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Abstract

We obtain a combinatorial expression for the boundary map coeflicients of real isotropic and
odd orthogonal Grassmannians. It provides a natural generalization of the known formulas for
Lagrangian and maximal isotropic Grassmannians. The results derive from the classification
of Schubert cells into four types of covering pairs when identified with signed k-Grassmannian
permutations. Our formulas show that the coefficients depend on the changed positions for each
permutation pair type. We apply this to obtain an orientability criterion and compute the first
and second homology groups for these Grassmannians. Furthermore, we exhibit an apparent
symmetry of the boundary map coefficients.

1. Introduction

Let G be the odd orthogonal group SO(n,n + 1) or the symplectic group Sp(n,R) with
Lie algebra g given by so(n,n + 1) or sp(n, R), respectively. We denote the root system by
YX=Aap, ay =& —&,..., ap-| = &, — &,—1} such that ay = &, for type B and aqy = 2¢; for
type C. The Grassmannians are the minimal flag manifolds G/Py), 0 < k < n — 1, where
P 1s the parabolic subgroup corresponding to the maximal proper subset (k) = X — {a}.
If G = SO(n,n + 1) then the odd orthogonal Grassmannian OG(n — k,2n + 1) is the set
of (n — k)-dimensional isotropic subspaces in the vector space V = R*"*! equipped with a
nondegenerate symmetric bilinear form. If G = Sp(n,R) then the isotropic Grassmannian
IG(n — k, 2n) is the set of (n — k)-dimensional isotropic subspaces in the symplectic vector
space V = R?".

The Schubert cells provide a cellular structure of these Grassmannians via Bruhat de-
composition. In addition, the minimal representatives W,(,k) of the Weyl group modulo the
subgroup generated by reflections in (k) parametrize such Schubert cells. We use a per-
mutation model to identify cells with the set of signed k-Grassmannians permutations, i.e.,
signed permutations of the form w = u; --- uklxl_, cee A 0p + Upgr, where 0 < 7 < n —k,
O<u <+ <uy,0< Ay <+ <Aand0 < vy <:++ < vy This approach has been
employed in related problems of Schubert calculus of such Grassmannians (see Pragacz-
Ratajski [11], Buch-Kresch-Tamvakis [2] and Ikeda-Matsumura [6]). Our setting is based
on the paper by both authors [9] where the covering pairs w, w’ € W,(lk), i.e., those satisfying
w’ < w in the Bruhat-Chevalley order with £(w) = ¢(w") + 1, are classified into four types
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(B1, B2, B3 and B4). We associate with each permutation w € W,(,k) a double partition (a, )
for which we have the corresponding half-shifted Young diagram (HSYD).

The cellular homology appears after computing the boundary map coeflicients. In this
paper, we provide an explicit formula for the coefficients of those real Grassmannians, gen-
eralizing the second author’s results in [12] for the Lagrangian and maximal isotropic Grass-
mannians. This contributes to the study of the topology of real flag manifolds in comparison
with the complex ones which have torsion-free homology groups. Our formulas are com-
patible with Burghelea-Hangan-Moscovici-Verona [3] which gave the first results about the
topology of real flag manifolds in the 1970s.

San Martin and the second author have found in [13] that the set IT,, = IIT NwII~ contains
the data required to determine these coefficients. The inspiration for our approach came from
Ikeda-Naruse [7] and Graham-Kreiman [5] where I1,, appears as the shifted Young diagrams
in the context of the maximal isotropic Grassmannians. These ideas were generalized here
for odd orthogonal and isotropic Grassmannians through the half-shifted Young diagram
associated with double partition (a, 4) of w. We characterize I1,, as a set of inversions of w
and assign to each inversion a single box in its half-shifted Young diagram (cf. Sections 2.3
and 3.1).

Once the inversion set I1,, is known and the covering pairs w, w’ are described, it remains
to compute o(w)—o(w’), where o-(w) is the sum over the roots of I1,,. Since this is a multiple
k(w,w") of a unique root, the boundary map coefficient c(w, w’) is either 0 or +2 depending
on the parity of x(w, w’). It is worth pointing out that our Theorem 3.10 implies that c(w, w")
is determined by a well-defined triple (P, T, Q) composed of altered entries in permutations
w and w’. Besides its simplicity, it represents a new interpretation of these coefficients as
presented in Theorem 3.12, which relates « with the height of a given root.

As a direct consequence of our formulas, we obtain an orientability criterion (see Propo-
sition 3.13). Furthermore, we remark that the incidence graph, whose vertices are the per-
mutations of W,(,k) and the edges correspond to the coeflicients between them, admits an
apparent symmetry (see Figure 8 and Proposition 3.14). We finish by computing the 1st
and 2nd homology groups of isotropic and odd orthogonal Grassmannians (see Section 3.5).
This provides a combinatorial parallel to the results of Patrdo-San Martin-Santos-Seco [10]
concerning the orientability and the results of del Barco-San Martin [4] regarding the second
de Rham cohomology group.

The article is organized as follows. Section 2 describes the isotropic and odd orthogonal
Grassmannian, some properties of covering relations, and the half-shifted Young diagrams.
In Section 3, we outline the boundary maps of odd orthogonal and isotropic Grassmannian
and the inversion sets of such Grassmannians. We also state the main result, state and prove
the results about orientability and symmetry. Section 4 is devoted to proving the main result.
We conclude with Section 5 where we provide some perspectives for future work.

2. Isotropic and odd orthogonal Grassmannians

For n,m € Z, where n < m, denote the set [n,m] = {n,n + 1,...,m}. For n € N, denote
[n] = [1,n].

Let G be a non-compact split semi-simple Lie group. Denote by I1 the set of roots related
to the Lie algebra g, IT* the set of positive and negative roots. Fix a simple root system
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X c II. Let P be the corresponding minimal parabolic subgroup with Lie algebra p. We call
F = G/ P the maximal flag manifold of G. The Weyl group W of G is the group generated
by simple reflections s; = s,, through simple roots a; € . The length £(w) of w € W is the
number of simple reflections in any reduced decomposition of w. There is a partial order in
the Weyl group called the Bruhat-Chevalley order: we say that w; < w; if given a reduced
decomposition w, = s;, ---s; then w; = Sji, Sy forsome 1 < i) < --- < i <r Itis
known that W has a maximum element wy, which is an involution, i.e., w(z) =1.

A subset of simple roots ® C X is associated with a parabolic subgroup Pg in G, which
contains P. The corresponding homogeneous space Fg = G/Pg is called a partial flag
manifold of G. The subgroup Weg is the subgroup of the Weyl group W generated by
the reflections with respect to the roots @ € ®. We also define the subset W© of W by
WO = {we W: l(ws,) = £(w) + 1, Ya € ®}. Since there exists a unique element w® € W®
of minimal length in each coset wWg, W is called the subset of minimal representatives of
the cosets of Wg in W.

The Bruhat decomposition presents the flag manifolds as disjoint union Fg = [[,cppe N -
wbg where N is the nilpotent subgroup in the Iwasawa decomposition of G. A Schubert
variety is the closure of a Bruhat cell, i.e., S, = cl(NV - wbg). The choice of a minimal repre-
sentative w € W gives dim(S,) = €(w) since we are in a split case. The Bruhat-Chevalley
order defines an order between the Schubert varieties by S,,, C S, if, and only if, w; < ws.

First, consider the symplectic group Sp(n, R) with Lie algebra sp(n,R) of type C. The
root system of type C is realized as a set of vectors Il = {+g; +g;: 1 <i < j < n}U
{+2&;: 1 < i < n}in the Euclidean space R" = & ,Re;. Denote the (positive) simple roots
by ap = 2& and a; = &;11 — & for 1 < i < n. Then, the set of all positive roots is [1" =
{gjxe:1<i<j<nfU{2¢:1<i<n} Givenk € [0,n — 1], the minimal flag manifold
IG(n - k,2n) = Sp(n,R)/ Py, for (k) = X — {ay}, is called an isotropic Grassmannian since
it parametrizes (n — k)-dimensional isotropic subspaces of a real 2n-dimensional symplectic
vector space.

Now, consider the orthogonal group SO(n,n + 1) with Lie algebra so(n,n + 1) of type
B. The root system of type B is realized as a set of vectors Il = {+g; £ &;: 1 <i < j <
n} U {xg;: 1 < i < n}in the Euclidean space R" = & Re;. Denote the (positive) simple
roots by ap = € and a; = €41 — & for 1 < i < n. Then, the set of all positive roots is
" ={gj+e:1 <i<j<nUfg:1<i<n} Givenk € [0,n— 1], the minimal
flag manifold OG(n — k,2n + 1) = SO(n,n + 1)/ Py, for (k) = £ — {ax}, is called an odd
orthogonal Grassmannian since it parametrizes (n — k)-dimensional isotropic subspaces of
areal (2n + 1)-dimensional vector space equipped with a nondegenerate symmetric bilinear
form.

2.1. Permutation model. For both types of Grassmannians, we denote s; = s,,, for i €
[0, n — 1], the simple reflection given by the simple root a;. The Weyl group W, for the root
systems B, and C,,, also called the hyperoctahedral group, is the semidirect product S, »< Z7.
We also realize it as the set of permutations with a sign (plus or minus) attached to each
entry. Write these elements as barred permutations, where the bar denotes a negative sign
andn < --- <1 <1 <--- < nasusual. Then, a permutation w € W,, usually denoted in
one-line notation w = w(1) w(2)-- - w(n), satisfies the relation m = w(i). With respect to
this realization, the length of w € W, is given by the following formula ([1], Equation (8.3))
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(1) tw) = invaw(D), ..., wm) = > w(j)
{jeln]: w(j)<0)
where inv(w(1),...,wn) = #{G, j): 1 <i< j<nw(i) > w()).
The simple reflections s, . .., s,-1 act on the right of a permutation w in W, by

w(l) w(2)---w(n) - so = w(l) w(2)- - win);
w) - w@wi+1)---whn)-s; =w(l)---wi+ Dwi)---wh),1 <i<n.

The hyperoctahedral group W, is also the Coxeter group of type B generated by s; and
subject to the relations: (i) sl.2 =1, fori > 0; (i1) s9s15081 = $1808150; (111) S;jy18;8i41 =
8iSi+18i, for i € [n—11; (iv) s;8; = s;5;, for [i — j| > 2.

As defined above, for (k) = Z — {ax}, the corresponding subgroup Wy, is generated by
s;, with i # k. Notice that Wy, = Wi X S,_«, where W is the subgroup generated by
{s0, S1,..., ;). Define by W,(f) C W, the set of minimal length coset representatives of
Wi/ Wi, which parametrizes the Schubert varieties in IG(n — k, 2n) and OG(n — k,2n + 1).
This indexing set W can be identified by a set of signed permutations of the form

(2 W= Wy =uy - Upldy - Q01 gy

where 0 < r <n-—kand

O<wuy <+ <uy, u; = w(i), fori € [k];
(3) 0<A<---<A,, Ai=wk+r—i+1), foriel[r];
O<v <+ <Upeker, vi=wk+r+1i), forie[n—k-r].

They are called signed k-Grassmannian permutations. The longest element w’é e WP is
the k-Grassmannian permutation given by

(4) wp =12 knn—1---k+1.

2.2. Bruhat order and covering relations. We recall some results of [9] about the
Bruhat-Chevalley order of W in the permutation model. Let w,w’ € W, with ' < w
and f(w) = {(w') + 1. We say that it is a covering relation where w covers w’. By [9],
there is a classification of pairs w, w’” where w covers w’ in W,(f). Suppose that w and w’ are
permutations in W according to Equation (2).

We say that w, w’ is a pair of type B1 if they are written as follows:

w=---|e-1-+ and w =]l -
In other words, if w is such that 4; = 1, then w’ is obtained from w by removing the negative
sign from 1.
We say that w, w’ is a pair of type B2 if they are written as follows:

w:la(a_l) and w’:...|...a_1...a...’

where a > 0. In other words, there are ¢t € [r] and ¢ € [n — k — r] such that 4, = a and
vy =a—1,and w’ is obtained from w by switching v, and 4.
We say that w, w’ is a pair of type B3 if they are written as follows:

w:a|(a_x) and w’:...(a_x)...|...a...’
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where a > x > 0. In other words, there are p € [k] and g € [n — k — r] such that u, = a and
vy = a — x. The permutation w’ is obtained from w by switching u,, and v,,.
Finally, we say that w, w’ is a pair of type B4 if they are written as follows:

w:(a_x)|a and w’:...a...|...a_x...’

where a > x > 0. In other words, there are p € [k] and ¢ € [r] such that u, = a — x and
A; = a. The permutation w’ is obtained from w by switching u,, and 4,.

We will denote the type of a pair by Type(w, w"). For each type of pair w, w’, also consider
the integers P = P(w,w’), T = T(w,w"), and Q = Q(w, w") which correspond to the positions
where w changes when compared to w’. They can be represented as a right action in the
complete notation as follows:

B w=uw - (T,T);

) (B2) w=w-(T,0NQ,T);
(B3) w=uw-(P,O)P,0);
(B4) w=w-(P,T)T,P).

Precisely, the integers P, T, and Q are given by Table 1.

Table 1. Integers P, T, and Q for a pair w, w’

| Type(w, w) P | T | 0 |
Bl wl)=k+r
B2 w"(/l_,)zk+r—t+l w"(vq)=k+r+q
B3 w_l(u,,) =p w_l(uq) =k+r+gq
B4 w’l(up)zp wlQ) =k+r—1+1

There is a straight relationship between types of pairs and covering relations.

Theorem 2.1 ([9], Theorem 5). Let w,w’ € W,Sk). Then w covers w' if, and only if,
Type(w, w’) is B1, B2, B3 or B4.

Remark 2.2. In Ikeda [6] (Lemmas 3.1 and 3.2) there is a description of the covering
relation with respect to the weak Bruhat order. The above result refines it to the strong
Bruhat order. For another approach of the covering relation in terms of k-strict partitions we
refer to Tamvakis-Wilson [14].

Exampie 1. Consider w = 2675134 where n = 7 and k = 2. Theorem 2.1 guarantees
that there are five permutations covered by w:

(Bl)w=26[75134, w, =2675134and T = 5;

(B2)w=2675134, w, =26[74135and (T, Q) = (4,7);
(B3)w=2675134, w, =24{75136and (P,Q) = (2,7);
B4 w=2675134, w, =27/65134and (P,T) = (2,3);

(B4 w=2675134, w, =56[72134and (P,T) = (1,4).
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2.3. Double partitions and half-shifted Young diagrams. In this section, we will un-
derstand how a k-Grassmannian permutation gives rise to a double partition. In this way,
there is a bijection between the set of all double partitions and W Moreover, we will
show how each double partition may be represented by a half-shifted Young diagram.

Given n, k integers such that 0 < k < n, we say that A = (a, 4) is a double partition when
a=0<a <+ <o <n-k)isapartitionand 1 = (0 < 4} <--- < A, < n) is a strict
partition (if k£ = O then « is represented as an empty set; an empty A is represented by r = 0).

We define the Young diagram associated to the partition a by

(6) Do={G,)eZ>: 1<i<k,1<j<a)
and the shifted Young diagram associated to the strict partition A by
(7) SD,={(i,)€Z*: 1 <i<r,i<j<i—-1+A.4)

We can insert the diagram D, into a k X (n — k) rectangle while the shifted Young diagram
SD, fits inside a stair shaped triangle with n rows. Let us denote by Dy, the set of all
partitions whose respective Young diagrams are inside a k X (n — k) rectangle and by SD,
the set of all strict partitions whose respective shifted Young diagrams are inside a stair
shaped diagram of length n. We denote by P(k, n) the set of the pairs (@, 1) with @ € Dy,
and A € SD, with the property £(1) < ay, i.e.,

O<a;<--<aqp<n-—k;
(8) O<A; <+ <A <n;
K(A)Sal.

Notice in this definition that the strict partition A is empty when a; = 0.

A half-shifted Young Diagram (HSYD) of the double partition A = (a, ) € P(k,n) is
obtained by the juxtaposition of the diagrams D,, and SD, such that D, is above SD,. We
say that D, is the top diagram and that SD, is the bottom diagram. We refer to the rows and
columns of the top (bottom) diagram as the top (bottom) rows and top (bottom) columns,
respectively. The condition @; > (1) is equivalent to say that the number of bottom rows is
at most the number of fulfilled top columns. Figure 1 shows the HSYD for the pair @ = (3, 5)
and A = (1,5,7).

D, [ r | ‘ top
SD, Z,;r*] ‘ bottom

R S

Fig.1. A model of a HSYD obtained as a juxtaposition of the diagrams D,
and SD,.

Now, given a k-Grassmannian permutation in one-line notation as in (2), let us define its
corresponding pair of double partitions @ and A. The strict partition is given by the negative
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part of w, i.e., 4 = (4, > --- > A; > 0). The partition « is defined by a; = u; — i + d;, for
i € [k], where d; = #{4; | A; > u;}. As shown in Equation (2.10) of [9],

9) a; =n-—k—p,

where y; = pi(w) = #{v; | v; > u;}, for i € [k]. Since y; can be written as p; = n—k—r—#{v; |
v; < u;}, it follows that

(10) a=r+#v;|v; <u}

and a satisfiesn —k > ay > a1 > --- > a > 0.

The partition a counts the number of inversions of the first £ entries of w while the strict
partition A the number of remaining inversions given by the negative entries of w. Hence,
givenw € W,gk), the length £(w) of w is the sum of entries of the pair (@, 4), i.e., {(w) = |a|+|4].

Lemma 2.3 ([11], Lemma 1.2). There is a bijection between W,ik) and P(k, n).

Given a partition @ = (0 < @) < -+ < @ < n — k), the conjugate partition o of « is the
partition defined by o = #{a;: a; > i}, forall i € [n—k] satisfyingk > ] 2 --- 2 a;_, > 0.
In other word, the conjugate o is given by the number of boxes in each column of the Young
diagram D, of a.

If we denote i = #{u;: u; > v;} for i € [n — k — r], then we have an explicit formula for

*

at.
Lemma 2.4. The conjugate partition is given by
k ifl<i<r
(11) @ = { kopl<isr
ur, ifr+l1<i<n-k

Proof. Suppose that 1 < i < r. We clearly have a; = k since a; > r for every j. Now,
suppose that r + 1 < i < n—k. By (10), #uv;: vy < u;} = aj —rfor 1 < j < k, which is
equivalenttov; < vy < --- < Vo,—r < uj. Hence, a; > i if, and only if, v;_, < u;. We conclude
that oy =#a;: a; 2 i} =#u;: v, <uj}=p; . ]

We now present an adaptation of a method introduced by [2] which provides the bijection
in Lemma 2.3. We can label each bottom column as follows: given ¢ € [n], the ¢-th bottom

column is

e j-related if there exists i € [k] such that r = «; + i;
o v-related if there exists j € [n — k] such thatt = k + j — aj.. If such j exists then it
must be unique.

There is a geometric interpretation in the HSYD: choose some bottom column and draw
a 45-degree northwest line from the center of the first box in this column. If the line hits the
last box in a top row, then the bottom column is A-related. Otherwise, it is v-related.

For instance, consider the permutation w = 26|75 134 in Example 1. Figure 2 exhibits
the corresponding double partition @ = (3,5) and A = (1, 5, 7) for w as well how the A-related
columns are in bijection with top rows and how the v-related columns are in bijection with
top columns.! These bijections are established in the next proposition.

IThe terms h-related (short for “horizontally” related) and v-related (short for “vertically” related) were mo-
tivated by the bijection with the rows and column, resp.
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,,,,,,,,,

Fig.2. On the left, we represent the h-related columns for @ = (3,5) and
A =(1,5,7). On the right, we represent the v-related columns. The vacant
length of a bottom column is the number of dots in the respective column.

Proposition 2.5.

(i) There is a bijection between h-related columns and top rows;
(i1) There is a bijection between v-related columns and top columns;
(iii) Any bottom column is either h-related or v-related.

Proof. For statement (i), suppose that there are two rows i < i’ related to the same h-
related column, i.e., @; +i = ay + 7. Then, 0 < i —i = @; — ay < 0, which is impossible.
Hence, different top rows are related to different /-related columns. Similarly, we have
statement (ii).

For statement (iii), suppose that the 7-th bottom column is, simultaneously, A-related and
v-related. Then, there are i and jsuchthatf =a;+i=k+ j— a/j., ie,ai—j=k—-i— a}ﬁ. If
a; > jthen aj < k—iand a/;‘. =#{l: a; > j} > k—i+1, acontradiction. On the other hand, if
a; < jthen ozj. >k —1iand ozj. =#{l: o; > j} < k — i, also a contradiction. Hence, no bottom
column can be, simultaneously, s-related and v-related. Since the number of Ai-related and
v-related bottom columns is respectively k and n — k, a bottom column is either i-related or

v-related. O

The vacant length of a bottom column is the number of empty boxes below the boxes of
A in the staircase n X n shape. Explicitly, the vacant length of the j-th bottom column is
J—#i: 4, +i> j).

We may recover the permutation associated with such diagram by taking the vacant length
of the h-related and v-related bottom columns. Namely, the permutation element for A =
(a, A) is defined by w, , in the equation (2), where O < u; < --- < u are the vacant length
of the h-related columns, and 0 < vy < --- < v,y are the vacant length of the v-related
columns. For instance, Figure 2 presents the vacant length as the number of dots in the
respective h-related and v-related columns for @ = (3,5) and 4 = (1,5, 7).

2.4. HSYD’s and covering types. We now present how the diagrams illustrate covering
relations.
We recall the following proposition about the covering relation of double partitions.

Proposition 2.6 ([9], Proposition 4.2). Let w,w’ € W,(,k). Denote by A = (a, ) and
N = (&, ) the double partitions of w and w’, respectively. Then,
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(i) Type(w,w’) = BI if, and only if, for any i € [k] and j € [r — 1] we have o = a; and

A= Ajs
j J+1y
(i1) Type(w,w’) = B2 if, and only if, for any i € [k] and j € [r] we have
-1 ifj=t
"= d A= /
a =a; an i { A it

for some t € [r];
(iii) Type(w,w’) = B3 if, and only if, for any i € [k] and j € [r] we have

’r _ a; — 1 lfl =p r_ .

ai—{ o ifi#p and ;= 4;,
for some p € [k];

(iv) Type(w,w’) = B4 if, and only if, for any i € k] and j € [r] we have

l_ 1 ifi= o -
o = a; +x lfl p and 1. = Aj—x zf] t’
! a; ifi#p / A dfj#Et

for some p € [k] and t € [r].

Remark 2.7. By Proposition 2.6, the covering relations in P(k,n) are the same as the
covering relations for Dy, and SD,, except in the case of a pair of type B4 when x # 1.
This is exactly the step from the weak to strong Bruhat order. It also reflects the non-fully
commutativeness of the k-Grassmannian permutations when &k # 0.

The results of Proposition 2.6 may be understood as a process of removing boxes of the
HSYD. There are two types of boxes that can be removed: corners and middle boxes.

A corner is a box of the diagram that produces a new diagram when it is removed. By
Proposition 2.6, we see that:

o if Type(w,w’) = B1, then the diagram of A’ is obtained by removing a corner in the
diagonal of the bottom diagram;

o if Type(w,w’) = B2, then the diagram of A’ is obtained from the diagram of A by
removing a corner of the bottom diagram that belongs to a v-related column;

o if Type(w,w’) = B3, then the diagram of A’ is obtained from the diagram of A by
removing a corner of the top diagram.

A middle (bottom) box is a box (which is not a corner) of the bottom diagram that pro-
duces a new diagram when it is removed, followed by a displacement of boxes at its right.
A middle box is neither a corner nor a diagonal. It lies in an A-related column and all boxes
to the right of it lie in a v-related column. If Type(w,w’) = B4, by Proposition 2.6, the dia-
gram of A’ is obtained from the diagram of A by removing a box of the bottom diagram that
belongs to an A-related column which is either a corner or a middle box, respectively, when
x = 1orx # 1. Notice that if x # 1 then we move all the (x — 1) boxes at the right of the
removed box in the bottom diagram to the top diagram.

In Example 1, the permutation w = 26[75 134 covers five different elements in W;k).
Figure 3 illustrates these covering pairs in terms of removing corners or middle boxes.

Remark 2.8. There is an easy way to get a reduced decomposition of a permutation wp
from the HSYD. Fill in the HSYD as described below:
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L] [ B3 [ \

BQ‘ ‘ B4"‘

B1]

Fig.3. The five covering pairs of w = 26|75 134 obtained by removing
boxes in its HSYD according to the type of the pair.

e In the top diagram, assign a simple reflection consecutively to each box of the Young
diagram from left to right and upwards, starting from s; in the bottom leftmost box;

e In the bottom diagram, assign a simple reflection consecutively to each box of the
strict Young diagram from left to right, starting from s¢ in leftmost box of each
bottom row.

A reduced decomposition of wy is the word obtained by reading each row in the dia-
gram from right to left and rows from the bottom to top. This is called the row-reading of
wa. Such decomposition is due to [11] and follows both the constructions given in [7] for
Grassmannians of type A (Section 4.2) and for maximal isotropic Grassmannians of type B
(Section 7).

For instance, in Figure 4, the row-reading of w = 2 6|7§T 341is w@3s.1,57) = S0-5453525150°
S65554853525150 * 385281 * S6S5545352. We have that w covers w’ = 5 6|7§T34. In Figure 4,

/
(5.5:1.2.7)
reduced decomposition of w’ by the Bruhat-Chevalley order is w3 s.15,7) = S0 - S453525150 -

the row-reading of w’ is w = 80 S150 - 56555453528180 * S554535281 * S655545352. The
S6S55453525180 + S3525] * S6S5545352, 1.€., a 5 is deleted from the row-reading of w reflecting
the fact that A’ is obtained from A by removing a middle box. Notice that both reduced
decompositions w3 5.1.5.7)" and wES 5.1.27) are equivalent with respect to the Coxeter relations.

S2(S3(S4 55|86‘ S2|83|54|S5]|S6 N
s1/s2]s3 A 5‘5 \
so[s1|s2[s3]s4]s5 se‘ so|s1|s2|s3|sk|sk 36‘
S0[S1(S2(S3|S4 So0|s1 T
So So

Fig.4. Row-reading of w = 26|75 1 34 on the left and row-reading of w’ =
56/7213 4 on the right.

3. Boundary map and integral homology

In the previous section, we presented the permutation model together with some combi-
natorial properties of the Weyl group of type B. In this section, we go into the details of
computing the homology groups.

We now summarize the main results of [13]. Let G be either an odd orthogonal or a
symplectic group. The flag manifold F, with respect to the set (k) = Z—{a;} is, respectively,
the isotropic Grassmannian IG(n—k, 2n) or the odd orthogonal Grassmannian OG(n—k, 2n +
1).

The Bruhat decomposition Fy = [[,,¢)y0 N - wby provides a CW-complex structure for
F where the cells are the Schubert varieties S,, = cl(N-wb)). This induces a cellular chain
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complex (C, 0) as follows: Let C be the Z-module freely generated by S,,, for every element
w of the set of minimal representatives W,(lk). The boundary map d: C — C is defined by
(12) 0Sy = cw,u)Sy,
w'<w
where the coefficient c(w, w’) € Z satisfies:
e IfdimS,, —dim S, # 1 then c(w,w’) = 0;
e If dim S, — dimS,, = 1 then c(w,w’) = deg (q)w,wf : St S‘)(w')) is degree of a
certain map ¢, ,» between spheres.
This cellular chain complex provides the cellular homology groups H,,(F),Z), m > 0.
Then, the cellular homology can be obtained once we get an explicit formula for c(w, w’).
In general, by [13] Theorem 2.2, c(w,w’) is either 0 or +2, since it is the sum of the
degrees of two sphere homeomorphisms of degree +1.
We may go further and provide a formula to compute c(w,w’). For w € W,Ek) , define
I1,, = IT* NwII~, the set of positive roots sent to negative roots by w~'. Let o"(w) be the sum

of roots in I1,,, i.e.,
o) =) B.
Bell,

Proposition 3.1 ([13], Proposition 2.7). Let y be the unique root (not necessarily simple)
such that w = s,w’. Then
(13) ow)—oW)=«k-y
for some integer k = k(w,w").

Theorem 3.2 ([13], Theorem 2.8, [8], Theorem 1.1.4). Suppose that w covers w'. Then
the coefficient c(w,w’) is given as follows:

0 ifxisodd;
+2 ifkiseven.

cw,w') = =(1 + (=1)*) = {

The signs on c(w,w’) can be chosen so that 3* = 0 and the homology of (C, ) is the integral
homology of F.

REmARrk 3.3. The formula for c(w, w") obtained in [13] offers a choice of the signs defined
in terms of the reduced decompositions for the Weyl group elements.

We use Theorem 3.2 to compute the boundary coefficients of the isotropic and odd or-
thogonal Grassmannians. This process will provide us both « and y. Our main strategy is
based on a bijective correspondence between the roots of I, with the half-shifted Young
diagram of w as follows.

3.1. Inversions. In this section, the HSYD’s are used to describe II,, as the union of two
distinguished sets given by the top and bottom diagrams of w parametrizing the inversions
of the corresponding partitions @ and A respectively. For each w € W,(Lk), we define

(14) Inv* (w) = {(i, ) € [n]* | i < j and w(i) > w())};
(15) Inv-(w) = {(i, j) € [n]* | i < jand — w(i) > w(j)}.
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It follows that [Inv*(w)| + [Inv™(w)| = |a| + || = {(w) by the equation (1) .

Recall that the root system of type C is realized in the Euclidean space R" = @7 | Re; as a
set of vectors I1 = {+g; + £;: 1 <1< j<n}U{+2g: 1 <i < n}and the root system of type
B is realized as a set of vectors I = {+¢g; + &;: 1 <i< j<n}U{xg;: 1 <i<n}. Denote by
E_i = —&;.

If w= s ---s, is a reduced decomposition of w then it is known that |II,| = ¢(w) and
I, = {ai,, si(ai,), si si(ai),..., si,---si,_(a,)}. Consider ,BZJ. and 'BZj defined, resp., for
inversions (i, j) in Inv*(w) and Inv~(w) as follows.

e For (i, j) € Inv*(w),
B (W) = euy = &u
e For (i, j) € Inv™ (w),

~ B —Eu(i) — Euw(j) if type C;
P = { 27%(—up) — €u(p) if type B;

where ¢;; is the Kronecker delta.
Let us denote B* = {sz: (i, j) € Inv*(w)} and B~ = {Bi"j: @i, j) € Inv™(w)}.

Proposition 3.4. Let w € W, Then,
() ﬁ:j is a positive root in 1, for every (i, j) € Inv*(w);
(i) B ; is a positive root in 11, for every (i, j) € Inv™ (w);
(iii) I1, is the disjoint union of B* and 8.

Proof. For (i, j) € Inv*(w) with i < j, the root &;—¢; is a negative root, whereas w(e;—¢;) =
Eu(i) = Eu(j) = ﬁzj is a positive root. Then, ﬁZj € I1,. For (i, j) € Inv™(w) such that G is either
the symplectic group (type C) with i < j or the odd orthogonal group (type B) with i < j,
the root —¢&; — & is a negative root, whereas w(—g; — €;) = —&u@) — Euw(j) = ,BZ ; is a positive
root. Then, ﬁ; ;€ 1. For (i, i) € Inv™(w) such that G an odd orthogonal group (type B), the
root —¢&; is a negative root, whereas w(—-¢;) = —gy4) = %(—sw(i) — Eu@i)) = sz is a positive
root. Then, B;; € I1,.

Since [I1,| = [Inv*(w)| + [Inv™(w)| and, furthermore, all roots B+ and B~ are different to
each other, the sets I, and 8* U 8~ coincide. O

Proposition 3.5. Given w € W®, we have that Tnv*(w) = {G, j): i € [k] and j € [k +
1k +a;]).

Proof. Recall that w € W,(lk) isgivenby w = uy - - uklzl_, T TR Un—i—r and it satisfies
3).

Consider I} = {(i, j): i € [k] and j € [k+1, k+a;]}. Since |[,| = Zle || = || = |Inv (w)),
we only need to prove that I; C Inv*(w). Suppose that (i, j) € I,. Since a; > r, we can split
in two cases: if j € [k+1, k+r] then w(i) = u; and w(j) = Aksris1, which clearly implies that
w(@) > w(j); if j € [k+r+1, k+a;] then, by (10), we conclude that 1 < j—k—r < #{v;: v; < u;},
ie., w(j) = vjg—r < u; = w(i). |

The description of Inv™(w) is based on a relationship between w and its corresponding
Lagrangian permutation w through a “translation” map.
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Letw € W( ) be a permutation in the form (2). Define w € W(O) byw=2 - 470 -

Vp—r, where 0 <0y < -+ < 0,_, is the reordering of the entries u’s and v’s of w. The next
lemma allows us to keep track the position of the w(i)’s after this process. Indeed, if w(i) = j
then w™'(j) = i, so that the position of the value j in the permutation w is equal to w™'(}).

Lemma 3.6. Let w € w,i"). The position of the entry w(i), for i € [n], in the Lagrangian
permutation w € W,(lo) is given by the formula

I+ q; lfl i<k
<

o (w(i) ={ .

al, ifk+l<i<n
Proof. If 1 < i < kthen, by (10), w N w(@)) = i+r+#v;: vy <wi} =i+ I k+1 <i<k+r
then, by Lemma 2.4, we have w ' (w(i)) = i —k = i—a,. Ifk+r+1<i< nthen, by
Lemma 2.4, we have w™ ' (w(i)) = i — Hujruj>vig b =i—p,  =i—a,. O

Proposition 3.7. Given w € W,(Lk) and w the respective Lagrangian permutation in W,(,O) ,
we have that Inv™(w) = {(i, j): i € [rland j€ [i,i — 1 + A_i11]}.

Proof. Consider I, = {(i,j): i € [r]and j € [i,i — 1 + A,_;;1]}. Observe that 4; > [ for
every [ € [r] because A is a strict partition. Then, i — 1 + 4,11 > r. Since || = Y_, |4 =
{(w) = |Inv~(w)|, we only need to prove that I, C Inv™(w). Suppose that (i, j) € I, withi < j
If j € [r] then w(i) = A,_i1 and w(j) = A,—j41 so that —w(i) > w(j). I j € [r+1,i—1+2A,_41]
then w(j) = vj—, < Uy, ,—~(—i+1). Since vy, < A; for every I € [r], we conclude that w(})
< Ap-iv1 = —w(i). o

Finally, a description of Inv™(w) is quite enough for us since there is a bijection between
Inv™(w) and Inv~(w), as shown in the next lemma.

Lemma 3.8. Givenw € W,gk), then (i, j) € Inv™(w) if, and only if, (iy, jo) € Inv™(w), where
w(i) = w(ip) and w(j) = w(jo). Moreover, ﬁi_’j(w) =B, jo(~)

Proof. It follows directly from the definition of inversions in Inv™(w) and by Lemma 3.6.
O

In general, the desired correspondence between the I1,, and the HSYD of w according to
the results above is done as follows:
e Top diagram: for each (i, j) € Inv*(w) with i € [k] and j € [k + 1,k + «;], we place
the root ﬁ: ; €1, at the position (i, j — k) in the corresponding top diagram D,;
e Bottom diagram: for each (i, j) € Inv"(w) withi € [r] and j € [r+ 1, r+4;], we place
the root B;; €y at the position (i, j) in the corresponding bottom diagram SD,.

Figure 5 illustrates this procedure for w = 2 6|7§T3 4 € OG(5,15).
Remark 3.9. Propositions 3.4, 3.5, 3.7 and Lemma 3.8 generalize Lemma 10 of [7] in

types B and C for any type of Grassmannian beyond the maximal ones. Notice that in
Figure 5 we have both the top and bottom diagrams.

3.2. Results. The integral homology groups H,,(Fx), Z), m > 0, can be computed after we
determine the coefficients of the boundary map according to the formula given in Theorem



866 J. LAMBERT AND L. RABELO

w(3) w(4) w(5) w6) w(7) w(1) w(2) w3) w4) w(5) w(6) w(7)
Il Il Il Il Il Il Il Il Il Il Il Il
7 5 1 3 4 7 5 1 2 3 4 6
w(2) =6 [ee+eneet+esEct+elE6—E3E6—E4 w(1)=7| €7 |ertegerteler—eder—ezer—eqeT—E
|
w(l)=2 fatedeatedeate | o@)=s & [esteles—egs—ey |
,,,,,, L
_— I I I
w(3)=1 €1 I I I :
L

Fig.5. The roots of IT,, inside the HSYD of w = 26|75134 € OG(5, 15).

3.2 and make a choice of signs. We provide an explicit expression of « for each type of
covering pairs along with a interpretation into the HSYD.
Recall that P, T, and Q are the positions changed in w and w’ as in the equation (5).

Theorem 3.10. Let w,w’ be in W,(,k) such that w covers w'. Then, k as in the equation (13)
depends on the type of the pair w,w’ as follows:

o ForlG(n —k,2n):

T if type(w,w’) = Bl;
T+ Q iftype(w,w’) = B2;
Q- P iftype(w,w’) = B3;
P+T iftype(w,w’) = B4;

kK(w,w) =

e ForOG(n —k,2n+ 1):

2T -1  iftype(w,w’) = Bl;
T+0-1 iftype(w,w’) = B2;
Q-P  iftype(w,uw’) = B3;
P+T-1 iftype(w,uw’) = B4.

kK(w,w) =

Remark 3.11. The coeflicients for the classical real Grassmannians Gr(k,n) — those of
type A — occurs as a particular case when w, w’ is of type B3. The Schubert varieties are
parametrized by permutations of the symmetric group with a descent at k-th position. They
correspond to the partitions « and poset Dy, of the Young diagrams. Theorem 3.10 shows
that if w, w’ is a covering pair and w = w’ - (P, Q) then x(w,w’) = Q — P.

The proof will be postponed to Section 4 (Propositions 4.1, 4.4, 4.5 and 4.6).

We may also visualize « for each covering pair through the HSYD. We start by filling in
each diagram of w and w’ with the corresponding inversions of I1, and II,,, remembering
that the diagram of w’ is obtained from the diagram of w by removing either a corner or
a middle box (cf. Section 2.4). The distinction between these diagrams may be displayed
inside the diagram of w as follows:

e fill in the removed box (r.b.) with 1;

e do not fill the boxes if the corresponding roots of I, and I1,, are the same;

o fill in with either £1 or 2 (as it will be clarified below) if the corresponding roots of
I1, and I1,, are different.

The computations in Section 4 will show that x(w, w’) is given as the sum of such numbers
in the diagram. According to the changes in the permutations, the difference between the
roots occurs along specific rows and columns depending on the type of the pair.
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o If type(w,w’) = B1 then we fill in the column above the r.b. in the diagonal of the
bottom diagram according to Figure 6a;

o Iftype(w,w’) = B2 then the r.b. belongs to a v-related column in the bottom diagram.
We fill in the hook defined by the diagonal box contained in the row of the r.b., and
the column above the r.b. in the bottom diagram together with its related top column
according to Figure 6b;

o If type(w,w’) = B3 then the r.b. belongs to the top diagram. We fill in the boxes to
the left and above the r.b. according to Figure 6c;

o If type(w,w’) = B4 then the r.b. belongs to an A-related column in the bottom dia-
gram. We fill in the hook defined by the diagonal box contained in the row of the
r.b., and the column above the r.b. in the bottom diagram together with its related
top row according to Figure 6d.

|
_
|
—
=l=|o|~
|
i
|
—
|
_
=l=|o|~
|
i

2 1 . 1 . 1 1 1 e 1 . 1
(c) Type(w,w’) = B3. Type C Type B
(D) Type(w,w’) = B4.

Fig.6. Filling in the diagrams for each type of pair.

ExampLE 2. Letw =2 6|7§T3 4 € OG(5, 15), where n = 7, k = 2. There are five covering
pairs w,w!, i = 1,...,5, according to Example 1. We can compute « of each pair w, w; as
follows:

Bl)w,w; :T=5andk=2T -1=9;

B w,w,: (T,0)=@Tandk =T + Q-1 =10;
B3 w,wy:(P,Q)=2,7)andk =Q-P=5;

B w,wy : (PT)=2,3)andk=P+T-1=4;
B w,uws: (PT)=(,4)andk=P+T—-1=4.

Therefore, by Theorem 3.10, 8526|7§T34 = 12526|7ZT35 + 25‘27‘5534 + 2556@?34.
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2[ 1] 1 [1] 1[11]1[1] 0[-1]-1]-1]-4] [ T]

2 1 ! 1 -1]0

2 | 1 | RARARRE 1 |
2 11]1]1 ‘ 1]1

1

Fig.7. The sum of the number in each diagram gives the value of k(w, w;).

The comparison between the formulas for «(w,w’) and the description of the covering
relations by the right action has revealed a hidden phenomenon that will be generalized in a
forthcoming paper.

26
Let us define the coroot of a root § € I by 6" = 6.8 The set of coroots IT* is also a
root system which is called the dual root system. In pa’rticular, the root systems of types B

and C are dual to each other.
If 6 € [T is given in terms of the system X of simple roots as 6 = } ey d¢€, the height of
the root ¢ is the sum ht(6) = X zey ds.

Theorem 3.12. Let w,w’ be in W,(,k) such that w covers w' and 6 be the root for which
w=uw -ss. Then

k(w,w’) = ht(s").
Proof. Recall that the simple roots of type B are defined by ay = €| and a; = &1 — &; for
1 < i < n. The positive roots IT* of type B are givenby &; (j > 1), &; —¢; (i > j) and &; + &;
(i > j). The height of the corresponding roots and coroots are given by
ht(g;) = j, for j > 1;
ht(g; —&;) =i — j, fori > j;
ht(g; + &) =i+ j, fori > j.
Now, recall that the simple roots of type C are defined by ay = 2¢; and a; = €41 — &; for
1 < i < n. The positive roots IT* of type C are given by 2¢; (j > 1), &;—¢; (i > j) and &; + &;
(i > j). The height of the corresponding roots and coroots are given by
ht(2e;) =2j -1, for j > 1;
ht(&i —Sj) = i_j, for i > j;
ht(g; +&j) =i+ j—1, fori> j.

Furthermore, both root systems are dual to each other.

e For the type B root &}, its coroot is the type C root 2¢;;
e For the type B root ; + &}, its coroot is the type C root ¢; + ¢;.
Considering w = w’ - s5, the equation (5), and Theorem 3.10, we have the following:
e For type C:
— If Type(w,w’) = Bl then § = 2e7 and k(w,w’) = T = ht(6");
- If Type(w,w’) = B2 then 6 = g + &7 and k(w,w’) = T + Q = ht(6");
- If Type(w,w’) = B3 then 6 = €9 — &p and k(w,w’) = Q — P = ht(6");
— If Type(w,w’) = B4 then § = &7 + gp and k(w,w’) = P+ T = ht(5");
e For type B:
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— If Type(w,w’) = B1 then § = &7 and k(w,w’) = 2T — 1 = ht(5");

- If Type(w,w’) =B2 then 6 = g9 + &7 and k(w,w’) =T + Q — 1 = ht(6");
- If Type(w,w’) = B3 then 6 = g — &p and k(w,w’) = Q — P = ht(6");

— If Type(w,w’) = B4 then § = &7 + gp and k(w,w’) = P+ T — 1 = ht(6").

3.3. Orientability. We provide a general criteria of orientability.

Proposition 3.13.
(1) 1G(n — k,2n) is orientable if, and only if, n — k is odd;
(i) OG(n,2n + 1) is orientable for every n;
(iii)) OG(n — k,2n + 1) is orientable if, and only if, k > 0 and n — k is even.

Proof. Consider the Schubert variety Swé where w’(g € W,sk) is the longest element given
by (4). Being orientable is equivalent to HSwlé =0.

If k = 0 then the only possible choice is wf = [nn—1--- Tandw’ = |an—1 --- 1, which
is a pair of type B1. In this case, T = nand P = Q = 0, implying that

+(1 +(=1)") for IG(n,2n);

kN —
c(wp, w') = { 0 for OG(n, 2n + 1).

Therefore, IG(n, 2n) is orientable if, and only if, n is odd, and OG(n, 2n + 1) is orientable for
every n. If k > 0 then there is only one possible choice of w” such that w’(‘) cover w’, namely,
wl=12-- (k—=Dklpn—1---k+landw =12 --- (k= 1)(k+ Dlnn—1 --- k, which is
a pair of type B4. Then, P = k, T = n, and Q = 0, implying that

+(1 + (=D for IG(n — k, 2n);

ko 7\ —
c(wp, w') = { +(1 = (=¥ for OG(n — k, 2n + 1).

Therefore, IG(n — k,2n) is orientable if, and only if, k + n = n — k mod 2 is odd, and
OG(n — k,2n + 1) is orientable if, and only if, k + n = n — k mod 2 is even. |

3.4. Duality. Given w € W,Sk), define w" = ww’(‘) the dual permutation of w. Write w as in
equation (2), the one-line notation of the dual permutation of w is

v -
W=y UglOpog—r 01 AL A

The length of w" is £(w") = f(w’é) — {(w). The next proposition states that the duality of a
permutation also implies a duality over the covering pairs.

Proposition 3.14 ([9]). Let w, w be permutations in W,(,k). Then, w covers w' if, and only
if, (W)Y covers w”. Moreover,
(1) Type(w,w’) = B1 if, and only if, Type((w’')",w") = B1;
(2) Type(w,w’) = B2 if, and only if, Type((w’)",w") = B2;
(3) Type(w,w’) = B3 if, and only if, Type((w’)",w") = B4.

The next proposition shows that ¢((w’)¥,w") can be obtained, according to c(w,w’) and
the type of the pair w, w’.
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Proposition 3.15. Let w,uw’ be in W,(,k) such that w covers w'. Then, |c(w, w")| = |c((w)",
w")| if, and only if, one of the following happens:

o ForlG(n —k,2n):
(1) Type(w,w’) =Bl and n — k is odd;
(2) Type(w,w’) = B2;
(3) Type(w,w’) = B3 or B4, and n — k is odd;

e For OG(n—k,2n+ 1):
(1) Type(w,w’) = B1 or B2,
(2) Type(w,w’) = B3 or B4, and n — k is even.

Proof. Denote by PY, TV, and Q" the integers of Table 1 for the dual pair (w’)Y,w". We
will describe such integers in terms of P, T, and Q case-by-case. Assume the flag manifold
is IG(n — k, 2n).

If Type(w,w’) =Bl then TV = n—r+1 = (n—k+1-2r)+T. Thus, (-1)7" = (=1 *(-1)T
and we conclude that both coefficients coincide if, and only if, n — k + 1 is even.

If Type(w,w’) =B2then TV =n—-r—q+1=n-k-2q-2r+1)+Qand Q¥ =n—-r+t =
(n—k=2r+2t—1)+T. Thus, (-1)7"*2" = (=1)"*2 and we conclude that both coefficients
coincide.

If Type(w,w’) =B3then P = p=Pand T =n—-r—q+1=m-k—-2q-2r+1)+ Q.
Thus, (-1)F T = (=1)"*1(=1)2-" and we conclude that both coefficients coincide if, and
only if, n — k + 1 is even.

If Type(w,w’) =Bdthen PY =p=Pand Q" =n—-r+t=n—-k—-2r+2t—1)+T. Thus,
(-2 P = (=1)"**1(=1)™T and we conclude that both coefficients coincide if, and only
if, n —k+ 1 1is even.

The proof for OG(n — k,2n + 1) is analogous. O

We define the incidence graph of a Grassmannian as the graph whose vertices are the
permutations of W,(lk) and the edges “—” and “=" are given by the covering relations as
follows: if w covers w’ and ¢(w, w’) = 0 then w — w’; if w covers w’ and c(w, w’) = =2 then
w=uw.

ExampLE 3. The incidence graphs for the odd orthogonal Grassmannian OG(2,9) and
isotropic Grassmannian 1G(2, 8), where n = 4 and k = 2, are given in Figure 8. The duality
of permutations and pairs can be seen as the symmetry through the horizontal dashed line.

(1) For F = 1G(2,8), by Proposition 3.15, only dual pairs w,w’ of type B2 satisty
lc(w, w")| = |e((w')Y,w")]. In the incidence graph in Figure 8, this means that the
edge of a pair of type B1, B3, or B4 should be different from the edge associated
with its dual. Therefore, the homology groups are

H\(F,Z) =0, Hy(F,Z) = Z5, Hs(F,Z) = Z & Z, Hy(F,Z) = Zy,
Hio(F,Z) = Z», H7(F,Z) = Z,, Hy(F,Z) = Z & Z,, H\(F,Z) = Zy,
Hy(F,Z) = Z, He(F,Z) = (Zo)*, H5(F,Z) = Zs, Hy(F,Z) = Z.

(2) For F = OG(2,9), by Proposition 3.15, the coefficients and the corresponding edges
in Figure 8 are the same for all dual pairs. Therefore, the homology groups are
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Fig.8. The incidence graph of IG(2, 8) on the left and OG(2,9) on the right.

H\(F,2)=Z, Hy(F,Z) = Zs, Hs(F,Z) = (Zy)*, Hy(F,Z) = Z,,
Hy(F,Z) =0, H,F,Z)=2Z®7Z,, HyF,Z)=Z&Zy, H(F,Z)=12,,
Hy(F,Z) = Zy, He(F,Z) = Zs, H3(F,Z) = Z,, Hy(F,Z) =Z.

3.5. First and second homology groups. Finally, as a by-product of our methods to
compute the coefficients for the boundary map, it is not difficult to obtain results about the 1st
and 2nd homology groups of odd orthogonal Grassmannians and isotropic Grassmannians.

Proposition 3.16.
(1) If F =1G(n — k,2n) then
([ Z ifk=0; [0 ifn=2k=1;
iE2) = { Z, otherwise; Hy(F.2) = { Z, otherwise;

(1) If F=0G(0n — k,2n + 1) then

Z ifn=1k=0;
H\((F,2)y=1 Z ifn=2,k=1; HZ(P,Z)z{
Z, otherwise;

0 ifk=0;

Z, otherwise.
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Proof. To compute H(F, Z) and H»(F, Z), we only require to know the boundary maps 9,
0,, and 03, which depend on k and n. Table 2 shows the incidence graph up to 3-dimensional
cells for different arrangements of n and k. In the last graph, we denote k, = k + a.

Table 2. Bruhat graphs to compute 1st and 2nd homology

n=1 n=2 n=3
k=0lk=0 k=1 k=20 k=1
21 12 312|213 4123 3[T24- 1]234
) 21 2]1 213 3124 2/134
2, | J /
8 T T2 2[1 [T23 2013 4+
5 | ! !
A [1 12 1]2 [123- 1234
=
g 21 112 312 |2T3-|4]123 3T24- 1]234
oo ! | NS 7\
= |21 2|1 213 3124 2|T34
+
= Lo u /
~ |1 IT 2 2]1 [T23- 20134+
3 | ! ! ! !
@) [1 [1 2 1]2 123 1234
n=3
k=2 k=3
g 15(234 24[135-- 23145 kg ky kalko ki kot kg ko kolky ki kst kg ko kafky ko ks
7 \ N\
— 14[235 23[145- kg ey kolko ke kst e kg ko Kalky ke ks
O /
S 13245 < ky ky kako ko kg
g |
<E: 12345 < okey ky kolky ko ks
The 1st and 2nd homology groups can be computed using such diagrams. O

4. Proof of the main results

In this section, we compute o (w) — o (w") for each type of covering pairs w, w’. Remember
that Inv*(w) and Inv™~(w) are given by the equations (14) and (15).

Let us denote (ﬁ’)zj = ,sz(w’) where (i, j) € Inv*(w’), El‘] = ﬁgj(ﬁj) where (i, j) € Inv™(w),
and ('E/)i_,j = ﬂgj(ﬁ’) where (i, j) € Inv™(w’). It will be useful to write o-(w) —o(w') = S* + S~

with
= DB, - Y@, ad s = Y B, o- Y@

(i,)) e Inv*(w) (i,)) e Inv*(w’) (i,j)eInv-(w) (i,j)eInv-(w")

We can see in Theorem 3.10 that « depends on the type of G. We can merge both types in
a single formula after adopting the following notation: let isB be the variable that indicates
whether the Grassmannian is odd orthogonal or not, i.e.,

isB = 1 forOG(n—k,2n+ 1),
"1 0 forIG(n—k,2n).

Then, « in Theorem 3.10 can be given as follows:
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Type B1: k = (1 +isB)T —isB;
Type B2: k =T + Q —isB;
Type B3: k = Q - P;

Type B4: k = P+ T —isB.

Proposition 4.1. Let w,w/ be in Wy° such that Type(w,w’) = BI. Denote T = w™'(1;)
=k+r Then, k= (isSB+ )T —isBandy =2'7B g,

Proof. Observe that w(T) = 4, = 1, w/(T) = A, = 1, and w(i) = w'(i) whenever i # T. By
Propositions 2.6(i) and 3.5, Inv*(w) = Inv*(w’) = {(i, j): i € [k] and j € [k + 1,k + a;]}.
Clearly, T € [k + 1,k + «;] for every i € [k]. For (i, j) € Inv*(w),

/;.f:{ s ter Mj=Ti f‘:{ fwy — &1 i j=T;
e — e i # T Y\ wn —suy ifj# T

Then, S* can be rearranged as

k k+a; k
s* = Z[ D B- (ﬁ’)Zj)] = > Bir = B)fp) = 2k = @02 Pe).
i=1 \j=k+1 i=1

To compute S~, we know that A; = 4,4 for 1 <t < r—1 = r by Proposition 2.6(i). Using
Lemma 3.6 yields the position of A = 1 in o and the position of A, = 1 in &’ are equal to r.
In other words, w(r) = 1, W' (r) = 1, and w(i) = @ (i) whenever i % r.

For i = r, we have that [i,i — 1 + A,_;41] = [r, r]. By Proposition 3.7, Inv"(w) = {(i, j): i €
[rland j € [i,i — 1 + A,_;11]} and Inv" (") = Inv"(w) — {(r, r)}. Assume that (E’);r =0to
simplify the notation.

For (i, j) € Inv™(w),

21-isBg, ifi=r;
EI—/ — —&a) + €1 ifi<r,j=r;
2—iSB'5ij(_8a)~(i) — &g(j)) otherwise;
0 ifi =r;
B, = —€ii) ~ €1 ifi<rj=r

2—iSB'5ij(_8—u7(i) —_ Sw(l)) OtheI‘WiSC.

Then, S~ can be rearranged as

r(i=14+4_is1 —1
§ = Z{ D, Bi- @’H,-)) = > G- B+ By - B

i=1 Jj=i i=1

— (2iSBr _ 2iSB + 1)(21_iSB¢91).
We can easily observe that 2% = isB + 1. Therefore,
ow) — o) = (2%Bk + 28, — 2B 4 1)(217B¢)) = ((isB+)T —isB)2'*Bg)). O
The next two lemmas are required for the next proofs. Consider w € W with double
partition A = (a, 4) and r = £(A).

Lemmad4.2. If1 <i< j<rthenj+ /lr—j+1 i+ A
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Proof. For every i € [r — 1], we have A,_;;; > 1 + A,_; since A is a strict partition.
Furthermore, if [ € [r — i] then A,_;41 > [+ A,_;+1—;. Hence, giveni < j, take [ = j —i. O

Lemma 4.3. Let i and j be integers such thati € [k] and j € [n — k). Then, j < «; if, and
onlyif,k—i+1<a

Proof. Notice that j < ; if, and only if, {e;: @; > j} 2 {a@;, ..., a&}. The result follows
from the definition of a*. O

Proposition 4.4. Let w,w’ be in W,(,k) such that Type(w,w’) = B2. Denote T = w™'(1;) =
k+r—t+1land Q= w‘l(vq) =k+r+q. Then,k =T + Q- isBandy =€), — &,

Proof. Observe that the indexes 7" and Q were chosen such that v, = A, — 1, w(T) = A,
w(Q) = vy, w'(T) = vy, w'(Q) = A, and w(i) = w'(i) whenever i # T and i # Q. By
Propositions 2.6(ii) and 3.5, Inv*(w) = Inv*(w’) = {(i, j): i € [k] and j € [k + 1,k + a;]}.

Notice that T € [k+ 1,k+r] C[k+ 1,k+ ;] and Q ¢ [1,k + r]. For (i, j) € Inv*(w),

Ewiy + &1, 1 j=T; Euiy &y, ifj=T
Bij=y ewi =&, ij=0; B =1 ewny—ery ifj=0;
Eu(i) = Eu(j) Otherwise; Euwi) — Ew(j) Otherwise.

The summation S* can be rearranged as follows

k k+a;
=3[ 5 o)
i=1 \j=k+1

Applying Lemma 4.3 gives Q < k + «; if, and only if, k — @y + 1< Keeping in mind
that 7" always lies in the interval [k + 1, k + ;] for any i, we can spht the summation S* over
i in the following parts:

k+a;

(i) Ifi € [k—a},_] then Q ¢ [k+1,k+a;] and Z(ﬁ;j—(ﬁ');j) = Bir=B)ip) = ex—e,.
j=k+1
k+a;

(ii) Ifi € [k—ajy, +1.Kk] then Q € [k+1,k+e;] and Z(ﬂ;j ~(B):) = By —(B)ip) +

j=k+1
(ﬂZQ - (,3/)Z+Q) =2e, — 3u,,)'
Hence,

k=ay (kv k kt+a;
S [Swen] $ (S
i=k

i=1 Jj=k+1 _‘I*Q,k"'l Jj=k+r+1
= (k+ ap (e, — &)

To compute ™, we know that A7 = A, — 1 and A} = A; for i # ¢ by Proposition 2.6(ii).
Using Lemma 3.6 yields the position of A, in @ is T =w'Q)=T-k=r—-t+1,and
the position of v, in w is 0 := ') = 0- * . In other words, &(T) = w(T) = 1,
w (T) =w (T) = Uy, w(Q) = w(Q) = v, w (Q) =w (Q) = A, and w(i) = w' (i) whenever
i#Tandi# Q By Propos1t10n 3.7, Inv-(w) = {(i, j): i€ [rland j € [i,i — 1 + A,_;41]} and
Inv™ (@) = Inv_ (@) — {(T, Q)}.
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Notice that T € [1,7] and Q ¢ [1,r]. It remains to determine whether T and é lie in
the interval [i,i — 1 + A,—;11]. Applying Lemma 2.4 gives 0=0- @y = k+r+q—pg.
The number ,uq can be computed as follows: ,u;; = #u:u > vy} = n—v, —#HA: A4 >

vt — #u: v > vq} =n-WUAL-1)-@r—-t+1)-(n—-k—-—r—q) =k+1t+qg— A. Hence,
O=r—t+4,= T-1+4,_7,,.

By Lemma 4.2, given i € [1, r], we can say whether T and ébelong toli,i— 1+ A_is1]
according to how i compares to T. Namely,

(16) T,0€li,i—1+ A1), for1 <i<T,;
(17) [T,0] =[i,i— 1+ A,_is1], fori T
(18) T,0¢[i,i—1+ ], forT <i<r
Since (T, Q) ¢ Inv_(w’), we will assume (B")%Q = 0 to simplify the notation. For (i, j) €
Inv™ (w),
£), — &, ifi:T,j:Q;
2171sBg, ifi=T7,j=T; _
E_-: €L ~ Eu(j) ifi=Z,T <l< Q;
b —&up() T €, ifi < T,] =T,
—Eai) — Eu, 1fl<T j=0;
2789 (—gg) — ;) otherwise;
0 ifi = T j= é
21_iSBsuq ifi=T, j=T;
(E/)‘_‘ _ 8,)(1 - gﬁ(j) ifi = T T l Q;
LJ —Eu(i) + Euq ifi < T, j = T,
—&ii) ~ €1, ifi<T,j=0;
2-isB0;; (—&w) — €a(j)) otherwise.

The summation S~ can be rearranged as follows

r (i—1+A_i11 . _
S‘=Z[ D (z.;—w’>z.,-)]-

i=1 =i
We can split the above summation over i in the following parts:
(i) If i € [T — 1] then, by (16),

=14+
DBy =B = B = B+ By — B p) = 2en — ).

J=t

(i) If i = T then, by (17),

0 0-1
Z P B )= BB+ Z(ﬁ%j -7 )+ Br - By
=T

j=T+1

=278 + 0 - T)(ey, - &)
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i—1+A,—i41
(iii) Ifi € [T + 1, 7] then, by (18), > (B, — (B);)) = 0.
=i
We can easily observe that 2! — 2 = —isB. Thus,

T—1 (i—1+A,_i11 _ _ 0 _ _ ro (i1t _

S = Z[ >, G- <ﬂ'>z,~>) + ) B~ Bz )+ [ >, G- <ﬂ'>z,->]
i=1 Jj=i j=T i=T+1\  J=i
= (-isB+T + Q- k—ap )& — &)

Therefore,

o) —oW') = (T + Q —isB)(ey, — &) O

Proposition 4.5. Let w,w’ be in W,(lk) such that Type(w,w’) = B3. Denote P = w‘l(up)
=pand Q = w‘l(vq) =k+r+gq. Then,k=Q—-Pandy =¢,, — &,

-
Proof. Observe that the indexes P and Q were chosen such that v, = u, — x, w(P) = u,,
w(Q) = vy, W (P) = vy, w(Q) = up,, and w(i) = w'(i) whenever i # P and i # Q. Proposition
2.6(iii), recall that ), = ap — 1 and @] = a; for i # P. Then, by Proposition 3.5, Invt(w) =
{G,): 1<i<kandk+1<j<k+a}and Invt(w') = Inv*(w) — {(P, Q)}.
Clearly P € [1,k] and Q ¢ [1,k]. Since (P, Q) ¢ Inv™(w’), we will assume (,E},’Q) = 0. For
(i, j) € Inv* (w),

Sup_qu lfl:P,J:Q’ O lfl:P,_]:Q,

gro=1 fw = E0 ifi=pj#0 @) = G E0 iti=Pj+0Q;

1,] Ew(i) - qu lfl ¢ P’] = Q’ e Sw(i) - 814/7 lfl ¢ P’] = Q9
Eu(i) = Eu(j) Otherwise; Euwi) — Ew(j) Otherwise.

Then, S* can be rearranged as follows

k k+a;
) A
i=1 \j=k+1
To compute this summation, we need to check when Q < k+ «;. Notice that if i = P then,
by (10), ap = r+#{v;: v; < up} = r+ ¢ which implies that Q = k+ ap. Applying Lemma 4.3
gives O < k+a; if, and only if, k—a/*Q_k+l < i. But, a*Q_k = a,, = #a;: o> ap} = k-P+1.
Hence, O < k + «; if, and only if, i > P.
We can split the summation of S* over i in the following parts:
k+a;

() If1 <i<Pthen Q¢ [k+1,k+aand > (B~ (B),)=0.

Jj=k+1

[¢]
(ii) Ifi = P then [k + 1,k + ap] = [k + 1, O] and Z(ﬁ;j ~(B5) = Bho — Bho) +

Jj=k+1

0-1
DB - BE) = (Q - k), — &)

j=k+1
k+(ll'

(iii) If P <i < kthen Q € [k+1,k+;] and Z (,sz—(ﬂ')zj) = (ﬂZQ—(ﬂ')ZQ) = &y, — &y,

Jj=k+1
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Hence,

P-1 ( k+a; 0 k k+a;
SIS S w3 S -wn)

i=1 \j=k+1 Jj=k+1 i=P+1 \j=k+1

=(Q0- P)(gu,, - qu),

To compute S, it is clear that both w and w’ coincide. Then, 8~ = ()~ and the sum S~
is zero. Therefore,

o) - o) = (Q - P)(&u, — &,)- O

Proposition 4.6. Let w,w’ be in W,(,k) such that w,w’ is a pair of type B4. Denote P =
w_l(up) =pandT = w'Q)=k+r—t+1. Then,k =P+ T —isB andy =¢), — &y,

Proof. Observe that the indexes P = pand T = k + r — t + 1 were chosen such that
up, = A — x, wP) =u,, w(T) = A, w'(P) = A, w(T) = u,, and w(i) = w’'(i) whenever i # P
and i # Q. By Proposition 2.6(iv), recall that @), = ap + x — 1 and ;] = «; for i # P. Then,
by Proposition 3.5, Inv*(w) = {(i,j): 1 < i< kandk+ 1 < j < k+ «;} and InV*(w’) =
Inv*(w) U A, where A is the set given by: if x > 1 then A = {(P, k +ap+D):1<lI<x—-1}
if x=1thenA = 0.

Notice that P € [1,k]and T € [k + 1,k + a;] forevery i € [1,k] since T < k+r < k + a;.
Then, all roots ,BZJ. and (ﬁ/):j for (i, j) € Inv*(w) are

gy, +&), ifi=Pj=T, g, e, ifi=Pj=T;

gro=] wo ey ifi+Pj=T; @)t =1 ot ifitP j=T;

" u, — &u(j) Hi=Pj#T,; b g1, — &y ifi=Pj#T;
Eu(i) — Ew(j) Otherwise; Eui) — €uj) Otherwise.

For (P, j) e A,ie,k+ap+ 1< j<k+ap+ x—1, the additional roots (8 ;3’]. of w’ are
(ﬂ/);]‘ = &)~ Euy))-
Then, S* can be rearranged as follows

k+a; k+ap+x—1
Z[Z«m @) ] 2. @
Jj=k+1 Jj=k+ap+1

Keeping in mind that 7" always lies in the interval [k + 1, k + ;] for any i, we can split the
above summation over i in the following parts:

k+a;
() If 1 <i<kandi# Pthen > (8= (B) ) =By — B =& — &,
Jj=k+1
k+ap k+ap
(11) If i = P then Z(ﬁpj (ﬂ)Pj)_Z(ﬂP] (ﬂ)P])+(ﬂpT (ﬁ)PT)+Z(Bp]_
Jj=k+1 j=k+1 j=T+1
Bp)) = (1 —ap)ey, — &u,).
Hence,
k+ap+x—1
= Y e r(—an)E, —e,)— Y (ey —8u)
i€[1,k] Jj=k+ap+1

i#T



878 J. LAMBERT AND L. RABELO

k+ap+x—1
= (k—ap)(ey, — &4,) — Z (&1, = Euw(j))-
Jj=k+ap+1
To compute S~, we know that 4} = A; — x and A] = A; for i # t by Proposition 2.6(iv).
Using Lemma 3.6 yields the position of A, in o is T=w'wT)=T-k=r—t+1,and
the position of u, in w is P := o '(w(P)) = P + ap. In other words, W(P) = w(P) = Up,
W(P) = w'(P) = A, w(T) = w(T) = 4, w'(T) = w(T) = &, and ’u?(i) = W' (i) whenever
i+ Tandi#P. By Proposition 3.7, Inv™ (w) ={@,)): 1 i<randi< j<i—-1+ 4,41}
and Inv™ (w)—InV (w) — B, where B = {(T P+l) 0<I<x—-1}.
Notice that T € [1, 7], P¢ [1, 7], and P = P+ap=u, +#{/ll A > upt = (/1,—x)+(r—
t+1)=T—x+ A,_7,,- By Lemma 4.2, giveni € [1, r] we can say whether Pand T belong
to[i,i — 1+ A,_;;+1] according to how i compares to T. Namely,

(19) T,Peliyi—1+ A_i], for1 <i<T;
(20) [T,P+x—1]1=[i,i— 1+ i), fori=T;
(21) T,P¢liyi—1+ A, forT <i<

For j > P, since (T, j) ¢ Inv_ (@), we will assume that (E/)%j = 0 to simplify the notation.
For (i, j) € Inv™(w),

&1, — Eu, ifi=T,j=P;
21-1Bg, ifi=T,j=T,
E_ _ EA — Ew()) ifi:T,j>T,j¢P;
i —&ui) T €, ifi < T,j =T,
—&u(i) — Eu, ifi<T,j=P,;
27189 (—g5i) — £3(jy)  otherwise;
0 ifi=T,j>P;
217%Bg, ifi=T,j=T;
(B',)_ _ Eu, ~ Eu(j) ifiZT,T<j<P;
o —&i) + €u, ifi<T,j=T;
—&w(i) — €a ifi < T,] =P;
245845’7(—8%[) - gﬁ(j)) otherwise.
Then, S~ can be rearranged as follows
r i—14+A—i41 . ~
s = Z[ 2 Biy- w’>zj>]~
i=1 =i
We can split the above summation on i in the following parts:
i_1+/1r—i+]
() If 1 < i < T then, by (19), Y B, = (B)r) = Bz — B)p) + By — B)p) =

Jj=i
2(8/1, - Su,,)-

Pt+x—1 P-1
(ii) If i = T then, by (20). ) By ~ Bz ) = Bz~ Bz )+ ) By —B)7 )+

j=T j=T+1



HomoLogy oF Isotropic AND ORTHOGONAL GRASSMANNIANS 879

P+x—1 P+ap+x—1
~ ~ ~ —~ 1—isB —_— o~
(ﬂﬁﬁ_(ﬂ/)i,ﬁ)-p Z (ﬁf,j_(ﬂl)f’j) = (2 1S +P—T)(8/1t—8up)+ Z (8/11 _8E(j))~
Jj=P+1 j=P+ap+1
i=1+Ai11

(i) If T < i < r then, by (21), Z - B =0.

J=i

Hence,
T—1 (i=1+A,_i11 _ _ F+x—1~ _ ro (i1 _
s = Z[ > Bi- w'>z.,»>] DICIRICIEREDY [ 2, G- <ﬁ’>z./>]
i=1 J=i j=T i=T+1 J=i
P+ap+x—1
=(P+T+ay—k=isB)e, —&,)+ ), (&1~ 8ay):
Jj=P+ap+1

Finally, the remaining summation over S~ is supposed to cancel with the one in S*. If we
prove that w(j) = w(j + k — P) for j € [P+ ap + 1, P+ ap + x — 1], then we clearly have

P+ap+x—1 P+ap+x—1 k+ap+x—1
(&1, — €a(j) = Z (&4, — Ew(jrh-p)) = Z (&1, — Euw(j))-
Jj=P+apy Jj=P+ap J=k+apy

Considering [ = j — P — ap, the above assertion is equivalent to prove that w(/ + ap +
k) = w(l + P + ap), forl € [1,x — 1]. Clearly, [ + ap + k > k and, by Lemma 3.6,

vl wl+ap+k)=1l+ap+k— a/;:rap. We know that ap, = @), > @) = @p + x — 1 since
@’ is also a partition. Then, by definition, a/}kmp =#i:a;zl+ap}=#P+1,....k}=k-P
forevery [ € [1,x — 1]. Hence, w '(w(l + ap + k)) = [ + P + ap.
Therefore,
ow)-oW)={P+T-isB)(e, — &) O

5. Final comments and further directions

(1) We have realized that Theorem 3.12 is true for all flag manifolds of split real forms.
This will appear in a forthcoming paper.

(2) Example 3 of OG(2,9) has revealed how the choice of signs may be an obstacle to
get the homology groups. We expect to apply the theory in [13] to find an algorithm
that provides an appropriate choice of signs for covering pairs.

(3) If one obtains a complete characterization of the covering pairs for type D, we await
to achieve similar results for the coefficients of even orthogonal Grassmannians.

(4) We look forward to get analogous excitations as defined by [7] and [5] inside the
HSYD'’s for any odd orthogonal and isotropic Grassmannians.
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