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On the Linear Partial Differential Equation
of the First Order

By Takashi Kasuca

Introduction
In this paper, we shall treat the following partial differential equation

oz oz
—+7® Y, 2) — = x, Y,
o f(zy )ay 9(z, y, 2)
without the usual condition of the total differentiability on the solution
2(x, y). (For the simpler equation
oz , oz
= += f(a,y)=0
0 oy f(z, y)
see our previous paper, Kasuga [2]). .

In the following, we shall denote by D a fixed open set in R?
(Euclidean space defined by the three coordinates x,y,2), by G its pro-
jection on the (z,y)-plane, by f(,v,2), g(x,y,2) two fixed continuous
functions defined on D, which have continuous f,, f,, g,,9.. Evidently
G is open in the (=, y)-plane.

We shall consider the partial differential equation

oz oz ’

—+f(x,y,2) — =9, 9,2). 1
= yz)ay 9(#, 9, 2) (1)
With (1) we shall associate the simultaneous ordinary differential

equations

i;lir-—f(x,y,z) (2)
X
%—g(x.y,@ _ (3)

The curves representing the solutions of (2), (3) which are prolonged
as far as possible on both sides in an open subset D; of D, will be
called characteristic curves (of (1)) in D,. Through any point (&, ¥,, 2,)
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in D,, there passes one and only one characteristic curve in D, .2 We
represent it by

Y= (&, Ty, Yy s D1) 2 = (&, Ty, Yo» %> D1)
a(xO' yo’ ZO,D1)<$<,8($0, yo’ Zo: Dl)

(a@ys Yo s Z0s D1)s B&y» Yo » 295 Di) may be —co, +co respectively). Some-
times we abbreviate it as C(z,, 9,, 2,, D;). Evidently C(z,, v,, 2,, D))
> C(x,, Yy» 20, Dy), if D;, D, are two open subsets of D such that D, DD,
and (@,, ¥,, %) €D,. In the following, if an interval (open, closed, or half-
open) is contained in the interval a(x,, ¥,, 2o, D1) < & <_B(&y, Yy» Zo» D1),
then we say that the characteristic curve C(x,, 9,,%,> D;) and its
projection on the (w, y)-plane, ¥y = @, &,, ¥, 2,, D,), are defined for that
interval.

Let us consider a continuous function z(x,y) defined on G, which
has 9z/ox and 9z/9y (not necessarily continuous), except at most at
the points of an enumerable set, in G (in the following we suppose
always that the above conditions are satisfied by z(x,y)). We denote by
S the surface represented by z = z(x,%). Then we obtain the following
two theorems. :

Theorem 1. If S D, and z(z,y) satisfies (1) almost everywhere in
G, then any characteristic curve in D which has a point in common with
the surface S, is totally contained in S.

Theorem 2. If S D, and z(%,y) satisfies (1) almost everywhere in
G and moreover if z(x,y) has Oz/dy (not neces:arily continuous) every-
where in G, then z(x,y) is totally differentiable and satisfies (1) everywhere
in G.

Remark 1. If the domain G, where z(x,y) is defined, is not the
projection of D on the (z, y)-plane but is only a part of the projection,
theorem 1, 2 hold, if we substitute D by the set of the points of D -
whose projections on the (w, ¥)-plane are contained in G.

Remark 2. In the premises of Theorem 2, the condition that z(w, v)
has 0z/0y everywhere in G, can not be omitted, as the following example
shows it.

Example. D= R® G =the whole (&, y)-plane, the differential
equation is '
oz oz

— 20— =
ox oy

1) Cf. Kamke [17, §16, Nr. 79, Satz 4.
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and a solution 2(x,y) is implicitly defined by
Y= % za?+ 25,

2(x, y) is one-valued, continuous and has 9z/0x in the whole (z, »)-plane,
but has 9z/0y except at (0,0) and also satisfies (1) except at (0, 0).
For this example, the premises of Theorem 1 are fulfilled, but those of
Theorem 2 are not fulfilled.

§1. Some lemmas

In this chapter, the notations are the same as in the introduction
and we assume that z(z, y) satisfies the premises of Theorem 1.

1. Let us denote by K the set of the points (w,, ¥,) of G such that
the characteristic curve Cf{z,, y,, 2(&,, ¥,)» D} is contained in S, in a
neighbourhood of {z,, v,, 2(x,, ¥,)}. We denote by F the set G—K:G
(by G—K we denote the closure of G—K in the (z, y)-plane). Evidently
F is closed in G.

We shall often use the following lemmas.

Lemma 1. If the characteristic curve Cf{x,,y,, 2%y, Y,) D} 1is
defined for a, <o <, (or x, < 2 < «,) (@, == x,) and its projection on
the (@, y)-plane, y = @iz, x,, Yy, 2y, ¥,), D} is contained in K for
a, < xSy (or wy < w<a,), then Clx,, y,, 2(®,, ¥,), D} is contained in
S for ay <o <@y (or 2, < v < ).

Proof. We denote by &, the nearest point to «, among the points £ in
the interval o, <o <, (or x, <o < «,) such that C{x,, y,, 2(®,, ¥,)» D}
is contained in S for é <z < o, (or &, < < €). Such &, exists by the
continuity of ¢fw, »,, ¥,, 2(2,, ¥,), D} and iz, x,, ¥,, 2(x,, ¥,), D} as
functions of « and by the continuity of 2(x,y). If the lemma were
false, then §&,==a,. We put g5,= @&, %y, ¥,,2(x,, Y,), D}. Then
Cix,, 4y, 2y, ¥,)» D} passes through {£,, »,, 2(&,, 7,)} and is contained
in S in some neighbourhood of the point {&,, 5,, #(&,, 7,)}, since
(&, m,) € K. This is inconsistent with the definition of £, and the lemma
is proved.

Lemma 2. Let us denote by D, an open subset of D. We denote by
F' the set of the points (x,, Yy, %) (€D ) such that C(x,, Yo, %> D) 18
totally contained in S. Then F' is closed in D_.

Proof. We take a point (&,, 4, &) € F'-D, (here we denote by F’
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the closure of F' in R?®). Then if C(&,, 5., o, D,) is defined for
ay, < x < By, Clzy, Yy» 255 D) is defined for oy < o < B,, for any point
(@5 ¥y %) (EF") in a neighbourhood of the point (&), 7., S,) and

P(®, @45 Yo s 29s D1) —> @(&, Egs 195 S5 D1)
(@, o5 Yo» 29 Dy) —> (&, Egs 795 So» Dh)

uniformly in the interval o, <z < By, as (%y, Yo» %) = (E¢s 70> o)
From this and by the continuity of 2(x,y), C(&y, 7., So» D) is totally
contained in S, that is, (&), 5,, $,)€F", q.€.d.

§2. Proof of Theorem 1.

In this chapter, the notations are the same as in the introduction
and §1, and we assume that z(x, y) satisfies the premises of Theorem 1.

2. Domain Q. If F is empty, that is, if G = K, we can conclude
by Lemma 1 that the characteristic curve in D passing through any
point of S is totally contained in S and the theorem is established.
Suppose therefore, if possible, that F == 0. We denote by H the enumer-
able set consisting of the points of G at which z(x,y) is not derivable
with respect to 2 and with respect to y simultaneously. If we denote
by F,, for each positive integer %, the set of the points (x,%) of G
such that

|2(x+h, y)—2(x, )| < | k|7
|2(z, y+E)—=(2, )| < |k |n

whenever |%|, |k|< 1/n, (+h, y), (%, y+k)€G, then the sets F, cover
G—H and each of the sets F, is closed in G by dint of the continuity
of z(z, y).

If a point (#,,%, of G has an open neighbourhood V in G such
that every point of V belongs to K except (,, ¥,), then by Lemma 1,
Clx,y, v, 2%y, ¥)') (VxR).D} (we denote by VxR the set of the
points of R*® whose projections on the (a,¥)-plane belong to V) is
totally contained in S, when (z,,%,/)€V and y,==y,/. Hence by
Lemma 2, Ci{x,, ¥,, &(%,, ¥,)» (VxR)-D} is totally contained in S, since
{0, Yo'y 2%, ¥ )} = {20, Yo 2(%0, Yo)} (as y' —7,) by the continuity of
z(x, ). Therefore also (#,, ¥,) belongs to K, that is, F' can contain no
isolated point, F' is perfect in G.

Thus F—H is not empty and of the second category in itself as it

2) Cf. Kamke, §17, Nr. 84, Satz 3.
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is a G, set in R%. Therefore there must exist a positive integer N and
an open square Q:|x—a|< L, |[y—b|< L such that 0<_L<{1/(2N),
QG (a,b)e(F—H)Q C F, (Q is the closure of @ in the (z,)-plane).
Then (a,b)€e F-Q C Fy, since the closure of F—H in G is F by the
perfectness of F' in G and the enumerability of H. Hence if (x,¥)€F:.Q
and (x+h,y), (&, y+k)€EQ,

| le@+hy)—2(2,v)| <|h|N

| e, y+E)—2(z, )| < |E|N,

by the definition of ¥, and Q.

(4)

3. Domains Q,, @,, @;. We take an open cube @Q,:|x—a|<L,,
|ly—b|< L., |z—#(a,b)|< L, such that 0<_L, <L and @, D (by @,
we denote the closure of @, in R3). Then by the continuity of f,, f,,
d,, 9d., there is a positive number M, such that

Ifyl’ Ile’ ]gﬂl’ IgzI<M1 in Ql-

Again we take a parallelepiped @Q,: |z—a|<L,, |y—b|<L,,
|z—2(a, b)|<_ L, which satisfies the following conditions :

i) 0L, Ly < L,, that is, @, Q,,
il) |2z, ¥)—=(a,b)|< L; for |z—a|<L,, |[y—b|<L,, that is, S is
contained in Q, for |v—a|<L,, |[y—b|<L,,
iii) any characteristic curve C(z,, ¥,, 2,, @) Where (&,, ¥,, 2,) € Q,
is defined for |z—a|<L,,

iv) J exp (4M,L,)+2N fexp (4M,L,)—1} _ 2
2N {2—exp (4M,L,)} — {exp (4M,L,)—1} ~ 3N (5)
L 2N {2—exp (4M,L,)} — fexp (4M,L,)—1} —>0.

The conditions i), iii), iv) can be realized, if we take L,, L, sufficiently
small ( iii) by the boundedness of f,g in Q) and the condition ii) can
be realized if we take L, still smaller (by the continuity of z(z, )).
We denote by @, the open square: |x—a|< L,, |y—b|<L,.
Evidently Q, C Q. If we take any point (z,,%,) belonging to @Q,,
0, Yo, 2(2,, ¥,)} belongs to @, and Ciz,, v,, 2(x,, ¥,), @} is defined for
|#—a|< L,, by the conditions ii), iii)on ,. We denote by K, the set of
the points (#,, ¥,) of @, such that the curve ¥y = pf{z, 2,, ¥,, 2(z,, %,), Q,}
has no point in common with F-Q,. We denote by E the set K,-Q, (K,
is the closure of K, in the (2, )-plane). If (x,, v,) € K,, then by Lemma 1,
Ciz,, Yy, 22y, Y,) ,Q,} is totally contained in S. Therefore, by Lemma 2
and by the continuity of z(, u), C{,, ¥,, 2(%,, ¥,), @,} is totally contained
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in S, if (x,,y,)€E. Hence, (a,b)¢F, if E =@,. But since (a,b)€F,
so @;—F is not empty. Evidently @,—FE is open.

We shall prove that (Q;—FE)-F is also not empty. We take a point
(c,d)eQ;—FE, If (¢,d)eF, the proposition is already proved. Therefore
we assume that (¢,d)¢ F. The curve y = @iz, ¢,d, 2(c,d), @,} has at
least a point in common with F'-@,, by the definition of £, and obviously

L,+a = Bic,d, 2(¢,d), @,} —>c¢ >afe,d, 2(e,d), @} = Ly—a.

Hence, as F-Q is closed in @, there is the nearest point of ' to (c,d)
on the portion of the curve ¥y = p{x, ¢, d, 2(c, d), Q,} for afc,d, z(c,d), Q,}
<w<Lcor for ¢c <a<Bfed,zcd), Q. We denote it by (a,, b,). If
(a;, b,)¢ E, then (a,,b,)€(Q;—FE)-F and the above proposition is estab-
lished. Suppose therefore that (a,, b,) € E.

Again by Lemma 1, Cfie,d, 2(c,d), @,} is contained in S for
the interval o, <o <c¢ or c¢c<ax<ae and so Cicd,z(cd), Q.}
= Cf{a,, by, #(a;, by), @,}. On the other hand, we assume that (a,, b,)€E,
so in any neighbourhood of the point (a,, b,), there is a point (z,, ¥,)
which belongs to K,. As Cia,, by, #(a,, b)), @,} (=Clc,d, 2(c,d), Q,})
is defined for o, <2 <c or c <o <a,, Ciw,, ¥y, 2(2,,Y,), @} is also
defined for oy <o <c or c<2<a, if (,,v,) (€K,;) belongs to a
neighbourhood of (@,,56,), and @ {x, z,, ¥, 2(2,, ¥,) @} = @i, ¢, d, 2(c,d), Q,}
(= @iz, a,, by, 2(a,, b,), @,}) uniformly in the interval ¢, <a <¢ or
c<r<a, as (@Y, (€K, —(a,,b)? (since {x,, vy, 2 (xy, ¥)}
— {a,, by, 2(a;, b))} as (x,.¥,) — (a,,b;) by the continuity of z(z,v)).
On the other hand, as it is proved before, Ciw,, ¥, 2(%,, ¥,), @} is
totally contained in S, if (,, ¥,)€K,. From this and by the definition
of K,, the curve ¥ = pix, x,, ¥,, 2(x,, ¥,), @,} is totally contained in K,,
if (x,, 9,)€K,;. Therefore there is a point which belongs to K; in any
neighbourhood of (¢,d), that is, (¢,d)€E. But this is a contradiction,
since (¢,d)€@Q;—FE. Thus in any case, F.(Q;—F) is not empty and
there is at least one point (a,, b,) € F'-(Q;—E).

4. Domain Q,. As @Q;—F is open and F.(Q;—F) is not empty,
we can take an open square Q,: |x—a,|<L,, |y—b;|< L, such that
Q,CQ;—F and (a,,b,)€F-Q,. Obviously @, C Q; C Q.

We take any pair of points (2, #,), (¢;, ¥;) with the same 2 coordi-
nate, in @,. We shall prove

2@y, g1)—2(@1, 1) < 2N | 71— |-

3) Cf. Kamke, §17, Nr. 84, Satz 3.
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Suppose, if possible, that
|2(1, 71)—2(21, Y1)| > 2N | §— 1| (6)

If (w1, 7)€F or (@, v)€F, then |2(x, 71)—2(®, 1) < N|j1—w|, by
(4) and as @, C Q. So we may assume that (2, ;)¢ F, (x;, )¢ F and
Y < ¥1-

By the way of the construction of @,, @,, Q;, @,, the charac-
teristic curves Cfiay, 1, 2(xy, 1), @} and Ciz,, 7., 2(%;, 71), @} are
defined for |x—a|< L,. So their projection on the (z,¥)-plane
Z/=¢§a7’ L1s Uis 2(271, '.I/I)v Q1} and ?!=<P§95» 1, U1, z(xl, yl)! Ql} are
defined for |r—a|< L, and contained in Q.

As (), 1), (%1, 71)€Q, C @;—F, and F-Q is closed in @, on either
side of x, there is the nearest & to @, in the interval |x—a|<_ L, such that
either (2, p{x, 21, Y1, 2@, 1), @1}) €F-Q or (%, @iz, x4, T, 2(@1, J1) €1})
€F.Q is satisfied. We denote it by x, and @f{zx,, 2, ¥, 2(x1, ¥1), @1},
(ngz’ X1, yl’ Z(xlﬁ :’71)9 Ql; ’ ‘!’gxz! xl! ?./ls z(xlv .7/1): ngy 1}’{&72, mly gl ’ z(xl’ Z_/l)’ Ql;
respectively by #,, 7,, 2, and z,. Then by Lemma 1, C{x,, ¥;, 2(®1, ¥1), @1},
Ciz,, ¥y, 2%y, 71), @,} are contained in S for the interval z; <z < o,
or , <w <. Hence z,=z2,,,), z, = 2x,, ¥J,). Moreover |,—a|
<Ly, (%3, ¥,), (%,, J,)€Q and either (x,, ¥,)€F-Q or (x,, J,) €F-Q.

In the following we denote by P,, the plane parallel to the (¥, 2)-
plane which cuts the a-axis at the point whose z coordinate is w.

By the way of the construction of Q,, @, and by the continuity of
fy’ fz’ [ and d.,Y = ¢(a79 T1s 7 S Ql) and z=‘!’(x’ X157, S, Ql) define
a bicontinuous one to one mapping A,:(7,¢)—(y,z) of the domain
|p—b|<L,, |S—2(a,b)|< L, on the plane P, (its g,z coordinates we
denote by 7, S respectively), onto some domain on the plane P,, for
any fixed x in the interval |x—a|<  L,” (in the following, (7, §) will
always belong to the domain: |»p—b|< L,, |S—=#(a,b)|< L;). Moreover
this domain on P, is contained in @, and continuous °¥/9%, 2y/0%,
9z/9n, 9z/95 exist.”? From (2), (3) we have®

4 (@i)_ o, i(a_z)_

dx fan faﬂ dz \9y g”aq .o o
i<@>__f W g 0% _4_<8_Z>=g U g,
dx \ oS oS af: dx \ oS as oS

for |#—a|<L,. In Q, |f,|, |f.l, lg,], |g.]<M , so

4) Cf. Kamke, §17, Nr. 84, Satz 3.
5),6) Cf. Kamke, § 18, Nr. 87, Satz 1 and its “ zusatz”.
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)l lda,<az)\é?Ml(l%%-1|+( 51 +1)
2 (38)|+ & (Ge-n)|=omn (|22]+ | 521 +)
for |¢—a|< L,. Hence®

, % ll + ‘g—z‘_gexp(ZMllx—xll)—l
7

@’Jr

oz
—-—IISe 2Mi | x—=,)—1
a¢ ¢ <exp( 1] 1|)

for |x—a|<L,, as oy/on—1, 32/0n, Oy/3S, O2/9S —1 vanish at z =z,.
As |x,—a|< L,, the above inequalities subsist for z=g2,. Hence as
|#,—a|<L,, |#,—a|< L, and by (5) 2—exp (4M:1L,) >0,

a—z‘ |§£|< AML)—1
J ’ ag =eXp( 1 2)‘

ﬁ (7)
( 0< 2—exp (4M,Ly) < 22, Y < exp (4M,\L,)
oS’ o9

for v =ux,.
By the way of the construction of @,, the segment 7 of straight
line on the plane pP,:

S —2(xy, ¥1) = Unp—) =<

where t— %15 Y1)—221, Y1)
Y1— %

which joins the points {¥,, 2(x,, 1)} and {7, A%, 7,)} is totally con-
tained in the domain |7—b|<L,, |S—#(a,b)|< L; on the plane P, .
By (6) |

[t]>2N. (8)

We denote by 7' the image of T on the plane P,,2 by the mapping A,2
T’ is represented by

Y= @iy, T, 1, 2(&1, Y1)+ U n—v1), @1} = M7)
2= ‘P{xz s X1y 7 Axy, ™)+ U p—v1), Qli = puln)
== (n is taken as parameter)

and Y, = M), 2, = p¥1), ¥, = M), Z, = p(¥:)- As it can be shown

7) Cf. Kamke, §17, Nr. 85, Hilfssatz 3.
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easily, d\/dy, dp/dy exist and are continuous, and by (7), (8), (5)

1d oz 1 1 oz
t=+=0, —J’t[ = \ lzz 4M.L
- t dy Iy t ag exp ( 2)
_exp(4M1 p)—1 __ 2N {2— exp(4M1Lz)§—{exp(4M1L2) 1} o,

2N
1 dxl_‘ oy 1 ay 4<exp(4MlL2)+ AMAL.) —1
‘t dn | 12yt os 2N exp (4ML,)
_ €exp (4M,L,)+ 2N {exp (4M,L,)— 1}
2N
Hence by (5)
du 4, /
dﬂ:‘: dy | dn

< exp (4M,L,)+2N {exp (4M,L,)—1} 2
~ 2N {2—exp (4M,L,)} — {exp (4M.L,)—1} = 3N

ll/\

Therefore we can represent 7" as
Y = () 2, =222, OF Z,>22>2,
(2, == 2, as dp/dn==0) and «(z) satisfies following conditions :
Yy = o(2,), Ty = (Z,;), continuous dy/dz exist and
|dy/dz| < 2/(3N) for z,=2>=2, or Z,>z>z,.

Hence
< §2N Z, 2z,

yz Yy
232,

As it is proved before, z, = 2(x,, ¥,) and z, = 2(=,, ¥,). So

,z(xz » Ya) — (%4, Y3)
—r

Z3TN. 2_/2#1’2-

But (z,, 7,), (%, ¥,) €Q and either (&,, 7,) € F-Q or (%,, ¥,)€F-Q. This
contradicts (4).
Thus we have proved

[z(xlv Z_/l)_z(xls yl)lglegl_yll (9)
for any pair of points (x,, 7,), (£,, ) in @, with the same & coordinate.

5. Domains Q;, Q,. We now consider the following ordinary differ-
ential equation whose right side is defined and continuous on G,
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.

U= 112,9, %@, 1)} (10)
x

fiz, v, z(a:, ¥)} is defined and continuous on Q, C Q@ C G, so there is a
positive M such that

|fto, u, (@, )} |<M  in Q,. (11)

In Q, |f,], |f.1<<Mi, so |f(z,7,2)—f(z9,2)|< M(|5—v|+|2—2]) if
(%,7,2), (%,4,2)€Q,. On the other hand {z,v, «(z,9)}€Q,Q,, If
(2,)€Q, C Q;. Therefore by (9) if (a1, 1), (%1, 71)€Q,,

|f{xls 271’ z(x19 271)} _f{xli l’l’ z(xl’ .’Ul)} I_S_ Ml([?—fl_?./ll + lz(xla ?_/1)
—2(@y, ¥1)|) < My(1+2N) |5, — v |- (12)

Hence the right side of (10) satisfies Lipschitz condition on @,. Let us
write | = L,/(M+1). We denote by 7, any number such that |7, —b,]| < [.
Then 7, +IM < b,+L,, 5,—IM >=b,—L,. Thus for any 7, there exists
a unique solution of (10) defined for |#—a,|< 1l which passes through
(a1, 71) and lies in Q,.® We denote it by v = X(2,»,). Hence if we
denote by @, the domain defined by : ~

X(x, by —1) <y < X(x,b,+1) le—a,] <1,

the curves ¥ = X(x, 7,) fill up @, simple-fold, when 7, takes all values
in the open interval |7, —b,|<[,* and (a,, 0,)€Q; C Q,.
By (11), (12), for any two #,, 7 in the interval |7, —b;|< I and

any z in the interval |z—a,|<[,'®

|Th—m| < | X(#, 71)—X(@, 91)]exp {M,(1+2N )|z —a,|}

< | X, 71)—X(2, )| exp {M(1+2N)l} (13)
We denote by @, the open square : |£;,—a,|< 1, |7, —0,|<_1 in the (&;, m)-
plane. We denote by A the one to one mapping of @, onto @ defined by

ﬂf=§1 y=x(§1’ 771)-

Then A is bicontinuous'® and by (13) we can easily conclude that A!
maps any null set in @; to a null set in Q.

6. z(z,y) in the domain Q5. We take any pair of points (@3, ¥s),
(%4, v,) belonging to @;. Then X(x,,,)=uwv, for an 7, in the open
interval |7,—b,|<l. Now we denote by (xs, ¥s):

8),9) Cf. Kamke, §6, Nr. 30, Satz 1, § 10, Nr. 47, Satz 4, and § 12, Nr. 54, Satz 3.
10) Cf. Kamke, §11, Nr. 51, Satz 1.
11) Cf. Kamke, §10, Nr. 47, Satz 4.
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Case I. The nearest point of F to (#,,%,) on the portion of the
continuous curve y = X(, 5,) for a; <x <@, or x, <& < a5, if it con-

tains some points of F (such (x5, ¥s) exists in this case, as F-Q is
closed in @),

- Case II. The point #; =, ¥s = X(&3, 7,), if that portion contains
no point of F.

The characteristic curve Cfiz,, v,, 2(x,, ¥,), €} is defined for
|a—a,|< 1, as (#,,¥,)€Q; and the interval |x—a;|<l is contained
in the interval |ox—a|< L,. We shall prove that in both Cases the
portion of the curve ¥y = X(x, ,) for the interval o, <o <, or v, < <a,
is contained in the curve y = @iz, x,, ¥,, 2(2,, ¥,), €} and the portion
of Cix,,v,,2(x,,Y,), @} for the interval o, <o <25 or o, <o <z,
is contained S. If (2,,v,)€F-Qs, then z,—x,, so the proposition is
obvious. Hence we assume that (x,, ¥,) & F-Q;.

Suppose, if possible, that the proposition were false. We denote by
2, the nearest point to »; among the points £ in the interval o, <o < @,
or #, < <& such that: the portion of the curve y=X(z, 5,) for
the interval 2, <x <& or €<z <@, is contained in the curve
¥ = @lw, x,, Yy, A2, ¥,),&;} and the portion of Ciz,, v,, 2(&,, ¥,), @}
for the same interval 2, < @® < £ or £ <o < 2, is contained in S. Such
xs exists by the continuity of X(x, %), @i, 4, ¥y 22y, ¥,),Q1},
i@, 4, ¥y, (2, ¥,), @1} and z(z,y). We denote X(x,, 5,) by ;. Evi-
dently x;==x,, as the above proposition is supposed false. By the
definition of (@5, ¥s), (%s, ¥s), Cixy, ¥y, 2(2,, y,)} passes through the
point {@g, ¥s, 2(%6, ¥s)} and (x,, y;) ¢ F. Hence Clay, y,, 2(x,, Y} is
contained in S in some neighbourhood of the point {a,, ¥, 2(%4, ¥s)}.
Also from this, the curve ¥y = @iz, 2,, ¥,, 2(%,, ¥,), @} Dpasses through
(%s, ¥s) and satisfies (10) in some neighbourhood of = x,. Hence, the
curve ¥ = X(@, #,) is contained in the curve ¥ = p{x, x,, ¥, 2(z,, ¥,), Q;}
in some neighbourhood of (2, ¥¢), by the uniqueness of the solution in
Q, of (10) passing through (z,,%,). These are inconsistent with the
definition of (x,, ¥;). The above proposition is thus established.

By the above proposition, the curve y = X(z, 5,) 2 = z{w, X(x, 5,)}
satisfies (2), (3) and is contained in @, for the interval z, < a < 2 or
v, <w<w (if 2,=2) On Q,g(x,v,2)is defined and continuous.
Hence there is a positive M, such that |g(z,v,2)|< M, on @,. Therefore

%gf—"ﬁ = |gle, X(@, 7,), 242, X(@, 9011 < M,

foras, <<z, or o, <2< ;.
Thus |25, Us)—2(%y, Yo)| < My |as—a,| < M, |25 —2, (14)
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(if x, = x5, this is obvious).
Now y = X(#, »,) is a solution of (10) contained in @, and |f{z, v, z(x, ¥)} |
<M on Q,.
Thus |y, —ys|=|X(%,, 7s)—X(@s, 9)| < M@, —a5| < M|w5—2,].
Hence |yy3—us| <|¥s—vsl + |0a—vs| < |Us—vs| + M| 25—, . (15)
We have

|25, ¥s)—2(@s, Us)| < N|@s—25| < N |2y —2, | (16)
in Case I, by (4) and as (x5, ¥5) € F':Q, (x5, ¥5s) € @, and in Case II, simply
as ;= 25. Also we have by (9)

|2(®5, ¥3)—2(25, Ys)| < 2N |y — 5| (17)

as (x3 ’ ys): ($3 ] :1/5) € Q4 .
By (14), (15), (16), (17),

|2(25, Ys)— 2@y, Y )| < |2(@5, ¥s)— 225, Ys)| + | 2(@5, ¥s5)—2(2s5, U5)|
+ | (@5, Ys)— 2%y, Y)| < 2N |y —Us| + N | w3 — 2, | + M, | 05—,

< 2N\|y;—y,| + CNM + N + M,)| ;3 —x,]

< (2N +2NM+M;)(|ys—y,| + |25—2,|)

Hence if we denote 2NM +2N+ M, by M,,

|, ¥)—2(2s, ¥s)| — gy (18)

lim sup
(”tﬂ)‘)(”a’ 1/3) |x'_x3 I + Iy_y3 l

whenever (&3, ¥;)€ Qs .

7. Completion of the proof. From (18), z(x, %) is totally differentiable
almost everywhere in @, by Stepanoff’s theorem on almost everywhere
total differentiability.® Moreover 2z(z,y) fulfills (1) almost everywhere
in G and, as we have seen in section 5, A;! maps any null set in @
to a null set in Q4. Hence if we write ¢,(&, m)=z{&, X(&1, m)} for
(El ’ "71) S Qﬁ ’

{ 2 Oz , 9z 9X
— g , —_ =
8’;‘1 1(51 771) ox oy 851

(19)
[ = %+% i€, XLy m)s SuErs )} = g8CEr, X(Ery m), S.(Ers )}

almost everywhere in Q.

12) Cf. Saks [3], pp. 238-239.
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parallelepiped R,: |z—a,|<7,, |¥—¥1|< 7y, |2—21|< 7 such that

i) 7,73 <m, that is, B, C R,,
ii) |el@, w)—2(x , y1)|<rs for |z—ax <7y, |[¥—0nh|<7s,
iii) C(zy, ¥y, 2,5 B1) is defined for the interval |x—u,|<r, when-
ever (&y, ¥y» %) €E R, .

i), iii) can be realized if we take r,,r; sufficiently small ( iii) by the
boundedness of f,g in I2,) and ii) can be realized if we take 7, still
smaller. We denote by E; the open square: |z—a,|< 7, |y—v1|<7,.

If we take any point (x,,¥,) which belongs to R2; and denote
2(%,, ¥,) by z,, then by ii) and iii), (x,, ¥,, 2,) €R, and C(z,, ¥,, 2,, I%1)
is defined for |z—a,|<7r,. We denote @@, w,,U,, 2, B1),
WXy, @y, Yy» 25, 1) by 95, 23 respectively. Then z; = 2(,, v;), since
C(#;,Y,, 2;» R,) is totally contained in S by Theorem 1. By the conti-
nuity of z(,y) and of @(x, ¥y, ¥y, 24, £1), W&, T4, Yy, %, ;) With respect
to all the arguments x, 2, ¥y, 25,

i( @(37’xzr'yz!zzsRl)_’)g)(xlrwlslh:zl:Rl):?h
/E 11!((17, 372, 2/2: zz»Rl)'_’)"l’(xly xl: yl) zlvR1)=z1 (23)
L as & —> &y, Xy —=>215 Yy —> Y1

Hence by the continuity of f(x,w, z), g(=, v, 2),

Fia, p(@, @35 Ygs 225 Ba), Y@, 255 Yys 255 B1)} — f(@01, 11, 21) s
g{x: <P(x, Loy Ygy %9 Rl)’ \{’(x’ Loy Ygs %9 Rl)} I 9(371, Yy, zl)
as & =&y, ¥y — 2, Ys = Y; .

On the other hand, by (2), (3)

z

2
Ys—Ys = Sﬁ fiz, q’(m’ L2y Yz s 22, Rl)! 11/((17, Loy Yz, 25, R1)§ dx
1

T2

Ro—23 = Sz g{x, 90(517, Los Yzs 22, Rl)’ \P(OJ, Loy Ysy 22, Rl)} dx.
1
Therefore we have
J Yp—Ys = (X — 1) { (@01, Y1, 20)+ pa(2, Y2)}
2o—2; = (X —21){ 9(&1, Y1 s 21)+ po(@2 5 Ys)} (24)
I pi(T2s Ys)y pa(Zas Ys) =0 as (w3, ¥y) — (X1, ¥1).-
By the assumption, 2(x,¥) has 9z/0y at (a;,%,) and by (23)
Ys = p(&1, Bas Yz s 22, B1) > U1 88 (2, Yo) > (21, ¥1)- Hence we have

13) Cf. Kamke [1], § 17, Nr. 84, Satz 3.
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Also by (18) (if we write 2y, = &;, y; = X(&;, 73))

lim sup I gl(gl! 7]3)—' gl(fs ’ 773)' < ((lim sup lz(x: ’y)“z(wa ’ ya)l)

g 1] [61—&;] » gy | T—5| + |Y—Us]
: |E1—E&3| + | X(Ers 1) —X(E5, m3)] M. (1 ox (20)
i s ey ) =0 (1+ 25 e )

=-"M3 [1+ |f{x3,y3, z(ws»'ys)} |]§M3(1+M)

for any (&,, ;)€@Q,. Therefore by Fubini’s theorem <,(&,, #,) satisfies
(19) almost everywhere in the interval |&,—a,|< 1, as a function of &,
for almost all 7, in the interval |5 —b,|<l and by (20) S(&, m) is
absolutely continuous as a function of & in the interval |& —a,|< 1 for
all 7, in the interval |5 —b,|<l. Hence for any £, in the interval

|1 <L g
S m)—Sian, )= glen X&) SiE i as (2D)

for almost all 7, in the interval |7, —b,]< l. By the continuity of z(, ),
g(ﬂ?, Y, Z), X(El ’ 7]1)’ aCCOfdinle of gl(fl ’ 771): g {El ’ X(El ’ 771); g-l(fl ’ 771)} ’
(21) is established for any (&, 7;,)€Q,. Hence by the continuity of
gi&1, X(&1s m 115 m)is

91lss m) — g1, X(EL, e S1(Ers )} (22)
o0&
for any (&, 7)€ Q-

By the definition of X(&;, ), Si(&1, m) and by (22), for any #, in
the interval [75,—b,|< I, the curve y = X(@, ), 2z = S:(a, ;) satisfies
(2),(3) in the interval |x—a,|<l, that is, is a characteristic curve in
D.(Q;xR), and is contained totally in S. On the other hand, the curves
¥y =X(x, ) fill up @5, when 4, takes all values in the open interval
| 7;1—b1|< 1. This is however excluded, since (a,,b,)€F-Q;=0. We
thus arrive at a contradiction and this completes the proof of Theorem 1.

§3. Proof of Theorem 2.

Now we shall prove Theorem 2 by the use of Theorem 1.
In this chaper the notations are the same as in the introduction and
we assume that z(x, ) satisfies the premises of Theorem 2.

8. We take an arbitrary but fixed point (,, %,) which belongs to
G. We denote z(x,,v,) by z,. We take an open cube R;: |z—z,|< 7,

|y—v:1|< 71, |z2—2|< 7 such that B, D. Again we take an open
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R(w,, Y1)

+ Xy o ?
oy pa(xe Jz)}

7=y = #{an, U)—2(@ 1) = (13 —11) | )
ps(®z, ¥2) =0 as (2, ¥s) = (21, 9).
By (24), (25) we have

Ay, Yo)— 22, ¥)) = 23— 2, = (2,—2;3) +(23—2,)

= (X —21){9(@y, Y1» 21)+pa(@2, Y2)} + (W3 —V,) {%?y,—‘m"‘ pa(®@2, ’.l/z)}

= (@, — ;) {g(xl s Yis 21)— (@1, U15 21)
ox(xy, ¥;)
oy

oz(xy, ¥;) | }
201 Tl 4 p (2,
o P4( 2s YUz)

+(Y2—1) { +p3(@2 ﬂz)}

pa(y, Ys)s po(®2, ¥2) — 0 as (23, Y2) = (@1, ¥;) -

Thus the total differentiability of z(x,y) at any point (2,,%,) of G is
proved. At the same time, we obtain, as the value of 9z/ox at (x,, v,),

oy, U1) .

giwy, ¥y, 2@y, Y1)} — {1, ¥y, 2(2, 1)} oy

Hence

zﬁ‘%a;-il)_‘_fgxl, Yy» z(x1’y1)§az(xa+y’yl)= giwy, ¥y, @y, Uy}

at any point (#,, ¥,) of G.
This completes the proof of Theorem 2.
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