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A B S T R A C T

We have constructed an atomistically informed phase-field model for the quantitative energetic analysis of phase
transformations. In our model, to describe the general phase transformation with a non-linear correlation be-
tween displacive and diffusive modes, we have defined two order parameters, and , which describe the lattice
distortion (displacive mode) and shuffling (diffusive mode), respectively. Our method provides a way to in-
troduce the energetics from atomistic simulations to the phase-field model, describes and in an atomic
model, and derives phase-field parameters from the free energy calculated by atomistic simulation. As an ap-
plication of our model, we used the energetics obtained from atomistic simulations using a density functional
theory potential, and we calculated the free energy change during the heterogeneous {101̄2} twin migration of
hexagonally close-packed (HCP) Mg, which can be considered as a lattice distortion and shuffling mixed phase
transformation, by combining our phase-field model with the nudged elastic band method. The activation en-
ergy, and the critical nucleus size of the heterogeneous {101̄2} twin migration under a set stress were derived. The
critical c-axis tensile stress (athermal stress), at which the activation energy becomes zero, is consistent with the
experimental yield stress of {101̄2} for the twinning deformation of HCP Mg nanopillars in tensile tests. The
critical nucleus size of the heterogeneous {101̄2} twin migration is on the range of nanometers under several
hundred megapascals stress, which is consistent with the experimental observation of nanotwins.

1. Introduction

The phase-field method [1,2] is a promising mesoscale simulation
method. In material science, the phase-field model is used for the
analysis of the solidification or precipitate nucleation of metals [2],
diffusion-less phase transformations (such as the martensitic deforma-
tion) [3,4], grain shape [5], and dislocation structure and displacement
fields [6,7]. The phase-field model is a very powerful tool to predict the
morphology of secondary phase nuclei in a parent phase, dendrite
patterns [8–12], polycrystalline patterns [13], local stress patterns [3],
and other phenomena [14,15]. Furthermore, the predicted patterns are
in good agreement with those of experiment [2,16]. However, despite
its success in morphological prediction, energetic analysis based on the
phase-field model has been less successful [17]. For quantitative en-
ergetic analysis using the phase-field model, we must first calculate the
energetics for use in the phase-field model, and the energetics must be
calculated based on a reliable physical background. Atomistic simula-
tions, i.e., molecular statics or dynamics using density functional theory
(DFT) or empirical atomic potentials, can be used to calculate the en-
ergetics for the phase-field model. In particular, molecular statics or
dynamics calculated using DFT potentials can provide non-empirical

energetics for the phase-field model. Recently, the combination of the
phase-field model with atomistic simulations has become a hot research
topic, and many successful morphological analysis have been reported
[18–23,7]. Generally, researchers have attempted to include atomistic
simulation energetics in the phase-field model by utilizing the interface
gradient parameter, -surface, or elastic constant information in the
phase-field [18,19,24,25,20,7,21,22]. Despite these efforts, energetic
analysis based on the phase-field model is still in the early stages, and a
practical theoretical framework for the calculation of energetics using
atomistic simulation is required to stimulate research in this area.

On the other hand, it is well known that general phase transfor-
mations have displacive and diffusive modes, and these two modes are
nonlinearly correlated [26–28]. For solid–solid phase transformations
such as deformation twinning or martensitic transformations, these
correspond to lattice distortion and shuffling modes [29,30,27,31,32].
In this sense, the conventional phase-field model, which describes the
phase transformation with only a single order parameter, is not suffi-
ciently accurate to express the phase transformation because it cannot
express the non-linear correlation between lattice distortion and shuf-
fling. This deficiency has motivated researchers to discuss the non-lin-
earity between the eigenstrain (transformation strain) and the order
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parameter [33]. Although variant phases, orientation change and non-
linear elasticity of phase transformation are considered in present
phase-field model [34–37], we think there is no phase-field framework
to distinguish the displacive and diffusive modes of phase transforma-
tion. For this, we need to correlate the order parameter of phase-field
model with atomic structure change because the shuffling is caused by
local cooperative atomic displacement [27].

In this study, we constructed an atomistically informed phase-field
model to analyze the phase transformation quantitatively. In our model,
two order parameters, and , are defined, and these parameters de-
scribe the lattice distortion and shuffling, respectively, required to ex-
press the phase transformation. All information required for the phase-
field dynamics, including the energetics of the and correlation and
phase-field parameters for uniform and heterogeneous phase transfor-
mation, are obtained using atomistic simulation. Here, a theoretical
framework to calculate this energetic information from atomistic si-
mulations for use in the phase-field model is provided: in particular, a
description of and in the atomic model and a way to derive phase-
field parameters from the free energy calculated by atomistic simula-
tion. As an application of our model, we used the free energy calculated
using molecular statics calculations with a DFT potential, and we cal-
culated the free energy change during the heterogeneous {101̄2} twin
migration of hexagonally close-packed (HCP) Mg, which can be con-
sidered as a lattice distortion (displacive) and shuffling (diffusive)
mixed phase transformation [27,38]. From the free energy change, the
activation energy, critical nucleus size under certain stress conditions,
and critical stress of the heterogeneous {101̄2} twin migration were
obtained and are discussed from an energetic perspective.

2. Atomistically informed phase-field model

2.1. Basic theory

To obtain the energetics from atomistic simulation for use in the
phase-field model, we must connect the discrete atomic model with the
continuous phase-field model. As shown in Fig. 1, we start with an
atomic supercell, , which includes the parent, secondary phase, and
middle state of a certain phase transformation. The associated lattice
distortion and shuffling and the phase transformation can be described
well by a lattice unit (we call it the phase transformation unit here) in
this supercell. Next, the phase transformation units in the atomic su-
percell are treated as grid points in the phase-field model; i.e., the local
atomic structure of the phase transformation unit at position x (e.g.,
suppose x is the center of the phase-field unit) is related to lattice
distortion order parameter x( )(0 1) and shuffling order para-
meter x( )(0 1) at grid point x in the phase-field model using the
cell shape change and internal atomic displacement [27] of the phase
transformation unit.

Moreover, we can calculate the total free energy of the whole
supercell, G T( ¯ , )AS , under average stress ¯ at temperature T (n T
ensemble) using atomistic simulation. The subscript “AS” indicates that
the total free energy is obtained from atomistic simulation. In the
phase-field model, this total free energy GAS is described as the integral
of the local free energy xg ( ) over the whole system,

= x xG T G T g d¯ , ¯ , ( ) .AS AS
0

(1)

Here, G T( ¯ , )AS
0 is the reference free energy. Referring to Cahn and

Hilliard’s theory [39], we can describe g as a functional of order
parameters x( ) and x( ),

= …x x x x x x xg g T( ) ( ( ), ( ), ( ), ( ), ( ), ( ), , ¯ , ).2 2 (2)

The and terms describe the intrinsic energy change of the phase
transformation unit arising from the lattice distortion and shuffling,
respectively. The gradient terms, …, ,2 ( …, ,2 ), describe the

heterogeneous interaction between the phase transformation units
(unit–unit interaction) caused by local lattice distortion (shuffling). In
other words, the gradient terms …, ,2 ( …, ,2 ) describe the
elastic (chemical) unit–unit interactions. Additionally, we regard xg ( )
as a function of ¯ andT for convenience to provideG T( ¯ , )AS of the n T
ensemble atomistic simulation. Note that our goal is different from that
of the multi-phase-field model [40,41], even though we have two order
parameters in our model. Although the order parameters in the multi-
phase-field model are used to express the variation in the phase or or-
ientation in the system [36,37], our order parameters are used to ob-
tained a more exact expression of a single phase transformation.

In the next step, g is approximately divided into the elastic unit–unit
interaction energy, i.e., the gradient terms of …: , ,2 , and other
terms, such as gelast and g ,

… … + …g T g T g T( , , , , , , , ¯ , ) ( , , , , , ¯ , ) ( , , , ¯ , ).2 2 2
elast

2

(3)

The eigenstrain (or transformation strain [42,43,33]) induced by the
phase transformation has a linear relationship to x( ), thus . is the
eigenstrain induced by the complete phase transformation. Referring to
the micromechanics of Mura et al. [44], gelast is given by

… = + +x xg T, , , ¯ , 1
2

¯ ( ) : ¯ ( ) ¯ : ¯ .elast
2

(4)

¯ is average strain caused by ¯ . x( ) and x( ) are local stress and
local strain deviations, which describe the unit–unit elastic interaction.
Thus, the local stress can be given by = +x x( ) ¯ ( ) and the local
strain by = +x x( ) ¯ ( ). The ¯ : ¯ term eliminates the elastic en-
ergy caused by uniform deformation, which is included in the g term.
For finite temperature analysis, a temperature term is included in ei-
genstrain term as a thermal strain effect, = T( ). Once the eigenstrain
has been determined, the local stress and strain can be calculated by
solving Poisson’s equation using the Fourier transform of eigenstrain
[44,42]. Although it seems that the eigenstrain caused by lattice dis-
tortion is linearly related to as in Eq. (4) (as discussed later) be-
cause the order parameter is nonlinearly correlated with the shuffling
order parameter based on the atomistically informed free en-
ergy map, non-linear correlation between the lattice distortion and
shuffling [33] can be achieved in our model.

Again, referring to Cahn and Hilliard’s theory [39], we ignore the
high-order gradient terms larger than 3 in

…g g T g T: ( , , , , , ¯ , ) ( , , , , ¯ , )2 2 , and divide g
into the intrinsic term g T g T( , , ¯ , ) ( , , 0, 0, ¯ , )int and hetero-
geneous unit–unit shuffling interaction terms by using McLaughlin’s
first-order expansion of and 2 :

+

+

g T g T L T

x
L T

x x

, , , , ¯ , , , ¯ , , , , ¯ ,

, , , ¯ , ,

i
i

i ij
ij

i j

2
int I 2

II

=

=
( )L T g, , , ¯ ,i

x

I 2

0i

=

=
( )( )

L T g, , , ¯ , .ij

x x

II
2

0i j 2 (5)

We use the subscripts i and j to denote the substitution of the x y, , and z
components for the variable xi. Following the conventional phase-field
model approximation, L T( , , , ¯ , ) 0i

I 2 and
L T L T( , , , ¯ , ) ( ¯ , )ij ij

II II [39,1]. Finally, as phase-field
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parameters, only gint and are required using the above approximation.
In the next section, we show how to describe order parameters and
in a given atomic phase transformation unit and how to calculate gint
and Lij

II from the atomistic simulation data using and based on the
above theory.

2.2. Description of order parameters: Lattice distortion and shuffling

In Fig. 2, we show a virtual phase transformation of 2-dimensional
atomic structure, including red and green atoms, from the parent to
secondary phase, as already shown in Fig. 1. The red frame in the figure
delimits the phase transformation unit and includes one red (atom A)
and two green (atoms B and C) atoms. In addition, r r,A B, and rC denote
the atomic positions of atoms A, B, and C in Cartesian coordinates, and
hi is the edge vector of the unit and can be described using the position
of atom Ai, i.e., rAi; this atom belongs to the adjacent unit along the
xi-direction as =h r ri A Ai. Note rAi is crystallographically equivalent
to rA if the phase transformation is uniform in whole system. The su-
perscripts “p”, “2nd”, and the tilde on these variables in Fig. 2 indicate
that they belong to the parent phase, secondary phase, and middle state
atomic structure of the phase transformation, respectively. The red and

blue arrows indicate the change in cell shape and internal atomic dis-
placement, which correspond to the lattice distortion and shuffling,
respectively, during the phase transformation.

Now, we explain how to describe the order parameters ( and ) of
the middle state from the atomic structure information of the middle
state, parent phase, and secondary phase. To express the lattice dis-
tortion (red arrows show the cell shape change in Fig. 2), using cell
matrix H h h[ ]1 2 , we describe the deformation gradient tensor J and
eigenstrain of the phase transformation unit caused by the phase
transformation as [45]

=
=

J H H
J J I

( ) ( ) ,
( ).T

T p 1

1
2 (6)

Then, we describe as

= :
:

.
2nd

2nd 2nd (7)

Here, and 2nd correspond to the eigenstrains caused by the lattice
distortion of middle state and secondary phase structures, respectively.
The volume of the phase transformation unit is described as

= HV tr( )p
0 . On the other hand, to express the shuffling (blue arrows in

Fig. 1. Schematic of the atomistically informed phase-field model. The continuous phase-field model is connected to a discrete atomic supercell, . Atomic supercell
, which includes parent and secondary phases and a middle state of a virtual phase transformation of the 2-dimensional atomic structure with red and green atom

species, is replaced by the phase-field model with two order parameters: x( ) and x( ). The order parameters and at each grid point in the phase-field model are
described using the change in cell shape (i.e., the atomic displacement of the red atom) and internal atomic displacement (i.e., the atomic displacement of the green
atom) of a lattice unit (phase transformation unit) during the phase transformation, which correspond to the lattice distortion and shuffling, respectively. The black
frame in the atomic structure represents the periodic boundary. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

A. Ishii Computational Materials Science 183 (2020) 109907

3



Fig. 2), we describe internal coordinate [27] s as =s H r1 . In addition,
using S s s s[ ; ; ]A B C ,

= S S S S
S S S S
( ) ( )

( ) ( )
.

T

T

p 2nd p

2nd p 2nd p (8)

Here, s s,A B, and sC are the internal coordinates of atoms A, B, and C,
respectively. For the conventional 3-dimensional phase transformation
unit including … n1, , atoms, the coordinates of a certain atom is used to
calculate =H h h h[ ]1 2 3 , and the coordinates of all atoms are used to
calculate the 3n-dimensional internal coordinate …S s s s s[ ; ; ; ; ]1 2 3 n to
derive . Additionally, for the finite temperature analysis, atom co-
ordinate r is replaced by time-averaged atom position r at thermal
equilibrium. The order parameters are described as averaged atomic
positions, and the thermal effect is included in the eigenstrain T( )2nd in
Eq. (4) by using finite temperature H T( ). Note, as a phase transfor-
mation unit, the best choice is the minimum unit cell which can de-
scribe shuffling atomic displacement of the phase transformation,
otherwise the gradient term may appear inside the phase transforma-
tion unit itself, leading the wrong energetics to phase-field model.

2.3. Atomistically informed phase-field parameters gint and Lij
II

Utilizing the above definition of and in the atomic system,
conventional atomistic simulations using DFT or empirical potentials
provide the quantitative total free energy, GAS, of the system with a
clear expression of the x( ) and x( ) distribution for use in the phase-
field model. Next, a single phase transformation unit, in which the or-
dering parameters are and , are used as a supercell to provide
g T( , , ¯ , )int . Using this supercell, we can estimate the free energy
change atomistically during uniform phase transformation without any
unit–unit interactions. As shown in Fig. 3, discrete gint can be obtained
using the free energy (G T( , , ¯ , )AS

uni ) provided from the molecular
statics (zero temperature) or dynamics (finite temperature) constrained
and of the supercell [27],

=g T G T G( , , ¯ , ) ( , , ¯ , ) (0, 0, 0, 0).int AS
uni

AS
uni (9)

Once discrete gint has been calculated, the whole gint map can be
achieved using an interpolation method. In this way, the order

parameters and are correlated nonlinearly by the gint map obtained
via atomistic simulation; this means that the physical meaning of the
non-linear relationship between the lattice distortion and shuffling is
guaranteed by the atomistic simulation. This is a distinct advantage of
our model compared to others and provides an answer to the recent
discussion about the relationship between the order parameter and the
eigenstrain [33].

To derive Lij
II, supercells including x xi j

terms are necessary.

Although there are many supercell candidates that have x xi j
terms, for

simplicity, we use the following two types of supercell to derive Lii
II and

Lij
II(i j) individually. For the calculation of Lii

II, we use supercells that
can describe the xi interface individually; i.e., a supercell ii that has
parent and secondary phases and only an xi interface plane, as shown in
Fig. 4(a). This means that supercell ii includes a xi

2
2 term but no

i jx xi i
term. Using the free energy (G T( ¯ , )ii

AS ) provided by ato-

mistic simulation with this heterogeneous supercell, which contains xi
interface planes, and Eqs. (1), (3), and (5)

…

x

x

x

L T
d

G T M G

g
x x

T d

g T d

¯ , 1 ( ( ¯ , ) (0, 0, 0, 0))

, , , ¯ ,

, , ¯ , .

ii

x

ii
ii

i i

II
AS AS

uni

elast

2

2

int

ii i

ii

ii

2
2

(10)

Mii is the number of phase transformation units contained in supercell

ii. Here, xdxii i

2
2 can be estimated from the x( ) distribution. The

G G,ii
AS AS

uni, and gint terms are obtained from atomistic simulation, and the
gelast term can be estimated by micromechanics using Eq. (4). The in-
tegral of these terms can also be calculated using the x( ) and x( )
distribution in the supercell. Once Lii

II has been obtained, we can cal-
culate Lij

II using the i j( )ij supercell, which has parent and sec-
ondary phases, xi and x i j( )j interface planes, and i j interface
corners, as shown in Fig. 4(b). This means that supercell ij includes

Fig. 2. Virtual phase transformation of the 2-dimensional atomic structure with red and green atom species. The red frame shows the phase transformation unit. Red
and blue arrows indicate the cell shape change and internal atomic displacement, which correspond to the lattice distortion and shuffling, respectively, during the
phase transformation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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both a
xi

2
2 term (interface edge) and i jx xi i

term (interface

corner). Again, using the free energy (G T i j( ¯ , )( )ij
AS ) of the system

provided by atomistic simulation,

…

+

x

x

x x

L T
d

G T M G

g
x x x x x x

T d

g T d L
x

L
x

d

¯ , 1 ( ( ¯ , ) 0, 0, 0, 0

, , , , , , ¯ ,

, , ¯ , .

ij
x x

ij
ij

i j i j i j

ii
i

jj
j

II
AS AS

uni

elast

2

2

2

2

int
II

2

2
II

2

2

ij i j

ij

ij ij

(11)

Here, M i j( )ij is the number of phase transformation units contained
in the supercell ij. Note that for the finite temperature analysis, the
free energy from atomistic simulation (GAS) is replaced by the time-
averaged free energy, i.e., GAS , at thermal equilibrium.

3. Application: Energetics of heterogeneous Mg {101̄2} twin
migration

3.1. Background

As a practical application of our model, we calculated the activation
energy and the critical nucleus size of {101̄2} twin migration of HCP Mg
under defined stress conditions using DFT molecular statics informa-
tion. The {101̄2} deformation twinning is one of the most frequently
observed plastic deformations of HCP metals [46]. In particular, for
HCP Mg, this deformation is the dominant plastic deformation on the
application of c-axis ([0001]-direction) tension [47,48]. Because {101̄2}
deformation twinning is a phase transformation involving both lattice
distortion and shuffling [30,49,50,27], molecular dynamics and statics
simulations using empirical or DFT atomic potentials are popular, and,
to date, the atomic morphologies of {101̄2} deformation twinning under

Fig. 3. Schematic of atomistically informed gint. Atomistic simulation using a single phase transformation unit as a supercell provides discrete g T( , , ¯ , )int (red
dots). The whole gint map can be achieved by interpolation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 4. Supercells (a) ii and (b) i j( )ij , which contain the parent and
secondary phases and (a) xi interface planes and (b) xi and x j i( )j interface
planes and corners, respectively. The black frame represents the periodic
boundary. Red regions in (b) are the phase-field units at the corners. (For in-
terpretation of the references to colour in this figure legend, the reader is re-
ferred to the web version of this article.)
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many situations have been well studied [51–53]. However, energetic
studies of {101̄2} deformation twinning remain insufficient. Although
there have been several studies of the activation energy of uniform
{101̄2} twinning deformations [49,27,54] and twinning boundary en-
ergies [55,56] using DFT potentials, as well as the activation energy of
2-dimensional twin migration [57,58] using empirical potentials, the
study of the energetics of realistic 3-dimensional heterogeneous {101̄2}
twinning nucleation or migration based on DFT potentials has not been
carried out because of the high calculation cost of atomistic simula-
tions. Nevertheless, recently, heterogeneous Mg {101̄2} twin migration
has been studied using a combined model of molecular statics and
conventional phase-field models, in which the interface energy (gra-
dient parameter) in the phase-field is provided by molecular statics
[22,21], but the activation energy and the critical nucleus size have not
yet been discussed.

3.2. DFT molecular statics simulation of {101̄2} deformation twinning to
obtain phase-field parameters

In Fig. 5, we show the change in the atomic structure during the
uniform {101̄2} twinning deformation of HCP Mg. The Cartesian co-
ordinate axes x x,1 2, and x3 are parallel to [101̄0], [0001], and [1̄21̄0],
respectively. The phase transformation unit, the minimum unit of the
{101̄2} twining deformation, includes four atoms: A, B, C, and D, re-
spectively [49,27]. Lattice distortion is described using atom A and A_i,
and atoms B, C, and D need shuffling for this transformation. After the
twinning deformation, the phase transformation unit is rotated °86
around the center of the unit [59], and an eigenstrain of approximately

= =0.062, 0.06211
2nd

22
2nd is induced. For the gint calculation, we used

the supercell model of this unit. GAS
uni was calculated at 196 middle

points in the range of < < < <0 1, 0 1 using molecular statics ionic
structure relaxation constraining and under set stress conditions,
and the full space continuous g ( , )int was interpolated using a spline
function.

For the L11
II(L33

II) calculation, as in Fig. 6, we prepared linear super-
cell 11

twin( 11
twin) with six original (parent) ( = = 0) and six twin

( = = 1) units along the x1(x3)-direction containing 48Mg atoms and
carried out molecular statics ionic structure relaxation under zero stress
conditions to obtain G (0, 0)AS

11 (G (0, 0)AS
33 ) and x( ) and x( ) distribu-

tion. Note =L L22
II

11
II because basal-prismatic (BP) and prismatic-basal

(PB) boundaries are crystallographically equivalent [55]. The middle

state atomic structure around the twin boundary, as for the interface
shown in Fig. 4, is automatically obtained during this structural re-
laxation. After the relaxation, x( ) and x( ) at each phase transfor-
mation unit position (x) were calculated using Eqs. (7) and (8), and
L (0, 0)11

II (L (0, 0)33
II ) was calculated using Eq. (10).

For the L12
II(L13

II) calculation, as in Fig. 7, planar supercell 12
twin( 13

twin)
with 12 phase transformation units along both x1 and x2 (x1 and x3)
-directions containing 576 atoms was prepared, and ×6 6 twin units
were embedded in the original (parent) structure. =L L13

II
23
II because BP

and PB boundaries are crystallographically equivalent. Then, molecular
statics ionic structure relaxation under zero stress conditions was car-
ried out to obtain G G(0, 0)( (0, 0))AS

12
AS
13 . After relaxation, again, we cal-

culated x( ) and x( ), and L (0, 0)12
II (L (0, 0)13

II ) was calculated using Eq.
(11). In our DFT calculations, because of the cost of calculating Gij

AS, we
did not consider the temperature effects; thus, our free energy was
obtained at the zero temperature limit without entropy and stress ef-
fects in L L L; (0, ) (0, 0)ij ij

ex
ij

II II II throughout the whole phase-field si-
mulation.

Concerning the DFT calculations, we employed the Vienna ab-initio
simulation package (VASP) [61] using the Perdew–Wang generalized
gradient approximation functional [62] and projector-augmented wave
potentials [63] for Mg (3s23p0 valence). An energy cutoff of 265 eV was
used for the plane wave expansion. The energy convergence criteria of
the electronic and ionic structure relaxations were set to ×1.0 10 9 and

×1.0 10 3 eV, respectively. For the electronic structure relaxation, the
residual minimization scheme–direct inversion in the iterative subspace
(RMM-DIIS) algorithm [64] was used. The computed HCP lattice
parameters are =a c/ 1.6280 0 and =a 0.3190 nm, and the shear modulus
G for the twinning shear mode is 19.5 GPa. These values are consistent
with those obtained in other theoretical studies ( =a c/ 1.6280 0 [65,66],

=a 0.3130 nm [65] and =G 21.49 GPa [67]) and experimental mea-
surements( =a c/ 1.6240 0 [46], =a 0.3210 nm [46] and =G 19.37 GPa
[68]). The subroutines for independent stress and the strain component
control [69] and atomic and supercell shape relaxation under con-
straints (drag method [70]) were implemented in the VASP code.

In Figs. 8–10, we show the calculated g ( , )int maps at 0, 1, 2, and
3 GPa twinning shear stresses ({101̄2} 1̄011 shear stress) and the and
distribution of the ij

twin supercell. In the g ( , )int map (Fig. 8), the
red circles represent the stable ( , ) position before the twinning, it is
the potential energy valley in potential energy surface, under
each shear stress condition. We can see the stable position shifts to
positive direction though is remaining at zero as shear stress

Fig. 5. Atomic structure change during the uniform {101̄2} twinning deformation process. The red frame describes the phase transformation unit of the {101̄2}
twinning deformation. Red arrows indicate the cell shape change (lattice distortion) and rotation. Blue arrows indicate internal atomic displacement (shuffling). The
different colored atoms represent atoms in each of the (1̄21̄0) atomic planes. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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increase. This indicates internal atomic coordinate is not changed
(shuffling does not occur) but the lattice is distorted by the shear stress.
In the conventional phase-field method, linear relationship between
and is assumed; = is conventional form and the stable position is
always = = 0 (or = = 1) [33]. From Fig. 8, this assumption does
not work once shear stress is applied. As a result, we cannot describe
the correct pathway and the activation energy of the phase transfor-
mation and the quantitative energetics of phase transformation cannot
be discussed using conventional phase-field method. In this sense, for
the reliable energetic analysis using phase-field method, the potential
energy surface in ( , ) space must be clarified based on reliable phy-
sical background of atomistic simulation and be informed to phase-field
method. As shown by the and distribution in Fig. 9, distribution is
almost uniform around = 0.5 in the ii

twin supercell, although the
distribution is changing as we can distinguish with original and twin-
ning region in atomic structure. On the other hand, in the i j( )ij

twin

supercell (Fig. 10), although is distributed to reflect the atomic
structure in both (a) 12

twin and (b) 13
twin supercells, is almost zero in

both (a) 12
twin and (b) 13

twin supercells. Thus, we can see the dis-
tribution differs depending on the atomic model. Because the elastic
interaction is a long-range interaction, this difference is likely caused by
the size limitation of atomic model, that is, the boundary effect of the
atomic model [71,72]. In this sense, the elimination of the elastic ef-
fects from the atomistic free energy using Eqs. (10) and (11), which is
equal to removing the size effect of the atomic model, is important for
accurate phase-field modeling. By g dxelastij

term in Eqs. (10) and
(11), which is calculated using micromechanics, the elastic interaction
due to size limitation of atomistic simulation is fully eliminated. Simi-
larly, because of the presence of a distribution in atomic model, the
elastic energy is always double-counted when using the atomistically
based free energy (GAS) as the phase-field interfacial parameter directly
together with micromechanics elastic energy. Finally, from the -

Fig. 6. Atomic structure of supercell (a) 11
twin and (b) 33

twin before and after DFT structural relaxation. The atomic structure is shown with coordination number
coloring prepared using AtomEye [60]. The black frame represents the periodic boundary. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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distribution and total free energy Gij
AS, we derived

= = = =L L L L2.94, 2.29, 1.2011
II

22
II

33
II

12
II and = =L L 0.0913

II
23
II eV/nm

for the following phase-field model.

3.3. Energetics of heterogeneous {101̄2} twin migration

In this study, we combined our atomistic informed phase-field
model with the nudged elastic band method (NEB) [70] (PF-NEB) to
determine the activation energy of heterogeneous {101̄2} twin migra-
tion. For convenience in the NEB calculations, we defined a 2M-di-
mensional force vector … …F f x f x f x f x{ ( ), ( ), , ( ), , ( )}i M1 2 and
order parameter vector x x x{ ( ), ( ), ( ),1 1 2

… …x x x x x( ), , ( ), ( ), , ( ), ( )}i i M M2 for the whole system. Here, M

is total number of phase-field units in the system and f ,G G .

The force vector of the Ith image FI
neb of the PF-NEB calculation is de-

scribed as

= + + < <

=

+
+

+
+

+
F F F k I L

I or L

· ( 2 ) 0 1

0 ( 0 1).

I
I I I

I I
I I I

I I
I I I

neb

1 1
1 1

1 1
1 1

1 1

(12)

Here, k is spring constant. The free energy change GI from the
initial state ( =I 0) is described as a path integration in this study,

= + <
=

+
+G F F I L( )

2
·( )(0 1).I

i

I i i
i i

0

1 1
1

(13)

Concerning the detailed phase-field model, as the initial model, we
created a supercell containing × ×101 101 51 units and distributed the
order parameter x x x x x x( , , ), ( , , )I I

1 2 3 1 2 3 of image I using Eq. (14) like
Fig. 11.

Fig. 7. Atomic structure of supercell (a) 12
twin and (b) 13

twin before and after DFT structural relaxation. The atomic structure is shown with coordination number
coloring prepared using AtomEye [60]. The black frame represents the periodic boundary. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 8. g ( , )int map of {101̄2} deformation twinning at 0, 1, 2, and 3 GPa {101̄2} 1̄011 shear stress. The red circles represent the stable ( , ) position before the
twinning, the potential energy valley in potential energy surface, under each shear stress condition. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Fig. 9. and distributions of (a) 11
twin and (b) 33

twin supercells for the Lii
II calculation. The atomic structure near the interface is shown with coordination number

coloring prepared using AtomEye [60]. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 10. and distributions of (a) 12
twin and (b) 13

twin supercells for L i j( )ij
II calculation. The atomic structure around the embedded twin region (inside the red

frame) is shown with coordination number coloring prepared using AtomEye [60]. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Fig. 11. Initial supercell for the PF-NEB calculations.
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= =

<
+

+ = <
x x x x x x

x
i x i i x

i x i I
otherwise

( , , ) ( , , )

1 ( 26)
1 (51 51 , 51

51 , 26, 0 )
0 ( ).

I I
1 2 3 1 2 3

3

1 2

3

(14)

As in Fig. 11, this model includes twinning and the original HCP region
half and half along x3-direction, and the gradual heterogeneous twin-
ning evolution at the interface region ( =x 263 plane) is expressed as the
increase of twinning region at the interface region with the increase of
the NEB image number. Note this model corresponds to the atomic
supercell with 2 million atoms. At present, it is impossible to analyze

such large atomic model using DFT potential atomic simulation even
with supercomputers. Concerning the PF-NEB settings, we set the total
image number as =L 15, spring constant as =k 0.1, and timestep as

=t 0.05. The energy convergence criteria was set to ×1.0 10 3eV, re-
spectively. External tensile stress 0, 100, 200, 400, and 700MPa along
c-axis, [0001](x2)-direction, is applied during PF-NEB simulation, cor-
responding 0.5 Schmid factor for {101̄2} deformation twinning. Before
the NEB calculations, the initial ( =I 0) and final ( =I 14) state struc-
tures were relaxed using our original phase-field scheme with same
energy convergence criteria. The elastic constant for micromechanics is
derived from our DFT calculations and is consistent with the results of
previous studies [69].

map

map

(a)

(b)  200MPa case
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Fig. 12. (a) The free energy change ( G) during heterogeneous twin migration on the =x 263 plane under 0, 100, 200, 400, and 700MPa [0001] (x2)-direction
tensile stress condition. (b) and distribution of initial, saddle, and final states on the =x 263 plane under 200MPa [0001] tensile stress.
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In Fig. 12, we show (a) the free energy change G during the het-
erogeneous {101̄2} twin migration on the =x 263 plane under 0, 100,
200, 400, and 700MPa [0001] (x2)-direction tensile stress conditions
and (b) the and distributions of the initial, saddle, and final states
under 200MPa [0001] tensile stress on the =x 263 plane, which were
calculated using PF-NEB simulations. As shown in Fig. 12 (a), although
there is no saddle point for twin migration at 0MPa, a saddle point
appears if we apply tensile stress, and the activation energy ( G at the
saddle point) decreases as the stress increases. Eventually, the activa-
tion energy becomes almost zero at 700MPa stress, and the critical
tensile stress is 700MPa for {101̄2} twin migration at zero temperature.
This is consistent with Qian et al.’s experimental yield stress of the
{101̄2} twinning deformation of HCP Mg nanopillar tensile tests [73].
Because the athermal stress of twinning migration is determined by the
free energy change during that, we think this consistence is an evidence
of the accurate energetics of our phase-field model. Because Mg HCP
{101̄2} deformation twinning is a lattice distortion and shuffling mixed
phase transformation, this indicates the accurate correlation between
lattice distortion and shuffling modes in the free energy surface from
DFT potential is introduced to our phase-field model well.

As shown in Fig. 12(b), and change simultaneously during twin
migration, and, in the initial state, 0.5 and 0.2 over the whole

=x 263 plane. The initial state and distributions are consistent with
the and distributions in Fig. 9(b) =x 73 ) DFT result, confirming the
validity of our phase-field code; DFT atomic lattice distortion and
shuffling behaviors are well reproduced. Further, during the twinning
migration, we found isotropic twin embrio appears and grows with BP
and PB boundaries. Because BP and PB boundaries are crystal-
lographically equivalent; both interfacial energies are same, we think
this symmetric nucleation is reasonable. The nucleation of Mg {101̄2}
deformation twin with BP and PB boundaries are also reported in ex-
periment [74,75]. This is due to the low interface energy of BP and PB
boundaries [55].

In Fig. 13, we show the [0001] tensile stress vs. activation energy and
critical nucleus of heterogeneous {101̄2} twin migration. The critical
nucleus size was estimated from the distribution map at the saddle
point under each stress condition;we consider >x x{ ( ) 0.5} as twin
region. The nucleus size of {101̄2} twin migration is nanometer-sized
under stress of hundred megapascals. Although the heterogeneous nu-
cleation of grains, which form polycrystal including twinning region,
from liquids can be observed by large-scale molecular dynamics [76],
the heterogeneous nucleation of deformation twinning from the
original lattice structure and critical nucleus size of that are still unclear
at present because the chemical potential energy is not changed by
twinning deformation (i.e., the original lattice structure and twinning
structure are crystallographically equivalent) and the estimated critical
nucleus size by classical nucleation theory is very large, i.e., micro-
meters [77]. Thus, this is the first reasonable result for the critical

nucleus size of deformation twinning if we remember that nanotwin-
ning is always observed in nanopolycrystalline materials [78,79].

Note our previous research suggests that shuffling is dominant for
the {101̄2} deformation twinning [27], meaning temperature effects and
vibrational entropy may be important factors in {101̄2} deformation
twinning [27]. Because of the high cost of DFT calculations, we cannot
include temperature effects for this phase-field {101̄2} twin migration
analysis at present. However, in future work, we plan to include tem-
perature effects in our phase-field model of {101̄2} deformation twinning
using empirical potentials, which can express the properties of {101̄2}
twinning deformation well.

4. Summary

In summary, we have constructed an atomistically based phase-field
model for the quantitative energetic analysis of phase transformations.
To describe the general phase transformation with non-linear correla-
tion between displacive and diffusive modes, we defined two order
parameters, and , which describe the lattice distortion (displacive
mode) and shuffling (diffusive mode), respectively. In addition, we
have provided a way to introduce the energetics from atomistic simu-
lations to the phase-field model: a description of and in the atomic
model and a way to derive the phase-field parameters from the free
energy calculated from atomistic simulations. Our phase-field model is
applicable to the conventional solid–solid phase transformation with
atomic shuffling component during phase transformation, e.g., twin-
ning deformation in HCP metals [30], martensite transformation
in titanium [80] and FCC to BCT martensite transformation in steel
[81].To test the applications of our method, we used the free energy
obtained using molecular statics calculations with a DFT potential to
calculate the free energy change during heterogeneous {101̄2} twin
migration of HCP Mg and the activation energy and critical nucleus size
of the heterogeneous {101̄2} twin migration under certain stress condi-
tions by combining our phase-field model with the NEB method. The
critical c-axis tensile stress (athermal stress) at which the activation
energy goes to zero agrees well with the experimental yield stress of
{101̄2} for the twinning deformation of HCP Mg nanopillar tensile tests.
The critical nucleus size of the heterogeneous {101̄2} twin migration is
nanometer-sized under stresses of hundreds of megapascals, which is
reasonably consistent with the experimental observation of nanotwins.
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