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Abstract

Over the last century, thanks to the constant improvement of manufacturing
techniques, the typical sizes of semiconductor devices steadily decreased to reach
atomic scales. At such small scales, further size reducing becomes very challenging
and expensive. As traditional planar structures were reaching their scaling limits,
device structures shifted from planar structures to three-dimensional (3D) struc-
tures such as FinFET, while layers of semiconductor devices are vertically staked
in skyscraper-like structures to increase device density as in 3D NANDs memories.
In parallel, the development of new devices, such as MRAMs memories, requires
the use of new materials which require the use of new processing techniques.

Plasma etching processes are widely used in semiconductor device manufactur-
ing. It consists in removing atoms from the material surface by bombarding it with
incident particles, typically ions and radicals. Surface atoms are removed from the
material surface either physically, i.e., from the collision cascade induced by the
impact, or chemically, i.e., from the bond formation between injected particles and
surface atoms.

The numerous theoretical and experimental studies on sputtering contributed
to a better understanding of the sputtering mechanisms. However, none of these
studies give a comprehensive understanding of the etching mechanisms and of its
dependency on physical quantities such as the incident energy or the atomic mass.

In this thesis, the physical etching of a material surface is studied using molecu-
lar dynamics (MD) simulations, to obtain a better understanding of the sputtering
mechanisms dependency on physical parameters.

Physical sputtering was first studied for a LJ solid, i.e., for a material made
of atoms interacting through a Lennard-Jones (LJ) potential function, a simple
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iv Abstract

two-body potential function which depends on two parameters ε and σ. When
the incident particles are of the same species as the material atoms, i.e., for self-
sputtering, all interactions were represented by the same LJ potential function.
The physical sputtering yield was found to be a function of the normalized inci-
dent energy E , defined as the ratio of the incident energy to the LJ parameter ε, and
of the incident angle α. The comparison of the obtained physical self-sputtering
yields with experimental self-sputtering yields for several materials showed a good
agreement at low incident energies. At large incident energies, obtained yields are
deviating from experimental yield due to the inaccuracy of the LJ potential func-
tion at low interatomic distances. It was also shown that the modification of LJ
potential function at low interatomic distances allows to obtain a better agreement
with experimental yields for large incident energies. When the incident particles
and material atoms are of the different species, i.e., for sputtering, interactions
were represented used two different LJ potential functions. Interaction between
material atoms were represented using a LJ potential function, while interactions
with injected particles were represented using a repulsive LJ potential function.
On top of the dependency on the normalized incident energy E and the incident
angle α, the physical sputtering yield Y was then found to depend on two ad-
ditional parameters, the ratio of the masses µ and the relative interaction range
ρ. The mass ratio µ is defined, as its name implies, as the ration of the incident
particle mass to the material atom mass, whereas the relative interaction range ρ

is defined as the ratio of the repulsive LJ parameters to the LJ parameters . For
real materials, these two parameters µ and ρ were found to be related and to vary
within a narrow range. Within the range, the sputtering yield varied by a factor
2 or so, which accounts for the similarity of the experimentally observed physical
sputtering yield for different incident particles.

The physical sputtering yield Y was then evaluated for the self-sputtering of a
nickel (Ni) solid using several interatomic potential models based on the embed-
ded atom method (EAM). These potential models were obtained by modifying the
low interatomic distance part of existing EAM potential functions designed for Ni
bulk. It was found that, although each of the potential models was accurately
reproducing some Ni mechanical properties, the self-sputtering yield was quite dif-
ferent according to the used interatomic potential model at large incident energies.
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At low incident energies, the self-sputtering yields obtained with the different po-
tential models showed good agreement with experimental Ni self-sputtering yields.

In the last part, trench etching of Si surfaces covered with SiO2 hard masks
is studied for Cl ion beam etching (IBE) and Cl-based reactive ion etching (RIE)
with a flux ratio Cl radicals to Cl+ ions of 10. In IBE, 100 eV Cl+ ions were
injected at normal incidence. In RIE, alongside with Cl+ ions, Cl radicals were
simultaneously injected with a kinetic energy close to their thermal energy at
random incidence angle. The flux ratio of Cl radicals to Cl+ ions was set to 10.
The etching properties of Si and SiO2 surfaces were first studied for both IBE and
RIE. It was found that, although their sputtering yield are very different, their
etch rate are similar due to the much lower Si density in SiO2. Trench etching of
Si surfaces was then studied for both IBE and RIE. The trench profile was found
to be quite different for IBE and RIE. For IBE, the etched trench was found to
be tapered with an etching more pronounced near the trench centerline. RIE, on
the other hand, was found to exhibit a better pattern transfer with a wider and
flatter etched profile.
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I
Introduction

I.1 Background

Over the last century, thanks to the constant improvement of manufacturing tech-
niques, the number of semiconductor devices contained in a single integrated
circuit (IC) chip steadily increased as the typical size of semiconductor devices
steadily decreased. In 1965, Moore predicted that the transistor density, i.e., the
number of transistor per IC chip, will double every two years.1 This prediction,
known as the Moore’s law, remains valid until nowadays, although keeping pace
with it becomes more and more difficult and expensive due to technological limi-
tations.

As the typical sizes of semiconductor decreased and are nowadays reaching
atomic scales (nm-Å), further size reduction becomes very challenging and the
traditional planar structures are reaching scaling limits. To further increase the
semiconductor device density, transistor structures shifted from planar structures
to three-dimensional (3D) structures, such as fin field-effect transistors2 (FinFETs)
where the gate is surrounding the channel instead of being on top of it as in
traditional planar transistors (Fig. I-1). Another technique to increase device
density is to stack multiple layers of semiconductor devices on top of each other
to form skyscraper-like structures. Such techniques are used, for example, in 3D
NANDs memories3,4 (Fig. I-2a) where multiple layers of memory cells are stacked

1



2 I. Introduction

on top of each other. Currently, 3D NANDs are made of around 40 layers and
more layers will be used in the future to reach higher cell density.

Figure I-1 – Representation of a planar transistor (left) and a FinFET (right).2 In the
planar transistor, the gate is located on top of the channel between the source and the
drain, whereas in the FinFET, the gate is surrounding the channel.

In parallel, the development of new semiconductor devices requires the use
of new materials and, therefore, of new manufacturing processes. For example,
magnetoresistive random access memories5 (MRAMs) (Fig. I-2b) are a new type
of non-volatile memory where data are stored using magnetic elements rather than
electric electric elements as in NANDs memories. Therefore, MRAMs requires the
use of materials able to keep their magnetic properties, i.e., ferromagnetic material
such as iron (Fe), nickel (Ni) or cobalt-iron-boron (CoFeB) alloys.

Plasma etching processes are widely used in semiconductor device manufac-
turing and significantly contributed to the miniaturisation of semiconductor de-
vices6–10. It consists in the removal of atoms from the material surface due to
the impact of incident particles, typically ions or radicals. Surface atoms can be
removed either by physical etching or by chemical etching. Physical etching takes
place when atoms are removed due to the collision cascade induced by the incident
particle impact. At the impact point, momentum is transferred from the incident
particle to the surface atoms and then to the successive neighbour atoms, forming
a collision cascade. As the collision cascade unfolds, atoms can be pushed upward
with enough energy and leave the material. Chemical etching takes place when
atoms are removed by forming chemical compounds with the incident particles.
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(a) NAND

(b) MRAM

Figure I-2 – Two types of non-volatile memories: (a) 3D NAND3 and (b) magne-
toresistive random access memory (MRAM).5 Data are stored using electric elements
in 3D NANDs, whereas magnetic elements are used in MRAMs.
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Upon impact, injected atoms will chemically interact with surface atoms and form
chemical compounds such as SiFx. These compounds are typically weakly bonded
with the material bulk and can easily be removed by following incident particles
or, in case of volatile compounds, spontaneously leave by themselves. Typically,
physical etching requires the use of relatively high incident energies for enough
energy to be transferred to the sputtered atoms to leave the material. On the
contrary, chemical etching can take place at low incident energies but requires the
incident species to be able to chemically react with the material to etch.

Reactive ion etching11–13 (RIE) is widely a widely used technique for semi-
conductor device manufacturing (Fig. I-3). In RIE, chemically reactive ions are
bombarding the material surface and chemically react with the material atoms to
form chemical compounds. These chemical compounds are weakly bonded with
the material bulk and can easily be removed using low energy incident ions, or
spontaneously be desorbed in the case of volatile compounds such as SiF4. RIE
offers good selectivity and, as the incident ions have a high directionality, good
anisotropic etching is achieved. This anisotropy can be further enhanced using
sidewall passivation.

Figure I-3 – Illustration of reactive ion etching (RIE). Incident particles are chemically
reacting with the material to form weakly bonded compounds, which are then physically
etched. RIE offers a good anisotropy due to the high directionality of the incident ions.

Atomic layer etching11,14 (ALE) is an etching technique which offers a precise
control on the etching process (Fig. I-4). In ALE, an etching cycle is composed of
two distinct steps, the absorption step followed by the desorption step. During the
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absorption step, the material surface is exposed to a chemically reactive precursor
which will bond with the surface atoms to form a modified layer weakly bonded
with the material bulk. Once a single monolayer of precursor is deposited on the
material surface, deposition will stop. During the desorption step, the modified
layer is physically etching by low incident incident ions. The incident ion energy
is set low enough such that once the modified layer is entirely etched, no more
etching takes place. ALE is therefore a self-limiting process. At the end of the
ALE cycle, a single monolayer has been removed from the material surface. By
repeating the ALE cycle as needed, precise etching of the material can be achieved.

Figure I-4 – Representation of an atomic layer etching (ALE) cycle. An ALE cycle is
composed of distinct steps, the absorption step and the desorption step. During the
absorption step, the material surface is exposed to a precursor which will chemically
interact with the surface to form a modified layer. The modified layer is then physically
etched by low energy ions during the desorption step. The precursor is chosen such
that it will not interact with the modified layer, hence a single layer of modified layer
is formed. Similarly, the ion energy is such that only the modified layer is etched and
etching stops once the entire modified layer has been etched. At the end of the ALE
cycle, a single monolayer has been removed from the material surface.

Since the first observation of sputtering on 1853 by Grove15 and the first real-
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istic mathematical model by Sigmund16 in 1969, sputtering have been extensively
studied both theoretically and experimentally. These studies contributed to have
a better understanding of the sputtering mechanisms. However, none of these
studies give a comprehensive understanding of the sputtering mechanisms, sput-
tering yield and its dependency of physical parameters such the incident energy
or atomic mass.

I.2 Sputtering yield
An important parameters in etching processes is the sputtering yield Y which
quantifies the rate of atom removal from a material surface exposed to incident
particles bombardment. It is defined as the average number of atoms removed
from the material surface by a single incident particle. The larger the sputtering
yield, the more atoms are removed by a single incident particle. When removed
atoms and incident particles are of the same species, the sputtering yield Y also
indicates the rate of atom deposition on the surface.

The sputtering yield Yβ−α of a species α by a species β is given by the ratio of
the number Nα,Sputtered of atoms of species α sputtered from the material surface
to the number Nβ,Incident of incident particles of species β:

Yβ−α =
Nα,Sputtered

Nβ,Incident

The number of sputtered atoms Nα,Sputtered is calculated by counting the num-
ber of atoms Nα,Away of species α going away from the material surface, or by
computing the change ∆Nα,Material of the number of atoms of species α in the
material. The sputtering yield Yβ−α is calculated by either of two definitions:

YAway =
Nα,Away

Nβ,Incident
; YDelta = −∆Nα,Material

Nβ,Incident

When the sputtering atoms and injected particles are of different species, i.e.,
α ̸= β, these two definitions of the sputtering yield Yβ−α are equivalent as any
atom of species α going away from the material surface necessarily originates from
the material. Therefore,
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Nα,Away = −∆Nα,Material ⇒ YAway = YDelta

On the other hand, when sputtering atoms and injected atoms are of the same
species, i.e., α = β, the two definitions are not equivalent. Indeed, as incident
and materials are identical and undistinguishable, injected atoms are considered
as part of the material once injected. If the number of atoms in the material
does not change, i.e., ∆NMaterial = 0, then the number of atoms going away from
the material is equal to the number of incident atoms, i.e., NAway = NIncident.
Similarly, if no atoms are going away from the material, i.e., NAway = 0, then the
number of atoms in the material increased by the number of incident atoms, i.e.,
∆NMaterial = NInjected. Therefore,

NAway = −∆NMaterial +NIncident ⇒ YAway = YDelta + 1

Depending on how Nα,Sputtered is calculated, the obtained self-sputtering yield
can vary by ±1. It is therefore important to consider how the self-sputtering yield
is calculated, especially when compared with experimental yields as the definition
of the self-sputtering yield must agree.

I.3 Objectives
The goal of this study is to use MD simulations to investigate the etching of a
material by incident particles, ions and radicals. This thesis focuses on the phys-
ical sputtering mechanisms and intends to determine its dependency on physical
parameters such as the incident particle energy or the atom mass. The rest of this
thesis is structured as follows:

In Chap. II, the background of the numerical simulations performed in this
thesis is presented. The first part focuses on the description of the used molecular
dynamics (MD) simulations. The second part presents the four used interatomic
potential functions. The last part of this chapter presents several material prop-
erties.

In Chap. III, the physical self-sputtering of a LJ solid is studied. All atoms,
material and incident atoms, are identical and are interacting through a single
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Lennard-Jones (LJ) potential function. The physical sputtering yield Y is eval-
uated for a wide range of incident energies to obtain the universal curve of the
physical self-sputtering yield as a function of the normalized incident energy E ,
defined as the ratio of the incident energy to the LJ parameter ε. Obtained self-
sputtering yields are then compared to experimental self-sputtering for several
materials and show a good agreement for low incident energies. The agreement
for large incident energies is improved by modifying the repulsive part of the LJ
potential function.

This study is extended in Chap. IV to incident particles and material atoms
of different species. More specifically, the interest of this chapter is to unveil the
reason behind the similarity of experimental physical sputtering yield for incident
ions of different masses. Interactions between material atoms are represented by a
LJ potential function, whereas interactions with incident particles are represented
by a repulsive LJ potential function. The sputtering yield depends then on two
additional parameters, the ratio of the masses µ and the relative interaction range
ρ. The mass ratio µ is defined, as its name implies, as the ratio of the incident
particle mass to the material atom mass, whereas the relative interaction range ρ

is defined as the ratio of the repulsive LJ parameters to the LJ parameters, respec-
tively. The physical sputtering yield Y is evaluated for a range of incident energies
E , mass ratio µ and relative interaction range ρ to obtain the dependency of the
physical sputtering yield. For actual materials, the mass ratio µ and the relative
interaction range ρ is found to be related and to vary within a narrow range. The
comparison with experimental sputtering yields shows a good agreement.

In Chap. V, the physical self-sputtering is studied for a specific material, nickel
(Ni), using the embedded atom method (EAM) potential function, a popular po-
tential function for metallic systems. The physical sputtering yield Y is evaluated
for a range of incident energies up to a few thousands eV and for several potential
models. These potential models are based on existing EAM potential functions
for Ni and were designed to accurately reproduce mechanical properties of bulk
Ni. Comparison of the obtained self-sputtering yields with experimental yields for
Ni self-sputtering shows that the used potential model plays an important role in
the evaluation of the self-sputtering, especially at high incident energies.

In Chap. VI, trench etching of Si surfaces covered with SiO2 hard masks is
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studied for Cl+ ion beam etching (IBE) and Cl-based reactive ion etching (RIE).
In IBE, 100 eV Cl+ ions are injected at normal incidence. In RIE, alongside with
Cl+ ions, Cl radicals are simultaneously injected with a kinetic energy close to
their thermal energy at random incidence angle, with a flux ratio of Cl radicals to
Cl+ ions of 10. The etching of Si and SiO2 surfaces is first studied to determine
their etching properties for both IBE and RIE. Trench etching of Si surfaces for
IBE and RIE is then studied. The trench profile for IBE and RIE are found to be
quite different. RIE exhibits better pattern transfer than IBE.

The conclusions are given in Chap. VII and are followed by three appendices.
In Append. A, the derivation of the integration algorithm used for the numer-

ical simulations, the velocity-Verlet algorithm, from the Verlet algorithm is given.
These two integration algorithms are mathematically equivalent but numerically
different.

The Append. B shows the calculation of two material properties, the lattice
constant la and the cohesive energy EC , in the case of a material having an fcc crys-
talline structure and made of atoms interacting through a LJ potential function.
In this case, the two material properties can be evaluated from the parameters ε

and σ of the LJ potential function.
The Append. C gives an extension of the study performed in Chap. IV to a

full LJ system, where all interactions are represented by a LJ potential function.
The physical sputtering yield then depends on additional parameters.





II
Molecular Dynamics simulations

Physical phenomena have been investigated by humanity since the ancient times
to be able to understand, control, reproduce and predict them. The first inves-
tigations were performed by simply observing the phenomena themselves in the
nature. Later, theoretical models were established based on these observations to
quantify the phenomena using mathematical expressions, models which are solved
to explain and predict observations. This combination of observations (experimen-
tal studies) and predictions (theoretical studies) allowed to understand numerous
physical phenomena and led the development of computers in the second half of the
twentieth century. The use of computers, and their fast increase in computation
power, allow to solve the theoretical models for conditions which were previously
too complex. It is, for example, the case of this thesis interest where the posi-
tion and velocity of thousands of atoms interacting need to be computed millions
of times. As the computation power of computers is increasing, more and more
complex systems can be simulated.

Numerical simulations are nowadays widely used in most, if not all, domains
to investigate physical phenomena by numerically solving theoretical models and
comparing the obtain results with experimental results when available. Once the
numerical simulations are considered accurate enough to describe the observed
phenomena, they can be used to predict experimental results and define the direc-
tion experiments should take. The principle of numerical simulations is to compute

11



12 II. MD simulations

the time evolution of a set of variables X whose dynamic is governed by a set of
equations F (Eq. (II-1)). The set of variables X and equations F are defined by
the chosen theoretical model.

Xt+1 = F(Xt−N , . . . , Xt−1, Xt, Xt+1, . . . , Xt+N) (II-1)

Once the theoretical model, that is the set of equations, to solve is chosen, it
is necessary to define the various parameters needed to perform the simulation.
These parameters include both physical parameters, such as atomic masses, and
parameters specific to numerical simulations, such as the integration timestep.

In this chapter, I first discuss in Sect. II.1 a key element of all numerical
simulations, the integration algorithm. I then present Molecular Dynamics (MD)
simulations in Sect. II.2 and the potential functions used in Sect. II.3. Finally,
Sect. II.4 presents different computed mechanical properties.

II.1 Integration algorithms
Numerical simulations consist in numerically solving a set of equations F to obtain
the time evolution of a set of variable X. The calculation is performed at distinct
values of the time tn separated by a timestep ∆t: tn+1 = tn +∆t, where n is the
step number. Depending on the case, ∆t can be constant or change over time. A
variable timestep ∆t can be useful to optimize the calculation time by increasing
it during slow dynamics and reducing it during fast dynamics.

The timestep ∆t is an important parameter as it defines how often the in-
tegration is performed and is directly correlated to the algorithm accuracy, i.e.,
how close the calculated values are from the analytic one. Ideally, it should be
infinitely small to obtain the best accuracy, but it would make the calculation
time infinitely large. Generally, the timestep ∆t is chosen large enough to keep
the calculation time reasonable, but small enough such that changes in the system
during a time ∆t are smaller than the typical scales of the system, such as the
interatomic distance. Another important point is the algorithm stability, i.e., how
a small variation in the initial conditions affects the final results. Typically, algo-
rithms have a range of values of ∆t for which they are stable, i.e., a small variation
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in the initial conditions has little effect on the final result. Outside of this range,
they are unstable and significant variations in the final result can be observed for
small variations of the initial conditions.

To present some of the numerous integration algorithms, let’s consider a single
moving particle whose position x and velocity v at a time t are given by:

x(t) = x0 + v0t+
1

2
a0t

2 +
1

6
j0t

3 + . . . (II-2a)

v(t) = v0 + a0t+
1

2
j0t

2 + . . . (II-2b)

Here, x is the position, v is the velocity, a is the acceleration, j is the generally
ignored jerk and t is the time. The subscript 0 denotes the value at t = 0.

The position xn+1 = x(tn +∆t) and velocity vn+1 = v(tn +∆t) at time tn+1 =

tn +∆t are obtained using an expansion in a Taylor series:

xn+1 = xn + vn∆t+
1

2
an∆t2 +

1

6
jn∆t3 +O(∆t4) (II-3a)

vn+1 = vn + an∆t+
1

2
jn∆t2 +O(∆t3) (II-3b)

Euler algorithm The Euler algorithm is the simplest integration algorithm. It
consists in keeping the terms of order O(∆t) in Eq. (II-3):

xn+1 = xn + vn∆t (II-4a)
vn+1 = vn + an∆t (II-4b)

The Euler algorithm is a simple and fast algorithm but has a low accuracy
as it is a first-order algorithm, i.e., the global error is of the order of ∆t,
and can frequently be unstable. Better stability is achieved by using the
Euler-Cromer algorithm presented below.

Euler-Cromer algorithm The Euler-Cromer algorithm, also called semi-implicit
Euler algorithm or semi-explicit Euler algorithm, differs from the Euler al-
gorithm in the calculation of xn+1 which uses the velocity at tn+1 instead of
the one at tn:
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xn+1 = xn + vn+1∆t (II-5a)
vn+1 = vn + an∆t (II-5b)

This modification in the calculation of xn+1 does not affect the algorithm
accuracy but makes it more stable, notably for oscillatory systems.17

Verlet algorithm The Verlet algorithm18 is a common higher order algorithm. To
obtain it, we consider the Taylor expansion for xn−1 = x(tn − ∆t) like for
Eq. (II-3):

xn−1 = xn − vn∆t+
1

2
an∆t2 (II-6)

By adding and subtracting the expressions for xn+1 and xn−1 (Eqs. (II-3a)
and (II-6), respectively), the Verlet algorithm is obtained:

xn+1 = 2xn − xn−1 + an∆t2 (II-7a)

vn =
xn+1 − xn−1

2∆t
(II-7b)

A particularity of the Verlet algorithm is that the velocity v does not play
any role in the integration. The Verlet algorithm is a second-order algorithm,
i.e., the global error is of the order of ∆t2. However, two points which can
potentially pose troubles. Firstly, the algorithm is not self-starting as the
calculation requires to know the position at time tn−1, which is not known
at the beginning. This is generally solved by using another algorithm, such
as the Euler algorithm, to calculate the first few steps. The second point
is that the velocity is calculated as the difference between two quantities of
same magnitude, which can lead to significant rounding error.

Velocity-Verlet algorithm The velocity-Verlet algorithm is a mathematically equiv-
alent version of the Verlet algorithm presented above:
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xn+1 = xn + vn∆t+
1

2
an∆t2 (II-8a)

vn+1 = vn +
1

2
(an + an+1)∆t (II-8b)

The velocity-Verlet algorithm has the advantage to be self-starting and to
minimize rounding errors. It is also a popular algorithm when working with
conservative systems as it is, like the Verlet algorithm, a sympletic algorithm,
i.e., the total energy is conserved for conservative systems. Details of how
the velocity-Verlet algorithm is obtained from the Verlet algorithm are given
in Appendix A.

Runge-Kutta method The Runge-Kutta method, which was proposed in 1895
by Runge19 and later developed in 1901 by Kutta,20 is not an algorithm by
itself but rather a method which is at the origin of several algorithms. The
basic idea of the Runge-Kutta algorithms is to calculate the value of yn+1 by
dividing the interval [tn, tn+1] into several subintervals and to evaluate the
rate r = dy/dt at each of these intervals. The value of yn+1 is then obtained
by a weighted average of these rates.

For example, in the case of the fourth-order Runge-Kutta algorithm (RK4),
the rate r is evaluated four times, at t1 = tn, t2 = tn + b2∆t, t3 = tn + b3∆t

and t4 = tn + b4∆t, to obtain the rates r1, r2, r3 and r4. yn+1 is expressed
as:

yn+1 = yn + (c1r1 + c2r2 + c3r3 + c4r4)∆t (II-9)

According to the used values of b and c, different Runge-Kutta algorithms
can be obtained.

If we apply this fourth order Runge-Kutta algorithm (RK4) to our single
moving particle (Eq. (II-2)), we obtain:



16 II. MD simulations

xn+1 = xn +
1

6
(k1x + 2k2x + 2k3x + k4x) (II-10a)

vn+1 = vn +
1

6
(k1v + 2k2v + 2k3v + k4v) (II-10b)

with

k1x = a(xn, vn, tn)∆t (II-11a)
k1v = vn∆t (II-11b)

k2x = a(xn +
k1x
2
, vn +

k1v
2
, tn +

∆t

2
) (II-11c)

k2v =

(
vn +

k1v
2

)
∆t (II-11d)

k3x = a(xn +
k2x
2
, vn +

k2v
2
, tn +

∆t

2
) (II-11e)

k3v =

(
vn +

k2v
2

)
∆t (II-11f)

k4x = a(xn + k3x, vn + k3v, tn +∆t) (II-11g)
k4v = (vn + k3v)∆t (II-11h)

The Runge-Kutta algorithms are quite popular due to their good accuracy
and stability. However, they can be quite computationally expensive and not
well adapted to conservative systems as they are not sympletic algorithms.

II.2 Classical Molecular Dynamics simulations
Molecular Dynamics (MD) is a numerical method to compute the dynamics of
a system of atoms by individually following the trajectory of each atom. As a
good accuracy at the atomic level can be achieved, MD simulations are popular in
material sciences to study atomic-scale phenomena such as film deposition, surface
etching or atom implantation. Other uses of MD simulations include the study of
proteins in biology. However, MD simulations are not well adapted to compute
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the dynamics over a large time (µs and longer) or for a (very) large number of
atoms. In such cases, kinetic or fluid models are generally more adapted.

In MD simulations, the dynamics of the system is computed by solving, for
each atom i, the Newton’s equation of motion:

mi
d2ri
dt2

= Fi (II-12)

Here, mi and ri are the mass and position of the i-th atom, respectively, and
Fi is the total force exerted on the i-th atom. This force Fi is computed from the
interatomic potential Vi as Fi = −∇Vi. This interatomic potential Vi depends on
the relative position of the i-th atom with all the other atoms:

Vi = Vi(ri1, . . . , ri i−1, ri i+1, . . . , riN) (II-13)

Here, N denotes the number of atoms in the system and rij = |ri−rj| denotes
the distance between the i-th and j-th atoms located at ri and rj, respectively.

The interatomic potential function V is a key parameter in MD simulations as
the dynamics of the system directly depends on it. Therefore, the used interatomic
potential function V needs to accurately describe the interactions between the
atoms. Depending on how the potential function V is calculated, two distinct
types of MD simulations can be defined.

Ab-Initio MD simulations In Ab Initio MD simulations, the potential V is com-
puted during the simulation from the current disposition of atoms by per-
forming first-principle calculation (DFT). As the potential V is calculated
from the current disposition of atoms at each timestep, good accuracy can
be achieved. However, such calculations are generally computationally very
expensive and, therefore, ab initio MD simulations are not widely used and
will be preferred for small systems with a small number of atoms.

Classical MD simulations In classical MD simulations, the potential V is com-
puted before the MD simulation is performed and is provided as input data,
either as an analytic expression or as tabulated data. As the potential V
does not need to be computed during the simulation, the computational
cost is limited. As such, classical MD simulations are widely used and can
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accommodate large systems with a large number of atoms. However, the ac-
curacy of classical MD simulations will directly depend on the used potential
functions and their ability to accurately describe interatomic interactions.

In this thesis, only classical MD simulations are considered. The used potential
functions V are discussed in Sect. II.3.

The system simulated using MD simulations typically represent only a small
part of the actual system to limit the calculation time and periodic boundaries
can be applied on one or several directions such that atoms crossing one of the
boundaries appear on the other side as if the substrate was infinitely large in this
direction. For etching simulations as those performed in this thesis, the dynamics
of the material surface is studied with empty space above the surface for the
injected and etched particles. Therefore, periodic boundaries are only applied on
the horizontal (x and y) directions. In the vertical direction (z), fixed boundaries
are applied and crossing atoms are considered as etched atoms. To prevent the
material from moving due to the incident particle impact, the bottom atoms of
the material are fixed.

MD simulations are typically performed under the micro-canonical (NVE) en-
semble, such that the number of atoms N , the volume V and the total energy E

are constant during the simulation. For this reason, time integration is performed
using the velocity-Verlet algorithm (Eq. (II-8)) as it is a symplectic algorithm, i.e.,
it conserves the total energy over time. The control of the system temperature
T is also important. During MD simulations, atoms can be added or removed
from the system due to deposition or etching, leading to a modification of the
number of atoms and of the material temperature. In real material, the very large
number of atoms and the thermal diffusion will compensate for this modification
and the temperature will mostly stay uniform across the material. In MD simula-
tions, however, the number of atoms is limited, as mentioned above, and thermal
diffusion usually does not take place as the typical simulated timescales (nanosec-
onds) are much smaller than the typical timescales thermal diffusion takes place
(micro-milliseconds). For this reason, artificial thermostatting is applied to control
the temperature. Different thermostats are available to artificially constrain the
system temperature T to a specified target temperature T0.
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Velocity scaling The simplest way to control the system temperature is to multi-
ply the velocity vi of each atom i by a scaling factor λ: vi → λvi. The scaling
factor λ defines the magnitude of this scaling and is given as the square root
of the ratio of the target temperature T0 to the current temperature T :

λ =

√
T0

T
(II-14)

This way, the temperature T will converge toward the target temperature
T0. However, this approach does not allow fluctuations of the temperature.

Berendsen thermostat The Berendsen thermostat21 is an improvement of the
velocity scaling introduced by Berendsen in 1984. Contrary to the velocity
scaling, the Berendsen thermostat allows fluctuations of the temperature.
The scaling is done such that the rate of change of the temperature is pro-
portional to the difference between the target and the current temperatures:

dT

dt
=

1

τ
(T0 − T ) (II-15)

In this case, the scaling factor λ is given by:

λ =

[
1 +

∆t

τ

(
T0

T
− 1

)]1/2
(II-16)

Here, T is the system temperature, T0 is the target temperature and ∆t is
the timestep. The damping parameter τ has a dimension of time and defines
how fast the target temperature is reached. A larger damping parameter
τ means that it will take longer for the temperature T to reach the target
temperature T0. It can be noted that when the damping parameter is equal
to the timestep (i.e., τ = ∆t), the Berendsen thermostat is equivalent to the
velocity scaling (Eq. (II-14)).

Langevin thermostat The Langevin thermostat22 consists in applying two addi-
tional forces to each atom. The total force FT applied on an atom is then
expressed as:
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FT = FC + Ff + Fr (II-17a)

Ff = −m

τ
v (II-17b)

Fr = A

√
kBT0m

τ∆t
(II-17c)

Here, m is the atom mass, kB is the Boltzmann constant, T0 is the target
temperature and ∆t is the timestep. The damping parameter τ has a dimen-
sion of time and defines how fast the target temperature is reached. A larger
damping parameter τ means that it will take more time for the temperature
T to reach the target temperature T0.

The force FC in Eq. (II-17a) corresponds to the total force acting on the
atom before the application of the two additional forces Ff and Fr. It orig-
inates from the interatomic potential functions and eventual other external
forces. The force Ff corresponds to a frictional drag proportional to the
atom velocity v = |v|. This force is always opposing the atom movement
and therefore slowing it down. The force Fr corresponds to the force due
to the random bumping of solvent atoms at temperature T0 into the atom.
This magnitude and direction of this force is randomized through the random
vector A, different for each atom and at each timestep.

Nosé-Hoover thermostat The Nosé-Hoover thermostat was originally introduced
by Nosé23 and Hoover.24 It provides a way to simulate a system which is, at
large times, in the canonical (NVT) ensemble, i.e., the number of atoms N ,
the volume V and the temperature T are constant.

The idea of the Nosé-Hoover thermostat is to extend the real system by
introducing an artificial dynamical variable s̃, associated with a “mass” Q >

0 and a velocity ds̃/dt > 0. This artificial variable s̃ plays the role of a
time-scaling parameters such that the timescale in the extended system is
stretched compared to the real system: dt̃ = s̃dt.

Using the Nosé-Hoover thermostat, the equation of motion is given by:25
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m
dr

dt
= F −miγ

dr

dt
(II-18a)

dγ

dt
= − 1

τ 2NH

(
g

Ndf

− T

T0

)
(II-18b)

Here, m is the atom mass, r is the atom position, F is the total force before
the thermostat is applied, T is the system temperature and T0 is the target
temperature. g corresponds to the number of degrees of freedom Ndf in
the real system, possibly increase by 1.25 The strength of the coupling is
defined by the effective relaxation time τNH = (NdfkBT0)

−1/2Q1/2, with kB

the Boltzmann constant.

II.3 Interatomic potential functions
Interatomic potential functions are a key parameter in MD simulations as they
characterize the interactions between the atoms. Numerous different potential
functions have been developed to accurately model interatomic interactions, rang-
ing from simple two-body potential functions to complex multi-body potential
functions. Different interatomic potential functions for various interactions are
available in online repositories such as the NIST’s Interatomic Potential Rede-
pository.26 The choice of the used potential functions depends on the simulated
system, the atom species and the interatomic interactions to be considered. Here,
several interatomic potential functions are presented.

II.3.1 Lennard-Jones potential

The Lennard-Jones (LJ) potential function27 is a two-body potential function in-
troduced in 1924 by Jones. The simplicity of the LJ potential function makes it a
popular choice to model van der Waals interactions. It is also used as a simplistic
model to approximate covalent or metallic bonds, although it is known that its
repulsive part can be too repulsive compared to real materials.
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The LJ potential Vij between the i-th and j-th atoms is generally expressed
as:

Vij(rij) = 4ε

[(
σ

rij

)12

−
(

σ

rij

)6
]

(II-19)

Here, rij = |ri − rj| denotes the distance between the i-th and j-th atoms
located at ri and rj, respectively. σ and ε are the two parameters of the LJ
potential function. The parameter σ defines the interaction range, and corresponds
to the interatomic distance r0 = σ where the potential is null. The parameter ε

defines the interaction strength, and corresponds to the minimum of the potential
VM = −ε at rM = 21/6σ.

The attractive term of the LJ potential function ((σ/r)6) originates from the
dispersion forces between atoms which quickly decrease as r1/6,28,29 whereas the
repulsive term ((σ/r)12) accounts for the Pauli repulsive term. The exponent of
the repulsive term (12) does not have a strong physical meaning and was chosen
for convenience as r12 is the square of r6, which is computationally advantageous,
and because 12 is larger than 6, condition for the potential function to be repulsive
for rij < 21/6σ and attractive for rij > 21/6σ.

The LJ potential function Vij can be normalized to remove all dependency on
physical parameters. The normalization is done by setting the normalized distance
ξij and the normalized potential Ṽij as:

ξij =
rij
σ

and Ṽij =
Vij

4ε

The normalized LJ potential function Ṽij is then expressed as:

Ṽij(ξij) =
1

ξ12ij
− 1

ξ6ij
(II-20)

The normalized LJ potential function Ṽij is plotted in Fig. II-1. It presents two
characteristic points: the potential is null for ξ0 = 1 and the potential is minimum
for ξM = 21/6, where ṼM = −1/4.
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Figure II-1 – Normalized LJ potential function Ṽij. The potential is null for ξ0 = 1
and is minimum for ξM = 21/6, where ṼM = −1/4.

II.3.2 Screen-Coulomb potential
The screen-Coulomb potential function is a purely repulsive two-body potential
function in which it is assumed that the atoms are interacting through the Coulomb
potential, damped by a screening function. The screening function accounts for the
effect of electrons which are suppressing long-range interactions. Screen-Coulomb
potential functions are often used to model the interactions at low interatomic
distances where other potential functions can lack accuracy.

The screen-Coulomb potential Vij between the i-th and j-th atoms is expressed
as:

Vij(rij) =
1

4πε0

ZiZje
2

rij
ϕ
(rij
a

)
(II-21a)

ϕ(x) =
∑
k

cke
−bkx (II-21b)



24 II. MD simulations

Here, rij = |ri − rj| denotes the distance between the i-th and j-th atoms
located at ri and rj, respectively, ε0 is the vacuum permittivity, Zi is the atomic
number of atom i, e is the elementary charge, a is the screening distance, bk and
ck are parameters of the screening function ϕ(x).

Here, three different screen-Coulomb potential functions are considered: the
Ziegler-Biersack-Littmark30 (ZBL), Krypton-Carbon31 (Kr-C) and Molière32 po-
tentials. The ZBL potential was obtained as a mean potential of many individual
cases calculated by a Hartree-Fock-Slater method (non-relativistic). The Kr-C
was obtained as a description of the interaction between krypton (Kr) and car-
bon (C) atoms, but is a good mean potential for many different interactions be-
tween atoms.33 The Molière potential was obtained from an empirical fitting of
the Thomas-Fermi function.

The expression of the screening distance a differs according to the screen-
Coulomb potential. For the Ziegler-Biersack-Littmark (ZBL) potential, the screen-
ing length a is given by:

a =
0.8853a0

Z0.23
i + Z0.23

j

, (II-22)

whereas the Firsove screening length aF is used for the Kr-C and Molière
potentials:

aF =
0.8853a0(

Z
1/2
i + Z

1/2
j

)2/3 (II-23)

In both cases, a0 = 0.529Å is the Bohr radius.

The values of the parameters b and c of the screening function (Eq. (II-21b))
are given in Table II-1 for the three considered screen-Coulomb potentials. It can
be noted that

∑
k ck = 1 for the three potentials. The ZBL, Kr-C and Molière

potential functions are plotted in Fig. II-2 for Zi = Zj = 28, i.e., for Ni–Ni.
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Table II-1 – Parameters b and c of the screening function ϕ(x) for the ZBL, Kr-C
and Molière potential functions.

Parameter Potential
ZBL Kr-C Molière

b1 3.19980 0.278544 0.3
b2 0.94229 0.637174 1.2
b3 0.40290 1.919249 6.0
b4 0.20162 0.0 0.0

c1 0.18175 0.190945 0.35
c2 0.50986 0.473674 0.55
c3 0.28022 0.335381 0.10
c4 0.02817 0.0 0.0

Figure II-2 – ZBL, Kr-C and Molière screen-Coulomb potential functions for Zi =
Zj = 28, i.e., for Ni –Ni.
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II.3.3 Stillinger-Weber potential
The Stillinger-Weber potential function34–36 is a three-body potential. Compared
to two-body potential functions, such as the screen-Coulomb potential function
described above, the potential also depends on the angle between the atoms.

The total potential energy VT is assumed to be described as the summation of
a two-body part and a three-body part:

VT =
∑
i<j

V2(ri, rj) +
∑
i<j<k

V3(ri, rj, rk) (II-24)

Here, ri denotes the position of the i-th atom.
We consider here a modified version of the original Stillinger-Weber poten-

tial function done by Ohta et al.37 for the description of Si–O–F and Si–O–Cl
systems.

The two-body part V2(ri, rj) is expressed as:

V 2(ri, rj) =


a

r2qij
exp

(
2d

rij − rC

)
− b

rqij
exp

(
d

rij − rC

)
for rij < rC

0 for rij ≥ rC

(II-25)

Here, rij = |ri − rj| denotes the distance between the i-th and j-th atoms
located at ri and rj, respectively. The parameters a, b, d, q and the cutoff distance
rC depend on the species of the i-th and j-th atoms.

The three-body part V3(ri, rj, rk) accounts for the angular dependency of the
potential function. The potential V3 between the i-th, j-th and k-th atoms is given
as the summation of three functions h:

V3(ri, rj, rk) = hjik(rij, rik, θjik) + hijk(rji, rjk, θijk) + hikj(rki, rkj, θikj) (II-26)

Here, ri is the position of the i-th atom and θjik denotes the angle between the
j-th and k-th atoms at vertex ri.

The function hjik is given by:

hijk(rji, rjk, θijk) = kijk|cos θ −Θijk|γijkfij(rij)fjk(rjk) (II-27)
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Here, kijk, Θijk and γijk are parameters that depend on the species of the i-th,
j-th and k-th atoms. Due to the symmetry of the system, we have kijk = kkji,
Θijk = Θkji and γijk = γkji. The function fij(rij) is a step-function-like smooth
function such that f(r) = 1 when 0 < r ≪ rC and f = 0 when r ≥ rC , with rC

being the cutoff distance. More precisely, fij(rij) is defined using the two-body
term V2 (Eq. (II-25)) as:

fij(rij) =


1 for r ≤ rmin
V2(r)

V2min
for rmin < r < rC

0 for r > rC

(II-28)

Here, rmin is the distance where the two-body part V2(r) is minimum and
V2(rmin) = V2min.

Table II-2 – Parameters of the Stillinger-Weber potential function for several inter-
actions between silicon (Si), oxygen (O) and fluorine (F) obtained from Ref. 38.

Interaction Two-body V2

a (eVÅ2q) b (eVÅq) d (Å) q rc (Å)
Si–Si 170.0 38.3 0.614 1.89 3.6
Si–O 122.0 44.6 0.453 2.52 2.5
Si–F 75.6 41.7 0.269 2.21 2.6

Interaction Three-body V3

k (eV) Θ (degree) γ

Si–Si–Si 2.14 −0.491 2
O–Si–O 3.07 −0.509 2
Si–Si–F 2.08 −0.395 2

The parameters, obtained from Ref. 38, of the two-body part V2 for the Si–Si,
Si –O and Si–F, and of the three-body part V3 for Si –Si–Si, O–Si–O and Si–Si–F
are given in Table II-2. The two-body part V2 for Si –Si, Si –O and Si–F are ploted
in Fig. II-3a as a function of the interatomic distance r. The three-body part V3

for Si –Si–Si, O–Si–O and Si–Si–F are plotted in Fig. II-3b as a function of the
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angle θ. It is assumed that the interatomic distance with the central atom is at
the equilibrium value, i.e., fij = 1.

(a) (b)

Figure II-3 – Stillinger-Weber potential function. (a) Two-body part V2 as a function
of the interatomic distance r for Si –Si, Si –O and Si –F interactions. (b) Three-body
part V3 as a function of the angle θ for Si –Si –Si, O–Si –O and Si –Si –F interactions.
The used parameters are given in Table II-2.

II.3.4 Embedded Atom Method potential
The Embedded Atom Method (EAM) potential function39,40 is a multi-body po-
tential function developed in 1984 by Daw and Baskes widely used to model inter-
actions in metallic systems. The EAM potential function is based on the assump-
tion that each atom can be viewed as an impurity embedded in the system made
of the other atoms.

The potential Vi for the i-th atom of species α is expressed as the summation
of a two-body therm and an embedded term which depends on the local electronic
density from the surrounding atoms j of species β:

Vi(rij) = Fα

(∑
j ̸=i

ρβ(rij)

)
+

1

2

∑
j ̸=i

ϕαβ(rij) (II-29)

Here, rij = |ri − rj| denotes the distance between the i-th and j-th atoms
located at ri and rj, respectively. Fα is the embedding energy, that is the energy
needed to embed the i-th atom of species α into the electronic cloud formed by
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the surrounding atoms, ρβ is the contribution of the j-th atoms of species β to
the electronic cloud at the position of the i-th atom, ϕαβ is the pairwise potential
between the i-th and j-th atoms.

In Eq. (II-29), the density ρβ only depends on the host species β. Another
expression of the EAM potential function was developed in 1984 by Finnis and
Sinclair41 in which the electronic density ραβ depends on the species of both the
embedded and host atoms. In this case, the potential Vi for the i-th atom of
species α is expressed as:

Vi(rij) = Fα

(∑
j ̸=i

ραβ(rij)

)
+

1

2

∑
j ̸=i

ϕαβ(rij) (II-30)

From the expression of the EAM potential, it can be observed that the multi-
body property of the EAM potential function comes the embedded term F (ρ), and
more precisely from the summation over the electronic density ρ.

The three constituting function F (ρ), ρ(r) and ϕ(r) of the EAM potential
function are shown in Fig. II-4 for the Ni–Ni interaction of the Fe–Cu–Ni EAM
potential function of Ref. 42.

II.4 Material properties

Materials are composed of a collection of interacting atoms. According to the
atom species and to how they are arranged, materials present various properties.
These material properties include physical properties, i.e., intrinsic properties of
the material, such as the density; chemical properties, i.e., properties related to a
change of chemical structure, such as combustibility; and mechanical properties,
i.e., properties related to the application of constrains on the material, such as the
bulk modulus. Understanding the material properties is important to determine
the adequate material for a specific use and how several materials can be combined
to improve performances.

Interatomic potential functions used in MD simulations are expected to repre-
sent the interactions between the atoms. It is therefore important that the inter-
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Figure II-4 – The three components of the Ni –Ni EAM potential function from the
Fe–Cu–Ni EAM potential of Ref. 42. ϕ, ρ and F are the pair potential, electronic
density and embedding energy, respectively.

atomic potential functions are able to accurately reproduce the material properties
of the simulated system. Some material properties are discussed in the following.

II.4.1 Lattice constant and cohesive energy
In crystalline materials, atoms are arranged in highly ordered structures where a
group of atoms, the basis, is periodically repeated in every direction. The set of
the mathematical points where the basis is located is called the lattice. In three-
dimensions, the lattice is described by three translation vectors a1, a2 and a3 such
that every point r′ of the lattice can be seen as the translation of any point r of
the lattice by a multiple of the translation vectors: r′ = r + u1a1 + u2a2 + u3a3,
with u1, u2 and u3 are arbitrary numbers. The three translation vectors form a
parallelepiped of edge length la1 = |a1|, la2 = |a2| and la3 = |a3| called the cell.
The entire material can be built by the translation of the cell by the translation
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vectors ai, without any empty space or overlapping between the translated cells.
It can be noted that, for a single system, the translation vectors ai are not unique,
there are many nonequivalent possible sets. The cell is therefore also not unique.

A cell is characterized by six lattice parameters, the length of the edges la1, la2
and la3, and the angles α, β and γ between the edges. According to the value of
these six parameters, the cell is classified among seven crystalline systems.43 The
most general crystalline system is the triclinic system where each length and each
angle are different, i.e., la1 ̸= la2 ̸= la3 and α ̸= β ̸= γ. On the other hand, the
cubic crystalline system is the most specific system where the three edges have
the same length la and the three angles are equal to 90◦. These seven crystalline
systems are further divided into a total of 14 cells, or lattices. The cubic crystalline
system, for example, presents three cells which differ by the number of atoms they
contain, the simple cubic (sc), body-centred cubic (bbc) and face-centred cubic
(fcc) cells. The simple cubic (sc) cell contains a single atom located at a vertex of
the cube; the body-centred cubic (bcc) cell contains two atoms, one at a vertex of
the cube and one at the centre of the cube; and the face-centred (fcc) cell contains
four atoms, one at a vertex of the cube and one at the centre of the three faces
sharing this vertex. These three cells are shown in Fig. II-5 along with the diamond
cell, which is the typical structure of semiconductor materials such as silicon (Si)
or germanium (Ge). Although the diamond cell is not strictly a crystalline cell, it
is often considered as one for convenience. The diamond cell is based on the fcc
cell with four additional tetrahedrally bonded atoms (Fig. II-5d), and therefore
contains eight atoms. As a fraction of the lattice constant la, these four additional
atoms are located at (1
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, 1
4
, 1
4
), (3
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, 3
4
, 1
4
), (1

4
, 3
4
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4
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4
, 1
4
, 3
4
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The bonding strength of the material depends on the atom species and on their
arrangement, i.e., on the crystalline cell. It can be evaluated from the cohesive
energy EC which correspond to the energy required to separate the material con-
stituents into independent neutral atoms at ground state. The cohesive energy
EC is typically given as an energy per atom to have an intensive quantity, i.e.,
independent of the system size, and is of the order of a few eV.43 By considering
the system large enough such that the effect of the boundaries (surfaces) can be
neglected, the cohesive energy EC is estimated as the ratio of the total potential
energy Ep to the number of atoms N :
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(a) sc (b) bcc (c) fcc (d) diamond

Figure II-5 – Cubic crystalline cells: (a) simple cubic (sc), (b) body-centred cubic
(bcc), (c) face-centred cubic (fcc) and (d) diamond. Each cell is a cube of length
equal to the length la and containing 1, 2, 4 and 8 atoms, respectively. The solid black
lines represent the boundaries of the cell, the red spheres represent atoms of the cell
and the black spheres represent atoms belonging to adjacent cells. The dash black
lines are guides to the eyes.

EC =
Ep

N

The lattice constant la and the cohesive energy EC both directly depend on
the interatomic potential. For a material made of atoms interacting through a LJ
potential function and having a fcc structure, it is shown that the lattice constant
la and the cohesive energy EC linearly depend on the LJ parameters σ and ε

(Eq. (II-31)). Details of the calculations are given in Appendix B.

la = 1.09σ (II-31a)
EC = −8.56ε (II-31b)

II.4.2 Elastic properties

Under the application of constrains or forces, materials are deformed. How the
material is deformed depends on the type of constrains, longitudinal or transverse,
and on the material composition, size and geometry. At small constrains, the
material is deformed elastically, i.e., deformations are temporary and the material
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returns to its initial shape when the constrains are removed. For larger constrains,
plastic deformations appear, i.e., permanent deformations which remain after the
constrains are removed. When the constrains become very large, the material
reaches its rupture point and breaks. The value of the constrains at which plastic
deformations appear is known as the yield strength and is a property of each
material and typically ranges from 0.1GPa to 1GPa. We focus here in the elastic
domain, i.e., when the constrains are lower than the yield strength. In this domain,
the relation between constrains and deformations is given by the Hooke’s law.44

The simplest case of elastic deformation is the linear string where the deforma-
tion happens in the direction of the applied constrains. In this case, the Hooke’s
law is expressed as:

F = kX

Here, F is the longitudinal force exerted on the string (constrain) which has
a dimension of force (N), X is the longitudinal string elongation (deformation)
which has a dimension of length (m), and k is the string constant which has a
dimension of force per length (N m−1).

For continuous three-dimensional systems, the material can be deformed in
a direction different to the direction of the applied constrains. In this case, the
Hooke’s law is expressed as:

σ = Cε (II-32)

Here, σ is the stress tensor which represents the pressure exerted on the mate-
rial, ε is the strain tensor which represents the relative deformation of the material
and C is the elasticity tensor which is a linear mapping between the strain tensor
ε and the stress tensor σ. The stress tensor σ and the elasticity tensor C have a
dimension of pressure (Pa), whereas the strain ε is a dimensionless quantity. The
stress tensor σ and strain tensor ε are 3× 3 matrices having 9 components εij and
σij, whereas the elasticity tensor is a fourth-order tensor having 81 components
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Cijkl. Due to symmetries, ε and σ are symmetric matrices (εij = εji and σij = σji)
and only 6 components are independent. Similarly, C is a symmetric tensor with
21 independent components.

The notation of the Hooke’s law can be simplified by using the Voigt notation.
The Voigt notation consists in combining a pair of indices (i, j) into a single index
k, i.e., (i, j) → k, to reduce the order of a symmetric tensor:

11 → 1 23 or 32 → 4

22 → 2 13 or 31 → 5

33 → 3 12 or 21 → 6

Using the Voigt notation, the stress tensor σ and the strain tensor ε are repre-
sented by 6×1 matrices and the elasticity tensor C by a symmetrical 6×6 matrix.
The Hooke’s law (Eq. (II-32)) is expressed as:

σ1

σ2

σ3

σ4

σ5

σ6


=



C11 C12 C13 C14 C15 C16
C21 C22 C23 C24 C25 C26
C31 C32 C33 C34 C35 C36
C41 C42 C43 C44 C45 C46
C51 C52 C53 C54 C55 C56
C61 C62 C63 C64 C65 C66





ε1

ε2

ε3

ε4

ε5

ε6


(II-33)

In the general case, each of the 21 independent components of the elasticity
tensor C have to be calculated. However, the number of independent components
of the elasticity tensor C can be reduced by considering the symmetries of the
system. The number of independent components can be reduced up to 3 in the
case of cubic systems, as explained later.

Several mechanical quantities can be defined to characterize the material re-
sponse to an applied stress.

Bulk modulus The bulk modulus K, or B, is a measurement of the resistance of a
material to compression. It has the unit of pascal (Pa) but is generally given
in GPa as the bulk modulus is typically very large. It is expressed as the
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ratio of the infinitesimal pressure increase to the resulting relative decrease
of the material volume or as the ratio of the infinitesimal pressure increase
to the resulting relative increase of the material density.

K = −V
dP

dV

= ρ
dP

dρ

Here, P is the applied pressure, ρ is the material density and V is the initial
volume of the material.

Shear modulus The shear modulus G is a measurement of the shear stiffness of a
material. The shear modulus has a unit of pascal (Pa) but is typically given
in GPa is the shear modulus is generally very large. It is expressed as the
ratio of the shear stress to the shear strain.

G =
τ

γ

=
FL

Aδl

Here, τ is the shear stress and γ is the shear strain. F is the magnitude of
the applied force on the surface of area A. L is the height of the material
and δl is the displacement of the surface of area A in the direction of the
applied force F .

Young’s modulus The Young’s modulus E is a measurement of the strain induced
in the direction of the applied stress. The Young’s modulus has a unit of
pascal (Pa) but is generally given in GPa as it is typically very large. It is
expressed as the ratio of the uniaxial stress to the strain.



36 II. MD simulations

Y =
σ

ε

=
FL

AδL

Here, ε is the uniaxial stress on the material and σ is the strain in the direc-
tion of the uniaxial stress ε. F is the magnitude of the applied longitudinal
force on the surface of area A. L is the initial size of the material and δl is
the change in length of the material.

Poisson’s ratio The Poisson’s ratio is a measurement of the deformation in the
direction orthogonal to the uniaxial applied stress. The Poisson’s ratio is
a dimensionless quantity. It is expressed as the ratio of the deformation
orthogonal to the direction of the applied stress to the deformation along
the direction of the applied stress.

ν = −dεtrans

dεaxial

= −LδD

DδL

Here, εtrans demotes the deformation in the direction orthogonal to the ap-
plied stress and εaxial demotes the deformation along the direction of the
applied stress. D is the initial size of the material in the transverse direction
and δD is the change in size in the transverse direction. L is the initial size
of the material in the axial direction and δL is the change in size in the axial
direction.

The different mechanical properties are not independent from each other and
can be calculated by knowing two others. The relations between the mechanical
properties are given in Table II-3.

As mentioned above, the elasticity tensor C can be simplified by considering the
symmetries of the system. The simplest expression of the C is obtained for a cubic
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Table II-3 – Relations between the bulk modulus K, shear modulus G, Young’s
modulus E and Poisson’s ratio ν.

Modulus
K G E ν

(K,G) — — 9KG

3K +G
K − 2G

3

(K,E) — 3KE

9K − E
— 3K − E

6K

(K, ν) — 3K(1− 2ν)

2(1 + ν)
3K(1− 2ν) —

(G,E)
EG

3(3G− E)
— — E

2G
− 1

(G, ν)
2G(1 + ν)

3(1− 2ν)
— 2G(1− ν) —

(E, ν)
E

3(1− 2ν)

E

2(1 + ν)
— —

system, where the three axes are identical by symmetry. Therefore, C11 = C22 =

C33, C44 = C55 = C66 and C12 = C13 = C23 = C21 = C31 = C32. Also, the off-
diagonal shear components and the mixed compression/shear coupling components
are zero, i.e., C45 = C46 = C56 = C54 = C64 = C65 = 0, C14 = C41 = . . . = 0. The
number of independent components of the elasticity tensor C is reduced to three,
namely C11, C12 and C44, and the Hooke’s law (Eq. (II-33)) is then expressed as:

σ1

σ2

σ3

σ4

σ5

σ6


=



C11 C12 C12
C12 C11 C12 0
C12 C12 C11

C44 0 0

0 0 C44 0

0 0 C44





ε1

ε2

ε3

ε4

ε5

ε6


(II-34)

For a cubic system, the mechanical quantities described above are expressed
as:
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K =
C11 + 2C12

3
(II-35a)

G =

 C44 for shear in (100)
C11 − C12

2
for shear in (110)

(II-35b)

ν =
1

1 +
C11
C12

(II-35c)
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each cycle were selected sufficiently away from each other such that no two ions
would hit nearby surface locations. Similarly, in the RIE simulation with Γ = 10,
the material was exposed to 80 Cl radicals in each odd-number cycle (NRad=80)
and 8 Cl+ ions in each even-number cycle (NIon = 8). Each Cl+ ion was injected
in the negative z direction with a kinetic energy of 100 eV. As in the case for flat
surface RIE simulations discussed earlier, the incident direction of each Cl radical
species was selected randomly and its initial kinetic energy was set at 0.1 eV.

Figure VI-6 – Representation of the front views of the trench-structure model mate-
rials of Fig. VI-2 after 100 eV Cl+ ion injections with an ion dose of 1.65× 1016 cm−2

(12,000 Cl+ ion injections) for (a) IBE and (b) RIE with Γ = 10, obtained from MD
simulations. The angle of ion incidence was normal to the initial flat surface. Beige,
red and green spheres represent Si, O and Cl atoms, respectively. Periodic boundaries
were applied in the horizontal directions. The material was in thermal equilibrium at
300K during the process. In (b), the bottom Si layers were automatically added during
the simulation such that the plasma-surface interactions would not be affected by the
finite depth of the model material.

Figure VI-6 shows the etched trench-structure model materials of Fig. VI-2
after 100 eV Cl+ ion injection with an ion dose of 1.65×1016 cm−2 (12,000 Cl+ ion
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injections) for (a) IBE and (b) RIE with Γ = 10, obtained from MD simulations.
As we discussed earlier, because the etch rates of Si and SiO2 for RIE are larger
than those for IBE, the erosion and tapering of the SiO2 mask proceeded more
for RIE than IBE. Accordingly, incident Cl+ ions and knocked-on Si and O atoms
affected deeper regions of the Si layer in RIE. Therefore, in (b), the bottom Si lay-
ers were automatically added during the simulation such that the plasma-surface
interactions would not be affected by the finite depth of the model material.

Figure VI-7 – The etched trench-structure material of Fig. VI-6(a) at a higher ion
dose of 4.18 × 1016 cm−2 (30,000 Cl+ ions injections) for IBE, obtained from MD
simulations. It is seen that the mask collapsed and the trench etch stopped.

It is seen that the etched profiles are much different between IBE and RIE. For
IBE, the Si layer was only slightly etched with a tapered profile, indicating that
the etching proceeded more at the center of the trench than near the sidewalls
because of the protruding SiO2 mask. For RIE, the trench structure of the etched
Si layer is easily visible with a relatively flat bottom surface, indicating that the
trench mask pattern was better transferred to the etched Si layer for RIE than
IBE.

The higher etch rate of RIE seems to remove mechanically weak structures of
the mask more efficiently, preventing the mask collapse. For IBE, because of its
relatively low etch rate, the mask tends to deform more before it is removed by
etching. Our study also showed that, with a higher ion dose of IBE, the SiO mask
eventually collapsed and prevented the trench etching of the Si layer, as shown in
Fig. VI-7. On the other hand, our preliminary study showed that, with a higher
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ion dose in RIE, the mask was further eroded before a deep trench was formed in
the Si layer.

It should also be noted that, even in RIE, the thickness of the removed SiO2

mask is much larger than the etched depth of Si. If the etch rates of Si and
SiO2 were the same, this would not occur. This occurred because, owing to the
transient effects discussed above, while the etched Si surface swelled, the erosion
of SiO2 continued. As discussed earlier, for an etching process of nanometer-scale
structures, a significant part of the etching process may fall into this transient
initial phase and, therefore, the etched profiles can be significantly influenced by
these effects.
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Figure VI-8 – Depth profiles of the numbers of Si (black curve), O (grey curve) and
Cl (blue curve) per unit depth over a unit horizontal surface area for (a) IBE and (b)
RIE with Γ = 10 after 100 eV Cl+ ion injections with an ion dose of 1.67× 1016 cm−2,
corresponding to the etched trench-structure model materials of Fig. VI-6. The initial
depth profiles are given in Fig. VI-2(b).

Figure VI-8 shows the depth profiles of the numbers of Si (black curve), O
(grey curve) and Cl (blue curve) per unit depth over a unit horizontal surface area
for (a) IBE and (b) RIE with Γ = 10, corresponding to the etched trench-structure
model materials of Fig. VI-6. The initial depth profiles are given in Fig. VI-2(b).
It is seen in Fig. VI-8 that the mask material was lost more and the lower Si layer
was etched more in RIE than in IBE. The slightly peaked profiles of the numbers
of Si and O atoms at around z = 4∼5 nm in Fig. VI-8a indicate that the Cl+ ion
bombardment deformed the mask and caused the protrusions of the mask sidewalls
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in IBE. It is also observed that the ratio of the Si to O densities near the top of the
SiO2 mask is close to unity in both IBE and RIE. It results from the preferential
sputtering of O atoms from SiO2, which makes the top surface of a SiO2 mask
more Si rich than its bulk.

VI.2.3 Etched surface profiles

The sidewall surfaces of the etched trench structures shown in Fig. VI-6 may be
better seen in Fig. VI-9, where the model materials of Fig. VI-6 (a) and (b) were
cut in half along the y-axis at x = 7.3 nm. To visualize the averaged surface
structures better, we also constructed coarse-grained surfaces, using the following
algorithm.

We first define cubic 3D grids covering the entire material and having a spacing
of 1Å in each direction. At each gird point, the material density was computed as
n = N/V , where N is the number of atoms within a distance R = 3Å from the
grid point and V is the volume of the sphere of radius R, given by V = 4πR3/3. As
we defined the surface height for Fig. VI-5, we define a grid point being occupied
by a material as that with n > 1022 cm−3.

We then define enveloping surfaces that characterize the trench sidewalls in
the following manner. Starting from the midplane located at x = 7.3 nm that cut
the etched trench structure at the center of the trench, as seen in Fig. VI-9, we
move along the x-axis toward the material edges and find the first two sets of grid
points where the material exists. These two sets of points define the left and right
sidewall surface profiles. Connecting all such grid points over the entire y and z

coordinates, we obtain coarse-grained enveloping surfaces formed along the x-axis
as shown in Fig. VI-10.

Although the roughness of sidewalls seems similar between IBE and RIE, it
is seen in (a) that part of the sidewalls, especially the right sidewall near the top
surface, protrudes more toward the trench center in IBE. The etched Si surface at
the bottom of the trench is wider and flatter for RIE (b) than for IBE (a).

We also construct coarse-grained enveloping surfaces along the z-axis to show
the averaged structures of the etched top surfaces of SiO2 and Si. Starting from a
sufficiently high xy plane, we search for the highest grid point of the material along
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(a) (b)

Figure VI-9 – Three-dimensional representation of the sidewalls of etched trench-
structure model materials of Fig. VI-6 for (a) IBE and (b) RIE with Γ = 10. The
material models were cut in half along the y-axis at x = 7.3 nm.

the z-axis. Connecting all such grid points over the entire x and y coordinates, we
obtained the coarse-grained enveloping surfaces, as shown in Fig. VI-11. It is seen
that, in IBE, the etched bottom surface is narrower in this representation than in
reality, owing to the protruding structures of the sidewalls. On the other hand,
the trench pattern of the original mask was better transferred to the Si layer in
RIE.

VI.3 Discussion and Summary

In this study, we examined trench etching of Si surfaces covered with SiO2 hard
masks by Cl+ IBE and Cl-based RIE, using MD simulation. The simulation results
shown in this article are those by 100 eV Cl+ ion injections with an angle of
incidence being normal to the horizontal surface. For RIE, in addition to the Cl+

ion beam, Cl radicals were simultaneously emitted from the gas phase with kinetic
energy close to their thermal energy with randomly selected angles of incidence.
The flux ratio of Cl radicals to Cl+ ions in the RIE simulations presented in this
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(a) (b)

Figure VI-10 – Coarse-grained enveloping surfaces formed along the x-axis of the
etched trench-structure model materials of Fig. VI-6 for (a) IBE and (b) RIE with
Γ = 10, representing the averaged surface roughness of the sidewalls shown in Fig. VI-9.

article was Γ = 10.
The sputtering yields of Si and SiO2 obtained from MD simulations were found

to be consistent with experimental observations. The sputtering yield of Si was
around twice larger than that of SiO2 for both IBE and RIE. The exposure of
the material surface to Cl radicals alongside with Cl+ ion injections enhanced the
sputtering yield approximately by a factor of 2 for both Si and SiO2. However,
the number density of Si atoms in SiO2 is much lower than that in solid Si, the
etch rates of Si and SiO2 were found to be similar. This indicates that the SiO2

mask needs to be at least as thick as the planned etched depth of Si under these
etching conditions.

Our MD simulations found that etched profiles were significantly different be-
tween IBE and RIE with Γ = 10. For IBE, etching was more due to physical
sputtering than chemical etching and the etched Si surface was tapered with the
centerline of the trench being more deeply etched than the edges in contact with
the mask sidewalls. The weakness of the mask structure also showed up as more
severely deformed sidewalls in IBE, which tend to prevent incident ions from reach-
ing the edges of the trench bottom. On the other hand, in RIE, both mask and
Si layer were etched faster. The width of the etched Si trench was closer to the
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(a) (b)

Figure VI-11 – Coarse-grained enveloping surfaces formed along the z-axis of the
etched trench-structure model materials of Fig. VI-6 for (a) IBE and (b) RIE with
Γ = 10, representing the averaged surface roughness of the top and bottom surfaces
shown in Fig. VI-9. It is seen that the erosion and tapering of the mask is more
significant for RIE (b) than for IBE (a) because of the higher etch rates of RIE.

original width of the mask opening, exhibiting better pattern transfer fidelity in
RIE. The trench bottom was also found to be flatter in RIE. The higher etch rate
of the RIE seemed to prevent the formation of highly protruding structures of the
mask because the RIE tended to remove deformed rough surfaces more quickly
than the IBE. The less deformation of the mask sidewalls allowed more uniform
exposure of the trench bottom to the incident ions.

Although the initial profiles of the mask and the underneath Si layer were per-
fectly symmetric around the centerline of the trench and the ion and radical fluxes
were also completely uniform, the etched structures, especially those of mask side-
walls, significantly differed on the left and right sides. This reflects the fact the
etched profiles of nanometer-scale structures can be easily affected by the individ-
uality of incident ions and radicals emitted randomly. The way the atomic-scale
roughness is created strongly depends on how randomly emitted ions and radicals
interact with the surface atoms and the size of such roughness is comparable with
the sizes of the desired etched structures. Therefore, in IBE or RIE of nanometer-
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scale structures, the formation of line width roughness seems unavoidable. Well
designed atomic layer etching (ALE) may reduce such roughness.195,197–203

It should also be noted that, even in RIE, the thickness of the removed SiO2

mask is much larger than the etched depth of Si. If the etch rates of Si and
SiO2 were the same, this would not occur. This occurred because, owing to the
transient effects discussed above, while the etched Si surface swelled, the erosion
of SiO2 continued. As discussed earlier, for an etching process of nanometer-scale
structures, a significant part of the etching process may fall into this transient
initial phase and, therefore, the etched profiles can be significantly influenced by
the transient effects.

The local mechanical strength of etched materials can also significantly affect
the etched profiles of nanometer-scale structures, as we just discussed above. A
nanometer-scale thin material layer near the surface is typically weaker in me-
chanical strength than the bulk due to the shortage of surrounding supporting
atomic structures. Furthermore, its chemical composition can be easily modified
by etchant ions and radicals during the etching process, which typically reduces its
mechanical strength further. Our MD simulations demonstrated that, in IBE, the
bulged mask sidewalls resulting from the ion bombardment blocked part of the ion
flux toward the bottom of the trench. The simulations also showed that efficient
chemical etching due to the presence of Cl radicals contributed significantly to
the formation of smoother mask walls in RIE, which resulted in a better pattern
transfer than in IBE.

VI.4 Conclusions

This study has demonstrated the etched profiles of nanometer-scale structures
are strongly affected by the individuality of incident ions and radicals, transient
effects of etching such as the initial swelling of an etched surface, and insufficient
mechanical strengths of the ion-damaged surfaces. Although the incident ion and
radical fluxes are uniform in space, the etched surface cannot be uniform at the
atomic level due to these effects. RIE and IBE based on simple Cl chemistry
with 100 eV Cl+ ions resulted in significant erosion of SiO2 mask and rough etched
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surfaces of Si. For better etched-profile control of nanometer-scale structures,
an etching process with lower ion energy and possibly more elaborate surface
chemistry is required. For example, addition of oxygen to the incident species
may allow the sidewall passivation and replenish some oxygen lost from the mask.
A further study is needed to confirm such effects quantitatively.



VII
Conclusions

In this thesis, molecular dynamics (MD) simulations have been performed to inves-
tigate the sputtering mechanism of different systems to give a better understanding
of the physical sputtering mechanism and unveil the dependency of the physical
sputtering yield on physical parameters, such as the incident ion energy or mass.

The Chap. II presents the computational background of the numerical simula-
tions performed in this study. The first part of the chapter focuses on describing
the background of MD simulations, which consists in computing the system dy-
namics by solving the Newton’s equation of motion for each atom. The second
part focuses on the interatomic potential function V , a key element of MD sim-
ulations which directly define the system dynamics. The four potential functions
used in this study are presented: the Lennard-Jones (LJ), the screen-Coulomb,
the Stillinger-Weber and the embedded atom method (EAM) potential functions.
The last part of the chapter focused on some material properties. At the end of
the chapter, several material properties used during the study are presented.

In Chap. III, the physical self-sputtering yield of a LJ solid, i.e., a material
made of atoms interacting through a Lennard-Jones (LJ) potential function, is
studied. All interactions between atoms are represented using a Lennard-Jones
(LJ) potential function and the incident particles are identical to the material
atoms. It is shown that the physical self-sputtering yield presents a universal
curve which only depends on the incident angle and on the normalized incident
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energy E , which is defined as the ratio of the incident ion energy to the parameter
ε of the LJ potential function. It therefore represents the relative energy of the
incident ion to the bond strength of the material. The self-sputtering yield was
evaluated over a wide range of the normalized energy E and the obtained universal
curve of the physical self-sputtering was compared to experimental self-sputtering
yields of iron (Fe), nickel (Ni) and copper (Cu) and showed a good agreement at
low incident energies. At higher incident energies, however, the LJ self-sputtering
yields significantly differs from experimental yields. This divergence is because
the repulsive interactions of the LJ potential do not represent those of actual
atoms at short distances. To obtain a better agreement for high incident energies,
the repulsive part of the LJ potential was modified to make it less repulsive.
Self-sputtering yields using this modified LJ potential functions showed a good
agreement over the studied energy range.

The study is extended in Chap. IV to the case where incident particles and
material atoms are of different species. Material atoms are interacting through a LJ
potential function, whereas the interactions with incident particles are represented
with a repulsive LJ potential function. The sputtering yield Y then becomes a
function of the normalized incident energy E , defined as the ratio of the incident
energy to the LJ parameter ε, the ratio of the atom masses µ and the relative
interaction range ρ, which is a function of the LJ parameters ε and σ. The physical
sputtering yield Y was evaluated for a range of values of E , µ and ε. Over this
range of values, the physical sputtering yield varies by order of magnitudes. The
parameters µ and ρ were evaluated from the cohesive energy EC and the nearest-
neighbour distance d for several materials. It was found that they have a strong
correlation, being linearly related, and vary with a narrow range with 0.3 < µ < 3

and 0.8 < ρ < 1.2. In this range of values, the physical sputtering yield Y are
similar, which is also observed in experimental physical sputtering yields.

In Chap. V, the physical self-sputtering of specific material, nickel (Ni), is
studied using a popular potential function for metallic systems, the embedded atom
method (EAM) potential function. The physical sputtering yield of a crystalline
Ni material was calculated for a range of incident energies up to a few thousands
eV for several potential models. These potential models are based on existing
EAM potential functions for NI, where the potential at low interatomic distances
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was modified. The comparison with experimental physical self-sputtering yield for
Ni shows that, although the different potential models can accurately reproduce
mechanical properties of a bulk Ni material, they may not be able to accurately
reproduce the sputtered properties of the material. This is especially true for large
incident energies, where the used potential model, i.e., the interaction cross-section
at low interatomic distances, was found to have a significant effect on the physical
self-sputtering yield.

In Chap. VI, trench etching of Si surfaces covered by SiO2 hard masks was
studied for Cl+ ion beam etching (IBE) and Cl-based reactive ion etching (RIE).
In IBE, 100 eV Cl+ ions were injected at normal incidence. In RIE, alongside with
Cl+ ions, Cl radicals were simultaneously injected with a kinetic energy close to
their thermal energy with random incidence angles, with a flux ratio of Cl radicals
to Cl+ ions in RIE of 10. The etching of Si and SiO2 surfaces was first studied
for both IBE and RIE. It was found that, for both IBE and RIE, the sputtering
yield of Si was around twice larger than that of SiO2. For both Si and SiO2, the
exposure of the surface to Cl radicals alongside to Cl+ ions (RIE) was found to
enhance the sputtering yield by a factor of 2 compared to when the material is
only exposed to Cl+ ions (IBE). However, the etch rate of Si and SiO2 were found
to be similar due to the much lower Si density in SiO2 than in solid Si. The etched
profiles were significantly different between IBE and RIE. For IBE, the etched
profile was tapered with the centerline of the trench more deeply etched than the
edges in contact with the sidewalls. The mask was also more severely deformed,
which tends to prevent incident ions from reaching the edges of the trench bottom.
For RIE, on the other hand, the etched profile was found flatter and its width was
closer to the original width of the mask trench, exhibiting better pattern transfer
fidelity. The mask was less deformed, allowing a more uniform exposure of the
trench bottom to incident ions.

In the following, three appendices are available to the reader.
In Append. A, the derivation of the velocity-Verlet algorithm from the Verlet

algorithm is given. Although these two algorithms are mathematically equivalent,
they are numerically quite different.

The Append. B shows the calculation of the lattice constant la and the cohesive
energy EC for a LJ solid, i.e., for a material made of atoms interacting through a
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LJ potential function. In this case, they can be evaluated from the parameters ε

and σ of the LJ potential function. The lattice constant la is a linear function of
σ whereas the cohesive energy is a linear function of ε.

The Append. C discusses the extension of the LJ system studied in Chap. IV
to a full LJ system. The repulsive LJ potential function used to represent the
interactions with the incident particle is replaced by a full LJ potential function.
In this case, the dynamic depends on additional parameters which correspond to
the ratio of the LJ parameter ε.



A
Velocity-Verlet algorithm

The velocity-Verlet algorithm is a mathematically equivalent expression of the
Verlet algorithm which has the advantage to be self-starting and to avoid rounding
errors for the calculation of the velocity.

The Verlet algorithm is given by (Eq. (II-7)):

xn+1 = 2xn − xn−1 + an∆t2 (A-1a)

vn =
xn+1 − xn−1

2∆t
(A-1b)

First, we use Eq. (A-1b) to express xn−1 as xn−1 = xn+1− 2vn∆t and we inject
it into Eq. (A-1a) to obtain xn+1:

xn+1 = xn + vn∆t+
1

2
an∆t2 (A-2)

We then use Eq. (A-1a) to express xn+2 and Eq. (A-1b) to express vn+1:

xn+2 = 2xn+1 − xn + an+1∆t2 (A-3a)

vn+1 =
xn+2 − xn

2∆t
(A-3b)

By substituting Eq. (A-3a) into Eq. (A-3b), we obtain:

vn+1 =
xn+1 − xn

∆t
+

an+1∆t

2
(A-4)
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Finally, by substituting Eq. (A-2) into Eq. (A-4), we obtain:

vn+1 = vn +
1

2
an∆t+

1

2
an+1∆t (A-5)

The velocity-Verlet algorithm is formed by Eqs. (A-2) and (A-5):

xn+1 = xn + vn∆t+
1

2
an∆t2 (A-6a)

vn+1 = vn +
1

2
(an + an+1)∆t (A-6b)



B
LJ crystal — Lattice constant and

cohesive energy

For a LJ crystal, i.e., for a material made of atoms interacting through a LJ
potential function, the nearest-neighbour distance R0, the lattice constant la and
the cohesive energy EC can be evaluated from the two LJ parameters σ and ε.

The LJ potential function between two atoms is given as:

V (r) = 4ε

[(σ
r

)12
−
(σ
r

)6]
(B-1)

Here, r denotes the interatomic distance between the two interacting atoms. σ
and ε are the two parameters of the LJ potential function.

B.1 Nearest-neighbour distance and lattice constant

To calculate the nearest-neighbour distance R0 and the lattice constant la, we
consider the total energy ET of a system of N atoms, obtained by taking the
summation over all the neighbours j:

ET = 4ε
N

2

[∑
j

(
σ

pijR

)12

−
∑
j

(
σ

pijR

)6
]

(B-2)
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Here, pijR denotes the distance between the i-th and j-th atoms expressed in
terms of the nearest-neighbour distance R. The factor 1/2 comes from the fact
that bonds are counted twice.

The values of the summations have been calculated.204 For the fcc structure,
we have:

∑
j

p−12
ij = 12.1318

∑
j

p−6
ij = 14.4539 (B-3)

Considering ET (Eq. (B-2)) as the total energy of the crystal, the nearest-
neighbour distance at equilibrium R0 is such that the total energy ET is minimum
with respect to variations of the nearest-neighbour distance R:

dET

dR
= 0 = −2Nε

[
145.58

σ12

R13
− 86.72

σ6

R7

]
(B-4)

We then obtain the relation between the nearest-neighbour distance at equi-
librium R0 and the LJ parameter σ:

R0 ≃ 1.09σ (B-5)

In a fcc crystal, it is known that the nearest-neighbour distance is the distance
between the atom located in the middle of a face and an atom located at one of
the vertices of the face, i.e., along the diagonal of a face of the cube. Therefore,
the relation between the nearest-neighbour distance R0 and the lattice constant la
is given by:

la =
√
2R0 (B-6)

Using Eq. (B-5), we obtain the relation between the lattice constant la and the
LJ parameter σ:

la ≃ 1.54σ (B-7)
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B.2 Cohesive energy
The cohesive energy is the energy needed to separate the material constituents
into independent neutral atoms at ground state. Typically, the cohesive energy is
given as an energy per atom to have a quantity independent of the system size,
i.e., an intensive quantity. The cohesive energy EC is given as the total energy ET

at equilibrium divided by the number of atoms N .
By substituting Eqs. (B-3) and (B-5) into Eq. (B-2), we obtain:

EC =
ET (R0)

N
=

2Nε

N

[
12.13

(
1

1.09

)12

− 14.45

(
1

1.09

)6
]

(B-8)

The relation between the cohesive energy EC and the LJ parameter ε is given
by:

EC ≃ −8.56ε (B-9)





C
Extension of sputtering of LJ solid

In Chap. IV, the sputtering of a LJ solid was studied by considering that interac-
tions with incident particles are represented by a repulsive LJ potential function.
Here, we look at the changes induced by considering that all interactions are rep-
resented by a full LJ potential function.

C.1 Extension to full LJ systems

Instead of the repulsive LJ potentials of Eqs. (IV-1b) and (IV-1c), full LJ potential
functions are employed. The potential functions are then expressed as:

Vαα(r) = 4εαα

[(σαα

r

)12
−
(σαα

r

)6]
Vαβ(r) = 4εαβ

[(σαβ

r

)12
−
(σαβ

r

)6]
Vββ(r) = 4εββ

[(σββ

r

)12
−
(σββ

r

)6]

The normalized equations of motion corresponding to Eq. (IV-3) become:
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dv̄i

dτ
= −

∑
j∈α

∂

∂ξi

(
1

ξ12ij
− 1

ξ6ij

)

−
∑
j∈β

∂

∂ξi

[(
ρ

ξij

)12

−
(
εαβ
εαα

) 1
2
(

ρ

ξij

)6
]

(i ∈ α) (C-1a)

µ
dv̄i

dτ
= −

∑
j∈α

∂

∂ξi

[(
ρ

ξij

)12

−
(
εαβ
εαα

) 1
2
(

ρ

ξij

)6
]

−
∑
j∈β

∂

∂ξi

[(
ρ2
ξij

)12

−
(
εββ
εαα

) 1
2
(
ρ2
ξij

)6
]

(i ∈ β) (C-1b)

The integration of these equations by numerical simulations is not much more
time-consuming than integrating the equations used in Chap. IV (Eqs. (IV-3) or
(IV-4)). However, Eq. (C-1) has more system parameters than Eqs. (IV-3) or
(IV-4), εαβ/εαα and εββ/εαα.

It can be noted that Eq. (C-1) approaches Eq. (IV-3) in the limit of εαβ/εαα → 0

and εββ/εαα → 0.

C.2 Difference between Yself and Y

Figure C-1 shows the sputtering yield of surface atoms Y of the LJ system of this
study for µ = ρ = 1 (denoted by filled triangles; data are the same as those in
Fig. IV-4) and the self-sputtering yield Yself of the full LJ system of single species
given in Ref. 134 (denoted by the empty circles). The solid curve, following the
filled triangles, is a guide to the eye. The definitions of Y and Yself are not the
same and they are related via Eq. (IV-5), as discussed in Sect. IV.3.1.

It is seen that yield data of filled triangles and empty circles agree well in a
high energy range of E > 100, where we expect the sticking probability of the
incident species is high, i.e., s ≃ 1. Under such conditions, Y ≃ Yself. On the other
hand, when the incident energy is low, the incident species cannot penetrate the
material deeply and may leave the surface after impact, even if they have attractive
interaction with surface atoms, resulting in s < 1. Therefore the difference in
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Figure C-1 – Comparison between the sputtering yield of surface atoms Y of the LJ
system of this study for µ = ρ = 1, denoted by triangles (as given in Fig. IV-4), and
the self-sputtering yield Yself of the full LJ system from Ref. 134, denoted by circles.
The dashed curve is the empirical fitting functions proposed by Yamamura and Tawara
for experimentally obtained self-sputtering yields of Ni given in Ref. 57.

definition between Yself and Y , at least partially, accounts for the disagreement
between filled triangles and empty circles at low incident energies.

This difference can also arise from the difference in interatomic potential. In the
LJ system of this study, incident species react with surface atoms only repulsively
whereas, in the full LJ system of Ref. 134, both incident species and surface atoms
have the same full LJ potential. In the former system, incident species are unlikely
to be deposited. In the latter system, if incident species are deposited and the
surface structure changes, the sputtering yield may change accordingly. Discussion
on such effects on the sputtering yield is out of the scope of this work and will be
analysed elsewhere.

The experimental self-sputtering yields are also plotted as a dotted curve, based
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on the empirical fitting curve of Ref. 57. It is seen that the empty circles show
good agreement with the experimental values for E < 10, as both represent Yself. In
a higher energy range of around E > 200, the yields obtained from the LJ system
are consistently higher than the experimental data. As discussed in Ref. 134,
this is due to the inaccurate representation of the LJ’s repulsive potential for real
systems.
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