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On the Structure of S Space

By Tadashige ISHIHARA

§1. Introduction.

1. The theory of Fourier transform constitutes an important method
in investigating many problems in mathematical analysis and differential
equations. In classical theory of the Fourier transform the applicability
of this method has been limited by some restrictions on the behaviour
at infinity of the functions to be transformed.

L. Schwartz in his book [1], where he introduced the notion of the
function space S and treated the Fourier transform as a functional on
S, built up the theory of the Fourier transform of the functions which
increase not more rapidly than some powers of the independent variables.

Further, Gelfand and Sylov [2] introduced the notion of the subspace
Z=S° of the space S and treated the Fourier transform of function
which increases with arbitrary rapidity as a functional on the space Z.
(The research of the Fourier transform based on the same idea was made
independently by L. Ehrenpreis [3].)

Gelfand and Sylov [2, 4, 5] introduced at the same time the notion
of the “S type” spaces S,, S?, S8, S, 4, SP B, S8 which are the sub-
spaces of the space S, and investigated the structure of the space S in
detail.

To study the structure of the space S as this is important from
two points of view.

First we can treat the Fourier or Laplace transform of functions or
functionals not only without restriction on their behaviours at infinity but
also with less restrictions on other sort of their behaviours.

In the second place we can investigate in detail the natures of the
dual spaces of S {ype spaces or their Fourier transforms by using the
structure of S spaces.

Thus we can construct the theory of Fourier (§5) or Laplace [6, 7]
transform in more general form, and apply more extensively the theory
of Fourier or Laplace transform to mathematical analysis or differential
equations [8].

2. Gelfand and Sylov define those “S type” spaces from the stand-
points of order of growth of functions and their derivatives. They state
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also that S,, S?, S can be considered as the limit space of S8, i.e., S,=S3,
SE=Sf, S=S2, without giving precise definitions of S, S#, and S:Z.
To define S;, S; and SZ, first we notice the inclusion relations of S§.
<SS
If ala, BB, then S§< , <S.
S5 S,

Then the natural definitions of the spaces Sy, S?, S are as follows:
S: = UBSg, SoBe = \ijg’ Soo = Uwa ’ S” = \,/BSB) So = \_/as.ﬁSg-

If the equalities S,=S;, SP=S?, S=S were true in this sense of
definitions of S, S and SZ, then those subspaces S% would give classi-
fications of the space S,, S?, or S, and the order of growth* of functions
and their derivatives would become characteristic properties of functions
to be the elements of the classes in S.

In the present paper we show first (§ 3) that there exist some classes
of functions in the space S whose orders of growth* are so rapid that the
functions can not be contained in any of those subspaces, which con-
tradicts S=3S...

In the second place, we show (§4) that there exist functions which
can not be bounded by any order of growth* (which contradicts S,=S;,
SP=Sf, S=S2). This fact means that the countable classification of the
space S, S, or S? by the order of growth of functions and their derivatives
is impossible (Theorem 5).

In the third place, using these facts, we show (§5) that we can con-
struct some Fourier invariant functional spaces which include the space S’
and are larger than S’. The existence of these spaces is contradictory to
L. Ehrenpreis’ assertion [3] that S is the furthest Fourier invariant
functional space.

§ 2. Notions and properties of S type spaces.

1. Here we cite notions and properties of S type spaces mainly from
Gelfand and Sylov’s works [2, 4, 5].

We consider the space S of infinitely differentiable functions ¢(x)
which satisfy the condition: x*@‘?(x) converges to 0 when |x|— o for
any non-negative integers ¢ and k.

The neighborhood V(m, k, &) of zero in the space S is determined by
integers m and k and a positive number & and consists of all functions
of S which satisfy the inequality (1+ x%)%|p‘(x)|<C¢é for all ¢g<mm.

* Any function ¢(x) in S satisfies |x#¢(D(x)|<my,, for some sequence of numbers {m,q}
(k, ¢=0,1,2,---). So the sequence {my, ;=inf ms, ¢ | | 24| <my, ¢ 3(k, ¢=0, 1, 2, ---) corresponds
to the function ¢(x). We call the order of growth of m;,, (as a function of k, ¢) of ¢ simply
by the order of growth of the function ¢ and its derivatives.
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2. Let >0, and S, denote the subspace of S whose elements satisfy
the inequality |x*¢?(x)|<C,A%k*® for some A>0 and for %k, ¢=0, 1, 2, ---,
where the constant C, depends on @ and ¢ and is independent of 2 and
a.

Let S, , denote the subspace of S, whose elements satisfy the
following inequality for any arbitrary positive number &:

| 2*p P (x) | < Cos(A+8)*kF .

According to Gelfand and Sylov [5], this inequality is equivalent
to the following inequality: |[@p“@(x)|<C/sexp(—al|x|"*) where a=
a/e(A+6)"* and Ciy=Cgg-e™.

Thus the space S,, or S, 4 consists of functions which are, together
with each of their derivatives, of orders of exponential decrease 1/« with
type a. ’

The space S, is the union of the space S, ,: S,=\JaSs 4. For
a=0, the space S, ,=S, 4 consists of C§ functions with carriers in the
interval |x|<A.

The topology of the space S, , is given by the countable system of
norms : |I¢|lq5:sylg)lxk7)(“>(x)| [(A+ 0k k¥ (¢=0,1, 2, .--, 6=1,1/2,1/3 ---).

By this topology the space S, ,, becomes Montel space.

If A,<A,, the space S, 4, is a subspace of the space S, ,,, and if
the sequence {®,(x)} converges in the space S, 4,, then {®,(x)} converges
also in the space S, 4,.

We define the convergence in the space S, as follows: the sequence
{®v(x)} converges to O in S, if and only if the sequence {®,(x)} belongs
to a subspace S, 4, and {®.(x)} converges to O in the space S, 4.

3. Let 8>>0, and S? denote the subspace of S whose elements satisfy
the inequality |x*¢“(x)|<C,B?@®** for some B=0 and for &, ¢=0,1, 2, -,
where the constant C, depends on ¢ and %k and is independent of ¢
and 8.

Let SPZ denote the subspace of SP whose elements satisfy the
following inequality for any arbitrary positive number p:

| x5 (x) | < Cro(B+p)? gF .
The topology of the space S Z is given by the following countable
set of norms: ||@|,=sup|x*p"|/(B+p)?q¢® (k=0,1,2, -, p=1,1/2 ).

By this topology the space S®»Z becomes complete Montal space.
If B,< B,, the space S*% is a subspace of the space S*?%, and if
{p.(x)} converges in the space S? 7, then it converges in the space S®Z:.
The space SP is the union of the space SPZ: SP=\/zSPZ. The



254 T. ISHIHARA

topology of the space S? is defined as follows: the sequence {p,(x)}
converges to O in S® if and only if all @,(x) belong to some subspace
S#28 and {p,(x)} converges to O in the space S* 2.

According to Gelfand and Sylov [5], the following structure of S?

is shown :

For 0<{B< 1, S? consists of the functions @(x) which satisfy the

following conditions : ‘

1) @(x) can be continued analytically for all complex values of the
arguments z=x-+1y.

2) The resulting integral functions ¢(z) have orders of growth not
greater than 1/(1—/8) with type b, i.e., ¢(2) satisfy the following
inequalities : |x*p(x+1y)|<Cjex- {b|y|Y* P}, if p(x) satisfy the
inequality |x*@p“(x)|<C,B?_, where b=(1—28)(Be)"/'"#/e.

For B8=1 it is known also that S® consists of quasianalytic function.

4. Let >0, 32>0 and S, denote the subspace of S whose elements
satisfy the inequality |x*¢@(x)|<CA*Bk**¢q"® for some A>0, B_>0,
C>0 and for &, ¢=0, 1, 2, --, where the constant C depends on .

Let S&Z denote the subspace of S% whose elements satisfy the follow-
ing inequality for any positive number 6, p;

| 25 (x) | < Cyp(A+0)*k**(B+p)? ¢°° .
B

We introduce the system of countable norms in the space S%% as
follows : ||@|lsp=sup|x*@(x) | /(A+0)*(B+p)? k**q*® (5, p=1,1/2, --).
X,k 4

By this set of norms S%%4 becomes complete Montal space [5].
If A< A,, B,<_B;, then the space S% %! is a subspace of S% 2z, and if
the sequence {p.(x)} converges in the space Sf %1, then it converges in

the space S Z:.

The space Sf is the union of the space S%3, ie. S8=\/,,S%5.
The togology of the space Sf is given as follows: the sequence {@,(x)}
converges to 0 in S& if and only if all ¢,(x) belong to some subspace
S&E " and the sequence {®.(x)} converges to O in the space S&5.

The space S§ is included in the space S, and SP. If o(x)eS,
satisfies the inequality |x*@@(x)|<CA*Bk**q?®, then @(x) satisfies the
inequality |@““(x)|<<C,B?¢*? exp (—a|x|“*). Moreover, for B< 1 any
function @(x) € S can be uniquely continued for all complex values of the
arguments z=x +1:y, and for 8< 1, ¢(2) satisfies the following inequality :

|p(x+iy) | <C,exp {—a|x|V*+b|y| /" P} .

For a+B3< 1, S, consists of only trivial function @(x)=0. 'S; and
S? also contain only trivial function. It is shown by Gelfand and Sylov
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that the following spaces have non trivial functions :

1) S,., S*2 with arbitrary «, B, A, B. (except S,,, S*°);

2) S%&, S§2Z with any a”>1, 8>>1, A, B, (except S$%, S&8);

3) S&Z2 with a+8>>1, A, B;

4) S%E with a+B8=1, AB_>v, where v is arbitrary positive number.
(The above exceptions in 1) and 2) are not stated in [5]).

According to Gelfand and Sylov [5], the Fourier transform~of
these spaces are as follows: S,=S% S$#=S,, S6=S%, and the topology is
preserved under these transformations. For example if @, converges in
S, then the Fourier transform 4, converges in S*.

§3. Some subspaces which are not included in S_, S”.

1. As stated in §2, (x) €S, is a decreasing function of exponential
order 1/a¢. We shall show here that there exist functions whose orders
of decrease are less than any 1/«, (i.e., 0) and decrease faster than
1/|x|” for any integer .

These functions belong to the space S, but not to the space S..
Thus we shall see S==S_, and S==S2.

Lemma 1. Let f, be the following function :
exp {—(log|x[)"}  for |x[>e,
1/e for |x|<e,
where v is an arbitrary real number which is larger than 1.
Then -the function f, is continuous in (—oo, o) and has following

properties :
(1) f, is a rapidly decreasing function, i.e., for any positive integer n,

lim |x"f,(x)| =0

(2) The order of decreasing, as an exponential type function, is O, i.e.,

£ = |

lim log|log f,(x)|/log |x|=0.

Proof. For |x|_>e, we see that log|log f,(x)| = v log log|x|.
So, for any positive integer », there exists x, such that, if |[x|>|x,],

then
log (—log f,(x)) >log (n+1)+1log log|x| =log {(r+1) log|x|} .

Hence —log f,(x) >(n+1)log|x|, so |fy(x)|< |2~ for |x|>|x,].
We also see that

mlﬁ)gllOg.&(ﬂ _ lim'leg log| x| -0.
s> log|x] =z Jog|x]|
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We regularize this function f,, using the following function p.(x).
Let p.(x) be the infinitely differentiable function such that

0 for |x|=>¢&,
Sx = . 2
P2 kexp( ¢ ) for |x|<&,
8 EZ_xZ
where the constant % satisfies & SH exp< — 2) dx=1.
-1 —x

Then we can see the following

Lemma 2. The infinitely differentiable function f,(x)xp.(x) has pro-
perty (1) in Lemma 1, together with each of its derivatives. f(x)*p.(x) has
also property (2).

Proof. |(frp) ()] =1| filx—5piw@at]
= (e spr@1aE< Max, 17a-9)1-(1p0@)1d5
af(x—8&  for x>& v
- = (q) ;‘:
{ aq fo(x+€) for x<—&, where a, S_E |pi® (&)1 d§.

So the function (f#xp.)?(x) has property (1) for any non negative
integer gq.
On the other hand, since p.(£) >0,

foruw) = | Ae—9)p@ aE= Min fia—5| ok
_ {fo(x+8) for x>0.
L fA(x—8) for x<0.

So the behaviour of the function fyxp, for x — & o is the same as
that of the function f,, and fsp, has property (2).

Theorem 1. There exists a function in the space S, which does not
belong to the space S, for any a>0.

Proof. fsxp. €S, since (fokp.)?(x) satisfies the condition (1). On the
other hand, as stated in §2, an C” function @ belongs to the
space S, if and only if ¢ satisfies the following inequality :
|pP(x)|< C, exp {—a|x|/*}. The function fsp, can not satisfy this
condition for ¢=0, since the condition (2) holds for fyxp,.

Corollary. S=2S.., S=2S7, S=2Sz2.

Proof. The first relation is a direct consequence of Theorem 1. The
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second relation is obtained from the first relation by Fourier transforms.
The third relation is a direct consequence of S >S_D>SZ.

2. Let Siogy denote the subspace of S which consists of all func-
tions @ of S that satisfy the inequality |@@(x)|<<C,exp {—alog”|x|}
for some positive constant C,, a. Then Si,, is a new class which is
not included in any S,. The function fxp, belongs to this space Sig, y-

We can introduce also another types of subspaces, replacing the
order A*k*® or B%“® by some increasing functions of & or gq.

For example, let S; denote the subspace of S which consists of all
functions @ of S that satisfy the inequality |x*p‘@(x)|<C,A**.

Then for v>>1, S; is also a new class which is not included in any S,.

There are some mutual relations between these two sorts of sub-
spaces. For example the space Si,, is included in the space Sz, since
the following evaluation holds.

We put |x|/|A|=£& and £k*/5=f(k). Then (logf)=2klogk+k
—log &, and (log f)’=21log k+3 >0 for k1. S% S11\’/£i.12mlf(k) = f(k,) exists

and k&, satisfies 2k, log k,+k,—log£=0 for any fixed & Hence & is a
monotone increasing function of %, and grows to infinity if ., grows to
infinity. On the other hand, we have

p =log (C,e?#""1) = log C,—alog?| x|
= log C,—a (log &+log|A|)*
= log C,—a (2k,log k,+k,+1og|Al|)*.

Since >0, there exists k§ such that, for any £k, >kj, holds
p<—kilog ko—Fki. For k, which satisfies 1<k,<kf, we can find suf-
ficiently large number C; such that the following inequality holds:

p<_log C;—kjlog ko—ki = log {C7 f(ko)}
So we see that there exist positive numbers C; and C]’ such that

C,exp {—alog®|x|}<C é’kzl}’{igealf(k)

<C!’ Min f)<C” Min AF*°

k=1,k:integer k =0,k : integer | x i k .

This inequality shows Siog,,S;.

§4. Impossibility of countable classification.

1. We show here there exists a function in the space S whose order
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of growth is larger than any given set of numbers m,, (k, ¢=0, 1, 2, --+).

Lemma 3. For any set of positive numbers &,, &,, +--, &,_,, b, and oy,
there exists a function @(x)€ S, such that (1) the length of carrier of @, is
less than oy, (2) | P (x) | <€, for r=0,1, ---, k—1, and (3) Max|p{(x)| > b,

Proof. We construct inductively the required functions. For k=1
its construction is easy.

Now let &, -, _,, €4y, b, and o, be a set of given numbers.
Assume by way of induction that there exists a function @,_, which
satisfies |@,|<6¢,., (r=0,1, -, k—2), M?xlm":l“(x)lzbk, and whose
carrier is contained in [0, ¢,/2].

Let fi(x)=@,_(x)—@,_(o,—x). Then f,(x) is of class C7 and satisfies

g”” fux)dx=0.
Let fz(x)zsx F(E)dE. Then fy(x) is also of class C; and |f9(¥)]

= |f{Px) | = |p{aP(x) + (= 1) i (o —2) |

If |fi(x)|<&, we put @u(x)=f,(x). Then @,(x) satisfies all the
required condition.

If Max|fx)|>&, we put fi(x)=6f(x)/Max|f,(x)], and

a=¢&,/Max|f,(x)|. Then obviously |fi(x)|<<é& and a< 1. Now we take
number A that satisfies inequality A*+' >1/a>A\F">1, and put @.(x) =f,(Ax).
Then we can see @{(x)=\"fFFAx)=Na-f(Ax). So,

<&, for r=20,
P (x)  <Nas, <&, for r=1,-,k-1,
>\Fah, >0, for r==~F.
For the sake of simplicity we have constructed here the required

function @,(x) on [0, o, ]. But this process does not depend on the inter-
val and we can construct @,(x) on any required intervai (of length o).

Theorem 2. There exists a function p(x) such that ¢(x)€S, and
p(x)ES”. There exists also a function y(x) such that (x)€ S’ and

Y(x)€ES.,..
Proof. We use the sequence of intervals {I,};
I, = {x] 3/27*<x<1/2%},

and define the sequence of functions {@.(x)} as follows,
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We take a function ¢,(x) € Cy with carrier in I, which satisfies the
inequality | @, (x)|<C1. Next taking Max|@,(x)|/2* as &, ¢ as b, in Lemma
3, we construct @,(x) which satisfies the conditions of Lemma 3 and
whose carrier is contained in 7.

Similarly we can define sucessesively @,(x) (¢=2, 3, 4, --), using
p,(x) (r=0,1, 2, ---, g—1) which satisfies following three conditions stated
in Lemma 3.

(1) the carrier of ¢,(x) is contained in I,,
(2) we take{e*} as {b,} in Lemma 3,
3) we take {&,,} =M51x|(p§”(x)| 22700 for 0<r<q.

Now the series qﬁ)rpq(x) converges and defines @(x).

@(x) is obviously infinitely differentiable, in any interval I,. At the
origin ¢(x) is also infinitely differentiable, since for x >0, and ¢>7, the

graph of (x) is contained between the parabollas |y|=d,x*, where d,
satisfies Max|p(x)| =d,(3/2" %)
Hence @(x) is of class Cy on the whole straight line. However @(x)

can not belong to the space S”, since Max|@@(x)|>Max|p({"x)|>e”

for any gq.
The latter half of theorem is proved if we take the Fourier trans-
form of o(x) as y(x).

Theorem 3. The “S type” space having only upper index cannot
coincide with any “S type” space having lower index or both indices except
trivial spaces indicated in § 2, 4.

Especially we have S,==Sg, SP==S?, S”==Sz, S ==S=, S”=S..

Corollary. SP\(S2)C+¢, (SHEN\(SD) =+,

Sa\S2 ==, (S NS == .

Proof. By Lemma 3, €S, S,S_ S and p€S” >S?DSE, for
any 0<<B< oo, 0JaJoo.

By Fourier. transforms we obtain

PeS* CSPCS"CS and €S, DS, DSk for any 0B oo, 0Ta< o
Hence theorem 3 and the corollary hold.

Remark. The corollary to Theorem 1, ie., S==S7, S==S_, S==S82
can also be proved similarly by virtue of Lemma 3.

2, Now we turn to the problem of characterization of subspaces by
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orders m, , of growth of functions and their derivatives.

Any o(x) in S satisfies the inequalities |x%p?(x)|<m, , for
some sequence of numbers {m, ,} (k, ¢=0,1, 2, ---). The sequences {m,,}
for the functions in the classes S,, S® and S£ are of the forms
Mg =C(A+8)*k*, my,=Cr(B+p)?q?® and my,=C(A+8)*(B+p)?k**q?® re-
spectively.

We have seen in § 3 that these orders are too low to classify the
space S and there exist higher orders of growth, for example m,,= C,A%k*".
In the proof of Theorem 2 in this paragraph, we have seen also that
there exist functions such that m,, >e? and m,, —>¢**. Further, we can see
the following

Theorem 4. There exists a function that has increasing order of
growth my, with arbitrary rapidity of q or k in S, S, or SP.

As a corollary to this theorem we have

Theorem 5. Elements of S, S, or SP cannot be classified into any set
of countable classes C, (y=1, 2, ---) such that Cy={p||x*pP(x)| < f\(k, ¢)}
and S=\/,Cy, S,=\J,Cy or SP=\/,C,.

Proof. In the proof of Theorem 2, we used Lemma 3 selecting {e*’}
as the sequence {b,}. But, obviously, we can discuss analogously replac-
ing {¢*} by any sequence {b,}. Then the constructed function and its
Fourier transform satisfy the condition of Theorem 4.

Especially, if we choose &, >f, (0, ¢), (¢=0,1,2---) then the con-
structed function ¢ belongs to S and to S, but not to \/,C,. Hence
Theorem 5 holds.

§5. Some Fourier invariant functional spaces.

1. We shall apply our results to the theory of Fourier transforms
of functionals.

According to the theory of distributions of L. Schwartz, the Fourier
transform of any tempered distribution (element of the space §') is
defined as another tempered distribution.

Now the question arises whether the space S’ is the furthest Fourier
invariant space or not, i.e., whether there is any space that includes the
space S’ and is invariant under Fourier transforms or not [3].

H. Yamagata [9], using Theorem 2 of the present paper, showed
that the space D’/\Z' (where Z' means the Fourier transform of the
space D’) is the Fourier invariant distribution space which includes the
space S’ and is not equal to S,
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Here, also using our results, we show that there are some larger
Fourier invariant functional spaces which include S’. We show also
these spaces are dual spaces of some subspaces of S.

Let f, be the function given in Lemma 1, and let f, be the function

fi(x)=1/fy(x), ie.,
__(exp{(oglx|)}  for |x|>e
fl(x) =
e for |x|<e.
Then the function f, is continuous in (— oo, o), and has following pro-
perties.
(1) f, is a rapidly increasing function, i.e., for any positive integer
n, lim f,(x)/ | 2]"= co.

(2) The order of increase as an exponential type function is O, i.e.,
lim (log log f,(x))/log|x| =0.

Proof. By similar calculation in the proof Lemma 1, we obtain
these results.

Lemma 4. Any times primitive of f,(x) satisfies also the property (1).
Proof. This is trivial from property (1) and f,(x) >0.
Lemma 5. f, does not belong to the space S'.

Proof. Assume that f,€S’. Then f, is expressed as f,=D?(P(x) f(x)),
where P(x) is a polynoimal and f(x) is a bounded continuous function
(L. Schwartz [1]). So P(x)f(x)=0(x") for some .

On the other hand P(x)f(x) is a some times primitive of f, and so
has the property (1) by Lemma 4. This contradicts the fact that

P(x)f(x)=0(x"). g.ed.

Lemma 6. If the sequence ¢,(x) is convergent in the space S§(B>1),
then @.(x) is convergent in (D).

Proof. As stated in § 2, if {p,(x)} is convergent in S5, then {p,(x)}
 S&Z for suitable A™>0, B=>0, and the carriers of ¢, are contained in
the interval [ — A, A], and {®,(x)} is convergent in S§%4 where the norm
in S&% is given by

lpllss = sup|x*p@(x)| /(A+8)*(B+p)*q™, (5, p=1,1/2, ).

If {p,} converges to 0, then the sequence {p{(x)} uniformely (in
x) converges to 0, and its carrier is contained in a compact set. Hence,
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{®,} is convergent in (D).
Lemma 7. The space D' is contained in the space (S5Y.
Proof. This is an immediate result of Lemma 6.
Lemma 8. f, belongs to the space (S§) for any B>1.
Proof. Since f,(x) is a locally summable function,
filx) € D" (S)’ .
Lemma 9. £, belongs to the space (S3) for any a>1.

Proof. Let ¢(x) be a function of S, then, as stated in §2, ¢(x) is
continued analytically for all complex values z=x-+7y, and @(2) satisfies
the following inequality : |@(x+4y)|<Cexp {—a|x|Y*+b|y]|}.

So, we see that the order of exponential decrease of the function
fi(x)p(x) is 1/a by virtue of property (2), and <f,, > converges.

Let {p,(x)} be a convergent sequence in S, then, as stated in §2,

there exist A and B such that {@,} CS%%4 and {®,} converges in the norm
in S38. The element @, of S35 is an entire function which satisfies

the above inequality where a is a fixed number indepent of ».

So f.p,(x) are also functions which belong to a fixed exponential
type (a) of decreasing order 1/«.

Since inf k”"’/\flkgCexp<—%|§|‘/“> for >0 [5, P.204], it

k
follows that
_ | x5 p(x) | exp [a{x/(A+0)}/*]|p““(x)]
l[@1lse sup (A+8)k(B+p)qkk“‘S}.lqp CBpY

where a=a/eA"Y*. Hence it follows that

i) | <€ exp [~ 2]l e

The constants A, C', 6, ¢, « do not depend on », and so, if ||@,||—0, then

<f1’ ¢~,>_)0

Theorem 6. For B >1,

@) (SBY/N\(SRY is a linear functional space which is invariant under
Fourier transform.

(2) The space (SBY/\(S3) contains the space S'.

@) (SE'N\(SE)NS)E is not empty.

Proof. (1) Since S§=Sj§ and the topology is preserved under this

transform, we see @:’)'z(sg)'.
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(2) Since S§CS, S§CS, and both topologies of S5 and S§ are finer
than that of S, we have this conclusion.
(3) We obtain this from Lemma 5, 8, 9.

Remark. We can also see that (S5Y/N\(Sp)Y DD'/N\Z’, from Lemma 7.

2. We study next some properties of the space (S§)Y/\(Sg).

We consider the linear sum (S§+S§) of the spaces S§ and Sg. Since
Sg consists of entire functions and S§ consists of C” functions with
compact carriers, there is no common element between these two spaces
other than the function @(x)=0. So the linear sum (S5+Sg) is the direct
sum of two spaces. We define the neighborhood system in this space
by the linear sum of the neighborhood of each space.

Now let (S§+S3) be the dual space of the space (S§+Sg). Then
we can see the following.

Theorem 7. (S§+Sg) =(S5)/\(S3) .

Proof. The sequence {®,} in the space (S§+Sg) converges to @ if
and only if {p,}, converges to @, in S§ and {p,,} converges to ¢, in SJ
wherep, =, +9,, and =, + @, are unique expressions and @,,, @, €S},
Pyyr P2 ESE.

So any element T of the space (S§)/\(Sg) is consistently identified
with the element T of (SE+S3Y in the following way :

<T, ¢v1>1+<T’ (pv2>2:<Ta ¢v>'

Conversely any element T of (S§+S5) is identified with an element T
of (SEY/\(Sg) in the following way :

<T) ¢v1>1 = <T; ¢v1> and <T> @vz>2 = <T) @vz> s Q-e-d-

Since the spaces S§ and Sg are complete Montel spaces as refered
in §2, the space (S§+Sgz) becomes also complete Montel space.
Hence from Theorem 7 we obtain the following

Corollary. The space (S8 /\(Sg) with bounded convergence topology
is a Reflexive montel space.

(Received September 15, 1961)
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