the LO cross section at
p
s = 250 GeV are given in the right

panel of Fig. 6.3. They are determined by d1
�;�(�). The cross section for the transversely polar-

ized Z boson is proportional to 1 + cos2 �, and it takes maximal value in the forward-backward
direction. On the other hand, that for the longitudinally polarized Z boson is proportional
to 1 � cos2 �, and it vanishes in the forward-backward direction and takes maximal value at
cos � = 0.

6.1.3 One-loop contributions to the form factors

As shown in Fig. 6.4, the one-loop contributions to the form factors F
(1)
i;� consist of (a) the Z

boson self-energy and the Z
 mixing, (b) the Ze�e vertex correction, (c) the hZZ and hZ

vertex corrections, (d-e) the he�e vertex correction and (f) the box diagrams. In addition,
the renormalization factors of the weak gauge bosons are not to be unity in our renormaliza-
tion scheme [95, 96]. Therefore, we have the term � Ref�0

ZZ(m2
Z)g=2 from the wave function

renormalization of the on-shell Z boson. Furthermore, the EW correction to the Fermi decay
constant �r appears when one replaces the VEV in the tree-level amplitude with GF , since the
tree-level relation between these two parameters is no longer valid at the one-loop level. This
replacement corresponds to the resummation of universal higher-order leading corrections such
as large logarithms from light fermion masses [117]. The one-loop contributions to the form

factors F
(1)
i;� are given by

F
(1)
i;� = FZZ

i;� + FZ

i;� + FZe�e

i;� + F hZZ
i;� + F hZ


i;� + F he�e
i;� + FBox

i;�

+ F
�0

ZZ
i;� + F�r

i;� ; (6.37)

where the terms in the �rst line correspond to the contributions from the diagrams in Fig. 6.4,
while the terms in the second line come from the renormalization procedure. For the compu-
tation of these EW corrections, we adopt the modi�ed on-shell renormalization scheme de�ned
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in Ref. [112]. In the on-shell renormalization scheme, all the counterterms in the amplitude
of e+e� ! hZ are determined in terms of the one-particle irreducible (1PI) diagrams for one-
and two-point functions of Higgs bosons, gauge bosons and fermions by imposing a set of the
renormalization conditions. Adding these counterterms, one can obtain the ultra-violet (UV)
�nite one-loop corrected vertices.

In the wide range of extended Higgs models, there are mixings among Higgs bosons, and the
gauge dependence appears in the renormalization of these mixing angles. We apply the pinch
technique to remove the gauge dependence in the renormalized vertex functions [112,118,119].

Apart from the UV divergences, there are infrared (IR) divergences when we calculate
virtual photon loop contributions. In the calculation of individual photon loop contributions,
we regularize them with a �nite photon mass �. The photon mass dependences in the one-
loop calculation are exactly canceled by adding contributions of real photon emissions. The
analytic expression of the real photon contribution with the soft-photon approximation is given
by [115,117,120],

d�soft = d�LO

�
��

�

�
ln

4�E2

�2

�
1 + ln

m2
e

s

�
+

1

2
ln2 m

2
e

s
+ ln

m2
e

s
+
�2

3

��
; (6.38)

with the photon energy cuto� �E. The dependence of �E vanishes in the inclusive cross
section where one also includes the contribution of hard photon emissions [117]. The inclusive
cross section still depends on ln(m2

e=s), and this logarithmic term potentially takes a large
value. This dependence can also be eliminated by introducing the electron structure functions
as discussed in Ref. [121]. However, the treatment of hard photon emission highly depends
on the experimental setup. The hard photon changes the kinematics of the process, and these
e�ects would be eliminated by applying appropriate experimental cuts. In addition, if one
considers the scenario with �Z ’ 1, these e�ects in extended Higgs models are almost the same
as in the SM. Therefore, we do not consider the electromagnetic e�ects when we focus on the
di�erence between the predictions in the extended models and those in the SM.

In the one-loop calculation, we choose the �ne structure constant �em, the Fermi constantGF

and the Z boson mass mZ as the input EW parameters. In addition to these EW parameters,
we also use the shift of the �ne structure constant ��em, the strong coupling constant �s and
the masses of the fermions and the discovered Higgs boson as the input parameters. The values
of these SM input parameters are given in Appendix A. We use the input parameters given in
Eqs. (3.21), (3.49) and (3.66) in the HSM, the 2HDMs and the IDM, respectively.

Expression of form factors including one-loop corrections

We list the one-loop contributions to the form factors in terms of the renormalized quantities.
The one-loop propagator corrections appear in the sum in Eq. (6.37) as the term

F SE
i;� =

gZ�
1;(0)
hZZ

s�m2
Z

"
�g�

b�T
ZZ(s)

s�m2
Z

�QesW cW

b�T
Z
(s)

s

#
f

(0)
i ; (6.39)

with the renormalized self-energies b�T
V V 0(s) of the neutral vector bosons. The renormalized Ze�e

corrections appear as

FZe�e
i;� =

gZ�
1;(0)
hZZ

s�m2
Z

nhb�V
Ze�e � �b�A

Ze�e

i
(m2

e;m
2
e; s)

o
f

(0)
i : (6.40)
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The renormalized hZV (V = Z; 
) corrections appear as

F hZV
i;� =

gZ

s�m2
Z

g�f
Z(1)
i (s) +

gZ

s
QesW cWf


(1)
i (s); (6.41)

with

f
Z(1)
1 (s) = b�1

hZZ(m2
Z ; s;m

2
h); (6.42)

f
Z(1)
2 (s) = � 1

m2
Z

b�2
hZZ(m2

Z ; s;m
2
h); (6.43)

f

(1)
1 (s) = b�1

hZ
(m2
Z ; s;m

2
h); (6.44)

f

(1)
2 (s) = � 1

m2
h

b�2
hZ
(m2

Z ; s;m
2
h): (6.45)

The renormalized he�e corrections appear as

F he�e
i;� = �gZg�

nhb�V1
he�e + �b�A1

he�e

i
(t; 0;m2

h) �
hb�V2

he�e + �b�A2
he�e

i
(0; u;m2

h)
o
f

(0)
i : (6.46)

The 1=t and 1=u terms originated from the fermion propagator are canceled by the vertex
corrections [115]. However, the renormalized vertices depend on t and u, and they cause non-
trivial cos � dependence.

There are the �ve W boson mediated and one Z boson mediated box diagrams in the
massless limit of the electron. The amplitudes of the W boson mediated diagrams can be
written as

Mk
�� =

�V

16�2
���

3X
i=1

CkF k
i (s; t)Mi;��; (k = 1; 2; � � � ; 5); (6.47)

with

F k
1 (s; t) = F k(s; t); (6.48)

F k
2 (s; t) =

1

2

�
F k

e (s; t) + F k
�e (s; t)

�
; (6.49)

F k
3 (s; t) =

1

2

�
F k

e (s; t) � F k
�e (s; t)

�
: (6.50)

The amplitude of the Z boson mediated diagram has a di�erent structure from others, and it
can be written as

M6
�� =

�V

16�2

3X
i=1

g3
�C

6F 6
i (s; t)Mi;��; (6.51)

with

F 6
1 (s; t) = F 6(s; t); (6.52)

F 6
2 (s; t) =

1

2

�
F 6

e (s; t) + F 6
�e (s; t)

�
; (6.53)

F 6
3 (s; t) =

1

2

�
F 6

e (s; t) � F 6
�e (s; t)

�
: (6.54)
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The expressions of Ck and F k
i (s; t) are given in Appendix B in Ref. [41]. We de�ne Bi;�(s; t)

by

Bi;�(s; t) =
�V

16�2

"
���

5X
k=1

CkF k
i (s; t) + g3

�C
6F 6

i (s; t)

#
: (6.55)

Finally, the form factors at one-loop level are given by

F
(1)
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+
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� �r

�
f

(0)
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6.2 Numerical results

In this section, we begin with an analysis of the behavior of the NLO weak corrections to the
cross section of the e+e� ! hZ process in the SM. We then analyze the deviations from the
SM values at NLO in the HSM, the IDM and the 2HDMs.

We have newly implemented the formulae of F
(1)
i;� into the H-COUP program [45, 46], and

enabled to evaluate the cross section of e+e� ! hZ including the higher-order corrections.
In order to compare our results in the SM with the previous works [115, 122{124], we extend
the H-COUP program and take mW as an input instead of GF . With this extension, we have
con�rmed that our results are in agreement with the previous results. In the following, we show
the results obtained in the scheme where �em(0); GF and mZ are input parameters.

In order to study the theoretical behavior of the one-loop corrections, we parametrize the
di�erential cross section as

d� = d�LO(1 + �weak + �em); (6.57)

where �weak and �em denote the relative weak and electromagnetic corrections, respectively.
As we will see below, the NP e�ects mainly come from b�1

hZZ vertex, and that appear
independently of � and �. Therefore, we show the results of the unpolarized cross section
where the polarization of the Z boson is also summed. In order to analyze the NP e�ects in

each renormalized quantity, we introduce �
EW

X ,

�
EW

X = �EW
X;NP � �EW

X;SM; (X = ZZ; Z
; Ze�e; hZZ; hZ
; he�e; Box; �0
ZZ ; �r); (6.58)

with �EW
X = �X=�LO. We evaluate �X by substituting

M(1)X
�� (s; t) =

3X
i=1

FX
i;�Mi;�� (6.59)

into M(1)
��(s; t) in Eq. (6.28), where FX

i;� is de�ned in Eq. (6.37). We also evaluate the ratios of
the total cross sections to exhibit the deviations from the predictions in the SM,

�RhZ =
�NP

�SM

� 1: (6.60)
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Figure 6.5: (Left) Weak corrections to the helicity-dependent cross sections in the SM. The red
lines show the results for the left-handed electron and the right-handed positron, while the blue
lines show those for the right-handed electron and the left-handed positron. The solid (dashed)
lines show the results for the transversely (longitudinally) polarized Z bosons. The black solid
line corresponds to that for the unpolarized cross section where the polarization of Z boson is
also summed. (Right) Weak corrections to the helicity-dependent di�erential cross sections in
the SM at

p
s = 250 GeV. The line colors and styles are the same as those of the left �gure.

6.2.1 Standard Model

In the left panel of Fig. 6.5, we show the weak one-loop corrections to the helicity-dependent
cross sections as a function of the CM energy. The weak corrections to the cross section for
the right-handed electron are positive, and they increase the cross section by about 10%. On
the other hand, those for the left-handed electron are negative, and the size of these correc-
tions strongly depends on the CM energy. The reason for this di�erence comes from negative
contributions from the box diagrams. Among the six box diagrams, the �ve W boson medi-
ated diagrams only contribute to the helicity amplitudes for the left-handed electron. They
give negative contributions to the helicity-dependent cross sections for the left-handed electron.
In addition, their e�ects become relevant at higher energies and give large negative correc-
tions. The peak around

p
s ’ 350 GeV corresponds to the threshold at 2mt in the top-loop

contributions. We note that the NNLO electroweak-QCD corrections have been estimated in
Refs. [123,124], and the magnitude is about a percent.

In the right panel of Fig. 6.5, we show the weak one-loop corrections to the di�erential cross
sections as a function of the CM energy. From Eq. (6.55), we can see that only the he�e vertex
and box corrections cause di�erent cos � dependence from those at LO. At

p
s = 250 GeV, this

e�ect is not so large, and the angular distribution of the Z boson is almost determined by the
d1

�;�(�) functions. At higher energies, the angular distribution of the Z boson is signi�cantly
modi�ed through the box contributions [115]. However, the size of the cross sections decreases
in such a higher energy region.

6.2.2 Higgs singlet model

First, we consider the Z2 symmetric scenario in the HSM where c� = 1 and �S = 0. There
remain three input parameters, mH ; ��S and �S. In the following analysis, we impose pertur-
bative unitarity, vacuum stability, avoiding wrong vacua, and the constraints on the S and T
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Figure 6.6: NP e�ects in the EW corrections as a function of the mass of the additional

Higgs boson in the Z2 symmetric HSM at
p
s = 250 GeV. The left panel shows �

EW

X with
�S = 1. The right panel shows �RhZ with �S = 0:1 (red), 1 (blue) and 2 (green). The solid
and dashed curves denote the case with the maximal and minimal values of M2, respectively.
Perturbative unitarity, vacuum stability, avoiding wrong vacua, and the constraints on the S
and T parameters are imposed.

parameters. In order to analyze the theoretical behavior, we here do not impose the constraints
from the direct searches of the additional Higgs boson and the Higgs coupling measurements.
In addition, we impose M2 > 0 as in the case of the IDM and the 2HDMs.

In the left panel of Fig. 6.6, we show �
EW

X de�ned in Eq. (6.58) as a function of the mass of
the additional Higgs boson in the Z2 symmetric HSM at

p
s = 250 GeV. We here take �S = 1

and scan ��S for j��Sj < 4�. In the Z2 symmetric HSM, only �
EW

hZZ takes non-zero value.
Furthermore, among the components of the renormalized hZZ vertex in Eq. (??), the wave
function renormalization factor of the SM-like Higgs boson �Zh only gives the NP e�ects. �Zh

is de�ned by the two-point function of the SM-like Higgs boson �1PI
hh (p2) as

�Zh = � d

dp2
�1PI

hh (p2)

����
p2=m2

h

: (6.61)

As the NP contributions, there are two H propagated diagrams in �1PI
hh (p2). One of them is

proportional to �hhHH , while the other is proportional to �2
hHH . However, the former does not

contribute to �Zh because the loop function A(mH) does not depend on the external momentum
p2. Therefore, only the latter contributes to the helicity amplitude as the NP e�ect,

�ZHSM
h � �ZSM

h = ��2
hHH

16�2

d

dp2
B0(p2;m2

H ;m
2
H)

����
p2=m2

h

; (6.62)

with �hHH = ���Sv. We note that this di�erence does not directly depend on �S, but it
indirectly determines the possible size of the NP e�ects through the perturbative unitarity and
vacuum stability bounds.

The magnitude of �
EW

hZZ becomes larger when the mass of the extra Higgs boson is taken to
be larger up to around 700 GeV. This peak corresponds to the point where the minimum value
of M2 = m2

H � ��Sv
2 changes from zero to non-zero due to the perturbative unitarity bound.
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Figure 6.7: NP e�ects in the EW corrections as a function of the mass of the additional Higgs

boson in the HSM with c� = 0:99 and �S = 0 at
p
s = 250 GeV. The left panel shows �

EW

X with
�S = 1. The right panel shows �RhZ with �S = 0:1 (red), 1 (blue) and 2 (green). The solid
and dashed curves denote the case with the maximal and minimal values of M2, respectively.
The black dashed line shows the size of the LO deviation due to the mixing of the CP-even
states. Perturbative unitarity, vacuum stability, avoiding wrong vacua, and the constraints on
the S and T parameters are imposed.

At this point, ��S takes the maximal value, and it triggers a sizable e�ect. In the case of larger

values of mH , the magnitude of �
EW

hZZ monotonically decreases because perturbative unitarity
constrains the size of ��S. In such a large mass region, mH is approximately equal to M , and
the additional Higgs boson almost decouples following the decoupling theorem [34].

We can also see the relatively large NP e�ects when the mass of the additional Higgs boson is
below 200 GeV. In this region, ��S takes a negative value satisfying the vacuum stability bound
thanks to the sizable �S. While the sign of ��S is 
ipped, only j��Sj2 appears in Eq. (6.62).

Therefore, �
EW

hZZ is negative independently of the sign of ��S.

In the right panel of Fig. 6.6, we show the predictions of �RhZ in Eq. (6.60) as a function
of the mass of the additional Higgs boson in the Z2 symmetric HSM at

p
s = 250 GeV. We

here take �S to 0:1; 1 and 2 and scan ��S for j��Sj < 4�. In the Z2 symmetric HSM, the Z2

symmetry prohibits the mixing of the CP-even states, and �RhZ = 0 at LO. The behavior of

�RhZ is only determined by �Zh, and almost the same as that of �
EW

hZZ . The possible magnitude
of �RhZ indirectly depends on the value of �S through the conditions of perturbative unitarity
and vacuum stability. For mH � 200 GeV, the possible magnitude of �RhZ decreases as
�S becomes large. On the other hand, for mH < 200 GeV, the possible magnitude of �RhZ

increases as �S becomes large because a large negative value of ��S is allowed under the vacuum
stability bound.

We here mention the scenario where �S softly breaks the Z2 symmetry. We note that �RhZ

does not directly depend on �S, and the behavior of �RhZ is the same as that in the Z2

symmetric HSM. However, �S indirectly a�ects the possible size of the NP e�ects through the
conditions for avoiding wrong vacua. For example, the region where mH . 300 GeV is excluded
if �S = 100 GeV.

Next, we consider the scenario with the mixing of the CP-even states. In the left panel of

Fig. 6.7, we show �
EW

X as a function of the mass of the additional Higgs boson with c� = 0:99
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Figure 6.8: NP e�ects in the EW corrections as a function of the masses of the additional
Higgs bosons in the IDM at

p
s = 250 GeV. We take mH = mA = mH� . The left panel

shows �
EW

X with �2 = 1. The right panel shows �RhZ with �2 = 0:1 (red), 1 (blue) and 5
(green). The solid and dashed curves denote the case with the maximal and minimal value of
M2, respectively. Perturbative unitarity and vacuum stability bounds and the constraints on
the S and T parameters are imposed.

and �S = 0 at
p
s = 250 GeV. We here take �S = 1 and scan ��S for j��Sj < 4�. We note that

not only the renormalized hZZ vertex but also the other renormalized quantities di�er from

the SM values unlike the case in the Z2 symmetric HSM. However, the magnitude of �
EW

hZZ is

larger than that of the others. For mH . 700 GeV, �
EW

hZZ takes a negative value, while it takes
a positive value for mH > 700 GeV. In order to realize the �nite mixing of the CP-even states
with a large mass of the additional Higgs boson, the Higgs quartic couplings should take large
values, and it triggers a so-called non-decoupling e�ect.

In the right panel of Fig. 6.7, we show the predictions of �RhZ as a function of the mass
of the additional Higgs boson with c� = 0:99 and �S = 0 at

p
s = 250 GeV. We here take

�S to 0:1; 1 and 2 and scan ��S for j��Sj < 4�. If there is the mixing of the CP-even states,
the LO cross section decreases from its SM value. When c� = 0:99, the size of deviation is
�RhZ = �s2

� ’ �0:02 at LO. We can see that the magnitude of one-loop e�ects is comparable
with that of the LO contribution, and the NP e�ects sizably change the predictions for �RhZ .

The behavior of �RhZ is almost the same as that of �
EW

hZZ . For mH . 500 GeV, �
EW

hZZ increases
the magnitude of �RhZ , while it decreases the magnitude of �RhZ for mH > 500 GeV. For
mH � 1000 GeV, the possible magnitude of �RhZ decreases as �S becomes large. On the other
hand, for mH < 500 GeV, it increases as �S becomes large.

6.2.3 Inert doublet model

In the IDM, the Z2 symmetry prohibits the mixing of the CP-even states, and �RhZ = 0 at
LO, similarly to the case in the Z2 symmetric HSM. In the following analysis, we assume that
the additional Higgs bosons are degenerate in their mass, m� � mH = mH� = mA. There
remain two input parameters, �2 and M2. We impose perturbative unitarity, vacuum stability,
avoiding wrong vacua, and the constraints on the S and T parameters. In order to analyze
the theoretical behavior, we here do not impose the constraints from the direct searches of the
additional Higgs boson, the Higgs coupling measurements and the dark matter experiments.
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In the left panel of Fig. 6.8, we show �
EW

X as a function of the mass of the additional Higgs
bosons in the IDM at

p
s = 250 GeV. We here take �2 = 1 and scan M2 for 0 � M2 � (3 TeV)2.

We note that not only the renormalized hZZ vertex but also the other renormalized quantities
di�er from the SM values unlike in the Z2 symmetric HSM. This is because the additional Higgs

bosons are charged under the SM gauge group. However, the magnitude of �
EW

hZZ is larger than

that of the others in most cases. In the IDM, there are two main contributions to �
EW

hZZ . The
�rst one is �2

h�� terms originated from �Zh, similarly to the case in the Z2 symmetric HSM.
In addition, there are 1PI diagram contributions proportional to �h��, where the additional
Higgs bosons propagate internal lines. The couplings �h�� are proportional to (m2

� � M2)=v,
and large corrections appear when one consider the sizable di�erences between m� and M . In

general, �Zh governs the magnitude of �
EW

hZZ , and its behavior is almost the same as that in the
Z2 symmetric HSM. The maximal deviation in the IDM is larger than that in the Z2 symmetric
HSM because we have more than one additional Higgs boson running in the loop in the IDM.
It monotonically decreases when m� > 600 GeV following the decoupling theorem.

We can also see the sizable NP e�ects when m� is below 200 GeV, similarly to the case

in the HSM. In addition, �
EW

hZZ can be positive if m� is lighter than about 150 GeV. This
is because of the contributions from 1PI diagrams. While �Zh gives negative contributions

to �
EW

hZZ , 1PI diagrams for the hZZ vertex give positive contributions. As we have already
mentioned, �Zh generally gives larger contributions than 1PI diagram contributions. However,
if �h�� is not so large, 1PI diagram contributions can overcome the contribution of �Zh, and

there are parameter points, where �
EW

hZZ is positive.
In the right panel of Fig. 6.8, we show the predictions of �RhZ as a function of the mass of

the additional Higgs bosons in the IDM at
p
s = 250 GeV. We here take �2 to 0:1; 1 and 5 and

scan M2 for 0 � M2 � (3 TeV)2. The behavior of �RhZ is almost the same as that of �
EW

hZZ .
The possible magnitude of �RhZ indirectly depends on the value of �2 through the conditions
of perturbative unitarity and vacuum stability. For m� � 200 GeV, the possible magnitude
of �RhZ decreases as �2 becomes large. On the other hand, for m� < 200 GeV, the possible
magnitude of �RhZ increases as �2 becomes large, similarly to the case in the Z2 symmetric
HSM.

6.2.4 Two Higgs doublet model

First, we consider the alignment limit with s��� = 1, where �RhZ = 0 at LO. We also assume
that the additional Higgs bosons are degenerate in their mass, m� � mH = mH� = mA.
There remain two input parameters, tan � and M2. We impose perturbative unitarity, vacuum
stability, avoiding wrong vacua, and the constraints on the S and T parameters. In order to
analyze the theoretical behavior, we here do not impose the constraints from the direct searches
of the additional Higgs boson, the Higgs coupling measurements and the 
avor measurements.

We analyze all the four types of 2HDMs, and it turns out that predictions for �
EW

X and
�RhZ are almost the same. This is because di�erences among the four types of 2HDMs appear
through the down-type quark and lepton Yukawa interactions with the SM-like Higgs boson.

As we will see later, the magnitude of �
EW

hZZ is larger than that of the others in the 2HDMs,

similarly to the case in the HSM and the IDM. In �
EW

hZZ , the top-quark contributions dominate
fermionic contributions, and there is no sizable di�erence among the four types of 2HDMs.
Therefore, we show the predictions for �RhZ in the Type-I 2HDM as a representative in the
following.

In the left panel of Fig. 6.9, we show �
EW

X as a function of the mass of the additional Higgs
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Figure 6.9: NP e�ects in the EW corrections as a function of masses of the additional Higgs
bosons in the Type-I 2HDM with s��� = 1 at

p
s = 250 GeV. We take mH = mA = mH� . The

left panel shows �
EW

X with tan � = 1:5. The right panel shows �RhZ with tan � = 1:5 (red),
3 (blue) and 5 (green). The solid and dashed curves denote the case with the maximal and
minimal value of M2, respectively. Perturbative unitarity and vacuum stability bounds and the
constraints on the S and T parameters are imposed.

bosons in the Type-I 2HDM with s��� = 1 at
p
s = 250 GeV. We here take tan � = 1:5 and

scan M2 for 0 � M2 � (3 TeV)2. We note that not only the renormalized hZZ vertex but also
the other renormalized quantities di�er from the SM values because the additional Higgs bosons

interact with the gauge bosons, the quarks and the leptons. Qualitative behaviors of �
EW

X are
almost the same as those in the Z2 symmetric HSM and the IDM except for m� � 200 GeV.

The magnitude of �
EW

hZZ is larger than that of the others in most of the parameter space. It
monotonically decreases when m� > 450 GeV following the decoupling theorem.

There is no sizable negative correction below 200 GeV unlike in the Z2 symmetric HSM and
the IDM. This is because the Higgs quartic couplings in the 2HDMs are more constrained by
vacuum stability than �S in the HSM and �2 in the IDM. If m� is lighter than about 150 GeV,

�
EW

X can be positive due to the 1PI diagram contributions, similarly to the case in the IDM.

In the right panel of Fig. 6.9, we show the predictions of �RhZ as a function of the mass
of the additional Higgs bosons in the Type-I 2HDM at

p
s = 250 GeV. We here take tan � to

1:5; 3 and 5 and scan M2 for 0 � M2 � (3 TeV)2. The behavior of �RhZ is almost the same

as that of �
EW

hZZ . The possible magnitude of �RhZ decreases as tan � becomes large due to the
perturbative unitarity and vacuum stability bounds.

Next, we consider the scenario with the mixing of the CP-even states. In the top (bottom)

left panel of Fig. 6.10, we show �
EW

X as a function of the mass of the additional Higgs bosons
in the Type-I 2HDM with s��� = 0:99 and c��� < 0 (c��� > 0) at

p
s = 250 GeV. We here

take tan � = 1:5 and scan M2 for 0 � M2 � (3 TeV)2. The magnitude of �
EW

hZZ is larger than

that of the others independently of the sign of c���. In addition, �
EW

hZZ takes a negative value
except for the mH . 300 GeV with c��� < 0 unlike in the HSM. We can see the non-decoupling
e�ect in a large mass region of the additional Higgs bosons because they cannot decouple while
keeping the �nite mixing of the CP-even states, similarly to the case in the HSM. The maximal
value of m� is about 900 GeV for s��� = 0:99 with c��� < 0, while it is about 600 GeV with
c��� > 0 for tan � = 1:5.
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In the top (bottom) right panel of Fig. 6.10, we show �RhZ as a function of the mass of
the additional Higgs bosons in the Type-I 2HDM with s��� = 0:99 and c��� < 0 (c��� > 0)
at

p
s = 250 GeV. We here take tan � to 1:5; 3 and 5 and scan M2 for 0 � M2 � (3 TeV)2.

The LO cross section decreases from its SM value due to the mixing of the CP-even states.
When s��� = 0:99, the size of deviation is �RhZ = �c2

��� ’ �0:02 at LO. We can see that
the magnitude of one-loop e�ects is comparable with that of the LO contribution, and the NP
e�ects sizably change the predictions for �RhZ . The behavior of �RhZ is almost the same as

that of �
EW

hZZ . In the both signs of c���, �
EW

hZZ generally increases the magnitude of
���RhZ

��
except for the region with relatively lighter mass of the additional Higgs bosons. The possible
magnitude of �RhZ decreases as tan � becomes large due to the perturbative unitarity and
vacuum stability bounds.

Finally, we mention the corrections to the angular distribution of the Z boson. As we have
mentioned, the he�e vertex and box contributions cause non-trivial cos � dependence. In the
limit of the massless electron, only mixing of CP-even states modi�es the he�e vertex and box
contributions. However, as we can see from Figs. 6.7 and 6.10, these e�ects are rather small
at

p
s = 250 GeV. Therefore, the angular distribution of Z bosons is almost the same as the

predictions in the SM.
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Figure 6.10: NP e�ects in the EW corrections as a function of masses of the additional Higgs
bosons in the Type-I 2HDM with s��� = 0:99 at

p
s = 250 GeV. We take mH = mA = mH� .

The top left panel shows �
EW

X with tan � = 1:5 and c��� < 0. The top right panel shows �RhZ

with tan � = 1:5 (red), 3 (blue) and 5 (green) and c��� < 0. The bottom panels correspond
to the case with c��� > 0. The solid and dashed curves denote the case with the maximal and
minimal value of M2, respectively. The black dashed line shows the size of the LO deviation
due to the mixing. Perturbative unitarity and vacuum stability bounds and the constraints on
the S and T parameters are imposed.
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�(e+e� ! Zh) h ! b�b h ! c�c h ! � �� h ! WW � h ! ZZ� h ! 


2% 1:3% 8:3% 3:2% 4:6% 18% 34%

Table 6.1: Expected 1� accuracy for the SM-like Higgs boson measurements at the ILC. We
quote the values at

p
s = 250 GeV with 250 fb�1 for (Pe; P�e) = (�0:8;+0:3) in Table VI in

Ref. [35]. Except for �(e+e� ! Zh), the numbers correspond to the accuracy of �(e+e� !
hZ) � BR(h ! XY ).

6.2.5 Correlation in the cross section times decay branching ratios

In this subsection, we analyze the correlation in the cross section times decay branching ratios
of the SM-like Higgs boson in the HSM, the IDM and the four types of 2HDMs.

At future collider experiments such as the ILC, the cross section of e+e� ! hZ can be
measured without depending on the decay of the SM-like Higgs boson by utilizing the recoil
mass technique [35, 125]. This makes it possible to measure the decay branching ratios of the
SM-like Higgs boson independently of the cross section. However, the cross section times decay
branching ratios of the SM-like Higgs boson can be measured more precisely. In Table 6.1,
we summarize the expected accuracy of the cross section times decay branching ratios of the
SM-like Higgs boson at the ILC at

p
s = 250 GeV with 250 fb�1 for (Pe; P�e) = (�0:8;+0:3).

The values in Table 6.1 are taken from Table VI in [35].

In the following, we analyze the predictions for �(e+e� ! hZ) � BR(h ! XY ) at one-loop
level, where X and Y denote decay products of the SM-like Higgs boson. In order to discuss
deviations from predictions in the SM, we evaluate the ratio of the total cross section times the
decay branching ratios

�RhZ
XY =

�NP(e+e� ! hZ)BRNP(h ! XY )

�SM(e+e� ! hZ)BRSM(h ! XY )
� 1; (6.63)

where we assume the beam polarization (Pe; P�e) = (�0:8;+0:3). In the evaluation of the decay
branching ratios of the SM-like Higgs boson with the one-loop EW and QCD corrections, we
use the H-COUP program [45,46]. Although the magnitude of �RhZ

XY depends on the treatment
of the QED corrections, we do not consider these corrections and discuss the pattern of the
deviations in the correlation of �(e+e� ! hZ) � BR(h ! XY ). The QED corrections in the
cross section universally change the magnitude of �(e+e� ! hZ) � BR(h ! XY ). Therefore,
the pattern of the deviations is not changed even if we include the QED corrections following
a realistic experimental setup.

We scan the input parameters in each model in the following way. In the HSM, there are
�ve input parameters as given in Eq. (3.21). We here use M2 as an input parameter instead of
��S. The mass of the additional Higgs boson H is scanned as

400 GeV � mH < 2000 GeV; (6.64)

while c� and M2 are scanned as

0:95 � c� < 1; 0 � M2 < (mH + 250 GeV)2: (6.65)

We here take �s = 0 and �S = 0:1 for simplicity.

In the 2HDMs, we have six input parameters given in Eq. (3.49). We assume that the
additional Higgs bosons are degenerate in their mass as in the previous subsection. In this
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�b �� �
 �g �Z �W

1:03+0:19
�0:17 1:05+0:16

�0:15 1:05 � 0:09 0:99+0:11
�0:10 1:11 � 0:08 1:05 � 0:09

Table 6.2: Current measurements �XY factors at 1� accuracy. We quote the values in Table XI
in [127]. We assume that there is no decay mode where the SM-like Higgs boson decays into
additional Higgs bosons.

scenario, the constraint of the T parameter is satis�ed independently of the type of the 2HDMs.
The degenerate mass m�(= mH� = mH = mA) is scanned as

400 GeV � m� < 2000 GeV for the Type-I and X 2HDMs; (6.66)

800 GeV � m� < 2000 GeV for the Type-II and Y 2HDMs: (6.67)

The lower bound of m� in the Type-I and Type-X 2HDMs comes from the direct search for
A ! � �� at the LHC [42]. In the Type-I 2HDM, the parameter regions with tan � & 2 are
not excluded. However, we take the above parameter regions for simplicity. In the Type-
II and Type-Y 2HDMs, the lower bound comes from the 
avor experiments, especially from
Bs ! Xs
 [126]. In addition, we scan the other parameters as

0:98 � s��� < 1; 2 � tan � < 10; 0 � M2 < (m� + 250 GeV)2: (6.68)

The lower bound of tan � comes from the 
avor experiments. We analyze both the positive
and negative signs of c���.

In the IDM, we have �ve input parameters given in Eq. (3.66). We take mH = 63 GeV which
is favored by dark matter constraints. In order to satisfy the constraint on the T parameter,
we assume that H� and A are degenerate in mass. The degenerate mass mH�(= mA), M2 and
�2 are scanned as

100 GeV � mH� < 1000 GeV; (6.69)

0 � M2 < (m� + 250 GeV)2; (6.70)

0 < �2 < 4�: (6.71)

Over the above parameter spaces, we impose the constraints discussed in Chapter. 3 such
as perturbative unitarity, vacuum stability, avoiding wrong vacua, and the constraints on the
S and T parameters. In addition, we take into account the current data of the signal strengths
of the discovered Higgs boson at the LHC. We evaluate the decay rates of the SM-like Higgs
boson with higher-order corrections by using the H-COUP program [45,46]. We de�ne the scaling
factor �XY =

p
�NP

h!XY =�
SM
h!XY at the one-loop level, and remove the parameter points, where

�XY deviates from the observed data at 95% C.L.. In Table 6.2, we summarize the current
measurements of �XY factors at 1� accuracy. The values in Table 6.2 are taken from Table XI
in Ref. [127]. We assume that there is no decay mode where the SM-like Higgs boson decays
into additional Higgs bosons.

In the Type-II, X and Y 2HDMs, we have parameter points where Yukawa coupling con-
stants take the negative sign with a large value of tan � and c��� > 0. These parameter points
show the sizable deviation both in the Higgs branching ratio and cross section. However,
we simply omit such particular parameter points in the following analysis in order to extract
general features in the 2HDMs.

Before moving on to the numerical results, we discuss the general property of �RhZ
XY . The

ratio of the total cross section times the decay branching ratio �RhZ
XY can be rewritten as

�RhZ
XY = �RZh + �RXY + �RZh�RXY ; (6.72)
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Figure 6.11: Correlation between �RhZ
�� and �RhZ

bb in the HSM (orange), the IDM (grey) and
the Type-I (red), Type-II (blue), Type-X (green), Type-Y (purple) 2HDMs. The left panel
shows the results with c��� < 0 in the 2HDMs, and the right panel shows those with c��� > 0.
The ranges of the parameters are explained in the text. The lighter color corresponds to the
lighter mass scale of the additional Higgs bosons, m� � 400; 800; 1200 and 1600 GeV in order.

with �RZh de�ned in Eq. (6.60) and �RXY de�ned as

�RXY =
BRNP(h ! XY )

BRSM(h ! XY )
� 1: (6.73)

The order of loop expansion of �RZh�RXY is O(~2), and it is sub-leading. Therefore, the
qualitative behavior of �RhZ

XY can be understood by independently analyzing �RZh and �RXY .
The behavior of �RXY has been studied in Ref. [98] by using the H-COUP program [45,46].

For later convenience, we brie
y summarize the behavior of �RXY in the HSM, the IDM and
the four types of 2HDMs. First, in the HSM, the decay branching ratios of h are almost the
same as those in the SM predictions, because the partial decay widths are universally suppressed
by the radiative corrections and the mixing of the CP-even states. In our study, both �R��

and �Rbb are at most 0:5%.
The same argument has been claimed for the IDM in Ref. [98]. However, we �nd that the

parameter regions where both �Rbb and �R�� take a few percent deviations. This di�erence
comes from the large value of �2. In Ref. [98], �2 has been �xed to 0:1. However, the magnitude
of �2 indirectly controls the possible size of other Higgs quartic couplings especially through
the vacuum stability bound given in Eq. (3.60). We have obtained the almost same results as
those in Ref. [98] when we impose �2 � 0:1.

In the 2HDMs, the predictions to �R�� and �Rbb spread out into di�erent directions ac-
cording to the type of the Yukawa interactions and the sign of c���. The possible magnitudes
of the deviations in the Type-II, X and Y 2HDMs are rather large compared to the Type-I
2HDM, the HSM and the IDM. They can reach several tens of percent, and especially �R��

reaches a hundred percent in the Type-X 2HDM.
In Fig. 6.11, we show the correlations between �RhZ

�� and �RhZ
bb in the HSM, the IDM

and the four types of 2HDMs. We take the color codes where orange, grey, red, blue, green
and purple correspond to the HSM, the IDM and the Type-I, II, X, Y 2HDMs, respectively.
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Figure 6.12: Correlation between �RhZ
�� and �RhZ

cc . Color codes and the ranges of the param-
eters are the same as in those of Fig. 6.11.

The lighter color corresponds to the lighter mass scale of the additional Higgs bosons, m� �
400; 800; 1200 and 1600 GeV in order. In the left (right) panel, we show the results with
c��� < 0 (c��� > 0). The results in the HSM and the IDM are the same both in the left and
right panels.

As discussed in Eq. (6.72), �RhZ
XY can be rewritten as the sum of �RZh and �RXY , and

�RZh takes a negative value in most cases. In the Type-II, X and Y 2HDMs, the typical size
of �RXY is larger than �RZh. Therefore, the pattern of the deviation is mainly determined
by �RXY , and it is consistent with previous analysis in Ref. [98]. In these models, the possible
sizes of the deviations are large enough to be detected at the ILC if m� is about one TeV or
less.

In the HSM, the Type-I 2HDM and the IDM, we can see sizable deviations both in �RhZ
��

and �RhZ
bb , and they reach about 10%. Both �RhZ

�� and �RhZ
bb take larger values than those

in �R�� and �Rbb. This is because the typical size of �RZh is larger than �RXY in these
models, and �RXY also takes a negative value in the HSM, the Type-I 2HDM with c��� < 0
and the IDM. In the Type-I 2HDM with c��� > 0, �RXY takes a positive value. However, the
typical size of �RXY is smaller than �RhZ , and �RZh

XY takes a negative value in most of the
parameter regions. In the Type-I 2HDM, �RZh

XY quickly decouples. This is because a non-zero
c��� realizes the maximal deviation in �RhZ , especially at LO. If m� is large, the possible
value of c��� is constrained mainly by perturbative unitarity. On the contrary, in the other
types of 2HDMs with c��� > 0, the decoupling behavior is not clearly seen. This is because
taking the inner parameter tan � large keeps the magnitude of the deviation to be large even
in the case of large m�. On the other hand, constraints from the Higgs signal strength in the
HSM are weaker than those in the 2HDMs, and the deviation in c� realizes the sizable �RZh

XY

even if m� is larger than 1 TeV. In the IDM, the decoupling limit cannot be applied because we
�x mH = 63 GeV. Therefore, we have a sizable deviation although there is no mixing between
the CP-even states.

In Fig. 6.12, we show the correlations between �RhZ
�� and �RhZ

cc in the HSM, the IDM and
the four types of 2HDMs. The color codes and gradations are the same as those in Fig. 6.11.
In the left (right) panel, we show the results with c��� < 0 (c��� > 0). The results in the HSM
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Figure 6.13: Correlation between �RhZ
�� and �RhZ

W W . Color codes and the ranges of the pa-
rameters are the same as in those of Fig. 6.11.

and the IDM are the same both in the left and right panels.

The qualitative behavior of the deviations in each model is the same as in Fig. 6.11. In the
Type-II, X and Y 2HDMs, the typical size of �RXY is larger than �RZh, and the pattern of the
deviation is mainly determined by �RXY . On the other hand, we also have sizable deviations
in the HSM, the Type-I 2HDM and the IDM, and they reach about 10%. In the Type-I 2HDM
with c��� > 0, �RXY takes a positive value. However, the typical size of �RXY is smaller
than �RhZ , and �RZh

XY takes a negative value in most of the parameter regions.

If c��� is negative, the directions of the deviations in �RhZ
�� and �RhZ

cc are the same in
the HSM, the IDM and the Type-I and Y 2HDMs. However, this overlap can be partially
resolved by looking at the correlation between �RhZ

�� and �RhZ
bb where the Type-Y 2HDM

shows a di�erent correlation with others. On the other hand, if c��� is positive, the directions
of the deviations in �RhZ

�� and �RhZ
bb are the same in the HSM, the IDM and the Type-I and

II 2HDMs. This overlap can also be resolved by looking at the correlation between �RhZ
�� and

�RhZ
cc where the Type-II 2HDM shows a di�erent correlation with others.

In order to discriminate the Type-I 2HDM from the HSM and the IDM, we can use the
correlation between �RhZ

�� and �RhZ
W W . In Fig. 6.13, we show the correlations between �RhZ

��

and �RhZ
W W in the HSM, the IDM and the four types of 2HDMs. The color codes and gradations

are the same as those in Fig. 6.11. In the left (right) panel, we show the results with c��� < 0
(c��� > 0). The results in the HSM and the IDM are the same both in the left and right
panels. Especially in the case of c��� < 0, �RhZ

W W takes a positive value in the Type-I 2HDM,
while it takes a negative value in the HSM and the IDM. Even in the case of c��� > 0, there is
a stronger correlation between �RhZ

�� and �RhZ
W W in the HSM and the IDM than those in the

Type-I 2HDM.

Finally, we discuss the discrimination between the HSM and the IDM. The deviation �RhZ




might be useful to discriminate these models because it is mainly a�ected by the contribution
of the charged Higgs bosons. The behaviors of �RhZ

�� and �RhZ


 show a di�erent correlation

between the HSM and the IDM. However, the possible size of �RhZ


 is at most 20%, and it is

rather challenging to discriminate them with 95% C.L. at the ILC. The large uncertainty in
�RhZ



 at the ILC mainly comes from the low statistics [35], and this would be improved by
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performing the combined study with the measurements at the ILC and the HL-LHC [128].
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Chapter 7

Synergy between direct searches at the
LHC and precision tests at future
lepton colliders

In this chapter, we discuss the complementarity between direct searches for additional Higgs
bosons at the (HL-)LHC and precision measurements of the Higgs boson properties at future
electron-positron colliders such as the ILC. The direct search of additional Higgs bosons gives
a lower bound for the mass scale of the additional Higgs bosons. On the other hand, if the
couplings of the SM-like Higgs boson slightly deviate from those in the SM, the indirect search
gives an upper bound for the mass scale of the additional Higgs bosons through the theoretical
constraints. The decays of additional Higgs bosons into the SM-like Higgs boson can be a
dominant decay process in the approximate alignment scenario, and such Higgs-to-Higgs decays
are quite useful for the direct search of additional Higgs bosons. In the 2HDM, we concretely
show that most of the parameter space can be explored by utilizing the synergy between the
direct search of Higgs-to-Higgs decay at future hadron colliders and the indirect search at future
lepton colliders.

7.1 Decays of the Higgs bosons

In this section, we give the analytic expressions for the decay rates of the Higgs bosons including
higher-order corrections in QCD. In addition, some numerical results for the decays of the Higgs
bosons are shown.

7.1.1 QCD corrections to the neutral Higgs decays

In the following, we describe how to include QCD corrections for processes of the neutral Higgs
bosons � (= h;H;A) in our calculations. For the decay rates of h, we adopt the formulae of
incorporating those QCD corrections in H-COUP v2 [46].

The decay rate into a pair of light quarks (q 6= t) including next-to-next-to-leading order
(NNLO) QCD corrections in the MS scheme is given by [106,129{132]

�(� ! q�q) = �0(� ! q�q)(1 + ��
q ); (7.1)
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where

��
q =

�s(�)

�
CF

 
17

4
+

3

2
ln
�2

m2
�

!
+

�
�s(�)

�

�2

(35:94 � 1:36Nf ) + ��
t-loop; (7.2)

with the color factor CF = 4=3. The last term ��
t-loop indicates top-quark loop contributions,

which calculated in the case with mt � m� and � = m� as

�H
t-loop =

�H
t

�H
q

�
�s(�)

�

�2�
1:57 � 2

3
ln
m2

H

m2
t

+
1

9
ln2

m2
q(�)

m2
H

�
; (7.3)

�A
t-loop =

�A
t

�A
q

�
�s(�)

�

�2�
3:83 � ln

m2
A

m2
t

+
1

6
ln2

m2
q(�)

m2
A

�
: (7.4)

In the LO decay rate �0, mass parameters arising from Yukawa couplings are replaced by
the running masses mq(�). Thereby, large logarithmic corrections induced by the light quark
masses are resummed [133].

For the top pair, the QCD correction factor ��
t depends on the CP property of the Higgs

boson. We obtain the decay rate at the NLO in the on-shell scheme as

�(� ! t�t) = �0(� ! t�t)(1 + ��
t ); (7.5)

where [134,135]

�H
t =

�s(�)

�
CF

�
L(�t)

�t

� 1

16�3
t

(3 + 34�2
t � 13�4

t ) ln �t +
3

8�2
t

(7�2
t � 1)

�
; (7.6)

�A
t =

�s(�)

�
CF

�
L(�t)

�t

� 1

16�3
t

(19 + 2�2
t + 3�4

t ) ln �t +
3

8
(7 � �2

t )

�
; (7.7)

with �t = �1=2(m2
t=m

2
�;m

2
t=m

2
�) and �t = (1 � �t)=(1 + �t), where the function � is de�ned by

�(x; y) = 1 + x2 + y2 � 2x� 2y � 2xy: (7.8)

The function L(�t) is given by

L(�t) = (1 + �2
t )

�
4Li2(�t) + 2Li2(��t) + 3 ln �t ln

2

1 + �t

+ 2 ln �t ln �t

�
� 3�t ln

4

1 � �2
t

� 4�t ln �t; (7.9)

where Li2 is the dilog function. In the chiral limit �t ! 1, we obtain

��
t =

�s(�)

�
CF

 
9

4
+

3

2
ln
m2

t

m2
�

!
: (7.10)

Contributions of the top quark mass in the NLO QCD corrections are signi�cant near the
threshold region. On the other hand, dominant contributions in m� � mt can be the loga-
rithmic contribution, ln

�
m2

t=m
2
�

�
, which appears in the QCD corrections in the MS scheme. In

order to take into account both of the e�ects, we use interpolation for the corrections to � ! t�t
as discussed in Ref. [68].
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For the decays into an o�-shell gauge boson � ! V V � and � ! �V � (V = W;Z), the QCD
correction can enter in the V � ! q�q part. This e�ect can be included by [136]

�(� ! V V � ! V q�q) = �0(� ! V V � ! V q�q)(1 + �QCD); (7.11)

�(� ! �0V � ! �0q�q) = �0(� ! �0V � ! �0q�q)(1 + �QCD); (7.12)

where

�QCD = CF
3�s(�)

4�
: (7.13)

The fermion loop contribution to the decay rate of � ! 

 receives QCD corrections. At
the NLO, the QCD correction can be implemented by the following replacement of the quark
loop function I�

F (�q) in the MS scheme [137,138]

I�
F (�q) ! I�

F (�q)

�
1 +

�s(�)

�
C�

�
; (7.14)

where I�
F (�q) is de�ned in Appendix B, and the factor C� is determined by the scale � and the

mass ratio �q � m2
�=(4m

2
q). In our computation, we adopt the analytic expression of C� given

in Ref. [139], in which C� is written in terms of the polylog functions, up to the Li4 function.
It has been known that the factor C� becomes the simple form in the large top mass limit,
�t ! 0, as [137,138,140]

CH = �1; CA = 0: (7.15)

On the other hand, in the large Higgs mass limit or equivalently the massless fermion limit,
the factor C� is common to the case for the CP-even and CP-odd Higgs boson [138]:

ReI�
FC� = � 1

18

�
ln2(4�q) � �2 � 2

3
ln(4�q) + 2 ln

�2

m2
q

�
; ImI�

FC� =
�

3

�
1

3
ln(4�q) + 2

�
: (7.16)

For H=A ! Z
 decays, we calculate them at the LO.
For the � ! gg decays, we take into account the decay rate corrected up to NNLO expressed

as,

�(� ! gg) = �0(� ! gg)

"
1 +

�s(�)

�
E

(1)
� +

�
�s(�)

�

�2

E
(2)
�

#
: (7.17)

For the NLO QCD corrections to the � ! gg decays, there are contributions from virtual gluon
loops and those from real emissions of a gluon (� ! ggg) and a gluon splitting into quark pair

(� ! gq�q). E
(1)
� in Eq. (7.17) can be decomposed as [138],

E
(1)
� = Evirt

� (mt ! 1) + Ereal
� (mt ! 1) + �E�: (7.18)

The �rst and second terms respectively denote the contribution from virtual gluon loops and
that from real gluon emissions in the large top-quark mass limit. These are expressed by

Evirt
H (mt ! 1) =

11

2
+

33 � 2Nf

6
ln

�2

m2
H

; (7.19)

Evirt
A (mt ! 1) = 6 +

33 � 2Nf

6
ln

�2

m2
A

; (7.20)

Ereal
H (mt ! 1) = Ereal

A (mt ! 1) =
73

4
� 7

6
Nf : (7.21)
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The last term �E� vanishes in the large top-quark mass limit, which can be decomposed into
the following three parts:

�E� = �Evirt
� + �Eggg

� +Nf�Egq�q
� : (7.22)

Similar to the � ! 

 decays, we adopt the analytic expression for the virtual correction �Evirt
�

given in Ref. [139]. Those for the real emissions �Eggg
� and �Egq�q

� are given in Ref. [138], which
are expressed in the form with a double integral with respect to phase space variables. According
to Ref. [138], the factor �E� is dominantly determined by the contribution from the virtual
gluon loop �Evirt

� , so that in our computation we neglect the contributions from �Eggg
� and

�Egq�q
� . From Eq. (7.21), E� is given to be about 18 at � = m� and Nf = 5, and it gives

sizable correction to the decay rate; e.g., � 70% for m� = 100 GeV. For NNLO contributions;

i.e., E
(2)
� , we incorporate those in the limit with mt � m� and setting as � = m�, which are

expressed as [141,142]
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7.1.2 QCD corrections to the charged Higgs decays

The QCD corrections to charged Higgs decays into light quarks are presented in the MS scheme.
The expression can be written in the same way with the neutral Higgs boson decays as

�(H� ! qq0) = �0(H� ! qq0)(1 + �H�

q ); (7.25)

where the �H�
q is given by Eq. (7.2) but without the last term ��

t-loop. For the the decays into
quarks including the top quark, we apply the QCD correction in the on-shell scheme. It is given
in [135,143]
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; (7.26)

where �q = m2
q=m

2
H� , �qq0 = (1 � �q � �q0)2 � 2�q�q0 . The QCD corrections �+

qq0 and ��
qq0 are

expressed by

�+
qq0 =

9

4
+

3 � 2�q + 2�q0

4
ln
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��
qq0 = 3 +

�q0 � �q

2
ln
�q

�q0
+
�qq0 + 2(1 � �q � �q0)

2�
1=2
qq0

lnxqxq0 +Bqq0 ; (7.28)
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where xq = 2�q=(1��q ��q0 +�
1=2
qq0 ). A function Bqq0 is given in Ref. [135]. In these expressions,

quark pole masses are used. Similar to � ! t�t, we incorporate the corrections with interpolation
to consider the e�ect of the top quark mass and the logarithmic corrections due to light down-
type quark masses.

For the o�-shell decays into a neutral Higgs boson and a W boson, H� ! �W �, the QCD
correction can be applied as similar to � ! �0V �. It can be written as

�(H� ! �W�� ! �qq0) = �0(H� ! �W�� ! �qq0)(1 + �QCD); (7.29)

where the QCD correction factor is given in Eq. (7.13). For loop induced decay processes of the
charged Higgs bosons, H� ! W�V (V = Z; 
), which have been studied in Refs. [144{147],
we calculate them at the LO.

7.1.3 Total decay widths and decay branching ratios

We here discuss total widths and branching ratios for the neutral Higgs bosons and the charged
Higgs bosons in four types of the 2HDMs in order for later discussion about direct searches of
heavy Higgs bosons. We describe the behavior of the total widths and the branching ratios in
cases with the alignment limit, s��� = 1 and without taking the alignment limit, s��� = 0:995.
In the QCD correction functions C� and Evirt

� , polylog functions appear. We use CHAPLIN [148]
for the numerical evaluation of such polylog functions. We have con�rmed that our numerical
results for the total widths and the branching ratios are consistent with 2HDMC [149].

We here show the case that masses of the additional Higgs bosons as well as M are degen-
erate; i.e., m� � mH = mA = mH� and M = m�. While the m� is set to be m� = 200 GeV
or 800 GeV, tan � is scanned in the following range, 0:5 < tan � < 50. We note that, without
depending on tan �, results with m� = 200 GeV for Type-II and Type-X are already excluded
by the constraint from the 
avor physics (also, for Type-I and Type-Y in lower tan� regions,
tan � . 2) [126,150]. Nevertheless, we show them in order to compare results among four types
of the 2HDM. For the SM parameters, we use the following values of the MS quark masses at
a scale of each pole mass;

mb(mb) = 4:18 GeV [151]; mc(mc) = 1:28 GeV [151]; mt(mt) = 162:3 GeV [152]:
(7.30)

For the mass of the strange quark we use the running mass at � = 2 GeV [153], ms(2 GeV) =
0:097 GeV. In the derivation, the running strong coupling is evaluated with the following values

of �
Nf

QCD [151],

�6
QCD = 89 MeV; �5

QCD = 210 MeV; �4
QCD = 292 MeV; �3

QCD = 332 MeV; (7.31)

for Nf= 6, 5, 4, and 3, respectively. The input value of the CKM matrix elements and the total
width for the weak gauge bosons as well as the top quark are taken as [151],

Vtb = 0:999172; Vts = 0:3978; Vcb = 0:04053; (7.32)

�W = 2:085 GeV; �Z = 2:4952 GeV; �t = 1:42 GeV: (7.33)

The former is relevant for the charged Higgs decays into quarks, H� ! tb, H� ! ts and
H� ! cb. The latter is used in the computation of the Higgs boson decays into o�-shell
particles.

Before we show numerical behaviors of the total widths and the branching ratios, we mention
the loop-induced decays of the charged Higgs bosons. The branching ratio of H� ! W�Z
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Figure 7.1: Total widths of h, H, A and H� as a function of tan � in Type-I, Type-II, Type-X
and Type-Y of the 2HDM from the left panels to the right panels. Solid lines and dashed lines
show results of m� = M = 200 GeV and m� = M = 800 GeV, respectively. In the top panels,
s��� is set to be 1. In the middle and bottom panels, s��� is set to be 0.995 with c��� < 0 and
c��� > 0, respectively.

can be enhanced when the mass di�erence between H� and A is taken to some extent [145].
Whereas, in the following numerical results, where the additional Higgs bosons are degenerate,
the branching ratio of H� ! W�Z is at most O(10�4) in the present parameter choices.
Furthermore, the branching ratio of H� ! W�
 is smaller than that of H� ! W�Z.

The following numerical results for the total widths and the branching ratios are similar to
those given in Ref. [110], where the systematic studies have been done. Nevertheless, we here
show them because there are some developments from the previous study. Main di�erence from
Ref. [110] is that we compute the decay processes including higher-order QCD corrections. Also,
we incorporate the above mentioned decay processes for the charged Higgs bosons, H� ! W�Z
and H� ! W�
, in the evaluation of the total width.

In Fig. 7.1, we show the total decay widths for the neutral Higgs bosons and the charged
Higgs bosons as a function of tan � in the cases ofm� = M = 200 GeV andm� = M = 800 GeV.
Di�erent values of s��� are taken in each panel, namely s��� = 1 in the top panels, s��� = 0:995
with c��� < 0 in the middle panels, and s��� = 0:995 with c��� > 0 in the bottom panels.
For the h decays, in the alignment limit s��� = 1, the couplings with fermions and weak gauge
bosons coincide with those in the SM at tree level, so that the total decay width does not
depend on tan �. On the contrary, when tan � increases at s��� = 0:995 with c��� < 0, the
total width also increases due to the e�ect of tan � enhancement on h ! b�b (h ! � ��) in Type-II
and Type-Y (Type-X). For the heavy Higgs bosons H;A and H�, the total widths vary in the
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Figure 7.2: Decay branching ratios for h, H, A and H� as a function of tan � in the case of
m� = M = 200 GeV and s��� = 1. Results for Type-I, Type-II, Type-X and Type-Y of the
2HDM are shown from the left panels to the right panels.

both cases of s��� = 1 and s��� 6= 1. While those in Type-I monotonically decrease except for
H with a mass of 800 GeV, there appears the dip at a certain value of tan � for each additional
Higgs boson in Type-II, X and Y.

In Fig. 7.2, we show tan � dependence of the decay branching ratios for the neutral Higgs
bosons and the charged Higgs bosons in the alignment limit, s��� = 1, with m� = M =
200 GeV. For the SM-like Higgs boson decays, there is no tan � dependence of all the decay
modes, since all the scaling factors �h

X are unity when s��� = 1. We note that, in addition, the
squared scaling factors of the fermion couplings for H and A are common and simply expressed
by �f parameters; i.e., j�H

f j2 = j�A
f j2 = �2

f at s��� = 1. In the case with m� = M = 200 GeV,
the decay mode into a pair of the top quarks does not open for the H(A) decays. Hence,
for tan � > 1, the main decay mode of H is H ! b�b except for Type-X, as similar to the
SM-like Higgs boson decays. For Type-X, the main decay mode is H ! � �� due to the tan �
enhancement for the leptonic decays, which also causes H ! ��� with about 0.3% for tan � & 4.
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Figure 7.3: Decay branching ratios for h, H, A and H� as a function of tan � in the case of
m� = M = 800 GeV and s��� = 1. Results for Type-I, Type-II, Type-X and Type-Y of the
2HDM are shown from the left panels to the right panels.

For decays of A, one can see that the behavior of the branching ratios for decays into
fermions is similar to those of H for all types of the 2HDM because of j�H

f j2 = j�A
f j2. The

di�erence from H decays appears in the decay into gg. Namely, BR(A ! gg) is relatively
larger than BR(H ! gg). This mainly comes from the fact that the NLO QCD correction is
more signi�cant than H ! gg, although the expressions at the LO are also di�erent between
H and A.

Apart from the neutral Higgs bosons, decays including a top quark exist for the charged
Higgs bosons. While the decay into tb is the main decay mode for Type-I and Type-Y, the decay
into �� can be dominant in high tan � regions for Type-X. For Type-II both of the bottom
Yukawa and the tau Yukawa coupling are enhanced by tan �. As a consequence, the branching
ratio BR(H� ! ��) approaches to BR(H� ! tb) in high tan � regions, in which e�ect of the
top Yukawa coupling is negligible.
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Figure 7.4: Decay branching ratios for h, H, A and H� as a function of tan � in the case of
m� = M = 200 GeV and s��� = 0:995. Solid lines show results of c��� < 0 and dotted lines
are those of c��� > 0. Results for Type-I, Type-II, Type-X and Type-Y of the 2HDM are
shown from the left panels to the right panels.

In Fig. 7.3, the branching ratios in the case of s��� = 1 and m� = M = 800 GeV are shown
as a function of tan �. For h decays, the behavior does not change much from the case with
m� = M = 200 GeV since the decay rates do not depend on the mass of the additional Higgs
bosons at tree level. Main di�erence from Fig. 8.4 is appearance of the decays into t�t in H and
A. It dominates the branching ratios of H and A for Type-I with any value of tan �. On the
other hands, for Type-II, Type-X and Type-Y, H ! t�t and A ! t�t can be dominant only for
tan � . 10 since the decay rate is proportional to cot2 �.

Next, we move on cases without taking the alignment limit, s��� 6= 1. In these cases, the
branching ratios of fermionic decay modes of H and h vary with a sign of c���. Furthermore, for
decays of heavy Higgs bosons, additional decay modes, such as H ! V V (V = W;Z) H ! hh,
A ! Zh and H� ! W�h, shall appear. Therefore, their decay patterns can drastically change
from the case of the alignment limit.
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Figure 7.5: Decay branching ratios for h, H, A and H� as a function of tan � in the case of
m� = M = 800 GeV and s��� = 0:995. Solid lines show results of c��� < 0 and dotted lines
are those of c��� > 0. Results for Type-I, Type-II, Type-X and Type-Y of the 2HDM are
shown from the left panels to the right panels.

In Fig. 7.4, we show tan � dependence of the branching ratios for h, H, A and H� in the case
with s��� = 0:995 and m� = M = 200 GeV. For decays of h and H, predictions in the cases
with c��� < 0 and c��� > 0 are separately plotted by solid lines and dotted lines, respectively.
Regarding the decay of h one can see clear tan � dependence for all the decay modes. In
particular, the branching ratio for h ! b�b remarkably increases by tan �. For the CP-even
Higgs boson H, decays into the on-shell weak gauge bosons H ! ZZ and H ! W+W�, which
are proportional to m3

H as seen in Eq. (B.4) of Appendix B, can dominate. Whereas, the decay
into b�b (� ��) overcomes them for large tan � in Type-II and Type-Y (Type-X). Similarly, decays
into a scalar boson and an o�-shell vector boson A ! hZ� and H� ! hW�� can be sizable in
Type-I for large tan �.

In Fig. 7.5, the branching ratios in the case with s��� = 0:995 and m� = M = 800 GeV
are also shown. While H ! t�t and A ! t�t can be the main decay mode as similar to Fig. 7.3,
for decays of H, H ! hh can be dominant due to the large scalar coupling �Hhh. Apart from
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Constrained quantity Applicable mass region Reference

�(�) � BR(� ! ��) 200 < m� < 2000 GeV Fig. 7(a) in [172]
�(�(bb)) � BR(� ! ��) 200 < m� < 2000 GeV Fig. 7(b) in [172]
�(�(bb)) � BR(� ! bb) 450 < m� < 1400 GeV Fig. 8 in [173]
�(�) � BR(� ! tt) 400 < m� < 5000 GeV Fig. 14 in [174]
�(H) � BR(H ! hh) � BR(h ! bb)2 260 < m� < 2000 GeV Fig. 9(a) in [175]
�(H) � BR(H ! WW ) 200 < m� < 2000 GeV Fig. 5 in [176]
�(H) � BR(H ! ZZ) 200 < m� < 2000 GeV Fig. 6 in [177]
�(A) � BR(A ! Zh) � BR(h ! bb) 200 < m� < 2000 GeV Fig. 6(a) in [178]
�(A(bb)) � BR(A ! Zh) � BR(h ! bb) 200 < m� < 2000 GeV Fig. 6(b) in [178]
�(tH�) � BR(H� ! tb) 200 < m� < 2000 GeV Fig. 8 in [179]
�(tH�) � BR(H� ! ��) 200 < m� < 2000 GeV Fig. 8(a) in [180]

Table 7.1: List of constraints used in this study from direct searches for heavy Higgs bosons at
the 13 TeV LHC.

this, one can see that the branching ratio for H ! t�t and H ! hh are close to 0 at tan � � 10
and tan � � 16, respectively, when c��� > 0. This is because the scaling factor �H

t and the
scalar coupling �Hhh vanish at those values of tan �. We note that the value of �Hhh depends
on the value of M . Therefore, the decay width for H ! hh can change if we consider the
non-degenerate case; i.e., m� 6= M .

The branching ratios including QCD corrections are discussed in the above paragraphs. On
the other hands, there are a lots of studies on EW corrections to decays of the SM-like Higgs
boson [97{100,112,121,154{160,160,161] and additional Higgs bosons [119,162{164]. NLO EW
corrections to h ! f �f can be evaluated by utilizing H-COUP v2 [46]. Also, in the program,
those to h ! V V � ! V f �f are calculated. In 2HDECAY [165], NLO corrections to on-shell
two-body decays of h; H; A, and H� are evaluated. In addition, NLO EW corrections to
h=H ! V (�)V (�) ! 4f are calculated in Prophecy4f [70].

7.2 Direct searches at the LHC

In this section, we present current constraints on the parameter space in the 2HDMs from direct
searches for heavy Higgs bosons with the LHC Run-II data.

Let us brie
y summarize the procedure how we obtain the constraints on the parameters
in the 2HDMs from model-independent analyses for heavy Higgs boson searches at the LHC.
First, we compute production cross sections of heavy neutral Higgs bosons, � = H and A, in the
2HDMs for the gluon-fusion process (pp ! �) and for the bottom-quark associated (or bottom-
quark annihilate) process (pp ! �(b�b)) at the NNLO in QCD by using Sushi-1.7.0 [166,167].
For the charged Higgs boson production pp ! tH�, we use the values given at the NLO
QCD by the Higgs cross section working group (HXSWG) [66], based on Refs. [168{171].
Second, we calculate decay branching ratios of the Higgs bosons in the 2HDMs, including
higher-order QCD corrections, as described in Sec. 7.1. Finally, we compute the production
cross sections times the branching ratios for each parameter point for each search channel at
the LHC listed in Table 7.1, and compared with the upper limits at 95% CL with 36 fb�1 data
to obtain the constraints. Here, as in Sec. 7.1, we assume the common heavy Higgs boson
masses mH = mA = mH� (� m�) and also M = m�. Because we are interested in the near
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Figure 7.6: Production cross sections for the CP-even heavy Higgs boson H at the 13 TeV
LHC on the m�{tan � plane. Panels in two columns from the left (right) show the production
via the gluon fusion (the bottom-quark associated) in the Type-I and Type-II 2HDMs, where
the value of s��� is set to be 1, 0.995, 0.99 and 0.98 with c��� < 0 from the top to the bottom
panels. The cross sections are shown with di�erent colors from blue to red, corresponding to
from 10�5 pb to 102 pb.

alignment scenario, we consider the value of s��� as 1, 0.995, 0.99 and 0.98 both for c��� < 0
and c��� > 0. We note that we use the expected upper limits, not the observed ones, from the
LHC analyses in order for the HL-LHC projection. Although we use the ATLAS data, listed in
Table 7.1, the similar limits have been reported by the CMS experiment [181{186]. We also note
that, although new analyses with full Run-II data (139 fb�1) are available for some channels;
e.g., � ! � �� [187], we use the upper limit with 36 fb�1 data for a fair comparison with the other
channels. Similar phenomenological studies have been done earlier in; e.g., Refs. [188,189].

7.2.1 Production cross sections for the additional Higgs bosons

Before we discuss current constraints on the parameter space from direct searches, we present
production rates for the heavy Higgs bosons at the 13 TeV LHC. Figure 7.6 shows cross sections
for the CP-even heavy Higgs boson H via the gluon fusion process (left two columns) and via
the bottom-quark associated process (right two columns) on the m�{tan � plane. We only
show the cases in the Type-I and Type-II 2HDMs since the lepton sector is irrelevant for the
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Figure 7.7: Production cross sections for the CP-even heavy Higgs boson H at the 13 TeV
LHC on the m�{tan � plane. Panels in two columns from the left (right) show the production
via the gluon fusion (the bottom-quark associated) in the Type-I and Type-II 2HDMs, where
the value of s��� is set to be 1, 0.995, 0.99 and 0.98 with c��� > 0 from the top to the bottom
panels. The cross sections are shown with di�erent colors from blue to red, corresponding to
from 10�5 pb to 102 pb.

productions, namely, the productions in Type-X and Type-Y are the same as in Type-I and
Type-II, respectively. The value of s��� is set to be 1, 0.995, 0.99, and 0.98 with c��� < 0 from
the top to the bottom panels.

For the gluon-fusion process, shown in the left two columns in Fig. 7.6, the Higgs bosons
are produced via quark loops. Therefore, the di�erence of the Yukawa sector between Type-I
and Type-II leads to signi�cantly di�erent dependence on the model parameters. In Type-I,
where the top-quark loop is entirely dominant, the larger tan � is, the smaller the cross section
is for a �xed mass. One can also see the threshold enhancement of the top-quark loop at
m� � 2mt. In Type-II, the top-quark loop is dominant for small tan �, while the production
via the bottom-quark loop becomes dominant for large tan � because of the bottom-Yukawa
enhancement. The s��� dependence of the cross sections is very small for small tan �. In the
large tan � region, on the other hand, the cross sections for a �xed mass tend to be larger
as s��� deviates from the alignment limit. The production via the bottom-quark associated
process, shown in the right two columns in Fig. 7.6, is entirely subdominant in Type-I, while
that becomes dominant for large tan � in Type-II.
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Figure 7.8: Production cross sections for the CP-odd Higgs boson A at the 13 TeV LHC on
the m�{tan � plane. Panels from the left to the right show the production via the gluon fusion
in the Type-I and Type-II 2HDMs, and via the bottom-quark associated process in the Type-I
and Type-II 2HDMs, respectively.

Figure 7.9: Production cross sections for the charged Higgs boson H� at the 13 TeV LHC on
the m�{tan � plane in the Type-I (left) and Type-II (right) 2HDMs.

In Fig. 7.7, similar to Fig. 7.6, but for c��� > 0, we show the production rates. In this
case, except for the b-associate process in Type-II, the cross sections show a peculiar tan �
dependence since the top and the bottom Yukawa in Type-I and the top Yukawa in Type-II,
vanishes for a certain s��� and tan �; e.g., tan � � 10 for the s��� = 0:995 case.

Figure 7.8 presents production rates for the CP-odd Higgs boson A. The production pro-
cesses are same as those for H, shown in Figs. 7.6 and 7.7, namely the gluon fusion process (left
two columns) and the bottom-quark associated process (right two columns). Di�erent from
the CP-even Higgs bosons, the production rates only depend on tan � because of the Yukawa
structure. The global parameter dependence of the cross sections via the gluon fusion is similar
to that for H with s��� = 1, but the production rate for A is slightly larger than that for H
at each point on the m�{tan � plane. The parameter dependence of the cross sections via the
bottom-quark annihilation is as same as for H with s��� = 1.

In Fig. 7.9, at the LHC charged Higgs bosons H� are mainly produced in association with
a top quark via gb ! tH� for mH� > mt, whose cross sections are shown. Similar to the
productions for A, the cross section only depends on tan �. For a �xed mass, in Type-I, the
larger tan � is, the smaller the production rate is. In Type-II, on the other hand, up to tan� � 7,
the larger tan � is, the smaller the production rate is, similar to the Type-I case. However, for
tan � & 7, the production rate becomes larger for larger tan � due to tan � enhancement of the
bottom-Yukawa coupling.

We here mention other heavy Higgs boson productions. Although we assume mH� = mH

in this study, if the H=A ! H�W� decay is kinematically allowed, the production via gg !
H ! H�W� can be comparable with that via gb ! tH� [190{193]. Heavy Higgs bosons are
also produced in electroweak processes such as HA, H�h=H=A, and H+H� [194, 195], as well
as in loop induced processes such as H�W� [196] and H+H� [197].
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7.2.2 Constraints from the direct searches

Figure 7.10: Regions on the m�{tan � plane excluded at 95% CL in the Type-I, Type-II, Type-
X and Type-Y 2HDMs (from the left to the right panels) via direct searches for heavy Higgs
bosons with the 36 fb�1 LHC Run-II data. The value of s��� is set to be 1, 0.995, 0.99 and
0.98 with c��� < 0 from the top to the bottom panels.

Now, let us turn to discuss constraints on the parameter space in each 2HDM from direct
searches for heavy Higgs bosons with the LHC Run-II data.

In Fig. 7.10, we show exclusion regions at 95% CL on the m�{tan � plane in the Type-I,
Type-II, Type-X and Type-Y 2HDMs (from the left to the right panels) via various direct
searches for heavy Higgs bosons with the 36 fb�1 LHC Run-II data listed in Table 7.1. The
value of s��� is set to be 1, 0.995, 0.99 and 0.98 with c��� < 0 from the top to the bottom
panels. The shaded regions with dotted, solid, and dashed border lines denote the exclusion
regions for H, A, and H�, respectively.

Each exclusion region is understood by each production rate, shown in Figs. 7.6{7.9, times
each branching ratio, depicted in Figs. 7.2{7.5. We highlight several points for A, H and H�
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in order.
Regarding to the CP-odd Higgs boson A;

• For large tan �, exclusion regions only appear in the Type-II and the Type-Y 2HDMs, in
which the production via the bottom-quark loop as well as the bottom-quark associated
production becomes dominant.

• The A ! � �� channel is signi�cant only for mA < 2mt or for large tan � in Type-II. We
note that, although the branching ratio of the A ! � �� decay is even dominant for large
tan � in Type-X, the production rate is too small to be constrained.1 For mA > 2mt, the
A ! t�t channel becomes relevant in the small tan � region in all the types.2

• Since the A ! Zh decay only occurs for the non-alignment case, the exclusion regions
are remarkably di�erent between for the alignment case and for the non-alignment case.
The region of the exclusion from the A ! Zh channel becomes larger from s��� = 0:995
to 0:98, since the decay rate for A ! Zh is proportional to c2

���.

Regarding the CP-even heavier Higgs boson H;

• The production rate via the gluon fusion for the heavier CP-even Higgs boson H is smaller
than that for the A production, as mentioned above. Moreover, in the non-alignment case,
the fermionic branching ratios of H for low tan � is smaller than those for A due to the
decays into a pair of the weak gauge bosons, which are forbidden for A. Therefore, the
constraints are slightly weaker than the A case, and we do not present the exclusions
explicitly for the H ! � �� , H(b�b) ! � �� , H(b�b) ! b�b and H ! t�t channels.

• For mH > 2mW;Z and/or mH > 2mh, the peculiar decay modes for H are H ! WW ,
H ! ZZ and H ! hh for the non-alignment case and give rise to the relatively large
exclusions. The region of the constraint from H ! WW is similar to H ! ZZ, but
smaller, so we do not show it explicitly.

• We note that, as mentioned in Sec. 7.1, the H ! hh decay depends on M2. For a non-
degenerate case M 6= m�, the exclusion region from the H ! hh channel can be di�erent
that for the degenerate case.

Regarding to the charged Higgs boson H�;

• For the near alignment scenario, in the low tan � region (tan � . 5), the H� ! tb decay is
dominant for all the types, therefore the exclusions of the low-mass and low-tan� region
from the H� ! tb channel are almost same for all the panels.

• In the large tan � region, the constraint from the H� ! �� channel can be signi�cant
only in Type-II. Although the branching ratio of the H� ! �� is even dominant for large
tan � in Type-X, the constraint is insigni�cant due to the small production rate.

• We note that, as mentioned in Sec. 3.2, in Type-II and Type-Y there is an independent
constrain from 
avor observables on the mass of charged Higgs bosons, mH� & 800 GeV.

1Four-� �nal states from the pp ! HA process in Type-X can be relevant [198].
2Because there is no speci�c analysis for the spin-0 resonance in the t�t �nal state in the LHC Run-II, we use

the limit for Z 0 [174], which is valid from the Run-I 8 TeV analysis [199].
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Figure 7.11: Regions on the m�{tan � plane excluded at 95% CL in the Type-I, Type-II, Type-
X and Type-Y 2HDMs (from the left to the right panels) via direct searches for heavy Higgs
bosons with the 36 fb�1 LHC Run-II data. The value of s��� is set to be 1, 0.995, 0.99 and
0.98 with c��� > 0 from the top to the bottom panels.

Figure 7.11 shows the same as in Fig. 7.10, but for the c��� > 0 case. The global picture
of the exclusion regions is same as for the c��� < 0 case. A remarkable di�erence is that the
constraints for H in the non-alignment case are much weaker for around tan� � 7 � 10 due to
the strong suppression of the production rates. Although �(A ! Zh) does not depend on the
sign of c���, the exclusion regions for c��� > 0 in Type-II and Y are smaller than those for
c��� < 0. This is because the analysis includes the h ! b�b decay, whose branching ratio has a
singular behavior for c��� > 0; see Figs. 7.3 and 7.5.

Before closing this section, we brie
y discuss the signal strength for the discovered Higgs
boson measured at the LHC Run-II experiment, which provides independent constraints on the
parameter space from those given by the direct searches discussed in this section. Measure-
ments of the signal strength set constraints on the Higgs boson couplings; i.e., the � values
de�ned in Sec. 3.2, which can be translated into those on s��� and tan �. In Table 7.2, we
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s��� Type-I Type-II Type-X Type-Y

0:995 t� � 0:54 (t� � 0:54) { (0:57 � t� � 1:6) 0:43 � t� � 4:1 (0:42 � t� � 4:2) { ({)
0:990 t� � 0:86 (t� � 0:86) { ({) 0:71 � t� � 2:0 (0:72 � t� � 2:5) { ({)
0:980 t� � 1:3 (t� � 1:3) { ({) { ({) { ({)

Table 7.2: 95% CL allowed range of tan � for the case with c��� < 0 (c��� > 0) from the signal
strength of the discovered Higgs boson at the LHC [127]. The hyphen denotes no allowed
region.

summarize the 95% CL allowed range of tan � in the 2HDMs with �xed values of s���. The
� values are extracted from Ref. [127], which are presented in Table 7.3 as a reference. We
see that except for the Type-I 2HDM it gives severe constraints on tan �, because �b and/or
�� can signi�cantly di�er from unity in the Type-II, Type-X and Type-Y 2HDMs even for the
approximate alignment case.

7.3 Combined results of direct searches at the HL-LHC

and precision tests at the ILC

Now, let us turn to investigate how the current parameter space in the 2HDMs discussed in the
previous section can be explored further in future experiments, especially by direct searches for
heavy Higgs bosons at the HL-LHC as well as by precision measurements of the Higgs boson
couplings at the ILC. We note that complementarity for direct searches for heavy Higgs bosons
between at the LHC and the ILC500 was discussed for the 2HDMs in Ref. [200].

In order to obtain the sensitivity projection to the HL-LHC with 3000 fb�1 of integrated
luminosity, we rescale the current expected sensitivity by

p
3000=36 � 9:1. We also perform a

further rescaling of the sensitivity from
p
s = 13 TeV to

p
s = 14 TeV by taking into account

the ratio of the signal cross sections, �(m�)14TeV=�(m�)13TeV. Here, we assume that signal and
background increase by the same amount from 13 TeV to 14 TeV, which can be conservative
particularly for the high-mass region. Detailed projection with systematic uncertainties for the
� ! � �� channel was performed in the report for the HL-LHC [201], where one can see the
higher sensitivity for m� & 1200 GeV.

In addition, from precision measurements of the 125 GeV Higgs boson couplings, we can
further constrain the parameter space in the 2HDMs. In Table 7.3, we summarize the current
measurements of the � values at the LHC Run-II and the expected 1� accuracies of their
measurements at the HL-LHC and at the ILC. As we can see, the current uncertainties of the
measured � values are not small, 10% and 10{20% level for �V and �f , respectively. However,
these uncertainties can be reduced signi�cantly at those future collider experiments; e.g., �Z is
expected to be measured with a few percent at the HL-LHC and less than 1% at the ILC. As we
explained in Sec. 3.2, if a nonzero deviation in a Higgs boson coupling is con�rmed, an upper
limit on the mass of the additional Higgs bosons can be given because the decoupling limit is
no longer realized. In the following discussion, we numerically derive the upper limit on the
common mass of the additional Higgs bosons m� by imposing the bounds from perturbative
unitarity and vacuum stability, which are discussed in Sec. 3.2. We will see that the upper limit
appears for the non-alignment case s��� 6= 1, depending on the value of tan �.

In Fig. 7.12, we show regions on the m�{tan � plane expected to be excluded at 95% CL
in the Type-I, Type-II, Type-X and Type-Y 2HDMs (from the left to the right panels) via
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Current (ATLAS, CMS) HL-LHC (ATLAS, CMS) ILC250 ILC500 (1� [%])

�Z (1:11 � 0:08; 1:00 � 0:11) (2.6, 2.4) 0.38 0.30
�W (1:05 � 0:09;�1:13+0:16

�0:13) (3.1, 2.6) 1.8 0.40
�b (1:03+0:19

�0:17; 1:17+0:27
�0:31) (6.2, 6.0) 1.8 0.60

�t (1:09+0:15
�0:14; 0:98 � 0:14) (6.3, 5.5) { 6

�c ({, {) ({, {) 2.4 1.2
�� (1:05+0:16

�0:15; 1:02 � 0:17) (3.7, 2.8) 1.9 0.80
�� ({, 0:80+0:59

�0:80) (7.7, 6.7) 5.6 5.1

�g (0:99+0:11
�0:10; 1:18+0:16

�0:14) (4.2, 4.0) 2.2 0.97

�
 (1:05 � 0:09; 1:07+0:14
�0:15) (3.7, 2.9) 1.1 1.0

�Z
 ({, {) (12.7, {) 16 16

�h ({, {) ({, {) { 27

Table 7.3: Summary for the current measurements and expected 1� accuracies of the � values.
For the current measurements, we refer to the values, assuming that the branching ratio of the
decay into BSM particles is zero, which are given by the ATLAS experiments with 80 fb�1 [127]
and the CMS experiments with 35.9 fb�1 [20]. For the HL-LHC, we refer to the expected
accuracies given in Ref. [201] using systematic uncertainties at the Run-II experiment. For the
ILC250, we refer to the expected accuracies given by the ILC with 250 GeV and 2000 fb�1 [36].
For the ILC500, the expected accuracies are based on the results of the ILC250 combining the
simulations at

p
s = 350 GeV with 200 fb�1 and those at

p
s = 500 GeV with 4000 fb�1 [36].

direct searches for heavy Higgs bosons at the HL-LHC and via precision measurements of the
Higgs boson couplings at the ILC. The search channels we consider are same as for the current
constraints in Figs. 7.10 and 7.11. The value of s��� is set to be 1, 0.995, 0.99 and 0.98 with
c��� < 0 from the top to the bottom panels. The shaded regions with solid, dotted, and dashed
border lines denote the exclusion regions for A, H, and H�, respectively.

The global picture of the exclusion regions from the direct searches is similar to the current
exclusions, but much wider parameter regions are excluded. Especially, for the non-alignment
case s��� 6= 1, the large portion in this parameter space is excluded via the A ! Zh and
H ! hh channels, which set the lower-mass limit with a given tan �. We note again that the
exclusion region from the H ! hh channel can be di�erent for the M 6= m� case.

Black shaded regions are the regions excluded from the constraints of perturbative unitarity
and/or vacuum stability. Here, we assume the precision at the ILC250, and the Higgs boson
couplings with weak bosons deviate with 1� (2�) level, which corresponds to black solid (dashed)
curves, as

�h
V = [0:995; 0:99; 0:98] � 0:0038 (0:0076): (7.34)

For these constraints, we scan the value of M2 with M2 > 0, so that the black shaded region
indicates that there is no value of M2 which simultaneously satis�es the unitarity and the
vacuum stability bounds. In the above sense, the black region can be regarded as a conservative
excluded region. Interestingly, it is seen that a non-zero deviation for the 125 GeV Higgs
couplings from the SM prediction sets an upper limit of the heavy Higgs masses. For s��� =
0:995, the alignment limit is included by the 2� error, so that the dashed curve does not appear.
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Figure 7.12: Regions on the m�{tan � plane expected to be excluded at 95% CL in the Type-I,
Type-II, Type-X and Type-Y 2HDMs (from the left to the right panels) via direct searches
for heavy Higgs bosons at the HL-LHC and via precision measurements of the Higgs boson
couplings at the ILC. The value of s��� is set to be 1, 0.995, 0.99 and 0.98 with c��� < 0 from
the top to the bottom panels.

Details of the behavior of the upper limit from precision measurements on m�, shown in
Fig. 7.12, are following, where explicit formulae of the constraints are given in Sec. 3.2. For
c��� < 0, the third condition of the vacuum stability bound given in Eq. (3.60) sets an upper
limit on M which is slightly smaller than m� almost without depending on the value of tan �;
e.g., M & 680, 730 and 780 GeV being excluded for x = �0:1 and m� = 800, 900 and 1000
GeV, respectively, where x � �=2 � (� � �). The important point here is that the required
value of m2

� � M2(> 0) gets larger for a larger value of m�. Whereas, the unitarity bound
excludes a larger di�erence between M2 and m2

�, which makes magnitudes of the � parameters
larger. Therefore, for a �xed value of s��� and tan � we can �nd a critical value of m2

�, above
which the solution of the value of M2 to satisfy both unitarity and vacuum stability bounds
vanishes. Such an upper limit on m� becomes stronger when the value of tan � di�ers from
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unity because the �1 or �2 parameter becomes signi�cant so that the unitarity bound sets more
severe constraint on jM2 �m2

�j. We here emphasize that the entire parameter space we consider
is explored by combining the constraints from the direct searches at the HL-LHC and from the
precision measurements of the 125 GeV Higgs boson couplings at the ILC.

Figure 7.13 shows the same as in Fig. 7.12, but for the c��� > 0 case. Because of the
singular behaviors of the production cross section for H and of the branching ratios for h
around tan � � 7 � 10, shown in Figs. 7.7 and 7.3, a narrow parameter region in the Type-II
and the Type-Y models remains without any constraints from the direct searches even for low
m�. Similar to Fig. 7.12, there appears an upper limit on m� by the constraints of unitarity
and vacuum stability in Fig. 7.13. A remarkable di�erence, however, arises from the vacuum
stability bound as compared with the case for c��� < 0. In this case with a low tan � region,
the condition �2 > 0 sets an upper limit on M2 for a �xed value of m2

� with M2 . m2
�. This

upper limit on M2 gets milder when tan � becomes larger. When tan � exceeds a certain value,
the upper limit on M2 is almost �xed to be m2

� due to the condition �1 > 0 instead of �2 > 0.
Such a non-trivial tan � dependence on the vacuum stability bound provides two peaks of the
upper limit on m� as seen in Fig. 7.13. As a result, some small parameter regions remain
uncovered by both the HL-LHC and the ILC250.

We here give a comment on the case, where the degeneracy between the common mass of the
additional Higgs bosons m� and M is relaxed. In the above analysis, we have set M = m� in
the analysis of the exclusion region by the direct searches for simplicity. As we have mentioned
in Sec. 7.1, the decay width for H ! hh depends on the value of M , and the exclusion region
for H might change if we consider the case of M 6= m�. We note, however, that most of the
parameter regions excluded by H ! hh are also excluded by the A ! Zh decay mode, which
does not depend on the value of M . Therefore, our main conclusion does not change even if we
relax the degeneracy among m� and M .

To summarize, the entire parameter space in the 2HDMs can be explored by the synergy
between the direct searches at the HL-LHC and the precision measurements of the 125 GeV
Higgs boson couplings at the ILC. In other words, if we observed any deviations for the Higgs
boson couplings at the ILC, we would be able to �nd additional Higgs bosons at the HL-LHC,
or reject a certain type of new physics models. In order to quantify the above statement, we
have also checked the 5� discovery sensitivity by naive rescaling. We �nd that the discovery
regions are certainly smaller than the 95% CL excluded region shown in Figs. 7.12 and 7.13.
Consequently, for c��� < 0, we �nd that most of the parameter space is covered by the direct
searches at the HL-LHC and the precision tests at the ILC250. For c��� > 0, on the other
hand, some parameter regions appear, which requires more data and/or more precision to be
explored.
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Figure 7.13: Regions on the m�{tan � plane expected to be excluded at 95% CL in the Type-I,
Type-II, Type-X and Type-Y 2HDMs (from the left to the right panels) via direct searches
for heavy Higgs bosons at the HL-LHC and via precision measurements of the Higgs boson
couplings at the ILC. The value of s��� is set to be 1, 0.995, 0.99 and 0.98 with c��� > 0 from
the top to the bottom panels.
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Chapter 8

One-loop calculations for decays of the
charged Higgs bosons

In this chapter, we discuss the decay rates of charged Higgs bosons for various decay modes in
the 2HDMs. Decay branching ratios of charged Higgs bosons are evaluated including NLO EW
corrections, as well as QCD corrections up to NNLO. We have newly implemented them into the
H-COUP program [45, 46]. We comprehensively study the impacts of the NLO EW corrections
to the branching ratios in approximate alignment scenarios. We �nd that the H� ! W�h
decay modes can be dominant decay modes even in the case where deviation in hZZ couplings
is quite small and cannot be detected at the ILC. Thus, we can extract the information on the
mixing angle by studying the H� ! W�h decay modes at future collider experiments.

8.1 Decay rates with higher order corrections

In this section, we explain calculations of the decay rates with NLO EW corrections for two-
body decay of the charged Higgs bosons, i.e., H� ! f �f 0 and H� ! W�� (� = h;H;A).
For the decay into a pair of quarks H� ! q�q0, QCD corrections up to NNLO are presented.
Formulae for the loop-induced decay processes H� ! W�V (V = Z; 
) are given at LO.

For the computations of the NLO EW corrections to the charged Higgs boson decays, we
adopt the improved on-shell renormalization scheme [112]. While we do not give all descriptions
for the renormalization scheme in this paper, we here highlight the main points, for details see
Ref. [112]. In the Higgs sector, there are six free parameters given in Eq. (3.49). Together
with the wave function renormalization constants, the masses of the additional Higgs bosons
and the mixing angles are renormalized by the on-shell conditions for the Higgs bosons in the
mass eigenstates. However, the gauge dependence appears in the renormalization of mixing
angles [202], which are resolved by applying the pinch technique [112, 119]. The remaining
parameter in the Higgs sector, M2, is renormalized by the minimal subtraction [156]. On the
other hand, the renormalization of the gauge sector and the fermion sector are performed by
using on-shell conditions [96]. In our calculation for H� ! q�q0, we do not take into account
contributions arising by quark mixing at one-loop level, which is always suppressed by the CKM
matrix element. Hence renormalization of the CKM matrix does not have to be carried out.

While the UV divergences are correctly removed by virtue of the mentioned above renormal-
ization, IR divergences appear in one-loop diagrams containing a virtual photon, which cancel
with those of real photon emission diagrams. We regularize them by introducing a small photon
mass �, and numerically con�rm that IR divergences are canceled out when virtual corrections
and real emissions are summed up.
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Figure 8.1: Momentum assignment for the renormalized H+f �f 0 vertex.

8.1.1 Form factors for vertex functions of charged Higgs bosons

Before we give formulae for decay rates with higher corrections, we �rst de�ne renormalized
vertex functions of the charged Higgs bosons. All NLO EW corrections are expressed in terms
of the form factors of the vertex functions.

H�ff 0 vertex

In the computations of the charged Higgs boson decays into two fermions H� ! f �f 0, the
renormalized H�ff 0 vertex functions are needed. In general, the vertex functions can be
expressed as [99]

�̂H�ff 0 = �̂S
H�ff 0 + 
5�̂P

H�ff 0 + =p1
�̂V1

H�ff 0 + =p2
�̂V2

H�ff 0

+ =p1

5�̂A1

H�ff 0 + =p2

5�̂A2

H�ff 0 + =p1=p2
�̂T

H�ff 0 + =p1=p2

5�̂PT

H�ff 0 ; (8.1)

where p1 and p2 denote incoming momenta of a fermion f 0 and the SU(2) partner f , and q is
the outgoing momentum of the charged Higgs bosons (see Fig. 8.1). The renormalized form
factors can be commonly written by the tree-level part and the one-loop part as

�̂X
H�ff 0 = �X;tree

H�ff 0 + �X;loop
H�ff 0 ; (X=S, P, V1, V2, A1, A2, T, PT); (8.2)

where the one-loop parts are further divided into contributions from 1PI diagrams and coun-
terterms, i.e., �X;loop

H�ff 0 = �X;1PI
H�ff 0 + ��X

H�ff 0 . The 1PI diagrams contributions �X;1PI
H�ff 0 are given in

Appendix B.2. in Ref. [43].

The tree-level couplings for H�ff 0 vertices are given by,

�S;tree
H�ff 0 = � Vff 0

p
2v

(mf�f �mf 0�f 0); �P;tree
H�ff 0 = � Vff 0

p
2v

(mf�f +mf 0�f 0); (8.3)

�X;tree
H�ff 0 = 0 (X 6= S; P ): (8.4)

The counterterms for H�ff 0 vertices are presented by

��
S=P

H�ff 0 =
1

2
(��R

H�ff 0 � ��L
H�ff 0); (8.5)
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Figure 8.2: Momentum assignment for the renormalized H+W��� vertex.

with

��R
H�ff 0 = �

p
2mf 0

v
�f 0

"
�mf 0

mf 0
� �v

v
� �f 0�� +

�Zf 0

R + �Zf
L

2
+
�ZH�

2

+
1

�f 0
�CH� �

�
1

�f 0
+ �f 0

�
��PT

�
; (8.6)

��L
H�ff 0 = �

p
2mf

v
�f

"
�mf

mf

� �v

v
� �f�� +

�Zf
R + �Zf 0

L

2
+
�ZH�

2

+
1

�f

�CH� �
�

1

�f

+ �f

�
��PT

�
; (8.7)

where concrete expressions for the counterterms for fermion masses �m2
f (0) , the wave function

renormalization �Zf (0)

R=L, the electroweak VEV �v, and the mixing angle �� are presented in

Appendix C of Ref. [112]. The wave function renormalization constants of the charged Higgs
bosons are expressed by

�ZH� = � d

dq2
�1PI

H+H�(q2)

����
q2=m2

H�

; (8.8)

�CH� = �� +
1

m2
H�

�
�1PI

H+G�(0) + s���
T 1PI

H

v
� c���

T 1PI
h

v

�
; (8.9)

where 1PI diagram contributions to two point functions for the charged Higgs boson and H+-
G� mixing, �1PI

H+H�(q2) and �1PI
H+G�(q2) are given in Appendix B.1. in Ref. [43]. Those to the

one-point functions T 1PI
H and T 1PI

h are presented in Appendix C of Ref. [100]. The pinch term
for the mixing angle in the Feynman gauge ��PT is given by

��PT = � 1

2m2
A

�
�PT

AG0(m2
A) + �PT

AG0(0)
�
: (8.10)

The last term in Eqs. (8.6) and (8.7) corresponds to a subtraction term due to the following
reason. The pinch terms for the mixing angle are only required for the counterterms arising
from the shift of the couplings, and, for those arising from the shift of scalar �elds, we use the
counterterm �� without the pinch terms.

H�W�� vertex

For calculations of charged Higgs boson decays into a vector boson and a scalar boson H� !
W�� (� = h;H;A), renormalization of H�W�� vertex are needed. the vertex functions can
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be commonly expressed as

�̂�
H�W ��(p2

1; p
2
2; q

2) = (p1 + q)��̂H�W ��; (8.11)

where p�
1 and p�

2 denote the incoming momenta of a scalar boson � and a W� bosons, respec-
tively. A momentum q� denotes the outgoing one of the charged Higgs boson (see Fig. 8.2).
Since we here assume that the external gauge bosons are on-shell, the term proportional to
p2 = q � p1 vanishes due to the orthogonality of the polarization vector. Similar to the H�f �f 0

vertex, the renormalized form factor can be decomposed as

�̂H�W �� = �tree
H�W �� + �loop

H�W ��: (8.12)

with �tree
H�W �� = �ig�H�W � . The one-loop part �loop

H�W �� is schematically expressed in terms of

1PI diagram �1PI
H�W �� and the counterterm ��H��W � as

�loop
H�W �� = �1PI

H�W �� + ��H�W ��: (8.13)

The 1PI diagram contributions to these vertex functions are given in Appendix B.2. in Ref. [43].
The counterterms are expressed as

��H�W �h = �mW

v
c���

h�m2
W

2m2
W

� �v

v
+

1

2
(�ZW + �ZH� + �Zh)

+ tan(� � �)(��PT � ��PT + �CH� � �Ch)
i
; (8.14)

��H�W �H = �mW

v
s���

h�m2
W

2m2
W

� �v

v
+

1

2
(�ZW + �ZH� + �ZH)

+ cot(� � �)(��PT + ��PT � �CH� � �Ch)
i
; (8.15)

��H�W �A = +i
mW

v

h�m2
W

2m2
W

� �v

v
+

1

2
(�ZW + �ZH� + �ZA)

i
; (8.16)

where the ��PT denotes the pinch term contribution to ��. In the Feynman gauge, it is
expressed by

��PT =
1

2(m2
H �m2

h)

�
�PT

Hh(m2
h) + �PT

Hh(m2
H)
�
: (8.17)

Inclusion of the terms with ��PT and ��PT has the same reason with the one presented in
Sec. 8.1.1. We again refer Appendix C of Ref. [112] for concrete expressions to the W� boson
mass counterterm �mW and the wave function renormalization constants for the W� boson
�ZW and the Higgs bosons �Ch; �Z� (� = h;H;A).

H�VW� vertex

For computations of loop induced charged Higgs decays, i.e., H� ! ZW� and H� ! 
W�,
H�VW� (V = Z; 
) vertex appears. The renormalized tensor vertex functions can be expressed
by [144,145]

���
H�V W � = g���1

H�V W � + p�
1p

�
2�2

H�V W � + i�����p1�p2��3
H�V W � ; (8.18)

where p�
1 denotes an incoming momentum for a W� boson and p�

2 is that of a Z boson or a
photon, and q is the outgoing momentum of the charged Higgs bosons (see Fig. 8.3). In this
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Figure 8.3: Momentum assignment for the renormalized H+V �W�� vertex.

expression, relations for on-shell vector bosons, ��(p1)p�
1 = ��(p2)p�

2 = 0, have been applied.
Since H�ZW

�
and H�
W� vertices do not exist at the tree level, form factors are written by

the loop contributions,

�i
H�V W � = �i;loop

H�V W � = �i;1PI
H�V W � + ��i

H�V W � : (8.19)

The 1PI diagram contributions are given in Appendix B.2. in Ref. [43]. While there is no
tree-level contributions, counterterms are introduced from G�
W� vertices though the mixing
with charged Higgs bosons. It is expressed by

��1
H�V W � = gG�W �V (�CG+H� + ��); ��2;3

H�V W � = 0; (8.20)

where the tree-level couplings for NG boson are gG�W �
 = egv=2 and gG�W �Z = �ggZvs
2
W=2.

8.1.2 Decay rates of H� ! ff 0

The decay rates for charged Higgs boson decays into a pair of fermions with NLO EW corrections
and QCD corrections can be written as

�(H� ! f �f 0) =
N f

c mH�jVff 0j2

8�v2
�

1
2 (�f ; �f 0)

"
(1 � �f � �f 0)

n
m2

f 0�2
f 0

�
1 + �QCD

RR + �EW
RR

�
+m2

f�
2
f

�
1 + �QCD

LL + �EW
LL

�o
+ 4

p
�f�f 0mfmf 0�f�f 0

�
1 + �QCD

RL + �EW
RL

�#
+ �(H� ! f �f 0
); (8.21)

with �f (0) = m2
f (0)=m

2
H� and the color factor N f

c = 3 (1) for quarks (leptons). The kinematical

factor �(x; y) is de�ned by

�(x; y) = (1 � x� y)2 � 4xy: (8.22)

Factors �QCD
XX and �EW

XX (XX = LL; RR; RL) denote QCD correction parts and EW correction
parts, respectively. In this expression, the real photon emission contribution is included, by
which the IR divergences are removed. The analytic formula is given in Appendix C. in Ref. [43].
The LO decay rate �(H� ! f �f 0)LO is easily obtained by omitting all NLO contributions,

�
QCD=EW
XX ! 0 and �(H� ! f �f 0
) ! 0.
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The EW corrections parts are written by

�EW
RR = � 2vp

2mf 0�f 0Vff 0
Re
�
GS;loop

H�ff 0 +GP;loop
H�ff 0

�
� 2

�f 0

Re�̂H+G�(m2
H�)

m2
H�

� �r; (8.23)

�EW
LL =

2vp
2mf�fVff 0

Re
�
GS;loop

H�ff 0 �GP;loop
H�ff 0

�
� 2

�f

Re�̂H+G�(m2
H�)

m2
H�

� �r; (8.24)

�EW
RL = � vp

2mfmf 0�f�f 0Vff 0

h
mf�fRe

�
GS;loop

H�ff 0 +GP;loop
H�ff 0

�
�mf 0�f 0Re

�
GS;loop

H�ff 0 �GP;loop
H�ff 0

�i
�
�

1

�f

+
1

�f 0

�
Re�̂H+G�(m2

H�)

m2
H�

� �r; (8.25)

where functions GS;loop
H�ff 0 and GP;loop

H�ff 0 are expressed in terms of form factors for the H�ff 0 vertex
as

GS;loop
H�ff 0 = �S;loop

H�ff 0 +mf 0�V 1;loop
H�ff 0 �mf�V 2;loop

H�ff 0 +m2
H�

�
1 �

m2
�

m2
H�

� mfmf 0

m2
H�

�
�T;loop

H�ff 0 ; (8.26)

GP;loop
H�ff 0 = �P;loop

H�ff 0 �mf 0�A1;loop
H�ff 0 �mf�A2;loop

H�ff 0 +m2
H�

�
1 �

m2
+

m2
H�

+
mfmf 0

m2
H�

�
�P T;loop

H�ff 0 ; (8.27)

with m+ = mf + mf 0 and m� = mf � mf 0 . The last term in Eqs. (8.23)-(8.25), �r, denotes
the one-loop weak corrections to the muon decay, which is introduced due to resummation of
universal leading higher-order corrections, such as large logarithms from light fermion masses
and contributions with the squared mass of the top quark [108,203]. The contributions to the
renormalized self-energy �̂H+G� come from H+W� and H+G� mixings, which are derived by
using the Slavnov-Taylor identity [204].

Expressions for the QCD correction parts are di�erent depending on the �nal state fermions.
For the decays into a pair of light quarks, we apply the QCD corrections at NNLO in the
MS scheme [106, 129{132]. The correction factors are expressed by a common factor, i.e.,
�QCD

RR = �QCD
LL = �QCD

RL = �H�
q ;

�H�

q =
�s(mH�)

�
CF

23

4
+

�
�s(mH�)

�

�2

(35:94 � 1:36Nf ); (8.28)

where �s(mH�) denotes the strong coupling constant at the scale of mH� , CF is the color factor
CF = 4=3, and Nf is the active 
avor number. In the MS scheme, the light quark masses in
LO parts of Eq. (8.21), which comes from the Yukawa couplings of H�, are replaced by the
corresponding running masses, mq(0)! �mq(0)(mH�). Thereby, large logarithm contributions at
the higher-order are absorbed by the quark masses [133, 205{207]. On the other hand, for
the decay into quarks including the top quark, we apply both QCD corrections in the on-shell
scheme and those of MS scheme and interpolate them following Ref. [68]. The reason is that the
contributions of the top quark mass in the on-shell scheme are signi�cant in the case of lighter
charged Higgs bosons, mH� � mt + mD (D = b; s; d), whereas the logarithm contributions
log
�
m2

t=m
2
H�

�
can dominate in case of mH� � mt +mD. The QCD correction factors at NLO

in the on-shell scheme are given by [135,143]

�QCD
RR = CF

�S(�)

�
�+

qq0 ; �QCD
LL = CF

�S(�)

�
�+

q0q; �QCD
RL = CF

�S(�)

�
��

qq0 ; (8.29)
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where

�+
ff 0 =

9

4
+

3 � 2�f + 2�f 0

4
ln
�f

�f 0
+

(3
2

� �f � �f 0)�ff 0 + 5�f�f 0

2�
1=2
ff 0(1 � �f � �f 0)

lnxfxf 0 +Bff 0 ; (8.30)

��
ff 0 = 3 +

�f 0 � �f

2
ln
�f

�f 0
+
�ff 0 + 2(1 � �f � �f 0)

2�
1=2
ff 0

lnxqxf 0 +Bff 0 ; (8.31)

with xf = 2�f=(1 � �f � �f 0 + �
1=2
ff 0). The function Bff 0 is given in Ref. [135]. When we apply

the OS QCD corrections, quark pole masses are used in the LO parts.

8.1.3 Decay rates of H� ! W��

We describe the one-loop corrected decay rates for the charged Higgs boson decay into the W�

bosons and scalar bosons H� ! W�� (� = h;H;A), with NLO EW corrections. They can be
expressed by [119,208{210]

�(H� ! W��) = �(H� ! W��)LO(1 + �EW
� ) + �(H� ! W��
): (8.32)

The LO decay rate �(H� ! W��)LO is written by

�(H� ! W��)LO =
m3

H�

16�m2
W

� (��; �W )
3
2 jg�H�W �j2; (8.33)

with �� = m2
�=m

2
H� and �W = m2

W=m
2
H� . The NLO correction �EW

� is expressed by

�EW
� =

2Re
�

�tree
H�W ���loop�

H�W ��

�
����tree

H�W ��

���2 � 2
g�G�W �

g�H�W �

Re�̂H+G�(m2
H�)

m2
H�

� �r � Re�̂0
W W (mW ); (8.34)

where the tree-level couplings with the charged NG bosons are given by

ghG�W � = �imW

v
s���; gHG�W � = �imW

v
c���; gAG�W � = 0: (8.35)

The term �̂0
W W (m2

W ) arises because we do not impose that the residue of renormalized W�

bosons propagator is unity.

8.1.4 Decay rates of H� ! W�V

We present the loop induced decay rates for charged Higgs boson, H� ! W�Z and H� !
W�
. Using the form factors in Eq. (8.18), the decay rate for H� ! W�Z are expressed
as [144,145]

�(H� ! W�Z) =
1

16�mH�
�

1
2 (�W ; �Z)

�
jMT T j2 + jMLLj2

�
; (8.36)

jMT T j2 = 2j�1
H�ZW � j2 +

m4
H�

2
� (�W ; �Z) j�3

H�ZW �j2; (8.37)
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m4

H�

4m2
Wm

2
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����� (1 � �W � �Z) �1
H�ZW � +

m2
H�

2
� (�W ; �Z) �2

H�ZW �

�����
2

; (8.38)
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where �W = m2
W=m

2
H� and �Z = m2

Z=m
2
H� . For H� ! W�
, using the Ward identity,

�1
H�
W � = �p1 � p2�2

H�
W � , one can obtain

�(H� ! W�
) =
m3

H�

32�

�
1 � m2

W

m2
H�

�3 �
j�2

H�
W � j2 + j�3
H�
W � j2

�
: (8.39)

Since there is no contribution from the longitudinal part in the process, this formula only
involves the transverse part of gauge bosons in the �nal states.

8.2 Theoretical behaviors of charged Higgs boson decays

with NLO corrections

8.2.1 Impact of NLO EW corrections to the decay rates

In this section, we examine the impact of NLO EW corrections on the decay rates of the charged
Higgs boson in Type-I and Type-II. We here omit to show the results for Type-X and Type-Y,
because they are very similar to those of Type-I or Type-II. In the next subsection and next
section, we compare the results for all types of the Yukawa interactions. We use the following
quantities to describe the magnitudes of NLO EW corrections,

�EW(H+ ! XY ) =
�NLO EW(H+ ! XY )

�LO(H+ ! XY )
� 1; (8.40)

where �NLO EW(H+ ! XY ) corresponds to the decay rates without QCD corrections. For
the calculation of decay rates at LO �LO, we employ the quark running masses not the pole
masses. We evaluate this quantity in both the alignment scenario, s��� = 1, and a nearly
alignment scenario, s��� = 0:99. For each scenario, tan � is taken to be the following three
values, tan � = 1; 5; and 10. The dimensionful parameter M is scanned in the region of
0 < M < 1500 GeV. In this analysis, we impose the theoretical constraints discussed in
Sec. ??, i.e., the perturbative unitarity and the vacuum stability. On the other hand, we here
do not take into account the constraint from the 
avor physics in order to compare the di�erence
of �EW among all the types, while the mass of charged Higgs boson is strictly constrained by
Bs ! Xs
, especially for Type-II and Type-X. All results with the constraints including the

avor experiments are presented in the next section.

In Fig. 8.4, we show the EW corrections to various charged Higgs boson decays as a function
of degenerated mass of the additional Higgs bosons, m� � mH� = mH = mA in the alignment
limit, s��� = 1 with the di�erent values of tan �, tan � = 1 (red); 3 (blue); and 10 (green).
The solid (dashed) lines correspond to the results with a maximum (minimum) value of M
satisfying the theoretical constraints, Mmax (Mmin). In this case, charged Higgs decays into a
pair of fermions are dominant. For the results of H+ ! t�b with tan � = 1, one can see that
there are kinks at m� ’ mt + mb; 2mt and 600 GeV. The �rst one comes from the threshold
of the (t; b) loop diagram in the H+-H� self-energy. The second one comes from the threshold
of the top loop diagram in the A-G0 mixing self-energy, which appears in the counterterms for
the H+ff 0 vertex. The third kink corresponds to the points where the values of M change
from zero to non-zero due to the perturbative unitarity. At this point, the scalar couplings
�H+H�� (� = h;H;A) are maximized under the constraint from the perturbative unitarity.
Non-decoupling e�ects of h;H and A loops in the H+-H� self-energy are then dominant, and
�EW(H� ! t�b) can be almost 10% for all the types of 2HDMs. On the other hand, even if m�
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Figure 8.4: Magnitudes of NLO corrections to the decay widths for charged Higgs bosons in
the alignment limit s��� = 1 with tan � = 1 (red); 3 (blue); 10 (green). We consider masses of
additional Higgs bosons are degenerate, m� � mH� = mA = mH . The dimensionful parameter
Mmax (Mmin) is the maximum (minimum) value of M under the theoretical constraints.

is su�ciently large, the EW corrections do not decouple. Namely, the decoupling theorem [34]
is not applicable in this case, and non-decoupling e�ects are signi�cant.

For the results with tan � = 3, and 10, the possible values of M are almost constants due
to the strict theoretical constraints, i.e. M � m�. While for Type-I, one do not see large
di�erence between tan � = 3, and tan � = 10, for Type-II, the corrections can be sizable in
the case of tan � = 10, e.g., �EW(H+ ! t�b) ’ �25 % at m� = 2 TeV. We �nd that these
behaviors can be explained by large negative contributions from the tensor form factors �T

H+ff 0

and �T P
H+ff 0 , which give the contributions proportional to the square of the charged Higgs boson

mass in the decay rate (see Eqs. (8.26) and (8.27)).
For other decay modes, one can see the similar behaviors described above. On the other

hand, the remarkable thing is that the correction �EW(H+ ! c�s) can be over �100% at
m� = 600GeV. We note that �EW(H+ ! c�s) tends to be larger than the other decay modes
for the following reason. The decay rate with NLO EW corrections �(H+ ! c�s) is evaluated
by using the pole masses for the charm quark and the strange quark while the LO decay rates
are evaluated with the running masses at the scale of � = mH� . Consequently, the di�erence
between the pole masses and the running masses enhances �EW(H+ ! c�s) 1.

1For instance, the ratios of the running masses and pole masses are estimated as mc= �mc(mH�) =
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Figure 8.5: Magnitudes of NLO corrections to the decay widths for charged Higgs bosons in
the case of s��� = 0:99 with c��� < 0. The masses of the additional Higgs bosons are degen-
erate, m� � mH� = mA = mH . The dimensionful parameter Mmax (Mmin) is the maximum
(minimum) value of M under the theoretical constraints.

In Fig. 8.5, the results in the nearly alignment scenario, s��� = 0:99 with c��� < 0, are
shown as a function of the degenerate mass m�. In the non-alignment case, an upper bound
of m� is given for each value of tan � because of the theoretical constraints. However, the
maximum magnitudes of NLO EW corrections for the case of tan� = 1 are almost unchanged
from the scenario of the alignment limit. Apart from that, the charged Higgs bosons can
decay into W+h in the nearly alignment scenario. For this decay mode, peaks appear at
mH� ’ mh +mW , which correspond to the thresholds of 1PI diagrams in the H+W�h vertex
function such as (W;H�=G�; h) and the (h; h=H;W ) loop diagrams. The maximum value of
the corrections is 26% in the case of tan � = 1 for all the types of 2HDMs.

In the Fig. 8.6, we also show the results with s��� = 0:99 and c��� > 0. The remarkable
di�erence from the results with c��� < 0 is that the allowed regions for tan � = 10 are broader
than those for tan � = 3. Hence, compared with c��� < 0, the corrections �EW for tan � = 10
can be larger. In addition, for H+ ! W+h, direction of the threshold peak at m� ’ mh +mW

is opposite from c��� < 0 because the contributions from the H+W�h vertex function depends

1:67 GeV=0:609 GeV = 2:74, ms= �ms(mH�) = 0:1 GeV=0:0491 GeV = 2:03. Magnitude of �EW(H+ ! c�s) is
enlarged by these factors. The discussion does not depend on s���, so that the same holds in Fig. 8.5 and 8.6.
Namely �EW(H+ ! c�s) can also be over -100% in case of s��� = 0:99.
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Figure 8.6: Magnitudes of NLO corrections to the decay widths for charged Higgs bosons in
the case of s��� = 0:99 with c��� > 0. The masses of the additional Higgs bosons are degen-
erate, m� � mH� = mA = mH . The dimensionful parameter Mmax (Mmin) is the maximum
(minimum) value of M under the theoretical constraints.

on the tree-level coupling ghH+W � (see Eq. (8.34)). On the other hand, one can see that the
sign of �EW(H+ ! W+h) in the region m� & 500 with tan � = 1 are positive in the both
cases of c��� < 0 and c��� > 0. The dominant contributions in this region mainly come from
non-decoupling e�ects of additional Higgs bosons, i.e., pure scalar loop diagrams in �Ch and
�CH+ , which are proportional to the square of the scalar couplings ��i�j�k

��i0 �j0 �k0 . Among
them, there are contributions that are not proportional to c���, so that they do not depend on
the sign of c���.

8.2.2 Branching ratios

In this subsection, we describe behaviors of the branching ratios with the NLO EW corrections
as well as the QCD corrections. Similar to the previous section, we evaluate them in both the
alignment scenario and the nearly alignment scenario under the theoretical constraints and the
S, T parameters. We here consider the following three cases with a di�erent mass spectrum of
the additional Higgs bosons:

Case 1: A relatively small mass of H�, mH� = 160 GeV, and degenerate masses of H and A with
H�, mH = mA = mH� . In this case, the on-shell decay H+ ! t�b does not open.
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Case 2: A relatively large mass of H�, mH� = 600 GeV, and degenerate masses of H and A with
H�, mH = mA = mH� .

Case 3: A relatively large mass of H�, mH� = 600 GeV, degenerate masses of A with H�,
mA = mH� , and lighter mass of H, mH = 300 GeV. In this case, the on-shell decay
H� ! W+H is kinematically allowed.

Whereas masses of the additional Higgs bosons are �xed for each case, M and tan � are com-
monly scanned in the following regions of 0 < M < 1500 GeV and 0:5 < tan � < 50. Taking
into account the 
avor constraints for Type-II and Type-Y, the mass of charged Higgs boson
in each case would be too light. However, we dare to show the results for not only Type-I and
Type-X but also Type-II and Type-Y for the comparison. For Case 2 and Case 3, we checked
that behaviors of the charged Higgs bosons are similar if we change the mass of charged Higgs
boson from mH� = 600 GeV to mH� = 800 GeV.

In Fig. 8.7, we show the results in Case 1 for the alignment scenario, s��� = 1, and the
nearly alignment scenarios, s��� = 0:99 with c��� < 0 and c��� > 0 from top panels to bottom
panels. For the results of Type-I in s��� = 1, all decay modes into quarks and leptons are
proportional to 1= tan2 �. Hence, except for H+ ! 
W+, the branching ratios are almost
constants without depending on tan �. As the results, the decay H+ ! t��b dominates in the
whole region of tan �. On the other hand, one can see that the branching ratio of H+ ! 
W+

can be much varied by the scale of M . This is due to contributions from the (H;H�; H�)
diagrams in the form factor �2

H+
W . We note that another pure scalar loop diagram disappears
in the alignment limit. In the case of M=Mmin (black dashed line) and tan � � 1, the relevant
scalar coupling for this diagram, �H+H�H can be sizable. Hence, the decay H+ ! 
W+ is
enhanced. For the results of Type-II and Type-X, the main decay mode becomes H+ ! �+�
in the large tan � regions, since the tau Yukawa coupling is enhanced.

For the results of the nearly alignment scenario s��� = 0:99, behaviors of the charged Higgs
boson decays are similar to those of the alignment scenario, while the value of the tan � is
bounded at tan � ’ 10 because of the theoretical constraints. In these scenarios, the decay into
H+ ! W+h opens. The branching ratio can exceed 3% when tan � = 10 in Type-I.

In Fig. 8.8, we show the results in Case 2 for the alignment scenario and the nearly alignment
scenario from the top panels to the bottom panels. Here we take the value of s��� in the nearly
alignment scenario as s��� = 0:995 in light of the severe theoretical constraints. In the bottom
panels, the violet regions correspond to the ones excluded by the theoretical constraints. In
Case 2, the on-shell decay into t�b opens and it is the dominant decay mode in the alignment
scenario expect for Type-X. However, the situation can be changed in the nearly alignment
scenario with c��� > 0. Namely, the additional decay modeH+ ! W+h can overcomeH+ ! t�b
in Type- I and Type-X. Another remarkable behavior for Case 2 is that the EW corrections to
the decay into c�s can be considerably large at tan � ’ 1 because of the non-decoupling e�ects of
the additional Higgs bosons as already seen in Fig. 8.4, while the magnitudes of the branching
ratios are below 10�4.

In Fig 8.9, the results of Case 3 are shown in the scenarios of s��� = 1 and s��� = 0:995.
The feature of these scenarios is that the decay into W+H opens. The decay rate can be
signi�cant since it is proportional to the cube of mH� . In addition, the corresponding tree-
level coupling is proportional to s���, so that this decay mode appears even in the alignment
scenario. Remarkably, if tan � & 1, the decay into H+ ! W+H dominates the branching ratios
in both the alignment and nearly alignment scenarios for all the types of 2HDMs.
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Figure 8.7: Decay branching ratios for charged Higgs bosons as a function of tan � in the
alignment limit s��� = 1 (top panels) and in the nearly alignment scenarios s��� = 0:99 with
c��� < 0 (middle panels) and c��� > 0 (bottom panels), where the NLO EW and NNLO QCD
corrections are included if they are applicable. Masses of the charged Higgs boson as well as
the neutral Higgs bosons are taken to be degenerate, i.e., mH� = mH = mA = 160GeV. Each
decay mode is speci�ed by color as given in the legend. Solid (dashed) lines correspond to the
results with M = Mmax (Mmin). The dimensionful parameter Mmax (Mmin) is the maximum
(minimum) value of M under the theoretical constraints. The gray region shows predictions on
BR(H+ ! W+
) in the region Mmin < M < Mmax.
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Figure 8.8: Decay branching ratios for charged Higgs bosons as a function of tan � in the
alignment limit s��� = 1 (top panels) and in the nearly alignment scenarios s��� = 0:995 with
c��� < 0 (middle panels) and c��� > 0 (bottom panels), where the NLO EW and the NNLO
QCD corrections are included if they are applicable. The masses of the charged Higgs boson as
well as the neutral Higgs bosons are taken to be degenerate, i.e., mH� = mH = mA = 600GeV.
Each decay mode is speci�ed by color as given in the legend. Solid (dashed) lines correspond to
the results with M = MMax (Mmin). The dimensionful parameter Mmax (Mmin) is the maximum
(minimum) value of M under the theoretical constraints. The violet region corresponds to the
one excluded by the theoretical constraints.
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Figure 8.9: Decay branching ratios for charged Higgs bosons as a function of tan � in the
alignment limit s��� = 1 (top panels) and in the nearly alignment scenarios s��� = 0:995 with
c��� < 0 (middle panels) and c��� > 0 (bottom panels), where the NLO EW and the NNLO
QCD corrections are included if they are applicable. The masses of the charged Higgs boson
and the neutral Higgs bosons are taken to be degenerate, i.e., mH� = mH = mA = 600 GeV
and mH = 300 GeV. Each decay mode is speci�ed by color as given in the legend. Solid
(dashed) lines correspond to the results with M = MMax (Mmin). The dimensionful parameter
Mmax (Mmin) is the maximum (minimum) value of M under the theoretical constraints. The
violet region corresponds to the one excluded by the theoretical constraints.
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Figure 8.10: Decay branching ratios for the charged Higgs bosons as a function of ��Z(� �Z�1)
in Scenario A, where colored points denote di�erent values of tan �. Predictions on Type-I
(Type-X) are shown in the �rst and third columns (the second and fourth columns).

8.3 Phenomenological impact of the charged Higgs bo-

son decays

8.3.1 Decay pattern of the charged Higgs bosons in the nearly align-
ment regions

In this subsection, we discuss whether or not four types of 2HDMs can be discriminated by
looking at decay patterns of the charged Higgs bosons, and also whether or not information of
the inner parameters can be extracted. As already studied, the discrimination of 2HDMs can
be accomplished by patterns of the deviations from the SM predictions for the couplings [100,
110, 112] and/or the branching ratios [97, 98] of the discovered Higgs boson if the deviations
are actually found in the future collider experiments. In particular, four types of 2HDMs can
be clearly separated by a correlation of the hbb coupling and the h�� coupling [100, 110, 112].
However, current experimental data from the LHC Run II favor the alignment regions, and
such a desired situation would not be necessarily realized in the future. Hence, it would be
worth investigating the impacts of discovery of the charged Higgs bosons for a test of 2HDMs
especially in the case that the signi�cant deviations in the h couplings are not detected in the
future collider experiments.

To this end, we consider two distinct scenarios for the mass of the charged Higgs boson,

(Scenario A) : mH� = 400 GeV (8.41)

(Scenario B) : mH� = 1000 GeV; (8.42)

For Scenario A, Type II and Y are already excluded by the 
avor constraint (see, e.g, Ref. [65]),
so that we compare the di�erence of the branching ratios between Type-I and Type-X. For
Scenario B, all the types of 2HDMs are not excluded by the 
avor constraints. In order to avoid
constraint from the T parameter, we set the mass of the CP-odd Higgs boson as mA = mH� .
Whereas, the mass of the heavier CP-even Higgs boson is taken in the following range for each
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Figure 8.11: Decay branching ratios for the charged Higgs bosons as a function of ��Z(� �Z�1)
in Scenario B, where colored points denote di�erent values of tan �. Predictions on Type-I, II,
X and Y are shown from the left panels to the right panels.

scenario,

250 GeV < mH < 800 GeV for Scenario A; (8.43)

800 GeV < mH < 1200 GeV for Scenario B: (8.44)

For the lower bound of Scenario A, we take into account the constraint from the direct search for
H ! ZZ�, by which mH . 250 GeV and tan � . 6 (5) are excluded in the case of s��� = 0:995
with c��� < 0 for Type-I (X) [42]. The remaining parameters are scanned for both the scenarios
as

0:995 < s��� < 1; 2 < tan � < 10; 0 < M < mH� + 500GeV; (8.45)

considering both cases of c��� < 0 and c��� > 0. The lower bound of tan � comes from the
consideration of the constraint from Bd ! �� for Scenario A [65] and H ! hh in the case
of s��� = 0:995 with c��� < 0 for Scenario B [42]. With these scan regions, we impose the
theoretical constraints and the S,T parameters in the same way as Sec. 8.2. Furthermore, we
exclude parameter points that are not consistent with the current data of the Higgs signal
strength at the LHC in Ref. [21]. We calculate the decay rates for h with NLO EW and
NNLO QCD corrections by utilizing H-COUP v2 [46] and evaluate the scaling factors �X =
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Figure 8.12: Correlation between BR(H+ ! �+�) and BR(H+ ! c�b) for Scenario B in four
types of 2HDMs. Colored dots correspond to di�erent values of tan �, mH �mH� , and c��� in
the left top panel, the right top panel and the bottom panel, respectively.

p
�2HDM

h!XX=�
SM
h!XX for each parameter point. We then remove parameter points if the calculated

scaling factors deviate from the values presented in Table 11 (a) of Ref. [21] at 95 % CL.

While the alignment limit is de�ned by s��� = 1 at tree level, this might not be valid beyond
tree level. At loop levels, the quantum corrections by additional Higgs bosons can give non-zero
contributions to �hV V � even in s��� = 1. Hence, we use the scaling factor �Z and de�ne the
alignment limit as �Z = 1 at loop levels. At the ILC 250, expected 1� (2 �) accuracies of �Z

is 0.38% (0.76%) [36]. Thus, we mainly discuss the behavior of the branching ratios of H+ for
each type of 2HDMs within ��Z(� �Z � 1) . 0:76%, assuming situations that the deviations
in the h couplings are not found.

In Fig. 8.10, we present the branching ratios at NLO in Type-I (top panels) and Type-X
(bottom panels) for Scenario A as a function of ��Z , where the color points denote values of
tan �. For BR(H+ ! t�b), one can see that the size of the branching ratio can reach almost
100% without depending on ��Z as well as types of 2HDMs. The reason is that such sizable
BR(H+ ! t�b) is realized in the low tan � region, where the top Yukawa coupling in the H+�tb
vertex dominates for H+ ! t�b. Thus, the di�erence between Type-I and Type-X does not
appear. For BR(H+ ! �+�), the prediction of Type-X is obviously larger than that of Type-I
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because of the tan � enhancement for the � Yukawa coupling in the H+ ���� vertex for Type-X.
Namely, in Scenario A, Type-X can be identi�ed if BR(H+ ! �+�) is sizable for the discovered
charged Higgs bosons. On the other hand, characteristic predictions of Type-I can be obtained
in H+ ! W+h. The branching ratio BR(H+ ! W+h) in Type-I can exceed 20%, while
the prediction of Type-X is maximally around 11%. Hence, a large BR(H+ ! W+h) is a
clear signature in identifying Type-I. An intriguing point is that this signature can be mostly
realized in the regions of ��Z . 0:76%. If the deviation in the hZZ coupling is ��Z . �1%,
BR(H+ ! W+h) is less than 5% in both Type-I and Type-X. One can also see that these
signatures of Type-I and Type-X contain information on the inner parameters of 2HDMs.
Sizable values of BR(H+ ! � ��) in Type-X and BR(H+ ! W+h) in Type-I are caused in
the large tan � region. Therefore, information on tan � can be extracted once these branching
ratios are determined.

In addition, we comment on behavior of the branching ratio for H+ ! W+(�)H. This decay
mode kinematically opens when the heavier CP-even Higgs boson is lighter than the charged
Higgs bosons. The maximal size of BR(H+ ! W+(�)H) can reach almost 90% in both Type-I
and Type-X. As can be seen by comparing values of tan � and ��Z , parameter points with
huge values of BR(H+ ! W+(�)H) correspond to those with suppressed BR(H+ ! t�b).

In Fig. 8.11, the branching ratios at NLO in Type-I, II, X and Y for Scenario B are shown
as a function of ��Z from left to right panels. Behavior of the BR(H+ ! t�b) are similar to
Scenario A, namely, the size of the branching ratio can be huge in the low tan � region for
all types of 2HDMs. Behavior of the BR(H+ ! W+H) also does not almost change from
Scenario A. In addition, for identi�cation of Type-I and Type-X, one can rely on the processes
H+ ! W+h and H+ ! �+� as same as Scenario A. In Scenario B, BR(H+ ! W+h) of Type-I
can be considerably enhanced unlike other types of 2HDMs. The size of BR(H+ ! �+�) can
reach 30% only in Type-X. An interesting feature of Scenario B is that a sizable BR(H+ !
W+h) is only realized in the case of c��� > 0 di�erently from Scenario A2. Hence, not only
the size of tan � but also the sign of c��� can be extracted from the size of BR(H+ ! W+h).
We note that all points with BR(H+ ! W+h) > 10% correspond to c��� > 0 for all types of
2HDMs.

From the decay modes H+ ! t�b, H+ ! �+�, H+ ! W+h and H+ ! W+H, it would
be di�cult to separate Type-II and Type-Y. However, this can be performed by looking at
the decay process H+ ! c�b as shown in Fig. 8.123. For Type-II and Type-Y, BR(H+ ! c�b)
can be larger than 0.1% and one can distinguish these types from Type-I and Type-X by
this decay mode. Furthermore, Type-II and Type-Y can be discriminated from the size of
BR(H+ ! �+�). As seen from the left top panel of the Fig. 8.12, enhancement of BR(H+ ! c�b)
and/or BR(H+ ! �+�) is controlled by a value of tan � inType-II, Type-X and Type-Y. From
the right top panel of the �gure, one can also see that there is a correlation between the
branching ratios and the mass di�erence mH � mH� , in particular for Type-X and Type-Y.
The reason for this can be understood as follows. When the mass di�erence is negatively
large, BR(H+ ! W+H) becomes sizable without depending on the types of 2HDMs. This
then reduces the size of BR(H+ ! c�b) and BR(H+ ! �+�). We have studied on theoretical
possibilities that Type II and Type X are separated from the other types of the 2HDMs by
correlation between BR(H+ ! c�b) and BR(H+ ! �+�). The predictions for BR(H+ ! c�b) in

2The branching ratio BR(H+ ! W +h) can be enhanced in large tan � regions, which does not occur in case
of c��� < 0 for Scenario B due to the theoretical constraints. The similar behavior can be seen in Figs. 8.8 and
8.9.

3For the evaluation of �(H+ ! c�b), we only include QCD corrections. The EW corrections to this process
are not implemented.
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Figure 8.13: The total decay width of the charged Higgs bosons as a function of the mass
di�erence mH � mH� in Scenario A for Type-I and Type-X. The colored dots correspond to
di�erent values of tan �.

Figure 8.14: The total decay width of the charged Higgs bosons as a function of the mass
di�erence mH � mH� in Scenario B for Type-I, II, X and Y. The colored dots correspond to
di�erent values of tan �.

Type II and Type Y, which are maximally 0:1%, are not large. Phenomenological studies on
expectation whether such a small branching ratio is measured at future colliders is beyond the
scope of this paper.

We give a comment on the results in another case of the degenerated mass of the additional
Higgs bosons, i.e., mH� = mH , where the T parameter constraint is satis�ed when s��� ’ 1.
We have performed the same analysis in this case, and obtained qualitatively similar results
for magnitudes of the branching ratios while the allowed parameter regions after imposing the
constraints from theoretical bounds and the electroweak oblique parameters are more strict
than the case of mH� = mA.

Before we close this subsection, we mention the deviations in the h couplings for Scenario A
and for Scenario B. For both the scenarios all types of 2HDMs can be identi�ed by looking at
the branching ratios of the charged Higgs bosons even in the case of ��Z . 0:76%, where the
deviation in the hZZ coupling cannot be detected at the ILC [36]. At the same time, even in
this case, the deviations in other h couplings like the Yukawa interactions can be sizable enough
to be detected at the ILC 250 GeV [36]. Namely, the deviations ��b and ��� for Type-II, ���

for Type-X, and ��b for Type-Y can still deviate signi�cantly enough to be detected at the
ILC 250 GeV. Therefore, a combination of the charged Higgs boson decays and the h decays
make it possible to identify details of 2HDMs.
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Figure 8.15: Decay branching ratios of the charged Higgs bosons as a function of the mass
di�erence mH � mH� in Scenario A for Type-I and Type-X. The colored dots correspond to
di�erent values of tan �.

8.3.2 Impact of one-loop corrections to the branching ratios

We next investigate the impact of NLO EW corrections on the branching ratios of H+. In
particular, we discuss how the size of the corrections changes depending on the mass di�erence
between the charged Higgs bosons and the additional neutral Higgs bosons. Focusing on Sce-
nario A and Scenario B, we consider the case where the masses of CP-odd Higgs boson and
that of the charged Higgs bosons are degenerate, mA = mH� . As pointed out in Ref. [211], in
this case, the custodial symmetry is restored in the Higgs potential, so that the constraint from
the T parameter is satis�ed. We then scan mH in the regions given in Eqs. (8.43) and (8.44).
The other parameters are scanned as given in Eq. (9.57) for both scenarios. In the following
discussions, we introduce a quantity to describe magnitudes of the NLO EW corrections to the
branching ratios, i.e.,

�BR
EW(H+ ! XY ) =

BRNLO EW(H+ ! XY )

BRLO(H+ ! XY )
� 1; (8.46)

where BRNLO EW(H+ ! XY ) denotes the branching ratios with NLO EW corrections. In
the evaluation of the branching ratio at LO BRLO(H+ ! XY ), the quark running masses are
applied for the decays into quarks. We also describes the NLO EW corrections for the total
decay width, which is de�ned by

�EW(total width) =
�NLO EW

H+

�LO
H+

� 1; (8.47)

with the total decay width for H+ at NLO EW (LO) being �NLO EW
H+ (�LO

H+). By de�nition, �BR
EW

can be reduced as �BR
EW + 1 = (�EW � 1)=(�EW(total width) � 1). Namely, it is controlled by

the correction factor for the total decay width �EW(total width) and the one for partial decay
width �EW(H+ ! XY ).

In Fig. 8.13, we present the correction factor for the total width in Scenario A as a function
of the mass di�erence for the additional Higgs bosons. The color dots denote the values of
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Figure 8.16: Decay branching ratios of the charged Higgs bosons as a function of the mass
di�erence mH � mH� in Scenario B for Type-I, II, X and Y. The colored dots correspond to
di�erent values of tan �.

tan �. Behavior of the corrections for Type-I (left panel) and the one for Type-X (right panel)
is similar with each other in the regions tan � . 4, while these are di�erent in tan � & 6.
When mH �mH� ’ �80 GeV, there appear thresholds, in which H+ ! W+H opens and the
correction �EW(total width) reaches �7%.

In Fig. 8.14, the results in Scenario B are shown for all types of 2HDMs. Similar to Scenario
A, behavior for tan � . 4 does not change match for all the types. Clear di�erence among the
types of 2HDMs arises for tan � & 4. For Type-I, the allowed region of the mass di�erence
mH � mH� is wider than the other types of 2HDMs. Consequently, the correction can be
positive when mH � mH� & 30 GeV. On the other hand, for Type-II and Type-Y, the bulk
of points with tan � & 5 shows large negative corrections, compared with those for tan� . 4.
This is because the bottom Yukawa coupling in H+�tb vertex is enhanced by large tan �. The
correction can reach �20 (�25) % when mH � mH� ’ �80GeV for Type-II (Type-Y) due to
the e�ect of the threshold of the mode H+ ! W+H. For Type-X, the predictions in the high
tan � region almost do not deviate from those in the low tan � region.

We now move on discussions of the correction factor for the branching ratios. In Fig. 8.15,
�BR

EW’s for the decays H+ ! t�b; H+ ! �+�; H+ ! W+h; H+ ! W+H are shown. For H+ !
t�b, The kink when mH �mH� ’ 80 GeV appears as with the correction for the total width (see
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Fig. 8.13). The correction of the branching ratio distribute in narrow range, �2:75% (�1:9) .
�BR

EW(H+ ! t�b) . +1:25 (+2:3)%, for Type-I (Type-X). This can be understood as follows. A
value of the correction factor for the partial width �EW(H+ ! t�b) is close to �EW(total width)
in the bulk of parameter points. Thereby, they are canceled with each other in the de�nition of
�BR

EW. On the other hand, behavior of �BR
EW(H+ ! W+H) is di�erent from that of �BR

EW(H+ !
t�b). We note that �EW(H+ ! W+H) is relatively small, i.e., �2:5% . �EW . 0%, for both
Type-I and Type-X 4, so that �BR

EW(H+ ! W+H) is dominated by the �EW (total width). In
fact, behavior of �BR

EW is reversal of �EW (total width).

One can also see that the size of the correction for H+ ! W+h can be remarkably large.
In the low tan � region, �BR

EW(H+ ! W+h) can exceed +100%. We note that c��� is close
to 0, jc���j . 2:5 � 10�2, for all the parameter points with �BR

EW(H+ ! W+h) & +100%. In
addition, the one-loop amplitude of H+ ! W+h contains terms to be independent of c���. The
counterterms �Ch and �CH� induce such terms, which can be enhanced by the non-decoupling
e�ect of the additional Higgs bosons in case of M � v . In this case, the one-loop amplitude
can overcome the tree-level amplitude, and gives �BR

EW(H+ ! W+h) & 100%. Furthermore,
we found that in some parameter points �BR

EW(H+ ! W+h) can be smaller than �100%. The
origin is considered due to the fact that terms of the squared one-loop amplitude are truncated
in the calculation of the NLO corrections. The e�ect of the squared one-loop amplitude is
discussed in the Sec.8.3.3.

In Fig. 8.16, we show the results for the correction factors of the charged Higgs bosons in
Scenario B for all types of 2HDMs. For H+ ! t�b, the same picture described in the results for
Scenario A holds for the low tan � region. When tan � ’ 2-3, the correction factor is close to
zero, �2:5% . �BR

EW(H+ ! t�b) . +1:5% for all types of 2HDMs. For high tan � values the
size of the correction can be much large. In Type-I, �BR

EW(H+ ! t�b) can exceed 12% near the
threshold region mH �mH� ’ �80 GeV, while �BR

EW(H+ ! t�b) can be negative in the case of
mH �mH� & 50 GeV due the e�ect of �EW(total width). In Type-II and Y, �BR

EW(H+ ! t�b) can
be negatively large and can reach �15:5% due to the tan � enhancement of the bottom Yukawa
coupling in the H+�tb vertex for �EW(H+ ! t�b), which can be seen in Fig. 8.6. For H+ ! �+�,
one can see that behavior of �BR

EW with the low tan � value is similar without depending on
the type of 2HDMs, but the di�erence can appear in the high tan � region. For H+ ! W+H,
we note that the correction factor for the partial width �EW(H+ ! W+H) monotonically
decreases as the mass di�erence mH � mH+ becomes negatively large, e.g., �EW � �8%
(�4%) when mH � mH+ =200 GeV (100 GeV) for all types of 2HDMs. When the on-shell
decay H+ ! W+H is kinematically allowed, the correction �BR

EW(H+ ! W+H) is determined
by summation of �EW(total width) and �EW(H+ ! W+H). The maximum value of the
�BR

EW(H+ ! W+H) is +13% and +9% for Type-I and Type-X, respectively, while that of
Type-II and Type-Y is +22%.

Finally, we comment on the results in the other case of the degenerate mass of the additional
Higgs bosons, i.e., mH = mH� . We �nd that for Scenario A the correction factor of the total
decay width �EW(total width) shows a cusp structure at mA = 2mt, which is realized by
the threshold of the top loop diagrams in ��, so that behavior is changed from the case the
mA = mH� . However, the maximum and minimum values of �EW(total width) are similar to
the results of mA = mH� . Behavior of the �BR

EW for the processes discussed above is somewhat
di�erent from the case of mA = mH� , while values of �BR

EW distribute in the similar region to
the case of mA = mH� . For Scenario B, we also note that the size of �BR

EW for all the processes

4We have calculated the NLO EW corrections to the on-shell two-body decay of H+ ! W +H. In the range
of mW < mH � mH� < 0 GeV, where the o�-shell decay H+ ! W �H happens, the NLO EW corrections have
not been implemented.
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Figure 8.17: The decay branching ratio for H+ ! W+h for Scenario A of Type-I in the
alignment limit, s��� = 1, as a function of the mass di�erence mH �mH� , where the squared
one-loop amplitude for H+ ! W+h is included in the evaluation. The colored dots correspond
to di�erent values of M .

in the case of mH = mH� tend to be smaller than that of the case mA = mH� except for Type-
I. For Type-I, the maximum value of �BR

EW(H+ ! t�b) and �BR
EW(H+ ! �+�) is +12:7% and

+2:6%, respectively, while the one for �BR
EW(H+ ! W+h) is similar to the case of mA = mH� .

8.3.3 E�ect of the squared one-loop amplitude to H+ ! W+h

Before we close this section, we discuss the e�ect of the squared one-loop amplitude for H+ !
W+h. The squared amplitude for this process can be expressed by

jM(H+ ! W+h)j2 = CH+W �h

�
j�tree

H+W �hj2 + 2�tree
H+W �hRe�loop

H+W �h + j�loop
H+W �hj2

�
= CH+W �h

�
g2

4
c2

��� + gc���Re�loop
H+W �h + j�loop

H+W �hj2
�
; (8.48)

where CH+W �h = m4
H�=m2

W�(�h; �W ). The �rst (second) term corresponds to LO (NLO)
contributions to �(H+ ! W+h). We have involved up to the second term in above discussions.
The third term j�loop

H+W �hj2 is the same order as contributions from the tree-level amplitude
times two-loop amplitude, namely NNLO contributions. It is notable that this term contains
contributions that are not proportional to c���. Hence, the term j�loop

H+W �hj2 does not disappear

even in the alignment limit. The term j�loop
H+W �hj2 can be identi�ed as a leading contribution

if one assumes c��� to be tiny and expands the squared amplitude jM(H+ ! W+h)j2 into a

power series of c���. We notice from naive order estimation that the term j�loop
H+W �hj2 can be

comparable with the �rst and second terms in Eq. (8.48) under the situation where jc���j . 0:1
and M . v. Therefore, the third term of Eq. (8.48) could be signi�cant in the alignment regions.
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To discuss the e�ect of j�loop
H+W �hj2 in the region of 0.995. s��� < 1 is beyond the scope of

this paper. If s��� 6= 1, the third term j�loop
H+W �hj2 contains the IR divergence and evaluation

of real photon emissions at NNLO are required in order to obtain the IR �nite result for
�(H+ ! W+h). As long as the case of the alignment limit s��� = 1, the third term is
IR �nite. In addition, contributions to the squared amplitude from the tree-level amplitude
times two-loop amplitude vanish in the alignment limit. Therefore, we only discuss two-loop
corrections due to the third term in Eq. (8.48) to the branching ratio for H+ ! W+h only in
the case of s��� = 1, and how this is important.

In Fig. 8.17, we show the branching ratio for H+ ! W+h including the squared term
j�loop

H+hW � j2 for Scenario A of Type-I in the alignment limit s��� = 1 as a function of the mass
di�erence mH �mH� . The other parameters tan � and M are scanned as in Eq. (9.57). One can
see that the branching ratio can be 0:1% at most. The intriguing point is that the branching
ratio is maximized when the soft-breaking parameter M is small. We have also calculated the
branching ratio in Scenario A for Type-X and Scenario B for all types of 2HDMs. For Scenario
A of Type-X, we have got the almost same results with Type-I. On the other hand, for Scenario
B, the soft-breaking parameter M cannot be small under the theoretical consistencies such as
the perturbative unitarity and the vacuum stability. Hence, the branching ratios are small, as
compared to Scenario A. We �nd that the maximum value of the branching ratio is 0:004% in
Scenario B for all types of 2HDMs. In short, the non-decoupling e�ect of the additional Higgs
bosons enhances the decay H+ ! W+h through the contribution from the term of j�loop

H+hW � j2,
and the branching ratio can be 0:1% when mH� = 400 GeV.
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Chapter 9

One-loop calculations for decays of the
CP-odd Higgs boson

In this chapter, we discuss the decay rates of the CP-odd Higgs boson for various decay modes
in the 2HDMs. Decay branching ratios of the CP-odd Higgs boson are evaluated including
NLO EW corrections, as well as QCD corrections up to NNLO. We have newly implemented
them into the H-COUP program [45, 46]. We comprehensively study the impacts of the NLO
EW corrections to the branching ratios in approximate alignment scenarios. We �nd that
the A ! Zh decay modes can be dominant decay modes even in the case where deviation
in hZZ couplings is quite small and cannot be detected at the ILC. Thus, we can extract
the information on the mixing angle by studying the A ! Zh decay mode at future collider
experiments. In addition, we �nd that the types of 2HDMs can be classi�ed by studying the
decay pattern of the CP-odd Higgs boson even in the alignment scenario. In the alignment
scenario, it is di�cult to distinguish the types of 2HDMs from the precision measurement of the
SM-like Higgs boson. Thus, the study of the CP-odd Higgs boson is quite useful to investigate
not only the approximate but also the exact alignment scenario.

9.1 Decay rates with higher-order corrections

9.1.1 Form factors for vertex functions of CP-odd Higgs boson

Af �f vertex

The renormalized Af �f vertex functions can be expressed as

�̂Af �f (p2
1; p

2
2; q

2) = �̂S
Af �f + 
5�̂P

Af �f + =p1
�̂V1

Af �f
+ =p2

�̂V2

Af �f
+ =p1


5�̂A1

Af �f
+ =p2


5�̂A2

Af �f

+ =p1=p2
�̂T

Af �f + =p1=p2

5�̂P T

Af �f ; (9.1)

where p1 (p2) is the incoming four-momentum of the fermion (anti-fermion), and q� (= p1 + p2)
is the outgoing four-momentum of the CP-odd Higgs boson (see Fig. 9.1). The renormalized
form factors are composed of the tree-level part and the one-loop part as

�̂X
Af �f = �X;tree

Af �f
+ �X;loop

Af �f
; (X = S; P; V1; V2; A1; A2; T; PT ); (9.2)

where the one-loop parts are further decomposed into contributions from 1PI diagrams and
counterterms,

�X;loop

Af �f
= �X;1PI

Af �f
+ ��X

Af �f : (9.3)
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Figure 9.1: Momentum assignment for the renormalized Af �f vertex.

The 1PI diagrams contributions �X;1PI

Af �f
are given in Appendix.

The tree-level couplings for Af �f vertices are given by

�P;tree

Af �f
= i2If

mf�f

v
; �X;tree

Af �f
= 0; (X 6= P ): (9.4)

The counterterms for Af �f vertices are given by

��P
Af �f = �P;tree

Af �f

�
�mf

mf

� �v

v
� �f�� + �Zf

V +
�ZA

2
+
�CA

�f

�
�

1

�f

+ �f

�
��PT

�
; (9.5)

��X
Af �f = 0; (X 6= P ): (9.6)

The contributions of AZ and AG0 mixing vanish due to the on-shell condition. The ampi-
tudes of AZ and AG0 mixing are given by

Mmix = �
hb�AG(m2

A) �mZ
b�AZ(m2

A)
i 1

�f (m2
A �m2

Z)
�u(�p2)�P;tree

Af �f

5v(�p1)

= �
b�AG(m2

A)

�fm2
A

�u(�p2)�P;tree

Af �f

5v(�p1); (9.7)

where we have used the Slavnov-Taylor identity for AZ and AG0 mixing in the last equality

b�AG0(m2
A) + i

m2
A

mZ

b�AZ(m2
A) = 0: (9.8)

Since b�AG0(m2
A) = 0 by the on-shell renormalization condition, the contributions of AZ and

AG0 mixing vanish in the decay amplitude.
When we neglect the e�ects of the CP violation, on-shell amplitudes are CP invariant. The

renormalized Af �f vertex functions satisfy the following relations

�̂S
Af �f = �̂T

Af �f = 0; �̂V1

Af �f
= �̂V2

Af �f
; �̂A1

Af �f
= �̂A2

Af �f
; (p2

1 = p2
2 = m2

f ): (9.9)

AV � vertex

The the renormalized AV � vertex functions (V; �) = (Z; h=H) can be expressed as

�̂�
AV �(p1; p2; q) = (p1 + q)��̂AV �(p2

1; p
2
2; q

2); (9.10)

where p1 and p2 denote the incoming four-momentum of the scalar boson � and the gauge boson
V , respectively. The momentum q (= p1 + p2) is the outgoing four-momentum of the CP-odd
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Figure 9.2: Momentum assignment for the renormalized AV � vertex.

Higgs boson (see Fig. 9.2). Since we here assume that the external gauge boson is on-shell, the
term proportional to p2 vanishes due to the orthogonality of the polarization vector.

For the A ! W�H� decays, we use the renormalized H�W�A vertex function,

�̂�
AW �H�(p1; p2; q) = �̂�

H�W �A(q; p2; p1)

= �(q + p1)��̂H�W �A(q2; p2
2; p

2
1); (9.11)

where p1 and p2 denote the incoming four-momentum of the charged Higgs bosons H� and the
gauge boson W�, respectively. The momentum q (= p1 +p2) is the outgoing four-momentum of
the CP-odd Higgs boson. The additional minus sign is needed due to the change of momentum
assignment.

The renormalized form factors are composed of the tree-level part and the one-loop part as

�̂AV � = �tree
AV � + �loop

AV �; (9.12)

where the one-loop parts are further decomposed into contributions from 1PI diagrams and
counterterms,

�loop
AV � = �1PI

AV � + ��AV �: (9.13)

The 1PI diagrams contributions �1PI
AV � are given in Appendix.

The tree-level couplings for AV � vertices are given by

�tree
AZh = �ighAZ = i

mZ

v
c���; (9.14)

�tree
AZH = �igHAZ = �imZ

v
s���; (9.15)

�tree
AW �H� = �i� (�gAH�W �) = �imW

v
: (9.16)

The counterterms for AV � vertices are given by

��AZh = �tree
AZh

�
�m2

Z

2m2
Z

� �v

v
+

1

2
(�Zh + �ZA + �ZZ)

+ tan (� � �)
�
�CA � �Ch � ��PT + ��PT

��
; (9.17)

��AZH = �tree
AZH

�
�m2

Z

2m2
Z

� �v

v
+

1

2
(�ZH + �ZA + �ZZ)

� cot (� � �)
�
�CA + �Ch � ��PT + ��PT

��
; (9.18)

��AW �H� = �tree
AW �H�

�
�m2

W

2m2
W

� �v

v
+

1

2
(�ZH� + �ZA + �ZW )

�
: (9.19)
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9.1.2 Decay rates of A ! f �f

The decay rates of the CP-odd Higgs boson into a pair of fermions with NLO EW and QCD
corrections are given by

�(A ! f �f) = �LO(A ! f �f)
�

1 + �f
EW + �f

QCD

�
+ �(A ! f �f
); (9.20)

with the decay rate at LO

�LO(A ! f �f) = N f
c

p
2GFmA

8�
m2

f�
2
f�

1=2

�
m2

f

m2
A

;
m2

f

m2
A

�
; (9.21)

where N f
c is the color factor.

The EW correction �f
EW is given by

�f
EW =

p
2

GFm2
f�

2
f

Re
h
�P;tree

Af �f
GP;loop�

Af �f

i
� �r; (9.22)

with

GP;loop

Af �f
= �P;loop

Af �f
�mf

�
�A1;loop

Af �f
+ �A2;loop

Af �f

�
+ (q2 � p2

1 � p2
2 �m2

f )�P T;loop

Af �f

= �P;loop

Af �f
� 2mf�A1;loop

Af �f
+m2

A

�
1 �

3m2
f

m2
A

�
�P T;loop

Af �f
; (9.23)

where we have used the relations in Eq. (9.9) in the last equality. The NLO EW corrections
include the IR divergences, and we regulate them by introducing the �nite photon mass. In
order to remove the photon mass dependence, we add the decay rates of real photon emmision
A ! f �f
. The analytic expression of �(A ! f �f
) is given in Appendix ??.

For the decays into a pair of light quarks, we apply the QCD corrections at NNLO in the
MS scheme. The QCD correction is given by

�q
QCD = �qq + �A: (9.24)

The correction �qq in the limit of massless quarks is given by

�qq =
�s(�)

�
CF

�
17

4
+

3

2
ln

�2

m2
A

�
+

�
�s(�)

�

�2�
10801

144
� 39

2
�3 �

�
65

24
� 2

3
�3

�
Nf � �2

�
19

12
� 1

18
Nf

��
’ �s(�)

�
CF

�
17

4
+

3

2
ln

�2

m2
A

�
+

�
�s(�)

�

�2

(35:94 � 1:36Nf ) (9.25)

The correction �A includes logarithms of the light-quark and top-quark masses. It is given by

�A =

�
�s(�)

�

�2�
3:83 + ln

m2
t

m2
A

+
1

6
ln2

�m2
q

m2
A

�
(9.26)

For the decay into the top-quark pair, the e�ects of the top-quark mass in the QCD correc-
tions are signi�cant near the threshold region. On the other hand, dominant contributions in
mA � mt is the logarithmic contribution, which appears in the MS scheme. In order to take

138



into account both of the e�ects, we use interpolation for the corrections to A ! t�t as discussed
in Ref. []. The QCD correction in the on-shell scheme is given by

�t
QCD =

�s(�)

�
CF

�
L(�t)

�t

� 1

16�3
t

(19 + 2�2
t + 3�4

t ) ln �t +
3

8
(7 � �2

t )

�
; (9.27)
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where Li2(x) is the dilog function.

9.1.3 Decay rates of A ! V �

The decay rate for the CP-odd Higgs boson decays into a Z boson and a h boson with NLO
EW corrections is given by

�(A ! Zh) = �LO(A ! Zh)
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The decay rate for the CP-odd Higgs boson decays into a Z boson and a H boson with
NLO EW corrections is given by
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where
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The decay rate for the CP-odd Higgs boson decays into a W� boson and a H� boson with
NLO EW corrections is given by

�(A ! W�H�) = �LO(A ! W�H�)
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where
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The decay rates for A ! H�W�
 is given in Appendix ??.
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9.1.4 Decay rates of loop-induced decays A ! 

; Z
; gg

The decay rate of the CP-odd Higgs boson into a pair of photons is given by
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where �A
f = �2iIf�f and �f = m2

A=(4m
2
f ). The loop function IA

F (�f ) is given by
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F (�f ) = �4m2

fC0(0; 0;m2
A;mf ;mf ;mf )

=
2

�f

f(�f ); (9.36)
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The quark-loop contributions receive QCD corrections. At the NLO, the QCD correction can
be obtained in the MS scheme by replacing the quark-loop function IA

F (�q),
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The analytic expressions for QCD corrections are given by
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The decay rate of the CP-odd Higgs boson into a Z boson and a photon is given by
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where
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The decay rate of the CP-odd Higgs boson into a pair of gluon is given by
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where the decay rate at LO is given by
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with the loop function IA
F (�) de�ned in Eq. (9.36).

The NLO QCD correction E
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A is given by
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where �E
(1)
A is the corrections which vanishes in the heavy top-mass limit (2mt � mA). �E
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is composed of the virtural corrections, real gluon emmision and light-quark splitting diagrams,
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We do not implement �EA
ggg and �EA

gq�q. The analytic expression for virtual corrections is given
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The NNLO QCD correction E
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A in the heavy top-mass limit is given by
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9.2 NLO EW corrections

9.2.1 Branching ratio

In this subsection, we examine the decay branching ratios of the CP-odd Higgs boson including
the higher-order corrections in the four types of 2HDMs. The qualitative behavior does not
change from those in LO while the size of higher-order corrections can reach several dozens
of percent. Therefore, we discuss their behavior and summarize the dominant decay modes
in each type of 2HDMs at �rst. Since BR(A ! Zh) can become negative near s��� = 1, we
include the contribution of the square of NLO amplitude. We discuss this point at the end of
this subsection. The magnitude of the higher-order corrections will be examined in the next
subsection.

Fig. 9.3 shows the BR(A ! XY ) including the higher-order corrections as a function of
tan �. We have assumed the masses of additional Higgs bosons are degenerate and m� = 300
GeV, where the CP-odd Higgs boson cannot decay into a pair of top-quarks. However, the
magnitude of the three-body decay width of A ! tt� is not negotiable, and we include it at LO.
We have scanned M under the theoretical constraints and S; T parameters, and Mmax (Mmin)
denotes the maximum (minimum) value of M . In order to discuss the theoretical behavior of
NLO EW corrections, we dare to omit the constraint from the direct and indirect search and

avor experiment. The results in the Type-I, II, X and Y 2HDMs are shown from the �rst to
fourth columns in order. The results in the alignment limit are shown in the �rst row, while
those in the approximate alignment scenario with c��� < 0 and c��� > 0are shown in the
second and third row, respectively.

In the alignment limit, the CP-odd Higgs boson mainly decays into a pair of fermions and
gluons. In the Type-I 2HDM, �f = cot � and the partial decay widths of A ! f �f monotonically
decrease as tan � increases. In addition, the loop-induced A ! gg decay also monotonically de-
creases since the fermion loops, especially the top-quark loop, give the dominant contributions.
Thus, the decay branching ratios are almost constant in the Type-I 2HDM. On the other hand,
there is tan � enhancement in either or both decays into a pair of down-type quarks and leptons
in the other types of 2HDMs. In the Type-II 2HDM, both A ! bb and A ! �� decays can be
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Figure 9.3: BR(A ! XY ) as a function of tan � in the alignment limit s��� = 1 (�rst row)
and in the approximate alignment case s��� = 0:995 with c��� < 0 (second row) and c��� > 0
(third row) including the higher-order EW and QCD corrections. Masses of the additional
Higgs bosons are degenerate and taken as m� = 300 GeV. Each decay mode is speci�ed by
color as given in the legend. Solid and dashed lines correspond to the results with M = Mmax

and Mmin, respectively, where Mmax (Mmin) is the maximum (minimum) value of M under the
theoretical constraints.

dominant with large tan �, while the A ! �� decay and the A ! bb decay can be dominant in
the Type-X and Y, respectively.

In the approximate alignment case, the CP-odd Higgs boson can decay into the Z boson and
the SM-like Higgs boson. Since the tree-level hAZ vertex is independent of tan �, the partial
decay width of A ! hZ is almost constant in all types of 2HDMs. In the Type-I 2HDM, the
other decay modes are monotonically decreased as tan � becomes large, and A ! Zh is the
dominant decay mode despite the tree-level vertex being small in the approximate alignment
case. In the other types of 2HDMs, the A ! bb or A ! �� decays are enhanced with large tan �,
but the size of the decay branching ratio of A ! Zh is still several percent with tan � = 10.

Fig. 9.4 shows the BR(A ! XY ) with m� = 600 GeV, where the CP-odd Higgs boson
can decay into a pair of top-quarks. While the A ! tt decay mode monotonically decreases
as tan � becomes large, it is the dominant decay mode for all of the types of 2HDMs due to
the large Yukawa coupling of the top quark. In the alignment limit, the CP-odd Higgs boson
mainly decays into a pair of fermions. In the Type-I 2HDM, the A ! tt decay is dominant,
and the decay branching ratios are almost constant as similar to the case with m� = 300 GeV.
In the Type-II 2HDM, both A ! bb and A ! �� decays are enhanced with large tan �, and
they are competitive with the A ! tt decay. In the Type-X and Y 2HDM, the A ! �� decay
and the A ! bb decay is enhanced, respectively and they are also competitive with the A ! tt
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Figure 9.4: BR(A ! XY ) as a function of tan � in the alignment limit s��� = 1 (�rst row)
and in the approximate alignment case s��� = 0:995 with c��� < 0 (second row) and c��� > 0
(third row) including the higher-order EW and QCD corrections. Masses of the additional
Higgs bosons are degenerate and taken as m� = 600 GeV. Each decay mode is speci�ed by
color as given in the legend. Solid and dashed lines correspond to the results with M = Mmax

and Mmin, respectively, where Mmax (Mmin) is the maximum (minimum) value of M under the
theoretical constraints. The shaded regions are excluded by the theoretical constraints.

decay.
In the approximate alignment case with s��� = 0:995 and m� = 600 GeV, the unitarity and

vacuum stability bounds exclude the shaded regions. In the case with c��� < 0, the A ! tt
decay is dominant in all of 2HDMs since the possible value of the tan � is not enough large. On
the other hand, in the case with c��� < 0, there are parameter regions with large tan �, where
A ! Zh also becomes the dominant decay mode.

As we have mentioned, the partial decay width and the decay branching ratio for A ! Zh
can be negative if we truncate the perturbation up to NLO. Fig. 9.5 shows the BR(A ! Zh)
including the higher-order corrections with tan �=2 (red), 3 (blue), 5 (green). We assume the
masses of additional Higgs bosons are degenerate and m� = 300 GeV. The left and right panels
correspond to the results in the Type-I and Type-II 2HDMs, respectively. We can see that NLO
EW corrections modify the BR(A ! Zh) sizably especially with small tan �. Since we have
truncated the square of NLO amplitude, which corresponds to the two-loop order, the decay
branching ratio becomes negative near s��� ’ 1. The LO amplitude is proportional to c���,
and it vanishes with the alignment limit. This is because the unphysical result near s��� ’ 1,
where the LO contribution is smaller than the NLO corrections.

This problem can be solved by including the square of NLO amplitude. For the A ! Zh
decay, we have no infrared divergence in the NLO amplitude, and we can safely include the
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Figure 9.5: BR(A ! Zh) including the higher-order corrections with m� = 300 GeV, and
tan �=2 (red), 3 (blue), 5 (green). The �gures in the left column show the results with NLO
EW corrections, while those in the right column show the results with partial NNLO EW
corrections. The �rst (second) row shows the results in the Type-I (Type-II) 2HDM. We
take masses of additional Higgs bosons are degenerate. Mmax (Mmin) denotes the maximum
(minimum) value of M satisfying the theoretical constraints and S; T parameters.

square of NLO amplitude. The plots in the second row of Fig. 9.5 show the BR(A ! Zh)
including the partial NNLO corrections. We can see that the decay branching ratio takes
positive values even at s��� ’ 1, and it gives a physically meaningful result.

Since the square of NLO amplitude corresponds to the NNLO, we should include the contri-
bution from the LO amplitude times two-loop amplitude. In the alignment limit, this contribu-
tion vanishes due to the multiplication of the LO amplitude, and we expect that the two-loop
diagram contribution is sub-leading even in the approximate alignment case up to NNLO.

9.2.2 Total decay width

In this subsection, we discuss the total decay width of the CP-odd Higgs boson including the
higher-order corrections in the four types of 2HDMs. As similar to the decay branching ratio,
the qualitative behavior does not change from those in LO.

Fig. 9.6 shows the total decay width of the CP-odd Higgs boson including the higher-order
corrections as a function of tan �. We have assumed the masses of additional Higgs bosons are
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Figure 9.6: BR(A ! Zh) including the higher-order corrections with m� = 300 GeV, and
tan �=2 (red), 3 (blue), 5 (green). The �gures in the left column show the results with NLO
EW corrections, while those in the right column show the results with partial NNLO EW
corrections. The �rst (second) row shows the results in the Type-I (Type-II) 2HDM. We
take masses of additional Higgs bosons are degenerate. Mmax (Mmin) denotes the maximum
(minimum) value of M satisfying the theoretical constraints and S; T parameters.

degenerate, and the red and blue lines correspond to m� = 300 and 600 GeV, respectively. As
similar to the Figs. 9.3 and 9.4, we have scanned M under the theoretical constraints and S; T
parameters.

In the Type-I 2HDM with the alignment limit, the total decay width monotonically decreases
as tan � becomes large because the partial decay widths of A ! f �f and A ! gg are proportional
to cot2 �. On the other hand, the total decay width increases as tan � becomes large since either
or both A ! bb and A ! �� decays are enhanced in the other types of 2HDMs, especially with
m� = 300 GeV. Above the top-quark thresholds, the A ! tt decay becomes the dominant decay
mode, and we cannot see the sizable enhancement in the total decay width below tan� = 10.

In the Type-I 2HDM with the approximate alignment, the total decay width behaves as
almost constant, since the dominant A ! Zh decay process is independent of tan � at the LO.
In the other types of 2HDMs, the A ! bb or A ! �� decays are enhanced as tan � becomes
large, and they increase the total decay width. Above the top-quark thresholds, the A ! tt
decay becomes the dominant decay mode, and the behaviors are almost the same as those in
the alignment limit. Since the unitarity and vacuum stability bounds exclude the parameter
regions as shown in Fig. 9.4, the lines with m� = 600 GeV are terminated in a middle way.
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Figure 9.7: Size of NLO EW corrections to the partial decay widths of the CP-odd Higgs boson
with s��� = 1 and tan �=1 (red), 3 (blue), 10 (green). Masses of additional Higgs bosons are
degenerate, m� = mH� = mA = mH . Mmax(Mmin) denotes the maximum (minimum) value of
M satisfying the theoretical constraints and S; T parameters.

9.2.3 Impact of NLO EW corrections to the decay rates

In this subsection, we examine the impact of NLO EW corrections on the decay rates of the CP-
odd Higgs boson in the Type-I and Type-II 2HDMs. We do not show the results in the Type-X
and Type-Y 2HDMs since they are almost similar to those in the Type-I or Type-II 2HDMs.
We introduce the following quantity to describe the magnitudes of NLO EW corrections.

�EW(A ! XY ) =
�NLO EW(A ! XY )

�LO(A ! XY )
� 1; (9.53)

where �NLO EW(A ! XY ) corresponds to the decay rates without QCD corrections. For the
calculation of decay rates at LO �LO, we employ the quark pole masses, not the running masses.
We evaluate �EW(A ! XY ) in both the alignment limit, and the approximately alignment
scenario, s��� = 0:995. For each scenario, we take tan � as tan � = 1; 3; and 10. We scan M
in the region of 0 < M < 1500 GeV.

Fig. 9.7 shows the NLO EW corrections to the partial decay widths of the CP-odd Higgs
boson as a function of the masses of additional Higgs bosons with s��� = 1. The red, blue, and
green colored regions correspond to tan �=1, 3, and 10, respectively. We assume the masses of
additional Higgs bosons are degenerate. The solid and dashed lines correspond to the results
with maximum and minimum values of M under the constraints, respectively.

The behavior of the NLO EW corrections on the A ! ff decays is almost the same except
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for the A ! tt decay. For the decay into light fermions, there is the threshold e�ect of top-quark
loop diagrams in the two-point function of the neutral Higgs bosons. On the other hand, the
1PI diagrams in At�t vertex also show characteristic behavior at m� ’ 2mt and this cause the
di�erent behavior on the A ! tt decay. We note that the NLO EW corrections do not decouple
even if m� is su�ciently large since the decoupling theorem [34] is not applicable.

In the case with tan � = 1, there is additional kinks at m� ’ 600 GeV. This corresponds to
the points where the values of M change from zero to non-zero due to the perturbative unitarity.
At this point, the scalar couplings take maximal value under the constraints especially from
perturbative unitarity, and the non-decoupling e�ects of Higgs boson’s loops become dominant.
The magnitude of the non-decoupling e�ects reaches 20% for A ! bb and A ! �� , while it is
below 5% for A ! tt.

For the case with tan � = 3 and 10, M is almost degenerate with m� due to the strict theo-
retical constraints. However, we have several percent deviations, and the corrections, especially
on A ! bb and A ! �� , become large when the additional Higgs bosons become heavy. We
can also see the sizable negative corrections on the total decay width in the Type-II 2HDM,
which mainly come from the A ! bb and �� decays.

Fig. 9.8 shows the results with s��� = 0:995 and c��� < 0 as a function of m�. Since
the deviation from the alignment limit is small, the qualitative behavior of the NLO EW
corrections on the A ! ff decays is almost unchanged. The main di�erences between the case
with s��� = 1 and s��� 6= 1 are upper bound on the masses of the additional Higgs bosons and
the A ! Zh decay. Since we cannot take the decoupling limit keeping s��� 6= 1, the masses
of the additional Higgs bosons should be below 1 TeV with s��� = 0:995 and tan � = 1 under
the theoretical constraints, especially perturbative unitarity.

In the A ! Zh decay, there are two kinks at m� ’ 200 GeV and 350 GeV. The �rst one
corresponds to the threshold e�ect of Zh, and the second one corresponds to those of top-quark.
Near the top-quark threshold, the magnitude of the NLO EW correction is above 50%, while
it decreases as m� becomes large. The behavior of the NLO EW correction to the total decay
width is mainly determined by the A ! tt and A ! Zh decays. When tan � ’ 1, the A ! tt
decay is the main decay mode, and it determines the shape of the NLO EW correction above
the top-quark threshold. Below the top-quark threshold with tan� ’ 1, the A ! Zh decay
is the main decay mode, and NLO EW correction increases the total decay width about 10%.
When tan � > 1, the A ! tt decay is suppressed, and the A ! Zh decay is dominant, while
A ! bb and A ! �� also contribute in the Type-II, X and Y 2HDMs.

Fig. 9.9 shows the results with s��� = 0:995 and c��� > 0 as a function of m�. The main
di�erences between the case with c��� > 0 are the possible value of tan � and the sign of the
NLO EW corrections to the A ! Zh decay. The allowed regions for tan � = 10 are broader
than those for tan � = 3, and the corrections �EW for tan � = 10 can be larger compared
with c��� < 0. In addition, the sign of the NLO EW corrections to the A ! Zh decay is
opposite to those with c��� < 0, and higher-order corrections decrease the partial decay width.
The behavior of the NLO EW correction to the total decay width is mainly determined by the
A ! tt and A ! Zh decays as similar to the case with c��� < 0.

9.3 Decay pattern of the CP-odd Higgs boson in the

approximate alignment scenario

In this section, we discuss the decay pattern of the CP-odd Higgs boson in the approximate
alignment scenario under the current experimental constraints. In addition to the theoretical
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Figure 9.8: Size of NLO corrections for the decay widths of the CP-odd Higgs boson with
s��� = 0:995, c��� < 0 and tan �=1 (red), 3 (blue), 10 (green).

constraints and the S; T parameters, we take into account the constraint from the direct search
for the additional Higgs bosons decay into a pair of fermions, Higgs signal strength, and 
avor
experiments. Although there are constraints from the direct search for A ! Zh and H ! hh
decays at the LHC, they are quite sensitive to the value of s��� and the excluded region would
be changed when we include the higher-order corrections. Therefore, we dare to omit the
constraint from the Higgs-to-Higgs decay modes in this thesis. We will study how the higher-
order corrections modify the constraint from the direct search for the additional Higgs bosons
elsewhere.

We consider two distinct scenarios for the mass of the CP-odd Higgs boson,

Scenario A : mA = 300 GeV; (9.54)

Scenario B : mA = 800 GeV; (9.55)

For scenario A, the Type II and Y 2HDMs are already excluded by the 
avor constraints (see,
e.g, Ref. [65]). They impose mH� � 800 GeV, and a large mass di�erence between A and H�
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Figure 9.9: Size of NLO corrections for the decay widths of the CP-odd Higgs boson with
s��� = 0:995, c��� > 0 and tan �=1 (red), 3 (blue), 10 (green).

leads breakdown of perturbative unitarity. For scenario B, we examine all the types of 2HDMs.
In order to avoid constraint from the T parameter, we assume the mass of the CP-odd and

charged Higgs bosons are degenerate as mA = mH� . If the CP-even or charged Higgs bosons
are lighter than the CP-odd Higgs boson, the A ! ZH or A ! W�H� decays are open. The
tree-level AHZ and AH�W� vertices do not vanish even in the alignment limit, and these
decay modes can be dominant if there is a sizable mass di�erence. They drastically change the
decay pattern of the CP-odd Higgs boson, and we also need to take into account the constraints
from the additional Higgs-to-Higgs decay searches. Therefore, we focus on the scenario where
the CP-odd Higgs boson is the lightest additional Higgs boson and clarify the phenomenological
impact of a small deviation from the alignment limit.

The mass of the heavier CP-even Higgs bosons are scanned as following in both of the
scenario,

mA < mH < mA + 500 GeV: (9.56)

The remaining parameters are scanned for both the scenarios as

0:995 < s��� < 1; 2 < tan � < 10; 0 < M < mA + 500GeV; (9.57)

considering both cases of c��� < 0 and c��� > 0. For the lower bound of tan �, we take into
account the constraint from Bd ! �� for scenario A [65]. In addition, tan � . 2 is excluded
by the direct search for the A ! tt and H� ! tb decay mode.

We exclude the parameter points that are not consistent with the current measurement of
the Higgs signal strength at the LHC in Ref. [21]. We evaluate the decay rates for h including
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Figure 9.10: Decay branching ratios for the CP-odd Higgs boson as a function of ��Z(� �Z �1)
in scenario A. The color di�erences correspond to the value of tan �. Predictions on the Type-I
(Type-X) are shown in the �rst and third columns (the second and fourth columns).

the NLO EW and NNLO QCD corrections by using H-COUP v2 [46]. We de�ne the scaling
factors at the one-loop level,

�X =

s
�2HDM(h ! XY )

�SM(h ! XY )
; (9.58)

We remove the parameter point, where the scaling factors for XY = bb; ��; 

; gg; ZZ� deviate
from the values presented in Table 11 (a) of Ref. [21] at 95 % CL.

Fig. 9.10 shows the branching ratios of the CP-odd Higgs boson including the NLO EW
corrections in Type-I and Type-X 2HDMs for scenario A as a function of ��Z . The color
di�erences correspond to the value of tan �. For BR(A ! tt�), the size of the branching ratio
reaches about 10% with small tan � despite the phase space suppression of the three-body decay.
Since the tree-level top Yukawa coupling is proportional to cot �, BR(A ! tt�) becomes small
with large tan �, especially in the Type-X 2HDM. In the Type-I 2HDM with the alignment limit,
the LO amplitude of A ! Zh vanishes, and other decay modes also monotonically decrease as
tan � becomes large. Therefore, BR(A ! tt�) can be about 10% even with large tan � near
��Z = 0. Since the tree-level bottom Yukawa coupling is also proportional to cot� both in
the Type-I and X 2HDMs, BR(A ! bb) shows almost the same behavior as in BR(A ! tt�).

For BR(A ! ��), the size of the branching ratio reaches a few percent in the Type-I 2HDM,
while that in the Type-X 2HDM reaches almost 100% with large tan � and ��Z ’ 0. Since
the tree-level tau Yukawa coupling is proportional to tan � in the Type-X 2HDM, BR(A ! ��)
enhances with large tan �, while both BR(A ! tt�) and BR(A ! bb) are suppressed. In
addition, BR(A ! Zh) is also suppressed due to the small tree-level coupling. Therefore,
BR(A ! ��) can be dominant in the near alignment limit with large tan�.

For BR(A ! Zh), the size of the branching ratio reaches almost 100% percent both in the
Type-I and X 2HDM, especially in the region with ��Z 6= 0. We note that BR(A ! Zh) can
reach about 100% even with ��Z � 0:6, where we cannot observe the deviation in the hZZ
coupling at the ILC. In this sense, the A ! Zh decay is useful to investigate whether s��� = 1
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Figure 9.11: Decay branching ratios for the CP-odd Higgs boson as a function of ��Z(� �Z �1)
in scenario B. The color di�erences correspond to the value of tan �. Predictions on the Type-I,
II, X and Y are shown from the left to right pannels in order.

or not.
Fig. 9.11 shows the branching ratios of the CP-odd Higgs boson including the NLO EW

corrections in the Type-I, II, X, and Type-X 2HDMs for scenario B as a function of ��Z . The
color codes are the same as those in Fig. 9.10. In the Type-II, X, and Y 2HDMs, j��Z j & 10%
is excluded by the constraint from the Higgs signal measurements. In the Type-I 2HDM, we
can take large tan � with sizable ��Z , while such parameter regions are already excluded in
the Type-II, X, and Y 2HDMs.

For BR(A ! tt), the size of the branching ratio reaches about 100% with small tan� inde-
pendently of the types of 2HDMs. When tan � becomes large, the A ! tt decay is suppressed
by cot �. However, the size of the branching ratio is several dozens percent even with tan � = 10
for all types of the 2HDMs.

For BR(A ! bb), the size of the branching ratio is below a per-mill order in the Type-I and
X 2HDMs, while that in the Type-X 2HDM reaches almost 60% with large tan � and ��Z ’ 0.
Since the tree-level bottom Yukawa coupling is proportional to tan � in the Type-II and Y
2HDMs, BR(A ! bb) enhances with large tan �.

For BR(A ! ��), the size of the branching ratio is below a per-mill order in the Type-
I and Y 2HDMs, while that in the Type-II and X 2HDMs reaches almost 10% and 30%,
respectively, with large tan � and ��Z ’ 0. This is because the tree-level tau Yukawa coupling
is proportional to tan � in the Type-II and X 2HDMs. In the Type-II 2HDM, both BR(A ! bb)
and BR(A ! ��) are enhanced, while only BR(A ! ��) is enhanced in the Type-X 2HDM.

For BR(A ! Zh), the size of the branching ratio reaches almost 100% percent in the Type-I
2HDM, especially in the region with ��Z 6= 0. In the Type-II, X, and Y 2HDMs, BR(A ! Zh)
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Figure 9.12: Correlation between BR(A ! ��) and BR(A ! bb) in Type-I, II, X and Y 2HDMs
for scenario B. The color di�erences correspond to the value of tan� and jc���j in the left and
right panels, respectively.

reaches several dozen percent even with ��Z � 0:6. Therefore, the A ! Zh decay is still useful
to investigate the approximate alignment case with relatively heavy additional Higgs bosons.

Fig. 9.11 shows the correlation between BR(A ! ��) and BR(A ! bb) in the Type-I, II,
X and Y 2HDMs for scenario B. As we have seen, the decay pattern of the CP-odd Higgs
boson mainly depends on the value of tan �. In the Type-I 2HDM, both BR(A ! ��) and
BR(A ! bb) become small, while both of them can take several dozen percent in the Type-
II 2HDM. In the Type-X and Y 2HDM, only BR(A ! ��) and BR(A ! bb) becomes large,
respectively. Therefore, we can distinguish the types of the Yukawa interactions by examing the
decay pattern of the CP-odd Higgs boson. We would like to emphasize that discrimination via
CP-odd Higgs measurements can work even in the approximate alignment case, as Fig. 9.11.
Thus, in the case with no deviation in the SM-like Higgs boson couplings, the study of the
CP-odd Higgs boson becomes important to reveal the nature of the 2HDMs.
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Chapter 10

Higgs alignment from the twisted
custodial symmetry at higher energy

In this chapter, we propose a new scenario of the 2HDM, where the current experimental data
for the electroweak rho parameter and those for the Higgs boson couplings can be simultaneously
explained as a consequence of the global symmetry in the Higgs potential at a high energy scale.
In this scenario, the 2HDM is supposed to be a low energy e�ective theory up to a high energy
scale �, above which a fundamental theory should appear. We assume that the Higgs potential
respects a global symmetry at �, which is to be given as a consequence of the global symmetry
structure of the fundamental theory. By the analysis using one-loop renormalization group
equations, we �nd that the above experimental data can be explained in a natural way even
when the masses of the extra Higgs bosons are near the electroweak scale. In this scenario, we
have the characteristic predictions on the mass spectrum of the additional Higgs bosons and the
SM-like Higgs boson couplings, and this scenario can be tested at future collider experiments.

10.1 Two Higgs doublet models and the twisted custo-

dial symmetry

In this section, we discuss the twisted custodial symmetry in the 2HDM.

10.1.1 2HDMs with the softly-broken Z2 symmetry

In the softly-broken Z2 symmetric scenario, the Higgs potential is given by

V (�1;�2) = m2
11�y

1�1 +m2
22�y

2�2 � (m2
12�y

1�2 + h:c:)

+
1

2
�1(�y

1�1)2 +
1

2
�2(�y

2�2)2 + �3(�y
1�1)(�y

2�2) + �4(�y
1�2)(�y

2�1)

+
1

2

h
�5(�y

1�2)2 + h:c:
i
; (10.1)

where m2
11;m

2
22 and �1�4 are real parameters while m2

12 and �5 are complex in general. In the
following, we analyze CP conserving Higgs sector. This additional assumption is required when
we consider the custodial symmetric Higgs sector as we discuss later.

It is useful to work in the Higgs basis [80] to study the SM like limit in the 2HDM;�
H1

H2

�
=

�
cos � sin �

� sin � cos �

��
�1

�2

�
; (10.2)
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where the mixing angle is de�ned by tan � = v2=v1 (0 � � � �=2), and vi (i = 1; 2) are the
vacuum expectation values (VEVs) of the neutral component of doublets in the Z2 basis given
in Eq. (10.1); h�0

i j�0
i i = vi=

p
2. In the Higgs basis, only one of the Higgs doublets, H1, has the

VEV, v =
p
v2

1 + v2
2 = (

p
2GF )�1=2 ’ 246 GeV where GF is Fermi constant. We parameterize

the doublets by

H1 =

�
G+

1p
2
(v + h1 + iG)

�
; H2 =

�
H+

1p
2
(h2 + iA)

�
: (10.3)

In this basis, the Higgs potential can be expressed as

V (H1; H2) = Y 2
1 H

y
1H1 + Y 2

2 H
y
2H2 � Y 2

3 (Hy
1H2 +Hy

2H1)

+
1

2
Z1(Hy

1H1)2 +
1

2
Z2(Hy

2H2)2 + Z3(Hy
1H1)(Hy

2H2) + Z4(Hy
1H2)(Hy

2H1)

+

�
1

2
Z5(Hy

1H2)2 +
h
Z6H

y
1H1 + Z7H

y
2H2

i
Hy

1H2 + h:c:

�
; (10.4)

where Y 2
i and Zi are functions of m2

ij and �i. The stationary conditions are given by

Y 2
1 = �1

2
Z1v

2; Y 2
3 =

1

2
Z6v

2: (10.5)

We note that not all of the parameters in the Higgs basis are independent in the softly-broken
Z2 conserving scenario.

The mass matrices of charged state and CP-odd state are diagonalized in the Higgs basis,

mH� = Y 2
2 +

1

2
Z3v

2 = M2 � 1

2
(�4 + �5)v2; (10.6)

mA = Y 2
2 +

1

2
(Z3 + Z4 � Z5)v2 = M2 � �5v

2; (10.7)

where we have introduced softly Z2 breaking scale M = m12=
p

sin � cos �. The mass matrix
for the CP-even states is not diagonarazed in the Higgs basis,

1

2

�
h1; h2

�
M
�
h1

h2

�
=

1

2

�
h1; h2

�� Z1v
2 Z6v

2

Z6v
2 Y 2

2 + 1
2
Z345v

2

��
h1

h2

�
; (10.8)

and we need further rotation to obtain CP-even mass eigenstates h and H,�
H
h

�
=

�
cos (� � �) � sin (� � �)
sin (� � �) cos (� � �)

��
h1

h2

�
: (10.9)

The squared masses of the CP-even Higgs bosons and the mixing angle � � � are given by

m2
H = cos2 (� � �)M2

11 + sin2 (� � �)M2
22 � sin 2(� � �)M2

12; (10.10)

m2
h = sin2 (� � �)M2

11 + cos2 (� � �)M2
22 + sin 2(� � �)M2

12; (10.11)

tan2(� � �) =
�2M2

12

M2
11 � M2

22

: (10.12)

We use the convention where sin (� � �) is always positive, i.e., 0 � ��� � �, and cos (� � �)
has the opposite sign from Z6 [81]. In this paper, we identify h as the discovered Higgs boson
h(125), and all additional scalar bosons are assumed to be heavier than h(125).
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10.1.2 Alignment limit

In the mass eigenstate, the interaction terms among the gauge bosons and the CP-even scalars
are given by,

Lint = [sin (� � �)h+ cos (� � �)H]

�
m2

W

v
W+�W�

� +
m2

Z

2v
Z�Z�

�
: (10.13)

The Yukawa interaction terms among the fermions and the CP-even scalars are given by

Lint = �
X

f=u;d;e

mf

v

�
�f

hffh+ �f
HffH

�
; (10.14)

where

�f
h = sin (� � �) + �f cos (� � �); (10.15)

�f
H = cos (� � �) � �f sin (� � �); (10.16)

and �f is the Type dependent parameter given in Table 3.1. When sin (� � �) = 1, the couplings
of h with various SM particles become SM like. We call this SM-like limit, sin (� � �) = 1, as
the alignment limit in this paper.

The alignment limit can be achieved in di�erent two ways [33, 156, 212]; (i) decoupling of
additional Higgs bosons, and (ii) alignment without decoupling.

In the scenario (i), we take the decoupling limit: M2 � f(�i)v
2. Then, we have

tan 2(� � �) ’ �2Z6v
2

�M2
’ 0; (10.17)

where we have used that Z6 does not depend on the M . Eq. (10.17) implies sin (� � �) = 1,
and the couplings of h become SM like. In this scenario, masses of the additional Higgs bosons
are close to M , and they are decoupled from the electroweak physics.

In scenario (ii), the o�-diagonal component of the mass matrix for CP-even state is equal
to zero;

Z6 = �1

2
sin 2�

�
�1 cos2 � � �2 sin2 � � �345 cos 2�

�
= 0; (10.18)

where we have used abbreviation �345 = �3 + �4 + �5. In this scenario, the additional Higgs
bosons need not be decoupled, and masses of these particles can be taken around the electroweak
scale. Therefore, this scenario is testable in current and future experiments [110, 200]. The
simple realization of the condition in Eq. (10.18) is taking the natural alignment conditions [213],

�1 = �2 = �345; (10.19)

where the alignment is realized independently of the value of tan �. We will see that the
conditions in Eq. (10.19) are derived from the twisted custodial symmetry [214].

10.1.3 The oblique parameters

The e�ect of new physics on the electroweak precision observables can be parameterized in
terms of the oblique parameters, S; T and U [63,64]. In the 2HDM, the oblique parameters are
modi�ed from those in the SM due to the additional Higgs boson loop contritions and modi�ed
SM-like Higgs boson couplings.
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Among these oblique parameters, the T parameter is related to the rho parameter as � =
1 + �emT , and it is sensitive for the mass squared di�erences of the Higgs bosons. When we
decompose the T parameter into the SM contribution TSM and the new physics e�ects �T , �T
is given by [215{218]

�T =
1

16�2�emv2

�
F (m2
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���

h
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h
F (m2

h;m
2
H�) � F (m2

h;m
2
A)
i

+ 3c2
���

h
F (m2

H ;m
2
Z) � F (m2

H ;m
2
W )
i

+ 3s2
���

h
F (m2

h;m
2
Z) � F (m2

h;m
2
W )
i

� 3
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;m2

Z) � F (m2
href

;m2
W )
i�
; (10.20)

where we have used abbreviation of s��� = sin (� � �) and c��� = cos (� � �). The function
F (x; y) is de�ned by

F (x; y) =
x+ y

2
� xy

x+ y
ln
x

y
; (10.21)

and F (x; x) = 0. If one of the following relations (A, B or C) is satis�ed, the loop corrections
due to the additional Higgs bosons are canceled, and �T becomes small;

(A) : mA = mH� ; (10.22)

(B) : mH = mH� and sin (� � �) = 1; (10.23)

(C) : mh = mH� and cos (� � �) = 1: (10.24)

The possible value of �T is strictly constrained by the electroweak precision data [65, 219],
and we expect that one of the above conditions is realized at the electroweak scale at least
approximately. We will see that those conditions can be derived as a consequence of the
custodial symmetry in the Higgs potential, and we can understand the smallness of �T in
terms of the global symmetry structure of the Higgs potential.

10.1.4 Twisted custodial symmetry in the 2HDMs

We introduce bi-doublet �elds [59] to study the structure of the Higgs potential especially for
the SU(2)L � SU(2)R global symmetry.

Mi = (i�2H
�
i ; Hi); (i = 1; 2); (10.25)

where �2 is the second matrix of the Pauli matrices �a (a = 1; 2; 3). These bi-doublet �elds
transform under the local gauge transformation as follows,

SU(2)L : Mi ! expf[ig�a(x)�a]gMi; U(1)Y : Mi ! Mi expf[�ig0Y �4(x)�3]g; (10.26)

where �a = �a=2. We note that we may also use the following bi-doublets,

MiP � Mi expf[�i��3]g = Midiag(e�i�; ei�); with 0 � � < 2�: (10.27)

to construct the gauge-invariant Higgs potential since the U(1)Y transformation of bi-doublet
�elds commutes with P .

In the Higgs basis, we de�ned H1 such that the VEV of this �eld is real and positive.
Therefore we consider M1 and M 0

2 = M2P as building blocks of the Higgs potential. The
SU(2)L � SU(2)R transformation of M1 and M 0

2 is given by

M1 ! LM1R
y; M 0

2 ! LM 0
2R

y; (10.28)
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where L 2 SU(2)L; R 2 SU(2)R. We can construct four SU(2)L � U(1)Y invariants as

Tr(M y
1M1) = 2jH1j2; (10.29)

Tr(M 0y
2M

0
2) = 2jH2j2; (10.30)

Tr(M y
1M

0
2) = ei�Hy

1H2 + e�i�Hy
2H1; (10.31)

Tr(M y
1M

0
2�3) = ei�Hy

1H2 � e�i�Hy
2H1; (10.32)

where Tr(M y
1M1);Tr(M 0y

2M
0
2) and Tr(M y

1M
0
2) are hermitian and SU(2)L � SU(2)R invariant.

On the other hand, Tr(M y
1M

0
2�3) is anti-hermitian and does not respect SU(2)L � SU(2)R

symmetry.
The Higgs potential can be rewritten in terms of these invariants as
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As we mentioned, Z6 and Z7 are expressed in terms of the other Z1�5 and tan � in the softly-
broken Z2 scenario.

If we assume the global SU(2)L � SU(2)R symmetry, we obtain

Im(Y 2
3 e

�i�) = Im(Z5e
�2i�) = Im(Z6e

�i�) = Im(Z7e
�i�) = 0; (10.34)

Z4 = Re(Z5e
�2i�): (10.35)

In order to satisfy Eqs. (10.34) and (10.35), CP invariance is required in the Higgs potential
[220]. When the Higgs potential is CP invariant, Y 2

i and Zi are real, and we have

Z4 = Z5 for � = 0; �; (10.36)

or

Z4 = �Z5 and Y 2
3 = Z6 = Z7 = 0 for � = �=2; 3�=2: (10.37)

where we have used Eq. (10.34) to derive the second conditions of Eq. (10.37). These conditions
can be expressed in terms of the parameters in Eq. (10.1), respectively,

�4 = �5; for � = 0; �; (10.38)

or

�4 = ��5; �1 = �2 = �3 for � = �=2; 3�=2: (10.39)

The former case shown in Eq. (10.38) corresponds to the usual realization of the custodial
symmetry (mA = mH�) introduced in Ref. [211], and the latter case in Eq. (10.39) is so-called
the twisted custodial symmetry [214].
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In the twisted-custodial symmetric scenario, the Higgs potential is given by

V (H1; H2) = Y 2
1 H

y
1H1 + Y 2

2 H
y
2H2 +

1

2
ZS(Hy

1H1 +Hy
2H2)2 � ZAS(Hy

1H2 �Hy
2H1)2; (10.40)

where we have introduced ZS = Z1 = Z2 = Z3 and ZAS = Z4 = �Z5. Masses of the physical
Higgs bosons are expressed by

m2
h = ZSv

2: (10.41)

m2
H� = m2

H = M2 = Y2 +
1

2
ZSv

2: (10.42)

m2
A = M2 + ZASv

2: (10.43)

We note that all scalars are simultaneously diagonalized in the Higgs basis, and we do not need
additional rotation for the CP even states (sin (� � �) = 1). As we discussed in the previous
subsection, �T becomes small when A is degenerate with H� or when H is degenerate with
H� in the alignment limit. These conditions are naturally realized when the Higgs potential
respects the custodial symmetry.

As it is pointed out in Ref. [220], the CP quantum numbers ofH and A cannot be determined
only from the Higgs potential when Z6 = Z7 = 0. If neutral Higgs-fermion interactions are CP
conserving, as the case we are considering, we can determine such that H is the CP-even and
A is the CP-odd. In the scenario of the twisted custodial symmetry de�ned in Eq. (10.37),
H� is degenerated with the CP-even scalar H and this scenario is di�erent from Case II in
Ref. [211] where H should be regarded as the CP-odd state. Therefore, we can treat tan � as
a free parameter di�erently from Case II where tan � = 1 is required.

As it is well known that Yukawa coupling constants and the U(1)Y gauge coupling g0 violate
the custodial symmetry, so that this global symmetry is not the symmetry of the whole 2HDM
Lagrangian. Therefore, the relations among the Higgs quartic couplings given in Eq. (10.39)
are broken under the renormalization group evolution. Although we can explain the observed
data of �T and aligned Higgs boson couplings by the twisted custodial symmetry in the Higgs
potential, those violations indicate the peculiarity of the scenario where Higgs potential exactly
respects twisted custodial symmetry at the electroweak scale. In the following section, we
investigate the possibility of the approximate realization of the twisted-custodial symmetry at
the electroweak scale, starting from a twisted-custodial symmetric theory at high scale �.

10.2 Boundary conditions and other setup for our sce-

nario

In this section, we discuss constraints on S and T parameters and the Higgs boson couplings
in the twisted-custodial symmetric scenario at a high energy scale �. We use the one-loop RG
equations in the following analysis.

10.2.1 Boundary conditions at �

There are works in which several authors investigate the validity of the 2HDM up to higher
energy scale and bounds of scalar masses thorough the RG evolution of the Higgs quartic
couplings [91, 92, 221]. After the Higgs boson discovery, the possible cuto� scale is examined
under the current experimental data [222{224]. In these works, experimental constraints on the
oblique parameters and the SM like Higgs boson couplings are satis�ed as the initial conditions
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of the RG evolution at the electroweak scale. We can study the structure of the Higgs potential
along this line by assuming a global symmetry is exactly realized at the electroweak scale.
However, such a scenario is not plausible unless the global symmetry is the symmetry of the
whole theory, because the Higgs potential no longer respects the global symmetry at any other
scale.

In this paper, we investigate the possible explanation for the observed data at and below the
electroweak scale in terms of the global symmetry of the Higgs potential at some higher scale
� above which a fundamental theory should appear. Below �, the twisted-custodial symmetric
2HDM appears as the low energy e�ective theory. Following this scenario, we impose the
condition of Eq. (10.39) at the scale �

�4(�) = ��5(�); �1(�) = �2(�) = �3(�): (10.44)

As we discussed, the twisted custodial symmetry in the Higgs potential is broken under the
RG evolution from � to the electroweak scale due to the correction of g0 and yi, so that we can
expect that Eq. (10.44) are not satis�ed at the electroweak scale.

10.2.2 Theoretical and experimental bounds

We numerically generate the parameter sets under the boundary condition in Eq. (10.44). We
also impose the following theoretical conditions at and below �. First, we require (a) vacuum
stability conditions [88{90,92,225]. Second, we require (b) perturbative unitarity bound [84{87].
Finally, we also require (c) absence of the Landau pole.

�i(�) < 8�; y2
f (�) < 4�: (10.45)

To evaluate the �i(�); (mZ � � < �) from �i(�), we need to know the value of the gauge
couplings gi(�) and Yukawa couplings yi(�). At the one-loop level, the beta functions of gi are
independent of both �i and yi, and gi(�) can be evaluated from the inputs gi(mZ). Furthermore,
the beta functions of yi are independent of �i, so that we can evaluate yi(�) from the inputs
values of mf and tan � at the electroweak scale. For given values of �i(�), yi(�) and gi(�),
we calculate �i(�); yi(�) and gi(�) iteratively by using RG equations and con�rm that the
conditions (a), (b) and (c) are satis�ed at each step until the electroweak scale.

To translate �i(mZ) into masses of the Higgs bosons and the mixing angle � � �, we need
to know the value of M . We scan M between [0; 1000] GeV, and check if the parameter sets
satisfy (d) the global minimum condition [93,226];

D = m2
12(m2

11 � k2m2
22)

�
v2

v1

� k

�
> 0; (10.46)

where k = 4
p
�1=�2. We extract parameters that reproduce the mass of the discovered Higgs

boson mh ’ 125 GeV. We allow the 5% error on the deduced value of mh instead of imposing
a more strict constraint because our numerical analysis is done at the one-loop order.

We evaluate S and T parameters and con�rm whether the predicted values are satis�ed by
the current experimental data, i.e. S = 0:02 � 0:10; T = 0:07 � 0:12 and the 92% correlation
among them [219]. We require the agreement between the prediction and observed data to be
at the 2� level [227].

The mixing between h(125) and H, cos (� � �), is evaluated from �i(mZ);M and tan �.
We check whether the predicted value of cos (� � �) satis�es the current experimental bound
at the 2� level [20,228].
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Figure 10.1: (Left) The values of �4 and �5 at electroweak scale for tan � = 5 in Type I. (Right)
The possible values of Z1 and �4 at electroweak scale. The points in di�erent color correspond
to the di�erent scale �. Dashed line shows the values of Z1 which explains mh = 125 � 6 GeV
in the alignment limit.

10.2.3 Violation of the twisted custodial symmetry at the electroweak
scale

In the twisted custodial scenario, the smallness of the �T parameter and the SM like Higgs
boson couplings are realized by the condition of Eq. (10.39). However, this condition is violated
at the electroweak scale even if the Higgs potential respects the twisted custodial symmetry at
a higher scale �. In this subsection, we analyze the violation of the condition of Eq. (10.39)
under the current experimental data.

In the following discussion, we show the results in the case of tan � = 5 in Type-I as a
representative. We have checked that the results for Type-X and Type-Y are similar for those
for Type-I and Type-II, respectively. Furthermore, the major di�erence between Type-I and
Type-II comes from the b ! s
 constraint on the charged Higgs boson in Type-II: mH� & 580
GeV [150]. As we will see later, H� and H are almost degenerate and they are lighter than
A in our scenario. This implies that all of the additional Higgs bosons are heavier than 580
GeV, and it will be turned out that these are enough heavy to realize the alignment limit in
the twisted-custodial symmetric scenario at a high energy scale. We have also checked that the
behavior of �i couplings are almost same for various tan � except for the tan � ’ 1. We will
discuss about the case of tan � ’ 1 later.

The left panel of Fig. 10.1 shows the possible values of �4(mZ) and �5(mZ). We can see that
this scenario can be valid up to � = 1019 GeV, and a part of the twisted-custodial condition in
Eq. (10.39), �4(mZ) = ��5(mZ), is approximately valid independently of the values of �. The
sign of �4(mZ) tends to be positive, and it converges to be a �nite value around 0.25 if we take
� to a very high scale.

The stability of �4 + �5 = 0 can be understood by the form of the beta function,

Type I : 16�2d(�4 + �5)

d ln�
= 2(�1 + �2 + 4�3 + 2�4 + 4�5)(�4 + �5) � 3(3g2 + g02)(�4 + �5)

+ 2(3y2
t + 3y2

b + y2
� )(�4 + �5) + 3g2g02: (10.47)

As we have already mentioned, g0 and yi break the twisted custodial symmetry. Even if �4+�5 =
0 at initial point, �4 + �5 is generated via the g2g02 term. However, this violating e�ect is
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Figure 10.2: (Left) The values of �2 ��1 and �2 ��3 at electroweak scale for tan � = 5 in Type
I. The dashed line show the parameter points where �1 = �2. (Right) The decoupling behavior
in the high scale twisted custodial symmetric scenario. The points in di�erent color correspond
to the di�erent scale � and

negligible. In Type-II and Y, we also have the y2
t y

2
b contribution to �4 + �5. However, this

e�ect is also negligible, and �4 + �5 = 0 is approximately valid at the electroweak scale.
The right panel of Fig. 10.1 shows the predicted value of Z1(mZ). As we have discussed,

�4(mZ) tends to be positive and looks to converge to a small region. This behavior can be
understood by looking at the predicted value of Z1(mZ). In the alignment limit, the mass of
h(125) is given by

m2
h = Z1v

2 = [�1 cos4 � + �2 sin4 � + 2�345 sin2 � cos2 �]v2

’ [�1 cos4 � + �2 sin4 � + 2�3 sin2 � cos2 �]v2; (10.48)

where we have used �4 + �5 ’ 0 in the last equality. To reproduce mh ’ 125 GeV, Z1 should
be m2

h=v
2 ’ 0:26 in the alignment limit. However, the vacuum stability conditionp

�1�2 + �3 + �4 � �5 ’
p
�1�2 + �3 + 2�4 > 0; (10.49)

sets the minimum value of Z1 as

Z1 ’ (
p
�1 cos2 � �

p
�2 sin2 �)2 + 2(

p
�1�2 + �3) sin2 � cos2 �

> (
p
�1 cos2 � �

p
�2 sin2 �)2 � 4�4 sin2 � cos2 �: (10.50)

This condition excludes Z1(mZ) ’ 0:26 for almost all values of negative �4(mZ) in the alignment
limit. Even positive �4, possible parameters with Z1 ’ 0:26 are limited when � is very high
scale. This is why �4(mZ) takes some �xed values with mh ’ 125 GeV in the approximately
alignment limit.

The left panel of Fig. 10.2 shows the possible values of �1 ��3 and �2 ��3 at the electroweak
scale. As we can see both �1 � �3 and �2 � �3 take non-zero values, so that �1 6= �3 and
�2 6= �3. Furthermore, most of the parameter points are away from the dotted line which
indicates �1 = �2, so that the second condition �1 = �2 = �3 is violated at the electroweak
scale. This violation generates the o�-diagonal component of the mass matrix for the CP-even
scalars, and it predicts deviations in the couplings of h(125) with various SM particles from
those in the SM.
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Figure 10.3: Possible mass di�erences among the additional Higgs bosons. Left �gure shows M
independent mass squared di�erences. Right �gure shows mass di�erences among A and H�.

The right panel of Fig. 10.2 shows the decoupling behavior in this scenario. We can see
mH� & 300 GeV is enough to achieve the alignment limit. Although Z6 is generated via RG
running, its value is not so large compared with the possible values which are allowed at the
electroweak scale under the theoretical constraints.

As we have discussed in this section, we can explain the smallness of the �T parameter and
the SM-like Higgs boson couplings without decoupling of the additional Higgs bosons by the
twisted custodial symmetry of the Higgs potential at scale �. In the Type-II scenario, same
argument is valid, however mH� . 580 GeV is excluded by the constraint of b ! s
 [150].

10.3 Predictions from the boundary conditions

10.3.1 Mass spectrum of additional Higgs bosons

In this section, we analyze the prediction on the mass spectrum of additional Higgs bosons in
the twisted-custodial symmetric scenario at a high energy scale. In the alignment limit, masses
of the additional Higgs bosons are given in terms of the parameters in the Z2 basis,

m2
H = M2 +

1

4
(�1 + �2 � 2�345)v2 sin2 2�; (10.51)

m2
H� = M2 � 1

2
(�4 + �5)v2; (10.52)

m2
A = M2 � �5v

2: (10.53)

Left panel of Fig. 10.3 shows the predicted mass squared di�erences in this scenario. We
can see that A is heavier than H�, while H is approximately degenerate with H� in the almost
parameter spaces. To understand the prediction of the mass spectrum, we simplify the mass
di�erence of the additional Higgs bosons using the condition �4 +�5 ’ 0 which is valid even at
the electroweak scale as shown in the left panel of Fig. 10.2,

m2
A �m2

H�

v2
= �4;

m2
H �m2

H�

v2
= (�1 + �2 � 2�3) cot2 �

�
1

1 + cot2 �

�2

: (10.54)

The positivity and convergence behavior of the squared mass di�erence among A and H� are
the consequence of the prediction on �4(mZ) which has been discussed in the previous section.
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Figure 10.4: Predictions on the scaling factors of the SM-like Higgs boson in 2HDMs. The
left �gure shows the predicted values of �d and �e. The right �gure shows those of �u and �d.
tan � = 1; 1:5; 2; 3 and 5 are chosen as representatives

Since �1 ��3 and �2 ��3 take non-zero values as shown in Fig. 10.2, the mass squared di�erence
between H and H� is not zero. However, this di�erence becomes small if tan � is not close to
unity because �1 ��3 and �2 ��3 are O(10�1) and cot2 � suppresses the possible mass squared
di�erence. Therefore, the following mass spectrum is predicted in this scenario,

mA & mH ’ mH� : (10.55)

The mass squared di�erence among A and H� converges to a de�nite value if � is as large as
the Planck scale.

Right panel of Fig. 10.3 shows the behavior of the mass di�erence �m = mA �mH� , where
�m can be written as

�m ’ M

"r
1 +

�4v2

M2
� 1

#
: (� = mZ) (10.56)

If we take decoupling limit M ! 1, �m is close to zero as depicted in the right panel of
Fig. 10.3. We note that mass squared di�erences Eq. (10.54) are M independent quantity,
while �m is M dependent quantity. If we determine �m and masses of H and H�, we can
determine �4 and it imposes the upper bound of �.

We mention here the case of tan � ’ 1. In this parameter region, there is no cot2 � suppres-
sion, and mH �mH� can take about 50 GeV as the maximum value. However, these low tan �
regions are constrained by the b ! s
 experiments, and mH� & 600GeV even in the Type-I
and X [188].

10.3.2 The deviations in the Higgs boson couplings

In this subsection, we discuss the deviation in the SM-like Higgs boson couplings with gauge
bosons, quarks and leptons. It is convenient to de�ne the scaling factors by normalizing the
coupling constant of the SM Higgs boson,

Lint = �V h

�
m2

W

v
W+�W�

� +
m2

Z

2v
Z�Z�

�
�
X

f=u;d;e

�fh
mf

v
ff: (10.57)
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From Eqs (10.13) and (10.14), � factors are given at the tree level by

�V = sin (� � �); �f = �f
h = sin (� � �) + �f cos (� � �): (10.58)

As we have seen in Sec. 3, the alignment limit is approximately realized at the electroweak
scale, and this implies that �V is necessarily close to the SM value in our scenario. For example,
j cos (� � �)j � 0:03 when tan � = 10 and mH� � 300 GeV in Type-I, and it corresponds to
�V � 0:9995. It is di�cult to measure this O(10�2)% deviation even in the future precision
measurement at the HL-LHC and the ILC. However, �f can be more deviated from SM values,
because the deviations are enhanced by tan � except for Type-I. Furthermore, the direction of
modi�cations for �d and �e are highly di�erent in four types of Yukawa interactions, and we
can discriminate the type of 2HDMs through the precise measurement of �f [110].

The left panel of Fig. 10.4 shows predicted values of �e and �d for each type of 2HDMs.
We have plotted the predicted points for tan � = 1; 1:5; 2; 3; 5 with 600GeV � M � 700 GeV.
For illustration purposes, we slightly shift lines along with �x = �y in order to show tan �
dependence in Type-I and II. As we can see, � can be taken to the Planck scale if tan � � 1:5.
When tan � = 1, we cannot take � to be Planck scale and its maximal value is around 1014

GeV. This is because the square of the top Yukawa coupling becomes larger than 4� during RG
evolution when tan � = 1, and there is no solution above � = 1014 GeV independently of the
values of �i(�). In Type-II, both of �d and �e deviates from SM values because �d = �e = � tan �
enhances its deviation. In Type-X (Y), the modi�cation of �e (�d) is enhanced respectively,
while �d (�e) closes to SM value when we take larger tan � because its deviation proportional
to cot �. In Type-I, both of �d and �e close to SM values when we take large tan �.

The right panel of Fig. 10.4 shows the predicted values of �u and �d. We slightly shift lines
along with �x = �y in order to show tan � dependence in Type-I as in the left panel. Although
the predicted values of cos (� � �) depend on the type of 2HDM, we only show the results
in Type-I and II, because the scaling factors �u and �e are same in Type-I (II) and X (Y),
and di�erence of predicted values between Type-I (II) and X (Y) which comes from � Yukawa
couplings in the beta functions are almost negligible. The modi�cation of �u is proportional to
cot � independently of the types of 2HDM, and it closes to the SM value when we take large
tan �. In Type-II and Y, the modi�cation of �d is enhanced through tan �, while �d also closes
to SM value by cot � suppression in Type-I and X.

The possible deviations of �f are determined from the value of cos (� � �) for �xed tan �,
and it is generated from the violating e�ect of the twisted custodial symmetry during RG
evolution. Therefore modi�cations of the scaling factors become large when we take � to a
higher scale, and we can expect about 5% deviations of �d and �e when � is Planck scale. We
note that these several percent deviations in the scaling factors can be tested at the future
HL-LHC and ILC experiments, and we can investigate not only the possible scale � but also
the type of Yukawa interactions in 2HDMs through the precise measurement of �f .

Finally, we would like to mention the di�erence between our results and previous works.
The discrimination of extended Higgs models thorough the precise measurement of SM-like
Higgs boson couplings is studied at the tree level [110] and the one-loop level [97,98]. In these
works, the masses of additional Higgs bosons, M and mixing angles are free parameters, and
they scanned parameters that satisfy the theoretical and experimental constraint. However,
these values are predicted by the values of �i at � in our scenario, and the modi�cations of �f

are related to the possible scale �. Therefore, we can utilize the precision measurement of the
SM-like Higgs boson couplings not only to discriminate the types of the Yukawa interactions
but also to investigate the new physics scale �, where global symmetry in the Higgs potential
is restored and a fundamental theory should appear.
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Chapter 11

Conclusion and discussion

In this thesis, we have comprehensively investigated the extended Higgs models. We have
studied three main topics, the physics of the discovered Higgs boson, that of additional Higgs
bosons and the global symmetry of the extended Higgs model.

In Chap. 6, we have discussed the physics of the discovered Higgs boson, especially its
production cross section at electron-positron colliders. The discovery of the SM-like Higgs
boson has opened a new window to indirectly explore a theory beyond the SM. The deviations
from its SM predictions in the various Higgs observables such as the decay branching ratio, total
width and production cross section tell us pieces of information of new physics models. After
reviewing the renormalization procedure in the extended Higgs models and their applications
to the SM-Higgs boson decay, we have discussed the production cross sections for the Higgs
strahlung process at electron-proton colliders including the higher-order corrections. Most of the
future lepton collider experiments are planned to operate at the center of beam energy around
250 GeV, where the production cross section of this process takes the maximal value. We have
analyzed the deviation in the total cross section from its SM prediction in the various extended
Higgs models. We have also examined the deviation in the cross section times branching ratio,
and it is found that we can distinguish the various extended Higgs models by future precision
measurements.

In Chaps. 7, 8 and 9, we have discussed the physics of additional Higgs bosons. The direct
search of new particles is also the key program to study new physics models, and the LHC and
HL-LHC will make remarkable progress in this direction. In Chaps. 7, we have pointed out that
the indirect and direct studies play a complementary role. It is shown that the synergy between
them enables us to explore the wide range of the parameter space of the 2HDM. Motivated by
this investigation, we discuss the radiative corrections for the decays of additional Higgs bosons.
We have found that the Higgs to Higgs decay process is sensitive to the radiative corrections,
and including these e�ects are important to study the additional Higgs bosons.

In Chap. 10, we have discussed the structure of new physics, especially focusing on the global
symmetry of the Higgs potential. The global symmetry whether it is exact or approximate is
useful to understand the experimental data. We have proposed the scenario where the current
experimental constraints are explained as a consequence of the global symmetry structure of the
Higgs potential. In this scenario, the Higgs potential respects the global symmetry at a higher
scale, but it is broken by the radiative corrections under the renormalization group running.
While the Higgs potential respects the global symmetry no longer respects the global symmetry
at the electroweak scale, we can explain the current experimental data without decoupling the
additional Higgs bosons.

From the series of these studies, we have found that the nature of the Higgs sector can be
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widely investigated by combining the precision measurement of the SM-like Higgs boson and
the direct search of the additional Higgs bosons. In both of study, radiative corrections play
an important role. Therefore, it is important to perform the theoretical calculation compatible
with precision measurements in future collider experiments.
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Appendix A

Input parameters

In this Appendix, we summarize the input parameters.

A.1 Lepton masses

The lepton masses are

me = 0:510998918 � 10�3 GeV; (A.1)

m� = 0:105658367 GeV; (A.2)

m� = 1:77686 GeV: (A.3)

A.2 Electroweak parameters

The �ne structure constant is

��1
em = 137:035999139: (A.4)

The Fermi constant is

GF = 1:1663787 � 10�5 GeV�2: (A.5)

The mass of the Z boson is

mZ = 91:1876 GeV: (A.6)

A.3 QCD parameters

A.3.1 Strong coupling constant

�s(mZ) = 0:1181: (A.7)

A.3.2 Quark masses

mt = 173:1 GeV; (A.8)

mb = 4:78 GeV; (A.9)

mc = 1:27 GeV: (A.10)
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A.4 Higgs boson mass

The mass of the discovered Higgs boson is

mh = 125:1 GeV: (A.11)
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Appendix B

Decay rates at the leading order

We present the analytic expressions of the decay rates of the Higgs boson at the LO. In order
to specify the LO formula, the subscript 0 is put in the decay rate, �0.

B.0.1 Decays of the neutral Higgs bosons

We de�ne � = h; H or A and H = h or H. The decay rates into a fermion pair are given by

�0(� ! f �f) =
p

2GF

m�m
2
f

8�
j��

f j2N f
c ��

 
m2

f

m2
�

;
m2

f

m2
�

!
; (B.1)

where N f
c = 1 (3) for f being a lepton (quark) and

�h;H(x; y) = �3=2(x; y); �A(x; y) = �1=2(x; y); (B.2)

with

�(x; y) = (1 � x� y)2 � 2xy: (B.3)

The decay rates into a pair of on-shell weak bosons (V = W;Z) are given by

�0(� ! V V ) =
p

2GF
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; (B.4)

where cV = 1 (2) for V = W (Z). When one of the weak bosons is o�-shell, we obtain

�0(� ! WW �) =
3m4

WG
2
Fm�

16�3
(��

V )2F

�
mW

m�

�
; (B.5)

�0(� ! ZZ�) =
m4

ZG
2
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64�3
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V )2F

�
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3
s2
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�
; (B.6)

where

F (x) = �j1 � x2j
�

47

2
x2 � 13

2
+

1

x2

�
+ 3(1 � 6x2 + 4x4)j log xj

+
3(1 � 8x2 + 20x4)p

4x2 � 1
cos�1

�
3x2 � 1

2x3

�
: (B.7)
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The loop induced decay rates are given by
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where
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where C0 and B0 are the Passarino-Veltman functions [229].
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The decay rates into a scalar and an on-shell weak boson is given by

�0(� ! �0V ) =
jg��0V j2

16�

m3
�

m2
V

�3=2

 
m2

V

m2
�

;
m2

�0

m2
�

!
; (B.19)

where the scalar-scalar-gauge couplings are given in Appendix of Ref. [100]. When the weak
boson is o�-shell, the decay rate is given by

�0(� ! �0W �) = 9g2jg��0W j2 m�

128�3
G

 
m2

�0

m2
�

;
m2
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; (B.20)

�0(� ! �0Z�) = 3g2
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256�3
G

 
m2

�0

m2
�

;
m2

Z

m2
�

!�
7 � 40

3
s2

W +
160

9
s4

W

�
; (B.21)

where the function G(x; y) is given as

G(x; y) =
1

12y
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: (B.22)

Finally, the decay rates into two lighter scalar bosons are given by

�0(� ! �0�00) = (1 + ��0�00)
j���0�00 j2
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!
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An example of this type of the decay is H ! hh.

B.0.2 Decays of the charged Higgs bosons

Decays of the charged Higgs bosons into two on-shell fermions are given by
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; (B.24)

where a factor Cf is Cf = jVudj2 (1) for the decay into the up-type quark and the down-type
quark (the lepton and the neutrino). The decay into an o�-shell top quark and an on-shell
down-type quark, H� ! t�qd ! W�bqd (qd = d; s; b), is expressed by

�0(H� ! W�bqd) =
3VtbVtqd

256�3mH�
g2m

4
t

v2
�2
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�
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; (B.25)
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with

H(x; y) =
1

4x3y

h
2y2 f4(x� 1)y + 3xg log y
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	 i
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where the mass of down-type quark is neglected.
The on-shell decays into a neutral Higgs boson and a W boson are expressed by

�0(H� ! �W�) =
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16�m2
W

jgH��W j2�
3
2
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where the coupling gH��W for each neutral Higgs boson is given in Appendix of Ref. [100]. The
decays into a neutral Higgs boson and an o�-shell W boson is given by

�0(H� ! �W��) = 9
mH�

128�3
g2jgH��W j2G

�
m2

�

m2
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;
m2

W

m2
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�
: (B.28)

For the loop induced decay rates, H� ! W�Z and H� ! W�
, the concrete expressions
of fermion loop contributions and boson loop contributions are given in Refs. [144, 146] and
Refs. [145,146], respectively.
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