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Abstract

Let G be a finite group of Lie type. In order to determine the character table of G, Lusztig
developed the theory of character sheaves. In this framework, one has to find the transformation
between two bases for the space of class functions on G, one of them being the irreducible
characters of G, the other one consisting of characteristic functions associated to character
sheaves. In principle, this has been achieved by Lusztig and Shoji, but the underlying process
involves some scalars which are still unknown in many cases. The problem of specifying these
scalars can be reduced to considering cuspidal character sheaves. We will deal with the latter
for the specific case where G = E7(g), and g is a power of the bad prime p = 2 for E7.

1. Introduction

Let G be a connected reductive algebraic group over the algebraic closure k& = Fp of the
field with p elements (for a prime p). Assume that G is defined over the finite subfield F, of
k, where g is a power of p, so the F,-rational points on G constitute the corresponding finite
group of Lie type G(gq) = G(F,). The theory of character sheaves, due to Lusztig [22]-[26],
provides a general procedure by which the problem of determining the character table of
G(g) can be tackled. Character sheaves are certain geometric analogues to the irreducible
representations of G(g), and they give rise to class functions on G(g), called characteristic
functions. Lusztig ([20, 13.7], [26]) conjectured that any such characteristic function co-
incides up to multiplication by a non-zero scalar with an appropriate almost character of
G(g), that is, an explicitly known linear combination of the irreducible characters. Then
he provides an algorithm to compute the characteristic functions, at least in principle ([26,
§24]). While Lusztig’s conjecture is still open in general (see, e.g., [33]), it has been proven
by Shoji ([40], [41]) under the assumption that the centre of G is connected. Even in this
case, however, the scalars relating characteristic functions of character sheaves and almost
characters need to be specified. Following [27, §3], this task can be reduced to considering
cuspidal character sheaves, by means of an induction process for these objects which leads to
a parametrisation of the character sheaves on G, rather analogous to Harish-Chandra theory
for irreducible characters of G(g).

It therefore seems reasonable to consider the individual quasisimple groups of Lie type
separately. In those cases, [21] combined with [22]-[26], see also [40, §7], [41, §5], provides
a classification of cuspidal character sheaves. We will be concerned with unipotent character
sheaves on G, that is, the subset of the character sheaves on G corresponding to the unipotent
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592 J. HerZ

characters of G(g) due to Deligne-Lusztig [5].

For classical groups of split type, Shoji [42], [45] has shown that the characteristic func-
tions of cuspidal unipotent character sheaves coincide with the corresponding almost char-
acters. As far as exceptional groups are concerned, this statement is only partially verified.
E.g., for groups of type Fjy, it has been proven by Marcelo-Shinoda [36] for those cuspidal
character sheaves whose support contains unipotent elements, in all characteristics. (In type
F,, any characteristic, every cuspidal character sheaf is unipotent.) The particular case Fj,
p = 2, is in fact complete, as the respective identities for not unipotently supported cuspidal
character sheaves have been verified in [11, §5].

Moreover, by a result of Geck [11, Proposition 3.4], the computation of the scalars relat-
ing characteristic functions of unipotent character sheaves and unipotent almost characters
can be reduced to the base case p = ¢. This is particularly useful in small characteristics, as
one might hope to settle such cases via direct computations, e.g. by applying computer alge-
bra methods. Several concrete examples are considered in [11], such as the above-mentioned
Fy4, p = 2, as well as the split adjoint group of type E¢ in characteristic 2, where the problem
is solved for all cuspidal character sheaves (there are two of them, and both are unipotent).
Note that, in either of these cases, the character table of G(2) is known. However, it is also
conjectured in [11, 6.6] that an analogous statement will hold for the adjoint groups of type
E¢ in good characteristic, even though the character table of G(p) is not known here. Finally,
[16] deals with Eg, p = 3 (both split and non-split).

In this paper, we shall investigate the case where G is a simple Chevalley group of type
E; over k = F,, defined over F,, g a power of 2. There are two cuspidal character sheaves
on G, and both of them are unipotent [25, Proposition 20.3]. After singling out a specific
normalisation of the characteristic functions of these character sheaves, we show that they
coincide with the corresponding almost characters of G(g). In order to achieve this, we
will, as in [16], consider the Hecke algebra associated to G(g) and apply a formula in [10]
which gives a relation between the characters of this Hecke algebra and the principal series
unipotent characters of G(g). However, we will need to take into account some more theo-
retical machinery than in [16]. This identification of the characteristic functions of cuspidal
character sheaves with the respective almost characters immediately determines the values
at the regular unipotent elements in G(gq) of the two cuspidal unipotent characters and of
the two principal series unipotent characters corresponding to the two irreducible charac-
ters of the Weyl group of degree 512. More information on character values at unipotent
elements is provided by Shoji’s and Lusztig’s algorithms [39, §5], [26, §24] for the com-
putation of Green functions (as defined in [5]). While these algorithms in general involve
some unknown scalars, they have been determined for our case recently in [12].

Notarion. Whenever G is a connected reductive algebraic group over k = Fp, we assume
to have fixed a Borel subgroup B C G as well as a maximal torus T of G which is contained
in B, and we denote by W := Ng(T)/T the Weyl group of G with respect to T. Let U :=
R,(B) be the unipotent radical of B. Then B is the semidirect product of U and T (with U
being normal in B).

If, in addition, G is defined over a finite subfield F, C k (where g is a power of p) with
Frobenius map F: G — G, we write G(q) = G = {g € G | F(g) = g} for the corresponding
finite group of Lie type. In this case, unless otherwise stated, we will also tacitly assume that
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both B and T are F-stable. Thus F induces an automorphism of W which we shall denote
again by F.

We will be concerned with characters of G’ in characteristic 0. As usual in the ordinary
representation theory of finite groups of Lie type, we consider representations and characters
over @g, an algebraic closure of the field of £-adic numbers, for a fixed prime ¢ different from
p. Thus given a finite group I', let CF(I') be the set of class functions I' — @€ and denote by

Fofor =107 f@)f (@) (for £, f € CR(T)

gell

the standard scalar product on CF(I'), where bar denotes a field automorphism of @5 which
maps roots of unity to their inverses. Let Irr(I') € CF(I') be the subset of irreducible char-
acters of I'. They form an orthonormal basis of CF(I') with respect to this scalar product. If
I' = G*, we denote by Uch(G) C Irr(GF) the subset of unipotent characters, that is, those
p € Irr(GF) which satisfy (p,R,) # 0 for some w € W. Here, R, is the virtual character
defined by Deligne and Lusztig in [5].

2. Character sheaves

Let G be a connected reductive algebraic group over k = Fp. We begin by very briefly
introducing some notions of the theory of character sheaves (only those which are relevant
for our purposes), following [22]-[26], [28], [31].

2.1. Denote by ZG the bounded derived category of constructible @,g—sheaves on G, and
by . G the full subcategory of perverse sheaves on G in the sense of [1]. .#Z G is an abelian
category. The character sheaves on G are defined ([22, 2.10]) as certain simple objects
of .# G which are equivariant for the conjugation action of G on itself. We fix a set of
representatives G for the isomorphism classes of character sheaves on G.

An important subset of the character sheaves on G are the so-called unipotent character
sheaves, defined as follows. Forw € W, let K, := K;?O € 2G be as defined in [22, 2.4] with
respect to the constant local system .4 = @[ on T. An element of G is called a unipotent
character sheaf if it is a constituent of a perverse cohomology sheaf ?H'(K,,) for some i € Z,
w € W. We denote by

G":=(aeG|A unipotent} C G
the unipotent character sheaves in G. We also set (see [24, 14.10])

20 . _ 1 i+dim i
R, -—nglvcb(w)é(—l) 4G PHi(K,)  for ¢ € Irr(W),

an element of the subgroup of the Grothendieck group of .# G spanned by the character
sheaves. Denote by ( : ) the symmetric Q,-bilinear pairing on this subgroup such that for
any two character sheaves A, A’ on G we have

1 if A=A,

(A:A) =
0 if AzA"

Finally, there is the notion of cuspidal character sheaves on a connected reductive group,
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see [22, 3.10]. By [22, Proposition 3.12], any cuspidal character sheaf on G has the form
IC(Z, &)[dimX], where “IC” stands for the intersection cohomology complex due to
Deligne-Goresky-MacPherson ([15], [1]), X is the inverse image of a conjugacy class un-
der the natural map G — G/Z(G)°, and & is a G-equivariant irreducible Q,-local system on
%, such that (Z, &) is a cuspidal pair for G in the sense of [21]. We set

G° := {A € G | A cuspidal character sheaf} and G := G" N G°.

This gives rise to an inductive description of (unipotent) character sheaves, as follows. Let
L C G be a Levi complement of some parabolic subgroup P C G. To each complex
K € /L which is equivariant for the conjugation action of L on itself is associated an
induced complex ind{_p(K) € ZG, see [22, 4.1]. If Ay € L°, the complex ind{’_p(Ao)
is a semisimple perverse sheaf on G, all its simple direct summands are character sheaves
on G, and any character sheaf on G is a simple direct summand of indng(Ao) for some
L C P as above, and some Ag € Ie. (In fact, for the latter statement it is enough to consider
standard Levi subgroups L of standard parabolic subgroups P. We will use this in 3.5 below.)
Moreover, Ag is unipotent if and only if some (or equivalently, every) simple summand of
indfg,(Ao) is unipotent ([22, 4.4, 4.8]). In this way, the character sheaves on G correspond to
irreducible modules for the endomorphism algebras (in .# G) of various induced complexes
as above, using the respective Hom functor (see [23, §10]).

Proposition 2.2 ([23, §10], [32, 3.8], [40, 5.9]). Let L C G be a Levi complement of
the parabolic subgroup P C G. Assume that L™ is non-empty and fix some Ay € Lo,
Then the endomorphism algebra End{//G(ind(L}gP(Ao)) is isomorphic to the group algebra
@g[W(}(L)], where Wg(L) := Ng(L)/L is the relative Weyl group of L in G. Hence, we
obtain a bijection

Ir(We(L)) ~— {A € G | A is a simple direct summand of ind$_(A0)}

2.3. From now until the end of this section, we assume that the connected reductive
group G is defined over F, (where g is a power of p), with corresponding Frobenius map
F: G — G. For simplicity, we shall also assume that F induces the identity on W.

Given A € G, let F*A € ZG be the inverse image of A under the Frobenius map F.
Suppose that F*A is isomorphic to A and choose an isomorphism ¢: F*A — A. Then ¢
induces linear maps ¢;,: #;(A) — H(A) fori € Z and g € G", where J(A) is the
stalk at g of the ith cohomology sheaf of A, a Q,-vector space of finite dimension. The
characteristic function y: Gl - @[ associated with A (and ¢) is defined by (see [23,
8.4])

Xag(9) = Y (=1) Trace(iy, #;(A)) forg e G,
i€Z
This is well-defined since only finitely many of the %"(A) (i € Z) are non-zero. In the case
where A is a G-equivariant perverse sheaf, we have y4, € CF(GF). If, in addition, A is a

simple object of .Z G, then ¢ (and, hence, y4,) is unique up to a non-zero scalar. Denote
by

Gf=(AeG|FFA=ACcG
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the F-stable character sheaves in G. The following is one of the main results of [26], which
we can now state without any restriction on the characteristic in view of [31].

Theorem 2.4 (Lusztig [26, §25], [31, 3.10]). In the setting of 2.3, there exist isomor-
phisms 4 F*A — A (for A € GF) which satisfy the following conditions:
(a) The values of the characteristic functions x a o, are cyclotomic integers;

(b) {xap, |AE€ GF } is an orthonormal basis of (CF(GF ), {, )Gr).

The required properties for the isomorphisms ¢4: F*A — A (formulated in [26, 25.1],
[24, 13.8]) determine ¢4 up to multiplication by a root of unity. Sometimes, for A € G*, it
will be convenient to just write y4 for a characteristic function associated to the character
sheaf A, without referring to a specific isomorphism ¢4: F*A — A. Whenever we do this,
we tacitly assume that y4 = xa,, for a(ny) chosen isomorphism ¢,: F*A — A which
satisfies these properties.

3. Parametrisation of unipotent characters and unipotent character sheaves

G is a connected reductive algebraic group over k = Fp, defined over [F, with Frobenius
map F': G — G. In this section, we assume in addition that the centre of G is connected and
that the map induced by F on W is the identity. This assumption ensures that all unipotent
character sheaves on G are F'-stable. In 3.5 below, we will further restrict to the case where
G is the simple adjoint group of type E;. There are two natural ways to give “parallel”
parametrisations of unipotent characters of G’ and of (F-stable) unipotent character sheaves
on G. We will see however that they are compatible in the case of E7.

3.1. According to [20, Main Theorem 4.23], Uch(G") can be classified in terms of the
following data, which only depend on W, and not on p or ¢g. First, Lusztig describes a
partition of the irreducible characters of W into families. To each such family .% C Irr(W)
is associated a certain finite group 4 = ¥ and a set .Z (%) consisting of all pairs (g, o),
g €9, o € Irr(Cy(g)), modulo the relation (g, o) ~ (hgh™"," o) for h € &, where "o is the
irreducible character of Cy(hgh™") = hC«(g)h~' given by composing o~ with conjugation by
h='. #(9) is equipped with a pairing { , }: .#(94) x .#(94) — Q,, defined by

] 1 1 -1 -1
{(g.0), (h,7)} := Cr @) ICa o) Z (x'g ' w)o(xhx™),

xe¥
gxhx'=xhx™'g

for (g, o), (h,7) € A (¥). Given a family .# C Irr(W), let F — .# (9 #) be the embedding
defined in [20, 4.14]. Setting

(3.1 XWy= || @),

F Clir(W)
family

we thus have an embedding
(3.2) Irr(W) — X(W), ¢ x,.

The pairing { , } is extended to X(W) such that {(g,0), (h,7)} := 0 whenever (g,0), (h,T) €
X(W) are not in the same .#(4#). Then X(W) parametrises Uch(G’) as follows. For
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¢ € Irr(W), let

1
R¢ = W Z ¢(U))Rw

weW

Then there is a bijection
(3.3) Uch(G") = X(W), p %,
such that for any p € Uch(G*) and any ¢ € Irr(W), we have

(3.4) s Rp)er = A(X,) Xy, X}

Here, A(x,) € {+1} is a sign attached to p € Uch(GF), see [20, 4.21]. The bijection (3.3) is
not uniquely determined by this property. In the case where G is of type E;, we will make
a definite choice in Remark 3.6 below. Next, for x € X(W), a unipotent “almost character”
R, € CF(GF) is defined by

Rei= > (%, JAG ).
peUch(GF)

We then have Ry = R, for any ¢ € Irr(W). Since the “Fourier matrix” Y := ({x, x'}), .cxw)
is hermitian and r? is the identity matrix [19, §4], we obtain

1 ifx=x, . =
(RysRy)gr = . (for x, x" € X(W)).
0 ifx#x
It follows that
3.5) p=AX,) Z {X,, x}R, forpe Uch(GH).
xeX(W)

In particular, knowing the values of the unipotent characters of G’ is equivalent to knowing
the values of the R, for x € X(W).

3.2. On the other hand, by [26, Theorem 23.1] combined with the cleanness results in
[31], the set X(W) in (3.1) also serves as a parameter set for G, Namely, there is a bijection

(3.6) X(W) S G, x— A,
such that for any x € Y(W) and any ¢ € Irr(W), we have
(3.7) (At RY®) = &4 {x, x).

Here, &x = (—1)4imG-dimsupp K for any complex K € 2G, and supp K is the Zariski closure
of {g e G| %iK # 0 for some i € Z} C G. Once again, this property does not uniquely
determine the bijection (3.6). For G of type E7, we will fix a choice in Remark 3.6.

With these notions we can formulate the following theorem of Shoji, which verifies
Lusztig’s conjecture under the assumption that G has connected centre. As mentioned in
[11, 2.7], this holds without any conditions on p, ¢, since the cleanness of cuspidal character
sheaves is established in full generality ([31]).
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Theorem 3.3 (Shoji [41, Theorems 3.2, 4.1]). Let p be a prime, q a power of p, G
a connected reductive group over Fp, defined over F, with corresponding Frobenius map
F: G — G. Assume that Z(G) is connected and G|/Z(G) is simple. Then G c GF and for
any x € X(W), R, and Xa, coincide up to a non-zero scalar.

ReMARK 3.4. In general, any irreducible character of G has a corresponding almost char-
acter, and the set of all these almost characters is an orthonormal basis for CF(GY) ([20, §4]).
Shoji formulates and proves Theorem 3.3 for the characteristic function of any F-stable char-
acter sheaf and the respective almost character. Determining the character table of G* can
thus be reformulated to solving the following two problems (see [29]):

(a) Computing the values of the characteristic functions of F-stable character sheaves;
(b) Determining the scalar relating the characteristic function of any F-stable character
sheaf with the corresponding almost character.

(b) can be reduced to considering cuspidal (F-stable) character sheaves, via the induction
process for cuspidal character sheaves mentioned in Section 2, see [27, §3]. On the other
hand, Lusztig [26, §24] shows that (a) can be reduced to the computation of “generalised
Green functions” and he provides an algorithm to compute those functions (refining an ear-
lier algorithm of Shoji in [39]), although it involves some unspecified scalars which are still
not known in all cases. We will briefly describe this algorithm in the next section.

3.5. We assume here that G is the simple adjoint group of type E7 over the field k = Fp,
defined over F,, ¢ a power of p, with corresponding Frobenius map F: G — G. With
respect to this G, T € B € G and W are as in the introduction. These choices determine the
set of roots R € X(T) = Hom(T, k*), as well as the positive roots R* C R and the simple
roots IT := {ay,...,a7} € R*. We choose the order of «,...,@7 in such a way that the

Dynkin diagram of E7 is as follows:
aq a3 Qg (6% &7 a7

Er
(6%)

W can be viewed as a Coxeter group of type E7 with Coxeter generators S = {si,..., 57},
where s; denotes the reflection in the hyperplane orthogonal to @;. We will describe the
parametrisations of Uch(G*) and G"" in terms of Harish-Chandra series, following Lusztig
[32, §3]. (Note that all the results in loc. cit. hold whenever G/Z(G) is simple or {1},
and we will implicitly use this below as far as subgroups of G corresponding to irreducible
subgraphs of the Dynkin diagram of type E7 are concerned.)

To any Coxeter system (W, S) is attached ([32, 3.1]) a certain finite (possibly empty) set
Sy If Wis irreducible, Y, is contained in the set of roots of unity in Qy. Let

Swi={LedICS ecm(W), L e |,

where W, := (J) € W and W5 is the subgroup of W generated by the involutions o :=

wéU{S’wé = wéwéum for s € S\J (for J/ C S, we denote by w]  the longest element in W,).

Then both (W,, J) and (WS”, {os|se S\J}) are Coxeter systems, see [17], [18].
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(3.8) From now on we shall fix, once and for all, a square root 4/p of p in Q.

Furthermore, when ¢ = pf(f > 1), we write /g := \/Ef.

Now consider p € Uch(GF). By [18, 3.25, 3.26], there exist J C S and a cuspidal unipotent
character py € Uch(LIJp ) such that (o, jo(p0)>GF # 0. (For J C S, we denote by L; the
unique Levi complement of the standard parabolic subgroup P; := BW,B C G such that
T C Ly, and R‘L;J is Harish-Chandra induction.) After having chosen +/p in (3.8), there is
a natural isomorphism between the endomorphism algebra End@GF (R](jj (o)) and the group

algebra @[[WS/ 7] (in analogy to 2.2; note that WS is isomorphic to Wg(L;)). Hence,
among the constituents of R](jj(po), p is naturally parametrised by some € € Irr(WS//) (see
also [20, Corollary 8.7]). Moreover, denote by A, the eigenvalue of Frobenius of p (as
defined in [20, §11]). Then we have 4, = 4, € G%v, and the assignment p = (J, €, 4,,) gives
a well-defined bijection

Uch(GF) S Gy.

In particular, the cuspidal unipotent characters correspond to the elements of Sy;. On the
other hand, let A € G, By 2.1, 2.2, there exist J C S, Ag € I:j’”“, such that A is a simple
summand of indE’Jg,/ (Ay), and A is parametrised by some € € Irr(WS//). Furthermore, to A
is associated a root of unity A4 by means of a certain “twisting operator” defined via Shintani
descent, see [40, 1.16, Theorem 3.3]. Another definition of 4,4 is given in [32, 3.6]. Then we
have 14 = A4, (see [40, 3.6]), and this is an element of S%Vj. The assignment (J, €, 14) — A
gives a well-defined bijection

Gw — G™.
In particular, the unipotent cuspidal character sheaves correspond to the elements of Sy, .

RemARrk 3.6. We keep the setting of 3.5. In particular, Z(G) is connected and F acts
trivially on W. Recall from 3.1, 3.2, that the bijections Uch(G') = X(W) and X(W) — G
are not uniquely determined by the conditions (3.4), (3.7), respectively. We will now make
a definite choice following [20, 11.2], see also [6, §6].

Given p € Uch(GF), the family .%# C Irr(W) for which .# (¥ #) contains X, is independent
of a chosen bijection Uch(G") > X(W) in (3.3) satisfying (3.4). Consider an element
x =(g,0) € M (4z) C X(W). If Z contains the irreducible characters of W of degree 512,
and if x is not in the image of the embedding .% — .#(97), we set A, := Lo(g)/o(1),
where ( is a primitive fourth root of unity in @5. In any other case, let A = o(g)/o(1).
Then it turns out that the bijection (3.3) can be chosen in such a way that 4, = ;l;p for any
p € Uch(GF), and it is almost uniquely determined by this condition along with (3.4), the
only ambiguity arises from the two elements of Irr(W) of degree 512. This can be removed
as follows. We have a natural embedding Irr(W) — Gw, ¢ — (0, ¢, 1). Then we require that
the embeddings Irf(W) < Gw — Uch(GF) and Irr(W) — X(W) — Uch(G") coincide.
This does not interfere with our choices above, in view of [20, Proposition 12.6], and it
uniquely specifies the bijection Uch(G’) - X(W).

Now let A € G and let (J,€,14) € Sw, p € Uch(GF) be the elements associated to A in
3.5. By [32, 3.10], we have (o, Rg)gr = (A : Rf’) for any ¢ € Irr(W). Moreover, A(X,) = &4,
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s0 (3.4) implies (A : be) = &a{x,, x4} for any ¢ € Irr(W). Hence, the assignment x, — A
gives rise to a bijection X(W) — G satisfying (3.7). Thus we can and will from now on

always assume that the bijections Uch(G) > X(W) = G in 3.1, 3.2 are chosen in this
way. In particular, the diagram

1S commutative.

4. The generalised Springer correspondence

In this section, G may be assumed to be an arbitrary connected reductive algebraic group
over F,,, as in the introduction. We will focus on those character sheaves whose support
contains unipotent elements. In [26, §24], Lusztig provides an algorithm for computing
the values of their characteristic functions in principle, using intersection cohomology com-
plexes [21]. Further references for the following are [43, 1.1-1.3], [49, §3, §4].

4.1. Denote by ¢ the set of all pairs (&, &) where ¢ is a unipotent conjugacy class in G
and & is the isomorphism class of an irreducible G-equivariant Q,-local system on &. For a
given O, these local systems on & naturally correspond to irreducible characters of the group
A(u) := Cg(u)/C((u), where u is any fixed element of &. To (0,&) € Ag is associated
([21, Theorem 6.5]) a triple (L, &p, &) consisting of a closed subgroup L. C G which is the
Levi complement of some parabolic subgroup of G, a unipotent conjugacy class & in L and
an L-equivariant @[—local system &y on O such that (Z(L)° X 0, 1 R &) is a cuspidal pair for
L in the sense of [21, 2.4]. Denoting by .# the set of all those triples up to G-conjugacy,
the corresponding map 7: AG — . is surjective, so we have a decomposition

o= ] T'@6&
(L,0y.60)eMc

of ¢ into non-empty subsets. The elements in a given 7~! (L, 0y, &) can be distinguished
as follows. The triple (L, 0y, &) gives rise to a semisimple perverse sheaf K, ¢,.4) € #G
defined as a certain intersection cohomology complex in [21, §4], see also [23, §8]. Then
for any ¢ = (0,, &) € v'(L, 0y, &) there is (up to isomorphism) exactly one simple direct
summand A, of K1, ¢, 4, Which satisfies

(4.1) Al = IC(0,, &)[dim 6, + dim Z(L)°]

uni

(Guni € G is the unipotent subvariety of G), and each simple direct summand of K, g,.4)
arises in this way from some ¢ € t7'(L, 0y, &), see [21, 6.5], [26, 24.1]. On the other
hand, the endomorphism algebra </ := End (K ¢,.4)) is isomorphic to @,K[W(;(L)] ([21,
Theorem 9.2]). Thus the isomorphism classes of simple direct summands of K, g, 4, are
naturally parametrised by Irr(Wg(L)). Hence, we obtain a bijection
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(4.2) o= || EWemy),
L0y el

which is called the generalised Springer correspondence. The problem of explicitly deter-
mining this correspondence can be reduced to the case where G is almost simple of simply-
connected type, and has been solved by Lusztig and Spaltenstein, except for a few minor
cases in type E¢ with p # 3, and in type Eg with p = 3 ([21], [35], [47], [34]). In particular,
the generalised Springer correspondence is completely determined in the case of E7, see
[47].

4.2. Let us now bring the F,-rational structure on G into the picture, see [26, §24]. So
we assume that G is defined over IF,, with Frobenius map F: G — G. F acts naturally on
both G and .#g via

NG = N, (0,8)— (FH(O),F*&),
and
MG — Ma, (L, O, &) = (FL(L), F1(0h), F* &),

respectively. If L is F'-stable, it is also clear that F acts on W (L) and, hence, on Irr(Wg (L)),
by

Irr(Wg(L)) = Irr(Wg(L)), e = €o F.

Let JVGF 7 //lg C Mg, Ir(Wg(L))F C Irr(Wg(L)) be the respective subsets of fixed
points under these actions (where, in terms of the local systems, this is only meant up to
isomorphism). The generalised Springer correspondence (4.2) is compatible with the above
actions, thus it induces a bijection

(4.3) N = ]_[ Irr(We (L))"

(L.Op.Eo)eME
For any ¢t = (0, &) € ,/VGF , the complex A, is F-stable. More precisely, let 7(¢) = (L, 0p, 6p)
€ ///(f . We may choose an isomorphism F* & — & which induces a map of finite order at
the stalk of & at any element of & . Such a choice induces an isomorphism F* K, g, 4, -
Ka..6,.4), which in turn gives rise to an isomorphism ¢y, : F*A, > A,, as described in [26,
24.2]. Once @4, is fixed, it determines an isomorphism ¢, : F*& > & (via [26, (24.2.2)]),
and for any g € 0F, the induced map ¢, ,: &, — &, on the stalk of & at g is of finite order.
Now define two functions Y,, X, : Gf . — Q by

Y(g) = Trace(y, 4, &) ifge OF,
e 0 ifg ¢ OF

and
X,(g) := (-D)imOHImZLY gody o (9)

for g € Gf where d, = %(dim suppA, — dim & — dimZ(L)°). Then both Y, and X, are

ni’
invariant under the conjugation action of G’ on Gf i
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Theorem 4.3 (Lusztig [26, §24]). In the setting of 4.2, the following hold.
(a) The functions Y,, t € </VGF , form a basis for the vector space consisting of all func-

. F ~ . . . F .
tions G, — Qg which are invariant under G" -conjugacy.
(b) There is a system of equations

XL = Z pt’,LYL' (L € </1/GF)a

’ F
et

for some uniquely determined p,, € Z.

Note that the restrictions (23.0.1) on the characteristic of £ can be removed since the
cleanness of cuspidal character sheaves has been established in complete generality [31].

ReMARK 4.4. In the setting of Theorem 4.3, if we define a total order < on </VGF in such
a way that for ¢ = (0,8),/ = (0", &) € JVJ we have ¢/ < ¢ whenever ¢’ C € (the latter
condition defines a partial order on the set of unipotent classes of G), the matrix (pv )y e 17
has upper unitriangular shape, as follows immediately from the definitions. Lusztig [26,
24.4] provides an algorithm for computing this matrix (p,,), which entirely relies on com-
binatorial data. This algorithm is implemented in CHEVIE [37] and is accessible via the
functions UnipotentClasses and ICCTable. Hence, the computation of the characteristic
functions y,,, (¢ € .4 ) at unipotent elements is reduced to the computation of the func-
tions Y, ¢ € JVGF . It should be noted, however, that the latter is still a non-trivial task since
it is difficult to describe the isomorphisms ¢4, (and thus the y,) explicitly. This has been
accomplished for classical groups (in any characteristic) by Shoji, [43], [44], [46]. As far as
exceptional groups are concerned, this problem is not yet solved.

RemMARK 4.5. In the setting of 4.1, let us fix a triple (L, 0y, &) € .#¢ and consider the
complex K, ¢,.4) € #G. By [21, 4.5], we have a canonical isomorphism

K004 = indf_,(IC(Zo, &)[dim Xo]), where Zo = Z(L)° 0.

Here, A := IC(Zo, &)[dim o] is a cuspidal character sheaf on L. In particular, since the
definition of K1, ¢, &, does not involve the choice of a parabolic subgroup with Levi com-
plement L, this shows that indEgP(Ao) is independent of P, and we can just write indE(Ao)
instead. Next, as the elements of .Z are taken up to G-conjugacy, we may assume that
L is a standard Levi subgroup of some standard parabolic subgroup P of G (compare 3.5),
that is, there exists some J C S such that P = P, = BW;B, and L. = L; is the unique Levi
complement of P, containing T.

5. The scalars &, for cuspidal A, in E7, p = 2

The notation and assumptions are as in 3.5, and in addition we set p := 2. In particular,
G has trivial centre and we can apply Theorem 3.3. So there are scalars &, € Q, such that

(5.1) R, = &xa, for x € X(W).

Since (R, R;) = 1 = (ya, xa) for any x € X(W), A € G, we know that ngx = 1 for any
x € X(W). In this section, we determine the scalars &, for the cuspidal (unipotent) character
sheaves A,, after having chosen specific isomorphisms F*A, — A, for the corresponding
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x € X(W).

5.1. By [25, Proposition 20.3] there are two cuspidal character sheaves A, A, for G,
and both of them lie in G"™. Their support is the unipotent variety Gu, C G consisting of
all unipotent elements in G. This variety is the (Zariski) closure of the regular unipotent
conjugacy class 0., which is the unique class of all unipotent x € G with the property
dim Cg(x) = rank G = 7. In particular, O, is F-stable. Denote by u; = u,, (1 < i < 7) the
closed embedding k¥ — G whose image is the root subgroup U,, € U. We set

(5.2) uo := (1) - us(1) - uz(1) - ug(1) - us(1) - ug(1) - ur (1) € O,

Let ag be the image of ug in A(ug) = Cg(uo)/C(;(uo) under the natural map Cg(up) — A(uo).
Then A(uy) is a cyclic group of order 4 generated by ag (see [38, §4] and [7, 14.15, 14.18)),
and the automorphism of A(u) induced by F is the identity. Hence, the elements of A(ug)
correspond to the G*-conjugacy classes contained in ﬁfég (see, for instance, [8, 4.3.6]).
In particular, there are 4 such classes and every irreducible G-equivariant @g—local system
on Ol is one-dimensional. For a € A(ug), we choose some x € G such that x'F(x) e
Ca(uo) has image a € A(up). Then u, := xupx™' € OF, (defined only up to G*-conjugacy)
represents the G'-conjugacy class corresponding to a. If a is the trivial element of A(u),
we will always assume that the representative for the corresponding G*-conjugacy class is
ug. Thus {”ag | 0 < i < 3}is a set of representatives for the G''-conjugacy classes inside
ﬁrig. Singling out the element uy € ﬁgg as above (or, more precisely, the G'-conjugacy
class of ug) gives rise to specific isomorphisms ¢, : F*A; N A; with respect to the two
cuspidal character sheaves A; € Gun (i = 1,2), as follows. Let &; be the F-stable irreducible
G-equivariant @[-local system on O, such that A; = IC(Gypi, 6)[dim Oeg]. By [26, 24.1],
we have

& ifs=-d,

%SAI' -
ke, {0 if s % —d,

where d = dim 0,,. Hence, for u € ﬁrig, the stalk %‘d(Ai) = &, is one-dimensional.
Using [26, 25.1], the ¢4, may thus be chosen in such a way that, in particular, for any
u € @‘Zg, the induced map &;,, — &, is given by scalar multiplication with \/67 times a
root of unity. We can therefore modify the ¢4, by a root of unity, if necessary, such that
the induced map on the stalk &, is just scalar multiplication with /g, and this uniquely
specifies our choices for @4.: F*A; > A; (i = 1,2). Denoting by ¢g: F*é; = &; the

restriction of ¢4,, we then simply have

XA, () = X &0, (u)  forue ﬁrig, i=1,2.

The latter function can be computed explicitly, as described in [30, 19.7]. Namely, assigning
to a local system & on Oy, its stalk &,, at ug gives a bijection between the isomorphism
classes of F-stable G-equivariant irreducible local systems & on Oy, and F-invariant simple
@f[A(uo)]—modules. Fori = 1,2, let o; € Irr(A(up))" be the character corresponding to the
local system &; on 0. The o; are the two faithful irreducible characters of A(up). We
number the cuspidal character sheaves A; (and, correspondingly, the &, o) in such a way
that o1 (ap) = £, o2(ag) = —¢, where £ is the primitive fourth root of unity in @[ chosen in
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Remark 3.6. Using the cleanness results in [31], XAigs, vanishes outside ﬁrﬁg. Hence, for
g € GF, we obtain the following table, where ¢"/* = /g’

ggﬁrlég g =Uup | g = Ug, g:ua(z) g:uag
Xaiea, () 0 q'? JPC | =47 | ="
Xrgs, () 0 g7 =g | = {7

We can now formulate the result.

Proposition 5.2. In the setting of 5.1, let xy, x, be the elements of X(W) such that A; =
Ay, i =1,2. (Ay, is given by the parametrisation (3.6), which is uniquely determined by the
requirements in Remark 3.6.) Then we have

Ry = Xanp,, fori=12.

In other words, with the choices for ¢4, : F*A; = A; made in 5.1 (i = 1,2), the scalars &,,,
&, in (5.1) are both 1.

The proof will be given in 5.4-5.9 below. We start with the following simple observation.

Lemma 5.3. Consider the element ug = uy(1) - up(1) -+ - u7(1) € ﬁrﬁg defined in (5.2). For
any permutation w of {1,2,...,7), there is an element u € U such that

-1
u-ug-u = tp1y(D) - ttr)(1) -+ - sty (1).
In particular, uy is conjugate to ual in UF ¢ GF.

Proof. First consider the Weyl group W of G, viewed as the irreducible finite Coxeter
group of type E; with simple reflections S = {s, 52, ..., 57} (see 3.5). It is well-known that
any two Coxeter elements of (W, S) are conjugate in W, that is, for any permutation 7 of
{1,2,...,7} there exists some w € W such that

-1
we (s 8520087) W = Sp(1)  Sa@) " Sa(7)-

More precisely, [3, §1] provides an algorithm to compute such an element w which is only
based on the facts that an element s; (1 < i < 7) in the first (respectively, last) position
of a given Coxeter word can be shifted to the last (respectively, first) position by means of
conjugation with s;, and that s;, s; (1 < i,j < 7,1 # j) commute if and only if they are
not linked in the Coxeter graph of (W, S). But the analogous statements hold for the u;(1),
1 <i<7,s0 we can just mimic the proof of [3, Lemma 1.4] to obtain an element u € U (a
product of certain u;(1), 1 < i < 7; note that u;(1) = u;(—1) since k has characteristic 2) such
that

oty - " = ey (1) - ey (1) - - 7y (1).

In particular, since uy' = u7(1) - ug(1) - - - uy (1), ug is conjugate to uy' in U € GF. o

5.4. Let us denote by p, € Uch(G") the unipotent character corresponding to x € X(W)
in (3.3). The discussion in Remark 3.6 together with [40, 3.8] (or [32, 3.6]) shows that
Py, = E7[L], px, = E7[-={] are the two cuspidal unipotent characters in Carter’s table [2,
pp- 482-483]. We have
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=
M
|

1 1
= D, WX A@pc = ot apn T ) (m il
XEX(W) xeX(W)\{x1,x2}

1 1
sz Z {X, XZ}A(x)px = _prz + prl + Z {x7 x2}px~
XeX(W) xeX(W)\(x1,x2}

(Note that A(x1) = A(x2) = —1, see [20, 4.14].) Now consider the character p, , defined by

Pr(9) = px(g) forgeGh.
O, 1s again a cuspidal unipotent (irreducible) character of G'. Since the character field of
the two cuspidal unipotent characters of groups of type E; contains non-real elements (see
[9, 5.4, Table 1]), we conclude p, = p,,. In view of Lemma 5.3 and since {x, x1} = {x, x2}
for any x € Y(W)\{xl, X}, we obtain

Eaq"? = Eaxi(uo) = Ry, (uo) = Ry, (o) = Enxa(uo) = Enq’"?,

which also equals R,,(u) (using once again Lemma 5.3). We deduce &,, = &,, = EXZ and
thus &, = &, € {1}, since £,¢,, = 1.

5.5. In order to determine the sign & := &,, = &, € {1}, we want to apply a formula
in [10, 3.6(b)], as in [16]. However, we will need more theoretical ingredients than in [16],
most notably the generalised Springer correspondence (see Section 4). We consider the
Hecke algebra of the group G with its BN-pair (B, Ng(T)"), that is, the endomorphism
algebra

M := Endg (Q[G" /B )™
(“opp” stands for the opposite algebra). H has a @g—basis {T, | we W}, where

T,: QIG" /B ] - QIG"/BT], xB" > > 4B,
yBF eGP /BF
x'yeB wB"
for w € W. Recall from 3.5 that S = {5y, ..., 57} is a set of Coxeter generators for W. Denote
by {: W — Z the length function of W with respect to S. Then the multiplication in H is
determined by the following equations.
Tsw if €(sw) =4f(w)+ 1
T, -T,= . (forse S, weW).
qT s, + (g — DT, if f(sw)={(w)—1
The irreducible characters of W naturally parametrise the isomorphism classes of irreducible
modules of H, see [4, §11D]. Given ¢ € Irr(W), let V4 be the corresponding module of H,
and let p, € Uch(G") be the image of ¢ under the map Irr(W) — Sy — Uch(GF), see
Remark 3.6. By [10, 3.6] and [14, §8.4], we have

|0, NBFWB”| - |Cgr(g)l
IBF|

(5.3) > pu(@) TH(T,, Vy) =
pelrr(W)

for any g € G" and w € W, where € Ng(T)” is a representative of w, O, € G* denotes
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the G*-conjugacy class of g and Tr(T,, V) is the trace of the linear map on V,, defined by
T,. The character table of H is contained in CHEVIE [13], so the numbers Tr(7,, V) are
known. We want to apply (5.3) with g = ug to get hold of the sign &. In order to achieve this,
we thus need some information about the values py(uo) for ¢ € Irr(W). By (3.5) and (5.1),
we have

P =) D L xRe= D g Xk,

XEX(W) xeX(W)

Lemma 5.6. Let x € X(W) be such that, via the generalised Springer correspondence
(4.3), A, arises from a pair1 = (0, &) € JVGF where O # Oey. Then

xa, (o) = Ry(up) = 0.

Proof. By (4.1), the support of A,|g,. 1S © which is a union of conjugacy classes of G and
therefore does not contain any regular unipotent elements in case & # Oleg, as Oy, is the
unique class of G whose closure is Gpi. So we have x4 (4p) = 0 and then also R,(up) = 0
in view of Theorem 3.3. O

uni

5.7. Let us now describe the images of the pairs ¢ = (O, &) € ,/VGF under the map
(4.3), following Spaltenstein [47, p. 331]. Since F acts trivially on A(ug) = Z/4Z, there are
(up to isomorphism) four F-stable irreducible G-equivariant local systems on the regular
unipotent class O.,. We will write & ¢ (1 < i < 4) for the local system corresponding to the
irreducible character of A(uq) which takes the value /* at ag = uoCg-(uo) € A(up), where ¢ is
the primitive fourth root of unity in Q, specified in 5.1, 3.6. First consider ¢ = (Oreg, &) €
Ji{f . The corresponding element of ///é is (T, {1},Q,), and among the simple summands
of K173, the character sheaf A, = A(g,, 1) is parametrised by the trivial character 1w of
W = Wg(T), whence R, = R;,, = p1,, = lgr. Next, the pairs (ﬁreg,é"*g) correspond to
(G, Oreg, £{), so they give rise to the two cuspidal (unipotent) character sheaves Ag,, +7)-
With the arrangements in 5.1, 5.2, we have A, = A, and Ay, = Ag,, - Finally,
to the pair (O, &7') € A is associated the triple (L, O, &) € 4 where L € G
is the Levi complement of some parabolic subgroup of G such that L/Z(L)° is simple of
type Dy, and (0, &) is the unique cuspidal pair for L, see [21, 15.2]. Among the simple
summands of K, ¢, 4, the character sheaf A, s-1) is described by the trivial character of
We(L) = W(B;). Let xo € X(W) be such that Ay = A(ﬁmg’g’—l), and let .# C Irr(W) be the
family for which xy € .# (4 ). Then, for ¢ € .%, we have

po(uo) = >~ (g, XIR(u0) = (g, X0} R, (1t9).
xe M (G z)

Using the notation of [2, p. 482], we obtain
1
p¢5(,,3(u0) = _p¢35,4(u0) = _p¢2|,(,(u0) = ER)C()(MO)'
Now, considering the two characters ¢s2.11, ¢s12.12 € Irr(W) of degree 512, we see that

Posin (o) = {x¢512,11’ X1 }é:XAxl (10) + { X515, xZ}SXAQ (uo) = ‘quz’

(54 71
Posinin(U0) = {x¢5|2,12’ xl}g/\/fhl (10) + { X515, x2}§XAx2 (uo) = =€q"'~.
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For any ¢ € Irr(W) which is not one of 1w = ¢10, ¢s63, 9354, P21.6, P512.11> P512,12, We have
pe(p) = 0. We evaluate the left side of (5.3) with g = up and

W=W. =81 5253854855657 €W,

a Coxeter element of W. (In fact any other Coxeter element of W would lead to the same
result, see [14, 8.2.6].) We obtain

1
g+ 3Ry 10) (Tr(To, Vi) =TT, Vi) = Tr(To, Vi ) + 264
Here, Tr(Ty,, Vise,) — To(T e, Vis) = Te(T oy, Vi, o) = 2¢°, s0 we have

(5.5) D o) Tr(Ty, V) = ¢7(1+26) + ¢ Ry ().
pelrr(W)

Lemma 5.8. As in 5.7 (and with the notations there), let xy € Y(W) be such that A,, =
Ag,,.6-1)- Then there is a sign 6 € {+1} such that

R (up) = 6q2.

Proof. We keep the notation of 5.7 and set ¢ := (Oreg, & e </VGF . The character sheaf
A,, = A, € G"™ is an irreducible direct summand of K := K, ¢, s, where L C G is the Levi
complement of some parabolic subgroup of G such that L/Z(L)° is simple of type D4, and
(0, &) is the unique cuspidal pair for L. Among the simple summands of K, A, is uniquely
characterised by the property

AlG,; = IC(Gypi, & )[dim Oeg + dim Z(L)°],

uni

see (4.1). Now consider the functions X,, Y, defined in 4.2. Using Theorem 4.3 and Re-
mark 4.4, we see that

XA (U0) = =X, (19) = =Y, (ug) = — Trace(Wr,uy» &)

In order to meet the requirements of Theorem 2.4 (see [26, 25.1]), we need to modify the
isomorphism ¢y, : F*A, = A,, as follows. Let Iy := Z(L)°0y. By [25, 19.3], the image
of Zy (or 0p) under the canonical map L. — L/Z(L)° is the regular unipotent class of
L/Z(L)°. Asin [11, 4.4], we may single out a specific element g, € (Zy/Z(L)°)". Following
[27, 3.2], the choice of g, then gives rise to an isomorphism ¢y: F*& — & by requiring
that it induces on the stalk of & at g; (or, more precisely, at the preimage of g; under
L — L/Z(L)°) the map given by scalar multiplication with g(dim@/20))-dimG0)/2 2
Once ¢ is fixed, it naturally induces an isomorphism F*K — K, which in turn determines
an isomorphism @A, F*A,, > A,,, see again [27, 3.2]. Then @A, satisfies the requirements
formulated in [26, 25.1], so it is a valid choice for Theorem 2.4. In particular, we have
<XAX0 YRR I » = 1. On the other hand, recall from 4.2 that the definition of ¢4, : F*A, N
A, is based on the choice of an isomorphism F* & > &b which induces a map of finite order
on the stalk of & at any element of & . Modifying this isomorphism by multiplication with
a root of unity, if necessary, we may thus achieve that p,, = q* - o . Now, by Theorem 3.3,
we have

Rxo =& X0 X Ay, Py,
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for some &,, € Q, such that §XOEXO = 1. So we obtain

Ry, () = ExXa gn, 0) = Ex@” X0, (U0) = ~Exo@” - Trace(Wus &)
= 6q2,
where ¢ := —¢&,, Trace({, ., é"u‘ol) € @f. Since the local system &~! is one-dimensional and
Yiuy: &' — &' has finite order, the number Trace(Y,,, &,,') is a root of unity in Q5006

Up

satisfies 66 = 1, that is, 6 = ¢~'. Using Lemma 5.3, we conclude
0q" = Ry, (uo) = Ry (uy") = 647,

so we must have § = § = 6! € {«1}, as desired. O

5.9. In view of Lemma 5.8, (5.3) and (5.5), we have

0,. NBfw.BF| - |Cgr
(5.6) e wum| Corltl _ 11426 +.0),

where & € {+1}isasin5.5,6 € {1} is as in Lemma 5.8, and ). € Ng(T)" is a representative
of w, € W. We claim that O,,, N Bfw.Bf # 0. Indeed, with the notation of 3.5, consider the
longest element wy of W with respect to the usual length function on W determined by the
simple roots IT = {ay,...,a7} € R*. W is a Coxeter group with generators {s1, ..., s7}, and
there is a natural action of W on the roots R. Using some standard properties of finite Coxeter
groups (see, e.g., [48, Appendix]), the element wy is then characterised by the property
wo(R*) = —R*, so we have —wy(IT) = I1. More precisely, —wy defines a graph automorphism
of the Dynkin diagram of E7, but the only such automorphism is the identity, so —w(@;) = @;
for 1 < i < 7. Let us choose a representative wy € Ng(T)F of wy € W. For 1 <i <7, we
have lbanl.u')al =U_,,, so Ll)()u,'(l)lb61 e U_,,. Now

Uy € Lisy S Py = BUBsB

(see, e.g., [2, 2.6.2]). Since U_,, " B = {1}, we must have woui(l)w(;l € Bs;B. As w, =
s1 - -+ s7 is a reduced expression for w., we know that

Bs;B-Bs;B---Bs;B = Buw.B,
and so
o - ug - ' € O, N BwB = 0,, N B w.B".

Hence, the left side of (5.6) is strictly positive. Thus (5.6) implies that & # —1, so we must
have ¢ = +1. This proves Proposition 5.2.

RemArk 5.10. As described in 5.1, the isomorphisms @4, : F*A; N A; (i = 1,2) are

determined by choosing one of the four G”-conjugacy classes inside ﬁr’;g. The proof of
Proposition 5.2 relies on the following two properties of the Gf-conjugacy class O, of ug:

-1.

(1) Any element of O, is G'-conjugate to its inverse, that is, O,, = 0,

(2) We have 0,, N BF i, BF # 0.

Once ¢ is specified, a similar computation as in 5.9 shows that O, , N Bfw.B? = 0. Hence,
(lO
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among the four G/-classes inside ﬁrﬁg, the class O, is uniquely determined by (1) and (2)
above.

5.11. We conclude by giving the values of the (unipotent) characters in the family

ﬂo = {p¢512,11 s Ppsinias E7[{], E7[—§]} c X(W)

at the regular unipotent elements. Using (3.5), 5.6 and 5.2, we have for u € ﬁ’gg:

p¢512,11(u) = _p¢512,12(u) = (/\/Al,WAl(u) +XA2#7A2 (u))/z,
Eq[{1(w) = —E7[=£1w) = —=(Xa,.00, ) = X040, 1)) /2.

The values of the x4, o, are given at the end of 5.1. We thus get the following table, where

u ~ u, means that u lies in the G’ -conjugacy class corresponding to a € A(uo) as described
in5.1.

U~ U | U~ Ugy | U~ U2 | U~ U
Ppsnn@) | g 0 —q'* 0
p¢5|z.12(u) _q7/2 0 C]7/2 0
Ellw) | 0 | -¢"*¢| 0 q'"*¢
E7[-{lw) | O g 0 | -¢"*¢
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NoOTE ADDED IN PROOF. In the meantime, the remaining open problems for type F4 and
E¢, as well as E7 in characteristic p > 2, have been solved in a preprint by Geck, see
arXiv:2105.00722

References

[1] A.A. Beilinson, J. Bernstein and P. Deligne: Faisceaux pervers; in Analysis and topology on singular
spaces, I (Luminy, 1981), Astérisque 100, Soc. Math. France, Paris, 1982, 5-171.

[2] R.W. Carter: Finite Groups of Lie Type, Pure and Applied Mathematics (New York), Conjugacy classes
and complex characters, A Wiley-Interscience Publication, John Wiley & Sons, Inc., New York, 1985.

[3] B. Casselman: Essays on Coxeter groups — Coxeter elements in finite Coxeter groups, available at
https://www.math.ubc.ca/"cass/research/pdf/Element.pdf. 2017.

[4] C.W. Curtis and I. Reiner: Methods of Representation Theory, Vol. I and II, Wiley Classics Library, John
Wiley & Sons, Inc., New York, 1981 and 1987.

[5] P. Deligne and G. Lusztig: Representations of reductive groups over finite fields, Ann. of Math. (2) 103
(1976), 103-161.

[6] E. Digne and J. Michel: On Lusztig’s parametrization of characters of finite groups of Lie type, Astérisque
181-182 (1990), 6, 113-156.

[7] F. Digne and J. Michel: Representations of Finite Groups of Lie Type, London Mathematical Society
Student Texts 21, Cambridge University Press, Cambridge, 1991.

[8] M. Geck: An Introduction to Algebraic Geometry and Algebraic Groups, Oxford Graduate Texts in Math-
ematics 10, Oxford University Press, Oxford, 2003.



UNIPOTENT CHARACTER VALUES IN TYPE E7 609

[9] M. Geck: Character values, Schur indices and character sheaves, Represent. Theory 7 (2003), 19-55.

[10] M. Geck: Some applications of CHEVIE to the theory of algebraic groups, Carpathian J. Math. 27 (2011),
64-94.

[11] M. Geck: On the values of unipotent characters in bad characteristic, Rend. Semin. Mat. Univ. Padova,
141 (2019), 37-63.

[12] M. Geck: Computing Green functions in small characteristic, J. Algebra 561 (2020), 163-199.

[13] M. Geck, G. Hiss, F. Liibeck, G. Malle and G. Pfeiffer: CHEVIE — A system for computing and processing
generic character tables, Appl. Algebra Engrg. Comm. Comput. 7 (1996), 175-210.

[14] M. Geck and G. Pfeiffer: Characters of Finite Coxeter Groups and Iwahori-Hecke Algebras, London Math-
ematical Society Monographs. New Series, Vol. 21, The Clarendon Press, Oxford University Press, New
York, 2000.

[15] M. Goresky and R. MacPherson: Intersection homology. 11, Invent. Math. 72 (1983), 77-129.

[16] J. Hetz: On the values of unipotent characters of finite Chevalley groups of type Eg in characteristic 3, J.
Algebra 536 (2019), 242-255.

[17] G. Lusztig: Coxeter orbits and eigenspaces of Frobenius, Invent. Math. 38 (1976/77), 101-159.

[18] G. Lusztig: Representations of Finite Chevalley Groups, CBMS Regional Conference Series in Mathe-
matics 39, Expository lectures from the CBMS Regional Conference held at Madison, Wis., August 8§-12,
1977. American Mathematical Society, Providence, R.I., 1978.

[19] G. Lusztig: Unipotent representations of a finite Chevalley group of type Es, Quart. J. Math. Oxford Ser.
(2) 30 (1979), 315-338.

[20] G. Lusztig: Characters of Reductive Groups over a Finite Field, Annals of Mathematics Studies, 107,
Princeton University Press, Princeton, NJ, 1984.

[21] G. Lusztig: Intersection cohomology complexes on a reductive group, Invent. Math. 75 (1984), 205-272.

[22] G. Lusztig: Character sheaves. I, Adv. in Math. 56 (1985), 193-237.

[23] G. Lusztig: Character sheaves. 11, Adv. in Math. 57 (1985), 226-265.

[24] G. Lusztig: Character sheaves. 111, Adv. in Math. 57 (1985), 266-315.

[25] G. Lusztig: Character sheaves. IV, Adv. in Math. 59 (1986), 1-63.

[26] G. Lusztig: Character sheaves. V, Adv. in Math. 61 (1986), 103-155.

[27] G. Lusztig: On the character values of finite Chevalley groups at unipotent elements, J. Algebra 104 (1986),
146-194.

[28] G. Lusztig: Introduction to character sheaves; in The Arcata Conference on Representations of Finite
Groups (Arcata, Calif., 1986), Proc. Sympos. Pure Math. 47, Amer. Math. Soc. Providence, R.I., 1987,
165-179.

[29] G. Lusztig: Remarks on computing irreducible characters, J. Amer. Math. Soc. § (1992), 971-986.

[30] G. Lusztig: Character sheaves on disconnected groups. IV, Represent Theory 8 (2004), 145-178.

[31] G. Lusztig: On the cleanness of cuspidal character sheave, Mosc. Math. J. 12 (2012), 621-631, 669.

[32] G. Lusztig: Restriction of a character sheaf to conjugacy classes, Bull. Math. Soc. Sci. Math. Roumanie
(N.S.) 58(106) (2015), 297-309.

[33] G. Lusztig: On the definition of almost characters; in Lie groups, geometry, and representation theory,
Progr. Math. 326, Birkhéuser/Springer, Cham, 2018, 367-379.

[34] G. Lusztig: On the generalized Springer correspondence; in Representations of reductive groups, Proc.
Sympos. Pure Math. 101, Amer. Math. Soc., Providence, RI, 2019, 219-253.

[35] G. Lusztig and N. Spaltenstein: On the generalized Springer correspondence for classical groups; in Alge-
braic groups and related topics (Kyoto/Nagoya, 1983), Adv. Stud. Pure Math. 6, North-Holland, Amster-
dam, 1985, 289-316.

[36] R.M. Marcelo and K.-i. Shinoda: Values of the unipotent characters of the Chevalley group of type Fy4 at
unipotent elements, Tokyo J. Math. 18 (1995), 303-340.

[37] J. Michel: The development version of the CHEVIE package of GAP3, J. Algebra 435 (2015), 308-336.

[38] A. Previtali and T. Weigel: Global Cayley maps and conjugacy class sizes of maximal unipotent subgroups
of finite simple groups of Lie type, J. Pure Appl. Algebra 216 (2012), 255-266.

[39] T. Shoji: Green functions of reductive groups over a finite field; in The Arcata Conference on Representa-
tions of Finite Groups (Arcata, Calif., 1986), Proc. Sympos Pure Math. 47, Amer. Math. Soc., Providence,
RI, 1987, 289-301.

[40] T. Shoji: Character sheaves and almost characters of reductive groups, Adv. Math. 111 (1995), 244-313.

[41] T. Shoji: Character sheaves and almost characters of reductive groups. I, Adv. Math. 111 (1995), 314—
354.



610 J. HerZ

[42] T. Shoji: Unipotent characters of finite classical groups; in Finite reductive groups (Luminy, 1994), Progr.
Math. 141, Birkhduser Boston, Boston, MA, 1997, 373-413.

[43] T. Shoji: Generalized Green functions and unipotent classes for finite reductive groups. I, Nagoya Math. J.
184 (2006), 155-198.

[44] T. Shoji: Generalized Green functions and unipotent classes for finite reductive groups. II, Nagoya Math.
J. 188 (2007), 133-170.

[45] T. Shoji: Lusztig’s conjecture for finite classical groups with even characteristic; in Representation theory,
Contemp. Math. 478 Amer. Math. Soc., Providence, RI, 2009, 207-236.

[46] T. Shoji: Generalized Green functions and unipotent classes for finite reductive groups, IlI,
arXiv:2004.04883.

[47] N. Spaltenstein: On the generalized Springer correspondence for exceptional groups; in Algebraic groups

and related topics (Kyoto/Nagoya, 1983), Adv. Stud. Pure Math. 6, North-Holland, Amsterdam, 1985,
317-338.

[48] R. Steinberg: Lectures on Chevalley Groups, University Lecture Series 66, Notes prepared by John
Faulkner and Robert Wilson, Revised and corrected edition of the 1968 original [MR0466335], With a
foreword by Robert R. Snapp. American Mathematical Society, Providence, RI, 2016.

[49] J. Taylor: Evaluating characteristic functions of character sheaves at unipotent elements, Represent. The-
ory 18 (2014), 310-340.

IDSR - Lehrstuhl fiir Algebra
Universitit Stuttgart

Pfaffenwaldring 57, D-70569 Stuttgart
Germany

e-mail: jonas.hetz@mathematik.uni-stuttgart.de



