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Abstract
In this article, we give a description of the closed cone of curves of the projective bundle P(E)

over a smooth projective variety X. Using duality, we then calculate the nef cone of divisors
in P(E) over some special surfaces X and for some special bundles on X. As an application,
we also calculate the Seshadri constants of semistable ample vector bundles with vanishing
discriminant on some special ruled surfaces at special points.

1. Introduction

1. Introduction
A fundamental invariant of a projective variety X is its cone of nef divisors, denoted by

Nef(X). It encodes all the information about embeddings of X in projective spaces. Also,
knowledge of these cones can be used to study positivity questions, interpolations problems,
Seshadri constants etc. Nef cones of a wide class of varieties have been calculated over the
last few years (see [12], [5], [14], [10]).

In his paper [13], Yoichi Miyaoka studied the nef cone of a projective bundle P(E) over
a smooth complex projective curve C, where E is any semistable vector bundle of rank r
on C. More generally, it is showed in [5] that Nef

(
P(E)
)

is determined by the numerical
data μmin(E) in the Harder-Narasimhan filtration of E. In these cases, the Picard number of
P(E) is 2, and hence the nef cones are generated by two extremal rays in a two dimensional
space. In general, when the Picard number is at least 3, the nef cones might not be a finite
polyhedron, and hence are not so easy to calculate. For example if E is a rank 2 bundle
obtained by the Serre construction from the ideal sheaf of 10 very general points on P2, then
the positivity of E is related to the Nagata conjecture. Thus one has to settle for special
bundles E on special varieties X, even when dimension of X is 2. Motivated by this, we
consider a projective bundle P(E) over a smooth irreducible complex projective variety X
together with the projection π : P(E) −→ X. In section 3, we prove the following:

Theorem 1.1. Let E be a vector bundle of rank r ≥ 2 on a smooth complex projective
variety X. For an irreducible curve C in X together with its normalization ηc : C̃ −→ C,
consider the following fibre product diagram:
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where i and j are inclusions. We define ψc := j ◦ η̃c. Then the closed cone of curves in P(E)
is given by

NE
(
P(E)
)
=
∑

C∈Γ
(
ψc
)
∗
(
NE
(
P(η∗c(E|C))

))
,

where Γ is the set of all irreducible curves in X.

Consequently, we calculate the nef cones Nef
(
P(E)
)

of some special projective bundles
P(E) over some special smooth surfaces X (see Corollary 3.4, Corollary 3.5) by applying
duality to Theorem 1.1. An important finding in section 3 is the following:

Corollary 1.2. Let X be a smooth complex projective surface with NE(X) =
{
a1[C1] +

a2[C2] + · · · + an[Cn] | ai ∈ R≥0
}

for some irreducible curves C1,C2, · · · ,Cn in X. If E is
a semistable vector bundle of rank r ≥ 2 on X with vanishing discriminant, i.e. �(E) :=
2rc2(E) − (r − 1)c2

1(E) = 0, then

Nef
(
P(E)
)
=
{
y0ξ + π

∗γ | γ ∈ N1(X)R, y0 ≥ 0, y0μ(E|C j) + (γ ·C j) ≥ 0 for all 1 ≤ j ≤ n
}
,

where ξ denotes the numerical equivalence classes of the tautological bundle P(E)(1).

We also give several examples to illustrate our results. In most of these examples, the
projective bundles P(E) have Picard number at least 3, and the nef cones Nef

(
P(E)
)

are all
finite polyhedra.

A vector bundle V on X is called ample if P(V)(1) is ample on P(V). The Seshadri
constant ε(V, x) of an ample vector bundle V on a projective variety X at a closed point
x ∈ X is introduced in [7]. Let us consider the following pullback diagram under the blow
up map ρx : X̃x = Blx(X) −→ X

Let ξ̃x be the numerical equivalence class of the tautological bundle P(ρ∗xV)(1), and Ẽx :=
ρ̃x
−1(Fx), where Fx is the class of the fibre of the map π′ over the point x. Then the Seshadri

constant of V at x ∈ X is defined as

ε(V, x) := sup
{
λ ∈ R>0 | ξ̃x − λẼx is nef

}
.

Note that the Seshadri constant ε(V, x) is not equal to the Seshadri constant of the tautological
line bundle P(V)(1) on P(V). These interesting constants have been extensively studied by
many authors especially for line bundles on algebraic surfaces (see [12], Chapter 5 and [1]).
In [7], it is shown that if V is an ample vector bundle on a smooth projective curve C, then the
Seshadri constant ε(V, x) = μmin(V) at x ∈ C. Recently, Seshadri constants for equivariant
bundles have been calculated on toric varieties in [9] and on certain homogeneous varieties
in [3].

As an application of our results in section 3, we calculate the Seshadri constant of
semistable ample vector bundles with vanishing discriminant on some special ruled surfaces
at special points (see Theorem 4.2).
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2. Preliminaries

2. Preliminaries
Throughtout this article, all the varieties are assumed to be over the field of complex

numbers C. In this section, we recall the definition and duality property of nef cone as well
as the definition of semistability of vector bundles on smooth projective varieties. Let X be
a smooth complex projective variety of dimension n with a fixed ample line bundle H on
it.

2.1. Harder-Narasimhan Filtration:
2.1. Harder-Narasimhan Filtration: A non-zero torsion-free coherent sheaf  on X is

said to be H-semistable if

μH( ) =
c1( ) · Hn−1

rank( )
≤ μH() =

c1() · Hn−1

rank()

for all subsheaves  of . For every vector bundle E on X, there is a unique filtration

0 = E0 � E1 � E2 � · · · � Ek−1 � Ek = E

of subbundles of E, called the Harder-Narasimhan filtration of E, such that Ei/Ei−1 is H-
semistable torsion free sheaf for each i ∈ {1, 2, · · · , k} and μH

(
Ei/Ei−1

)
> μH

(
Ei+1/Ei

)
for each i ∈ {1, 2, · · · , k − 1}. We define Qk := Ek/Ek−1 and μmin(E) := μH(Qk) =
μH
(
Ek/Ek−1

)
.

2.2. Nef cone.
2.2. Nef cone. Let Div0(X) :=

{
D ∈ Div(X) | D · C = 0 for all curves C in X

}
be the

subgroup of Div(X) consisting of numerically trivial divisors. The quotient Div(X)/Div0(X)
is called the Néron Severi group of X, and is denoted by N1(X)Z. The Néron Severi group
N1(X)Z is a free abelian group of finite rank. Its rank, denoted by ρ(X) is called the Picard
number of X. In particular, N1(X)R := N1(X)Z ⊗ R = (Div(X)/Div0(X)

) ⊗ R is called the
real Néron Severi group.

A Cartier divisor D on X (with Z,Q or R coefficients) is called nef if D · C ≥ 0 for
all irreducible curves C ⊆ X. The intersection product being independent of numerical
equivalence class, one can talk about nef classes in N1(X)R. The convex cone of all nef
classes in N1(X)R is called the nef cone of X, and is denoted by Nef(X).

A formal sum γ =
∑
i

aiCi, where ai ∈ R and Ci ⊆ X are irreducible curves in X, is

called a real 1-cycle in X. The R-vector space of all real 1-cycle in X is denoted by Z1(X)R.
Two elements γ1, γ2 ∈ Z1(X)R are called numerically equivalent, denoted by γ1 ≡ γ2 if
D ·γ1 = D ·γ2 for every divisor D in X. We denote N1(X)R = Z1(X)R/ ≡. The cone of curves
in X, denoted by NE(X) is the cone spanned by the effective 1-cycle classes in N1(X)R. If C
is an effective curve, then we denote the numerical equivalence class of curves by [C].

The intersection pairing N1(X)R × N1(X)R −→ R induces a perfect pairing. The closed
cone of curves NE(X), which is defined to be the closure of NE(X), is known to be the dual
to the nef cone Nef(X), i.e.

NE(X) =
{
γ ∈ N1(X)R | α · γ ≥ 0 for all α ∈ Nef(X)

}
.

3. Main Results

3. Main Results
We quickly recall our set up. Let E be a vector bundle of rank ≥ 2 on a smooth complex

projective variety X, and π : P(E) −→ X be the projection. In this section, we give a descrip-
tion of the closed cone NE

(
P(E)
)

of curves in P(E) in terms of the closed cone of curves
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NE
(
P(E|C)

)
for every irreducible curve C in X. Proof of Theorem 1.1. For an irreducible

curve C in X together with its normalization ηc : C̃ −→ C, we recall the following fibre
product diagram:

where i and j are inclusions and ψc := j◦η̃c. Let ξ ∈ N1(P(E)
)
R be the numerical equivalence

class of the tautological line bundle P(E)(1) on P(E). Then

N1(P(E)
)
R = Rξ ⊕ π∗N1(X)R.

We fix the notations ξc̃ and fc̃ for the numerical equivalence classes of the tautological line
bundle P(η∗c(E|C))(1) of P

(
η∗c(E|C)

)
and a fibre of the map π̃c respectively. Then

N1(P(η∗c(E|C)
)
R is generated by ξc̃ and fc̃. The map ψc induces the map

ψ∗c : N1(P(E)
)
R −→ N1(P(η∗c(E|C)

)
R

between the Néron Severi groups such that
ψ∗c(ξ) = ξc̃ and ψ∗c

(
π∗L
)
= (L ·C) fc̃, for any L ∈ N1(X)R.

As a consequence, we get the pushforward map

(ψc)∗ : N1
(
P(η∗c(E|C)

)
R −→ N1

(
P(E)
)
R.

Hence
∑

C∈Γ
(ψc)∗

(
NE
(
P(η∗c(E|C))

)) ⊆ NE
(
P(E)
)
,

where the sum is taken over the set Γ of all irreducible curves in X. Now to prove the reverse
inequality, we consider the numerical equivalence class

[
C̄
] ∈ NE

(
P(E)
)

of an irreducible
curve C̄ in P(E) which is not contained in any fibre of π. Denote π(C̄) = C. Then, C̄ ⊆
P(E|C). Then there exists a unique irreducible curve C′ ⊆ P(η∗c(E|C)

)
such that η̃c(C′) = C̄

and
(
ψc
)
∗
(
[C′]
)
=
[
C̄
]
. Also, the numerical equivalence classes of curves in a fibre of π̃c

maps to the numerical classes of curves in a fibre of π by
(
ψc
)
∗. Hence, we have

NE
(
P(E)
) ⊆
∑

C∈Γ

(
ψc
)
∗
(
NE
(
P(η∗c(E|C))

))
.

This completes the proof. �

Corollary 3.1. Let X be a smooth complex projective surface with NE(X) =
{
a1[C1] +

a2[C2] + · · · + an[Cn] | ai ∈ R≥0
}

for some irreducible curves C1,C2, · · · ,Cn in X. If E is
a semistable vector bundle of rank r ≥ 2 on X with vanishing discriminant, i.e. �(E) :=
2rc2(E) − (r − 1)c2

1(E) = 0, then

Nef
(
P(E)
)
=
{
y0ξ + π

∗γ | γ ∈ N1(X)R, y0 ≥ 0, y0μ(E|C j) + (γ ·C j) ≥ 0 for all 1 ≤ j ≤ n
}
,

where ξ denotes the numerical equivalence class of the tautological bundle P(E)(1).
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Proof. Let C be an irreducible curve in X such that [C] =
n∑

i=1
xi[Ci] ∈ N1(X)R for some

xi ∈ R≥0. As E is semistable with vanishing discriminant, applying Theorem 1.2 in [2] to
the map i ◦ ηc : C̃ −→ C ↪→ X, we get that η∗c

(
E|C) is also semistable bundle on C̃ for any

irreducible curve C in X. Using Theorem 3.1 in [13], we have

Nef
(
P(η∗c(E|C))

)
=
{
a
(
ξc̃ − μ(η∗c(E|C)) fc̃

)
+ b fc̃ | a, b ∈ R≥0

}
.

We define lc := deg
(
η∗c(E|C)

) − μ(η∗c(E|C)
)
.

Applying duality, we then get

NE
(
P(η∗c(E|C))

)
=
{
a(ξr−2

c̃ fc̃) + b(ξr−1
c̃ − lcξr−2

c̃ fc̃) | a, b ∈ R≥0

}
.

Therefore, by Theorem 1.1 we have

NE
(
P(E)
)
=
∑

C∈Γ
(ψc)∗

(
NE
(
P(η∗c(E|C))

))
=
∑

C∈Γ

[
R≥0(ξr−2F) + R≥0(ξr−1π∗[C] − lcξr−2F)

]
,

where F is the numerical equivalence class of the fibre of the projection map π : P(E) −→
X.

Also, μ
(
η∗c(E|C)

)
=

deg(E|C)
r =

n∑
i=1

xi deg(E|Ci )

r =
n∑

i=1
xiμ
(
η∗ci

(E|Ci)
)
,

lci = deg(η∗ci
(E|C)

) − μ(η∗ci
(E|Ci)

)
= r−1

r deg(E|Ci) for every 1 ≤ i ≤ n, and lc =
n∑

i=1
xilci .

This shows that NE
(
P(E)
)

is generated by{
ξr−2F , ξr−1π∗[Ci] − r−1

r deg(E|Ci)ξ
r−2F | 1 ≤ i ≤ n

}
,

and the nef cone

Nef
(
P(E)
)
=
{
y0ξ + π

∗γ | γ ∈ N1(X)R, y0 ≥ 0, y0μ(E|C j) + (γ ·C j) ≥ 0 for all 1 ≤ j ≤ n
}
.

�

Remark 1. Let X be a smooth irregular complex projective surface X, i.e., q = H1(X,X)
� 0, and the closed cone of curves NE(X) is a finite polyhedron generated by classes of
irreducible curves. Examples of such surfaces X include ruled surface over a smooth curve
of genus greater than 0 with closed cone of curves generated by irreducible curve classes,
very general abelian surfaces with Picard number 1, del Pezzo surfaces etc. Then there exists
non-split extension of the form

0 −→ C −→ E −→ C −→ 0.

In this case, E is a semistable bundle of rank 2 with vanishing discriminant. Moreover, for
any positive integer r, the vector bundles of the forms E⊕r ⊕ C and E⊕r are examples of
semistable bundles of ranks 2r + 1 and 2r respectively with vanishing discriminant. In this
way, one can produce examples of semistable bundles with vanishing discriminant of any
rank on such X.

Also, for a semistable bundle V on X with discriminant 0, and a nonsplit extension of the
form 0 −→ V −→ E −→ V −→ 0, E is also semistable with vanishing discriminant. In all
these cases, one can calculate the nef cones using Corollary 3.1.
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Example 3.2. Let ρ : X = P(W) −→ C be a ruled surface on a smooth complex projective
curve C defined by a normalized bundle (in the sense of Hartshorne [see [8], Ch 5]) W with
μmin(W) = deg(W). Then NE(X) = {aζ + b f | a, b ∈ R≥0} is a finite polyhedron generated
by classes of two irreducible curves, where ζ =

[
X(σ)

]
(here σ is the normalized section

such that P(W)(1) � X(σ), and f is the numerical equivalence class of a fibre of ρ). Let V
be a semistable (resp. stable) vector bundle of rank r and degree d on C. Then the pullback
bundle E := ρ∗(V) is also semistable (resp. stable) on X with discriminant

�(E) = �(ρ∗V) = 2rc2(ρ∗V) − (r − 1)c2
1(ρ∗V) = 0 − (r − 1)d f · d f = 0.

Therefore, one can calculate the nef cone Nef
(
P(E)
)

in this case using Corollary 3.1. Note
that in this case P(E) � P(W)×C P(V), and nef cone of the fiber product Nef

(
P(W)×C P(V)

)
is already known due to [11]. Our result in this case matches with the result in [11].

For example, any indecomposable normalized rank 2 bundle W over an elliptic curve C
is one of the following type (see Proposition 2.15, Chapter V, [8]):

• Either (i) 0 −→ C −→ W −→ C −→ 0,
• or (ii) 0 −→ C −→ W −→ C(p) −→ 0 for some closed point p ∈ C.

In both the cases, deg(W) ≥ 0, and hence W is semistable.
We consider the ruled surface ρ : X = P(W) −→ C over the elliptic curve C defined by

the nonsplit extension 0 −→ C −→ W −→ C −→ 0. Let us define [C1] :=
[
X(σ)

]
=[

P(W)(1)
]
, and [C2] := f = numerical class of a fibre of the map ρ. Then NE(X) = {a[C1]+

b[C2] | a, b ∈ R≥0}.
Let V be the bundle on C which sits in the nonsplit extension 0 −→ C −→ V −→

C(p) −→ 0 for some closed point p in C. Then, E := ρ∗(V) is a stable bundle on X with
�(E) = 0. Note that, in this example, the Picard number of P(E) is 3.

Now,

deg(E|C1 ) = c1(ρ∗V) · ζ = deg(V)ζ · f = 1; deg(E|C2 ) = c1(ρ∗V) · f = deg(V) f · f = 0.

b11 := C1 ·C1 = ζ
2 = deg(W) = 0; b12 = b21 := C1 ·C2 = ζ · f = 1;

b22 := C2 ·C2 = f 2 = 0.

y0μ(E|C1 ) + y1b11 + y2b21 =
y0

2
+ y2 ; y0μ(E|C2 ) + y1b12 + y2b22 = y1.

Therefore, for the projective bundle π : P(E) −→ X, the nef cone is

Nef
(
P(E)
)
=
{
y0ξ + y1(π∗ζ) + y2(π∗ f )

∣∣∣ y0 ≥ 0, y1 ≥ 0, y0
2 + y2 ≥ 0

}
.

Example 3.3. Let ρ : X = P(W) −→ C be a ruled surface over a smooth elliptic curve C
defined by the rank two bundle W = C ⊕C . Then NE(X) = {aζ + b f | a, b ∈ R≥0}, where
ζ =
[
P(W)(1)

] ∈ N1(X) and f is the numerical equivalence class of a fibre of ρ.
Let ρx : X̃x = Blx(X) −→ X be the blow up of X at a closed point x in a section σ such

that X(σ) � P(W)(1), and Ex be the exceptional divisor. Then we claim that NE(X̃x) ={
a[C1]+b[C2]+c[C3] | a, b, c ∈ R≥0

}
, where [C1] = ρ∗x f −Ex, [C2] = ρ∗xζ−Ex and [C3] = Ex.

To prove our claim enough to show that if V is an irreducible curve in X which is not a
fibre i.e. [V] = aζ + b f ; a > 0 and b ≥ 0, then multxV = r ≤ a.

Let F be a fibre passing through x. Then multxF = 1. Hence
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a = V · F =
∑

P∈V∩F

(V.F)P ≥ (V.F)x ≥ r (see [8], Chapter V, Proposition 1.4).

Now we also have
b11 := C1 ·C1 = (ρ∗x f − Ex) · (ρ∗x f − Ex) = E2

x = −1 ;
b22 := C2 ·C2 = (ρ∗xζ − Ex) · (ρ∗xζ − Ex) = deg(W) − 1 = −1 ; b33 := C3 ·C3 = E2

x = −1.
b12 = b21 := C1 ·C2 = (ρ∗x f − Ex) · (ρ∗xζ − Ex) = ζ · f + E2

x = 0 ;
b13 = b31 := C1 ·C3 = (ρ∗x f − Ex) · Ex = 1 ; b23 = b32 := C2 ·C3 = (ρ∗xζ − Ex) · Ex = 1 ;
Let E = ρ∗x

(
ρ∗(V)

)
, where V is the semistable bundle on C given by the nonsplit extension

0 −→ C −→ V −→ C(p) −→ 0 for some closed point p ∈ C. Then E is also semistable
bundle with �(E) = 0. Note that, in this example, the Picard number of P(E) is 4.

deg(E|C1 ) = c1
(
ρ∗x
(
ρ∗(V)

)) · (ρ∗x f − Ex) = 0 ; deg(E|C2 ) = c1
(
ρ∗x
(
ρ∗(V)

)) · (ρ∗xζ − Ex) = 1;
deg(E|C3 ) = c1

(
ρ∗x
(
ρ∗(V)

)) · Ex = 0.
y0μ(E|C1 ) + y1b11 + y2b21 + y3b31 = y3 − y1 ;
y0μ(E|C2 ) + y1b12 + y2b22 + y3b32 =

y0
2 + y3 − y2 ;

y0μ(E|C3 ) + y1b13 + y2b23 + y3b33 = y1 + y2 − y3.

Therefore, the nef cone of the projective bundle π : P(E) −→ X̃x is

Nef
(
P(E)
)
=

⎧⎪⎪⎨⎪⎪⎩y0ξ +

3∑

i=1

yiπ
∗(Ci)

∣∣∣∣∣∣ y0 ≥ 0, y3 − y1 ≥ 0,
y0

2
+ y3 − y2 ≥ 0, y1 + y2 − y3 ≥ 0

⎫⎪⎪⎬⎪⎪⎭ .

Corollary 3.4. Let X be a smooth complex projective surface such that NE(X) =
{
a1[C1]+

a2[C2] + · · · + an[Cn] | a1, · · · , an ∈ R≥0
}

for some irreducible curves C1,C2, · · · ,Cn of X.
Let E = L1 ⊕ L2 ⊕ · · · ⊕ Lr be a completely decomposable vector bundle of rank r on X. Let
ξ be the numerical class of P(E)(1). Then the nef cone

Nef
(
P(E)
)
=
{
y0ξ + π

∗γ
∣∣∣ γ ∈ N1(X)R, y0 ≥ 0, y0 min{Ci · Lj | 1 ≤ j ≤ r} + (γ ·Ci) ≥ 0

f or all 1 ≤ i ≤ n
}
.

Proof. Let C be an irreducible curve in X numerically equivalent to
n∑

i=1
xiCi for xi ∈ R≥0

for all i and let ηc : C̃ −→ C be its normalization. Then, by Lemma 2.1 in [5]

Nef
(
P(η∗c(E|C))

)
=
{
a
(
ξc̃ − μmin(η∗c(E|C)) fc̃

)
+ b fc̃ | a, b ∈ R≥0

}
,

Nef
(
P(η∗ci

(E|Ci))
)
=
{
a
(
ξc̃i − μmin(η∗ci

(E|Ci)) fc̃i

)
+ b fc̃i | a, b ∈ R≥0

}
for each i ∈ {1, 2, · · · , n}.

For any curve C ⊂ X, we define

lc = deg
(
η∗c(E|C)

) −min
{
C · Lj | 1 ≤ j ≤ r

}
= deg

(
η∗c(E|C)

) − μmin
(
η∗c(E|C)

)

Applying duality, we also have

NE
(
P(η∗c(E|C))

)
=
{
a
(
ξr−2

c̃ fc̃
)
+ b
(
ξr−1

c̃ − lcξr−2
c̃ fc̃
) | a, b ∈ R≥0

}
,

NE
(
P(η∗ci

(E|Ci))
)
=
{
a
(
ξr−2

c̃i
fc̃i

)
+ b
(
ξr−1

c̃i
− lciξ

r−2
c̃i

fc̃i

) | a, b ∈ R≥0

}
for each i ∈ {1, 2, · · · , n}.

Observe that
∑n

i=1 xi min{Ci · Lj | 1 ≤ j ≤ r} ≤ min{∑n
i=1 xi(Ci · Lj) | 1 ≤ j ≤ r} = μmin(η∗c(E|C)),

and deg(η∗c(E|C)) =
∑n

i=1 xi deg(η∗ci
(E|Ci)). Therefore
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lc ≤
n∑

i=1

xilci .

Recall from Theorem 1.1 that

NE
(
P(E)
)
=
∑

C∈Γ

[
R≥0(ξr−2F) + R≥0

{
ξr−1π∗[C] − (deg(η∗c(E|C)) − μmin(η∗c(E|C))

)
ξr−2F

}]

=
∑

C∈Γ

[
R≥0(ξr−2F) + R≥0

{
ξr−1π∗[C] − lcξr−2F

}]

=
∑

C≡∑
i

xiCi

[
R≥0(ξr−2F) + R≥0{

n∑
i=1

xi(ξr−1π∗[Ci] − lciξ
r−2F) + (

∑n
i=1 xilci − lc)ξr−2F

}]
.

This shows that NE
(
P(E)
)

is generated by{
ξr−2F,

(
ξr−1π∗[Ci] − lciξ

r−2F
) | 1 ≤ i ≤ r

}
.

Therefore
Nef
(
P(E)
)
=
{
y0ξ + π

∗γ
∣∣∣ γ ∈ N1(X)R, y0 ≥ 0, y0μmin

(
η∗ci

(E|Ci)
)
+ (γ ·Ci) ≥ 0 ∀1 ≤ i ≤ n

}
.

But μmin(η∗ci
(E|Ci)) = min{Ci · Lj | 1 ≤ j ≤ r} for each i ∈ {1, 2, · · · , n}. Hence the result

follows. �

A particular case of Corollary 3.4 is the following.

Corollary 3.5. Let X be a smooth complex projective surface with Picard number 1 and
LX be an ample generator of the real Néron Severi group N1(X)R. Let E = M1⊕M2⊕· · ·⊕Mr

be a completely decomposable vector bundle of rank r ≥ 2 on X such that Mi ≡ aiLX ∈
N1(X)R for each i ∈ {1, 2, · · · , r} and a1 ≤ a2 ≤ a3 ≤ · · · ≤ ar. Then

Nef
(
P(E)
)
=
{
y0ξ + y1π

∗LX | y0 ≥ 0, y0a1 + y1 ≥ 0
}
.

In particular, if X = P2, and E = P2 (a1)⊕P2 (a2)⊕· · ·⊕P2 (ar) a completely decomposable
bundle on P2 with a1 ≤ a2 ≤ a3 ≤ · · · ≤ ar, then

Nef
(
P(E)
)
=
{
y0ξ + y1π

∗H | y0 ≥ 0, y0a1 + y1 ≥ 0
}
,

where H is the numerical equivalence class of P2 (1) in N1(P2)R.

Proof. Let m be the least positive integer such that H0(mLX) � 0 and C0 ∈ |mLX | be an
irreducible curve. Then we have

NE(X) ⊆ R≥0LX = R≥0
1
m

[C0] ⊆ Nef(X).

Hence NE(X) = R≥0[C0]. Now min{C0 · Lj | 1 ≤ j ≤ r} = min{majL2
X | 1 ≤ j ≤ r} =

ma1L2
X .

Thus by the previous Corollary 3.4 we have

Nef
(
P(E)
)
=
{
y0ξ + y1π

∗LX | y0 ≥ 0, y0 min{C0 · Lj | 1 ≤ j ≤ r} + (y1LX ·C0) ≥ 0
}

=
{
y0ξ + y1π

∗LX | y0 ≥ 0, y0a1 + y1 ≥ 0
}
.

�
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Remark 2. We known that P2 is a toric variety and any line bundle is equivariant. Then
the second part of Corollary 3.5, P(E) is toric variety where E = P2 (a1) ⊕ P2 (a2) ⊕ · · · ⊕
P2 (ar). For more detailed description of the fan structure of P(E) check [15], page 53. If
Δ is the fan of P(E), then it is clear from the construction that the support of Δ has full
dimension. The mori cone of curves of P(E) is (see [4], Theorem 6.3.20)

NE(P(E)) =
∑

τ a wall of Δ

R≥0[V(τ)].

Hence the dual of the mori cone gives the Nef cone of P(E).

Example 3.6. Let φx : X = P̃2
x = Blx P

2 −→ P2 be the blow-up of P2 at a closed point x ∈
P2 with exceptional divisor φ−1

x (x) = Ex. Then, NE(X) =
{
a[C1]+ b[C2] | a, b ∈ R≥0

}
, where

[C1] =
[
φ∗x
(
P2 (1)

)−Ex
]
, and [C2] = [Ex]. Then, b11 = C1 ·C1 = 0, b12 = b21 = C1 ·C2 = 1,

b22 = C2 ·C2 = −1.
Let us consider the rank 2 bundle E = φ∗x

(
P2 (1)

) ⊕ X(Ex) on X. Then, P(E) has Picard
number 3. Fix the notations L1 = φ

∗
x(P2 (1)) , L2 = X(Ex) , and ai j = Ci · Lj for 1 ≤ i ≤ 2,

1 ≤ j ≤ 2. Then, a11 = 1 , a12 = 1 , a21 = 0 , a22 = −1 , deg(E|C1 ) = 2 , deg(E|C2 ) = −1.
μmin
(
η∗c1

(E|c1 )
)
= min{a1 j | 1 ≤ j ≤ 2} = 1 , μmin

(
η∗c2

(E|c2 )
)
= min{a2 j | 1 ≤ j ≤ 2} = −1.

Therefore, y0ξ +
2∑

i=1
yi(π∗[Ci]) ∈ N1(P(E)

)
R is in Nef

(
P(E)
)

if and only if y0 ≥ 0 ,

y0μmin
(
η∗c1

(E|c1 )
)
+

2∑
i=1
yibi1 = y0 + y2 ≥ 0 and y0μmin

(
η∗c2

(E|c2 )
)
+

2∑
i=1
yibi2 = y1 − y0 − y2 ≥ 0,

i.e.

Nef
(
P(E)
)
=

⎧⎪⎪⎨⎪⎪⎩y0ξ +

2∑

i=1

yi(π∗[Ci])

∣∣∣∣∣∣ y0 ≥ 0, y0 + y2 ≥ 0 and y1 − y0 − y2 ≥ 0

⎫⎪⎪⎬⎪⎪⎭ .

Also note that X is a toric variety. The fan structure of X is given in [4], Definition 3.3.17.
Similarly, as it is mentioned in Remark 2, one can give the toric description of the Nef cone
of X.

Example 3.7. Let ρ : X = P(W) −→ C be a ruled surface over a smooth curve C, defined
by an unstable normalized rank 2 bundle W = C ⊕ M for some line bundle M on C with
deg(M) = l < 0. Then, NE(X) = {aζ + b f | a, b ∈ R≥0}, where

[
P(W)(1)

]
= ζ ∈ N1(X)R and

f is the numerical class of a fibre of ρ.
Let ρx : X̃x = Blx(X) −→ X be the blow up of X at a closed point x in the section σ such

that X(σ) � P(W)(1), and Ex be the exceptional divisor. Then, NE(X̃x) =
{
a[C1]+ b[C2]+

c[C3] | a, b, c ∈ R≥0
}
, where [C1] = ρ∗x f −Ex, [C2] = ρ∗xζ −Ex, [C3] = Ex (see Example 3.3).

The intersection products,
b11 := C1 ·C1 = (ρ∗x f − Ex) · (ρ∗x f − Ex) = E2

x = −1 ; b33 := C3 ·C3 = E2
x = −1;

b22 := C2 ·C2 = (ρ∗xζ − Ex) · (ρ∗xζ − Ex) = deg(W) − 1 = l − 1 ;
b12 = b21 := C1 ·C2 = (ρ∗x f − Ex) · (ρ∗xζ − Ex) = ζ · f + E2

x = 0 ;
b13 = b31 := C1 ·C3 = (ρ∗x f − Ex) · Ex = 1 ; b23 = b32 := C2 ·C3 = (ρ∗xζ − Ex) · Ex = 1.
Let us consider the rank 2 bundle E = X̃x

⊕X̃x
(nEx) on X̃x, for some n ∈ Z with n ≥ 0.

Then, P(E) has Picard number 4 in this case. Fix the notations L1 := X̃x
, L2 := X̃x

(nEx),
and ai j = Ci · Lj for 1 ≤ i ≤ 3, 1 ≤ j ≤ 2. Then, a11 = 0, a12 = n, a21 = 0, a22 = n, a31 = 0,
a32 = −n. Hence μmin

(
η∗c1

(E|C1 )
)
= min{a1 j | 1 ≤ j ≤ 2} = 0 ; μmin

(
η∗c2

(E|C2 )
)
= min{a2 j |
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1 ≤ j ≤ 2} = 0 ; μmin
(
η∗c3

(E|C3 )
)
= min{a3 j | 1 ≤ j ≤ 2} = −n.

Also, deg(E|C1 ) = (X̃x
⊕ nEx) · (ρ∗x f − Ex) = n.

Similarly, deg(E|C2 ) = n ; deg(E|C3 ) = −n.

Therefore, y0ξ +
3∑

i=1
yi(π∗[Ci]) ∈ N1(P(E)

)
R is in Nef

(
P(E)
)

if and only if y0 ≥ 0 ,

y0μmin
(
η∗c1

(E|C1 )
)
+

3∑
i=1
yibi1 = −y1 + y3 ≥ 0,

y0μmin
(
η∗c2

(E|C2 )
)
+

3∑
i=1
yibi2 = (l − 1)y2 + y3 ≥ 0 and

y0μmin
(
η∗c3

(E|C3 )
)
+

3∑
i=1
yibi3 = −ny0 + y1 + y2 − y3 ≥ 0.

4. Seshadri Constants

4. Seshadri Constants
We begin this section by the following easy observation.

Lemma 4.1. Let Z ⊆ X be a closed subvariety in a smooth complex projective variety X.
For a vector bundle V on X and for any point x ∈ Z

0 < ε(V, x) ≤ ε(V |Z , x).

Proof. We have the following commutative diagram.

where j and i are inclusions. Note that the exceptional divisor in Blx Z is the restriction of
the exceptional divisor in Blx X, as Blx Z is the strict transform of Z in Blx X.

Also we have the following commutative diagram.

In the above diagram we have the inclusion P
(
ψ∗x(V |Z)

)
↪→ P(ρ∗xV) and

P(ρ∗xV)(1)|P(ψ∗x(V |Z )) = P(ψ∗x(V |Z ))(1).

As restriction of nef divisor is nef, we conclude from the definition of Seshadri constant that
0 < ε(V, x) ≤ ε(V |Z , x).

�

We recall from [8,Chapter 5] that a vector bundle W of rank 2 on a smooth projective
curve C is said to be normalized if H0(W) � 0, but H0(W ⊗ L) = 0 for all line bundle L
on C with deg(L) < 0. We notice that a normalized bundle W is semistable if and only if
deg(W) ≥ 0.

Theorem 4.2. Let ρ : Y = P(W) −→ C be a ruled surface over a smooth curve defined
by a normalized rank 2 bundle W such that μmin(W) = deg(W). Let σ be a section of ρ such
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that Y(σ) � P(W)(1) and f denotes a fibre of the map ρ. If V is a semistable ample bundle
with discriminant �(V) = 0, then the Seshadri constant at a closed point y ∈ σ is given by

ε(V, y) = min
{
μ(V |σ), μ(V | f )

}
.

Proof. Consider the following fibre product diagram.

Since μmin(W) = deg(W), we have NE(Y) = {a[σ] + b[ f ] | a, b ∈ R≥0}. We denote the
exceptional divisor of the map ρy by Ey. We also note that

NE(X) =
{
a[C1] + b[C2] + c[C3] | a, b, c ∈ R≥0

}
,

where C1 ≡ (ρ∗yσ− Ey), C2 ≡ (ρ∗y f − Ey) and C3 ≡ Ey (see Example 3.3). Note that all three
curves C1, C2 and C3 are smooth. We define E := ρ∗y(V).

Now, if V is a semistable ample bundle with �(V) = 0, then the pullback bundle E =
ρ∗y(V) is also semistable bundle with �(E) = 0 by Theorem 1.2 in [2]. Let ξ̃y be the numerical
equivalence class of the tautological bundle P(ρ∗yV)(1), and Ẽy := ρ̃y−1(Fy), where Fy is the
class of the fibre of the map π′ over the point y. Therefore, applying Corollary 3.1 we get
that for a positive real number λ > 0, ξ̃y − λẼy is nef if and only if
μ(E|C1 ) − λ(C3 ·C1) =

(
μ(V | f ) − λ) ≥ 0, μ(E|C2 ) − λ(C3 ·C2) =

(
μ(V |σ) − λ) ≥ 0, and

μ(E|C3 ) − λ(C3 ·C3) = λ ≥ 0.
Therefore, the Seshadri constant at a closed point y ∈ σ is given by

ε(V, y) = sup
{
λ > 0

∣∣∣ ξ̃y − λẼy is nef
}
= min

{
μ(V |σ), μ(V | f )

}
.

�

Remark 3. Let X : P
(
C ⊕ 

) −→ C be a ruled surface defined by a normalized rank 2
bundle W = C ⊕  with deg() < 0. The above result generalizes known results about
Seshadri constants of ample line bundles on such ruled surfaces (see Theorem 4.1 in [6]).

Example 4.3. Let V = L1 ⊕ L2 ⊕ · · · ⊕ Lr is a completely decomposable ample bundle on
P2. Consider the following commutative fibred diagram.

We define E := φ∗x(V). Let l be a line in P2 passing through x and φ∗x(l) = Hx. We denote
the exceptional divisor of the map φx by Ex. Then we have NE(X) =

{
a[C1] + b[C2] | a, b ∈

R≥0
}
, where C1 ≡ Hx − Ex, C2 ≡ Ex. Note that both C1 and C2 are smooth curves. We

denote the numerical equivalence class of the tautological bundle P(E)(1) by ξ̃x, and define
Ẽx := π∗(Ex).

Using Corollary 3.4 we get that for a positive real number λ > 0, ξ̃x − λẼx = ξ̃x − λπ∗[C2]
is nef if and only if
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λ ≥ 0, and min
1≤i≤r

{
Li · l} − λ = min

1≤i≤r

{
deg(Li)

} − λ = μmin(V) − λ ≥ 0.

Hence, the Seshadri constant of V = L1 ⊕ L2 ⊕ · · · ⊕ Lr at x ∈ P2 is
ε(V, x) = sup

{
λ > 0 | ξ̃x − λẼx is nef

}
= μmin(V) = min

1≤i≤r

{
deg(Li)

}
.

A completely decomposable ample vector bundle on P2 is a special case of a torus equivari-
ant vector bundle over a toric variety. The Seshadri constant of a nef toric vector bundle on
a toric variety is calculated in [9, Proposition 3.2] which also agrees with our result.
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