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In light refraction between two transparent media, Snell’s law describes the relationship between the incident
angle and refraction angle. The refractive index is usually determined from Snell’s law using the minimum
deviation angle through a prism. A medium that partially absorbs light has complex permittivity (or perme-

Prls{.n . ability), and its refractive index has an imaginary part. Because of the imaginary part, Snell’s law does not hold
Deviation angle A . N ) X :

Refraction for light-absorbing media. Accordingly, other methods are required to determine the complex value of the
Absorbing refractive index in a light-absorbing medium. The exact solution of Maxwell’s equations was obtained for light
Laser path passing through a prism composed of a light-absorbing medium. Thereby the optical path was determined. The

difference of optical paths between light-absorbing medium and transparent medium was calculated numeri-
cally. The difference is very large in the neighborhood of perfect reflection area of transparent medium. We
found two methods to determine the complex value of the refractive index using the optical path. Both methods
analyzed the solutions in detail for two specific incident angles. The deviation angles corresponding to the two
incident angles determined the complex value of the prism’s refractive index. Of course, the obtained refractive

index depends only on the material making up the prism, not on the apex angle of the prism.

1. Introduction

Substances that partially absorbing light have been investigated in
various fields such as biology, medicine, chemistry, physics and so on.
The optical properties of these substances are an important issue.
Determining the index of refraction is a basic matter, but little research
has been done (Palik, 1985; Lekner, 1994; Feke et al., 1998; Chiu et al.,
1999). The reason comes from difficulty of the boundary-condition
problem in a light-absorbing substance. This paper establishes two
methods to determine the complex value of refractional index based on
Maxwell’s equations. Because the equations are the basic law of elec-
tromagnetic waves, the methods derived in this paper is applicable to
further investigations in various systems containing substances that
partially absorb light.

In previous papers (Katsumata and Sasaki, 2017; Katsumata and
Sasaki, 2018), the electromagnetic field was examined for a system with
a boundary between transparent medium A and light-absorbing medium
B. The present study clarifies the light path through a prism made of a
substance that partially absorbs light. Maxwell’s equations were solved
for the system. The obtained light path is different from Snell’s law
because of the ligh absorption. Moreover, the exit wave was not a

E-mail address: sasaki@mag.ahmf.sci.osaka-u.ac.jp.

https://doi.org/10.1016/j.rio.2022.100260

uniform plane wave. The electromagnetic wave exiting the prism has a
wave vector with an imaginary part, even in vacuum, because of the ligh
absorption.

The reflection and refraction of light on the interface of two trans-
parent media have been rigorously explained using Maxwell’s equations
(Sunakawa, 2010; Born and Wolf, 2015; Feynman et al., 1977). The
refractive index is usually determined by employing the minimum value
8o of the deviation angle § through a prism with apex angle @, as shown
in Fig. 1. The refractive index n is given by;

v sin((v50+a)/2) o
sin(a/2)

The obtained value n is independent of the apex angle @ and depends
only on the prism’s material. Because the right-hand side of Eq.(1) is a
real value, we cannot apply it to substances with an imaginary part of
the permittivity and/or magnetic permeability. In other words, the
traditional method cannot be applied to light-absorbing media.

We propose a new method to determine both the real and imaginary
parts of the refractive index by measuring two specific deviation angles
using a prism made of a light-absorbing medium. This measurement
using a prism has the following advantage (especially for various
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Medium A

Zy

Fig. 1. Light paths through a prism:¢ is an incident angle. § is the deviation
angle. a represents the apex angle of the prism.

liquids). By placing a liquid in a prism-shaped container made of flat
glass and measuring the deviation angle, the refractive index of the
liquid can be easily determined. The apex angle of the prism can be
selected appropriately to the degree of light absorption.

2. Deviation angle of exit wave through prism
Fig. 1 shows a schematic diagram of light passing through a prism

with apex angle a. The x-axis is to the right, the y-axis is from the back to
the front of the paper, and the z-axis is at the bottom. Let t, r and ¢ be the

[ PP PS ~Im ] ~Im ] ~Re~
K:c_o (1/5A,uA sm(p,O,{ (5 iy — En'fly' — Eafiasin (p) + (B Ry + By iy

time, position vector, and incident angle to the surface of the prism,
respectively. Also, w and k represent the angular frequency and wave
vector of the incident plane wave. The incident electromagnetic fields E
and B are expressed as follows (Katsumata and Sasaki, 2017; Katsumata
and Sasaki, 2018):

~ 1
E=Ee® ) B—_kxE forz<0 (2a)
®
k= L 3 (sing, 0, cosg), ! (2b)
_ /= , c
@ Al (sing @), Co = NG

where ¢, 4, and ¢y are the permittivity, magnetic permeability, and
light velocity in & vacuum, respectively (Sunakawa, 2010; Born and
Wolf, 2015; Feynman et al., 1977). E is the constant coefficient vector of
the electric field, which is orthogonal to the wave vector k. Additionally,
€a and j, are the dielectric constant and relative permeability of me-
dium A, respectively.

Next, the electromagnetic fields E” and B” of the refracted wave
travelling in medium B are expressed by employing the wave vector K
and angular frequency w as follows:

E° = E Koo B”:%KxE” for z>0 (3)

In the previous papers (Katsumata and Sasaki, 2017; Katsumata and
Sasaki, 2018), we separately examined dielectric and magnetic
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materials. Here, we examine a more general case with complex values
for both the dielectric constant and the relative permeability. Maxwell’s
equations derive the following wave equation for the electric field, E":

aZE//
AE" — e0€piofip——— o =0 (€))

Here, €3 and Ji;; are the dielectric constant and relative permeability
of medium B which have real and imaginary parts, respectively, as
I
By = By 4By, g = Ay +ifiy (5a)
~Im ~Re

where the four values & eB , €g » Up and ﬁg“ are real numbers (Kittel,
1956; Ziman, 1972). Substitution of Eq.(3) into Eq.(4) yields

Re ~Re

Ko = e (BT B0 S + 25 E)) b

The x- and y-components of the electric field are continuous at the
boundary z = 0:

K. =k = @ 1/ Eall ASing, (6a)
Co

K, =k, =0 (6b)
Substitution of Egs.(6a) and (6b) into the left-hand side of Eq.(5b)

yields

K2 = (K* +ik™)?

o (B S e g G ) )

We introduce an auxiliary variable ¢ as

~Re ~Im ~Re ~Re ~Im ~Im

= arctan{(eg"ﬁge + &y )/ (8 iy — €y Ay — Eafiasin’p) } ®)

Then the wave vector K is obtained as

) ®

The imaginary part of K appears only in the z-component; therefore,
attenuation occurs only in the z-direction. This result is in accordance
with the previous papers (Katsumata and Sasaki, 2017; Katsumata and
Sasaki, 2018) in light-absorbing medium B. The real part of K produces a
phase change; therefore, the refraction angle y in Fig. 1 is derived from

tany = —*

V Eafixsing
~Re~Re  ~Im-~Im m~Re , ~Re~Im 1/4
{@ay iy —aasin’) + (@ Ay + 8 Ay | cos((/2)
(10a)

Accordingly the refraction angle y is given by

/Eafiasing
~Re -~ ~lm-~Im Im ~Re ~Re~Im 1/4
(BN —en iy —Eafiysin’) +ER iy +Ey Ay | cos(¢/2)

(10b)

Jy=arctan

(Short summary 1): The refraction angle y in Fig. 1 was determined
for any value of incident angle ¢ using €,,€p,/i,.fiz of media A and B.

Next, we examined the electromagnetic fields in the outer region
where light exited from the prism. The region was filled with medium A
which is the same substance in the incident region. However, Egs.(2a)
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and (2b) cannot be applied, because the light intensity changes along a
direction perpendicular to the travelling direction of the light. We
studied the exact solution for the electromagnetic field in the outer re-
gion. Let g be the wave vector of light in the region. The electric field E”
is expressed as

E//’ _ E//Iei(q-r—wr) (1 1)

where E// is the constant vector. The electric field satisfies the wave
equation. Therefore, w and ¢ are related as follows:

qgeq= Eoﬂ()/g\Aﬁsz 12)

The wave vector ¢ is a complex vector owing to the intensity
decreasing perpendicular to the travelling direction of the light.

q=4%+ig" 13)

Therein both g®¢ and ¢'™ are vectors with real-number components.
Substitution of Eq.(13) into Eq.(12) yields

g 0 q" —q" o q" +2ig"™ 0 g*° = £ouEafin’ (14

The right-hand side of Eq.(14) is a real-number, because €5/, for
medium A is a real number. Accordingly, vectors ¢'™ and gR¢ are
perpendicular to each other.

qu ° ch =0 (15)
The magnetic field B” satisfies Maxwell’s equations and then the
following relation holds:

T ,
B' = g xE' 16)

Fig. 2 shows the area near the light exiting the prism. We examined
the boundary conditions at the surface LHJ. The component of the
electric field parallel to the prism surface is continuous across the
boundary. We introduce unit vector u parallel to the line LHJ as shown
in Fig. 2. Vector u has the following three components.

u = (—cosa, 0, sina) a7

The outside phase i(q e u —wt) is the same as the inside phase

X

Fig. 2. K represents the wave vector inside the prism and ¢ represents the wave
vector outside after leaving the prism. Angle a represents the apex angle of the
prism. Angle § represents the deviation angle through the prism as shown in
Fig. 1. The two vectors g*¢ and ¢'™ indicate the real and imaginary parts of gq.
Angles ' and ¢’ express the incident and refraction angles at the boundary LHJ.
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i(K e u —wt) on the boundary LHJ because of the boundary condition of
the electric field. Therefore,
(18a)

qoeu=Keu

The inner products K* e u and ¢"° e u are expressed by the incident
angle y' of the light and the refraction angle ¢’ at the boundary as
follows:

K* eu = K*siny’ where K* = |KR“'| (19a)

¢% eu =q%sing’ where ¢~ = |¢"| (19b)

The vector K™ has only the z-component. Therefore, Eq.(17) gives

K™ eu =K"™sina  where K™ =K™ (19¢)
The vector ¢'™ is perpendicular to g*¢ due to Eq.(15).
Therefore, the following relation is derived from Fig. 2:

¢ eu =g"cosy’ where ¢"™ =|q"| (19d)
Substitution of these relations into Eq.(18a) yields

q*sing’ = K®siny’ (20a)

q™cosg’ = K™sina (20b)

In the triangle A MGH of Fig. 2, the angle « MGH is equal to y and the
angle « MHG is equal to y'. Therefore, angle y’ is related to a and y as
follows:

r=a—y @D
Substitution of Eq.(15) into (14) gives

()" = (d"™)" = eonali 0’ 22)
(Short summary 2): KR and K™ were determined using Egs. (8) and
(9), and also y’ is derived from Egs.(21) and (10b). Therefore, three
values g*¢, ¢"™ and ¢’ can be determined from equations (20a), (20b) and
(22) for any value of the incident angle ¢.
Next we calculate the deviation angle § shown in Fig. 2. Squares of
Egs.(20a) and (20b) yield

()" (sing/)? = (K*)? (siny/)* (23a)

(q“")z(cosw’)2 = (KI‘")Z(sinot)2 (23b)

To simplify calculations we introduce four new parameters as
follows:

X = (%) / (eomeaiio?) (242)
Y = (¢")" / (eomoafin0?) (24b)
£ = (K% (sing)? / (eopofafine?) (24c)
g = (K™)"(sina)” / (eopy2fi ) (24)

Here, the values of f and g have already been determined using Eqgs.
(9), (10b) and (21). Accordingly our goal is to express the solution of X
and Y using the values of f and g. Equations (22), (23a) and (23b) yield
Egs.(25a), (25b) and (25c¢), respectively.

X-Y=1-X=Y+1 (25a)

X(sing')’ =f (25b)
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Y(cosg')* = g (250)
Substitution of Eq.(25a) into (25b) yields

Y(sing')’ 4 (sing')’ = f (26)
Summation of Egs.(25¢) and (26) yields

Y+ (sing')’ =f+g

—(sing')’ =f+g—Y (27)
Substitution of Eq.(27) into (26) yields

Yf+e-Y)+(f+g-1)=f

V'~ (f+g—1)Y—g=0 (28)

Solving the quadratic equation for Y

1 1
Y:E(f+g—l)i§\/(f+g—1)2+4g

Definition (24d) indicates that the value of g is positive. In addition,
the value of Y is positive because of Eq.(25c). Therefore the solution
with a negative sign in front of the square root is discarded. Conse-
quently we obtain

1 1
NSV e 2%
Substitution of Eq.(29a) into (25a) yields
1 1
X=2( g0t/ et 1) -4 (29b)

Substitution of Egs.(29b) and (29a) into Egs.(24a) and (24b) give the
values of ¢g*¢ and ¢'™ as;

qRe_mﬁ@gﬂwm) (302
qm = \/souOEAﬂAa)z\/% ((f+g D+ (F+e+1)’ - 4f) (30b)

Substitution of Eq.(29a) into (27) gives

(sing!)* = (g + 1) 3\ 5+ 17 — 4 31

Because the sign of sing’ is the same as the sign of siny’ owing to Eq.
(20a):

sin(p'_\/%(f+g+1— (f+g+1)2—4f) for y >0 (32a)

singa’\/;<f+g+1 (f+g+1)274f) for y <0 (32b)

(pr_arcsin|:\/%<f+g+l— (f+g+1)2—4f):| for )(’20

(33a)

, 1 /
¢arcsin[\/2(f+g+l (f+g+l)24f)} for y <0
(33b)
As shown in Figs. 1 and 2, the deviation angle § through the prism is
S=¢p+¢ —a 34

(Short summary 3): In this way, we determined the deviation angle §
passing through the prism made of a substance with partial light
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absorption. Equation (33a) and (33b) give the wave vector ¢ via Egs.
(20a), (20b) and (21).

Consequently the electromagnetic fields were determined for all re-
gions on the light pass. The obtained results derive various phenomena
that are examined in the next section.

3. Minimum deviation angle through prism

In this section we numerically analyze the refraction phenomena
through prisms with a complex number of the dielectric constant. The
medium outside the prism is assumed to be a vacuum with €, =1,7i, =
1.

The deviation angle § through the prism depends on the incident
angle ¢. The relationship between (¢, ) is derived from Egs.(33a), (33b)
and (34). Fig. 3 shows four curves of the (¢, §) relationship. The three
lower curves express the (¢, §) relations for the prisms made of the

~Im

substance with zip =1, Ege =3,€5 = 0.5 for three apex angles a = /4,

7/5, /6. The top green curve shows the (¢, §) relation for the trans-

parent prism with iy = 1,85 =3,1" = 0,a = /4. This top curve hasa

critical point and total reflection occurs at ¢ < 17.0312°. However,

~Im

when the prism is made of a substance with €5 = 0.5, the total
reflection disappears, as shown in the second top curve of Fig. 3.
Although the second top curve is produced by the prism with the same

Ege and same apex angle as in the top curve, the (¢, §) relation has no
critical point. It has a local minimum point and local maximum point as
shown in Fig. 3. This behavior is unique to prisms that partially absorb
light.

We can numerically determine the local minimum of the deviation
angle as shown in Fig. 3. In a transparent prism, the refractive index is
derived from the minimum deviation angle via Eq.(1). However, Eq.(1)
does not provide the refractive index of a prism made of a light-
absorbing substance. The minimum deviation angle &, is listed in
Table 1 for 25° = 3,25" = 0.50r1.0, i = 1 and the apex angles a = /4,
7/5,m/6,7/8. These eight minimum angles &, are substituted into Eq.(1);
the calculated values of n are listed in the fifth column. The results
depend on the apex angles as shown in Table 1. The true complex values
of n are listed in the fourth column. Thus the traditional method cannot
determine the refractive index of media with light absorption.

How do we determine the complex refractive index? In the next
section we propose a new method for determining the refractive index of
a substance with a complex dielectric constant and/or relative
permeability.

60 | s “critical point (degree) ]

) . ]

] R a= ml4. Re=3_ dm=() .:.'0_
&’
<
N
O
—
g
=

5 ]

."v, ‘.."' * e

E 30 kY h‘""‘n. ...-n““““ ," o= }27“4 -

g S IR a= 751

=] - - . - 2

ShmmmmmeT —=—=-a=m6 ]

0 20 40 60 80

incident angle (degree)

Fig. 3. Relation between the deviation angles 6 and the incident angle ¢. The
top curve indicates (¢, ) relation for the transparent prism with apex angle a =
/4. Three lower curves show the deviation angles § for the partial absorbing
prisms with apex angles a« = 7/4,7/5,7/6. The prisms are made of a substance

with iy =1 25¢ = 3,80" = 0.5.
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Table 1
List of the values of index n derived from Eq.(1) for eight prisms: The eight
prisms have the apex angles a = z/4,7/5,7/6,7/8 and are made of substance

~Im

with 5° = 3,23 = 0.50r1.0, /i = 1. The outside of prism is the vacuum.

Imaginary Part Apex Minimum True Index n
of a dielectric angle deviation refractive calculate by
constant (radian) angle (radian) Index n Eq.(1)
gg" - 05 /4 0.661132 1.73801 + 0. 1.72946
143842 i
/5 0.502498 1.73801 + 0. 1.73376
143842 i
/6 0.408031 1.73801 + 0. 1.73539
143842 i
/8 0.298606 1.73801 + 1.73669
0.143842 i
gg“ =1 /4 0.65005 1.75532 + 1.71858
0.284849 i
z/5 0.505275 1.75532 + 1.73755
0.284849 i
/6 0.413272 1.75532 + 1.74443
0.284849 i
/8 0.304064 1.75532 + 1.74984
0.284849 i

4. New method determining complex number of refraction
index

The refraction indexes of media A and B are defined by

na = EAﬁA (353)

(35b)

ARe Alm)

ngf\/eB +l£B (Mg + iy

To simplify calculations, we introduce new parameters U and V as
follows:

U= (57 — 5 fiy) /(Ealis) (362)
V= (&5 + 5 )/ (Eafa) (36b)

The quantities U and V depend only on the substances of the prism
and the outside medium. The square of ng is related to U and V as;

ng? = na2(U+iV) (37a)
ng = naVU + iV (37b)

New methods are required to determine U and V. One method is to
measure the two angles in the following two cases:

(Case 1)

To identify Case 1 we attach “casel” to the lower suffices of all
quantities. The exit angle ¢ .,.; is measured through the prism when the
incident angle ¢,,.; is zero. Therefore angle y,.; is also zero owing to
Eq.(10b). Accordingly the angle y .,..; is equal to the apex angle a from
Eq.(21).

Peasel = 07 Xcasel = Oand)(,casel =a (38)

In this case, Eq.(9) becomes

Koot = cﬂ (07 0. (U2 + V2) 14 gic/2 ) (39a)
0
This equation gives real and imaginary parts as;
KRecasel = CQnA (U2 + Vz) l/A‘C()S(Cca\sel/z) (39b)
0
Klmcasel = CQnA (U2 + Vz) 1/4Sin(é,casel /2) (39(:)
0

Next we calculate cos(¢{) for Case 1 from Eq.(8) as follows;

Results in Optics 8 (2022) 100260

€08 (Ceaset) = U/\/W (40a)
08 ({egeer /2) = % <U+ VU + v2 /\/U2 + v (40b)
sin’ ( wvcl/z) ( U+ \/U2 + V2 /\/U2 + V2 (40¢)

Substituting Egs.(40b) and (40c) into the squares of Egs.(39b) and
(39¢) respectively give the following relations:

(KRecascl)2 = (_nA> (U+ \V4 U* + V2> (41a)
2
(Klmcnscl)z = (anA) % (_ U+VU>+ V2> (41b)
0

Substitution of Egs.(41a) and (41b) into Egs.(24c) and (24d) yields

1
féasel = E (U+ V U? +Vv? ) (Sin(l)2 (423)
1
8easel = E <7 U+ Uz +v? ) (Sil’la)2 (42b)
f;asel + 8easet = V U+ Vz(Sil'la)2 (42¢)

The measured angle ¢/, satisfies the following relation due to Eq.
(3D).

:%(\/Uz—kvz(sina)z-&-l) _%\/ (U2 +V2) (sina)* —2U (sina) + 1
(43)

Lo 2
(SINg coer)

The last square root term moves to the left side and all other terms
move to the right side. Subsequently, both sides are squared as follows:

2
(U2 4V?) (sina)* —2U (sina)* + 1 = (\/ U2+ V2 (sina)® + 1 — 2(singl,, )2)

The term (U2+V?)(sina)*+1 appears on both sides, therefore,
simplification of the equation becomes

—2U(sin(1)2 = v? + V2 (Sil’l(l)z (1 _Z(Sin(p::asel )2) _4(Sin(péa>e] )2+4(Sin(p£ase] )4

Dividing both sides by (72(sina)2> yields

U=~ U+ V2(1-2(singl,, ) ) +2((5ingle, ) — (single)*) /(sina)2
(44)

Equation (44) expresses the relationship between U and U2 + V2
which depends only on the apex angle a and the exit angle ¢/ ;. Next we
consider another case.

(Case 2)

The second case is specified by y. ., = 0.

a2 =0 (45a)
Equation (24c) gives

Jease2 =0
Equation (23a) gives the angle ¢.,,., to be zero:

Praser =0 (46)
Equation (21) yields

Heaser = @ (47)

The incident angle ¢ is expressed as ¢, in Case 2, which is deter-
mined by experimental measurement. The value of tany_,., is calculated
by using ¢, via Egs.(10a). Substitution of Eq.(47) derives

(45b)
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(s 5 ) L\ 14
— S (/)casez) +V COS(K:CMEZ/Z)

cota = -
Sln(ﬂcaseZ
which yields
= ) 1/2
{(U=sine) + V2 1 (14 c0s(nen)
cot’a = — (48)
2 sin Pease2
Equation (8) gives
COSCCESC2 = (U - Sinz(pcasez)/\/(U - Sinz(pcasﬂ)z + V2 (49)
Substitution of Eq.(49) into (48) yields
. 2 1/2 .
, {(U — i’ @) + V2 } + (U = sin’ @)
cot’a = —
2 sin Pease2
Multiplying 2 sin’¢,,.., to both sides, we get
2 sin’g, ,cot’a = \/(U — sinzq)cmz)z + V24 (U — sinz(/;cmz)
Accordingly,
\/ (U- sinztpcmz)2 + V2= — (U—=sin’@u) +2 sin’ g, cot’a (50)
Square of both sides of Eq.(50) yields
Vi= —4 sin2¢casezcot2a(U - sinzqacasez) +4 sin*gp_, ,cot'a (51)
U? is added to both sides, then;
U+V=(-U+2 sinz(pcmzcotza)2 +4 sin* g pcot?a (52)

Substitution of Eq.(44) into the right side of Eq.(52) yields

VP4V = ((1 —2(singl, ) ) VU + V2 42 sl acotla — 2((singl ., )’ —

To simplify the equation, we introduce parameter S as;

S = Sinz(pcasCZCOtza - ((Sinqﬂ,casc] )2 - (Sin(p,cascl )4 )/(Sina)z (54)
We introduce new coefficients a,b and c as follows:

2

a=1-(1-2singy)”) (55a)

b= —48 x (1-2(singl,,)*) (55b)

c= —48? — 4 sin*p,,cota (55¢)
Equation (53) is represented by using of a,b and c as follows;

aV T+ VE b/ TP+ Vit e =0 (56)

Because of a > 0 and c¢ < 0, the negative solution of the quadratic
equation (56) is discarded. The value of v/U? + V? becomes;
1
,rzwzzz_(_mm) (57)

a

Substitution of Eq.(57) into (44) yields the value of U as

1

U=~ (1-20sin¢ )’ ) 5

(= b+ VB —dac ) +2((sinl)” = (sinley)*) / (sina)’

Results in Optics 8 (2022) 100260

Table 2

Determination of refractive index from measured angles ¢,..; and ¢ ,o: The
prism is made of a substance with 5 = 3, fi; = 1 and €y". The values of €y
were expressed on the first column. The outside of a prism is the vacuum with

Ba=1, =1

a Plasel Pease2 u v Refractive index
(radian) (radian) ng
’gg“ - /6 1.03620 1.05518 3 0.5 1.73801 +
0.5 i 0.143842
/7 0.849201 0.855181 3 0.5 1.73801 +
i 0.143842
/8 0.725242 0.728159 3 0.5 1.73801 +
i 0.143842
/10 0.566086 0.567195 3 0.5 1.73801 +
i 0.143842
gg"‘ =1 /6 1.01154 1.07876 3 1 1.75532 +
i 0.284849
/7 0.846103 0.869263 3 1 1.75532 +
i 0.284849
/8 0.727083 0.738530 3 1 1.75532 +
i 0.284849
/10 0.569823 0.574190 3 1 1.75532 +
i 0.284849

V is derived from Eq.(57) as follows;

1 2
V_\/(z(bwm)) _e (58b)
a
The measurement of three values a, ¢. ., , @ yields U based on Eq.
(58a). The determined value of U is substituted on the right-hand side of
Eq.(58b), and the value of V is obtained. Consequently, the quantities
(U, V) determine the complex refractive index ng via Eq.(37b).

2
(singgl.,)* )/(sin(t)2> +4 sin*g 0ot (53)

5. Numerical determination of refractive index ng

As studied in the previous section, the complex value of the refractive
index ng has been derived from three measured angles a,¢ .,.; and
@q5c2- Before the measurement, the prism is set on the equipment and
the two normal directions of prism’s entrance face and exit face are
measured by using the reflection of a laser beam. Based on these two
angles, the apex angle a and the deviation angles are measured. With the
attention of such measurements, the three angles @, ¢'.,.; and @ .., can
be measured.

The purpose of this study is to find a new method for determining the
complex value of the refractive index. We verify whether the complex
refractive index can be numerically derived from the three values in the
second, third and fourth columns of Table 2, instead of the measure-

ments. The values ¢ .,.; and @, were calculated for eight prisms with
85 =3, 8" = 0.5 and 1, and with apex angles a = 7/6,7/7,7/8,7/10.
The calculations employed the Mathematica program with a 16-digit
system. The obtained values ¢ ., and ¢, are listed on the third
and fourth columns of Table 2. In the real experiment, these values are
obtained from the measurements.

The values (U, V) were calculated from the values in the third and

(58a)
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Table 3
Determination of refractive index from measured angles ¢/,.; and ¢, Which deviate by 0.001 rad from the values in Table 2. The prism is made of a substance with
§r° = 3,2" = 0.5, fi; = 1. The outside of a prism is the vacuum with &, =1, fi, = 1.
a @haeer (radian) QPeasez (radian) U v Refractive index ng
gg“ = /6 1.03720 1.05618 3.00357 0.498976 1.73901 + i 0.143466
05 /7 0.850201 0.856181 3.00535 0.499511 1.73952+ i 0.143576
/8 0.726242 0.729159 3.00686 0.499790 1.73997 +i 0.143621
/10 0.567086 0.568195 3. 00,955 0.500139 1.74074 + i 0.143657

fourth columns using Egs.(58a) and (58b). The calculated (U, V) values
are presented in the fifth and sixth columns, respectively. The complex
index of refraction was evaluated and the results are shown in the sev-
enth column of Table 2. The determined refraction index depends only
on the material making up the prism and is independent of the apex
angle. The method presented in this paper provides accurate results for
determining the complex value of the refractive index.

The determined value of the refraction index is affected by the
measurement accuracy of the angles. To see the effect, we calculated the
refraction index, when the values of angles ¢.,.; and ¢, deviate by
0.001 rad from the exact values. Table 3 shows the calculation result.
Please compare Tables 2 and 3.

6. Another method determining complex refractive index

Another method is studied in this section, in which we use two
prisms with apex angles a or # made of the same substance. The incident
angle was chosen to be zero as in Case 1 in Section 4. The third mea-
surement employs a prism with an apex angle f that is different from @ in
Case 1. The measurement is named as Case 3.

(Case 3)

Pewses = 0 Hewses = 0and f i = (59)

To simplify the calculation, we introduce two parameters T,,.; and
TcaseB as;

Teser = (sin’@l, — sin*el,,,)/ sin’a (60a)

Tewses = ( SN’ s — sin4qu,case3) / sin’ (60b)
Then Eq.(44) is re-expressed by using Eq.(60a) as

U= — U+ V2(1 = 2(5ingly,; )" ) +2Tcaser (61a)

The measurement using the prism with apex angle § gives the
following relationship similar to Case 1:

U=~ U+ V(1 = 2(singlyes)’ ) + 2Teases
Subtraction of Eq.(61b) from (61a) for both sides yields

(61b)

0 =2( SN’ ooy — SIN*Q cyee) VU + V2 + 2(Teaser — Teaes)

Then, the solution /U? + V? is expressed as;

\/m = (Teases — Teaser) / ( sinzrpiasel — sinzrpéase3) (62)
Summation of both sides of Egs.(61a) and (61b) yields;

U= VU + V(= 1+ (singly,))” + (5in@l3)? ) + (Teaser + Teases) (63)
Substitution of Eq.(62) into the right side of Eq.(63) yields;

(Tcasc3 - Tca.scl)( -1 + Sinzfp,cawl + Sinz(p,cascf&)

U= T2 T2
(SIn*¢ coser — SIN*0) cyes)

+ (Tcasel + Tcase3)

(64)
Let Z be the square of right side of Eq.(64) as:

Table 4
Determination of refractive index from the angles ¢'.,.; and @' ,.3: Calculated
values on the fourth, fifth and sixth columns are derived from Egs.(64), (66) and

~Im

(37b). The substance of the prism has ?ge =3,gy =0.5,liy = 1. The outside of
prism is the vacuum with €, =1, fi, = 1.

aand f Dhasel Plases U from V from ng from (37b)

radian radian radian (64) (66)

a=n/3p = 1.46103 1.31731 3 0.5 1.73801 +
/5 i 0.143842

a =n/4p = 1.43192 1.03620 3 0.5 1.73801 +
/6 i 0.143842

a =n/56 = 1.31731 0.725242 3 0.5 1.73801 +
/8 i 0.143842

a=nr/7p = 0.849201 0.566086 3 0.5 1.73801 +
/10 i 0.143842

(TC&SC3 - TCaSC])( -1+ Sinzw,casc] + Sinztp/cascﬁ)

Z= s 2 22 + Tcasel + Tcase}
(SN’ ey — SIQ yie3)
(65)
The value of V is given by
Tcase - Tcase ’
V= Tewe Sy (66)

in ol inl 2
(Sm @ caser — SIUQ caae3)

Consequently, the refractive index of substance B is derived from Eq.
(37b) using Egs.(64) and (66).

The refractive index was numerically calculated using the method
examined in this section for several examples. The angles of ¢/, ., and
@l.e3 are listed on the second and third columns in Table 4. These two
angles determine the values of (U, V) via Egs.(64) and (66), respectively.
The calculated results are listed in the fourth and fifth columns of
Table 4. The refractive indices are shown in the sixth column. The
determined index is the same as the result of the previous section (please
compare with Table 2). The method described in this section provides
the correct value for the complex index of refraction.

7. Conclusions

A new structure appears in the refraction phenomenon when light
passes through a prism that partially absorbs it. The optical path through
the light absorption prism was determined by solving Maxwell’s equa-
tions. The exit wave from the prism is different from the uniform plane
wave as shown in Egs.(11), (14), (15) and (16). The wave vector outside
the prism has an imaginary part ¢'™ even in a vacuum. The imaginary
part ¢'™ is perpendicular to the real part gR¢. The deviation angle & of
light has a peculiar dependence on the incident angle ¢ for a prism
composed of a light-absorbing medium. As shown in Fig. 3, the rela-
tionship (¢, §) for a prism made of a substance that partially absorbs
light is very different from that for a light-transmitting medium. We
found two methods to determine the complex value of the refractive
index for a light-absorbing medium. The structure revealed in this study
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plays an important role in optical systems with partially light-absorbing References
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