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A B S T R A C T

We energetically predicted the morphology of Zr hydride precipitates in a hexagonal close-packed (HCP) Zr
matrix. Considering Zr hydride precipitates as ellipsoids, we used Eshelby’s ellipsoidal inclusions to calculate
the elastic energy increment due to the presence of Zr hydride precipitates in the Zr matrix, in which the
elastic anisotropy and inhomogeneity of the elastic constants between Zr and Zr hydride were considered.
We compared the difference in the elastic energy increment between the ellipsoidal inclusions with different
shapes: plates (mimicked by penny-shape ellipsoids), needles (mimicked by longitudinal ellipsoids) and sphere,
and orientations to detect the stable structure with the minimum elastic energy increment. Eigenstrains of
each Zr hydride and elastic constants of Zr hydrides and HCP Zr for Eshelby’s ellipsoidal inclusion analysis
were determined using atomistic simulations based on a density functional theory calculation, achieving
a parameter free 𝑎𝑏 𝑖𝑛𝑖𝑡𝑖𝑜 morphology prediction. The morphology predictions were implemented for two
cases: with and without shear components of eigenstrain (𝑤∕ and 𝑤∕𝑜 shear). The ⟨12̄10⟩ longitudinal
needle for the 𝛾 hydride (𝑤∕𝑜 shear) and plate (or disk) on the plane, which is 20◦ to 30◦ tilted about
⟨12̄10⟩-axis from basal plane (0001), for 𝛿 and 𝜖 hydrides (𝑤∕ shear) were successfully predicted as stable
shapes and orientations of the precipitates under zero external stress conditions, qualitatively consistent with
experimental observations. The external circumferential tensile stress on the basal plane reduces the elastic
energy of [0001] parallel Zr hydride plates, which is also qualitatively consistent with the reoriented 𝛿 hydride
precipitates observed in the experiment. On the other hand, predicted external stress for the reorientation
of Zr hydride is quite high, around 10 GPa. This is inconsistent with experimental observation and further
investigation is necessary. Generally, our predictions based on elasticity theory appear qualitatively consistent
with experimental observations, suggesting an elastic origin of the morphology of Zr hydride precipitates in
the HCP Zr matrix.
1. Introduction

Zr alloys are commonly used as fuel cladding in nuclear reactors
because of their desirable properties: low cross-section for neutron
absorption, good corrosion resistance in steam-water conditions, and
sufficient ductility and fracture toughness. Because the Zr fuel cladding
is constantly exposed to steam-water in a nuclear reactor, hydrogen
generates due to the oxidation of Zr surface. Some part of generated
hydrogen is absorbed by the Zr fuel cladding. Once the hydrogen con-
centration in the Zr fuel cladding exceeds the limit of solid solubility,
Zr hydride precipitates are easily generated [1,2]. From experimental
studies, it is known that Zr hydride precipitates have a negative effect
on the mechanical properties of Zr alloys. The reduction in the duc-
tility and fracture toughness of Zr alloys due to Zr hydride has been
experimentally observed, and it has been reported that the reduction
is related to the morphology, i.e. shape and orientation, of Zr hydride
precipitates [2–5].

E-mail address: ishii@me.es.osaka-u.ac.jp.

The experimentally observed Zr hydride precipitates are 𝜁 (Zr2H), 𝛾
(ZrH), 𝛿 (ZrH1.66), and 𝜖 (ZrH2) hydrides, which have extremely similar
crystalline structures: face-centered tetragonal (FCT) for 𝜁 , 𝛾 and 𝜖
hydrides, face-centered cubic (FCC) for 𝛿 hydrides [1,3,6], whereas the
matrix is hexagonal closed-packed (HCP) Zr (𝛼 Zr). Most commonly
observed hydrides are 𝛾 and 𝛿. A ⟨12̄10⟩ longitudinal needle shape was
observed as the shape and orientation of the 𝛾 hydride precipitate [7,8].
A nano-scale plate (or disk) shape on the basal plane (0001) precipitate
is observed for 𝛿 hydride and it was reported that these plate shape
precipitates construct a ‘‘deck of cards’’ structure with several tilts
about the ⟨12̄10⟩-axis [1,2]. Furthermore, for a 𝛿 hydride, micro-scale
‘‘deck of cards’’ clusters along the parallel ⟨0001⟩ direction during
cooling was also observed under loading conditions [9–11]. This is
often called as the reorientation of Zr hydrides and researchers revealed
that this reorientation drastically reduced the fracture toughness of Zr
vailable online 19 May 2022
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alloys [12–14]. In contrast, around hydride precipitates, complex bird-
nest-shaped dislocation structures are frequently observed [8,15–17],
suggesting that the hydride precipitates drive the surrounding disloca-
tion emission. This could be considered as a type of chemomechanical
effect; hydride precipitates, which are the products of the chemical
reaction between Zr and H, activate plastic deformation.

Owing to the importance of the Zr hydride structures, theoretical
studies on the shape, orientation, and surrounding dislocation of Zr
hydride precipitates have been performed [18–24]. E.g., Han 𝑒𝑡 𝑎𝑙.
uccessfully reproduced the above ‘‘deck of cards’’ shape precipitate
nd reorientation effect under tensile stress conditions for 𝛿 hydride
recipitates, using a phase-field simulation considering the anisotropy
f interface energy [22]. On the other hand, Simon 𝑒𝑡 𝑎𝑙. reported
he effect of applied stress is not significant for the reorientation of

hydride in a single crystal and questioned the mechanisms behind
eorientation very recently using phase field simulation, making the
iscussion controversial [25]. Tummala 𝑒𝑡 𝑎𝑙. reproduced complex
islocation structures around the Zr hydride precipitate and revealed
he correlation between the nucleation of dislocations and subsequent
ydride precipitates using dislocation dynamics simulation [21].

Despite these recent efforts and successes in meso-scale simulation,
everal aspects remain to be clarified, for example, why the morphology
f each Zr hydride is different; 𝛾 hydride precipitates have a needle
tructure and 𝛿 hydride precipitates have a plate structure. The origin
f the stable shape and orientation of Zr hydride precipitates remains
ontroversial, and there is a lack of atomistic and electronic information
o guarantee the quality of the microscopic physics of the meso-scale
imulation [26]. Although considerable atomistic analyses have been
onducted for Zr hydrides using empirical or density functional the-
ry (DFT) interatomic potentials [6,27–34], the connection between
tomic-scale and meso-scale analyses is weak.

In this study, we theoretically predict the morphology of 𝛾, 𝛿,
nd 𝜖 hydride precipitates in an HCP Zr matrix (𝛼 Zr) under zero
nd tensile stress conditions. We use Eshelby’s ellipsoidal inclusions to
alculate the elastic energy increment due to the presence of Zr hydride
recipitates in the Zr matrix, in which the elastic anisotropy and
nhomogeneity of the elastic constants between HCP Zr and Zr hydride
ere considered. We compare the difference in elastic energy increment
etween the ellipsoidal inclusions with different shapes (sphere, disk,
nd needle) and their orientations. The eigenstrains of each Zr hydride
nd the elastic constants of Zr hydrides and HCP Zr for Eshelby’s
llipsoidal inclusion analysis were obtained using atomistic simulation
ith a DFT calculation, achieving a parameter free 𝑎𝑏 𝑖𝑛𝑖𝑡𝑖𝑜 morphology
rediction. This is an advantage of our method compared with previous
eso-scale analysis, which usually includes empirical parameters or
escriptions.

. Method

.1. Micromechanics theory and Eshelby’s ellipsoidal inclusions

When an elastic medium (referred to as a matrix in this study) is
istorted by regional dimensional changes due to plastic flow, phase
ransformation, and thermal expansion, an internal stress field appears
ithin and outside the deformed region. These dimensional changes
re usually described as a strain form, which is called the eigenstrain
n micromechanics theory. Using the distribution of the eigenstrains,
𝑖𝑗 (𝒙) (𝒙 indicates the position inside the matrix), we can calculate
he distribution of the displacement 𝑢𝑘(𝒙) and total strains inside the
nclusion 𝜀𝑘𝑙(𝒙) = 𝜕𝑢𝑘

𝜕𝑥𝑙
by solving the following differential equation,

escribed using Einstein summation convention [35],

𝑖𝑗𝑘𝑙
𝜕2𝑢𝑘(𝒙) = 𝐶𝑖𝑗𝑘𝑙

𝜕𝜖𝑘𝑙(𝒙) . (1)
2

𝜕𝑥𝑙𝜕𝑥𝑗 𝜕𝑥𝑗 w
here 𝐶𝑖𝑗𝑘𝑙 are elastic constants. Once the total strains 𝜀𝑘𝑙 are calcu-
ated, the distribution of the internal stress 𝜎𝑖𝑗 (𝒙) is derived as follows:

𝜎𝑖𝑗 (𝒙) = 𝐶𝑖𝑗𝑘𝑙(𝜀𝑘𝑙(𝒙) − 𝜖𝑘𝑙(𝒙)). (2)

ere (𝜀𝑘𝑙(𝒙) − 𝜖𝑘𝑙(𝒙)) are the distribution of elastic strains. In recent
tudies, the differential Eq. (1) is usually used as the stress solver in
he phase-field method, and is solved numerically with a fast Fourier
ransform algorithm [22,26,36,37].

Likewise, Eshelby stated that the total strains and eigenstrains are
inearly connected with Eshelby’s tensor, 𝑆𝑘𝑙𝑚𝑛, if we consider the
eformed region as an ellipsoidal inclusion (

𝑥21
𝑎21

+
𝑥22
𝑎22

+
𝑥23
𝑎23

= 1: 𝑎𝑖 is
he half axis of the ellipsoid in each direction) as Zr hydride precipi-
ates [38,39], and the eigenstrains distribute uniformly in the inclusion.

𝑘𝑙 = 𝑆𝑘𝑙𝑚𝑛𝜖𝑚𝑛. (3)

n the isotropic matrix, 𝑆𝑘𝑙𝑚𝑛 depends only on Poisson’s ratio and the
hape of the ellipsoidal inclusion, independent of the volume. If the
igenstrains 𝜖𝑚𝑛 and Eshelby’s tensor 𝑆𝑘𝑙𝑚𝑛 are known, the internal
tress of the ellipsoidal inclusion 𝜎𝑖𝑗 is derived from Eqs. (2) and (3).
sing the derived 𝜎𝑖𝑗 , the elastic energy increment 𝛥𝐸 (per unit volume

of inclusion) owing to the inclusion in the matrix under external stress
𝜎ex𝑖𝑗 condition, is described as follows [35]:

𝛥𝐸 = −1
2
𝜎𝑖𝑗𝜖𝑖𝑗 − 𝜎ex𝑖𝑗 𝜖𝑖𝑗 . (4)

Comparing the elastic energy increment 𝛥𝐸 between the inclusions
with different shapes and orientations, we can predict the stable shape
and orientation for the inclusion with the minimum energy increment.
However, because the external stress term on the right side is in-
dependent of the shape of the inclusion, there is no elastic energy
increment owing to the correlation between the external stress and
the shape (or orientation) of the inclusion. Thus, in this case, we
cannot consider the external stress effect on the morphology change of
inclusions, as the researchers observed in the experiment for Zr hydride
precipitates [9–11].

If the elastic constants are not uniform in the matrix (𝐶𝑖𝑗𝑘𝑙 =
𝐶𝑖𝑗𝑘𝑙(𝒙)), for example, the deformed region (or inclusion) has different
lastic constants from the original matrix owing to differences in the
tomic structure, such as FCT (or FCC) Zr hydride (inclusion) and HCP
r (matrix) case, solving Eq. (1) is usually difficult. Fortunately, Eshelby
lso stated that there is a relationship between the elastic constants of
atrix 𝐶𝑖𝑗𝑘𝑙, that of inclusion 𝐶̃𝑖𝑗𝑘𝑙 and fictitious eigenstrains 𝜖𝑚𝑛 based

n his ‘‘equivalent inclusion theory’’ for the ellipsoidal inclusion [35,
9],

̃𝑖𝑗𝑘𝑙(𝑆𝑘𝑙𝑚𝑛𝜖𝑚𝑛 − 𝜖𝑘𝑙) = 𝐶𝑖𝑗𝑘𝑙(𝑆𝑘𝑙𝑚𝑛𝜖𝑚𝑛 − 𝜖𝑘𝑙). (5)

his equation is derived from the concept that the inclusion with
ifferent elastic constants from the matrix is replaced with a fictitious
nclusion with the same elastic constants as the matrix but with ad-
itional fictitious eigenstrains (equivalent inclusion). The left and right
ides of this equation are derived from Eq. (2) for the real and fictitious
nclusion, respectively, and the total strains term are described using
ictitious eigenstrains 𝜖𝑚𝑛 as 𝜀𝑘𝑙 = 𝑆𝑘𝑙𝑚𝑛𝜖𝑚𝑛. Solving these simultaneous
quations for 𝜖𝑚𝑛 and calculating 𝜎𝑖𝑗 using Eq. (2), the elastic energy
ncrement, 𝛥𝐸̃, owing to the inclusion in the matrix under external
tress 𝜎ex𝑖𝑗 condition, is rewritten as follows [35]:

𝐸̃ = −1
2
𝜎𝑖𝑗𝜖𝑖𝑗 − 𝜎ex𝑖𝑗 𝜖𝑖𝑗 −

1
2
𝜎ex𝑖𝑗 (𝜖𝑖𝑗 − 𝜖𝑖𝑗 ). (6)

n contrast to Eq. (4), the third term on the right side is a correlation
erm between the external stress and the shape and orientation of
he inclusion because 𝜖𝑖𝑗 are shape and orientation dependent. Thus,
n this case, the effect of external stress on the morphology change
as considered. Although the original Eshelby tensor applies for an
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Fig. 1. Definition of the 𝒙 coordinates of the matrix and the 𝒙′ coordinates of the
disk and needle inclusions. The 𝒙′

3 axis is chosen to be perpendicular to the disk and
parallel to the longitude of the needle. Disk and needle inclusions are mimicked by
penny-shape and longitudinal ellipsoids in this study.

isotropic matrix and inclusion, the general form of Eshelby’s tensor
for anisotropic matrix and inclusion (such as HCP Zr and FCT (or
FCC) Zr hydride) is also derived as follows based on Kinoshita 𝑒𝑡 𝑎𝑙.’s
deduction [24,35,40]:

𝑆∗
𝑘𝑙𝑚𝑛 =

1
8𝜋
𝐶𝑝𝑞𝑚𝑛 ∫

1

−1
𝑑𝜁3

× ∫

2𝜋

0

( 𝜉𝑙𝜉𝑞𝑁𝑘𝑝(𝜉1, 𝜉2, 𝜉3) + 𝜉𝑘𝜉𝑞𝑁𝑙𝑝(𝜉1, 𝜉2, 𝜉3)
𝐷(𝜉1, 𝜉2, 𝜉3)

)

𝑑𝜃,
(7)

where

𝐷(𝜉1, 𝜉2, 𝜉3) = 𝑃𝑝𝑞𝑟(𝐶𝑝𝑗1𝑙𝜉𝑗𝜉𝑙)(𝐶𝑞𝑚2𝑛𝜉𝑚𝜉𝑛)(𝐶𝑟𝑠3𝑡𝜉𝑠𝜉𝑡),

𝑁𝑘𝑚(𝜉1, 𝜉2, 𝜉3) = 1
2
𝑃𝑘𝑠𝑡𝑃𝑚𝑛𝑟(𝐶𝑠𝑗𝑛𝑙𝜉𝑙𝜉𝑗 )(𝐶𝑡𝑢𝑟𝑣𝜉𝑢𝜉𝑣),

which correspond to the determinant and cofactor of 𝐾𝑘𝑚 = 𝐶𝑘𝑙𝑚𝑛𝜉𝑙𝜉𝑛,
respectively. 𝑃𝑝𝑞𝑟 denotes the permutation tensor. Using 𝜁3 and 𝜃,
[𝜉1; 𝜉2; 𝜉3] are described as follows:

⎡

⎢

⎢

⎢

⎣

𝜉1
𝜉2
𝜉3

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

√

1−𝜁23 cos 𝜃
𝑎1

√

1−𝜁23 sin 𝜃
𝑎2
𝜁3
𝑎3

⎤

⎥

⎥

⎥

⎥

⎥

⎦

In this study, considering HCP Zr and Zr hydride precipitates as
a matrix and inclusions, respectively, we numerically calculated the
anisotropic Eshelby’s tensor using Eq. (7). Then, using Eqs. (5), (2), and
(6), we calculated the elastic energy increment 𝛥𝐸̃ for different shapes
and orientations of the Zr hydride precipitate, which includes the effect
of elastic anisotropy and inhomogeneity between HCP Zr and FCT Zr
hydrides. By comparing the 𝛥𝐸̃ value of Zr hydride precipitates with
different shapes and orientations, we energetically predicted the stable
shape and orientation of the Zr hydride precipitate with the minimum
𝛥𝐸̃ value. Using the elastic constant values of the HCP Zr matrix (𝐶𝑖𝑗𝑘𝑙),
that of Zr hydride (𝐶̃𝑖𝑗𝑘𝑙), and eigenstrain values of Zr hydride (𝜖𝑚𝑛),
which are obtained from atomistic simulations with DFT calculation,
we achieved a parameter free 𝑎𝑏 𝑖𝑛𝑖𝑡𝑖𝑜 prediction.

Following previous studies using Eshelby’s tensor [24,35,41], we
only considered spheres, disks (mimicked by penny-shape ellipsoids)
and needles (mimicked by longitudinal ellipsoids) as the shape of the
Zr hydride precipitate for simplicity. Note recent phase field study’s
observed more complicated shape of Zr hydride inclusion, saddle-like
shape [25], that is out of the range of Eshelby’s inclusion analysis. For
the orientation of disk and needle shape Zr hydrides, using following
3

rotation matrix

𝑅𝑖𝑗 =

⎡

⎢

⎢

⎢

⎣

cos𝜓 0 − sin𝜓

0 1 0

sin𝜓 0 cos𝜓

⎤

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎣

cos𝜙 sin𝜙 0

− sin𝜙 cos𝜙 0

0 0 1

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

cos𝜓 cos𝜙 cos𝜓 sin𝜙 − sin𝜓

− sin𝜙 cos𝜙 0

sin𝜓 cos𝜙 sin𝜓 sin𝜙 cos𝜓

⎤

⎥

⎥

⎥

⎦

, (8)

we describe the elastic constants and eigenstrains in the coordinate
system 𝒙′ of the rotated disk and needle inclusions, as shown in Fig. 1.
The normal direction of the disk plane and the longitudinal direction
of the needle were set to 𝒙′3. We then calculated the orientation-
dependent Eshelby’s tensor and elastic energy increment by changing
the rotation angle (𝜙, 𝜓) from 0◦ to 180◦ per 10◦. Although the disk
and needle are considered as shapes with an extremely long and short
half axes of inclusion analytically (e.g., 𝑎1 = 𝑎2 and 𝑎3∕𝑎1 → 0
for disk, 𝑎3∕𝑎1 → ∞ for needle) [35,41], we consider (𝑎1; 𝑎2; 𝑎3) =
(10∕

√

2; 10∕
√

2; 1) and (𝑎1; 𝑎2; 𝑎3) = (1; 1; 10) ellipsoid as disk and needle
inclusions, respectively, in this study, because of limitations to the
numerical calculations. Note that determining a unit for the half axes
is unnecessary, as Eshelby’s tensor is independent of the inclusion
volume. Additionally, we have to mention, although the ratio between
the half-axes of the precipitates are fixed to certain values in our study,
we confirmed the effect of it is ignorable; the setting: (𝑎1; 𝑎2; 𝑎3) =
(20∕

√

2; 20∕
√

2; 1) disk and (𝑎1; 𝑎2; 𝑎3) = (1; 1; 20) needle gives almost
same results as the present setting.

As previously mentioned, phase-field type studies, using Eq. (1)
from micromechanics as the stress solver is the main driving horse
behind recent morphological studies in the materials science field [22,
26,36,37,42,43]. Compared with conventional studies, the merit of
using Eshelby’s tensor is that we can reduce the computation cost,
and we need not consider boundary (or size) effects and resolution of
the matrix system in the simulation. To avoid empirical or ambiguous
description in our model as possible, we do not consider the effect of
chemical interface energy in our method. Although recent phase-field
simulations consider the chemical interface energy [22,25], we think
they include empirical or ambiguous description (or assumption) more
or less about it and the anisotropic chemical interface energy is not
fully considered. This is because including the non-linearly orientation-
dependent chemical interface energy solidly in the meso-scale model is
usually difficult. Once the non-linearly orientation-dependent chemical
interface energy is informed accurately to our method from DFT atom-
istic simulation, e.g., using recent high performance super computer,
more practical morphology predication is possible, considering the
anisotropic chemical interface energy. Note, if the size of inclusion is
enough large, usually larger than micro-scale, the chemical interface
energy is ignorable because the elastic energy is volume-dependent
and chemical interface energy is (surface) area-dependent. E.g., the
elastic energy increment is usually of the order of GJ∕m3 and the
chemical interface energy is of the order of J∕m2, roughly we can say
the chemical interface energy is 1000 times smaller than the elastic
energy increment for the micro-scale inclusion. On the other hand, the
order of both energies become the same at nano-scale.

Additionally, nano-scale Zr hydride precipitates construct micro-
scale clusters as we mentioned above. Because Eshelby’s tensor is scale
free, we think our method is applicable for these clusters considering
the cluster itself as one inclusion. Although the mixture effect of Zr
matrix and hydrides exists; eigenstrain and elastic constants should be
averaged ones as a single inclusion, we confirmed the effects does not
change the morphology prediction of the Zr hydrides in this study.

2.2. Atomistic informed eigenstrains of Zr hydride precipitate

Next, we explain the method for calculating the eigenstrains of Zr
hydrides using atomistic simulations. Let us consider the phase trans-
formation process from HCP Zr to FCT (or FCC) Zr hydride. As in Fig. 2,
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Fig. 2. The relationship between the Shockley partial dislocations (𝒃IP , 𝒃
II
P ) in HCP

structure and the atomic layer stacking sequences of HCP and FCT (or FCC) structures.

HCP structures have a ABABAB… basal stacking sequence whereas FCT
(or FCC) phase structures have a ABCABC… {111} stacking sequence.
The FCT ABCABC… {111} stacking sequence can be considered as
an HCP ABABAB… basal stacking sequence with basal plane stacking
faults at every other basal plane. The in-basal-plane HCP-FCT phase
boundary along the [101̄0] direction can be described as a set of Shock-
ley partial dislocations, 𝒃𝐈𝐏 = 1∕3⟨101̄0⟩ or 𝒃𝐈𝐈𝐏 = 1∕3⟨011̄0⟩, located
at every other basal plane. Thus, if the FCT phase is spontaneously
precipitated in the HCP phase, the phase transformation may generate
an engineering shear strain, 𝑏IP∕(4𝑑) in the ⟨101̄0⟩ direction on the basal
plane, where 𝑑 is the inter-basal-plane distance. The result of FCT (or
FCC) Zr in this process is satisfied with the experimentally observed
orientation relationship between the FCT (or FCC) Zr hydride and HCP
Zr matrix: (111)FCT//(0001)HCP and ⟨110⟩FCT ⟨12̄10⟩HCP [7].

From this crystallographic relationship between HCP and FCT (or
FCC), we consider an FCT (or FCC) Zr supercell that is obtained by
shearing the HCP Zr supercell, applying 𝒃𝐈𝐏, as shown in Fig. 3. We then
charge H atoms to the FCT Zr supercell to compute the eigenstrains in
the H-charged FCT ZrH and ZrH2 supercells, which represent 𝛾 and 𝜖
hydrides, respectively. We used a two-atom supercell for HCP Zr and
FCT ZrH2 computation and a double-sized four-atom supercell of FCT
Zr for ZrH computation to describe its stable H’s site occupation (see
Fig. 3). In the FCT (or FCC) Zr, DFT studies have revealed that H
atoms prefer to occupy the tetragonal site (T-site) [6] and the most
energetically stable H arrangement at 0 K, in which all of the H atoms
are placed on almost linearly aligned T-sites on the {110} plane for
ZrH and all T-sites in FCT are occupied by H atoms for ZrH2 [6,27].
Therefore, we simply employ these H arrangements by inserting four
H atoms into the T-sites in the four-atom and two-atom Zr supercell
for ZrH and ZrH2, respectively. Here, the finite-temperature entropic
effects, such as the H configuration and atomic vibration entropies, are
ignored. We optimized the supercell shape and atomic structure of the
HCP Zr supercell and ZrH and ZrH2 supercells, and obtained optimized
supercell matrices: 𝑯 = [𝒉𝐇𝐂𝐏 𝒉𝐇𝐂𝐏 𝒉𝐇𝐂𝐏] for HCP Zr supercell and
4

𝐇𝐂𝐏 𝟏 𝟐 𝟑
𝑯𝐙𝐫𝐇 = [𝒉𝐙𝐫𝐇𝟏 0.5𝒉𝐙𝐫𝐇𝟐 𝒉𝐙𝐫𝐇𝟑 ], 𝑯𝐙𝐫𝐇𝟐
= [𝒉𝐙𝐫𝐇𝟐

𝟏 𝒉𝐙𝐫𝐇𝟐
𝟐 𝒉𝐙𝐫𝐇𝟐

𝟑 ] for ZrH and
ZrH2 supercells respectively. The eigenstrains 𝜖X𝑖𝑗 for Zr hydrides can be
computed using the supercell matrices in the form of Green strain as

𝜖X𝑖𝑗 =
1
2
(𝑱T

𝐗𝑱𝐗 − 𝑰), (9)

where 𝑱T
𝐗 = 𝑯𝐗

(

𝑯𝐇𝐂𝐏
)−1 is the deformation tensor, and the subscript

𝑋 is ZrH or ZrH2. To perform the DFT structural optimizations, we
used the VASP computational package [44]. The electron-ion inter-
action in the DFT is described using the projector-augmented wave
method [45]. The exchange–correlation between electrons is treated
using the Perdew–Wang generalized gradient approximation in the
PW91 functional [46], and the energy cutoff is 290 eV for the plane-
wave basis set. The energy convergence criteria of the electronic and
ionic structure relaxations were set to 1.0 × 10−8 and 1.0 × 10−4 eV,
respectively. A 13 × 13 × 13 k-point mesh was used for HCP Zr and
ZrH2. A 13 × 7 × 13 k-point mesh was used for the ZrH. We confirmed
the convergence of eigenstrains and elastic constants with respect to
the above DFT input parameters. Although atomistic simulation with
DFT calculation (0 K) indicates that the most stable Zr hydride is
ZrH2 (𝜀 hydride) [6], ZrH1.66 (𝛿 hydride, FCC structure) was the most
frequently observed in experiments [1,47]. Unfortunately, extensive
details regarding the H atom arrangements in ZrH1.66 is still unclear,
and theoretical studies using atomistic simulation is computationally
expensive and time consuming due to the very large supercell structure.
Thus, we approximate the elastic constants and eigenstrains of ZrH1.66
by simple linear interpolation between those of ZrH and ZrH2 in this
study.

𝐶ZrH1+𝑥
𝑖𝑗𝑘𝑙 = (1 − 𝑥)𝐶ZrH

𝑖𝑗𝑘𝑙 + 𝑥𝐶
ZrH2
𝑖𝑗𝑘𝑙 ,

𝜖ZrH1+𝑥
𝑖𝑗 = (1 − 𝑥)𝜖ZrH𝑖𝑗 + 𝑥𝜖ZrH2

𝑖𝑗 , (10)

and 𝑥 = 0.66.
Each component of the calculated eigenstrain 𝜖X𝑖𝑗 is listed in Table 1.

For the comparison, the eigenstrains calculated from the simple lattice
correspondence between HCP and FCT (for the detail, please refer the
appendix), using previous reported lattice constants, are also included.
In addition to the basal shear along [101̄0], 𝜖12, a large normal and
parallel expansion to the basal plane appears: 𝜖11, 𝜖22 for ZrH, and
𝜖33 for ZrH2, which is consistent with the eigenstrains calculated using
previous results though 𝜖11, 𝜖22 and 𝜖12 for ZrH are larger and 𝜖12 for
ZrH2 are smaller. The calculated normal components of the eigenstrain
of ZrH1.66 are almost transversely isotropic for the basal plane, which
is also consistent with previous result. We also confirmed that these
eigenstrains change the 𝑐∕𝑎 ratio of the supercell of HCP Zr to 1.63
approximately, indicating that the shape of the supercell is cubic. The
elastic constants of HCP Zr, ZrH, ZrH1.66 and ZrH2 are listed in Table 2.
That of HCP Zr, ZrH and ZrH2 are calculated by computing the Hessian
matrix using the supercells of HCP Zr, ZrH, and ZrH2, respectively [48,
49]. For the comparison, the elastic constants, that were reported in
previous studies, are also included. Calculated elastic constants are
generally consistent with previous results. Note elastic constants in
Table 2 are defined in [111](𝒙1)−[112̄](𝒙2)−[1̄10](𝒙3) coordinate system
due to the crystal orientation of our supercells. The coordinate system
of reported elastic constants of Zr hydrides was changed (for the detail,
please refer the appendix).

For comparison, we implemented the morphology prediction for
two cases: 𝑤∕ and 𝑤∕𝑜 the shear component of the calculated eigen-
strain, because the existence of shear component of the eigenstrain
for Zr hydrides is controversial issue recently [20,22,24,25,32]. For
𝑤∕𝑜 shear case, as rough approximation, we simply set 𝜖12 as zeros.
The setting 𝑤∕𝑜 shear component of the eigenstrain corresponds to the
case in which the phase transformation pathway from HCP to FCT (or

FCC), which was explained above, is not considered, or the case in
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Fig. 3. Atomic structures of HCP Zr, FCT Zr, ZrH and ZrH2 and these supercells used for atomic simulation with DFT calculation, which are shown by red and blue lines. H atoms
were placed on the T-sites on the {110} plane and all T-sites of the FCT Zr structure for the most stable ZrH and ZrH2 structures, respectively [6]. Green lines are guides for the
eye to understand the position of the T-sites.
Table 1
Eigenstrains of ZrH, ZrH1.66(interpolated) and ZrH2 calculated using atomistic simula-
tion with DFT calculation. Note 𝜖𝑖𝑗 = 𝜖𝑗𝑖 and the values of other 𝜖𝑖𝑗 not listed are zeros.
For the comparison, the eigenstrain calculated using previous reported lattice constants
are also included.

𝜖11 𝜖22 𝜖33 𝜖12
ZrH
This work 0.103 0.119 0.006 0.250
Expt [16] 0.057 0.050 0.010 0.183
DFT [28] 0.053 0.065 0.006 0.181
DFT [29] 0.057 0.068 0.002 0.181
DFT [30] 0.060 0.065 0.001 0.182
DFT [31] 0.055 0.062 0.007 0.181

ZrH1.66
This work 0.080 0.062 0.068 0.166
Expt [16] 0.073 0.046 0.046 0.190
DFT(ZrH1.5) [28] 0.042 0.025 0.025 0.184
DFT(ZrH1.5) [29] 0.067 0.044 0.044 0.188
DFT(ZrH1.5) [30] 0.072 0.045 0.045 0.189
DFT(ZrH1.5) [31] 0.066 0.047 0.047 0.189

ZrH2
This work 0.068 0.033 0.101 0.123
DFT [28] 0.017 −0.038 0.036 0.186
DFT [29] 0.077 0.012 0.096 0.198
DFT [30] 0.080 0.010 0.095 0.199
DFT [31] 0.076 0.015 0.095 0.197

which the shear component of the eigenstrain is released by subsequent
plastic deformation (e.g., dislocation emission around the Zr hydride
precipitate) or canceled out due to the mix of Shockley partials [20,32].
Generally, not only 𝜖12, other strain components also change due to the
plastic deformation because HCP Zr matrix have multiple slip systems
with different orientation. Despite of it, the above setting corresponds
to consider a certain basal slip system reduces all shear components
of the coordinate system as zero. We do not want to say this is real
situation, it is a rough approximation. However, because HCP-FCT
transformation causes a large basal shear 𝜖12 as in Table 1, at first stage
of the deformation, the plastic deformation will mainly occur on the slip
system. As a suggestion for the further investigation, because we know
the slip systems of HCP Zr matrix are basal, prismatic and pyramidal,
changing the coordinate system of strain tensor using rotation matrix
and iteratively removing the shear components of these slip systems
from the strain tensor would be more convincing modeling.
5

3. Results and discussion

3.1. Morphology of Zr hydride precipitates under zero stress condition

In Table 3, the calculated energy increment 𝛥𝐸̃ of the sphere-shaped
precipitates for each Zr hydride (𝑤∕ and 𝑤∕𝑜 shear component of
eigenstrain) are listed. In Fig. 4 (𝑤∕ shear) and 5 (𝑤∕𝑜 shear), we show
that 𝛥𝐸̃ changes with respect to rotation angle 𝜙 and 𝜓 . Continuous
𝛥𝐸̃(𝜙, 𝜓) maps were drawn by spline interpolation of the calculated
discrete 𝛥𝐸̃(𝜙, 𝜓) data. Note raw data of the discrete 𝛥𝐸̃(𝜙, 𝜓) map
is available as supplemental material. The predicted stable shapes and
orientations for each Zr hydride precipitate, which have the minimum
𝛥𝐸̃, are listed in Table 4 (𝑤∕ shear) and Table 5 (𝑤∕𝑜 shear). Exper-
imentally observed shapes and orientations of Zr hydride precipitates
are also listed in Table 6. Fig. 6 is a schematic of the predicted stable
shape and orientation for each Zr hydride precipitate in HCP Zr matrix.

For the 𝑤∕ shear case, independent of the type of Zr hydride, the
𝛥𝐸̃ value is small and almost equal in the range 𝜙 = 20–80◦, 𝜓 = 90
for the disk case, as shown in Fig. 4, indicating the reorientation of
Zr hydride precipitate is easily occur in this angle range. The disk
shape, which is 20–30◦, titled about the ⟨12̄10⟩-axis from the basal
plane (0001), as shown in Fig. 6, have the minimum 𝛥𝐸̃ value. The tilt
angle becomes slightly larger as the hydride goes from 𝛿 to 𝜖. This is
qualitatively consistent with the experimental observation for 𝛿 hydride
(ZrH1.66); disk shape precipitates on basal plane (0001) nucleate first
and then a macroscopic ‘‘deck of card’’ structure with several tilts about
the ⟨12̄10⟩-axis is constructed subsequently [1,2]. Although Han 𝑒𝑡 𝑎𝑙.
reported similar result using phase field simulation recently, suggesting
the origin is the anisotropy of chemical interfacial energy [22], our
analysis suggests the elastic origin of it. This is consistent with the
result of another recent phase field simulation by Heo 𝑒𝑡 𝑎𝑙. [23], which
successfully observed ‘‘deck of cards’’ structure, considering elastic
heterogeneity between HCP Zr matrix and 𝛿 hydride. Meanwhile, the
disk shape prediction for 𝛾 hydride (ZrH) is inconsistent with the
needle shape observed in experiments [7,8]. Another interesting result
is that ZrH1.66 has the minimum 𝛥𝐸̃ of all Zr hydrides in Table 4. We
believe this is the reason for the frequent observation of 𝛿 hydride
in the experiment [1]. Previous atomic simulation results with DFT
calculation revealed that ZrH2 is the most stable Zr hydride at 0 K,
despite experimental observations [6]. Although the reason for this
inconsistency is considered as a thermal effect, our results suggest that
𝛿 hydride may be elastically favored.
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Table 2
Elastic constants of HCP Zr, ZrH, ZrH1.66(interpolated) and ZrH2 calculated using atomistic simulation with DFT calculation. Note 𝐶𝑖𝑗𝑘𝑙 = 𝐶𝑗𝑖𝑘𝑙 = 𝐶𝑖𝑗𝑙𝑘 = 𝐶𝑘𝑙𝑖𝑗 and the values of other
𝑖𝑗𝑘𝑙 not listed are zeros. The unit of the elastic constants is GPa. The elastic constants of ZrH, ZrH1.66 and ZrH2 are defined in [111](𝒙1) − [112̄](𝒙2) − [1̄10](𝒙3) coordinate system.

For the comparison, the elastic constants, that were reported in previous studies are also included.
𝐶1111 𝐶2222 𝐶3333 𝐶1122 𝐶1133 𝐶2233 𝐶2323 𝐶3131 𝐶1212 𝐶1112 𝐶2212 𝐶3312 𝐶2331

HCP Zr
This work 165 149 149 70 70 65 41 27 27 0 0 0 0
Expt [50] 173 155 155 65 65 67 45 36 36 0 0 0 0
DFT [28] 181 159 159 66 66 18 18 0 0 0 0
DFT [29] 168 148 148 69 69 62 43 25 25 0 0 0 0
DFT [30] 174 152 152 67 67 66 44 25 25 0 0 0 0
DFT [31] 177 151 151 68 68 64 44 30 30 0 0 0 0

ZrH
This work 194 194 188 96 78 85 31 22 42 0 0 18 21
DFT [28] 195 195 187 86 72 81 36 24 47 0 0 17 24
DFT [29] 188 188 183 93 69 83 33 18 43 0 0 20 21
DFT [30] 189 192 181 95 80 87 31 20 44 0 0 14 22
DFT [31] 184 184 176 89 73 83 31 19 40 0 0 18 22
DFT [34] 187 187 175 89 77 73 23 28 41 0 0 21 23

ZrH1.66
This work 201 191 221 108 96 100 30 22 43 −14 −11 11 14
DFT(ZrH1.5) [28] 163 139 139 −23 −23 3 69 43 43 0 −36 36 36
DFT(ZrH1.5) [29] 215 201 201 77 77 85 55 43 43 0 −19 19 19
DFT(ZrH1.5) [30] 168 152 152 114 114 129 11 −5 −5 0 −23 23 23
DFT(ZrH1.5) [31] 165 148 148 103 103 121 14 −4 −4 0 −25 25 25
DFT(ZrH1.5) [34] 191 161 180 74 115 107 46 23 30 0 −29 −7 21

ZrH2
This work 204 190 238 114 105 107 30 22 44 −21 −16 7 10
DFT [28] 86 96 85 16 29 18 37 40 41 2 8 −11 −2
DFT [29] 188 160 214 116 104 107 22 14 34 −18 −11 3 8
DFT [30] 196 162 231 127 105 110 21 17 35 −23 −11 7 4
DFT [31] 191 159 218 114 96 103 23 14 36 −19 −13 7 9
DFT [34] 184 174 227 115 99 100 24 22 43 −20 −17 5 9
F
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Table 3
Elastic energy increment 𝛥𝐸̃ of sphere-shaped Zr hydride precipitates.

Zr hydride 𝛥𝐸̃ GJ∕m3 (𝑤∕ shear) 𝛥𝐸̃ (𝑤∕𝑜 shear)

ZrH 3.71 1.06
ZrH1.66 1.86 0.78
ZrH2 1.33 0.79

For the 𝑤∕𝑜 shear case, interestingly, the needle shape with 𝜓 =
◦, which corresponds to the [12̄10] longitudinal needle, consistent
ith experimental observations, is predicted to have a stable shape
nd orientation for ZrH hydride (𝛾 hydride) precipitate, in contrast
o 𝑤∕ shear case. We think this is due to the dislocation emission
round the Zr hydride precipitate [8,15–17]. Once dislocation emission
ccurs during the nucleation process of Zr hydrides, the shear strain
ue to HCP-FCT phase transformation may be released, and needle-
haped precipitates are chosen elastically. Thus, the morphology of
he Zr hydride precipitates is correlated with the surrounding plastic
eformation [21]. Note that for other Zr hydrides, the predicted stable
isk tilted about [101̄0]-axis, as shown in Fig. 6, because 𝜓 deviates
argely from 90◦ in this case, which is inconsistent with experimental
bservation; to the best of our knowledge, disks tilted about the ⟨101̄0⟩-
xis have not been observed in experiment. As we mentioned, the
xistence of shear component of eigenstrain is controversial issue re-
ently. From the consistency between our prediction and experimental
bservation, we think that the shear component of eigenstrain due
o HCP to FCT (or FCC) phase transformation is necessary elastically
ecause we cannot predict the deviated disk-shape correctly without
he shear component using our method, but the shear strain may be
eleased or canceled out owing to the subsequent plastic deformation
r mixing of Shockley partials, which changes the morphology of the
6

r hydride, producing the needle shape 𝛾 hydride. f
Table 4
Shapes and orientations of Zr hydride precipitates with the minimum elastic energy
increment (𝑤∕ shear).

Zr hydride Shape/angle (𝜙, 𝜓) 𝛥𝐸̃ GJ∕m3

ZrH Disk/(20◦ or 70◦ , 90◦) 0.99
ZrH1.66 Disk/(20◦ or 60◦ , 90◦) 0.72
ZrH2 Disk/(30◦ , 90◦) 0.86

Table 5
Shapes and orientations of Zr hydride precipitates with the minimum elastic energy
increment (𝑤∕𝑜 shear).

Zr hydride Shape/angle (𝜙, 𝜓) 𝛥𝐸̃ GJ∕m3

ZrH Needle/(0◦ to 180◦ , 0◦) 0.72
ZrH1.66 Disk/(160◦ , 50◦ or 130◦) 0.57
ZrH2 Disk/(160◦ , 40◦ or 140◦) 0.48

3.2. Effect of external stress on the morphology of Zr hydride precipitates

Next, to study the effect of external stress 𝜎ex𝑖𝑗 on the morphology of
the Zr hydride precipitate, we extract the 𝜎ex𝑖𝑗 term from Eq. (6) as

𝛥𝐸̃ex ≡ −𝜎ex𝑖𝑗 𝜖𝑖𝑗 −
1
2
𝜎ex𝑖𝑗 (𝜖𝑖𝑗 − 𝜖𝑖𝑗 ). (11)

or each Zr hydride, we calculated the 𝛥𝐸̃ex for a spherical precipitate,
nd the 𝛥𝐸̃ex change with respect to the rotation angle 𝜙 and 𝜓 for disk
nd needle precipitates. Here, 𝜎ex𝑖𝑗 is set as 𝜎ex22 = 1.0 GPa ([101̄0] tension)
r 𝜎ex33 = 1.0 GPa ([12̄10] tension) and other components are zero, as it
s consistent with the circumferential tensile stress on the basal plane
0001) in the experiment [1,2] and the eigenstrains of each Zr hydride
re 𝑤∕ shear because the disk shape of the 𝛿 hydride is well predicted
sing 𝑤∕ shear eigenstrains as we mentioned in previous section. Note,
or the unification, we use the eigenstrains 𝑤∕ shear strain for ZrH
hough the morphology was well predicted for 𝑤∕𝑜 shear case in
revious section. Because the external stress effect is always discussed
or the 𝛿 hydride, but not very interested for the 𝛾 hydride, we think this
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Table 6
Experimentally observed shapes and orientations of Zr hydride precipitates.

Zr hydride Shape/orientation

ZrH Needle/⟨12̄10⟩ longitudinal [7,8]
ZrH1.66 (nano-scale) Disk/[0001] normal [4]
ZrH1.66 (micro-scale) ‘‘deck of cards" structure/[0001] normal, 14.7◦ tilted about ⟨12̄10⟩ [51]
Fig. 4. Elastic energy increment 𝛥𝐸̃ change with respect to 𝜙 and 𝜓 (𝑤∕ shear). Broken circles and ellipses indicate the area with the minimum 𝛥𝐸̃ for each case.
is not a big problem. In Table 7, the calculated energy increment 𝛥𝐸̃ex
of the sphere-shaped precipitates for each Zr hydride ([101̄0] and [12̄10]
tension) are listed. In Fig. 7 ([101̄0] tension) and 8 ([12̄10] tension),
we show the 𝛥𝐸̃ex change with respect to rotation angles 𝜙 and 𝜓 .
The shapes and orientations of each Zr hydride precipitate, which has
the minimum 𝛥𝐸̃ex, are listed in Table 8 ([101̄0] tension) and Table 9
([12̄10] tension). Fig. 9 is a schematic of the predicted stable shape
7

and orientation (with the minimum value of 𝛥𝐸̃ex) for each Zr hydride
precipitate in HCP Zr matrix under external stress condition.

From Fig. 7 and Table 8, the [101̄0] tensile stress mainly stabilizes
the needle shape. Regarding the orientation, it primarily stabilizes the
disk tilted about the [101̄0]-axis and the [101̄0] longitudinal needle for
ZrH, the [0001] parallel disk (prismatic plane (101̄0) normal) and [0001]
longitudinal needle for ZrH and ZrH . In contrast, the [12̄10] tensile
1.66 2
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Fig. 5. Elastic energy increment 𝛥𝐸̃ change with respect to 𝜙 and 𝜓 (𝑤∕𝑜 shear). Broken circles and ellipses indicate the area with the minimum 𝛥𝐸̃ for each case.
Table 7
𝛥𝐸̃ex of sphere-shaped Zr hydride precipitates under 1.0 GPa tensile stress.

Zr hydride 𝛥𝐸̃ex GJ∕m3 ([101̄0] tension) 𝛥𝐸̃ex ([12̄10] tension)

ZrH −0.12 8.0 × 10−4

ZrH1.66 −0.059 −0.066
ZrH2 −0.028 −0.10

stress mainly stabilizes the disk shape, as shown in Fig. 8 and Table 9.
It stabilizes the disk tilted about both the [101̄0]- and [12̄10]-axis and
[12̄10] longitudinal needle slightly tilted about the [101̄0]- and [0001]-
axis for ZrH, the [0001] parallel disk (prismatic plane (101̄0) normal)
and [12̄10] longitudinal needles for the ZrH and ZrH . The prediction
8

1.66 2
Table 8
Shapes and orientations of Zr hydride precipitates with the minimum 𝛥𝐸̃ex under 1.0
GPa tensile stress along [101̄0].

Zr hydride Shape/angle (𝜙, 𝜓) 𝛥𝐸̃ex GJ∕m3

ZrH Needle/(70◦ , 90◦) −0.13
ZrH1.66 Needle/(0◦ , 90◦) −0.063
ZrH2 Needle/(0◦ , 90◦) −0.034

of the [0001] parallel disk of the ZrH1.66 precipitate is consistent with
experimental observations of the reorientation of 𝛿 hydride cluster in
the radial direction during cooling under circumferential tensile stress
conditions [1,2,4]. However, from the comparison of the magnitudes
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Fig. 6. Schematic of the predicted stable shape and orientation for ZrH, ZrH1.66 and ZrH2. Needle shape was predicted for ZrH (𝑤∕𝑜) and tilted disks from basal plane were
predicted for others.
of the 𝛥𝐸̃ and 𝛥𝐸̃ex, we must note that the effect of external stress
on the morphology of Zr hydride precipitates is not significant; 1

2𝜎𝑖𝑗𝜖𝑖𝑗
in Eq. (6) is much larger than 𝛥𝐸̃ex under 1.0 GPa external stress.
We confirmed that a [12̄10] tensile stress on the order of 10 GPa is
necessary in our analysis for the reorientation of the ZrH1.66 disk from
[0001] normal to parallel: 𝛥𝐸̃ ≈ 𝛥𝐸̃ex, which is quite large compared
with the experimental critical tensile stress for the reorientation of
several hundred MPa [52,53]. This is because the effect of elastic
heterogeneity, 𝜖𝑖𝑗 − 𝜖𝑖𝑗 , is relatively small. About the reason of this,
further investigation is still necessary.

Additionally, for the calculated 𝛥𝐸̃ex value, the [101̄0] tensile stress
has a relatively low effect on the morphology of ZrH2 (the minimum
value is just −0.034 GJ∕m3 from Table 8) compared with ZrH and ZrH2.
This is because of the inconsistency between the direction of the tensile
stress and the normal eigenstrain component; the eigenstrain of ZrH2
has a very small [101̄0] normal strain component, 𝜖22, compared with
other components from Table 1. When external stress is applied to the
distorted direction by the eigenstrain, some of the internal distortion
9

Table 9
Shapes and orientations of Zr hydride precipitates with the minimum 𝛥𝐸̃ex under 1.0
GPa tensile stress along [12̄10].

Zr hydride Shape/angle (𝜙, 𝜓) 𝛥𝐸̃ex GJ∕m3

ZrH Disk/(50◦ , 60◦ or 120◦) −9.1 × 10−3

ZrH1.66 Disk/(80◦ , 90◦) −0.079
ZrH2 Disk/(80◦ , 90◦) −0.12

caused by the eigenstrain is released by the external stress because
Zr hydride precipitates are stiffer than HCP Zr matrix (see Table 2),
reducing the elastic energy caused by the precipitate and affecting the
morphology of the precipitate. The same is true for the low effect of
the [12̄10] tensile stress on ZrH.

4. Summary

In summary, considering Zr hydride precipitates as ellipsoids, we
energetically predicted the morphology of Zr hydride precipitates (𝛾,
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Fig. 7. Elastic energy increment 𝛥𝐸̃ex change with respect to 𝜙 and 𝜓 under 1.0 GPa tensile stress along [101̄0]. The broken circles indicate the area with the minimum 𝛥𝐸̃ex for
each case.
𝛿, and 𝜖) in the HCP Zr matrix using Eshelby’s ellipsoidal inclusions
to calculate the elastic energy increment due to the presence of Zr
hydride precipitates in the Zr matrix, where the elastic anisotropy and
inhomogeneity of the elastic constants between Zr matrix and Zr hy-
drides are considered. As candidates of the shape, plates (mimicked by
penny-shape ellipsoids), needles (mimicked by longitudinal ellipsoids)
and sphere were employed. The stable shape and orientation of the
Zr hydride precipitates were detected by comparing the difference in
the elastic energy increment between the ellipsoidal inclusions with
different shapes and orientations. The eigenstrains of each Zr hydride
and the elastic constants of Zr hydrides and Zr matrix for Eshelby’s
ellipsoidal inclusion analysis were determined using atomistic simu-
lation with a DFT calculation, achieving a parameter free 𝑎𝑏 𝑖𝑛𝑖𝑡𝑖𝑜
morphology prediction. The morphology predictions were implemented
10
for two cases: with and without shear components of eigenstrain (𝑤∕
and 𝑤∕𝑜 shear).

As a result, the ⟨12̄10⟩ longitudinal needle (𝑤∕𝑜 shear) for the 𝛾
hydride and plate (or disk) on the plane, which is 20◦ to 30◦ tilted
about ⟨12̄10⟩-axis from the basal plane (0001), for 𝛿 and 𝜖 hydrides
(𝑤∕ shear), are predicted to have a stable shape and orientation under
zero external stress conditions, which is qualitatively consistent with
experimental observations. The external circumferential tensile stress
on the basal plane reduces the elastic energy of the [0001] parallel Zr
hydride plates, which is also qualitatively consistent with the reori-
entated 𝛿 hydride precipitates observed in the experiment. Generally,
our predictions based on elasticity theory are qualitatively consistent
with experimental observations, suggesting an elastic origin of the
morphology of Zr hydride in the HCP Zr matrix. Additionally, we
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Fig. 8. Elastic energy increment 𝛥𝐸̃ex change with respect to 𝜙 and 𝜓 under 1.0 GPa tensile stress along [12̄10]. Broken circles and ellipses indicate the area with the minimum
𝛥𝐸̃ex for each case.
have to mention that our approach is applicable for the morphology
prediction of secondary phase in solid materials generally. E.g., the
morphology of martensite in austenite for conventional steel will be
one of targets of our analysis.

Finally, we should mention that further improvement of our method
is still necessary for the practical quantitative prediction despite the
above qualitative success of the morphology prediction. Predicted ex-
ternal stress for the reorientation of Zr hydride is quite high, around
10 GPa. This is inconsistent with experimental observation and further
investigation is necessary. Not only the chemical interface energy, we
need to consider the effects of temperature and the plastic deforma-
tion of inside/outside of Zr hydrides too. One can include thermal
effects in Eshelby’s ellipsoidal inclusions as temperature-dependent
11
elastic constants and thermal strains due to the difference of ther-
mal expansion between inclusion and matrix in eigenstrains. Phonon
analysis using DFT calculation will achieve 𝑎𝑏 𝑖𝑛𝑖𝑡𝑖𝑜 calculation of
temperature-dependent elastic constants and the thermal strains [54,
55]. Bowles–Mackenzie or Wechsler–Lieberman–Read phenomenologi-
cal theory [56] will be an useful parameter-free approach to consider
the effect of the plastic deformation of the inside of Zr hydrides,
assuming the existence of zero strain plane in the hydrides though the
analysis is no more 𝑎𝑏 𝑖𝑛𝑖𝑡𝑖𝑜. Because the intermediate shape between
disks and spheres was observed recently using phase-field method [25]
and ‘‘the deck of cards’’ structure spans over several grains [1], further
investigations for the shapes of Zr hydrides and the effect of multiple
grains to ‘‘the deck of cards’’ structure are also necessary, changing
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Fig. 9. Schematic of the predicted stable shape and orientation (with the minimum value of 𝛥𝐸̃ex) for ZrH, ZrH1.66 and ZrH2 under external stress condition (red inclusions). The
predicted shapes without external stress are also shown as references (green inclusion). As most stabilized shapes by the stress, the needle shapes were predicted under [101̄0]
stress and [0001] parallel disks were predicted under [12̄10] stress.
the diameters of ellipsoid, 𝑎1, 𝑎2 and 𝑎3, and the elastic constants to
grains-averaged ones.
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Appendix A. Calculation of the eigenstrains and the rotation
matrix using lattice constants of HCP and FCT

From the lattice correspondence between HCP and FCT (please see
Fig. A.1), the eigenstrains of previous studies in Table 1 were calculated
using reported lattice constants of HCP Zr, 𝑎HCP and 𝑐HCP, and those of
Zr hydride, 𝑎ZrHx

and 𝑐ZrHx
as

𝜖11 = 1
𝑐HCP

( 2
3

√

2𝑎2ZrHx
+ 𝑐2ZrHx

− 𝑐HCP
)

,

𝜖22 = 1
√

3𝑎HCP

(1
2

√

2𝑎2ZrHx
+ 4𝑐2ZrHx

−
√

3𝑎HCP
)

,

𝜖33 = 1
(

𝑎ZrHx
√

− 𝑎HCP

)

,

𝑎HCP 2
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Fig. A.1. Atomic structures of HCP and FCT. The red broken arrow in FCT {11̄0} plane (left bottom) and red broken line in FCT {111} plane (right bottom) indicate the
corresponding height and basal unit of HCP unit cell, respectively.
𝜖12 = 1
2

(

1
𝑐HCP

√

3
3
𝑎ZrHx
√

2

)

.

In Table 2, the coordinate system of Zr hydrides’ elastic constants of
previous studies is changed to that of our study: [111](𝒙1)−[112̄](𝒙2)-
−[1̄10](𝒙3), corresponding [0001] − [101̄0] − [121̄0] of HCP Zr matrix,
using the following rotation matrix 𝑅ela

𝑖𝑗 ,

𝒓𝑥1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑎ZrHx
√

2𝑎2ZrHx
+𝑐2ZrHx
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√
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𝑐ZrHx
√

2𝑎2ZrHx
+𝑐2ZrHx

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

𝒓𝑥3 =

⎡

⎢

⎢

⎢

⎢

⎣

−1
√

2
1
√

2

0

⎤

⎥

⎥

⎥

⎥

⎦

,

𝒓𝑥2 =
𝒓𝑥1 × 𝒓𝑥2
|𝒓𝑥1 × 𝒓𝑥2 |

,

𝑅ela
𝑖𝑗 ≡ [𝒓𝑥1 𝒓𝑥2 𝒓𝑥3 ].

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.commatsci.2022.111500.
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