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1. Introduction

Let R be a hyperbolic Riemann surface. Among all kinds of compacti-
fications of R we are especially interested in the Martin’s and the Kuramochi’s
compactifications which are denoted by R*¥*™ and R*¥ respectively. It was shown
by Z. Kuramochi [6] that there exists a sequence of points on R converging to a
Martin boundary point b and containing two subsequences such that each one
tends to a Kuramochi boundary point and their limit points are distinct. We
shall state this fact that many Kuramochi boundary points lie upon 4. He also
showed an example of R in which many boundary points lie upon a Kuramochi
boundary point. Thus, we know there exist no quotient relations between R*M
and R*X. Tt would not be too much to say that the difficulties to establish the
relation between R*™ and R*X arise from this fact. In this paper, we shall
study this relationship with the aid of poles.

The notion of poles was introduced by M. Brelot [1] and its importance was
shown by L. Naim [8] in her study of axiomatic Dirichlet problem. Let &k, be
a minimal positive harmonic function corresponding to a minimal Martin boun-
dary point 5. 'Then, there exists at least one point 4’ in the Kuramochi boundary
for which the reduced function (&,),; is equal to k,. This point b’ is termed
the pole of & in the Kuramochi boundary. If the pole of b is b’ only, b’ is called
the unique pole of b and is denoted by ®(d). In the present paper, the mapping
® will play a central role.

In §2, the definition and some elementary properties of poles are given. The
poles in the Kuramochi boundary are related intimately to Dirichlet problem in
R*X | which is stated in Theorem 4 in §3. From this point of view we may say
many Martin boundary points lie upon a pole in the Kuramochi boundary in
general; that is, except a set of harmonic measure zero the Kuramochi boundary
is covered by the Martin boundary. An HD function u has fine boundary values
% on the Martin boundary and quasi-continuous extension #* on the Kuramochi
boundary. #@ and u* are connected with each other by ®, which is stated in
Theorem 4. From this we can also prove Theorem 5, which was partly obtained
by J.L.Doob [4]. In§4 the Kuramochi boundary of some subdomain is studied,
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By using the result of §4, in §5 we can derive a property of canonical potential
which was studied by Y. Kusunoki [7]. In §6 we shall restrict ourselves to the
surface on which MHB(R)=MHD(R). In this Riemann surface, roughly speak-
ing, ® makes correspond the Martin boundary to the Kuramochi boundary one-
to-one almost everywhere. In the last section, we consider the boundary property
of a sequence of HD functions converging in the Dirichlet norm, which is a con-
sequence of the result of J.L. Doob [4] and ours*.

2. The definition and the elementary properties of poles
in the Kuramochi boundary

Let R be a hyperbolic Riemann surface. In the sequel, we shall use the fol-
lowing notations:

R*M(R*K): the Martin’s (Kuramochi’s) compactification of R.

AM(A¥) : the Martin (Kuramochi) boundary of R.

oM(0®) : the harmonic measure on AM(AX).

AY : the set of all minimal boundary points in AM.

HY(H¥) : the solution of Dirichlet problem corresponding to the bounda-

ry function f(f) on AM(AK) with respect to R*M(R*¥).

A(A*)  : the closure of 4 which is taken in R*¥M (R*K),

To every b= A, there corresponds the minimal positive harmonic function
k,. If the reduced function of &, with respect to a subset A of A¥ is denoted by
(k) > (ky)4 is equal to &, or zero and for at least one point b’ €A%, (k) =k,".
In this case, the point b’ is termed the pole of b (of k,) in A¥, and the set of
poles of b is denoted by 5. As in [5] we see:

Theorem 1. For b AY, the following three sets coincide

(i) the set of poles of b in AX.
(i) N{E*; ECR, R—E is thin at b}.
(iii) N{G*; G is an open set in R and R—G is thin at b}.

where in the latter two sets closures are taken in R*X.

From the above theorem we see that the set of poles is connected.

We shall denote by A{M the set of all points b, each of which has the unique
pole in AX. For each b&A(M, the unique pole of b is denoted by ®(b). It is
known®

* Added in proof. Prof. Y. Kusunoki has kindly pointed out that some results, in particular
those in §5 and §7, are obtained, by using quite different method, in his article: Y. Kusunoki
and S. Mori: Some remarks on boundary values of harmonic functions with finite Dirichlet
integrals, J. Math. Kyoto Univ. 7 (1968), 315-324.

1) Cf. [1], p. 328, also, [8], p. 256.
2) Cf. [8], th, 33 and cor., p. 260,
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2.1) oMAM—AM) =0,
(2.2) oK(AF—D(AM) = 0.
We have also:

Theorem A. For every resolutive function f' in AX the function f, defined
as f'o® on AIM and zero elsewhere, is also resolutive and HY=H%.

This theorem is a consequence of Naim’s theorem ([8], th. 38, p. 267), but in
view of the central role of this theorem in our present paper, we shall give here a
direct proof.

Proof of Theorem A. Let s be an arbitrary subharmonic function, bounded
from above, and lim s(a)< f'(’) at each b’ AX. Since by Theorem 1, for any
a>p’

neighbourhood U’ of 4" in R*%X, U’ N R is not thin at every point of ®*(b"), with
the aid of (2.1) we have s<HM®. Hence, HE<HY. Similarly H¥ <H¥,
consequently HE=H}.

REMARK 1. From Naim’s theorem we can derive moreover HE=H?., for
an arbitrary boundary function f.

ReEMARK 2. If u MHB(R)® and if there exists a set 4 of dw™-harmonic
measure zero such that the fine boundary values # of u are equal on each
®~'(a")—A, then the function f’ defined as this equal value 7(a) at each a'=®(a)
and zero elsewhere is resolutive and HY¥=HEX.

For an ideal boundary component of Kérékjarto-Stoilow e, we shall define

(2.3) AM =0 G,,
n=1

where {G,} is a determining sequence of e. They are the boundary components.
Theorem 2. For be A¥ N AY the set of poles bV is contained in AX.

Proof. We may take the determining sequence {G,} of e such that

1) R—G, is a domain,
2) the relative boundary of G, coincides with the relative boundary of
R—G,: 0G,=d(R—G,,).

Here, if R—G,N G,NAM=¢, then R*™—9G, is open and connected. Since
the Martin’s compactification is of type S ([2], p. 99), we have R*™—3G,—AM

3) Cf. [8], th. 23, p. 245.
4) MHB(R) is the family of all quasi-bounded HP functions; i.e. the smallest monotone
family of HP functions containing all bounded harmonic functions.
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=(R—G,)UG, is connected, which is a contradiction. Therefore R—G,N
G,NAM=¢. This means, for every G, and for every point b of A¥, there exists
a neighbourhood U(b) of b such that U(b)NRCG,. Accordingly, R—G, is
thin at each point of A¥NA¥. Hence, by Theorem 1 »VCG,* and finally
bv C AX, which completes the proof.

Corollary. ®(AMNAY)=D(AM)NAK.

Remark. The correspondence @ is not one-to-one in general.

3. Dirichlet problem with respect to the Kuramochi’s
compactification

In this section we shall consider Dirichlet problem with respect to R*X, It
is known that the Kuramochi’s compactification is a resolutive compactification
([2], p- 167). In this paper, it is fundamental that the family of all Dirichlet
solutions with respect to R*X is identical with MHD(R), i.e. the smallest
monotone family of HP functions containing all HD functions. ([2], p. 167).
With resolutive function f’ on A¥, we can associate the harmonic function H¥%.
But this correspondence is not one-to-one. To remove this inconvenience, we
shall consider two functions which are identical except a set of harmonic
measure zero, to be equivalent. Then, there exists a one-to-one correspondence

between the Banach space L'(A%; dcoK)z{f'; S KIfIdcoK<O<>} and MHD(R).
A

On account of this convention we may assume f'&L'(A¥, do®) vanishes on

AK—D(AM).

It was shown by Z. Kuramochi [6], that, as the topological space there are no
quotient relations between R* and R*¥. But in view of Theorem A, concerning
Dirichlet problem, we may consider R*¥X is covered by R*M., We shall state
this in

Theorem 3. There exists a mapping T from L'(A¥, do*) into L'(AM, dw™)
such that

1) Tis linear.
2) fi'<f implies Tf,' <Tf,".
3 NFN=NTF.
The mapping T is onto if and only if MHD(R)=MHB(R).

Proof. If we associate with f'& L(A¥, dw®) the function f defined as
f'(®(b)) on Ai™ and zero elsewhere, then we have H}'=H%. Setting Tf’=f,

we obtain the desired mapping. From

5) This means, of course, the relation “<”’ holds except a set of harmonic measure zero.
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MHB = {H¥; f€ L{AM, do™)},
MHD = {H%; f' € LA, do®)}

we can derive at once the latter half of this theorem.

The image of L'(A¥, dw*X) under the above mapping T is a closed subspace of
L'(AM,do™). It seems interesting to the author to what closed subspace of
L'(AM, do™) there corresponds the family of resolutive functions on some com-
pactification.

Theorem 4. For ucHD, the quasi-continuous extension u* of u on A¥
belongs to L'(AX, dw®) and HX=u.

Proof. We shall use the same notations as in [2]. In the proof of Constan-
tinescu-Cornea ([2], p. 168) it is assumed that % is bounded, this assumption is
not essential however. For some compact exhaustion {K,} of R we have

3.1) 3 [t — ) V (ha—thys )] <+ 0,

and {u,} converges uniformly on every compact set in R, where u,, is the HD-part
of Royden’s decomposition of a Dirichlet function #—u*». The functions u¥»
are extended continuously on R*X| and if u®» denotes the extended function
again, u¥» is bounded. We have

(3.2) s—tuy = HEx,,
(3 3) (un+1—un)v(un_un+1) = HI[;K,.H—uKnl .

By (3.1) and (3.3) ijluKi+1—uKi| converges dwX-a.e.,” therefore {u®} con-
verges dof-ae..
On the other hand, the quasi-continuous extension u* of u is defined as

WS (w¥ivi—u®)  on AX—P
u* — =1

0 on P,

where P is a set of Kuramochi capacity zero. Since o®*(P)=0, we see

u¥ = w13 (UK —uki) = w3 (W¥in—uXi)  do¥-a.e.
i=1

and
lim uX» = y* do¥-a.e..

n-»oc0

On account of (3. 2), for some fixed a€ R

6) a.e. means “almost everywhere”, that is ‘“‘except a set of measure zero”.
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(@) —tn(a) = HExn(a) = SAKuKn(b')dcof(b’) .

Since lim #,(a)=0, we obtain #%(a)=lim S LWrdog. In view of (3.1), (3.3)
npoo nyoo JA

oo

SV uEn—uKnnr| € LH(AK, dok)

n=1

and from
|| < || [t < 051 3w
n=1
we have
limS uEndowX = S lim u%n dwX
ny>o0 JA AK n-»o00
ie. u*e L'(AX, do*) and H i =u, q.e.d.

According to Theorem 4 and Theorem A we conclude the following theorem,
which was obtained partly by J.L. Doob ([4], th. 6.1).

Theorem 5. If f is a Dirichlet function, it has a finite fine boundary function
f doM-almost everywhere on AM. Moreover, if f* denotes the quasi-continuous
extension of f on AX, then f=f*o® dw™-almost everywhere.

Proof. Let f=u-f, be the Royden’s decomposition of f, where uc HD
and f, is a Dirichlet potential. % has a finite fine boundary function fdoM-ae.
on AM and HY=u". Since |f| is dominated by a potential, f, has a fine
boundary value zero dw™-a.e.®. Since a quasi-continuous extension of a
Dirichlet potential is zero quasi-everywhere on A¥ ([2], Satz 17. 10), f*=u*
do®-a.e. and by Theorem 4, u=H%. Applying Theorem A we have H¥,,=
H 54_"’ This implies the conclusion of our theorem.

4. Kuramochi boundary of subdomains

In this section we shall consider the Kuramochi boundary of a special sub-
domain, that is, a connected component of the complement of some compact set.

In the sequel, let S be a domain not relatively compact, and let its relative
boundary be compact and sufficiently smooth (for instance, it consists of a finite
number of piecewise analytic curves).

We shall fix a closed disc K, in S and consider the Kuramochi’s compactifi-
cations of R and S with respect to K,. Let us denote by Z,, 25> the Neumann
functions of R—K, and S—K, respectively.

7) Cf.[3], th. 4.1, th. 4.3, pp. 296-7.
8) Cf.[3], th. 4.2, p. 297.
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For ae .S we have

4.1) S = g,—w
where w is harmonic in S, and except possibly a finite number of points,
~ 9
g—u—’=%&“ ’ on 8S. Let {K,} be a compact exhaustion of R. We obtain
n On
_( o0
4.2) D[w] = Sasw s,

where D[w] is the Dirichlet integral of @ over S,=S—K,. In fact, let f be a
function in C=(S) such that f=0 on K,NS and f=w on S—K,, (m>n). Since
for sufficiently large n @w®»"S=w'> in each component of S,— K, <dw, df >s,=0.
And {dw, df>s,={dw, df >s_x,=lim {dw, df >¢x,,-xpns- On the other hand,
by Green’s formula we have "

{dw, df>(Km—K,.)ns = S wa—wds .
3KmNs On
Lemmal. Let S be a non-compact domain of R whose relative boundary 0S
consists of a finite number of piecewise analytic curves. For w=g,—gs> and for a
closed subset F of S such that 3(R—F) is compact and (S—F)N(8S UK,)=¢,
we have w"=w.

Proof. If a¢ S—F, our lemma is derived immediately from the proper-
ties of g, and Z5. Assume now a€S—F and set w,—=wF. We can find a
closed set F, such that F CF, and w"1=w. Since (@) *=w" the maximum
and the minimum of w—w, in S—F, are attained at some points of 3(S—F,)
respectively. Hence, the harmonic function w—w, has its maximum and
minimum in S—F at some points of 9(S—F), while w—=,=0 on 9(S—F), this
implies w=w, =w", which completes the proof.

Theorem 6. Let S be a non-compact domain of R whose relative boundary
dS consists of a finite number of piecewise analytic curves. The Kuramochi’s
compactification S*X of S is homeomorphic to S*, where S* is the closure of S in
R*X,

Proof. Concerning the relative boundary 8., the statement of our theorem
is evident. Let {a,} be a sequence of points of S converging to a boundary
point b AX.  Since {g,,} converges uniformly to &, on 3.5, {0 4,,/0n} also con-
verges uniformly to 8g,/0n on 8S. If we set w,=g,,—&>, {w,} converges

”n?

9) In this and in the following, 8/0n always denotes the outer normal derivative with
respect to the related domain.
10) About the definition of wX»nS see [2], p. 155.
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uniformly on each compact set in S. To see this, we consider Dirichlet integrals

4.3) D[w,,—w,] = Sas (wm——w,,)a_(jwrg_:’fi) ds

= Sas (Wye—Ws) 9(Za, (g“'g___n_g“”) ds .

Since w, are uniformly bounded on 8S, (4.3) implies D[w,, —w,]—0 as
m, n—>oco. Combining this with w,=0 on 9K, we see at once {w,} converges to
w, uniformly on each compact set of S. This means {a,} is at the same time
a determining sequence of some boundary point b’ S*¥—(SUdS).

Conversely, let {a,} be a sequence of points in S converging to b’ S**—
(SUS) in the topology of S*X. Suppose that there exist two subsequences
{a,/, {a,} such that {a, )} converges to b,&A¥ and {a, .} converges to
another point b,EAX.  As above, {w, /}, {w, »} converge to w’, w” respectively.
Moreover, we have g, —g,,=w’'—w" in S. By the preceding lemma, for suf-
ficiently large compact subset K of R we have (w'—w")¥"S=w’'—w", whereas
(g,,l—g,,z)" NS &y, — &, Which leads us to a contradiction. From this we can
easily complete the proof.

The homeomorphic mapping from S* onto S*X, thus established, will be
denoted by I.

Corollary. If P is a subset of S*—R fulfilling »®(P)=0, then the harmonic
measure of I(P) with respect to S*¥ is also zero.

Proof. Let s be a superharmonic function on R, bounded from below and
lim s(a)>Xp(b) at every b= A¥, where Xp is the characteristic function of P'.
a-»p

It follows immediately s>0 and the restriction of s on S belongs to the family
defining the upper solution A" " with respect to S*¥. Hence, 0<HS™"
<HZX =0, which completes the proof.

5. Functions of the class HD(R— K)

In this section, let K be a fixed compact set and let # be in HD(R—K), i.e.
u is a harmonic function with finite Dirichlet integral in each component of
R—K. We shall assume further that 9(R—K) consists of a finite number of
piecewise analytic curves'®, For definiteness, we shall fix one component S of
R—K and consider it a Riemann surface. The Kuramochi boundary of S is
divided into two parts. One of them is homeomorphic to a part of 3(R—K)

11) Thatis, yp=1 on P and o elsewhere.
12) It would be easily seen that in the following theorem this restriction is harmless.
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and will be denoted by 0.5 again. 'The remaining part of the Kuramochi boun-
dary of S is important for our purpose and is denoted by A%,. By Theorem 6,
A%, is homeomorphic to S*—(S UaS).

Lemma 2. If we denote the quasi-continuous extension of u on S* (with
respect to R) by u* and set 4=u*ol~" then Hy'=u in S, where H3" is the Dirichlet
solution with respect to S*X.

Proof. If we remark the following, the proof would be quite same as that
of Theorem 4. Let u—u®»"S=f>+4+u{>' be the Royden’s decomposition
in S, i.e. f& is a Dirichlet potential in S and € HD(S). Since S*—.S
is homeomorphic to S*X—.S, ¥ can be extended continuously to the
Kuramochi boundary of S. Denoting this extended function by u%3, we have
also u—uS=H 3&4 and u=H f:m s ufy converges dwk;-a.e.’. By Theorem

oo

4, w*=Ilim u*» do®-a.e. and by Corollary to Theorem 6, d=u*ol'=lim u¥nol™*

7300 nyoo

=lim u%: dwk,-a.c..

n-poo
In his paper [7], Y. Kusunoki investigated the properties of canonical
potentials: a canonical potential has a constant quasi-continuous extension quasi-
everywhere on each Kuramochi boundary component A%. Concerning this, we get

Theorem 7. Every canonical potential has a constant fine limit almost every-
where on each Martin boundary component AM.

Proof. A canonical potential # belongs to HD(R—K), where K is compact
and may be assumed that 0(R—K) consists of a finite number of piecewise
analytic curves. In each component S of R—K, u is a solution of Dirichlet
problem H§* and by the preceding lemma, we can assume u is constant on each
boundary component. According to Theorem 4, # is considered as a Dirichlet
solution corresponding to the boundary function ¢ with respect to the Martin’s
compactification of S. 'The Martin boundary of S is divided into two parts,
one of which is homeomorphic to 8S. By the Corollary to Theorem 2 we can
assume @ is constant on each boundary component of the remaining part.
Hence, u has a constant fine limit almost everywhere on each Martin boundary
component not homeomorphic to 3S. Above reasoning is accomplished related
to the Riemann surface S, nevertheless, as is known' the same conclusion
remains valid for R. Thus, the theorem is proved.

13) u%n has the same meaning as in the proof of Theorem 4, that is, {K,} is an exhaustion
of R and not of S.

14) wE(s) denotes harmonic measure with respect to the Kuramochi’s compactification
S*E

15) Cf. [8], th. 15, p. 224.
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6. Surfaces on which MHB(R)=MHD(R)

On account of Theorem A, we see that if the mapping ®, defined in §2, is
one-to-une except a set of do™-harmonic measure zero, then MHB(R)=MHD
(R). The converse of this is also valid. Before proving this, we shall investigate
a special case in which A¥ contains at least one point with positive harmonic
measure.

Theorem 8. (i) If oM({8})>0 for bEAM, then oX({®(b)})>0. (ii)
Under the condition MHB(R)=MHD(R), if o¥({b'})>0 for b’ EAX then there
exists one and only one b= A such that ®(b)=b" and »™({b})>0.

Proof. (i) Since b=P(D(b)) and b=AM, we have o™(P7'(D()))>0.

Hence, H% [ Q“)}—H % (- 1<¢<b>>}>0’ where X5 denotes the characteristic function

of E. 'This means o®({®(b)})>0.
(ii) Suppose that no point of ®~'(d') is of harmonic measure positive.
Then there exist two measurable subsets E,, E, of ®7*(b) such that

(6.1) ENE,=¢,
(6.2) WME)>0  (i=1,2).

From the assumption MHB(R)=MHD(R) we have H3) =H% (i=1, 2) for
some function f;. By (6.2), HX¥>0. Since
HY = HY >HM

X {51} o -1 =" "*mi

— K
'_Hf,')

we have X >f; do¥-ae.. Hence, fi=¢;Xy), ¢;>0 (1=1,2). By (6.1)
H,{";/\H%Z———S Mmin (Xk, Xg,)dw™=0; this implies min (¢, ¢,)=0, which is a
A

contradiction. Thus, there exists at least one b ®'(b") with positive harmonic
measure. To prove the uniqueness of such b, suppose there exist two distinct
points b,, b, such that ®(b,)=®(,)="b’, and o™({b;})>0 (i=1, 2). As above,
H",{(bi}———c;H’,‘(lb,] for some positive number ¢; (=1, 2), but O=H"x’{bl) /\H"X‘“z)
=min (¢, ;) H% ,,, which is a contradiction, and the theorem follows.

Since in the statement (i) of Theorem 8 we have not assumed MHB(R)=
MHD(R), we have the following corollary which was obtained by Constantinescu-

Cornea ([2], Folgesatz, 11.2, p. 123).
Corollary. UpypCUpyp.

Lemma 3. Suppose MHB(R)=MHD(R). For every dw™-measurable set
A on AM we can find a do™-measurable set A’ such that
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1) HY=H%"™,
2) A ca(d),
3) wM(A—®(A4')=0.

Proof. In view of our assumption, we can find dw®-measurable set
A’ fulfilling H¥=H%/,. We shall show o*(4'—®(A4))=0. Actually, since
HE/ o0y <H%=H? and since, by the Remark 1in§2, H%/_oc1,=HY-1 4’ _oca»
<HMx_, we have

0<HY o <HYNHYu_,=0.

This enables us to select A’ in the subset of ®(A4). Next, if there exists do™-
measurable set P of positive harmonic measure fulfilling Pc 4 —®7'(4’), then
by what we have proved, we can find a dw®-measurable set P’, such that
P'c®(P) and O<HY¥=H%/. From HY¥<HY—=H% and ®(P)NA' =4,
it is derived that 0<H¥ < HX&/AH% =0. This contradiction tells us
oM(A—®*(A'))=0, and we obtain the assertion of our lemma.

Theorem 9. In order to be MHB(R)=MHD(R), it is necessary and sufficient
that except a set E of dw™-harmonic measure zero on AM, ® defines a one-to-one
mapping from A{M—E to its image.

Proof. Let {G,} be a countable base for AM. For a€ AM we write
®,={G;; a=G,}. For every G, the set in AX described in the preceding lemma
is denoted by B(G,). Since H¥,=H%,,, we have o* (B(G,,)NB(G,))=0
whenever G,,N G,=¢. We set

X = {acAM; D(a)e N B(G,)}
‘j €6,
and

E’ == U {B(Gm) ﬂ B(Gn)} ’

where the union ranges over all suffices m, n such that G,,NG,=¢. We set

also X'=®(X) and E=®"'(E’). We shall remark o™(AM—X)=wX(A¥—X").

In fact, if a€A™—X, then o/'=P(a)& N B(G,), that is, a'&B(G;)
GjE@a

for some G;E®,; this means a=G;—P'(B(G;)). In other words,
AM_XC U {G,—®7'(B(G,))} and by the preceding lemma, the latter set is
n=1

of dw™-measure zero. Next, since @ (A - X")=AM—D (X' )CAM—X, we

have o (A¥ —X")=0. If we have a’'E ®(a,)=3(a,) for distinct points a,, a,E

X—E, then a’'€( N BG;))N( N B(G;)) and a’&E’. On the other
G/

ie al ]E ap

16) It is denoted by Hf the solution Hﬁ for brevity, and in the following we shal|
use this notation throughout,
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hand, we find G, G; such that G,€®, and G,€8,, and G,N Gi=¢. Then
a'€ B(G,) N\ B(G), consequently a’E’, which is a contradiction. Hence, we
see that the mapping ® gives a one-to-one correspondence from X—E onto
X’'—E’ and that the complements of these sets are of harmonic measure zero
respectively. Since, as is stated at the beginning of this section, the converse is
trivial we can complete the proof.

We shall use the terminology ‘“‘canonical domain” as follows: a canonical
domain is relatively compact domain whose boundary is composed of a finite num-
ber of piecewise analytic curves.

Theorem 10. In order that the condition MHB(R)=MHD(R) be satisfied,
it is necessary and sufficient that for every canonical domain R, each component S
of R—R, satisfies the condition MHB(S)=MHD(S).

Proof. Let Sbe one of the component of R—R,. The Martin (Kuramochi)
boundary of S is decomposed into two parts, one of which is homeomorphic to
a simple curve of 0R,. The remaining part will be denoted by AM(A¥). It is
well-known that A is homeomorphic to a subset of A and by Theorem 6, A¥
is also homeomorphic to a subset of AX. If MHB(R)=MHD(R), then in virtue
of Theorem 9, we see that except a set of harmonic measure zero, ® makes
correspond AM to A¥ one-to-one manner. This is also true for between AM and
A¥. Thus, we have MHB(S)=MHD(S). Next, assume that MHB=MHD
holds for each component. Let u MHB(R). The restriction of % on each
component, S say, is a function in MHB(S) and also in MHD(S). This means
fine boundary values # of u take equal value on ®~*(a’), from which we conclude
ue MHD(R) and complete the proof.

7. Convergence in the Dirichlet norm

In [4], J.L. Doob proved that for uc HD if we denote by u’ the fine
boundary values of » at AM, then we have

(7.1) SA” |u|*doM<c-D[u],

where c¢ is a constant not depending on %, and D[«] is the Dirichlet integral of u
over R. With regard to this theorem, we can get a relation of boundary
functions correspoding to HD functions which converges in the Dirichlet norm.

Theorem 11. Let u,, uc HD (n=1, 2, -++) and lim D[u,—u]=0. Let,

and 4 be the quasi-continuous extensions of u, and u respectively. Then, there exists
a subsequence {d,,} of {fL,} converging to # dw®-a.e.,
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Proof. Without loss of generality, we can assume u=0. Letu,’ be the fine
boundary values of u, on AM. We have u,/=u#,c® doM-a.e.. Consequently
|4, |*= |y |?® dwM-a.e.. This implies H%/g—:H;—{”g. By the preliminary
remark,

Sm,,;zdw'f - S|u,,|2dcoM£c-D[u,,] :

Hence, there exists a subsequence {#,,,} which converges to zero dw®-a.e.. Thus,
we obtain the theorem.
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