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ABSTRACT 

An ankle-foot orthosis (AFO) constructed as a single piece of isotropic elastic material is a 

commonly used assistive device that provides stability to the ankle joint of patients with 

spastic diplegic cerebral palsy. The AFO has asymmetric stiffness that restricts 

plantarflexion during the swing phase while it is flexible to allow dorsiflexion during the 

stance phase with a large deflection, including buckling originating from geometric 

nonlinearity. However, its mechanical implications have not been sufficiently investigated. 

This study aims to develop a computational model of an AFO considering geometric 

nonlinearity and examine AFO stiffness asymmetry during plantarflexion and dorsiflexion 

using physical experiments. Three-dimensional AFO mechanics with geometric 

nonlinearities were expressed using corotational triangle-element formulations that 

obeyed Kirchhoff–Love plate theory. Computational load tests for plantarflexion and 

dorsiflexion, using idealized AFOs with two different ankle-region designs (covering or not 

covering the apexes of the malleoli), showed that plantarflexion moment–ankle angle 

relationships were linear and dorsiflexion moment–ankle angle relationships were 

nonlinear; increases in dorsiflexion led to negative apparent stiffness of the AFO. Both 

ankle-region designs resisted both plantarflexion and dorsiflexion, and out-of-plane 

elastic energy was locally concentrated on the lateral side, resulting in large deflections 

during dorsiflexion. These findings give insight into appropriate AFO design from a 

mechanical viewpoint by characterizing three-dimensional structural asymmetry and 

geometric nonlinearity. 
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1. INTRODUCTION 

An ankle-foot orthosis (AFO) designed from a single piece of lightweight 

thermoformable isotropic elastic material is an external assistive device commonly used 

to provide stability to the ankle joint of individuals with spastic diplegic cerebral palsy 

impaired gait 1–3. An AFO covers the posterior lower leg and sole of the foot 4 to prevent 

the foot from dropping during mid and terminal swing phases 5–7, and thus, the AFO must 

restrict plantarflexion during the swing phase. However, the AFO should be sufficiently 

flexible to allow dorsiflexion during the stance phase, which is important for smooth 

forward progression in a normal gait5. Clinicians customize the AFO design for patients to 

provide appropriate spatially asymmetric structural stiffness (i.e., apparent AFO stiffness 

depending on the deformation states) 8,9. Furthermore, recent advances in additive 

manufacturing allow for the flexible design of AFOs for each patient, not limited to the 

trimline adjustment 10,11. From these perspectives, a detailed understanding of the 

mechanical characteristics of the AFO can provide valuable insight into the mechanically 

appropriate AFO design for each patient. 

AFO design and asymmetry of the structural stiffness with buckling behaviour during 

plantarflexion and dorsiflexion have been demonstrated experimentally 8,9,12–14. Bregman 

et al. 15 showed that the buckling of AFOs during dorsiflexion occurred in the functional 

range of motion of the ankle during the gait in physical experiments. This asymmetric 

structural stiffness of the AFO originated from geometric nonlinearity via a large 

deflection (finite deformation) in a mechanical sense. Here, geometric nonlinearity is a 

source of nonlinearity in solid analyses, such as buckling, and important when changes in 
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geometry have a significant effect on the load-deformation behaviour 16. However, 

previous studies mainly determined the stiffness of a custom AFO (for an individual 

patient) within a linear range of deformation using a small (infinite) deformation theorem. 

As a result, little is known about the structural mechanical design of AFOs and asymmetric 

nonlinear stiffness. Therefore, a better understanding of the asymmetric nonlinear 

mechanical properties in structural AFO design is valuable.  

 To clarify the mechanical characteristics of AFO designs for individual patients 

before physical construction, computational simulation has been found to be a useful 

approach 17,18. In recent studies, computational simulation has been used to evaluate 

stiffness or stress–strain characteristics in AFO designs with realistic conditions 19 and 

material properties 20. However, the effects of geometric nonlinearity on the mechanics 

of AFOs have only been studied by Syngellakis et al. 21, to the best of our knowledge. 

Syngellakis et al. 21 reported that AFO stiffness in dorsiflexion appeared to be greater than 

that in plantarflexion and that their findings contradicted experimental evidence from 

previous studies 8,9,12–14. Geometric nonlinearity and associated asymmetric stiffness of 

AFOs have been recognized in clinical practice, but the implications of these 

characteristics with respect to AFO functionality have not been sufficiently considered. 

This study aims to develop a computational model of an AFO to express its asymmetric 

structural stiffness during plantarflexion and dorsiflexion. We examined the mechanical 

responses of the AFO from external loading during plantarflexion and dorsiflexion based 

on physical experiments15 to gain insight into the effects of geometric nonlinearity on the 

mechanical behaviours. AFO mechanical assumptions were based on Kirchhoff–Love 



Proceedings of the Institution of Mechanical Engineers, Part H: Journal of Engineering in Medicine 

5 
 

plate theory, and three-dimensional equilibrium states with large deflection is precisely 

obtained by the idea of corotational triangle element formulation. In this formulation, 

large deflection of the plate can be treated as separately divided into small deformation 

on the local coordinate system assigned at each triangle element and finite rotation of 

the local coordinate system independently. Thus, geometric nonlinearity originating from 

finite rotation can be considered. We conducted case studies using idealized AFOs with 

two different ankle-region designs. 

 

2. Methods 

2.1 AFO design 

Two idealized AFO designs were created based on the shape of a human left lower leg 

and foot (heel to toe length: 27 cm; archived in GrabCAD; 

https://grabcad.com/library/scanned-human-foot-and-leg-1) (Fig. 1 (a)). We constructed 

a smooth surface based on the foot model using a surface fitting tool of Autodesk Fusion 

360 (Autodesk Inc. San Rafael, CA, USA) (Fig. 1(b)). The anterior region was cut and 

modified to cover the upper calf, based on the designs of AFOs used in clinical practice 

identified by a discussion with a physical therapist familiar with gait rehabilitation. Two 

ankle designs were created—one where the apexes of the malleoli were covered (design 

A) and one where the apexes of the malleoli were not covered (design B)—for a case study 

of different AFO designs (Fig. 1(c) and (d)).  

 

2.2 Computational modelling 
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2.2.1 Mechanical model 

The AFO was modelled as a thin smooth plate with constant thickness 22, based on 

Kirchhoff plate theory. Unit orthogonal axes ( )21 3r r r  are assigned as a local 

coordinate system, where r1 and r2 are tangential unit vectors, and r3 is a unit vector 

normal to the plate. The plate deformation in the local coordinate system is measured by 

the infinitesimal strain tensor  in Voigt notation, given by 

 ( ) L,1 L, L, L,
11

1

2 1 2
22 12

2 2 1

2
u u u u
x x x x

ε ε ε
 

= = + 
 

∂ ∂ ∂ ∂
∂ ∂ ∂ ∂

ε
・

・ , (1) 

and the curvature vector κ , given by 

 ( ) L,1 L,2 L,2 L,1
2 12

1 2
1

21

2
x x x x

θ θ θ θ
κ κ κ

∂ ∂ ∂ ∂ 
= =  ∂ ∂ ∂

+
∂ 

κ
・

・ , (2) 

where 3
L ∈u  and 3

L ∈θ   are transitional and rotational displacement vectors in the 

local coordinate system, respectively. The elastic energy U of the plate is the sum of in-

plane elastic energy Uin, from stretching and compression, and out-of-plane elastic 

energy Uout, from bending: 

 in outU U U= + . (3) 

Uin and Uout are surface integrals defined as 

 
3

in out
1 1,  ,
2 2 12

hU h d U d
Ω Ω

= Ω Ω=∫ ∫ κ Dκε Dε封  (4) 

where Ω is the plate area, h is the thickness, and the linear elastic constitutive matrix 

under plane stress  

ε
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is defined by the plate material’s Young’s modulus E and Poisson’s ratio ν.  

 

2.2.2 Discretization 

The AFO is discretized as a set of three-node triangular elements with 18 degrees of 

freedom 1 1 2 2 3
L L L L L L L

3 =  θ θ θd u u u , where the superscript number shows the node 

number of a triangle element as shown in Fig. 2. As described by Battini and Pacoste 23, 

the in-plane stiffness matrix was derived from Uin using the optimal membrane triangle-

element formulation 24, and the out-of-plane (bending) stiffness matrix was derived from 

Uout using the discrete Kirchhoff triangle-element formulation  25–27. To integrate these 

stiffness matrixes, stress resultants 18
L ∈f  in the local coordinates system can be given 

as 

 L L L=f K d , (6) 

where 18 18
L

×∈K   is the stiffness matrix constant in the local coordinate system assigned 

to each triangular element. 

We used the corotational triangle-element formulation developed in 23,28–31 to 

precisely define geometric nonlinearity in large deflections. Stress resultants in the global 

coordinate system 18
G ∈f   can be obtained by the coordinate transformation G L=f Bf , 

where 18 18×∈B   is the coordinate transformation matrix. To obtain mechanical 
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equilibrium state under external loading 18
ext ∈f  , we solved the static equilibrium 

equation 

 ( )G G ext+ =f d f 0  (7) 

with respect to translational and rotational displacements 18
G ∈d  for each node in the 

global coordinate system using the Newton–Raphson method. For more details of this 

formulation and implementation, please see 30. 

The linear system equation from eq. (7) was calculated using PARDISO implemented 

in the Intel Math Kernel Library. To treat instable behaviour of the AFO after buckling, the 

displacement control scheme was adapted. Verification of the code implementation was 

performed by solving a benchmark test (Appendix 1).  

 
2.3 Simulation 

AFO material properties were set to correspond to those of polypropylene (E = 1 GPa 

and ν = 0.35), and the thickness of the AFO was set to 2 mm 21. Triangle elements were 

created by Meshmixer 3.5.474 (Autodesk Inc. San Rafael, CA) with total number of 

triangular elements were 7,259 and 6,918 in designs A and B, respectively. The mesh size 

dependency of the solutions was analysed by comparing them to a solution derived using 

a finer mesh (22,065 elements) in design A. For the load test shown in the results section, 

the maximum difference of the resulting moment of the simulations with two different 

mesh sizes was lower than 2%. Thus, we concluded that the mesh size used in this study 

was acceptable.  
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For the load test, we set the plane formed by y and z unit orthogonal axes coincident 

to the AFO’s midsagittal plane; the top of the calf was set to y=0, and the sole of the foot 

was set to z=0 (Fig. 3(a)). Translational and rotational displacements constraints at the 

sole of the foot (z=0) were fixed. Relationships between moments of the AFO around the 

axis normal to the y-z plane (at the defined origin) and ankle angles from 10° 

plantarflexion to 20° dorsiflexion were obtained, representing the functional range of the 

ankle during gait  32. In this computation, a displacement control scheme 33 was adapted 

to treat the unstable post-buckling behaviour of the AFO. The prescribed displacement 

associated with the above ankle angle was applied midplane to the AFO corresponding to 

the top of the calf region for plantarflexion and dorsiflexion, and a resultant moment was 

obtained as a reaction. In addition, we considered the effects internal and external 

rotation on apparent stiffness of the AFO, given that internal and external rotations (±10°) 

occur during plantarflexion and dorsiflexion 34. We set the internal/external rotation 

angle range from −10° (external) to 10° (internal) in 5°-increments in the load test (Fig. 

3(b)).  

 

3. Results 

During plantarflexion, resulting moments linearly increased with increasing 

plantarflexion angle for both designs (Fig. 4). Moments for design A were greater than 

those of design B. During dorsiflexion, resulting moment increases with increasing 

dorsiflexion angle were not monotonic; the apparent stiffness of the AFO (steepness of 

the curve’s tangent) became negative at a flexion angle of approximately 5° for both 
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designs. Snapshots of the dorsiflexion load test (Fig. 4 (bottom)) show large deflections 

occurred at the lateral side the AFO near the ankle region; midsurface deformation of the 

AFO was spatially asymmetric. Differences due to the internal and external rotation of the 

AFO were negligible during plantarflexion but slightly noticeable near the local maximum 

of the AFO moment during dorsiflexion. 

To interpret AFO mechanical characteristics during plantarflexion and dorsiflexion, we 

evaluated the in-plane and out-plane elastic energies (Uin and Uout) stored in the AFO (Fig. 

5). During plantarflexion, the in-plane elastic energies were relatively higher than the out-

plane elastic energies. In contrast, during dorsiflexion, the out-plane elastic energies were 

higher than the in-plane elastic energies. These tendencies were shown in both design A 

and design B; however, the elastic energy of design A was consistently higher than that 

of design B regardless of the loading direction.  

Spatial distributions of in-plane and out-of-plane elastic energy were illustrated (Fig. 

6). At −10° (plantarflexion), in-plane elastic energy was higher than out-of-plane energy, 

and there were local maximums along the AFO trimline, especially near the ankle region 

of the design A. At 20° (dorsiflexion), in-plane elastic energy was lower than that at −10°, 

and out-of-plane energy was concentrated on the lateral side of the AFO near the ankle 

region, where large deflections occurred. 

 
4. Discussion 

In the present study, we examined AFO structural stiffness during plantarflexion and 

dorsiflexion, taking geometric nonlinearity into account. The moment–angle relationship 

was linear during plantarflexion but nonlinear during dorsiflexion, and apparent AFO 
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stiffness became negative during dorsiflexion, with large deflections on the lateral side of 

the AFO (Fig. 4). Buckling found in our study was consistent with findings from a previous 

study 15 for corresponding ranges of moments and ankle angles, demonstrating that 

asymmetric AFO structural stiffness occurs as a result of geometric nonlinearity during 

dorsiflexion. From a clinical viewpoint, this buckling behaviour can be interpreted to 

provide high flexibilities of the AFO during dorsiflexion. These results suggest that the 

mechanical evaluations of the nonlinear behaviours with large deflection may be used to 

consider the clinically relevant mechanical characteristics of the AFO. 

The AFO trimline, especially in the ankle region, is of primary interest in clinical 

practice when considering AFO design adjustments to modify stiffness 8,35. Our results 

showed that relatively high amounts of elastic energy were stored in the AFO near the 

ankle region during both plantarflexion and dorsiflexion (Fig. 6). During plantarflexion, 

relatively high amounts of in-plane elastic energy were found along the trimline of design 

A which indicates that the AFO structure near the ankle performs mechanical work to 

resist plantarflexion through in-plane elastic stiffness. During dorsiflexion, relatively high 

amounts of out-of-plane elastic energy were stored in the AFO’s lateral side (Fig. 6). 

Bending of the AFO on the lateral side caused mechanical instability (buckling)—a state 

with a negative apparent stiffness (Fig. 4). These findings highlight the different 

mechanical roles of AFO trimline design during plantarflexion or dorsiflexion. For clinical 

use, AFO trimline designs that allow high in-plane elastic stiffness and low stiffness to 

counter small bending loads may provide sufficient stiffness during plantarflexion and 

flexibility during dorsiflexion. Although physicians may consider these mechanical 
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implications empirically in their design process, this detailed characterization of AFO 

mechanical function may be valuable for systematic AFO design , which is useful in the 

field of additive manufacturing with 3-D printers 36,37.  

 During plantarflexion and dorsiflexion, ankle kinematics include internal and external 

rotations (approximately ±10°, with subject-specific differences34). This complex joint 

motion occurs because the functional axis of the ankle joint is not perpendicular to the 

sagittal plane38. These characteristics were not taken into account when AFO stiffness was 

evaluated by applying an external load or moment in the midsagittal plane (e.g., in 15). In 

this study, the effects of internal and external rotation on AFO stiffness were considered 

and did not have a noticeable effect, especially within the linear range of deformation 

(Fig. 4 top-left). Based on these findings, the assumptions used in previous studies appear 

to be appropriate for evaluating linear stiffness. In contrast, the effects of the internal and 

external rotations were evident near the local maximum of the resultant moment (Fig. 4 

top-right). Although these differences may be secondary from clinical viewpoints, this 

finding suggests that geometric nonlinearity of the AFO should be taken into account to 

comprehensively characterize AFO mechanics.  

Three limitations of the study were identified. First, in this study, simplifications of 

AFO designs and mechanical properties were used. Although these simplifications make 

interpretation of the effects of geometric nonlinearity easier, quantitative evaluations of 

AFO stiffness and changes under external loads are more difficult. For example, this study 

assumed that the AFO thickness was constant, whereas the AFO thickness is not constant 

in the adjustment process and may be an influential factor in the AFO mechanical 
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behaviours. Second, the boundary conditions applied in this study do not fully reflect 

actual conditions of the human gait; instead they were set based on physical experiments 

of the AFO stiffness during uniaxial rotation15. The results can clarify fundamental AFO 

mechanical characteristics with geometric nonlinearity and its local mechanical states; 

however, the AFO stiffness obtained from simplified boundary conditions does not 

correspond to actual usage with non-uniaxial rotation. Further considerations using 

personalized computational conditions and the validations based on physical AFO 

experiments would be valuable in the mechanically appropriate AFO design for each 

patient. Third, load tests were conducted using two AFO designs. An additional systematic 

study using other AFO designs, such as parametric studies about the trimline and 

thickness, are necessary for a detailed understanding of the AFO design from a 

mechanical viewpoint and for a mechanically appropriate AFO design for each patient.  

 

5. Conclusions 

The present study demonstrated a computational model of AFO considering 

geometric nonlinearity and investigated AFO structural stiffness during plantarflexion and 

dorsiflexion. Resulting moment–ankle angle relationships were linear during 

plantarflexion, with predominantly in-plane elastic stiffness performing mechanical work. 

Resulting moment–ankle angle relationships during dorsiflexion were nonlinear due to 

bending and buckling of the lateral side of the AFO. These findings demonstrated 

asymmetric structural stiffness of the AFOs during plantarflexion and dorsiflexion as well 

as geometric nonlinearity of the AFOs during dorsiflexion. The proposed computational 
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model enables the expression of the fundamental mechanical behaviours of AFO with 

geometric nonlinearity. Thus, we believe that the model can be used as a base 

computational model for mechanically appropriate AFO design considering patient-

specific conditions. 
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Appendix 1. Code verification 

Verification of the code implemented for corotational triangular elements was 

conducted as a benchmark for nonlinear large deformation (c.f., 30,39). An isotropic 

cylinder was fully fixed at one end and free at the other end. The radius, length, and 

thickness of the cylinder were set to 1.016, 3.048, and 0.03, respectively, and the Young’s 
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modulus and Poisson’s ratio were set to 2.0685×107 and 0.3, respectively. The cylinder 

was discretized using 32×16 triangular elements, and a vertical load was applied to the 

surface of the free end (Fig. A1 (top)). Figure A1 (bottom) shows the load–displacement 

curve at the loading point. Our results and those of Battini 30, who originally proposed the 

corotational triangular element used in this study, were in excellent agreement, and thus, 

we concluded that our implementation successfully passed the benchmark test. 
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Fig. 1 AFO model construction overview. (a) A smooth cylindrical surface based on a 

human left foot was created. (b) The anterior side of the cylindrical surface was cut. (c) 

Two designs covering and not covering the apexes of the malleoli were constructed 

(designs A and B). (d) Lateral views of these designs.  
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Fig. 2 Schematic of the computational model of the AFO. The AFO is discretized as sets of 

three-node triangular elements. A local coordinate system is assigned to each element, 

and an orthonormal triad is set for each node. A node thus has three-dimensional 

translational and rotational freedom of movement. 
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Fig. 3 Setup of the load test during plantarflexion and dorsiflexion: (a) boundary 

conditions and (b) internal and external rotations of the AFO. 
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Fig. 4 AFO moment–ankle angle relationships of designs A and B during plantarflexion 

and dorsiflexion (top). Snapshots of the AFO designs A and B (transparent view) during 

simulated dorsiflexion of the model (bottom). Error bars show maximum and minimum 

values for external/internal rotation angles (n=5, from −10° to 10° in 5°-increments). 
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Fig. 5 Elastic energy–ankle angle relationships for designs A (red) and B (blue) during 

plantarflexion and dorsiflexion, with 0° of external/internal rotation. Solid and dashed 

lines show in-plane and out-of-plane elastic energies, respectively. 
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Fig. 6 Spatial distributions of the in-plane and out-of-plane elastic energy at −10° 

(plantarflexion, top) and 20° (dorsiflexion, bottom), with 5° of external/internal rotation, 

for designs A (left) and B (right). 
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Fig. A1 Pinching of a clamped cylinder (top) and load–vertical displacement curve at the 

application point (bottom). Vertical displacement was normalized by the radius of the 

cylinder. 

 

 


	Two idealized AFO designs were created based on the shape of a human left lower leg and foot (heel to toe length: 27 cm; archived in GrabCAD; https://grabcad.com/library/scanned-human-foot-and-leg-1) (Fig. 1 (a)). We constructed a smooth surface based...
	2.2.1 Mechanical model
	The AFO was modelled as a thin smooth plate with constant thickness 22, based on Kirchhoff plate theory. Unit orthogonal axes  are assigned as a local coordinate system, where r1 and r2 are tangential unit vectors, and r3 is a unit vector normal to th...
	and the curvature vector , given by
	.
	Uin and Uout are surface integrals defined as
	where  is the plate area, h is the thickness, and the linear elastic constitutive matrix under plane stress
	,
	2.2.2 Discretization
	The AFO is discretized as a set of three-node triangular elements with 18 degrees of freedom , where the superscript number shows the node number of a triangle element as shown in Fig. 2. As described by Battini and Pacoste 23, the in-plane stiffness ...
	, (6)
	where  is the stiffness matrix constant in the local coordinate system assigned to each triangular element.
	We used the corotational triangle-element formulation developed in 23,28–31 to precisely define geometric nonlinearity in large deflections. Stress resultants in the global coordinate system  can be obtained by the coordinate transformation, where  is...
	(7)
	with respect to translational and rotational displacements for each node in the global coordinate system using the Newton–Raphson method. For more details of this formulation and implementation, please see 30.
	The linear system equation from eq. (7) was calculated using PARDISO implemented in the Intel Math Kernel Library. To treat instable behaviour of the AFO after buckling, the displacement control scheme was adapted. Verification of the code implementat...
	AFO material properties were set to correspond to those of polypropylene (E = 1 GPa and 0.35), and the thickness of the AFO was set to 2 mm 21. Triangle elements were created by Meshmixer 3.5.474 (Autodesk Inc. San Rafael, CA) with total number of...
	For the load test, we set the plane formed by y and z unit orthogonal axes coincident to the AFO’s midsagittal plane; the top of the calf was set to y=0, and the sole of the foot was set to z=0 (Fig. 3(a)). Translational and rotational displacements c...
	During plantarflexion, resulting moments linearly increased with increasing plantarflexion angle for both designs (Fig. 4). Moments for design A were greater than those of design B. During dorsiflexion, resulting moment increases with increasing dorsi...
	To interpret AFO mechanical characteristics during plantarflexion and dorsiflexion, we evaluated the in-plane and out-plane elastic energies (Uin and Uout) stored in the AFO (Fig. 5). During plantarflexion, the in-plane elastic energies were relativel...
	Spatial distributions of in-plane and out-of-plane elastic energy were illustrated (Fig. 6). At −10  (plantarflexion), in-plane elastic energy was higher than out-of-plane energy, and there were local maximums along the AFO trimline, especially near t...
	4. Discussion
	Three limitations of the study were identified. First, in this study, simplifications of AFO designs and mechanical properties were used. Although these simplifications make interpretation of the effects of geometric nonlinearity easier, quantitative ...

