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Abstract

Over the past few decades, the control theory of discrete event systems has been successfully
applied to provide formal treatments for many engineering systems. The basic supervisory
control of discrete event systems aims to synthesize a maximally permissive supervisor (opti-
mal controller) so that the system under control satisfies the given safety and nonblockingness
(liveness) specification.

In the analysis and control of discrete event systems at a certain level of abstraction,
nondeterminism may be introduced in the system and specification models when some lower-
level details are omitted. In the nondeterministic setting, a notion of simulation relation
is stronger than the conventional language inclusion relation since it specifies the universal
constraints on the branching behavior in addition to the sequential behavior represented by
a language.

This dissertation studies the supervisory control problem of enforcing similarity for non-
deterministic discrete event systems so that the supervised system is simulated by the speci-
fication which denotes the safety requirement. First, we study the similarity control problem
for partially observed discrete event systems, which extends an existing research studied
for the full observation case. We develop a method to synthesize a maximally permissive
supervisor that enforces similarity under partial observation. Then, we consider the control
problem of both enforcing similarity and imposing nonblockingness. To solve the nonblocking
similarity control problem, we provide an algorithm that computes a maximally permissive
nonblocking supervisor from a possibly blocking one, which works for both fully and partially
observed systems. An existence condition for a solution to the nonblocking similarity control
problem is also derived. Finally, the modular control architecture is applied in the similarity
control problem in two cases, where the supervisor synthesis suffers from exponential state

space explosion: (i) the system is given as monolithic and the specification consists of a set

vi



of elementary specifications, and (ii) the composite system consists of multiple subsystems,
each of which is assigned a corresponding local subspecification. We identify the conditions

under which the maximal permissiveness can be achieved by the modular control.
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Chapter 1

Introduction

A cyber-physical system (CPS), which combines computation and communication entities
with the physical world, is gathering attention in today’s technological society. The growing
demands for CPSs on safety, stability, privacy, and security motivate the development and
utilization of formal techniques. Discrete Event Systems (DESs), which serve as an important
class of the CPSs, are inherently event-driven systems whose discrete state evolution depends
on the occurrence of asynchronous discrete events over time. For example, automated manu-
facturing systems, traffic systems, database systems, as well as computer and communication
networks can be modeled as DESs.

To solve a logical control problem of DESs, Ramadge and Wonham introduced supervisory
control in [1], so that a controller named supervisor can be synthesized from the models of
the system and specification. The correctness of the obtained supervisor is guaranteed since
the supervised system is proved to satisfy the specification. As verification and validation
of the system are reduced, supervisor synthesis is an efficient and principled approach to
handle DESs. Supervisory control theory has been widely studied in recent decades, as to be
introduced later.

Supervisory control of DESs was implemented by utilizing the industrial technologies
of Programmable Logic Controllers (PLCs) and Sequential Function Charts (SFCs) in [2, 3],
and was successfully applied in the testbed assembly process of the Atelier Interétablissement
Productique (AIP) [4] and flexible manufacturing [5]. In the fields of computer science and
software engineering, supervisory control theory was applied for deadlock avoidance [6], con-

currency control [7], and automated service composition [8]. Other applications of supervisory



control theory span varieties of domains including the design of the directory assistance ser-
vices of a call center [9], the control of theme park vehicles [10], a patient support system
for a magnetic resonance image (MRI) scanner [11], chemical process control [12], the design
for wafer logistics in lithography machines [13], advanced driver assistance systems [14], the

control of a waterway lock and a bridge [15], and the control of a road tunnel [16].

1.1 Literature Review: Supervisory Control Theory

Supervisory control initiated by Ramadge and Wonham aims to achieve the given specification
by disabling inappropriate events by a supervisor [1]. Under the framework of supervisory
control formulated in [1], where both the system and the specification are represented as
deterministic automata, a nonblocking supervisor is synthesized for the given system and the
specification to achieve the equivalence of the generated or marked language of the supervised
system and that of the specification. If a supervisor that exactly achieves the specification
language does not exist, a nonblocking supervisor is synthesized for the supremal controllable
and L,,(G)-closed subspecification (sublanguage of the specification language) [17].
Supervisory control under partial observation was initially studied in [18,19]. It was
shown that there exists a nonblocking supervisor for the given specification that works under
partial observation if and only if the specification language is controllable, observable, and
L, (G)-closed. If these conditions are not satisfied, a problem of synthesizing a supervisor
that achieves a subspecification (or equivalently, computing an achievable subspecification)
arises. Since the observability property is not preserved under union in general, the optimal
nonblocking supervisor that achieves the supremal subspecification does not necessarily exist
under partial observation. Varieties of works have been done to synthesize a supervisor
for partially observed DESs. In [18,19], a normality property stronger than observability
was introduced, which is preserved under union. The supremal controllable, normal, and
L., (G)-closed sublanguage can be computed using the results in [20-22]. Without imposing
nonblockingness, researches [23-26] obtained solutions that are locally maximal, which means
that there does not exist another solution that is strictly larger. Solutions possibly larger than
the supremal controllable, normal, and L,,(G)-closed one were obtained in studies [27, 28],
while their (local) maximal permissiveness is not guaranteed. The problem of synthesizing

a maximally permissive nonblocking supervisor for partially observed systems was solved



in [29]. A supervisor that achieves a maximal sublanguage that is controllable, observable,
and L;,,(G)-closed was synthesized based on a game structure named bipartite transition
system. Nondeterministic control was introduced in the control of deterministic DESs in [30],
and then a more generalized nondeterministic supervisor that allows silent transitions was
provided in [31].

As the system and the specification usually consist of multiple components, a main chal-
lenge arises in the monolithic supervisor synthesis due to the fact that, if a system or spec-
ification model is given as the synchronous composition of multiple components, then its
state number grows exponentially in the number of the components in the worst case (also
known as exponential state space explosion) [32]. Given the system and a modular specifica-
tion being composed of a set of elementary specifications, the control problem is modularly
solved by a set of elementary supervisors which are respectively synthesized for these sub-
specifications [33]. Such elementary supervisors act as global supervisors. Then, the modular
control was extended to the case where the system also consists of multiple smaller sub-
systems [34-37], in which each of the subsystems is controlled by the corresponding local
supervisor. Thanks to the local synthesis, the space and time complexity of the modular con-
trol scheme is lower than that of the monolithic control scheme in general. Moreover, modular
control also has an advantage that the partial changes of the system and the specification
can be handled by only recomputing those relevant local supervisors. It was proved in [34]
that, if any locally uncontrollable event is not shared by other subsystems, then the language
equivalence of the system supervised by a maximally permissive monolithic supervisor and
the one supervised by a set of local supervisors which are respectively maximally permissive
with respect to the corresponding subsystems and subspecifications is achieved. On the other
hand, blockingness may arise in the system under modular control since modular supervisors,
regardless of whether they are global or local, are unaware of their global interaction [38].
A nonconflicting property that ensures the nonblockingness when multiple supervisors are
combined was widely studied; see, for example, [39-41].

Nondeterminism of transitions may arise in the system and specification models because
of unmodeled dynamics, abstraction, and lack of information. The control of nondetermin-
istic systems has been studied for varieties of specifications: language [42-44], process [45],

trajectory [46], p-calculus [47,48], CTL* temporal logic [49], and modal logic [50].



The notion of bisimulation equivalence introduced by [51,52] has been widely applied to
control theory as well as computer science. The bisimulation equivalence relation is stronger
than the language equivalence relation since bisimulation equivalence specifies the exact
branching behavior in addition to the sequential behavior captured by language equivalence.
Hence, it is commonly used in the control of DESs where both the system and specification
are given as nondeterministic.

Given the system and the specification represented as nondeterministic automata, a bisim-
ilarity control problem is a problem of synthesizing a bisimilarity-enforcing supervisor such
that the supervised system is bisimilar (bisimulation equivalent) to the specification. This
problem was formulated under full and partial observation in [53] and [54], respectively, where
a small model theorem is provided to show that a bisimilarity-enforcing supervisor exists if
and only if such a supervisor over the power set of the Cartesian product of the states of the
system and specification exists. An exhaustive search for verifying the existence condition
(and supervisor synthesis) is doubly exponential in the numbers of states of the system and
the specification [53]. In [55] and [56], new necessary and sufficient conditions for the existence
of a supervisor that enforces bisimilarity that works under full and partial observation were
derived, respectively, both of which can be verified in single exponential time with respect to
the size of system and specification. See also [57] for a sufficient but not necessary condition
for the existence of a bisimilarity-enforcing supervisor that can be polynomially verified. The
bisimilarity control problems under specialized situations were studied in [58-61]. It was
assumed that a supervisor can observe both the current state and event occurrence of the
system in [58]. In [59], [60], and [61], the supervisor, the specification, and both of them were
restricted to be deterministic, respectively.

If the above-mentioned existence condition for a bisimilarity-enforcing supervisor is not
satisfied, then the bisimilarity control problem is not solvable for the given system and spec-
ification. A possible approach is to relax the requirement of enforcing bisimilarity. One
may consider a similarity control problem which only requires us to synthesize a similarity-
enforcing supervisor so that the supervised system is simulated by the specification. It is
known that the simulation relation from the supervised system to the specification is stronger
than the inclusion relations of their generated and marked languages.

The similarity control problem was studied in [62—65] without addressing the nonblocking



issue. In [62], a range similarity control problem was studied, where a supervisor is synthesized
so that the supervised system simulates the lower bound specification and is simulated by the
upper bound specification. The permissiveness of the synthesized supervisor in [62] highly
depends on how permissive the lower bound specification is. In [63], a maximally permissive
similarity-enforcing supervisor was synthesized under state and event observation, where the
assumption of state observation is restrictive in general. The similarity control problem
that does not require state observation was studied in [64,65], while the event occurrence is
assumed to be fully observable. In particular, a maximal solution to the similarity control
problem without state observation was proposed in [65]. The afore-mentioned maximally
permissive similarity-enforcing supervisor is maximal in a global sense, which means that
the system supervised by a maximally permissive supervisor simulates the system under the
control of any other solution to the similarity control problem.

The nonblocking similarity control problem is a problem of synthesizing a nonblocking
similarity-enforcing supervisor. Due to nondeterminism, imposing nonblockingness compli-
cates the similarity control problem. To solve the problem, the assumption that the current
state is observable was imposed in [66,67]. Under such a restrictive assumption, a maximally
permissive nonblocking similarity-enforcing supervisor is synthesized in [66,67].

The similarity control problem for composite DESs with and without state observation
was studied in [68] and [69], respectively. Here, the composite system and the entire spec-
ification consist of multiple nondeterministic components, and each subsystem is related to
a corresponding local subspecification. Under the same assumption as [34] that any locally
uncontrollable event is not shared by other subsystems, the validity of the modular control
approach was proved in [68] and [69] by showing the bisimulation equivalence of the com-
posite system controlled by a monolithic supervisor and the one controlled by a set of local
supervisors. Without the restrictive requirement of state observation, [69] showed the equiva-
lence of the local supervisors synthesized in the way of [64] and their monolithic counterpart.
The maximal permissiveness of the modular control, however, was not guaranteed since the

similarity-enforcing supervisor proposed by [64] is not necessarily maximally permissive.



1.2 Contributions and Organization of This Thesis

This dissertation studies several similarity control problems and provides maximal solutions
to them. First, we consider the similarity control problem subject to partial observation.
Here, the existing researches [64,65] cannot deal with the presence of unobservable events. A
supervisor that correctly estimates the current state of the partially observed nondeterministic
system is synthesized, and it is proved to be a maximal solution to the similarity control
problem. Second, we tackle the nonblocking similarity control problem, which remains open
when the current state of the system cannot be observed. We develop an algorithm that can
be used for verifying whether the problem is solvable and for computing a maximal solution
to it. Third, we apply the modular control architecture to the similarity control problem
in two cases, where the supervisor synthesis suffers from exponential state space explosion:
(i) the system is given as monolithic and the specification consists of a set of elementary
specifications, and (ii) the composite system consists of multiple subsystems, each of which
is assigned a corresponding local subspecification. In both cases, we do not impose state
observation and provide maximal modular solutions to the similarity control problems. In
case (ii), the results are obtained under assumptions that are weaker than the one used
in [68,69]. Table 1.1 compares this study with previous work.

Table 1.1: Comparison of this dissertation and previous work

State and event Full event Partial event
observation observation observation
Does not
Monolithic impose non- [63] [64,65] Chapter 3
control blockingness
Imposes non-
blockingness 66, 67] Chapter 4
Modular Mod}llar . None Chapter 5
Specification
control ,
Composite 68] [69], Nome
system Chapter 6

This dissertation is organized as follows.

Chapter 2 reviews some basic notions that are needed in this dissertation. We mainly
introduce the definitions of Nondeterministic Finite Automata (NFAs), the notions of simu-
lation and bisimulation relations, and the control framework of nondeterministic supervisors.

Besides, some related notions and properties, as well as discussions on nondeterministic su-



pervisory control are presented.

Chapter 3 handles the control problem of enforcing similarity for the nondeterministic
system and specification where only a part of the events are observable. This problem requires
us to synthesize an admissible supervisor so that the supervised system is simulated by the
specification. We begin the chapter with an example that motivates the enforcement of
similarity. Then, we provide a necessary and sufficient condition for the existence of such a
similarity-enforcing supervisor. When this condition holds, such a supervisor that is (globally)
maximally permissive is synthesized. Finally, we provide a technique that removes a certain
set of redundant states from the synthesized supervisor without reducing its permissiveness.

Chapter 4 solves the nonblocking similarity control problem, where both enforcing sim-
ilarity and imposing nonblockingness are required. For the given nondeterministic system
and specification, we synthesize a nonblocking supervisor that enforces similarity. In order to
construct such a supervisor, we propose an algorithm that computes a nonblocking supervisor
from a possibly blocking one by iteratively removing certain states. This algorithm is proved
to be valid under both full and partial observation. Then, we identify two key properties
of input supervisors, named state-unmergedness and strong maximal permissiveness, which
together guarantee the maximal permissiveness of output nonblocking supervisors. The algo-
rithm is applied to the supervisors introduced in Chapter 3, which have these two properties,
to obtain a maximally permissive nonblocking supervisor. In addition, we show that a non-
blocking supervisor is generated by the algorithm if and only if there exists a solution to the
nonblocking similarity control problem.

In Chapter 5, we consider the modular similarity control problem for the monolithic sys-
tem and the modular specification that consists of multiple elementary specifications. This
problem is required to be solved modularly without constructing the entire specification. The
modular control architecture is applied, where, for each elementary specification, an elemen-
tary supervisor that enforces similarity is synthesized. We show that the similarity control
problem with the modular specification is modularly solvable if it is monolithically solvable.
Besides, we show that the elementary supervisors together achieve maximal permissiveness
with respect to the modular specification if each of them is maximally permissive with respect
to the corresponding elementary specification. The results of this chapter can be applied in

both full and partial observation.



In Chapter 6, we consider the modular similarity control problem for the composite system
under full observation. The composite system under consideration consists of multiple local
subsystems, each of which is assigned a nondeterministic local subspecification. To modularly
solve the similarity control problem, we synthesize a local supervisor for each subsystem and
its corresponding local subspecification, so that the entire specification is modularly achieved.
We provide a condition under which the modular control is applicable, which is relaxed
compared to the one used in [68,69]. Finally, we show that the same permissiveness as a
maximally permissive monolithic supervisor can be achieved by these local supervisors when
the above-mentioned condition is satisfied.

We conclude this dissertation and discuss some directions of future research in Chapter 7.



Chapter 2

Nondeterministic Discrete Event

Systems

In this chapter, we review several basic notions that will be used in this dissertation. We
first show the definition of an NFA, which models a DES at the logical level. Then, we
introduce the languages generated and marked by an NFA, and the synchronous composition
of NFAs. In addition, we introduce the definitions of simulation relation and bisimulation
relation. Finally, we review the nondeterministic supervisory control framework (without

state observation) that is used throughout this dissertation.

2.1 System Model

An NFA, which we use as a model of a DES in this dissertation, is a 5-tuple
G = (X,%, a, X0, Xm),

where

X is the finite set of states,
e Y is the finite set of events,

e o: X x ¥ — 2% is the nondeterministic state transition function,

Xp C X is the nonempty set of initial states, and



e X,, C X is the set of marked states, which represent, for example, the completion of

tasks.

Given z,2' € X and 0 € ¥, 2/ € a(x,0) denotes that a transition from state = to state 2’ is
caused by the occurrence of event o, and a(z, o) = () means that o is not possible at . We
say that o is defined at z if a(z,0) # 0. The set A(X) denotes the collection of all NFAs

over the event set X.

Example 2.1 We consider an NFA G = (X, ¥, a, X, Xi) € A(2) shown in Figure 2.1 that
models a simple processing machine. The state set X, initial state set Xy, and marked state
set X, are given as X = {xo,x1, 22,23}, Xo = {20}, and X,, = {x3}, respectively. The
initial state xg, which is identified by | to a circle in Figure 2.1, represents the standby state
of the machine. States x; and xo indicate that the machine is operating and out of order,
respectively. The marked state x3 means that the machine completes the operation, and it is
identified by a double circle in Figure 2.1. Events o1, 02, and 03 in ¥ = {07, 09, 03} represent
the start of operation, failure recovery, and completion of operation, respectively. At state
o, event oy causes a transition to xy or xo nondeterministically. The transition function

a: X x 3 — 2% is described as

)
{z1, 22}, ifx=120,0=01
{xl}, ifxzafz,O':JQ
a(z,0) =
{z3}, ifrx=x1,0=03
0, otherwise

for each x € X and each o € 3.

Figure 2.1: An NFA G that models a processing machine.

10



For an arbitrary set A, |A| denotes its cardinality. A Deterministic Finite Automa-
ton (DFA) can be considered as a special case of an NFA. Formally, for a DFA G =
(X, 3, a, Xo, Xmm) € A(X), it holds that |Xo| = 1 and |a(z,0)| < 1 for each x € X and
each o € X.

Let X* be the collection of all finite event strings of elements in Y, including the empty
string €. A subset L of ¥* is called a language over 3. For each s € ¥*, |s| denotes its
length, and |¢| = 0 holds. tu € X¥* is the concatenation of ¢ and u, where ¢t and u are
strings in X*. It holds that te = et = ¢t. The concatenation LiLo of L1, Ly C ¥* is given as
LiLy = {s182 € ¥* | s1 € L1 A\ 53 € La}.

For G = (X, X%, a, Xo, X;n) € A(X), we extend the transition function o to o : X x ¥* —

2% inductively as
o V€ X :a(r,e) ={z}, and
o Vx e X,Vse€X* VoeX: a(x,so) = U a(z', o).

z'ca(x,s)

Additionally, for any X’ C X and any s € ¥*, we let

a(X')s) = U a(a’,s).

r’eX’

The language generated by G € A(X) is defined as L(G) = {s € ¥* | a(Xo,s) # 0},
which is the set of all possible event strings of G. The marked language L,,(G) = {s €
L(GQ) | a(Xo,s) N X, # 0} is the set of event strings that lead to a marked state. We let
Reach(G) ={x € X |3s € L(GQ) : = € a(Xy, s)} be the set of all reachable states of G. Given
an arbitrary reachable state x € Reach(G), the language that leads to it from an initial state
is defined as L,(G) = {s € L(GQ) | = € a(Xo, s)}.

G is said to be nonblocking if
Vz € Reach(G),3s € X" : afx,s) N Xy, # 0, (2.1)

which guarantees that G can reach a marked state by the execution of an event string from
any reachable state. In this dissertation, an NFA might also be denoted as a 4-tuple G =
(X, %, o, Xo) € A(X) when the issue of nonblockingness is out of consideration.

Due to nondeterminism, an NFA G € A(X) is not necessarily nonblocking even if it
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satisfies the conventional nonblocking condition L,,(G) = L(G) defined for deterministic au-
tomata, where L,,(G) = {s € ©* | 3t € * : st € L,,(G)} denotes the prefix-closure of
Lm(G). That is, condition (2.1) is stronger than the one L,,(G) = L(G) in the nondetermin-
istic setting.

For a set of n NFAs G; € A(%;) (i € {1,...,n}), the operation of synchronous composition

is defined in the following manner.

Definition 2.1 Given G; = (X;, %, o, Xi0, Xim) € A(X;) (i € {1,...,n} = I), their syn-

chronous composition
”iEIGi = Gl” ce ”GTL = (X7 Ev a7X07Xm) € A(E)

is defined as X = [[,c;Xs = X1 x -+ x Xy, ¥ = U 24, Xo = [Lier Xio, and X,y =

Hz‘e 7 Xim. The nondeterministic transition function o : X x ¥ — 2X is given as

HieIXz{7 ifVZ'EI(J)ZOéi({Ei,U)#@
a((x,...,oy),0) =
0, otherwise

for each (x1,...,z,) € X and each 0 € ¥, where I(0) ={i€I|o € ¥%;} and

, Oéz'(l'i,d), ifiE[(U)

{z;}, otherwise
for each 7 € I.

Example 2.2 For G € A(X) shown in Figure 2.1, it holds that Reach(G) = X and L(G) =
{€,01,0102,0103,010203}. Since the marked state x3 is reached from the initial state x( after
executing o103 or 010203, we have Ly, (G) = Ly, (G) = {0103, 010203}

Consider another NFA G' = (X', ¥, o/, X, X],) € A(X') shown in Figure 2.2 (a), where
¥ = {01,03,04}. The reachable part of the synchronous composition G||G’ is shown in

Figure 2.2 (b).
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(a) (b)

Figure 2.2: (a) Automaton G’ and (b) synchronous composition G||G’.

2.2 Simulation Relation and Bisimulation Relation

Languages describe the sequential behavior of DESs, and they are generally used in the
behavioral comparison of deterministic automata. On the other hand, nondeterminism in an
automaton can capture aspects of the system behavior beyond the languages generated and
marked by the automaton [32]. Instead of language inclusion and equivalence relations, we
consider stronger notions of simulation relation and bisimulation relation defined in [51,52]
among nondeterministic automata.

A simulation relation is defined for NFAs as follows.

Definition 2.2 [53] For G; = (X;, %, i, Xi0, Xim) € AX) (¢ € {1,2}), a relation & C

X1 x Xy is said to be a simulation relation from G7 to Gy if
o Vxi0 € Xi,0,3r20 € Xop: (21,0,220) € P,
o V(z1,29) € ®,Vo € X,Vz| € a1(x1,0), 1)y € as(xe,0) : (2], 2)) € @, and
o V(z1,22) € P a1 € X1y = 22 € Xo.

If there exists a simulation relation from G to Go, GG7 is said to be simulated by G2, and we

write G1 C Gs.

We drop the third condition

V(a:l,xg) ced:z € Xl,m = T2 € X2,m

on marked states where the issue of marking (nonblockingness) is not considered.
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If G1,G2 € A(Y) simulate each other, namely, G; C Gy and G2 C G; hold, they are said

to be simulation equivalent and we write as G1 ~ G2 [62].

Remark 2.1 [53,62] For two NFAs G1,Gy € A(X), we only have

G1C Gy = L(G1) - L(GQ) A Lm(G1) - Lm(Gg),

and the reverse relation does not hold in general. In other words, the simulation relation is
stronger than the inclusion relation of the generated and marked languages in the nondeter-

ministic setting. Also note that G1 ~ Gg implies L(G1) = L(G2) and L,,(G1) = Ly, (G2).

Example 2.3 We consider four automata G; = (X;, 3, a4, Xi0,Xim) € AX) (I €
{1,2,3,4} = I) shown in Figures 2.3 (a), (b), (c), and (d), respectively. For each i € I,
it holds that L(G;) = {e,01,0102,0103} and L,,(G;) = {0102,0103}. Since the relation

®19 C X7 x X5 given as

12 = {(1,0,22,0), (T1,1,72,1), (1,2, 721), (71,3, 72,3), (T1,4,T2,4) }

is a simulation relations from G to G2, we have G; C Go. It also holds that L(G1) C L(G3)
and L;,(G1) € Ly (G2). On the other hand, by the occurrence of o1, G2 can reach x5 1, where
o9 and o3 are both possible. Since there does not exist a counterpart state of x2 1 in G, Ga
is not simulated by Gi, even though L(G2) C L(G;) and L,,(G2) C L,,(G1). Hence, the
simulation relation is stronger than the inclusion relation of languages in the nondeterministic
setting.

Besides, it can be verified that G1 ~ G4 and Gy ~ G3.

For any relation ® C X; x Xo, its inverse relation ®~! C X5 x X is defined as

O = {(wg,21) € Xo x X1 | (21,72) € D}

A bisimulation relation for two NFAs is defined as follows.

Definition 2.3 [53] For G; = (X;, %, a4, Xi0, Xim) € A(X) (4 € {1,2}), a relation & C
X1 x X5 is said to be a bisimulation relation of G1 and G if ® is a simulation relation from

G1 to Go and ®7! is a simulation relation from Gy to Gp. If there exists a bisimulation
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(a) (b) (c) (d)
Figure 2.3: Automata (a) G1, (b) Ga, (c) G5, and (d) Gy.

relation of G; and Gg, they are said to be bisimilar (or bisimulation equivalent), and we

write G ~ Gs.

Example 2.4 Recall G; = (X;,%, a4, X10, Xim) € A(X) (i € I) shown in Figures 2.3 (a),

(b), (c), and (d), respectively. The relation ®; 4 C X; x X4 given as

Q14 = {(x1,0,240), (T1,1,24,1), (X1,2,T42), (1,3, 4,3), (T1,4,T43)}

and its inverse relation @ii C X4 x X1 are simulation relations from G1 to G4 and G4 to
G1, respectively. Then, ®; 4 is a bisimulation relation of G; and G4, which implies G| ~ Gj4.
On the other hand, there does not exist a simulation relation from G5 to (Gg whose inverse
relation is a simulation relation from G5 to Ga, Go ~ G35 does not hold and we only have

Ga ~ Gs.

Remark 2.2 The order C serves as a preorder for A(X) [62]. In other words, the order C

on A(X) is
e transitive (for any G1,Gs,Gs € A(X), if G; C Gy and Gy C G3, then G C G3),
e reflexive (for any G € A(Y), G C G), but

e not antisymmetric (given G1,Gy € A(X) such that G; C G2 and G2 C Gy, it is not

necessarily G1 = G»).
The relation ~ on A(X) is also transitive and reflexive.

Moreover, we have the following propositions on the order C, which will be used later.
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Proposition 2.1 For G; = (X;, %, oy, Xi 0, Xim) € A(X) (i € I ={1,...,n}), the following

two statements hold for their synchronous composition ||;c;G;.
1. For each i € I, we have ||;e1G; C G;.

2. For any G’ € A(X) such that G' C G; holds for each i € I, we have G’ C ||;c1G;.

Proposition 2.2 For G; = (X;,%, o, X0, Xim) € AX) (i € I = {1,...,n}) and G, =
(X}, 2,0, X[ o, X[ ,,) € A(X) (i € I) such that G; C Gj holds for each i € I, it holds that

()

lic1Gi C ||ic1G.

Propositions 2.1 and 2.2 with n = 2 are proved in Theorem 2 and Lemma 1 of [62],
respectively. Their extensions to the case of n > 2 are straightforward by the definitions of

the synchronous composition and the simulation relation.

2.3 Nondeterministic Supervisory Control Framework

Given an uncontrolled DES that is modeled as an automaton, its behavior is modified in
order to achieve a certain specification. A supervisor modifies the system’s behavior by
dynamically enabling/disabling the events of the system [1]. In this dissertation, we use
G=(X,%aXy,Xn) € AX)and R = (Q,X%,9,Qo,Qm) € A(X) to denote the system and
the specification, respectively. A supervisor is also modeled as an NFA S = (Y, %, 3, Y0, Y, =
Y) € A(X) over X, whose states are all marked. The system G being supervised by a

supervisor S is given as their synchronous composition

SG=(Y x X,%,£,Y) x Xo,Y x X;p,) € AD). (2.2)

As S and G share the same event set X, we have {((y,z),0) = B(y,0) X a(z,0) for each
(y,xz) € Y x X and each o € X, meaning that £((y, z), o) # 0 if and only if both 3(y, o) and
a(z, o) are nonempty.

In general, a supervisor works under limited control and observation capabilities. The
limitation on control is referred to the fact that some events cannot be disabled by a supervisor
(for example, an event representing “fault”). The event set X is partitioned into two disjoint
sets Y. and X,., which denote the set of controllable events and the set of uncontrollable

events, respectively. An uncontrollable event in ¥,. cannot be disabled by a supervisor.
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The limitation on observation arises due to the limitation of the sensors, which are used
for the observation on event occurrence and current state of the system. Similarly, 3 is
also partitioned into two disjoint sets ¥, and X,,, which denote the set of observable events
and the set of unobservable events, respectively. A supervisor observes the event occurrence

through the natural projection P : ¥* — X7 defined inductively as
e P(e) =¢, and

P(s)o, ifoeX,
o VseX*VoeX: P(so) =

P(s), ifoeXy.
The inverse projection P~ : ¥* — 2% is defined as P~1(t) = {s € ¥* | P(s) = t} for each
te .
Then, a notion of admissibility is imposed on a supervisor to guarantee that: (i) the
occurrence of uncontrollable events in the system is not prevented by a supervisor; and (ii) a

supervisor does not react to the occurrence of any unobservable event.

Definition 2.4 For the system G = (X,%, a,Xo,X;n) € A(X), a supervisor S =

(V,%3,8,%,Y) € A(Y) is said to be admissible if it satisfies
e V(y,x) € Reach(S||G),Vo € Tye : a(x,0) # 0 = B(y,o) # 0 [64], and
o V(y,z) € Reach(S||G),Vo € Lo : By, 0) # 0= By, 0) = {y} [54].

When the events of the system under consideration are fully observed (namely, 3,, =
holds and the second condition is automatically satisfied), we call an admissible supervisor
Yuc-admissible for distinction.

The control mechanism of an admissible supervisor S for the system G can be explained
as follows. Let (y,x) € Reach(S||G) be the current state of S||G. An event o € ¥ is enabled
by S if B(y, o) # (). We suppose that an enabled event ¢ occurs in G and causes a transition
from z to 2’ € a(z,0). If 0 € ¥y, S does not react to o because of the second condition of
admissibility, and the resulting state of S||G is (y,2’) € Reach(S||G). If o € ¥,, S observes
the occurrence of o and chooses the next state y’' nondeterministically from S(y,o). The
resulting state of S||G is (y/,2’) € Reach(S||G). Since all transitions specified by a(z, o) can

occur in S||G, S does not affect the nondeterminism of transitions in G. Since all the states
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in Y of S are marked, a state (y,z) of S||G is marked if and only if x is marked in G. A

supervisor S is said to be nonblocking if S||G is nonblocking.

Remark 2.3 For practical implementation, a nondeterministic supervisor needs to nondeter-
ministically select the control action (the initial state and the next state when an observable
event is observed) online, where a “coin toss” mechanism with as many possible outcomes as

the number of control action choices can be used [31].

The current state of the system is not required to be observed in this dissertation. Here-
after, we refer to full event observation and partial event observation as full observation and

partial observation, respectively.

Remark 2.4 The control of nondeterministic DESs under state (and event) observation was
studied in [63,66—68|, where for the system G = (X, 3, o, X0, X)) € A(X), a supervisor
that can observe the current state of G' can be expressed by a pair (S, ¥) of an automata
S=(Y,%,5,Y,Y) € AX) and a relation ¥ C Y x X. A modified version of the synchronous
composition

SH\I’G = (Y X X,E,g\p,(Yb X XO) Nv, Y x Xm) € A(Z)

is used to model the controlled system, where the nondeterministic transition function &g :

(Y x X)x — 2Y%X i5 given as

u((y,x),0) = (By,0) x a(x,0)) N V. (2.3)

for each (y,x) € Y x X and each o € ¥. The initial state set (Yp x X¢) NV means that, when
the system G starts up with an initial state x¢g € Xg, the corresponding initial state yo of S
is not “fully” nondeterministically chosen from Y. Instead, yo is chosen from those states in
Yy which satisfy (yo,z¢) € ¥, based on the fact that S exactly knows that the current state
of G is zg. The same treatment is executed when a transition by an event o € ¥ is caused, as
defined in (2.3). In addition, the following two conditions are imposed on (S, ¥) to guarantee

that the nondeterminism of transitions in G is not affected by (.5, ¥):
e Vrg e Xo,dyo € Yy : (J}(),yo) € U, and

e V(y,xz) € Reach(S||vG) : Bly,0) # 0 = V2’ € a(x,0),Ty € By,0) : (v,2') €
f\P((y’x)’U)]‘
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Given the system G = (X, %, a, Xo, X;n) € A(X) and a supervisor S = (Y, 3,3,Y,,Y) €
A(X), we also define the following notations. For any state y € Y, ¥,0(y) = {0 € Ty |
B(y,o) # 0} is the set of unobservable events enabled at y, and C(y) = {x € X | (y,z) €
Reach(S||G)} is the set of states of G which are in the charge of y.

For any reachable state y € Reach(S) of an admissible supervisor S € A(X), there exists
an observable event string s € X* N L(S) such that y € S(Yo,s). Then, there exist states
Y0, Y1, - -+, Yn € Reach(S) with yo € Yo, yp = vy, and y;41 € B(yi,04) for i = 0,1,...,n — 1,
where s = ogo1...0,_1. For a series of state transitions g 20, Y1 a, Yn that
finally reaches v, = y, we call Y000 . .. Yn_10n_17n € 274 (£,2%%)* a run in S that reaches
y, where v; = Xy0(y;) (j =0,1,...,n). We let R,(S) denote the set of all runs in S which
reach y. Note that, when y € Yp, since y € B(Yp,¢), the run X,,(y) € 2% is an element of
Ry(S). A run r =700 ... Yn—10n-17n € Ry(S) records not only the observable event string
0001 ...0n_1 € XN L(S) that leads to y but also the control decisions g, 71, . .., Vn € 27
on unobservable events that S made. Here, the set of event strings that lead to y via r is
given as L(r,S) = {s000...Sp—10n-18n, € L(S) | Vi € {0,1,...,n} :s; € v/} C L(S), which
is also the set of strings enabled by S when its current state is reached via r. Note that
L(r,S) is uniquely determined by r. We suppose that r is shared by another supervisor
S’ € A(X), namely, there exists a state y' € Reach(S’) such that r € R,/(S’). Then, it holds
that L(r,S) = L(r,S’). Hence, for the sake of simplicity, we write L(r,S) as L(r) with a

slight abuse of the notation.

Figure 2.4: Supervisor S.

Example 2.5 Let S € A(X) shown in Figure 2.4 be a supervisor for some system G € A(X),
where ¥ = {a,b,u1,us} and ¥, = {u1,u2}. We consider state y3 € Reach(S), which can
be reached as yy — y1 LN Y3 O Yo — Y2 — y3. It follows that Ry, (S) = {r1,r2}, where
r1 = {ug yabb{ui,us} and ro = {u1 fa{usta{ui, us}. Then, we have L(r1) = {s1abs] € L(S) |

s1 € {ur}* A sy € {ur,ua}*} and L(re) = {seashasy € L(S) | s2 € {u1}* A sh € {ua}* N s €
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{ur, u2t*}.

In a special case where ¥,, = (), namely, the system is fully observed, a run r =
YOOOY1OT - - - Yn-10n—1Vn = Dooloy ... 0o, _10 can be characterized by the string ogoy .. .01,
and, since 0* = {e}, it holds that L(r) = {opo1...0n_1}.

We define a class of supervisors, named >, N3, ,-compatible supervisors, in the following

manner.

Definition 2.5 For the system G = (X,%, a,Xo,X,n) € A(X), a supervisor S =
(Y, X,8,Y),Y) € A() is said to be Xy N 3yo-compatible if

Yy € Y,Vo € Xyue N Xy : By, 0) = {y}.

Note that a supervisor S € A(X) that works under partial observation has to be ad-
missible, but it need not be ¥,. N X, ,-compatible. Namely, for any state y € Y and any
0 € Bye N Xy, if there does not exist (y,z) € Reach(S|G) such that a(z,0) # 0, then
B(y,o) need not be nonempty. Moreover, by the definition of admissibility, the following

proposition is trivial.

Proposition 2.3 For the system G = (X, ¥, a, Xo, X;n) € A(2) and an admissible supervi-
sor S = (Y,%,3,Y,Y) € A(X), we consider a supervisor Seom = (Y, X, Beom, Y0, Y) € A(X),

where

{y}, if o€ (BueNZuo) — Zuo(y)
ﬁcom(ya U) =

B(y,o), otherwise

for each y € Y and each o € X. Then, it holds that S||G = Scom||G and Seon, is admissible

and X, N X,,-compatible.

Proposition 2.3 shows that any admissible supervisor .S can be turned into an equivalent
admissible and ¥,.NY,,-compatible one S, by complementing the transitions of each state

y with self-loop transitions by events in 3,. N 3,, which are not originally defined at y.

Remark 2.5 In the conventional language-based supervisory control problem for determinis-
tic DESs, the system is modeled as a DFA G € A(Y), and the specification is given as a sublan-

guage K C L(G) or K C L,,(G). In the former case where K C L(G) is given (or equivalently,
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a DFA R € A(X) such that L(R) = K C L(G) is given), an admissible deterministic super-
visor S € A(X) that satisfies L(S||G) = K is required to be synthesized. There exists such a
supervisor S that exactly achieves K if and only if K is controllable (K %,.NL(G) C K) [1] and
observable (Vs,s' € K,Vo € ¥.: [P(s) = P(s') Aso € K As'o € L(G)] = s'o € K) [18,19)].
In the latter case where K C L,,(G) is given (or equivalently, a DFA R € A(X) such that
L, (R) = K C L,,(G) is given), the synthesized admissible supervisor S is required to satisfy
L, (S||G) = K and be nonblocking. The necessary and sufficient conditions for the existence
of such a nonblocking supervisor S is that K is controllable, observable, and L,,(G)-closed
(KN Lyn(G)=K) [1].

If the afore-mentioned conditions are not satisfied, a deterministic supervisor S’ € A(X)
is synthesized for a controllable and observable (and L,,(G)-closed, if nonblockingness is
considered,) sublanguage K’ of K. Here, S’ enforces language inclusion as it is such that
L(S'|G) = K' C K or L, (5||G) = K' C K. Since observability is not preserved under
union, there does not exist a supremal solution to the language inclusion control problem

(under partial observation) in general.
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Chapter 3

Maximally Permissive Similarity

Control under Partial Observation

In this chapter, we consider the control problem of enforcing similarity for the nondetermin-
istic system and specification where only a part of the events are observable. This problem
requires us to synthesize an admissible supervisor so that the supervised system is simu-
lated by the specification. We provide a necessary and sufficient condition for the existence
of such a similarity-enforcing supervisor. When the condition holds, we synthesize such a
supervisor which is maximally permissive in the sense that the system supervised by any
similarity-enforcing supervisor is simulated by the system supervised by the proposed su-
pervisor. Finally, we show that some redundant states of the synthesized supervisor can be
removed without reducing its permissiveness.

The issue of nonblockingness is beyond the scope of this chapter (or equivalently, all the
states of the system and specification are regarded as marked), so the marked state sets are

omitted in the automaton models.

3.1 Similarity Control Problem under Partial Observation

Given the partially observed nondeterministic DES with the nondeterministic specification,
the supervisory control problem of synthesizing a supervisor such that the supervised system
is bisimilar to the specification is studied in [54,56]. A necessary and sufficient condition for
the existence of a supervisor that enforces bisimilarity under partial observation was provided

in [56]. In the case where the existence condition of such a supervisor is not satisfied, we
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relax the requirement of enforcing bisimilarity and consider the similarity control problem.

3.1.1 Problem Formulation

Given the partially observed system G = (X, X, a, Xy) € A(X) and the specification R =
(Q,%,6,Q0) € A(X) with the uncontrollable event set ¥,. and the unobservable event set
Yo, the similarity control problem (under partial observation) requires us to synthesize an
admissible supervisor S = (Y, %, 3,Yy) € A(X) such that S||G C R holds. Such a supervisor

is called a similarity-enforcing supervisor. We let

S(G,R) ={S € A(X) | S is admissible and satisfies S||G C R}

be the set of all similarity-enforcing supervisors for G and R.

Since the similarity control problem only requires that the supervised system is simulated
by the specification, a conservative supervisor that unnecessarily restricts the behavior of
the system could be a solution to the problem. This motivates us to synthesize a supervisor
that is as permissive as possible. We evaluate the permissiveness of a supervisor with respect
to the simulation relation. Now, we define the set MPS(G, R) C S(G, R) of all maximally

permissive similarity-enforcing supervisors as

MPS(G,R) = {S € S(G,R) | ¥S' € S(G,R) : §'|G C S||G}.

In this chapter, we synthesize a supervisor that is an element of MPS(G, R).

Note that a maximally permissive similarity-enforcing supervisor S € MPS(G, R) can
also be regarded as a supervisor that enforces bisimilarity to a supremal feasible subspecifi-
cation of R. Let Rc C A(X) be the set of all subspecifications of R for which the bisimilarity

control problem is solvable. Namely,

Rc = {R € A(X)| R C R holds, and there exists

an admissible supervisor S € A(X) such that S||G ~ R'}.

We call R* € A(X) a supremum of R if

e VR € R, R C R*, and
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e VRe A(X): VR e Rc : RC R|= R*C R.

Then, we have the following proposition that is straightforwardly obtained by extending

Proposition 4 of [70] to the partial observation case.

Proposition 3.1 For the system G = (X,%,a,Xy) € A(X) and the specification R =
(@,%,9,Q0) € A(X) such that MPS(G, R) # 0, we consider any S € MPS(G, R). It holds
that S || G € Rc, and S || G is a supremum of Rr.

Remark 3.1 By the definition of MPS(G, R), a supervisor S € MPS(G, R) is maximally
permissive in a global sense. This is achievable by introducing nondeterminism in control. It
was shown in [31] that, for the deterministic system and specification, there exists a globally
maximal solution when a supervisor is allowed to be nondeterministic. However, such a
solution is not synthesized in [31].

Since the order C on A(X) is not antisymmetric, for two arbitrary S1,Se € MPS(G, R),
we cannot claim that S; = Se or S1||G = S2||G. We only have S1||G ~ Sq||G (51]|G ~ S2||G
does not necessarily hold, either), which implies that S is as permissive as Sy (with respect to
the simulation relation). Since simulation equivalence is stronger than language equivalence,
L(S51||G) and L(S2||G) are the same. That is, all maximally permissive supervisors achieve
the same generated language, which is the supremal one achievable by similarity-enforcing

Supervisors.

Also note that, when 3, = (), the similarity control problem under partial observation is
reduced to that under full observation, which is a problem of synthesizing a >, .-admissible
supervisor S € A(X) such that S||G C R holds for the given G € A(X) and R € A(¥). In
this special case, to emphasize that the system under consideration is fully observed, we use
S/°(G, R) and MPS/°(G, R) to denote the set of solutions and the set of maximal solutions

to the similarity control problem, respectively.

3.1.2 Motivative Example

We consider a manufacturing system shown in Figure 3.1 (a), which consists of two stations,
two rooms (R1 and R2), a storehouse (SH), a rail, and a robot. There are two kinds of parts
A and B in station 1. Initially, the robot is in station 1, and moves to area 1 after picking a

part. In area 1, the robot first goes to one of the two rooms for processing the picked part.
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Stationl Station2

(b) (c)

Figure 3.1: (a) A manufacturing system, (b) system model G, and (c) specification R.

Operations 1 and 2 can be performed in R1 and R2, respectively. When part A is processed
by operation 1, the robot directly moves to station 1 or 2 with the processed part. Otherwise,
the robot can directly bring the part to station 2, or unload the part in SH and then moves
to one of the two stations.

This manufacturing system is modeled as G = (X,%, o, Xg) € A(X) shown in Fig-
ure 3.1 (b). Move of the robot between station 1 and area 1 and that between station 2
and area 1 are detected, which are modeled as events r,, and r., respectively, while the picked
part cannot be identified. The transitions xg Tuy 21 and 29 =% xo denote that the robot
moves to area 1 with parts A and B, respectively. Besides, both operations 1 and 2 can be
detected, which are denoted by 07 and o3, respectively. o,, denotes the unobservable action
of moving to SH and unloading a part. Events o1, 02, and o,, are controlled by opening or
closing the entrances of R1, R2, and SH, respectively. The robot can freely travel back and
forth between station 1 and area 1, while there is a controllable barrier on the rail from area
1 to station 2 so that 7. can be disabled. Then, we have ¥ = {ry,7¢, 01,02, 0uo}, Xuo = {Ouo},
and X, = {r,}.

As the specification, we consider the nondeterministic automaton R = (Q,X%,4,Qp) €

A(X) shown in Figure 3.1 (c¢). After the occurrence of r,, regardless of the kind of the picked
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part, the choice between the operations o; and o is prohibited. This requirement is not
captured by the language inclusion control as discussed later, where a supervisor Sg.; € A(X)

such that L(Sge||G) € L(R) is synthesized. Besides, only the part processed by oy can be

unloaded in SH, and if the part is unloaded, the robot must go back to station 1.

(o G Rl Qe

()

(c) (d)

Figure 3.2: (a) Determinized system Gget, (b) determinized specification Rges, (c¢) deterministic
supervisor Sge¢, and (d) supervised system Syt ||G.

By transforming G and R into language-equivalent deterministic automata Gge; and Rge
as shown in Figures 3.2 (a) and (b), respectively, we can synthesize a maximally permissive
supervisor Sge; shown in Figure 3.2 (¢) that achieves a maximal controllable and observ-
able sublanguage of L(Rge:) using the existing methods for the deterministic system and
specification [25,26,29]. The reachable part of the supervised system Sge||G is shown in
Figure 3.2 (d). It can be verified that both 0; and oy are possible at states (1, z;1) and (1, z2)
in Sget||G. This violates the requirement that the choice between the operations o; and o2

should be prohibited after r, occurs.

26



Also note that there does not exist a supervisor that enforces bisimilarity for the given G

and R. These motivate the consideration of the similarity control problem.

3.2 Solvability of the Similarity Control Problem under Par-

tial Observation

3.2.1 X,-Similarity

To verify whether there exists a similarity-enforcing supervisor, we need the following notion

of ¥,-similarity.

Definition 3.1 [63] For the system G = (X, %, o, Xo) € A(X) and the specification R =
(Q,%,0,Q0) € A(X), arelation & C X x @ is said to be a ¥, -simulation relation from G to
R if

o Vg € Xo,3q0 € Qo : (w0, q0) € P, and

o V(z,q) € ®,Vo € Xy, Vo' € a(x,0),3¢ € §(¢q,0) : (2/,¢) € ®.
If there exists a X,-simulation relation from G to R, G is said to be X,.-simulated by R.

When G is ¥, -simulated by R, all the sequences of transitions by uncontrollable events from
initial states of G are allowed by R. It was shown in Theorem 1 of [64] that ¥, -similarity
is a necessary and sufficient condition for S/°(G, R) # (. This result can be extended to the

case of partial observation as follows.

Proposition 3.2 For the system G = (X,%,a,Xy) € A(X) and the specification R =
(Q,%,0,Q0) € AX), S(G,R) # 0 if and only if G is ¥, -simulated by R.

Proof (<) Let the supervisor

Sy = (Yu, X, Bu, Yuo) € A(X) (3.1)

be such that Y, = Y,0 = {yo} and

{yo}, ifo€ Xy
B(yo,o-) =

0, otherwise
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for each ¢ € . Since S, only has a single state yo at which self-loop transitions caused
by uncontrollable events are defined, it is admissible. Since G is ¥,.-simulated by R, there
exists a Yyc-simulation relation ®, € X x @ from G to R. We show that the relation

U, C (Y, x X) x Q defined as

Wy = {((yo,2), q) € (Yu x X) x Q| (2,9) € Pu}

is a simulation relation from S,||G to R.

e We consider any (yo,xg) € Yuo X Xo. Since ®,, is a Xy -simulation relation from G to

R, there exists gy € Qo such that (x,qo) € ®,. It follows that ((yo,x0),q0) € Vy.

e For any ((yo,x),q) € ¥, and any o € X, we consider any (yo, ") € &,((yo, ), ), where
&0 (Yy x X) x ¥ — 2Yu*X g the transition function of S,||G. We have (x,q) € ®,,
Yo € Bu(yo, o) and 2’ € a(x, o). Tt follows from 5y, (yg, o) # 0 that o € X,.. Since P, is
a Yye-simulation relation from G to R, there exists ¢’ € d(q, o) such that (z/,¢') € ®,,.

It follows that ((yo,2’),q") € Uy.

Hence, we have S, € S(G, R) # 0.
(=) Let S = (V,X%,8,Yy) € A(X) be any supervisor such that S € S(G,R) # (). Since
S||G C R, there exists a simulation relation ¥ C (Y x X) x @ from S||G to R. We show that

the relation ® C X x @) defined as

O={(r,9) e X xQ|IyeY:((y,x),q € VA (y,z) € Reach(S||G)} (3.2)

is a Xye-simulation relation from G to R.

e We consider any z¢ € Xy. For any yo € Yy, we have (yo, o) € Yo X Xo C Reach(S||G).
Since ¥ is a simulation relation from S||G to R, there exists gy € Qo such that

((yo,x0),qo0) € V. It follows that (zg,qo) € P.

e For any (x,q) € ® and any o € X, we consider any 2’ € a(x,0). Since (z,q) € ®, there
exists y € Y such that ((y,x),q) € ¥ and (y,z) € Reach(S||G). As S is admissible,
it follows from 2’ € a(x,0) # 0 that S(y,0) # 0. For any y' € B(y, o), it holds that
(v, 2") € Bly,0) xa(z,0) = £((y,z),0) C Reach(S||G), where £ : (Y x X)x ¥ — 2V *X

28



is the transition function of S||G. Moreover, since V¥ is a simulation relation from S||G

to R, there exists ¢’ € §(q, o) such that ((v/,2'),q¢") € V. It follows that (2/,¢') € ®.
Hence, G is ¥, -simulated by R. O

If G is Xy -simulated by R, regardless of whether the system is fully or partially observed, the
supervisor that always disables all controllable events is an element of S(G, R). When both

G and R are deterministic, the condition of ¥,.-similarity is reduced to £} N L(G) C L(R).

3.2.2 Computation of the Unique Largest >, .-Simulation Relation

To effectively verify whether the similarity control problem is solvable, and also to find the
“largest” X,c-simulation relation which will be used in the supervisor synthesis later, we

consider a function F : 2X*% — 2X%Q defined over 25 *@ as follows [63]:
FW) ={(z,q) € W | Vo € Xy,V2' € a(z,0),3¢ € 6(q,0) : (2',¢) € W}, (3.3)

where W € 2X*Q is an arbitrary relation over X x Q. W is said to be a fixpoint of the

function F if W = F(W). Since (2X¥*9, C) is a complete lattice and F is monotone, that is,
YW, W' e 2@ . W Cc W' = F(W) C F(W'),

it follows from Tarski’s fixpoint theorem [71] that there exists the unique maximal fixpoint
W7 of F. As the state sets X and Q of G and R, respectively, are finite, the unique maximal

fixpoint can be computed by
Wh=[F(XxQ)

i>0
after at most | X||Q| iterations, where F(X x Q) is computed inductively as

, X xQ, 1=0
F{(X % Q) =

F(F~Y(X xQ)), i>1.

The complexity of this computation is O(|Z.c|| X [3|Q?) [63].
The following proposition indicates that ¥, .-simulation relations can be characterized as

fixpoints of F' [63].
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Proposition 3.3 For the system G = (X,%,a,Xy) € A(X) and the specification R =
(Q,%,5,Q0) € A(X), the following two statements hold for the function F : 2X*@ — 2Xx@
defined by (3.3).

e Forany ® C X x @, ® is a ¥, -simulation relation from G to R if and only if & = F(®)
and

Vzo € Xo,3q0 € Qo : (0, q0) € P.

o G is ¥y.-simulated by R if and only if the unique maximal fixpoint W7 of the function
F satisfies

Vao € Xo,3q0 € Qo : (v0,q0) € WT.

By Proposition 3.3, W' is a ¥,.-simulation relation from G to R when G is ¥,-simulated
by R. Also note that, for any ¥,.-simulation relation ® from G to R, it holds that ® C WT.

Namely, W is the “largest” ¥,.-simulation relation from G to R.

Example 3.1 We consider the system G = (X,%,a,Xp) € A(X) and the specification
R = (@Q,%,0,Q0) € A(X) shown in Figures 3.3 (a) and (b), respectively, where ¥ =
{a,b,c,d,uc,uo}, ¥ye = {ouc}, and Xyo = {ouo}-

Figure 3.3: (a) System G and (b) specification R.

By iteratively applying the function F : 2XX@ — 2X%Q defined by (3.3) to X x @, the
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unique maximal fixpoint W1 of F is obtained as

FIXxQ) = X xQ~—{zs,26} x {a0, 91,42, 3. 41, G6}
= {(@0,90), (z0, q1), (0, 42), (0, 3), (0, 4), (x0, ¢5), (%0, 46), (%1, 90), (1, q1),
(1, q2), (21, 43), (1, @), (21, G5), (1, G6), (%2, 90) (T2, 1), (22, G2), (%2, 43),
(2, q4), (22,05), (%2, 46), (3, G0), (3, q1), (%3, 42), (23, 43), (3, 1), (%3, 45),
(%3, 06), (24, 90), (4, q1), (24, q2), (%4, q3), (24, qa), (%4, G5), (24, G6), (%5, q5),
(w6, a5)}
= F’(X xQ)

= wh

Since (x9,qo) € WT for the initial states 2o and gy of G and R, respectively, by Proposition
3.3, G is Xyc-simulated by R, and Wt is the largest Y,-simulation relation from G to R.

Besides, by Proposition 3.2, we have S(G, R) # 0.

3.3 Supervisor Synthesis

Hereafter, we assume that the system G = (X, 3, «a, Xo) € A(X) is Xy-simulated by the
specification R = (Q, X, 9,Qo) € A(X). In this section, we synthesize a supervisor using the
unique maximal fixpoint W1 C X x @ of the function F : 2X*®@ — 2X%Q defined by (3.3).

We define the set of admissible control patterns on unobservable events as
Luo = {7 € 2 | Bue N B0 S 7}
For any W C X x @, we let
ax(W)={ze X |3qeQ: (x,q) e W}
Besides, for any W C ZWT, min W C W denotes the set of minimal elements of W, that is,

minW={WeW |3W eW : W CW AW £W}.
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As a state of the supervisor to be synthesized, we consider a 3-tuple y = (W{, v, W) €

W X Ty x QWT, whose elements can be informally explained as follows:

o W/ e 2WT i5 used to estimate the current state of G at the moment an observable event
occurs. In each element (z,q) of W{, z is a candidate of the current state of G, and
q is a state of R, which is related to by W7 such that transitions from z should be

simulated by those from gq.

e i, € 'y, is the set of unobservable events to be enabled at y, which contains all the

uncontrollable (and unobservable) events.

e Some enabled unobservable events in 71, may occur in G before the next occurrence
of an observable event. W € 2W" is used to estimate states that are reachable from
those in mx (W) by enabled unobservable events. Similar to W{, W consists of pairs

of states = and ¢ that are related by WT.

;
To compute WQy from le and ~¢,, a function U : oW « Tuo — 22" is defined as

UW,7) = (W e2V |WCW AV(z,q) € W Yo en,

V' € a(x,0),3¢ € §(q,0) : (', ¢") € W'} (3.4)

for each W € 2" and each v € T'yo. Each element W’ of U(W,~) is a certain invariant set
that includes W. For any pair (x,q) € W/, if there is a transition from z to 2’ € a(z,0)
by an unobservable event o € 7, then a corresponding transition from ¢ to ¢’ € §(¢, o) such
that (2/,¢') € W’ must be defined, namely, all transitions from z by o are allowed by the
specification R. Hence, the nonemptiness of U(W, ) indicates that, for the estimated states
in mx (W), v is a “safe” control pattern on unobservable events. For each 2’ € a(z,0),
¢ € 6(q,0) such that (2/,¢') € W’ is not unique in general. It is sufficient for W’ to include
one such pair (2, ¢'). In addition, any state pair that cannot be reached from any pair in W
is irrelevant. These are the reasons that we only consider minimal elements of U(W, ). We

have the following lemma on min U(W,~).

Lemma 3.1 For the system G = (X,%,a,Xg) € A(X) and the specification R =
(Q,%,0,Q0) € A(X) such that G is Xye-simulated by R, we consider any W € oW _ {0},
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any v € [y, and any W/ € min U(W,~). It holds that

V(z,q) € W,Vs € v*,V2' € a(z,s),3¢ € 6(q,s) : (2',¢') e W', (3.5)

U U alz,s) X (g, s), (3.6)

SEV" (z,0)EW

and

U almx(W),s) = mx (W). (3.7)

sey*
Proof To prove (3.5), for any (x,q) € W and any s € v*, we let n = |s| and consider any
' € a(z,s). Since W € minU(W,~) C U(W,~), it follows from the definition of U that
(x,q) € W C W'. In the case where n = 0, we have s = ¢ and {z} = a(z,¢), that is, 2’ = x.
Moreover, we have {q} = d(q,¢). Then, we have (z,q) € W’. In the case where n > 0, we
write s as s = 0109 +--0,. Then, there exist x1, 9, -+ ,z, € X such that 1 € a(x,01),
xn =2/, and x; € a(x;—1,0;) for i = 2,3,--- ,n. Since (z,q) € W', by the definition of U,
there exist q1,q2, - ,qn € Q such that q1 € §(q,01), qi € 6(qi—1,0;) for i =2,3,--- /n, and
(z5,q;) € W for i =1,2,--- ,n. That is, there exists g, € d(q, s) such that (z,,q,) € W'.
Since W' is a minimal element of U(W,~), (3.6) holds. By (3.5) and (3.6), we have (3.7).
O

Remark 3.2 For any W € 2W" and any v € I'y,, the standard unobservable reach
SUR(W,v) C X x @ is the right-hand side of (3.6), namely,

SUR(W, U U alz,s) x (g, s).

SEY" (x,q) €W

By (3.6), we have W/ C SUR(W,~) for any W’ € minU(W, ), but the equality does not
hold in general. For any (z,q) € W and any s € v*, we consider any 2/ € a(z,s). Then,
a corresponding state ¢’ € 6(g,s) such that (2/,¢') € WT is not necessarily unique. Here,
one possible pair (z/,¢') € W' is included in W’ € min U (W, ), while all possible pairs are
included in SUR(W,~). This is the reason that W’ = SUR(W,v) does not necessarily hold.
Note that if R is deterministic, then it holds that W’ = SUR(W,~).
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Now, we define the state set Y+ C oW Tuo X oW as

Yigr = {(WV Al W) € 2V x Typ x 2V [ WY # 0 A

Wy € minU(W{,~v4) A Vo €48, NEe: alnx (W), o) # 0]} (3.8)
As the initial state set, a subset Y19 C Yyt is defined as
Yipro = {(W1", 7, W3") € Yy [ IWE] = [Xo| A [V € Xo, 30 € Qo = (w0, g0) € W]}

In order to synthesize a supervisor, we need to prove Yy v, # 0 first. For this purpose, we

need the following lemma.

Lemma 3.2 For the system G = (X,3,a,Xy) € A(X) and the specification R =
(Q,%,6,Q0) € A(X) such that G is ¥, -simulated by R, the state set Yy;+ C W X Do x 2V
defined by (3.8) satisfies

VIV € 2T — {01, 3 € 2 L (W, Sye N Suo, W) € Yipr.

Proof Since G is ¥,-simulated by R, by Proposition 3.3, WT is a ¥,.-simulation relation
from G to R. For any W € 2" — {0}, we have W C W' and

V(z,q) € WT Vo € Bue N Buo, V' € a(z,0),3¢ € 6(q,0): (2/,q) € w.

It follows that WT € U(W, Xyue N Tuo) # 0. Since W # () and (Zye N Buo) N Ee = 0, for any
W’ € minU(W, Sue N Suo) € 27, we have (W, Sye N Suo, W) € Vipr. O

Lemma 3.2 says that any nonempty W € 2W" can form at least one state y € Y+ that
disables all controllable and unobservable events.
Since G is X,-simulated by R, by Proposition 3.3, there exists Wy € 2W" such that

Wo # 0, |[Wo| = | Xol, and
Vo € Xo,3q0 € Qo : (w0, q0) € Wo.

By Lemma 3.2, there exists W{, € 2W" guch that (Wo, Zue N Xy, W) € Yipr. It follows
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from the definition of Yy1o that (W, Eye N Xyo, W() € Yiyrrg # 0. Now, we can synthesize a

nondeterministic supervisor
SwT - (YWT7 2, ﬁwT, YwTo) < A(Z) (39)
The nondeterministic transition function Byt : Yy+ x ¥ — 2Yw? is defined as

(' = (WY A, WY) € Yyr | WY € min N(WY,0)}, if 0 € Sy (y)

Bw(y,0) = < {y}, if o € vio

0, otherwise

for each y = (WY, 740, W3) € Yyt and each o € X, where
N(W,o)={W € oW! | V(z,q) € W) V2’ € a(z,0),3¢ € d(q,0) : (2,q') € W},
and

Swi(y) = {o €| alrx(Wi),0) #0A[V(z,q) € W,

V' € a(x,0),3¢ € 6(q,0) : (2',q) € W}

For any y = (WY, vi0, W) € Yiyr, the set Sy (y) is determined by W3, The above definition
means that Xy (y) is the set of observable events such that all transitions from wx (W3) by
these observable events are allowed by the specification R. We prove in the following lemma
that those events in Xy;+(y) are always enabled by Sy+, namely, Sy (y,0) is nonempty if

o € By (y).

Lemma 3.3 For the system G = (X,%,a,Xg) € A(X) and the specification R =
(@,%,6,Q0) € A(X) such that G is X,e-simulated by R, the supervisor Syt =
(Yivt, &, Bwt, Yirro) € A(X) defined by (3.9) satisfies

Yy € Yy, Vo € Sy (y) : By (y,0) # 0.

Proof For any y = (WY, v, W) € Yy1, we consider any o € X+ (y). By the definition
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of L+ (y), there exists (x,q) € W3 such that a(x, o) # 0. Moreover, it holds that
V(%,q) € Wi Vi’ € a(@,0),37 € 6(¢,0): (&,§) e WT,

which implies W' € N(WJ, o) # (. Then, there exists a minimal element W € min N(WJ, o).
Since a(z,0) # § for (x,q) € WY, we have W # (). By Lemma 3.2, there exists W’ € 2W'
such that (W, 3. N Xy, W) € Y. Thus, we have (W, Xy, N Xy, W) € Byt (y,0) #0. O

Example 3.2 For the system G € A(X) and the specification R € A(X) shown in Fig-
ures 3.3 (a) and (b), respectively, using W1 computed in Example 3.1, we synthesize the
supervisor Sy = (Yirt, 2, Byrts Yivto) € A(X) defined by (3.9). The reachable part of Syt

is shown in Figure 3.4, where

yo = ({(z0,90)}, 0, {(z0, 90)}),

y1 = ({(z1, @), (z2,41)}, 0, { (21, @1), (22, 01)}),
y2 = ({(z1,@1), (22, 42) }, 0. { (21, 1), (22, 42)}),
ys = ({(z1,q2), (w2, 1) }, 0, {(#1, @2), (w2, q1) }),
ya = ({(z1,q2), (22, 42) }, 0, {(z1, g2), (22, g2) }),
ys = ({(23,43)}, 0, {(23,93)}),

yo = ({(3,93)}, {uo}, { (23, 43), (24, 04)}),

yr = ({(23,qa), (24, a) }, 0, {(w3, qu), (24, q) }),

ys = ({(w5,45)}, 0, {(25,45)})-

Figure 3.4: Supervisor Sy +.
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Remark 3.3 Each state y = (le, Yoo, WQy) € Y+ of Sy consists of le S QWT, Yoo € Tuos
and W3 € oW 2T and Two have at most 21X/1Q1 and 2P Euol elements, respectively.
Then, the numbers of states and transitions of Sy+ are bounded by 22X[QI+EeMEuol and
\Z|24‘X 1QIH2[ZeNZuol regpectively. Since the current state of the system G is not necessarily
identified uniquely, the exponential complexity is common in supervisor synthesis for nonde-
terministic DESs and under partial observation.

In the case where ¥,, = (), that is, G is fully observed, we have vi, = () for each state
y = (WY, 710, W3) € Yyt of Syr. In addition, by the definition of U : W % Ty — 22WT
defined by (3.4), we have {W} = minU(W, () for any W € 2W". Hence, y is in the form
of y = (W,0,W). Here, the numbers of states and transitions of Sy+ in the worst case are
reduced to 21X11Q1 and |£[22X11Q1 respectively.

In fact, if ¥, = 0, Syy+ defined by (3.9) is reduced to the supervisor
ST=h %, 80y € A®) (3.10)

synthesized in [65] for fully observed nondeterministic DESs, which is defined as follows.
e The state set is YT = 2"

e The nondeterministic transition function 87 : YT x ¥ — 2V" is defined as

min N(W, o) if o € XT(y)
8y, 0) =

0, otherwise

for each W € YT and each ¢ € ¥, where
NW,o)={W' e YT |Y(z,q) e W,¥z' € a(z,0),3¢ € §(¢q,0) : («',¢') € W'},
and

STW) = {oeX|alnx(W),0)#0AN(z,q) €W,

Va' € a(z,0),3¢ € d(q,0): («,¢) € W]}
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e The initial state set is defined as

Vigro = {Wo € YT | [W| = | Xo| A Vz0 € X0,390 € Qo : (w0, 90) € Wol}.

It was shown that ST is a maximally permissive supervisor that solves the similarity

control problem under full observation.

Proposition 3.4 (Theorem 2 of [65]) For the system G = (X, %, Xy, X,,,) € A(X) and the
specification R = (@, %,9,Qo) € A(X) such that G is ¥,.-simulated by R, the supervisor
St = (v %, 6, YOT) € A(X) defined by (3.10) satisfies ST € MPS/°(G, R).

Remark 3.4 The supervisor Sy+ defined by (3.9) has a similar structure as the Bipartite
Transition System (BTS) in [29], which was proposed to synthesize a maximally permissive
supervisor for the deterministic system and specification under partial observation. The first
element W} and the third element WY of a state y = (W}, vil0, W3 ) € Yyt of Sy correspond
to Y-state and Z-state of BTS, respectively. However, due to the nondeterminism, transitions
in Syt are different from those in BTS. For example, a transition from Y-state to Z-state is
determined by the standard unobservable reach in BTS, while a transition from W} to W3 is
determined by min U(W/, i), whose elements are different from the standard unobservable

reach, as explained in Remark 3.2.

3.4 Maximal Permissiveness of Synthesized Supervisor

In this section, we prove that the supervisor Sy;+ defined by (3.9) is a maximally permissive

similarity-enforcing supervisor in MPS(G, R).

3.4.1 Proof of Enforcing Similarity

We first show that S+ solves the similarity control problem. Here, we prove in the following

lemma that Sy+ correctly estimates the current state of G.

Lemma 3.4 For the system G = (X,X,a,Xg) € A(X) and the specification R =
(Q,%,6,Q0) € A(X) such that G is Y,csimulated by R, the supervisor Syt =
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(Y, &, By, Yirrg) € A(X) defined by (3.9) satisfies

Vt € X5 N L(Sy1), Yy € Byt (Yo t) U (X, s) = mx (WY), (3.11)
SEP~L(t)NLy (S} 1)

where y = (W{, 740, W3).

Proof By the definition of Y+, for any y = (WY, vie, W3) € Y1, we have W/ € oW! —{0},
Yoo € Lo, and WY € min U(WY,~4,). Then, the results of Lemma 3.1 can be applied to W7/,
Yio, and W3, We prove (3.11) by the induction on the length of an observable event string
t € 35N L(Syn).

For the base step, we consider the case where [t| = 0, that is, t = ¢ € X5 N L(Sy1).
Since Yy = Byt (Yo, €), we consider any yo = (W{°, v, W3°) € Yyyrg. It follows from

the definition of Yy, that 7x(W{°) = X,. By the definition of By+, we have P~1(g) N

Ly, (Syrt) = vue'- By (3.7), we have

U a(Xo, s) = mx (W).
sEP—l(e)ﬂLyO(SWT)
For the induction step, we suppose that, for any ¢ € 3% N L(Sy+) with [t| = n > 0 and

any y = (ngv 7507 ng) € BWT (YWT07 t)?

U a(Xo,s) = mx (W)
SGP_l(t)I"ILQ(SWT)
holds. We consider the case where [t| = n+ 1. Any t € ¥} N L(Sy+) with || =n+ 1 is
written as t = t'o, where |t'| = n and o € 3,.

For any y = (WY, vi0, W3) € Byt (Yiyrrg,t'c), we prove

U a(Xo, 8) = mx (WY). (3.12)
s€P=1(#'a)NLy(Sy 1)

. (WX(WQJ) C UsEP‘l(t/U)ﬂLy(SWT)a(X()’S)) We consider any = € mx(WJ). It follows

from (3.7) that 2 € mx(WY) = Ugreyp a(nx(WY),s”), which implies that there exist

s ey
(2",q") € W{ and s” € ~il such that z € a(z”,s”). Since y € By+(Yiyro,t'o), there

exists ¢/ = (Wf,,fyg;,WQy/) € Bt (Yiyro,t') such that o € B+ (') and y € By (v, 0).
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We have W} € min N (Wle, o), which implies

Wy C U a(x', o) x §(¢, o).

!
(z',q")eWY

Since (z”,q") € WY, there exists (2/,q') € Wle such that " € «a(2’,0), which im-
plies x € a(a’,0s”). By the induction hypothesis, for 2’ € ﬂx(Wg,>, there exists
s’ € P7Yt') N Ly (Sy+) such that 2’ € a(Xo,s'). It follows that z € a(z’,08") C
a(Xo, s'cs"). Moreover, by the definition of P and S+, we have s'as” € P71(t'a) N

Ly (Sy1). Then, we have mx(W3) C Usep_l(tlg)mLy(SwT) a(Xo, 8).

o (Usepfl(t'a)mLy(SWT)O‘(XOvs) - Wx(WQy)) We consider any s € P~Y(#o) N Ly(Sy+)
and any x € a(Xy, s). By the definition of P and Sy 1, s can be written as s = s'os”,
where s’ € P~1(#') and s” € 7ils. Then, there exist 2’ € a(Xo,s') and 2" € a(2’,0)
such that z € a(z”,s”). Since s'os” € L,(Sy+), there exists y = (W?,’yg;,Wle) €
Bt (Yo, 8') = Byt (Yo, ') such that o € Yy (y') and y € By (v, o). Tt follows
that s € P~1(t') N L, (Sy+). By the induction hypothesis, we have 2/ € a(Xo,s’) C
ﬂ'X(Wzyl), which implies that there exists ¢’ € @ such that (2/,¢') € Wg. Since WY €
minN(WQy,,U), there exists ¢” € §(¢/,0) such that (z”,¢”) € W/. In addition, it
follows from (3.5) that there exists ¢ € §(¢”,s”) such that (x,q) € WJ. It holds that

UsEP*l(t’a)ﬁLy(SwT) a(Xo, s) C mx (W)
Thus, we have (3.12). These complete the induction. O

The following theorem shows that Sy+ is a similarity-enforcing supervisor in S(G, R).

Theorem 3.1 For the system G = (X,X,a,Xy) € A(X) and the specification R =
(Q,%2,6,Q0) € A(X) such that G is X,.-simulated by R, the supervisor Syt =
(Y, &, By, Yirrg) € A(X) defined by (3.9) satisfies Sy € S(G, R).

Proof We first show the admissibility of Sy+. We consider any (y, z) € Reach(Sy+|G) and
any o € Y, such that a(x,0) # 0, where y = (W{, 440, W3). There exists s € L(Sy+|G)
such that (y, z) € &t (Yo X Xo), s), where &+ is the nondeterministic transition function
of Syy+|G. Tt follows that y € Byt (Yiyrg, ), € a(Xo, s), and s € P71(P(s)) N Ly(Sy+). By
the definition of fy;+, we have P(s) € ¥XNL(Sy+) and y € Byt (Yiyro, P(s)). By Lemma 3.4,
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it holds that x € mx(WJ), which implies together with a(x,0) # 0 that a(rx(W3), o) # 0.
Besides, there exists ¢ € Q such that (x,q) € W3 . We consider the case where o € 3, N X,.

Since W is a ¥ .-simulation relation from G to R, we have
Y(E,q) € WY C W Vi € ali,0),37 € 6(q,0): (#,§) e WT,

which implies together with a(mx(WJ),0) # 0 that o € Xyy+(y). Then, by Lemma 3.3, we
have By+(y,0) # 0. In the case where 0 € Xy N Ty, we have o € vio. It follows from
the definition of S+ that {y} = By+(y,0) # 0, which implies together with a(z,0) # 0
that &yt ((y,x),0) = By (y,0) X a(z,0) # 0. Thus, Sy+ satisfies the first condition of
admissibility.

By the definition of By, +, it is trivial that Sy + satisfies the second condition of admissi-
bility. Thus, Sy+ is admissible.

We prove Sy+||G C R by showing that the relation ¥ C (Yy+ x X) x @ defined as

U ={((y,2),9) € Yiyr x X) x Q| (y,2) € Reach(Sy+||G) A (z,q) € W'}

is a simulation relation from Sy+||G to R, where y = (WY, vilo, W3).

e We consider any (yo,z0) € Y19 X Xo, where yo = (W{°, vio, W3°). It follows that
(Yo, x0) € Reach(Sy+||G). By the definition of Yy;+, there exists gy € Qo such that

(zo,q0) € W{° C WJ°. Thus, we have ((yo,0),q) € V.

e For any ((y,z),q) € ¥ and any o € X, we consider any (y',2’) € &+ ((y,z),0), where
y = (WY, 7o, W3) and ¢/ = (Wf,,’yg;,wg). It follows that ' € By (y,0) and 2’ €
a(z,0). By the definition of ¥, we have (z,q) € W3 and (y,z) € Reach(Sy+|G).
Since (y,z) € Reach(Sy+|G), we have (v, 2') € &1 ((y,z),0) C Reach(Sy+||G). We
consider the case where o € X,. Since ' € By1(y, o) # 0, we have o € 3y (y). By the
definition of By+, we have lel € min N(WJ, o) C N(WJ, o). There exists ¢ € (g, 0)
such that (2/,¢") € lel C W2y’, which implies ((v/,2'),¢) € ¥. In the case where
0 € Yy, we have o € 1. It follows from the definition of B+ that {y} = By+(y, ),
that is, y = y/. Since W3 € U(WY, i), there exists ¢’ € 6(g, o) such that (2/,q") € WY,

which implies ((y,2’),q’) € ¥.
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Hence, V¥ is a simulation relation from Sy +||G to R, and Sy, +||G C R holds.

Thus, we have Sy+ € S(G, R). O

Example 3.3 We consider the system G € A(X), the specification R € A(X), and the
supervisor Sy € A(X) shown in Figures 3.3 (a), (b), and Figure 3.4, respectively. The

reachable part of the supervised system Sy+|G is given in Figure 3.5. We consider the

Figure 3.5: Supervised system Sy ||G.

uncontrollable event oy, defined at x5 and xg of the system G. o, defined at x5 is not
disabled by Sy+, and we have (y,x6) ¢ Reach(Sy+||G) for any y € Yy+. The unobservable
event oy, is enabled at yg with {y¢} = By1(ys, ouo). It follows that the supervisor Sy + is

admissible. Since the relation ¥ C (Yj;+ x X) x @ given as

U= {((y,2),9) € Ywr x X) x Q| (y,2) € Reach(Sy+[|G) A (z,q) € W3},
- {((yﬂv 33()), qo)? ((ylv 331), Q1)7 ((ylv 332), Q1)7 ((va xl)? Q1)7 ((va x2)7 QQ)7 ((y37 xl)? QQ)7
((y3,22), 1), ((ya,%1), 42), (Y4, 22), 42), ((y5, ®3), 43), ((y6, x3), 43), ((y7, 23), @u),

((y7,74),94), ((ys,75),a5), (Y6, T4), qa) },

where y = (W{, 740, W), is a simulation relation from Sy+||G to R. Then, we can verify

that Sy € S(G, R).
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3.4.2 Proof of Maximal Permissiveness

The maximal permissiveness of Sy+ is still left to be proved. Since it is difficult to directly
show that S||G C Sy+||G holds for any S = (Y, %, 3,Yy) € S(G, R), we introduce another

supervisor

Syt = Y, 2, Bt Yipro) € A(Z) (3.13)
defined as follows.

e The state set }N’WT - oW Tuo X oW is defined as

Vipr = {(W¥, 8, WY) € 2V x Ty x 271 | WY £ 0 A WY € minU(WY,42,)}. (3.14)
e The nondeterministic transition function Sy : Vit x ¥ — 2Ywt is defined as

{y = (WY Ao, WYY € Yyt | WY € min N(WY,0)}, if 0 € Sy (y)
Byt (y,0) = {y}. if o € 7o

0, otherwise

for each y = (W}, v, W§) € Yyt and each o € %, where N(WJ, o) and Sy +(y) are

defined in the same manner as those of Sy +.

e The initial state set Yy1g C Yyt is defined as

Yipro = {(WF°, 7o, W3") € Yy | IW1°] = | Xo|A[Vao € Xo,340 € Qo : (x0,90) € W{°]}.

Example 3.4 For the system G € A(X) and the specification R € A(X) shown in Fig-
ures 3.3 (a) and (b), respectively, we can synthesize another supervisor Sy =
(Y1, 2, Bt Yirg) € A(X) defined by (3.13). The reachable part of S+ is shown in
Figure 3.6, where some labels of transitions by a and the self-loops by o,, defined at
g (i = 0,1,2,3,4,7,8) are omitted. Here, states yo,y1,...,ys are the same as those of
Syt € A(Y) in Example 3.2. For each i € {0,1,2,3,4,7,8},

Gi = (WAl W3') = (W, {ouo}, W5Y),
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while y; = (W, 0, W3"). §; can be considered as a duplicate of y;, since the unobservable

event oy, enabled at ¢; is not defined at any state of G in C(g;).

Figure 3.6: Supervisor S'WT.

Note that the state set Yjy+ of Sy+ is obtained by removing the condition

Vo e, N alnx(WY), o) # 0 (3.15)

from Y+ of Sy+. As in Example 3.4, without the restriction of (3.15), S'WT searches every
possible unobservable control pattern in I'y,. This creates some redundant states but pro-
vides convenience for the comparison on §WT and other supervisors. Here, we show that (i)
Syt |G T Syt ||G holds, and that (ii) for any S € S(G, R), S||G T Sy+||G holds. Then, we
have S||G C Sy+||G by the transitivity of C.

Note that Y+ C ffvm and the following statements hold.
o Yo = ffwm NYy+ C Y/WTOu and
e For each y € Yjyr C Yyt and each o € 2, By1 (v, 0) = Byt (5, 0) N Yy € Byt (v, 0).

The following corollary can be proved in the same way as Lemma 3.4.

Corollary 3.1 For the system G = (X,%,«a,Xy) € A(X) and the specification R =
(@Q,%2,0,Q0) € A(X) such that G is X,c-simulated by R, the supervisor S’WT
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= (Y1, 2, Byt Yipro) defined by (3.13) satisfies

Vt e ¥5 N L(Sy1), Yy € Byt (Yo t) U (X, s) = mx (WY),

s€P~L(t)NLy(Sy 1)
where y = (W{, 740, W3).

By the definitions of Y+ and Yy;+, we have the following lemma.

Lemma 3.5 For the system G = (X,X,a,Xg) € A(X) and the specification R =
(Q,%,6,Q0) € A(X) such that G is ¥,-simulated by R, we consider the state sets Yy
and Y+ defined by (3.8) and (3.14), respectively. For any § = (W7, 74, WY) € Yy, there

exists y = (WY, 740, W) € Yyt such that ng =W/, o C ’ygo, Wg =Wy, and

Vo €y, — Vo s amx(Wy),0) = 0.
Proof For any ¢ = (ng, 750, Wg ) € ?WT, we consider a subset i, C 750 defined as
Voo = Vo — {0 €1, N e | almx (W), 0) = 0} (3.16)

It holds that i, € 'y, and

Vo e~d, —~Y, a(rx(W3),0) =0 A Vo €y, NEe: alnx (W), o) # 0].

Since WY € min U(WY ~Y,), it follows from (3.16) that WY € min U(WY,~%,). Then, letting
WY = WY and WY = WY, we have y = (WY, 7o, WY) € Yipr. O

Now, we show in the following lemma that Syy+||G E Sy+||G holds.

Lemma 3.6 For the system G = (X,%,a,Xg) € A(X) and the specification R =
(Q,%,6,Q0) € A(X) such that G is ¥y-simulated by R, we consider the supervisors Sy+ =
Vi, 2, Bty Yipro) € A(Z) and Syr = (Yo, 2, Bty Yirto) € A(E) defined by (3.9) and
(3.13), respectively. It holds that Sy+||G T Sy+]|G.

Proof We prove Sy+||G E Sy+||G by showing that the relation ® C (Vi x X) x (Yyr x X))
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defined as

A

¢ = {((7,2), (y:2)) € Vipr x X) x (Yipr x X) | W] = WY Ay, © vy AWE = W3 A

uo —

Vo € 7o — o : a(mx(W3),0) = 0] A (§,2) € Reach(Sy]|G)}

is a simulation relation from Sy+||G to Sy+||G, where §j = (WY, A%, W) and y = (WY, 7, WY).
Let &yt 0 (Y X X) X 2 — 2Vt X and Ewr (Vi x X) x ¥ — 2Yw X be the nondeter-

ministic transition functions of Sy +||G' and Sy +||G, respectively.

e We consider any (go,xo) € YWTO x Xo with gy = (Wfo,'yf{g,Wgo). By Lemma 3.5,
there exists yo = (W, 780, W) € Yy C Y/WT such that ngo = W, 49 C 732,
W = W and

Vo € 75 — 4% a(rx (W), o) = 0.

Since go € Y/WTO7 we have yp € ?WTO' It follows that yo € Y/WTO N Yy = Yo Since

(50, 20) € Yyyrrg X Xo C Reach(Sy+||G), we have ((Jo, o), (o, 20)) € ®.

e For any ((§,z),(y,z)) € ® and any ¢ € %, we consider any (¢/,2') € &+ ((7, ), 0),

where § = (WJ, Al W), y = (W¥ Ak, WY), and i = (Wi A, Wi). Tt fol-
lows from the definition of &+ that § € By+(9,0) # 0 and 2/ € a(z,0) # 0.
Since ((§,z),(y,z)) € ®, we have (§,z) € Reach(Sy+||G), which implies (7, 2') €
Ewt((7,2),0) C Reach(Sy+||G).
We consider the case where o € ¥,. It follows from B+ (7, 0) # 0 that o € Sy (7).
Since ((7,x), (y,z)) € ®, we have WQy = WY, which implies o € Zy+(y). It follows
from the definition of BWT that BWT (y,0) = BWT (g,0). By Lemma 3.5, there exists
y = (Wf/,’yglo,WQy/) € Yy C Y/WT that satisfies ngl = lel, 73:, C 75;, ng = WQy,,
and

Vo €40, — AL s alrx (W), o) = 0.

Since W¥ = ngl e min N (WY, o), we have i € By (§,0) N Yy = Byt (y,0) N Yyyr =
Bt (y,0). It follows that (v, 2") € By (y,0) X a(z,0) = &1 ((y, ), 0). Thus, we have
(7,2), (v, a") € ®.

In the case where o € Sy, we have o € 44,. Since (7, 2) € Reach(Sy+||G), there exists

s € L(Sy+]|G) such that (§,2) € By (Yo, 8) X a(Xo,8) = & (Yiprro X Xo,5). By
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the definition of By -+, we have P(s) € X% N L(Sy+) and § € By+ (Yiyrto, P(s)). Then,
it follows from Corollary 3.1 that z € «a(Xp,s) C Us’eP—l(P(s))ﬁLg(SWT)a(X075/) =
mx(WY). Since 2’ € a(x,0) C a(rx(W),0) # 0 and ((7,z), (y,2)) € @, it follows
from the definition of ® that o € Yoo By the definitions of BWT and By+, we have
{7} = By~ (7,0) and {y} = By (y,0). It follows that § = 7 and (y,z') € By (y,0) X
a(z,0) = &y1((y, ), 0). Besides, by the definition of &, we have WY = WY, A¥, C A4,
Wy =Wy, and

Vo € 750 - ’71210 : O‘(ﬂ-X(WQy%J) = 0.

Thus, it holds that ((g,2'), (y,2")) € ®.
Hence, ® is a simulation relation from Sy+||G to Sy ||G. O

We next show S||G E Sy+||G for any S € S(G, R). By the proof of the necessity part of

Proposition 3.2, we have the following lemma.

Lemma 3.7 For the system G = (X,%,a,Xy) € A(X) and the specification R =
(Q,%,6,Q0) € A(X) such that G is ¥y-simulated by R, we consider any supervisor S =
(Y,X,8,Y) € S(G, R), any simulation relation ¥ C (Y x X) x @ from S||G to R, and any
y € Y. If a relation &, C X x () defined by

0, = {(2,0) € X x Q| ((4,2),q) € WA (y,2) € Reach(S]|G)} (3.17)

is nonempty, then, for any nonempty subset W C ®,, it holds that ®, € U(W, Xy,(y) U (XN
Yuo)) # 0.

Proof We consider any y € Y such that &, C X x @ defined by (3.17) is nonempty. It
holds that ®, C ® for the relation ® C X x @ defined by (3.2), which is a ¥,.-simulation
relation from G to R as shown in the proof of necessity part of Proposition 3.2. Then,
for the unique maximal fixpoint W7 of the function F : 2¥*Q — 2X%Q defined by (3.3),
we have &, C & C WwT. For any W C &, with W # (0, it holds that W € oW To show
O, € U(W, Eyo(y)U(XucNLyo)), we consider any (z,q) € @y, any 0 € Xyo(y)U(EucNEy0), and
any ' € a(x,0). By the definition of ®,, we have ((y,z),q) € ¥ and (y,z) € Reach(S||G).
Since a(x, ) # 0, it follows from the admissibility of S that o € X,,(y) and (y,2’) € B(y, o) x

a(z,0) =&((y,x),0) C Reach(S||G). Since ¥ is a simulation relation from S||G to R, there
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exists ¢’ € §(q, o) such that ((y, '), q") € ¥, which implies together with (y,z") € Reach(S||G)

that (2/,¢') € ®,. It follows from W C @, that &, € U(W, Xy0(y) U (Bue N Xuo)) # 0. O

Now, we can prove the maximal permissiveness of S+ in the following theorem.

Theorem 3.2 For the system G = (X,X,a,Xy) € A(X) and the specification R =
(@,%2,6,Q0) € A(X) such that G is Xy,e-simulated by R, the supervisor Syt =
Yo+, Z, By, Yirro) € A(X) defined by (3.9) satisfies Sy+ € MPS(G, R).

Proof We consider any admissible supervisor S = (Y, %, 8,Yy) € S(G, R). There exists a
simulation relation ¥ C (Y x X) x @ from S||G to R. Then, by the proof of necessity part
of Proposition 3.2, the relation ® C X x @ defined by (3.2) is a ¥,-simulation relation from
G to R. For the unique maximal fixpoint W' of the function F : 2X*Q — 2XxQ defined by

(3.3), we have ® C WT. Hence, it holds that

V(z,q) e X xQ:[By €Y : ((y,x),q) € ¥A(y,z) € Reach(S||G)] = (x,q) € ® C W',
(3.18)
By Lemma 3.6, we have Sy+ |G C Sy + |G for the supervisor Sy+ = (Yiyt, S, Byt Yiro) €
A(Z) defined by (3.13). Since C is transitive, it is sufficient to prove S||G T Sy+||G. Let
E (Y xX)x 2 = 2X and g : (Vs X X) x 2 — 2¥w1*X denote the nondeterministic
transition functions of S||G and Sy +||G, respectively. We prove S||G C Syy+]|/G' by showing
that the relation ® C (Y x X) x (Yyy+ x X) defined as

® = {((y,2),(7,7)) € (Y x X) x (?WT x X) | ’Ygo = DBuo(y) U (Buc N Xuo) A
V(&,4) € WY : ((y,%),d) € ¥ A (y, &) € Reach(S||G)] A

3s € L(S||G) : () € &(Yo x Xo,8) A (§,2) € G (Yo x Xo,8)]}  (3.19)

is a simulation relation from S||G to Sy ||G, where § = (Wf, Vs, Wg)

e We consider any (yo, o) € Yy X Xo. To prove that there exists gy = (WEO,ﬁg, WQQO) €
Y10 such that ((yo, zo), (7o, o)) € ®, we first prove that there exists ngo € 2" such
that

[W{°| = | Xo| A Wz € Xo,3qh € Qo : (zh,qp) € W], (3.20)
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and

V(0. d0) € WP : (g0, 0), o) € ¥ A (yo,70) € Reach(S||G). (3.21)

For any z{, € Xo, we have (yo,x() € Yo x Xo C Reach(S||G). Since ¥ is a simulation
relation from S||G to R, there exists ¢(, € Qo such that ((yo,z(),q) € V. By (3.18),
we have (zf,qh) € ® C WT. For every z{ € X, we pick ¢ € Qo with ((yo,2)),ql) € ¥
to form a pair (z,qy) € W and let ijo € 2" be the set of these | Xo| pairs. Then,
ngo satisfies (3.20) and (3.21). Since Xy # (), we have ngo # (. For the relation
®,, C X x Q defined by (3.17), it follows from (3.21) that W C &, # 0. Let
’Ygg = Yuo(Y0) U (Eue N Eyo) € Tyo. It follows from Lemma 3.7 that &, € U(Wfo, ’Ygg).
Then, there exists VV2370 € min U(ngo,'ygg) C 2" such that VVQQO C &,,. Letting
Jo = (W{?O,ﬁg, Wgo), we have §jp € Yy+. By (3.20), it holds that §y € Yjy1o. Then, we
have e € L(S||G), (yo, o) € £(YoxXo,e), and (Jo, 20) € YiyroxXo = Eyr (Vo X X0, €).

Besides, by Wgo C ®,,, we have

(o, G0) € W : (o, %0),do) € ¥ A (yo,%0) € Reach(S||G).

It follows that ((yo, o), (Yo, 20)) € P.

For any ((y,z),(f,z)) € ® and any o € %, we consider any (3/,2') € &((y,z),0).
It follows from the definition of £ that ¢/ € B(y,0) # 0 and 2/ € a(z,0) # 0.
Since ((y,z),(f,z)) € @, there exists s € L(S||G) such that (y,z) € &Yy x Xo,s)
and (7,2) € &wr(Yiprg X Xo,8). Then, we have y € B(Yp,s), § € PBy+(Vigro, 9),
and & € a(Xp,s). By the definition of B+, we have P(s) € X% N L(Sy+) and
J € Byt (Yo, P(s)). Letting § = (W7, vilo, WY), it follows from Corollary 3.1 that

z € a(Xo,s) C US,EP,l(P(S))ng(ng) a(Xo,s') = mx (W), which implies

a(rx(W3), o) # 0. (3.22)

We consider the case where o € %,. To prove that there exists (7, ') € &y ((4, z),0)
such that ((¢/,a'),(7,2')) € ®, we first show 0 € Sy (7). For any (Z,q) € WY,
we consider any #’ € «(Z,0). By the definition of ®, we have ((y,%),§) € ¥ and

(y,Z) € Reach(S||G). Then, it holds that (y',7') € B(y,0) X a(z,0) = {((y,Z),0) C
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Reach(S||G). Since ¥ is a simulation relation from S||G to R, there exists ¢’ € §(q,0)
such that ((3/,%),q") € V. It follows from (3.18) that (i’,§’) € ® C WT. By (3.22), we

have o € X+ (g). Moreover, letting

w= |J {# 7)) eal@oao)xi@Go)|((y,#).qd) e v},
(&)W
we have W C & C Wt and W € N(Wg,a). Then, there exists a subset W7 C W that

is a minimal element of N(VVQZJ7 o), that is, W} € min N(T/Vg7 o) such that
Y(Z,4) €W, V&' €a(t,0),37 €6(g,0): (', §) e W,

and

vz, d)e Wy ((v,7),7) e VA (y,7') € Reach(S||G). (3.23)

By (3.22), Wi # 0 holds. For the relation ®,» C X x Q defined by (3.17), it follows from
(3.23) that W1 C @, # 0. Let Yuo = Buo(y) U (Bue N Xuo) € Tuo. By Lemma 3.7, we
have ®,; € U(W1,7u0). Then, there exists Wy € min U(W1,v40) such that Wy C @,
Letting 4 = (W1, Yuo, Wa), we have §' € Yy+. Since Wy € minN(WQg,a), by the
definition of By +, we have §' € By+(,0). Then, it holds that (7, 2') € By~ (3,0) x
a(z,0) = Eyr((§,2),0). Since (¢, 2') € &((y,z),0), we have so € L(S||G), (v/,z) €
£(Yo x X, s0), and (§,2') € Eyr (Yyrrg X Xo, 50). Besides, by Wy C ®,/, it holds that

V(@",q") € Wa i ((¢,2"),d") € ¥ A (y,&") € Reach(S||G).

It follows that ((¢/,2'), (¢',2")) € ®.

We next consider the case where o € ¥,,. It follows from S(y,0) # 0 that o € 3y,(y).
Since ((y, ), (#,2)) € @, it holds that Suo(y) € Vo = Suo(y) U (Sue N Tuo)- It follows
that o € 44,. By the definition of B+, we have {j} = B+ (7, 0), which further
implies (§,2") € By (7,0) X alx,0) = &y ((§,x),0). Since S is admissible, we have
{y} = B(y,0), that is, y = y/. Hence, we have so € L(S||G), (y,2') € £(Yp x Xo, s0),

and (7, 2') € &yt (Yo X Xo, s0). Since ((y,z), (7, x)) € ®, we have

Y(z,§) € WY : ((y,%),§) € U A (y, %) € Reach(S||G).
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It follows that ((y,z’), (g,2")) € ®.

Thus, ® is a simulation relation from S||G to Sy+||G. It follows from Sy +||G' E Syt ||G and

the transitivity of C that Sy+ € MPS(G, R). O

Since Sy € A(X) can be synthesized as long as G is ¥,-simulated by R, we have
S(G,R) #0 < MPS(G,R) # 0

by Proposition 3.2 and Theorem 3.2. It follows from Proposition 3.1 that, if G is .-

simulated by R, then Sy+|/G € R, and Sy+||G is a supremum of Re.

Remark 3.5 In [62], the control problem of enforcing simulation equivalence for fully ob-
served nondeterministic DESs was studied. Given the system G € A(X) and the specification
R € A(Y), a ¥y.-compatible supervisor (which is essentially equivalent to a ¥,.-admissible
supervisor) S € A(X) is synthesized such that S||G ~ R holds. Such a supervisor S that
enforces similarity equivalence, if exists, is a solution to the similarity control problem. Be-
sides, S is a maximally permissive one in MPS/ °(G, R) by the transitivity of C. On the
other hand, if the control problem of enforcing simulation equivalence is solvable, we have
S/°(G, R) # 0 and MPST°(G, R) # 0. In addition, a supervisor S’ € MPS/°(G, R) satisfies
S'||G ~ R.

To the best of the author’s knowledge, the control problem of enforcing simulation equiv-
alence under partial observation remains open. Similar to the fully observed case, if this
problem is solvable under partial observation, we have S(G, R) # ). In addition, the super-

visor Sy € MPS(G, R) defined by (3.9) is an admissible one such that Sy+||G ~ R.

3.5 Elimination of Certain Redundant States

Let us recall the maximally permissive supervisor Sy+ € A(X) synthesized in Example 3.2.
It holds that {y1,y2,y3,v4} = Bw+ (Yo, a), where the control decisions of states yi, ya, and
y4 are strictly more permissive than that of y3. This means that y3 can be removed from
Bw+ (Yo, a) without loss of the (maximal) permissiveness of Sy +. In this section, we present

a technique for eliminating such redundant states from Sy +.
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We consider the supervisor Sy = (Yyr, 2, Byt, Yirtg) € A(2) defined by (3.9). For
each y € Y+ and each o € 3, we consider a subset S,¢q(y,0) C By1(y, o), which is the set

of states that we remove from Sy+(y, o), defined as

Brea(y,0) = {y € Bur(y,0) | Sy (y) =0 A By € By (y,0) :

750 - fygo A (ZWT (y”) 7& 0v ’Yzym 7& 730)]}7

where ¢ = (lel,yﬂlo, Wle) and 3y’ = (le”,yﬁg, Wg//). Each element ' € B,¢4(y, o) enables

no observable events and is less permissive than another state y” € By1(y, o). Note that
Vy € Yiy1,Vo € o : Bred(y,0) =0 (3.24)
holds since |By+(y,0)|] < 1. Now, we can define a nondeterministic supervisor
S = (Y, %, By, Yirno) € A(D), (3.25)

with a refined transition function Byt : Yyr x ¥ — 2Yw? defined as

BWT (y7 U) = BWT (yv U) - Bred(ya U)

for each y € Y+ and each o € X.
By the above definition, the events defined at a state in [3,..4(y, o) are strictly fewer than

those defined at a state in B+ (y, o), and we have the following lemma.

Lemma 3.8 For the system G = (X,%,a,Xy) € A(X) and the specification R =
(Q,%,6,Q0) € A(X) such that G is ¥y.-simulated by R, we consider the supervisors Sy+ =
(Y, 2, Bt Yirro) € A(E) and Sy = (Yigr, X, Byt Yirto) € A(E) defined by (3.25) and
(3.9), respectively. It holds that

vy € YwT,VO’ € E,Vy/ € /BWT(y’O-)u Elg € BWT(?/,U) : ’yz; g 7307
where 3/ = (le/,'yﬁ;, WQy/) and 7 = (W7, v, W9).

Proof For any y € Y+ and any o € X, we consider any ¢ € By (y,0). If v € Brea(y, o),
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then we have /' € Byt (y,0) = Byt (4, 0) — Brealy, o) and 7o C 7.

We next consider the case where v’ € B,eq(y,0). By the definition of S,¢4(y, o), the
following two cases are possible: (i) there exists v/ = (WY 44, WY ) € By (y,0) such
that ’yg; C ﬁ;' A Syt (y”) # 0; or (ii) there does not exist such y” € Byt (y,0), but there
exists ¢y = (lem, %‘%”, WQyW) € By (y, o) such that %yL; C 73;” A %% + %5/;” A Xy (y") = 0.
In case (i), we have y” € By (y,0) and 7% C 44. In case (ii), since I'y, is finite, there
exists § = (WY, 50, W) € Byt (y,0) such that i, € Ty, is a maximal element of the set
{'750 el |y = (Wf,vgo, Wg) € By (y,0) : ’y‘fj;// C 750 A Xy (g) = 0}. Then, there does
not exist i = (ngl,’yg/o, Wzy,) € Bw+(y,0) such that 750 C 75; Ay () #0V 750 + 75;)

/1.

It follows that 7 € By +(y, o) and 7}1,0 - fyﬂol C Ay, 0

We prove in the following theorem that Sy + is a similarity-enforcing supervisor that has

the same permissiveness as Sy+.

Theorem 3.3 For the system G = (X,%,a,Xy) € A(X) and the specification R =
(Q,%,6,Q0) € A(X) such that G is X,.simulated by R, the supervisor Sy+ =
(Yirt, 3, Bt Yivro) € A(E) defined by (3.25) satisfies S+ € MPS(G, R).

Proof Let Sy = (Yyy+, 2, Byt Yirrg) € A(X) be the supervisor defined by (3.9). More-
over, £ : (Yt x X) x 8 — 2Ywt*X and € : (Y x X) x & — 2Ywt XX denote the nondeter-
ministic transition functions of Sy +||G and Sy+||G, respectively.

We first prove the admissibility of Sy+. We consider any (y,z) € Reach(Sy+||/G) and
0 € Yy such that a(x,0) # 0. Since S+ is obtained by removing certain transitions from
Sy, we have (y,x) € Reach(Sy+||G). By Theorem 3.1, Sy+ is admissible, which implies
£((y,z),0) # 0. Tt follows that By+(y, o) # 0. By Lemma 3.8, we have Byy+(y,0) # 0. Then,
we have £((y,7),0) = By+(y,0) X a(x,0) # 0. Hence, Sy+ satisfies the first condition of
admissibility. Besides, for any y € Y+ and any o € Y, it holds that By +(y, o) = By (y, o).
It follows that Sy + satisfies the second condition of admissibility. Hence, Sy+ is admissible.

We next prove Sy+||G C R. Since Sy+ is obtained by removing certain transitions from
Sy, we have Sy C Sp+. By the reflexivity of C, we have G C G. Then, it follows from
Proposition 2.2 that we have Sy+||G C Sy+||G. Since the simulation relation C is transitive,
it follows from Theorem 3.1 that Sy+||G C R.

Finally, we prove the maximal permissiveness of Sy;+. By Theorem 3.2 and transitivity of
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C, it is sufficient to show Sy+||G C Sy+||G. Besides, by Proposition 2.2 and G = G, we only

need to show Sy+ C Sy+. For this purpose, we show the relation ® C Y+ X Yj;+ defined as

= {9 eYyr xYyr ly=9V [Ey+(y) =0 A

Y, Cvl A (Y €Yy, Fo €Ty, YE By (v, 0))]}

is a simulation relation from Sy+ to Sy +, where y = (WV, 48y, WY) and § = (W}, v, W3).

e For any yg € Yy19, we have (yo,v0) € P.

e For any (y,7) € ® and any o € ¥, we consider any 3’ € By+(y, ) # 0.

In the case where y = g and y' ¢ Breqa(y,0), we have v € By (y,0) — Bred(y,0) =
Bw+(y, o). Tt follows that (y,') € ®.

We next consider the case where y = g and ¥ € Brea(y,0) C Byt (y,0). Then, we have
Ywt(y') = 0. By Lemma 3.8, there exists §' = (W{?/,ﬁ;, ng) € B+(y,0) C By (y,0)
such that ’y}j/o C ’yg:, It follows that (v',3) € ®.

In the case where y # ¢, by the definition of ®, we have X +(y) = 0 and i, C
750, which imply o € 71, C fyugo C Yuo- Then, we have SB,.q4(7,0) = 0. By the
definition of By+, we have {y} = By+(y,0) and {y} = By~ (y,0). It follows that
{7} = Bw(9,0) = Brea(y,0) = Bw(,0) and (', 9) = (y,9) € .

Thus, we have Sy+||G C Sy+||G. O

Example 3.5 We consider the system G € A(X), the specification R € A(X), and the
supervisor Syy+ € A(X) shown in Figures 3.3 (a), (b), and Figure 3.4, respectively. Then,
the supervisor Sy+ = (Y, 3, B+, Yito) € A(X) defined by (3.25) is synthesized. Since no
event is defined at y3, while b is defined at y; and ys, and c is defined at y4, the transition
from yo to ys is removed. The reachable part of the supervisor S+ and the supervised
system Sy+||G are shown in Figures 3.7 (a) and (b), respectively. We can verify that Sy + is
admissible and it holds that Sy +||G € R. By Theorems 3.2 and 3.3, both Sj+ and Sy+ are

maximally permissive.

Remark 3.6 The supervisor Sy+ € A(X) can be directly constructed without synthesizing
Syt € A(Z) or Syt € A(Z) first. As it is hard to directly prove the maximal permissiveness

of Sy+, we first synthesized Sy+ € A(X) in Section 3.3.
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(b)

Figure 3.7: (a) Supervisor Syy+ and (b) supervised system Sy 1| G.

Example 3.6 We consider the similarity control problem for the system G € A(X) and

the specification R € A(X) shown in Figures 3.1 (b) and (c), respectively. As discussed in

Subsection 3.1.2 the supervisor Sg; shown in Figure 3.2 (c¢) does not solve the problem.
The unique maximal fixpoint W' of the the function F : 2¥*@ — 2XXQ defined by (3.3)

is computed as

Fl(X X Q) = XX Q - {$07:U37x6} X {CIlaQ27Q4>Q5}>
FA(XxQ) = FYX xQ)—{(z3,9), (x6,90)}
~ P(XxQ)

= wh.

The supervisor Sy + defined by (3.25) is synthesized based on WT, whose reachable part is
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(a) (b)

Figure 3.8: (a) Supervisor Sy+ and (b) supervised system Sy + |G-

shown in Figure 3.8 (a), where

yo = ({(z0,90)}, 0, {(x0, q0)});

v = {21, 1), (w2, 0) }, 0, {(z1, @), (w2, q1) }),
y2 = ({(1, @), (22, 02)}, 0, {(21, @2), (22, 2) }),
ys = ({(23,a3), (24, a3)}, 0, {(23, 03), (24, 43)}),
ya = ({(z4,04)}, 0, { (24, 94)}),

ys = ({(z4, qa) }, {uo}, {(24, 1), (6, 46)}),

ve = ({(z5,05)}. 0, {(25,05)}).

The reachable part of the supervised system Sy, +||G is shown in Figure 3.8 (b). We can
verify that Sy+ solves the similarity control problem. Theorem 3.3 guarantees that Sy+ €

MPS(G, R).

3.6 Conclusion

In this chapter, we considered the similarity control problem under partial observation, where
both the system and the specification are modeled as NFAs. The existence condition of
a similarity-enforcing supervisor under full observation was extended to the case of partial
observation. We developed a method to synthesize such a similarity-enforcing supervisor when

the existence condition is satisfied and showed that it is a maximal solution to the similarity
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control problem. Such a maximal solution forms a supremal feasible subspecification of the
given specification. Finally, we provided a technique that eliminates certain redundant states

from the synthesized supervisor without reducing its permissiveness.
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Chapter 4

Maximally Permissive Nonblocking

Similarity Control

In this chapter, we consider the nonblocking similarity control problem, where both enforcing
similarity and imposing nonblockingness are required. For the given nondeterministic system
and specification, we synthesize a nonblocking supervisor that enforces similarity. In order to
construct such a supervisor, we propose an algorithm that computes a nonblocking supervisor
from a possibly blocking one by iteratively removing certain states. This algorithm is proved
to be valid under both full and partial observation. Then, we identify two key properties
of input supervisors, named state-unmergedness and strong maximal permissiveness, which
together guarantee the maximal permissiveness of output nonblocking supervisors. The al-
gorithm is applied to one of the maximally permissive supervisors synthesized in Chapter 3,
which has these two properties, to obtain a maximally permissive nonblocking supervisor. In
addition, we show that a nonblocking supervisor is generated by the algorithm if and only if

there exists a solution to the nonblocking similarity control problem.

4.1 Problem Formulation

Given the (possibly partially observed) system G = (X, %, a, Xo, X;n,) € A(X) and the speci-
fication R = (@, %, 6, Qo, Qm) € A(X), the nonblocking similarity control problem requires us
to synthesize an admissible and nonblocking supervisor S = (Y, %, 3, Y, Y) € A(X) such that

S||G € R holds. Such a supervisor is called a nonblocking similarity-enforcing supervisor.
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We let
NS(G,R) ={S € A(X) | S is admissible and nonblocking, and satisfies S||G C R}

be the set of all nonblocking similarity-enforcing supervisors for G and R. By the definition
of NS(G, R), it holds that NS(G, R) C S(G, R).

Similar to the similarity control problem studied in Chapter 3, we define the set
MPNS(G,R) C NS(G,R) of all maximally permissive nonblocking similarity-enforcing

supervisors (based on the simulation relation) as
MPNS(G,R) ={S e NS(G,R) |¥VS' e NS(G,R) : §'||G C S||G}.

In this chapter, we synthesize a supervisor that is an element of MPNS(G, R).

We use NS7°(G,R) and MPNS/°(G,R) to denote the set of solutions and the set
of maximal solutions to the nonblocking similarity control problem, respectively, when the
system under consideration is fully observed.

For MPNS(G, R), we have similar arguments as discussed in Subsection 3.1.1. A super-
visor S € MPNS(G, R) is maximally permissive in a global sense, while S in MPNS(G, R)
is not unique.

A maximally permissive nonblocking similarity-enforcing supervisor S € MPNS(G, R)
also serves as a supervisor that enforces bisimilarity to a supremal feasible nonblocking sub-
specification of R. Let Rg B C A(X) be the set of all nonblocking subspecifications of R for

which the bisimilarity control problem is solvable. Namely,

RYP = {R' € A(S) | R is nonblocking, R’ C R holds, and

there exists an admissible supervisor S € A(X) such that S||G ~ R'}.

Then, Proposition 3.1 can be extended as follows by taking nonblockingness into consid-

eration.

Proposition 4.1 For the system G = (X, %, a, Xo, X;n) € A(X) and the specification R =
(@,%,9,Q0,Qm) € A(X) such that MPNS(G, R) # 0, we consider any S € MPNS(G, R).

It holds that S||G € RYE, and S||G is a supremum of RY5.
c c
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Proof For any S € MPNS(G, R), S||G is nonblocking and S||G C R holds. It follows from
the reflexivity of ~ that S||G ~ S||G. Since S is admissible, we have S||G € R]EVB.

To show that S||G is a supremum of Rg B we first consider any R’ € R]EV B There exists
an admissible supervisor S’ such that S'||G ~ R’ C R. It follows that S’||G C R. Since R’ is
nonblocking, S’ is nonblocking. Hence, we have S’ € NS(G,R). By S € MPNS(G, R), we
have S’||G C S||G. By S'||G ~ R and the transitivity of C, we have R' C S||G.

We consider any R € A(X) such that

VR" e REP . R'C R
It follows from S||G € R]EVB that S||G C R. Hence, S||G is a supremum of RgB. O

Remark 4.1 The state elimination technique presented in Section 3.5 removes some states in
Syr+ that possibly cause deadlock in the supervised system. However, this resulting supervisor

is not necessarily nonblocking.

4.2 Construction of Nonblocking Supervisors

As a nonblocking similarity-enforcing supervisor in N S(G, R) is difficult to be directly synthe-
sized, we solve the nonblocking similarity control problem by removing the states of blocking
supervisors which cause blockingness.

Here, we define the following notion of the subautomaton with respect to a subset of the
state set, which is used in the construction of a new automaton when some states of the

original one are removed.

Definition 4.1 For G = (X,%,a, X, X;n) € A(X) and a subset X’ C X such that

XoN X' # 0, the subautomaton G’ € A(X) of G with respect to X’ is defined as
G' = (le 2, O/a Xév Xrln) € A(X),

where X = XoN X’ and X/, = X,, N X'. The nondeterministic transition function o' :

X' x ¥ — 2% is given as o/ (z,0) = a(z,0) N X’ for each z € X' C X and each o € ¥.

By the above definition, a subautomaton G’ € A(X) of some G € A(X) is simulated by
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the original G.

Proposition 4.2 For G = (X,X,a, X, X;n) € A(X) and a subset X’ C X such that
Xo N X' # 0, the subautomaton G’ = (X', %, d, X(, X)) € A(X) of G with respect to
X' satisfies G' C G.

Proof By the definition of the subautomaton, it can be easily shown that the relation

®C X' x X'CX'x X given as

O ={(xx)e X' x X |2/ =x}

is a simulation relation from G’ to G. O

4.2.1 State Removal Algorithm NBSR

In this subsection, we introduce an algorithm named NBSR (NonBlocking State Removal),
which iteratively removes states of a supervisor that violate the first condition of admissibility
or cause blockingness. The algorithm NBSR computes a nonblocking supervisor from a
possibly blocking one.

In the ith iteration, whether or not the supervisor S* = (Y X, 5V, Y?) € A(X) is
nonblocking and satisfies the first condition of admissibility is verified. The synchronous
composition S°||G of S* and G is constructed in line 4, where, for each (y,7) € Y* x X
and each o € ¥, ¢((y,1),0) = Bi(y,0) x a(z,0) is computed. Since |Y? x X|, |8 (y, o),
and |a(x,0)| are at most |Y||X|, |Y|, and |X|, respectively, the computational complexity
of constructing S%||G is O(|Y|?|X|?|2|). In lines 5-9, each reachable state (y,z) of S¢||G is
examined to decide whether y should be removed or not. Line 6 verifies if y violates the first

condition of admissibility or causes blockingness. The condition

Vs e X &((y,x),s) NY  x X,,, =0

is equivalent to the condition that any marked state of S¢|G is not reachable from (y,z).
Since S!||G is finite, it can be evaluated algorithmically by exploring all the states reachable
from (y,z). This requires executing all the transitions from (y, ) in S?||G, whose number is

bounded by | X|?|Y|?|%|. Then, the computational complexity in lines 5-9 is O(|Y|?| X |?|%]).
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Algorithm 1 NBSR

Require: G = (X, %, o, X0, X;n) € AX), S = (Y, %,8,Y,Y) € A(Y)
L St=h s 8L YL YY) « S, SNB « nulli « 1
2. while SVB = null do
3 YTl vyt

4: Compute SY|G = (Y x X, %, €LY x X0, Y x Xpp,)

5: for all (y,z) € Reach(S'||G) do

6: if [Jo € Sue: alz,0) 0 ABH(y,0) =0V [Vs € % : &((y,x),s) N Y x X, = 0]
then

7 yitl . yitl _ {y}

8: end if

9: end for

10: if Yi*! =Y then

11: SNB ¢ gi

12: else if Y™ NY{ = () then

13: SNB « undefined

14: else

15: Compute the subautomaton S* = (Vi1 5, gi+l v+ yitl) of S with respect
to Yi+1

16: 14 1+1

17: end if
18: end while
19: return SNVB

The set of remaining states can be written as

NBE(Y) = {yeY'|¥(y.z) € Reach(S'|C) : [Yo € Bue: alr,0) # 0 =

Bi(y, o) A0 A[Bs € 2% : €((y,x),s) N Y x X, # 0]}, (4.1)

namely, Yitl = N Bgf (Y?). If Y+ = Y which implies that S is nonblocking, then the
algorithm outputs the supervisor S®. If Yt £ Y% and Y N Y} = (), the subautomaton of
S* with respect to Y1 cannot be constructed, so the algorithm outputs “undefined”. In the
case where YT #£ Y and Y NY{ # ), the subautomaton S of S? with respect to Y+
is constructed, where, for each 3/ € Y**! and each o' € ¥, fi*!(y/,0’) is computed. The
computational complexity of constructing S**! is O(|Y|?|%|). Although the “bad” states in
Y? — Y1 are removed from S° to form S**!, such a state removal operation on S* might
eliminate transitions caused by uncontrollable events, and /or might block some path of S*||G
that leads to marked states. Hence, S*T! does not necessarily satisfy the first condition of
admissibility or is possibly blocking, so the operation should be iteratively performed. Since

the number of states of the supervisor S monotonically decreases, the algorithm NBSR
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terminates within at most |Y| iterations. Therefore, the complexity of the algorithm NBSR

is O(|Y[*|X?|%]).

4.2.2 Validity of NBSR

We show the validity of NBSR in this subsection. For the sake of notational simplicity, we
let NBSR(S, G) denote the output of the algorithm NBSR when it is applied to a supervisor
S € A(X). Note that NBSR(S, G) is either a supervisor S™VZ € A(X) or “undefined”. By the

definition of NBZ(Y), we have the following lemma.

Lemma 4.1 For the system G = (X,%X,a,X0,X,,) € A(X), a supervisor S =
(Y, %,5,Yp,Y) € A(X) satisfies the first condition of admissibility and is nonblocking if
and only if NB2(Y) =Y.

Proof Let &: (Y x X) x ¥ — 2Y*X be the transition function of S||G.

(=) By (4.1), we have NB2(Y) C Y. To show Y C NB(Y)Z, for any y € Y, we
consider any (y,x) € Reach(S||G). Since S satisfies the first condition of admissibility, for
any o € Y. such that a(z,0) # 0, we have S(y,0) # (). Besides, there exists s € ¥* such
that £((y,z),s) NY x X,,, # 0 by the nonblockingness of S. It follows that y € NBZ(Y).

(<) We consider any (y,z) € Reach(S||G). Since y € Y = NB2(Y), there exists s € ¥*
such that &((y,x),s) NY x X,, # 0. It follows that S is nonblocking. Besides, for any
o € ¥y such that a(z,0) # (), we have S(y,0) # (). Hence, S satisfies the first condition of

admissibility. O

Then, we show in the following proposition that a solution to the nonblocking similarity

control problem can be computed by applying NBSR to an appropriate supervisor.

Proposition 4.3 For the system G = (X, %, a, Xo, X;n) € A(X) and the specification R =
(Q,X%,0,Q0,Qm) € A(X), we consider a supervisor S = (Y, %, 3,Y5,Y) € A(X) that satisfies
the second condition of admissibility and S||G T R. If NBSR(S,G) = SV8 € A(Y), then
SNB ¢ NS(G, R).

Proof Since SV is a subautomaton of S, we have S5 C S by Proposition 4.2. Since the
order C on A(Y) is reflexive, G C G holds. It follows from Proposition 2.2 that SVZ||G C

S||G. By S||G C R and the transitivity of C, we have SV?||G C R. By Lemma 4.1,
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SNB = NBSR(S,G) € A(X) satisfies the first condition of admissibility and is nonblocking.
Since S satisfies the second condition of admissibility, so does SN by the Definition 4.1 of

subautomata. It follows that SVZ € N'S(G, R). O

We provide the following example to illustrate how the algorithm NBSR works.

Example 4.1 For the system G = (X, %, a, X9, X;,) € A(X) and the specification R =
(Q,%,0,Q0,Qm) € A(X) shown in Figures 4.1 (a) and (b), respectively, where ¥ =
{a,b,c,d,e,u} and ¥, = ¥y, = {u}, we consider a 3. N X,,-compatible supervisor S =
(Y,%,5,Yp,Y) € A(X) shown in Figure 4.1 (¢). Here, at each state of S, a self-loop by u
is defined but omitted for the sake of simplicity. The reachable part of the supervised sys-
tem S||G is shown in Figure 4.1 (d), from which we can verify that S € S(G, R) holds, but
S ¢ NS(G, R) as it is blocking.

We apply the algorithm NBSR to S. In the first iteration, we have S' =
(YI,E,ﬁl,Yol,Yl) = S. Since any marked state cannot be reached from (yg,z6), state
ye of S' is removed. Then, the supervisor S? € A(X) is constructed as the subautomaton of
St with respect to Y2 = Y — {y5}. The supervised system S2||G is obtained by eliminating
states (yg,26) and (ys, x7) from S||G. Since the unique marked successor state (yg,z7) of
state (y3,24) is eliminated, the supervisor S? is still blocking. In the second iteration, state
ys of S? is removed, and the subautomaton S3 € A(X) of S? with respect to Y3 = Y2 — {y3}
shown in Figure 4.1 (e) is constructed. The reachable part of the supervised system S3||G
is shown in Figure 4.1 (f). In the third iteration, any state of S is not removed, since no
state of S3 causes blockingness or violates the first condition of admissibility. Finally, the
algorithm outputs the supervisor S¥2 = 83 ¢ A(X), which is a solution SNZ € NS(G, R)

to the nonblocking similarity control problem.

4.3 Synthesis of the Input Supervisor

Proposition 4.3 has shown conditions on an input supervisor S € A(X) of the algorithm
NBSR, which guarantee that if the output NBSR(S, G) is SVZ € A(%), then it is a solution
in NS(G, R) to the nonblocking similarity control problem. To synthesize an appropriate
candidate supervisor to which the algorithm NBSR is applied, we recall the results presented

in Chapter 3 and modify them by taking marked states into account.
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Figure 4.1: (a) System G, (b) specification R, (c) supervisor S, (d) supervised system S|G, (e)
supervisor S% = SNB and (f) supervised system S3||G = SVE||G.

The notion of ¥,-similarity is extended by taking marking into consideration as follows.

Definition 4.2 [66] For the system G = (X, %, a, Xo, X;n) € A(X) and the specification
R=(Q,%,0,Q0,Qm) € A(X), a relation & C X x @ is said to be a ¥,.-simulation relation
from G to R if

e Vo € Xo,3q0 € Qo : (w0,q0) € P,
o V(z,q) € D, Vo € Xy, V2 € a(z,0),3¢ € §(¢q,0) : (2/,¢") € P, and
e V(r,q) e :x€ X, = q€ Q.-

The additional third condition corresponds to that of a simulation relation. For any

pair (x,q) of a X,.-simulation relation, ¢ should be marked if = is marked. The following
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proposition extends Proposition 3.2.

Proposition 4.4 For the system G = (X, %, a, Xo, X;n) € A(X) and the specification R =
(Q,%,0,Q0,Qm) € AX), S(G, R) # 0 if and only if G is ¥y.-simulated by R.

Proof (<) Let S, = (Yu, X, Bu, Yuo, Yu) € A(X) be defined in the same manner as (3.1)
with all states marked. By sufficiency part of the proof of Proposition3.2, in order to show

Su € S(G, R), we only need to show that the relation

\I/u = {((yo,x),q) € (Yu X X) X Q | (:U?(D € (I)U}

satisfies the third condition of a simulation relation from S,||G to R, where ¥,, C X x @ is
a Yye-simulation relation from G to R.
For any ((yo,x),q) € ¥, such that (yg,z) € Y, X X,,, since (z,q) € ®, and P, is a
Yue-simulation relation from G to R, we have ¢ € Q,,. It follows that S, € S(G, R) # 0.
(=) Let S = (V,%,8,Y),Y) € A(X) be any supervisor such that S € S(G,R) # (. By

necessity part of the proof of Proposition3.2, we only need to show that the relation

O={(r,q) e X xQ|FyeY:((y,x),q € VA (y,z) € Reach(S||G)} (4.2)

satisfies the third condition of a ¥, .-simulation relation from G to R, where ¥ C (Y x X) x Q
is an arbitrary simulation relation from S||G to R.

For any (z,q) € ® such that x € X,,, there exists y € Y such that ((y,z),q) € ¥. Since
U is a simulation relation from S||G to R, we have ¢ € Q,,. Hence, ® is a ¥,.-simulation

relation from G to R and G is ¥,.-simulated by R. O

The verification of X,.-similarity requires the following function F . 2XxQ _; 9XxQ

defined as

FW) = {(z,q) e W | [Vo € Xy,V2' € a(x,0),3¢ € §(q,0): (2',¢) € W] A

[z € Xin = q € Qnl}, (4.3)

where W € 2X*@ i an arbitrary relation over X x Q. Note that F' is obtained by imposing
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the additional condition

2€Xm=>qg€Qnm

on the function F : 2X*Q — 2XX@Q defined in (3.3). Trivially, F' is monotone and there exists
the unique maximal fixpoint W7 of F' by Tarski’s fixpoint theorem [71]. The unique maximal

fixpoint W1 € 2X%Q of F is computed by

W= [F(X xQ).

1>0

The complexity of this computation is O(|Zyc|| X [3|Q?) [66].

The following extension of Proposition 3.3 is straightforward.

Proposition 4.5 For the system G = (X, %, a, Xo, X;5,) € A(X) and the specification R =
(Q,%,6,Q0,Qm) € A(X), the following two statements hold for the function F . 2XxQ
2X*XQ defined by (4.3).

e Forany ® C X x@Q, ® is a Xy-simulation relation from G to R if and only if & = F((I))
and

Vo € Xo,3q0 € Qo : (z0,q0) € .

e G is ¥y.-simulated by R if and only if the unique maximal fixpoint W7 of the function
F satisfies

Vao € Xo,3q0 € Qo : (z0,q0) € W

Since NS(G, R) C S(G, R), by Proposition 4.4, ¥, -similarity is a necessary condition
for NS(G, R) # (). That is, if G is not X,.-simulated by R, then the nonblocking similarity
control problem is not solvable. Hereafter, we assume that G is 3,.-simulated by R, so that
we have S(G, R) # 0.

Using the unique maximal fixpoint W1 € 2X%Q of F: 2Xx@ — 2X%Q defined by (4.3),

we can synthesize a nondeterministic supervisor
Swr = Y, S, Byt Vg, Yipr) € A(E) (4.4)

in the same way as in (3.13), whose states are all marked.
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We show in the following proposition that S’WT is a maximally permissive similarity-

enforcing supervisor (in the case where marking is considered).

Proposition 4.6 For the system G = (X,%,«a, Xo, X,,) € A(X) and the specification
R = (Q,%,6,Q0,Qm) € A(X) such that G is 3,.-simulated by R, the supervisor S'WT =
(Y, 2, Bt Yivro, Yirt) € A(E) defined by (4.4) satisfies Syt € MPS(G, R).

Proof The results of Corollary 3.1 also hold for S+ (defined by (4.4)), and the admissibility
of Syt can be proved in the same manner as that of Sy+ € A(X) defined by (3.9) in
Theorem 3.1.

We prove §W¢ |G C R by showing that the relation ¥ C (YWT X X) x @ defined as
U ={((y,2),9) € Y1 x X) x Q| (y,2) € Reach(Sy+||G) A (z,q) € Wi}

is a simulation relation from Sy+||G to R, where y = (WY, ~vio, W¥). The first and second
conditions of the simulation relation are proved in the same way in the proof Sy+||G C R
in Theorem 3.1. To prove the third condition, we consider any ((y,z),q) € ¥ such that
(y,x) € Yyt x Xpp. Tt follows that 2 € X,,, and (z,q) € WY € WT. Since W' is a ¥y
simulation relation from G to R, we have ¢ € Q.

To show the maximal permissiveness of S'Wm we consider any admissible supervisor S =
(Y, %,5,Yy,Y) € S(G,R). By the proof of Theorem 3.2, it is sufficient to show that the
relation ® C (Y x X) x (Yy+ x X) defined by (3.19) satisfies the third condition of the

simulation relation. For any ((y, z), (7,%)) € ®, we have z = &. It follows that
(y,2) €Y x Xy = (§,%) € Vit X Xpm.

Hence, we have Sy € MPS(G, R). O

Note that, if the system is fully observed, S’WT defined by (4.4) is reduced to the supervisor
st =12, 807, YT) € A®D) (4.5)

synthesized in the same manner as in (3.10) based on the unique maximal fixpoint WT € 2X*@

of F: 2XXQ _ 9XX@ defined by (4.3).
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Example 4.2 Recall the system G € A(X) and the specification R € A(X) shown in
Figures 4.1 (a) and (b), respectively. The unique maximal fixpoint W of the function

F 1 2XXQ 5 9XXQ defined by (4.3) is obtained as

FY(X xQ) =X xQ — {22} x {q0, 41,93, 9, G5, @6 } — {1, %2, 23, 25,27} % {qo,qa}
= FA(X x Q)

=wt.

The supervisor Sy+ = (Y1, 2, Byt Yivro, Yirt) € A(E) defined by (4.4) is synthesized using

WT, whose reachable part is shown in Figure 4.2 (a), where

o = ({(z0, )}, {u}, {(z0,40)}),

n = {(zr, q), (w2, 2) b {u} {1, @), (22, 42), (24, 04) }),
g2 = ({(z1,q2), (w2, 2) }, {u} { (21, @2), (22, 42), (4, 04) }),
ys = ({(z3,q3) }, {u}, {(23,43)}),

g = ({(w3,43), (4, 43)}, {u}, {(23,43), (%4, 43)}),

s = ({(27,46)}, {u}, {(27,46)}),

vs = ({(x3,05), (w5, ¢5)}, {u}, {(z3,¢5), (x5, 45)}),

g1 = ({(w6, 46), (%7, 46) }, {u}, {(w6, ¢6), (%7, 46)})

and the self-loop by u is omitted at each state. The supervised system Sy + |G is shown in
Figure 4.2 (b). We have S+ € MPS(G, R) by Proposition 4.6. However, since (§r,x¢) is

an unmarked deadlock state of Syt |G, Sy + is blocking.

4.4 Synthesis of Maximally Permissive Nonblocking Supervi-

sor

In this section, we show that the supervisor Sy+ € A(X) defined by (4.4) can be used
as an input of the algorithm NBSR for synthesizing a maximally permissive nonblocking

supervisor in MPNS(G, R). Moreover, we provide a necessary and sufficient condition for

NS(G,R) # 0.
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(b)

Figure 4.2: (a) Supervisor Sy+ and (b) supervised system Sy+||G.

4.4.1 State-Unmergedness and Strong Maximal Permissiveness

For any S € NS(G, R) C S(G, R), since Sy» € MPS(G, R) as shown in Proposition 4.6, we
have S||G C Sy+||G. Then, our objective is to prove that S||G C S’V]\ﬁHG still holds for the

output supervisor NBSR(Sy+, G) = S’V]I\%B However, it is not straightforward.

VS € MPS(G, R) : NBSR(S, G) € A(Z) = NBSR(S, G) € MPNS(G, R)

does not hold, which means that, even if an input S of NBSR is a maximally permissive
similarity-enforcing supervisor, the output supervisor NBSR(.S, G) is not necessarily a maxi-

mally permissive nonblocking one. This can be verified in the following example.

Example 4.3 We apply the algorithm NBSR to the supervisor S+ € A(X) shown in Fig-
ure 4.2 (a), which is synthesized for the system G € A(X) and the specification R € A(X)
shown in Figures 4.1 (a) and (b), respectively. The output supervisor 5‘%? € A(Y) shown
in Figure 4.3 (a) is obtained after three iterations, where the states g7 and g4 are removed
in the first and second iterations, respectively. The supervised system S’V]\ﬁ |G is shown in
Figure 4.3 (b), from which we can verify that SN2 € N'S(G, R).

By comparing the supervised systems Sy+||G and S||G' shown in Figures 4.1 (d) and
4.2 (b), respectively, it holds that S||G' ~ Syy1||G, which means that the supervisor S € A(X)
shown in Figure 4.1 (c) is as permissive as Sy+. By S € S(G,R), Proposition 4.6, and

the transitivity of C, both S and S’WT are maximally permissive supervisors in MPS(G, R).
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(b)

Figure 4.3: (a) Supervisor S%Jf and (b) supervised system S’V]\#BHG

However, after applying NBSR, the event string ab is disabled by SVZ = §3 € A(X) as shown
in Figure 4.1 (f), while it is possible in SV]\ﬁHG Since SVB||G C S’V]\[%BHG holds but g%?HG
is not simulated by S™VB| G, SVP = NBSR(S, G) is not an element of MPNS(G, R).

In S, state y3 can be reached via runs {u}la{u}b{u} and {u}a{u}d{u}, by which the
strings in {u}*{a}{u}*{b}{u}* and {u}*{a}{u}*{d}{u}* are enabled, respectively. However,
for the system G, the occurrences of ab and ad lead to two different situations: (i) z3 is the
unique possible state when ab occurs; and (ii) both z3 and x4 are possible states when ad
occurs. This means that state y3 of S is in charge of these two different situations. As shown
in Example 4.1, state y3 is removed in the second iteration of the algorithm NBSR. Hence,
the supervisor SVB = NBSR(S, G) disables the event strings in {u}*{a}{u}*{b}{u}* and
{u}*{a}{u}*{d}{u}*. On the other hand, in Sy, two different states §3 and ¢4 deal with
the situations (i) and (ii), respectively. As a result, the event strings in {u}*{a}{u}*{0}{u}*

are enabled by S’V]\ﬁ = NBSR(Sy+, G).

Example 4.3 suggests that an input of the algorithm NBSR should be carefully chosen
from MPS(G,R). Now, we show that SWT is a proper input of NBSR for computing a
maximally permissive nonblocking supervisor. In order to do so, we identify two properties,
which guarantee the maximal permissiveness of the output gé‘vﬁ .

The first property is characterized in the following definition.

Definition 4.3 For the system G = (X,%, a, Xo,X,,) € A(X) and a supervisor S =

(Y, %2,5,Y),Y) € A(X) that satisfies the second condition of admissibility, S is said to be
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state-unmerged (with respect to G) if

Vy € Reach(S),Vri,ra € Ry(S) : U a(Xo, 8) = U a(Xo, s).
seL(r1) s€L(rz)
Each state of a state-unmerged supervisor only handles one situation of the system. The
supervisor S € A(X) shown in Figure 4.1 (c) is not state-unmerged, so the string ab is disabled
by the state removal procedure, although we can verify in Figure 4.3 (b) that enabling the
strings in {u}*{a}{u}*{b}{u}* does not cause blockingness.

Note that, for any state-unmerged supervisor S = (Y, %, 8, Yy,Y) € A(X), we have

Yy € Reach(S) : C(y) = U U a(Xo,s8) | = U a(Xo,s), (4.6)
reRy(S) \seL(r) s'€L(r")

where 7/ is an arbitrary run in R, (S).

To identify the second property, we consider the following example.

03, 0y

(b)

(d)

Figure 4.4: (a) System G, (b) supervisor S1, (¢) supervisor Sa, (d) supervised system S1||G, and (e)
supervised system Ss||G.

Example 4.4 We consider the system G = (X, 3, a, Xo, X;n) € A(X) with ¥ =3, =3, =
{01,09,03,04} shown in Figure 4.4 (a) and the specification R which only requires that the
event o9 is disabled. Two supervisors S1 = (Y1,%, 51, Y10, Y1), 52 = (Y2, 3, B2, Yo, Y2) €

A(X) for G are given in Figures 4.4 (b) and (c), respectively. The supervised systems S ||G
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and S2||G are shown in Figures 4.4 (d) and (e), respectively. It can be easily verified that
S1, 52 € MPS(G, R). However, there does not exist a state of So that enables both o3 and
o4 after the occurrence of 0. This results in blockingness of Sa||G, as shown in Figure 4.4 (e).
When the algorithm NBSR is applied to Ss, states y21 and yo2 are removed from So. Although

Sy is state-unmerged, the resulting supervisor is not an element of MPNS(G, R).

Example 4.4 suggests that a stronger version of a simulation relation is needed to evaluate

the permissiveness of a supervisor when nonblockingness is required.

Definition 4.4 For the system G = (X,X, a, Xo, X;,) € A(X) and two supervisor S; =
(Y1,%, 1,Y10, Y1) € A(X) and Sy = (Y2, 3, e, Yoo, Ya) € A(X) that satisfy the second condi-
tion of admissibility, So is said to be strongly more permissive than S; (with respect to G)
if there exists a simulation relation ¥ C (Y] x X) x (Yo x X) from S1||G to S3||G such that,

for any ((y1,21), (y2, 22)) € ¥, it holds that
e I = ;U2’
® Ry (S1) "Ry, (S2) # 0, and

o Vx € X,Vs' € L(S1||G) : [(y1,2) € & (Y10 X Xo,8") A (y2,2) € &Yoo x Xo,8')] =

((y1,7), (Y2, 7)) €V,

where &1 : (Y1 x X) x ¥ — 2Y17%X and & @ (Yo x X) x ¥ — 2Y2XX are the transition functions
of 51||G and S2||G, respectively. We call such a simulation relation ¥ a strong simulation

relation from S1||G to Sq||G.

Suppose that there exists a strong simulation relation ¥ from Si||G to Sz2||G. For any
((y1,2"), (y2,2")) € U, the second condition of a strong simulation relation requires that there
exists a common run r € Ry, (S1) "Ry, (S2) that leads to y; and y2 in Sy and Sy, respectively.
The third condition is imposed on y; and ys in ((y1,2"), (y2,2")) € ¥. For any x € X, if (y1, x)
and (y2,x) can be reached by a common string s’ € L(S1||G) as (y1,z) € & (Yo x Xo, s’) and
(y2,2) € & (Yoo X Xo, 8'), respectively, then ((y1,z), (y2,)) has to be an element of ¥. Since
U is a simulation relation from S;||G to S2||G, for any o € ¥ with a(z,0) # 0, if o is enabled

at y; by S1, then it is also enabled at y2 by S5.

Remark 4.2 We can verify that, in Example 4.4, although S1||G C Ss||G holds, there does
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not exist a strong simulation relation from S1||G to S2||G. For example, a relation

@ = {((y10,70), (420, 70)), (11, 71), (Y21, 1)), (Y11, T2), (Y22, T2)), (Y12, 3), (Y23, 73)) }

is a simulation relation from S} ||G to S2||G, where each element satisfies the first and second
conditions in Definition 4.4. For the pair ((y11, 1), (y21,21)) € @, the state zo € X, and the
string o1 € L(S1||G), we have (y11,22) € &1 (Yo X Xo,01) and (y21,22) € &2(Yao X Xo,01),
where & : (Y1 x X) x ¥ — 2Y17%% and & : (Yo x X) x ¥ — 2Y2XX are the transition functions
of S1||G and Ss3||G, respectively. However, the pair ((y11,22), (y21,22)) is not an element of
®. Hence, the third condition in Definition 4.4 is not satisfied. Although all the elements of

the modified relation

O = & U {((y11,22), (21, 72)), (y11, 71), (Y22, 71))}

meet the three conditions in Definition 4.4, for the pair ((y11, z2), (y21,22)) € ® and the event
o4 € 3, we have (y12,23) € &1 ((y11,22),04) and &2((yo1,22),04) = 0, which mean that the
second condition of a simulation relation is not satisfied. Hence, ® is no longer a simulation
relation from S1||G to S2||G.

On the other hand, it can be verified that the reverse relation

A ~

7 = {((32,2), (y1,2)) € (Y2 x X) x (V1 x X)[((y1,2), (y2,2)) € @}

is a strong simulation relation from Sa||G to Si||G. Hence, S is strongly more permissive

than S5.

Now, we show that, for any two supervisors 57 and So which satisfy the second condition
of admissibility, if S9 is state-unmerged and strongly more permissive than Sq, then these two
properties are preserved under each iteration of the algorithm NBSR. We need the following

results.

Lemma 4.2 For the system G = (X, %, a, Xo, X;n) € A(X), we consider two supervisors
S1 = (Y1,%, 81, Y10, Y1) € A(X) and Sy = (Y3, X, B2, Yoo, Ya) € A(X) which satisfy the second

condition of admissibility. If Sy is state-unmerged and ¥ C (Y7 x X) x (Y2 x X) is a strong
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simulation relation from S1||G to S2||G, then it holds that
Y((y1,2), (y2, %)) € U : y1 € NBZH(Y1) = y2 € NB2 (Ya).

Proof Let & : (Y1 x X) x ¥ — 2Y%X and & : (Yo x X) x ¥ — 2¥2*X denote the
transition functions of Si||G and S2||G, respectively. For any ((yi,z),(y2,z)) € ¥ with
Y1 € NBg1 (Y1), we consider any (y2,2’) € Reach(Ss||G). Since S is state-unmerged, it fol-
lows from (4.6) that 2’ € Uc () @(Xo, s) for any run r € Ry, (S2). By the second condition
of a strong simulation relation, there exists a run r’ such that ' € Ry, (S1) N Ry, (S2) # 0.
Then, we have 2’ € () @(Xo,s). Hence, there exists an event string s’ € L(r’) such
that 2/ € a(Xo,s), y1 € S1(Yi0,5'), and yo € Ba2(Yao,s'). It follows that s € L(S1||G),
(y1,2") € B1(Y10, ') x a(Xo, s') = &1(Yi0 x Xo, ') C Reach(S1]|G), and (y2,2") € B2(Yap, s) X
a(Xo, ') = & (Yo x Xo, s'). By the third condition of a strong simulation relation, we have
((y1,2'), (y2, ")) € W. Since y; € NBS (Y1) and (y1, ') € Reach(S1|G), there exists s € %*
such that & ((y1,2),s") NY1 x X,,, # 0, that is, there exists (v}, 2m) € Y1 x X, such that
(Y, xm) € &((y1,2),s"). Since ((y1,2), (y2,2")) € ¥ and ¥ is a simulation relation from
S1]|G to Sq||G, by repeatedly applying the second condition of Definition 2.2, there ex-
ists (yh, zm) € &((y2,2'),s”) such that ((v],2m), (Y5, Tm)) € P. Since z,, € X, we have
(s, xm) € &((y2,2'),s") NYa x X, # 0. Besides, since y; € NBgl(Yl), for any o € Xy,
such that a(z’,0) # 0, we have B1(y1,0) # 0. It follows that & ((y1,2’),0) # 0. Since ¥ is
a strong simulation relation from S1[|G to Saf|G, we have &a((y2,2'), o) # (), which implies

Ba2(y2,0) # 0. Thus, we have y, € NBgQ(Yg). O

Lemma 4.2 just says, for two supervisors S; and Sy such that Sy is state-unmerged with
respect to G and ((y1,x), (y2,2)) is an element of a strong simulation relation ¥ from S;||G
to S2||G, if y1 is not eliminated after an iteration of NBSR, neither is ys.

Now, we have the following theorem.

Theorem 4.1 For the system G = (X, %, a, Xo, X;n) € A(X), we consider two supervisors
S1 = (Y1,%, 81, Y10, Y1) € A(X) and Sy = (Y3, X, B2, Yoo, Y2) € A(X) which satisfy the second
condition of admissibility. We assume that S5 is state-unmerged and strongly more permissive

than Sp. If Yio N NBg1 (Y1) # 0, then the following two statements hold:

1. Yoo N NB2(Yz) # 0, and
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2. the subautomaton S5 € A(X) of Sy with respect to NBgZ(Yg) is state-unmerged and
strongly more permissive than the subautomaton S} € A(X) of S; with respect to

NBZ(Y7).

Proof We write S = (Y{,%, 8, Y]y, Y{) € A(Y), where Y] = NBS! (V7). Besides, we let
(Y1 x X) x 3 = 2"%X and & : (Ya x X) x & — 2¥2%X denote the transition functions
of S1]|G and Ss3||G, respectively. Since Ss is strongly more permissive than S7, there exists a
strong simulation relation ¥ C (Y7 x X) x (Yo x X) from S1]|G to S| G.

We first show that Yo N NBg? (Yz) # (. Since Yio N NBg1 (Y1) # 0, there exists y19 €
YloﬁNBgl (Y1). For any zg € Xo, we have (y10,x0) € Y10 X Xo. Since ¥ is a strong simulation
relation from Si]|G to S2||G, there exists (ya0, o) € Yoo x Xo such that ((y10, o), (Y20, 20)) €
W. Since yig € NB‘C%1 (Y1), by Lemma 4.2, we have yao € NB*(S;2 (Yz). Tt follows that yop €
Y50 N NBgl(Yg) # 0. Letting Yy = NBg?(Yg), we write the subautomaton S of Sy with
respect to Yy as Sy = (Y5, 3, 85, Yy,, Yy) € A(X).

We next show that S is strongly more permissive than S7. We prove that the relation

U C (Y] x X) x (Y] x X) given as

U= {((y1,2), (Y2, 7)) € ¥ [ Ry, (S1) NRy, (S5) # B}

is a simulation relation from S}||G to S5||G, where & : (Y] x X) x ¥ — 2¥1>*X and ¢, :

(Y] x X) x ¥ — 2¥2*X are the transition functions of §!||G' and S4||G, respectively.

e We consider any (y10, z0) € Y{, X Xo C Y19 x Xp. Since ¥ is a strong simulation relation
from Si||G to S2||G, there exists (y20,20) € Yoo x Xo such that ((yi0,z0), (Y20, x0)) €
U. Since yi19 € Y{y = Yio N NBg (Y1) € NB2! (Y1), by Lemma 4.2, we have ya €
N B(Sf (Y2) = Yy. It follows that yao € Yoo NYy = Yy,. In addition, by the second
condition of a strong simulation relation, we have Ry, (S1) N Ry,,(S2) # 0, which
implies ¥y0(y10) = Zuo(y20). Since y19 € Y], and yao € Y5y, we have Xy0(y10) =
S u0(320) € Rypa(51) N1 Ry (54) # 0. Then, we have (3, 75), (vhor 7)) € V'

e For any ((y1,z),(y2,2)) € ¥ C V¥ and any 0 € X, we consider any (y},z') €
&1 ((y1,x),0) C & ((y1,),0). Since ¥ is a strong simulation relation from S1||G to S2||G,
there exists (vh, 2') € &((y2,2),0) = Pa(y2, o) x a(x, o) such that ((v}, ), (vh,2')) € V.
Since y; € Y{ = NB2'(Y1), by Lemma 4.2, we have yj € NB2*(Y2) = Y. It follows
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that y5 € Ba(y2,0)NYy = B5(y2, o), which further implies (v5, 2') € B5(y2, 0) X a(x,0) =
&5 ((y2, ), 0). By the definition of ¥, we have Ry, (S]) MRy, (S5) # 0. In the case where
0 € Yyo, we have y; = y1 and y5 = yo. It follows that R,/ (S]) N Ry, (S5) # 0, which
further implies ((y},2), (v5,2")) € ¥'. In the case where o € ¥,, we consider any
run 7 € Ry, (S7) N Ry, (S5) # 0. Since ((y],2'), (v5,2')) € ¥, by the second condi-
tion of a strong simulation relation, we have ,,(y]) = uo(v5). Then, it follows that

roXuo(y)) = roXuo(vh) € Ryxl(S{) NRy, (S%) # 0, which implies ((y7,2), (y5,z')) € V.
e For any ((y1, ), (y2,x)) € W', if (y1,2) € Y] X X, then (ya,z) € Yy x X,y

Thus, ¥’ is a simulation relation from S}||G to S}||G.

In addition, we show that ¥’ is a strong simulation relation from S7||G to S}||G. By
the definition of ¥/, any ((91,%), (y2,2)) € W' C U satisfies the first and second conditions
of a strong simulation relation. To prove that it satisfies the third condition, we consider
any 2/ € X and any § € L(S}||G) € L(S1]|G) such that (91,2") € & (Y], x Xo,8) and
(U2,2") € &5(Yyy x Xo,5). We have (91,2") € &1(Y{y x Xo,5) C &(Yio x Xo, §) and (72,2') €
&5(Yay x Xo, 8) C &(Yao x X, §). Since U is a strong simulation relation from S} ||G to S2||G,
we have ((91,2), (J2,4")) € V. It follows that ((91,2'), (§2,2')) € W'. Thus, ¥ is a strong
simulation relation from S1||G to S5||G, namely, S is strongly more permissive than 5.

We finally show that S} is state-unmerged. For any y € Reach(S}), we consider any
1,72 € Ry(S5). By the definition of a subautomaton, we have § € Reach(S5) C Reach(S2)

and 1,72 € Ry(S2). Since Sy is state-unmerged, we have

U a(Xo, s) = U a(Xo, s).

seL(r1) s€L(rz2)
Hence, S} is state-unmerged. O

Recall the supervisor Sy = (Yyrt, 2, Byt Yirros Yirt) € A(E) defined by (4.4), which al-
ways enables all the uncontrollable and unobservable events, namely, for any y =
(W{ vilo, W) € YWT, it holds that X, NYXye € Vho = Zuo(y). Since a strong simulation rela-
tion requires that the two supervisors being compared share the same run, hereafter, we only
consider admissible and ¥, N ¥,,-compatible supervisors without loss of generality. Note
that it was shown in Proposition 2.3 that any admissible supervisor can be transformed into

an equivalent admissible and X, N X,,-compatible one. We let MPS (G,R) C MPS(G,R)
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be the set of all state-unmerged, admissible, and >,. N ¥,,-compatible supervisors which
are strongly more permissive than any 3. N X,,-compatible supervisor in S(G, R) (namely,
strongly maximally permissive).

By Theorem 4.1, we can show that if the nonblocking similarity control problem is solv-
able, a maximally permissive nonblocking similarity-enforcing supervisor can be computed

by applying the algorithm NBSR to a supervisor in MPS (G, R).

Theorem 4.2 We consider the system G € A(X) and the specification R € A(X). If
NS(G,R) # 0, then, for any S = (V,3, 3,Y0,Y) € MPS(G, R), it holds that NBSR(S, G) €
MPNS(G, R).

Proof We first show NBSR(S’, G) € A(X). When the algorithm NBSR is applied to S,
it terminates after n < |Y| iterations. For each i € {1,2,...,n}, we let 5% be the result
of the ith iteration. We consider any S = (YV,%,53,Y,,Y) € NS(G,R) C S(G,R). By
Proposition 2.3, there exists an equivalent admissible and X,. N 3,,-compatible supervisor
S = Y",%,0.Y),Y) € A(X) such that S|G = S'||G. It follows that S’ € NS(G,R) C
S(G,R). Since S’ satisfies the first condition of admissibility and is nonblocking, we have
NBZ(Y') = Y’ by Lemma 4.1. It follows that YJNNB2(Y"') = YJNY’ % ), and S’ itself is the
subautomaton of " with respect to NBS(Y”). Since S” and S satisfy the second condition of
admissibility, and Sis state-unmerged and strongly more permissive than S’, by Theorem 4.1,
S' € A(®) holds, and S' is state-unmerged and strongly more permissive than S’. By
repeating the same argument, we can conclude that, for each i € {1,2,...,n}, Si e A(X)
holds, and S is state-unmerged and strongly more permissive than S’. Hence, NBSR(S’ ,G) =
5" ¢ A(X) holds. In addition, we have S|G = §||G T S¢||G for each i € {1,2,...,n}.
Since S € m(G, R) € MPS(G,R) C S(G,R), it follows from Proposition 4.3 that
NBSR(S, G) € NS(G, R). Hence, we have NBSR(S, G) € MPNS(G, R). O

4.4.2 Computation of a Maximally Permissive Nonblocking Similarity-

Enforcing Supervisor Using Sy

In this subsection, we show that the supervisor ng defined by (4.4) is an element of

MPS (G, R). The state-unmergedness of S’WT is shown in the lemma below.
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Lemma 4.3 For the system G = (X,%,a, X, X;n) € A(X) and the specification R =
(Q,%,0,Q0,Qm) € A(X) such that G is Yy-simulated by R, the supervisor Sy =
(Yit, 2, Byt Yivro, Yirt) € A(X) defined by (4.4) is state-unmerged.

Proof To show the state-unmergedness of Sy +, we show that, for any y = (W7, vile, W3) €

Reach(Syy+) and any r € R, (Sy+), it holds that

U a(xo,s) =mx(W).
seL(r)
Any r € Ry(S’WT) can be written as r =y or r = Y900 - . . Yn—10n—1Vn-
First, we consider the case where r = 7. It follows that y € Y/WTO? Yo = "Vio, and

L(r) = ~&5. Since € € * N L(Sy+) and y € By (YViyrg, €), we have

U axo,s)= ] a(Xo,s) = U a(Xo,s) = mx (W) (4.7)
s€L(r) S€YHo sEP=1(e)NLy(Sy 1)
by Corollary 3.1.
Next, we consider the case where r = v90qg ... Vn—10n—17n. There exist yo,y1,...,Yn €
Reach(Sy+) with yo € Y1, Yn = v, and yiy1 € B(ys, 03) for each i € {0,1,...,n—1}, where
0i € B0, yi = (WY 4dls, W3, and v; = 146 for each i € {0,1,...,n}. By (4.7), we have

U a(Xo,s) =ax(W3°).
5€78Y"
For each i € {0,1,...,n — 1}, we consider y; ;1 € BWT (yi,04). By the definition of ,6~’W¢
and N, we have mx (WY = a(rx(WY), o). Since WY+ e 2" — {0}, 445+ € T'yp, and

W3 € min U(W/™ 445t) hold by the definition of ?Wﬁ we have

U  alax(Wy),s) = ax (W)

Yip1*
sEYubT

by (3.7) proved in Lemma 3.1. It follows that

U erx (W), 0i) = mx (W5,

Yit1*
SEVubT !
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Since L(r) = {5000 - .. Sn—10n_15n € L(Sy+) | Vi € {0,1,...,n} : 5; € 745°}, we have

mx(W3) =mx(Wy") = |J a(Xo,s).
seL(r)

Hence, for any 71,72 € Ry(S’WT), we have

U Oz(Xo,S)Z U OZ(XOaS):ﬂ-X(Wé/)v

seL(r1) seL(rz)
namely, S’WT is state-unmerged. O

To show that S’WT is strongly more permissive than any X, N X, ,-compatible supervisor

S in S(G, R), we need the following lemma.

Lemma 4.4 For the system G = (X,%,a, X, X;,) € A(X) and the specification R =
(Q,%,0,Q0,Qm) € A(X) such that G is X,-simulated by R, we consider any supervisor
S =(Y,%,5,Y,Y) € S(G, R), any simulation relation ¥ C (Y x X) x @ from S||G to R,

and any y € Y. If a relation ®, C X x @ defined by
P, ={(z,9) e X xQ | ((y,2),q) € VA (y,x) € Reach(S|G)} (4.8)

is nonempty, then, for any nonempty subset W C ®,,, it holds that ®, € U(W, X,,(y)) # 0.

Proof We consider any y € Y such that ®, C X x @ defined by (4.8) is nonempty. It
holds that ®, C ® for the relation ® C X x @ defined by (4.2), which is a ¥,.-simulation
relation from G to R as shown in the proof of necessity part of Proposition 4.4. Then,
for the unique maximal fixpoint W7 of the function F : 25X*Q — 2Xx@ defined by (4.3),
we have &, C & C wWT. For any W C &, with W # (, it holds that W € oW To
show that ®, € U(W,X,(y)), we consider any (z,q) € ®,, any 0 € X,,(y), and any z’ €
a(x,0). By the definition of ®,, we have ((y,z),q) € ¥V and (y,x) € Reach(S||G). Since
0 € Yuo(y) C Xy, it follows from the admissibility of S that S(y,o) = {y}, which implies
(y,2') € By, 0) x a(x,0) = &((y,x),0) C Reach(S||G). Since ¥ is a simulation relation from
S||G to R, there exists ¢’ € d(q,0) such that (y,2'),q¢') € ¥, which implies together with
(y,2') € Reach(S||G) that (2/,¢") € ®,. It follows from W C &, that &, € U(W, X,,(y)) # 0.
O

80



Now, we prove in the following proposition that SWT e MPS (G, R).

Proposition 4.7 For the system G = (X,%, o, X0, X;m) € A(X) and the specification
R = (Q,%,6,Q0,Qm) € A(X) such that G is Xy.-simulated by R, the supervisor SWT =
(Yirt, Z, Bt Yipro, Vit ) € A(S) defined by (4.4) satisfies Syt € MPS(G, R).

Proof By proposition 4.6, we have Sy+ € MPS(G,R) C S(G,R). By the definition of
§WT, it is Yy N Xyo-compatible. The state-unmergedness of SWT is given in Lemma 4.3.
We show that §W¢ is strongly more permissive than any ¥,. N, ,-compatible supervisor
S=(Y,%5Y,Y) € S(G,R). There exists a simulation relation ¥ C (Y x X) x @ from
S||G to R. Then, by the proof of necessity part of Proposition 4.4, the relation ® C X x @
defined by (4.2) is a X,-simulation relation from G to R. For the unique maximal fixpoint

WT of the function F : 2X*@ — 2X*XQ defined by (4.3), we have ® C WT. It follows that
V(z,q) e XxQ:[B3yeY : ((y,2),q) € ¥A(y,x) € Reach(S|G)] = (z,q) € ® C WT'. (4.9)

Welet £ : (Y x X) x 2 = 2% and &1 : (Y x X) x 2 — 2wt *X denote the nonde-
terministic transition functions of S||G' and Sy+ |G, respectively. We show that the relation

P C (Y x X) x (Yiyr x X) defined as

o = {((y2), (@) € (Y x X) x (Y x X) | Ry(S) N Ry(Syyrr) # O A
V(Z,q) € WY : ((y,%),q) € U A (y,%) € Reach(S|G)] A

Bs € L(S||G) : (y,2) € &(Yo x Xo,8) A (5, 2) € & (Yo X Xo, )]}

is a strong simulation relation from S||G to Sy+||G, where § = (WY, ~%,, WY).

e We consider any (yo, zo) € Yo X Xo. To prove that there exists gy = (WEO,»ﬁZg, WQQO) €
Yy such that ((yo,20), (o, zo)) € ®, we first prove that there exists ngo € 2" such
that

W] = [Xo| A [vah € Xo,3d) € Qo : (h.ab) € W] (4.10)

and

V(2. d0) € WP : (40, 0), o) € ¥ A (yo,70) € Reach(S||G). (4.11)

For any z{, € Xy, we have (yo,2() € Yo x X9 C Reach(S||G). Since ¥ is a simulation
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relation from S||G to R, there exists g\ € Qo such that ((yo,z(),qp) € V. By (4.9), we
have (z(,qy) € ® C WT. For every zfj € Xo, we pick ¢ € Qo with ((vo,z{),q)) € ¥ to
form a pair (], q}) € W' and let WP € 2% be the set of these | Xo| pairs. Then, W
satisfies (4.10) and (4.11). Since X # (), we have VVl‘l70 # (). For the relation ®,, C X xQ
defined by (4.8), we have ngo C &, # 0. Let I = Suo(yo), we have 759 € Ty
since S is ¥y N Xyo-compatible. It follows from Lemma 4.4 that ®,, € U (WfO,y}}g).
Then, there exists WQQO € minU(ngo,'ygg) C oW such that VVZZ70 C &,,. Letting
Jo = (ngo,vgg,Wgo), we have gy € Y/WT- By (4.10), it holds that gy € ?WTO' It
follows from Yyo(fo) = 95 = Suo(0) that Suo(y0) = Suoliio) € Ry (S) N Ry (Syrt).
Besides, we have ¢ € L(S||G), (yo,20) € £(Yo x Xo,¢€), and (§o, 20) € Yiyrg X Xo =

§W¢ (Y/WTO x X0, ). Moreover, by Wgo C ®,,, we have

Y(Z0, o) € W5 : ((yo, %0), do) € ¥ A (yo, o) € Reach(S||G).

It follows that ((yo, o), (Yo, o)) € P.

For any ((y,z),(§,z)) € ® and any o € ¥, we consider any (y/,2') € £((y,x),0). It
follows that 3/ € B(y,0) # 0 and 2’ € a(z,0) # . Since ((y,z), (§,)) € P, there exists
s € L(S||@) such that (y,z) € £(Yp x Xo,5) and (§,z) € Eyr (Yo X Xo, 5). It follows
that y € B(Yo,s), § € By+(Yiyros 8), and & € a(Xo,s). Then, there exists r € Ry(Sy+)
such that s € L(r). We write § = (Wl‘ﬂ,%{{o, Wzi’) By Lemma 4.3, we have = € 7T)((W2g),
which further implies

2 € a(x,0) C a(nx (W), o) # 0. (4.12)
We consider the case where o € ¥,. To prove that there exists (¢,2') € {yn (9, x), 0)
such that ((¢/,a'),(7,2')) € ®, we first show 0 € Sy (7). For any (z,§) € WY,
we consider any ¥’ € «(Z,0). By the definition of ®, we have ((y,2),q) € ¥ and
(y,Z) € Reach(S||G). Then, it holds that (v/,7’) € B(y,0) x a(Z,0) = £((y,Z),0) C
Reach(S||G). Since ¥ is a simulation relation from S||G to R, there exists ¢ € §(q,0)
such that ((y/,3'),d) € W. It follows from (4.9) that (3',§) € ® C W'T. By (4.12),

we have o € N+ (7). Moreover, there exists a minimal element W; € 2% C oW of
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N(WQQ, o), that is, W} € min N(Wg,a) such that
V(,§) € WY Vi € a(F,0),3G €6(G,0): (F,§) € Wi,

and

vz, d)e Wy ((v,%),7) € VA (y,7') € Reach(S||G). (4.13)

By (4.12), Wy # (0 holds. For the relation ®,, C X x Q defined by (4.8), it follows from
(4.13) that W1 C @,y # 0. Let yuo = Zuo(y'), we have vy € Iyp since S is Xye N Byo-
compatible. By Lemma 4.4, we have ®,, € U(W1,740). Then, there exists Wy €
min U (W1, yuo) such that Wy C ®,/. Letting ¢’ = (W1, Yuo, Wa), we have § € YWT.
Since W7 € min N(Wg, o), by the definition of BW% we have 7’ € BWT (g,0). Then, it
holds that (7, 2') € By (7, 0) x a(x,0) = &y (7, %), o). Since (i, ') € £((y, x),0), we
have so € L(S||G), (v, ') € £(Yo x Xo, s0), and (7, 2') € &yt (Yiyro X Xo, 50). Besides,
by the definition of ®, there exists r € R,(S) N Ry(Sy+). It follows from X, (y") =
Yuo = Zuo(§') that 70u0(y') = 108u0(#) € Ry/(S) N Ry (Syt) # 0. Moreover, by
Wy € @, it holds that

¥(i",§") € Wa: ((¢,3"),4") € U A (Y, 7") € Reach(S]|G).

It follows that ((v/,2"), (¢,2')) € ®.

We next consider the case where o € ¥,,. It follows from 3(y,0) # 0 that o € 3y,(y).
Since Ry (S) N Ry(Sy1) # 0, we have Suo(y) = Suo(f) = Yoo, which implies o € 7Y,
By the definition of B+, we have {§} = By (g, 0), which further implies (7,2') €
BWT(ZL o) X a(x,0) = éWT((gj, x),0). Since S is admissible, we have {y} = B(y,0),
that is, y = /. Hence, we have so € L(S||G), (y,2') € &(Yy x Xo,s0), and (g,2') €
Ewt (Vi X Xo, 50). Since ((y,z), (§, 7)) € @, we have R, (S) N Ry(Sy+) # 0 and

V(E,4) € WY : ((y,%),4) € ¥ A (y, %) € Reach(S||G).

It follows that ((y,2’), (,2)) € ®.

e For any ((y, ), (§,z)) € @, if (y,2) € Y x X,, then (7, ) € Yy X Xpn.
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Thus, ® is a simulation relation from S||G to Syy+||G. By the definition of ®, any ((y, z), (7, z)) €
® satisfies the first and second conditions of a strong simulation relation. To prove the third
condition, we consider any & € X and any § € L(S||G) such that (y,z) € (Yo x Xp, §) and

(7,2) € &+ (YVipro x Xo,8). Since ((y, ), (§,2)) € ®, we have R,(S) N Ry(Syy+) # 0 and

V(E,4) € WY : ((y,%),4) € U A (y, %) € Reach(S||G).

It follows that ((y,#),(7,#)) € ®. Then, ® is a strong simulation relation from S||G to
Sy l|G. Thus, we have Sy € /\77?9((:, R). O

Note that, since Syt € MPS (G, R) can be synthesized if G is ¥,-simulated by R, by

Propositions 4.4 and 4.7, we have
S(G,R) #0 < MPS(G, R) # 0. (4.14)

By Theorem 4.2, Proposition 4.7, and the fact that NS(G, R) C S(G, R), NBSR(EWT, G) is

a maximal solution to the nonblocking similarity control problem when it is solvable.

Corollary 4.1 We consider the system G € A(X) and the specification R € A(X). If
NS(G,R) # 0, then G is ¥,.-simulated by R, and it holds that NBSR(S}y+,G) = gg/]f €
MPNS(G, R) for the supervisor Sy+ € A(X) defined by (4.4).

Proposition 4.8 For the system G € A(X) and the specification R € A(X) such that G is

Yuc-simulated by R, the following two statements are equivalent:

1. There exists S € ./WP\S(G, R) such that NBSR(S,G) € A(X).
2. For any S’ € MPS(G, R), NBSR(S,G) € A(X).

Proof Since G is ¥,-simulated by R, it follows from Proposition 4.4 and (4.14) that
m(G,R) # (. Tt is sufficient to show 1) = 2). For any S € m(G, R) such that
NBSR(S, G) € A(X), since S € m(G,R) C S(G, R), it follows from Proposition 4.3 that
NBSR(S,G) € NS(G, R). Then, for any supervisor S’ € /\77?5‘((}, R), by Theorem 4.2, it
holds that NBSR(S', G) € A(X).

Finally, we show that the solvability of the nonblocking similarity control problem can be

checked by applying the algorithm NBSR to Swm
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Theorem 4.3 For the system G € A(X) and the specification R € A(X), NS(G,R) #
0 if and only if G is Syc-simulated by R, and there exists S € MPS (G, R) such that
NBSR(S,G) € A(D).

Proof (<) We consider any S € /\77?5‘((;, R) such that NBSR(S,G) € A(X). Since S €
MPS (G, R) C S(G, R), § satisfies the second condition of admissibility and S||G' C R holds.
By Proposition 4.3, we have NBSR(S, G) € NS(G, R) # 0.

(=) Since 0 # NS(G,R) C S(G,R), by Proposition 4.4, G is X,.-simulated by R.
Moreover, by (4.14), there exists S € /\77?9((;, R) # 0. Then, by Theorem 4.2, NBSR(S, G) €
MPNS(G,R) C A(X). O

By Theorem 4.3 and Propositions 4.7 and 4.8, we have the following corollary.

Corollary 4.2 For the system G € A(X) and the specification R € A(X), NS(G,R) #
if and only if G is Syc-simulated by R, and NBSR(Sy+,G) = SVE € A(X) holds for the

supervisor Syt € A(X) defined by (4.4).

By Corollaries 4.1 and 4.2, if the nonblocking similarity control problem is solvable for
G € A(X) and R € A(%), then NBSR(Sy+,G) = SYP € A(T) holds, and SYP|G is a

supremum of RYE.

Remark 4.3 By Corollary 4.2, whether or not the nonblocking similarity control problem
is solvable can be verified using Sy+. If G is Xye-simulated by R and NBSR(Sy+,G) =
SV]I\%B € A(X) holds, then we have NS(G, R) # 0, and Corollary 4.1 guarantees the maximal
permissiveness of the output supervisor 5%?; otherwise, it holds that NS(G, R) = (. Since

the number |}~/W¢| of states of S’WT is at most 22X/QI+EeMuol the computational complexity

of computing NBSR(Sy+, G) is O(|B|| X [228X1QI+4ZeNZwoly

4.4.3 Specialization to Fully Observable Case

The results presented in Subsections 4.4.1 and 4.4.2 can be directly applied to the nonblocking
similarity control problem for fully observed systems by letting ¥, = 0.
Note that, under full observation, the Definitions 4.3 and 4.4 of state-unmergedness and

strong simulation relation, respectively, are written as follows.
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Definition 4.5 For the fully observed system G = (X, 3, a, Xo, X;n) € A(X) and a supervi-
sor S =(Y,X,5,Y),Y) € A(X), S is said to be state-unmerged (with respect to G) if

Vy € Reach(S),Vs1,s2 € Ly(S) : a(Xo, s1) = a(Xo, s2).

Definition 4.6 For the fully observed system G = (X, %, a, Xo, X;n) € A(X) and two su-
pervisor S1 = (Y1,%, 51, Y10, Y1) € A(X) and Sy = (Ys, %, B2, Yoo, Ya) € A(X), So is said to
be strongly more permissive than S; (with respect to G) if there exists a simulation relation
U C (V1 x X)x (Ya x X) from Si]|G to S2||G such that, for any ((y1,x1), (y2,22)) € ¥, it
holds that

® 11 =T,

i Lyl(Sl) N Lyz(s2) # 0, and

o Vz € X,Vs' € L(S1]|G) : [(y1,7) € &(Yio x Xo,8") A (y2,7) € &(Yao x Xo,8')] =
((y1,2), (y2,2)) € ¥,

where & : (Y1 x X) x X — 217X and & : (Y2 x X) x X — 2Y2XX are the transition functions

of S1||G and S2||G, respectively.

Recall that Sy = (Yipt, 2, Bt Yo, Yir) € A(E) defined by (4.4) is reduced to ST =
(YT s, 6t YJ,YT) € A(Y) defined by (4.5) in the fully observed case. Hence, we have the

following results.

Corollary 4.3 For the system G € A(X) and the specification R € A(X), NS/°(G, R) #
() if and only if G is Le-simulated by R, and NBSR(ST,G) = S™B ¢ A(X) holds for
the supervisor ST € A(X) defined by (4.5). If ST™VF ¢ A(X), then it holds that STVE ¢
MPNS°(G, R).

Remark 4.4 Since the number [YT| of ST is bounded by 2X/1€l, NBSR(ST, G) can be com-
puted in O(|S[| X [P24X11Q1).
4.5 Illustrative example

In this section, we provide a practical example of the nonblocking similarity control problem,

which is solved by the algorithm NBSR and the supervisor Sy+ € A(X) defined by (4.4).
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Room 1

Room 2

Processing area

Figure 4.5: (a) A manufacturing system, (b) system model G, and (c) specification R.

For a robot working in a manufacturing system shown in Figure 4.5 (a), which consists of
two stations, two processing rooms, and three rails, we consider the nondeterministic model
G=(X,%a XX, € AX) shown in Figure 4.5 (b), where ¥ = ¥, = {01, 02, a, u1, us}.
There are two kinds of parts A and B in station 1. Initially, the robot is in station 1, and
moves to processing area through rail 1 after picking a part (event u), where the picked part
cannot be identified. The transitions xg Xy 21 and o Xy 29 denote that the robot moves
to processing area with parts A and B, respectively. In processing area, the robot performs
two kinds of operations o1 and oy in rooms 1 and 2, respectively. After performing o or
09 (states x3 and x4), the robot can directly move to station 2 through rail 2 to unload the
processed part (event a). Then the robot goes back to station 1 via rail 3 (event us). Besides,

if 01 is performed on part A (state x3), the robot can further process the part by oa. Then it
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unloads the processed part in station 2 and moves back to station 1. The events o1, 09, and a
are controlled by opening or closing the entrances of room 1, room 2, and rail 2, respectively.
The robot can freely travel back and forth in rails 1 and 3, that is, ¥,. = {ui,u2}. G is
marked when the robot is in a station (states zg, g, and x7).

As the specification, we consider the nondeterministic automaton R = (Q, %, 0, Qo, @) €
A(X) shown in Figure 4.5 (c). Suppose that some preparations are needed for supporting the
operation of the robot, but the preparations for o; and 09 cannot be done simultaneously.
Then, after the occurrence of uq, regardless of the kind of the picked part, the choice between
the operations o1 and 0o is prohibited. Besides, if part A is processed by both the two
operations o1 and o2, then the robot has to stay in station 2 after unloading. This control
problem cannot be solved by the conventional language-based supervisory control theory.
Besides, the problem of enforcing bisimilarity is not solvable for G and R.

The unique maximal fixpoint W7 of the function F : 2X*@ — 2Xx@ defined by (4.3) is

obtained as

F{X xQ)=XxQ—{x0} x {q1,92,93, 9, 45, 96,97} — {m6, 27} % {q0, q1, G2, 3, 94, G5, 47}
= FA(X x Q)

=w.

The supervisor ST = (YT, Z,BT,YOT,YT) € A(X) defined by (4.5) is synthesized using W7,

whose reachable part is shown in Figure 4.6 (a), where

Since ST||G is blocking, as shown in Figure 4.6 (b), we apply the algorithm NBSR. Af-

TWEB shown in Figure 4.6 (c). Then, by

ter two iterations, NBSR outputs the supervisor S
Corollary 4.3, the nonblocking similarity control problem is solvable. The supervised system

ST™NB||G is shown in Figure 4.6 (d). It can be verified that STVB||G C R holds, and S™V5
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Figure 4.6: (a) Supervisor ST, (b) supervised system ST||G, (c) supervisor STV and (d) supervised
system STVE||G.

is admissible and nonblocking. We can confirm that the requirement “o; and o2 are not

)

selectable after u;” is satisfied by STVE. In addition, the maximal permissiveness of STVB is

guaranteed by Corollary 4.3.
4.6 Conclusion

In this chapter, we considered the nonblocking similarity control problem for the system
and the specification modeled as nondeterministic automata subject to full as well as partial

observation. We proposed an algorithm, named NBSR, for constructing a nonblocking su-
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pervisor from a possibly blocking one. Two properties named state-unmergedness and strong
maximal permissiveness were identified, which are the key properties for synthesizing a max-
imally permissive nonblocking supervisor using NBSR. Using a supervisor with these two
properties as the input, which is blocking in general, we showed how to check the solvability
of the nonblocking similarity control problem and computed a maximal solution when it is
solvable. Such a maximal solution forms a supremal feasible nonblocking subspecification of

the given specification.
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Chapter 5

Modular Similarity Control of
Monolithic Systems with Modular

Specifications

In this chapter, we consider the similarity control problem where the specification consists
of a certain set of elementary specifications, which are coupled by synchronous composition.
We call such a specification a modular specification. This control problem can be solved in
the monolithic (centralized) way, where a monolithic supervisor is synthesized based on the
modular specification. In general, the monolithic synthesis is inefficient due to the notorious
exponential state space explosion problem.

We consider the modular similarity control problem, in which the similarity control prob-
lem is required to be solved in a modular way without constructing the modular specification.
The modular control architecture introduced in [33] for the control of deterministic systems
is applied, where, for each elementary specification, an elementary supervisor that enforces
similarity is synthesized. We show that the similarity control problem with the modular
specification is modularly solvable if it is monolithically solvable. Besides, we show that the
elementary supervisors together achieve maximal permissiveness with respect to the modu-
lar specification if each of them is maximally permissive with respect to the corresponding

elementary specification.
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5.1 Problem Formulation

We consider the similarity control problem with a modular specification, where for the system
G =(X,%,a,Xp) € A(X), the modular specification R = (Q, %, J, Qo) € A(X) is given as the
synchronous composition R = ||;crR; of n elementary specifications R; = (Qi, %, 6;, Qio) €
A(¥) withi € I ={1,...,n}. Here, the marked state sets are omitted since we do not tackle
the issue of nonblockingness in this chapter, but some discussions about nonblocking modular
similarity control are given in the end of this chapter. For simplicity, we also assume that the
system is fully observed. As discussed later, the results of this chapter can be easily extended

to the case of partial observation.

A

Supervisor S

A

Supervisor S,

A

Supervisor S,

YV VY

AND

A 4

System G

Figure 5.1: Modular control architecture.

Based on G and R = ||;e;R;, the monolithic supervisor ST € A(X) defined by (3.10), if
exists, can be synthesized as a maximal solution in MPS/°(G, R) to the similarity control
problem. However, R has at most [[,c;|Q:| (reachable) states by the definition of the syn-
chronous composition, which increases exponentially in the number n = |I| of elementary
specifications. To avoid directly handling R, we consider the modular control architecture
shown in Figure 5.1. Instead of computing R = ||;c;R; and then synthesizing a maximally
permissive monolithic supervisor in MPSS °(G,R) for G and R, we individually synthesize
n elementary supervisors S; = (Y;, %, 3;,Yio) € A(X) (i € I) for G and each of the elemen-
tary specifications R; (i € I), respectively. Here, elementary supervisors Sy, ..., S, work in
parallel, so the supervised system is modeled as Si|| ...||S,||G. Recall that the maximal per-

missiveness is an important property that we pursue in the supervisor synthesis. Formally, in
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this chapter, we synthesize a set of ¥, .-admissible elementary supervisors S; € A(X) (i € I)

which satisfy Si||...[|S,||G E R = |ierR; and
VS e 87°(G,R) : S|GE Sy ...|IS.]G. (5.1)

Here, all the elementary supervisors are assumed to have the same capability on control,
which means that the controllability status of each event in ¥ is same for different elementary
supervisors. In other words, a controllable event o € ¥, can be disabled by any elementary

supervisor.

Remark 5.1 The control mechanism of n elementary supervisors S; (i € I) for the (mono-
lithic) system G can be explained as follows. Let (yi1,...,yn,z) € Reach(Si||...[|Sn||G) be
the current state of Si||...||Sn||G. An event o € ¥ is possible in S| ... | S,||G if and only if

it is possible at z in G, namely, a(x,0) # ), and is enabled by all S; (i € I), namely

Vi€ l: Bi(yi,o) # 0.

The eventual enabled event set ¥((y1,...,y,)) is obtained by the intersection

(15 59n) = [ Zi(w)

el

of Xi(yi) = {0 € X | Bi(yi, o) # 0}.

5.2 Applicability of Modular Control Architecture

In this section, we consider the existence condition for a set of 3,.-admissible elementary
supervisors S; € A(X) (i € I) which satisfy Si||...||Sn]|G ©T R = |icrR;. Note that,
letting Spoq = |lierSi € A(X), then Syq is Lyc-admissible and Sy,04||G = (||icrSi)||G =~
Sill ... ISh]|G E R holds by the definition of the synchronous composition, which further
imply Soqd € ST°(G, R). Hence, S°(G, R) # ) is a necessary condition for the existence of
a set of elementary supervisors which solve the modular similarity control problem.

It was shown in Theorem 1 of [64] that X, -similarity from G to R is a necessary and

sufficient condition for S°(G, R) # 0 (see also Proposition 3.2 that is generalized to partial
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observation). We prove in the following theorem that ¥, .-similarity from G to R is equivalent
to that from G to R; for each i € I.

For each i € I and each q € Q = [[;c; Qi, we let m;(¢) € Q; denote the ith element of g,

thatis, 771'((]):(]1' forq:(ql,...,qi,...,qn)€Q1x---inx---xQn:Q.

Theorem 5.1 For the system G = (X,%,a,Xy) € A(X) and the modular specification
R = (Q,Z,d, Q(]) = ||iEIRi € A(Z), where I = {1,. . .,n} and Rz’ = (Qi,Z,éi,Qi,g) € .A(Z)
for each i € I, G is ¥,c-simulated by R if and only if, for each ¢ € I, G is ¥,-simulated by
R;.

Proof (<) For each i € I, since G is ¥,-simulated by R;, there exists a ¥, -simulation
relation ®; C X x Q; from G to R;. We show that a relation ® C X X Q = X X (Q1 XX Q»)
defined as

O ={(z,(q1,---,qn) EX XQ|Viel: (x,q)c ;}
is a Yy-simulation relation from G to R.

e We consider any xg € Xy. For each i € I, since ®; is a Y,.-simulation relation from G
to R;, there exists ¢; 0 € Qi such that (xo,¢g;0) € ®;. Then, we have (g1,0,...,¢n0) €

Q1,0 X -+ X Qno = Qo. It follows that (z¢, (q1,0,---,9n0)) € .

e For any (z,(q1,...,qn)) € ® and any o € 3., we consider any 2’ € a(z,0). By the
definition of ®, we have (z,q;) € ®; for each i € I. Since ®; is a X,.-simulation
relation from G to R;, there exists ¢, € d;(¢;,0) such that (2/,¢)) € ®;. Then,

/

we have (¢},...,q,) € d1(q1,0) X -+ X 0p(qn,0) = 6((q1,---,qn),0). It follows that

(@, (d},-..,q,)) € P.

Thus, @ is a X, -simulation relation from G to R.

(=) Since G is X, -simulated by R, there exists a ¥, -simulation relation ® C X x Q =
X x(Q1%-+-xQy) from G to R. Then, we show that, for each ¢ € I, the relation ®, C X xQ);
defined as

O ={(r,q;)) € X xQ; | Ig€Q:(x,q9) € P A7i(q) = ¢}

is a X,e-simulation relation from G to R;.

e We consider any zg € Xy. Since @ is a Y,.-simulation relation from G to R, there
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exists g0 = (q1,0,---+9i,0,---,qn0) € Qo = Q10 X -+ X Qi X -+ X Qpo such that

(%0, 90) = (0, (q1,0,- - -+ Gi,05- - - » Gn,0)) € D'. It follows that (x¢,gio) € P,

e For any (z,¢;) € @, and any 0 € X,., we consider any 2’ € «(z,0). By the def-
inition of @}, there exists ¢ = (¢1,..-,¢,---,¢n) € @ such that (z,q) € ®'. Since
P’ is a Yyc-simulation relation from G to R, there exists ¢ = (q},...,4¢,...,q,) €
0((q1y -3 Gis--yqn),0) = di(qr,0) X -+ X 6i(giy0) X -+ X Ip(qn,0) such that
(@ (g, q,-...q,)) € P It follows that (z/,q}) € P..

Thus, for each i € I, @} is a ¥-simulation relation from G to R;. ]

Remark 5.2 Theorem 5.1 implies that 3, .-similarity from G to R can be modularly verified
by checking ¥, .-similarity from G to each R; (i € I), where the function Fg g, : 2XXQi _y
2XxQi defined by (3.3) for G and R; can be used. The computational complexity for obtaining
the unique maximal fixpoint W&Ri € 2X%Qi of F g, is O(|Sye|| X 3|Q4]?). Then, the modular
verification of the nonemptiness of S/°(G, R) can be done in O(|Syc|| X3 Y, [Qil3).

On the other hand, the computational complexity for monolithically computing the unique
maximal fixpoint W[, , € 2X*@ of F : 2X%@ — 2X*@ defined by (3.3) for G and R = ||;e/R;

is O(’ZuCHX‘?) Hie[ ‘Qz|3)

5.3 Maximally Permissive Modular Similarity Control with

Modular Specification

In this section, we synthesize a set of elementary supervisors that solves the modular similarity

control problem and show that they are maximally permissive with respect to R.

5.3.1 Synthesis of Elementary Supervisors

We assume that S7°(G, R = ||l;e;R;) # 0, so that the modular similarity control problem is
solvable as discussed before. Then, by Theorem 5.1, for each i € I, G is ¥, -simulated by R;.

As an elementary supervisor, we consider the supervisor

St=h s 80 e A®) (5.2)
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defined in [65], that is obtained by modifying the one ST = (YT, %, 8T, YOT) € A(Y) defined
by (3.10), where for each W € YT and each ¢ € ¥, the nondeterministic transition function

YT xy — 2Y" is defined as

_ BYW,o) —{W" e YT | ST(W") =0}, if IW’ € BT (W,0) : SH(W') # 0
YW, o) =

ﬁT(VV; a), otherwise.

The following proposition shows that ST is an element of MPS/°(G, R).

Proposition 5.1 (Theorem 3 of [65]) For the system G = (X, %, «a, Xy) € A(X) and the
specification R = (@, %,9,Qo) € A(X) such that G is ¥,-simulated by R, the supervisor
St= "%, 6, YOT) € A(X) defined by (5.2) satisfies ST € MPS/°(G, R).

Note that, although both ST and ST have 2/X/1Ql states and |£[22X11Q! transitions in the
worst case, the numbers of states and transitions of ST are lower than those of ST in general.

For each i € I, we let S’ZT = (YZ-T,E,BZT,KTO) € A(X) be the supervisor defined by (5.2)
based on the unique maximal fixpoint Wg R of the function Fg g, : 2XxQi _y 9XXxQi defined
by (3.3) for G and R;, which can be synthesized whenever G is ¥, -simulated by R;. By
Proposition 5.1, we have 5’2 € MPS’°(G, R;) C S/°(G, Ry).

We prove in the following theorem that if, for each ¢ € I, the elementary supervisor
S; enforces similarity to its corresponding elementary specification R;, then they together

enforce similarity to the modular specification R = ||;cr R;.

Theorem 5.2 For the system G = (X,X,a,Xp) € A(X) and the modular specification
R=(Q,%,6,Q0) = |lictRi € A(X) such that G is ¥,-simulated by R, where I = {1,...,n}
and R; = (Q4, %, 0i, Qi) € A(X), we consider n supervisors S; = (Y;, %, 5;,Y0) € ST°(G, Ry)
(i € I). It holds that Si||...||S.||G C R.

Proof For each i € I, we have S;|G C R; by S; € ST°(G, R;). Then, there exists a
simulation relation ¥; C (Y; x X) x @; from S;||G to R;. We show that the relation ¥ C

(Y1 x---xY,xX)xQ= (Y1 x---xY, xX) x ([[;c; Qi) defined as
\Ij:{((yla"'7yn7$)7(Q17'"aqn))G(Yl XXYHXX)XQIVZGI(<y17x)7QZ)€\IJ’L}

is a simulation relation from Si||...[|S,||G to R.
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Let &moq @ (Y1 X -+ x Yy x X) x & — 2Y1xX¥axX denote the transition function of
Sill...[|Sal|G. Foreach i € I, let & : (Vi x X) x ¥ — 2Y7*X denote the transition function

of Sy||G.

e We consider any (y1,0,...,Yn0,%0) € Y10 X -+ X Y, 9 x Xg. For any i € I, we have
(¥i,0, z0) € Y;0xXo. Since ¥, is a simulation relation from ;|G to R;, there exists ¢; o €
Qi such that ((yi0,20),¢0) € V;. It follows that (g1,0,...,9n0) € Q1,0 X -+ X Qno

and ((¥1,05- - -+Yn,0,20), (41,0, - -+, qno)) € V.

e For any ((y1,...,Yn,2),(q1,---,qn)) € V¥ and any o € X, we consider any

W15 Uns ') € Emod((Y1,- -+ Yns @), 0) = Bi(y1,0) X - X Bu(yn,0) x a(x,0). For
each i € I, we have ((y;,z),q;) € W¥; by the definition of ¥. It holds that (y},2’) €
Bi(yi, o) x a(x,0) = &((yi,x),0). Since ¥; is a simulation relation from S;||G to R;,
there exists ¢} € 0;(gi, o) such that ((y},2),q}) € ¥;. It follows that (¢},...,q,) €

81(q1,0) X -+ X 8p(qn,0) = 6((q1,- - aqn),0) and (v, ..., yh, 2'), (¢}, ..., d,)) € V.

Hence, we have Si||...|S.||G E R. O

5.3.2 Maximal Permissiveness of Modular Similarity Control

In this subsection, we show that, if each of the elementary supervisors .S; is maximally

permissive with respect to G and R;, namely,

Viel:S;e MPS/°(G,R;)

holds, then so does (5.1). In order to do so, we need the following lemma.

Lemma 5.1 For the system G = (X, X, a, Xp) € A(X), we consider two supervisors S; =
(Y1,%,81,Y10) € A(X) and Sy = (Y2,%, B2,Y20) € A(X) such that S1||G T S3||G. Then,

there exists a simulation relation ® C (Y7 x X) x (Y2 x X) from S1||G to S2||G such that
V((y1, ), (y2,2')) € @ : 2 =2’
Proof Let & : (V1 x X)x X — 2Y7X and & : (Yo x X) x ¥ — 2Y2%X denote the transition

functions of S1||G and Sz2||G, respectively.
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Since S1||G C Ss||G, there exists a simulation relation ® C (Y7 x X) x (Y2 x X) from

S1]|G to S2]|G. We show that the relation ® C (Y] x X) x (Y2 x X)) defined as

= {((y1,2), (y2,7)) € (V1 x X) x (Y2 x X) |37 € X : ((y1, %), (42, 7)) € @'}

is a simulation relation from S;||G to S2||G.

e We consider any (y1,0,%0) € Y1,0 X Xo. Since @’ is a simulation relation from S1||G to
S3||G, there exists (y2,0,Z0) € Ya,0 X Xo such that ((y1,0,20), (y2,0,Z0)) € ®’. Then, we

have (y270,x0) € Y2’0 X Xo and ((yLo,.%‘o), (y270,1:0)) c o.

e For any ((y1,2),(y2,2)) € ® and any o € X, we consider any (y},2') € & ((y1,2),0) =
B1(y1,0)xa(x, o). By the definition of @, there exists € X such that ((y1, z), (y2,Z)) €
®’. Since @’ is a simulation relation from Si||G to S2||G, there exists (y5,7') €
&((y2,7),0) = B2(y2,0) X a(Z,o) such that ((y],2'), (y5,z")) € ®'. Then, we have
(vh,2") € Ba(ya2,0) x a(x,0) = & ((y2, x), o). It follows from ((v;, '), (v4,7')) € ' and

the definition of ® that ((v],2'), (vh,2')) € ®.
Thus, ® is a simulation relation from S1||G to S3||G. O

Now, we show in the following theorem that maximal permissiveness can be modularly

achieved.

Theorem 5.3 For the system G = (X, X%, «, X)) € A(X) and the modular specification R =
(@,%,9,Q0) = |lictRi € A(X) such that G is ¥,.-simulated by R, where I = {1,...,n} and
R, = (Qi,%,0;,Qi0) € A(X), we consider n supervisors S; = (Y;,%,8;,Yi0) €
MPS°(G,R;) (i € I). For any S = (Y,%,6,Yy) € S°(G,R), it holds that S||G C
Sull - [[SnllG-

Proof Since R = ||;c;R;, Proposition 2.1, we have R C R; for each i € I. By S € S°(G, R),
we have S||G C R. Since the order C on A(X) is transitive, we have S||G C R;, which
implies together with the 3,.-admissibility of S that S € Sf °(G, R;). It follows from S; €
MPS/°(G, R;) that S||G T S;||G. Then, by Lemma 5.1, there exists a simulation relation
O, C (Y x X) x (V; x X) from S||G to S;||G such that

\V/((y,ﬂ?), (yi7$/)) S ‘I)l T = 33/.
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We show that the relation ® C (Y x X) x (Y] x -+ x Y, x X) defined as
¢ = {((yax)v(ylv"'ayna'r)) € (Y X X) X (Yl X o X Yy X X) |VZ el: ((yax)’(yhx)) € (I)z}

is a simulation relation from S||G to Si||...||S.||G.
Let € : (Y x X) x ¥ — 2% and &0 0 (Y1 X -+ X Y, x X) x ¥ — 2Y0Xx¥axX
denote the transition function of S||G and Si]|...||S,||G, respectively. For each i € I, let

& (Vi x X) x ¥ — 2Y*X denote the transition function of S;||G.

e We consider any (yo, z9) € Yy x Xo. For any i € I, since ®; is a simulation relation from
S||G to S;||G, there exists (yi0,x0) € Yi0x Xo such that ((yo, zo), (vi,0,0)) € ®;. It fol-
lows that ((yl,O: -y Yn,0, {I,‘O)) € Yiop x -+ X Yn,O x  Xp and

)

((Y1,05- -+, Yn,0,%0)s (q1,05 - - -, ny0)) € .

e Forany ((y,2), (y1,-.,Yn,z)) € ¥ and any o € 3, we consider any (v, z’) € £((y, z),0).
For each i € I, we have ((y,x),(yi,z)) € ®; by the definition of ®. Since ®; is a
simulation relation from S||G to S;||G, there exists (y.,z’) € & ((yi, x),0) = Bi(yi, o) X
a(z,o) such that ((v/,2'), (v}, 2")) € ®;. It follows that (vi,...,y,,2") € Pi(y1,0) X

e X Bn(ynuo-) X a(x,a) = fmod((?/la ] 7yn7‘,1:)70-) and ((3/,7$,)7 (yia cee 7?/;”37,)) € .

Hence, we have S||G C Si| ... ||S:||G- O

Remark 5.3 Proposition 5.1, Theorems 5.2 and 5.3 imply that elementary supervisors SZ-T €
MPST°(G,R;) (i € I) defined by (5.2) for G and R;, respectively, are a maximal solution
to the modular similarity control problem. In the worst case, 5'? (i € I) have ), ; 21 X11Q:|
states and |X[(> ¢, 22X1IQil) transitions in total, which are mitigated from those 2/¥11Ql =
2| X[ ier 1Qil and ]Z|22‘X”Q‘ = \2]22|X|Hiel @il respectively, of the monolithic supervisor ST €

MPS°(G, R) defined by (5.2) for G and R = ||;eR;.

Example 5.1 We consider the system G = (X, %, a, Xg) € A(X) shown in Figure 5.2 (a)
and the elementary specifications Ry = (Q1, %, 1, Q1,0) € A(X) and Ry = (Q2, %, d2,Q2,0) €
A(Y) shown in Figures 5.2 (b) and (c), respectively, where ¥ = {a, b, ¢, d, e, f,g} and where

Yue = {f,9}. The unique maximal fixpoints Wg R, © X x @1 and Wg R, © X X Q2 of the
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functions Fig g, : 2X*Qi — 2Xx@i (j = 1,2) defined by (3.3) for G and R; can be obtained as

Fop (X x Q1) =X x Q1 — {1} x {quo,q11. a2, a4} — {m2} x {qr0.q1.1, 1,2, @13}
= Fg g, (X x Q1)

—_
- WGRl

)

and

Fép, (X x Q2) = X x Q2 — {w1} x {20, 42,1, 2.2} — {w2} x {420, 42,1, 42,2, 42,3}

= FCQ;,RQ(X x QQ2)
= Wg,RQ
respectively. We have (zg,¢1,0) € WCT:,Rl and (z9,¢q2,0) € W&RQ for the initial states o, ¢1.0,
and g2 of G, Ry, and Ry, respectively. Then, the similarity control problem for G and
R;1||R2 is monolithically and modularly solvable.
Using Wg r, and Wg R,» We synthesize two maximally permissive elementary similarity-
enforcing supervisors S’I and 5’; defined by (5.2) for R; and Rg, respectively. The reachable

parts of Sq and Sg are shown in Figures 5.2 (d) and (e), respectively, where

y1.0 = {(0,q1.0)}, y,1 = {(wo, q1,1)},
y12 = {(z0,q1,2)}, v13=1{(z1,013)},
Y20 = {(0,92,0) } Y21 = {(0,q2,1) }
Y22 = {(z0,92,2)}, Y23 = {(z1,923)},

Y24 = {(21,924), (2,92,4) }.

The reachable part of the supervised system S’IHS’gHG is shown in Figure 5.3 (a). It can
be verified that S][S]||G is simulated by the modular specification R = Ry||Ry shown in
Figure 5.3 (b). By Proposition 5.1 and Theorem 5.3, S’I and S’g together achieve the maximal

permissiveness with respect to R.
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(d) (e)

Figure 5.2: (a) System G, (b) elementary specification Ry, (c¢) elementary specification Rs, (d)
elementary supervisor S'I, and (e) elementary supervisor S5 .

5.4 Extension Discussion

5.4.1 Generalization to Partial Observation

We assumed that the system is fully observed in the beginning of this chapter. The results of
this chapter can be straightforwardly extended to the case of partial observation by assuming
that the elementary supervisors have the same capability on observation (as a monolithic one
does). Note that Theorem 5.1 is applicable under partial observation, which implies together
with Proposition 3.2 that there exists a solution to the modular similarity control problem
when S(G, R = ||ierR;) # (. Then, G is respectively ¥, .-simulated by R; (i € I), so that a
set of elementary supervisors can be synthesized using the results of Chapter 3. For example,
the supervisor Syt = (Y, S, Bt Yirto) € A(E) defined by (3.25) can be considered. The
following corollary that extends Theorems 5.2 and 5.3 identifies a maximal solution to the

modular similarity control problem under partial observation.
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(V1,00 Y2,0 %0)

(b)

Figure 5.3: (a) Supervised system S][|S]||G' and (b) modular specification R.

Corollary 5.1 For the system G = (X,%,a, Xy) € A(X) and the modular specification
R=(Q,X%,6,Q0) = |lictRi € A(Y) such that G is ¥,.-simulated by R, where I = {1,...,n}
and R; = (Q;, %, d;, Qi0) € A(X), we consider n elementary supervisors S; = (Y5, %, 5;,Y; ) €
MPS(G,R;) (i € I). It holds that Si||...|Sn||G C R, and for any S = (YV,%,5,Yp) €
S(G, R), it holds that S||G C Sq]|...||S:||G-

Remark 5.4 For each ¢ € I, let SWT = (Y, ,Z,BWT Y o) € MPS(G,R;)
G,R; G,R;

G,R; W R,

denote the supervisor defined by (3.25) for G and R;. Then, Corollary 5.1 guarantees

that elementary supervisors S (1 € I) are a maximal solution to the modular simi-

+
W g,

larity control problem for the partially observed system G and the modular specification
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W&R, Z, IBWé,R’ YWCT:,RO) (S MPS(G, R)

defined by (3.25) for G and R has at most 221X11QI+ZeMSuol — 921X [(ILies [Qi)+ZeNZuol gtates

R = |lierR;. The monolithic supervisor S’WT = (Y,
G,R

and |S[24XNQH2ZeMSuol — 53241 X (T Lie/ [QiNF+212eMBuol transitions. By using the modular
control architecture, these upper bound numbers are reduced to >, ; 221X[|Qil+EeMEuol 4pq

121> ier 24|X“Qi|+2|2502“0|), respectively.

5.4.2 Discussion on Nonblocking Modular Similarity Control

We discuss the imposition of nonblockingness on modular similarity control in this subsec-
tion, so that the marking of the system G = (X,3, o, X0, X;n) € A(X) and the modular
specification R = (Q, %, 6, Qo, Qm) = |lictRi € A(X) with R; = (Q4, %, d;, Qi 0, Qim) € A(X)
is taken into consideration.

Using the algorithm NBSR introduced in Chapter 4, a maximally permissive elementary
nonblocking supervisor can be synthesized, if it exists, for each of the elementary specifica-
tions. For this purpose, the supervisor ST = (YT,E,BT,YOT,YT) € A(X) defined by (4.5) or
the one Syt = (Y, 2, Burts Yo, Yirt) € A(Z) defined by (4.4) can be used as the input
elementary supervisor, according to whether the system under consideration is fully or par-
tially observed. For each i € I, we assume that S; = (Y, %, 8;,Yio,Yi) € NS(G, R;) itself
is nonblocking. However, the supervised system Si||...||S,||G is possibly blocking, due to
conflict between the elementary supervisors.

In the modular control of deterministic systems, a nonconflicting property on languages
is derived to guarantee that the system supervised by multiple supervisors is nonblocking.
Formally, for the deterministic system G € A(X) and deterministic nonblocking supervisors
S1,82 € A(X), S1||S2]|G is nonblocking if and only if L,,(S1||G) and L,,(S2||G) are noncon-

flicting, namely,

Lin(S1]|G) N Lin(52[|G) = Lim(S1]G) N Lin(S2|G)

holds [33]. However, the nonconflicting property is not sufficient to guarantee the nonblock-
ingness of modular control in the nondeterministic setting.

As in the deterministic setting [39,40], a scheme of conflict resolution for nondeterministic
systems is needed to achieve the nonblocking behavior.

On the other hand, by computing the synchronous composition S,,q = |lierSi of the

elementary supervisors, we can obtain a monolithic supervisor to which the algorithm NBSR
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can be applied. However, synchronous composition operation dramatically increases the state
number of the supervisor (exponential state space explosion). As the complexity of NBSR is

polynomial in the size of the input supervisor, such an approach is computationally inefficient.

5.5 Conclusion

In this chapter, we considered the similarity control problem for the monolithic system with
the modular specification. To mitigate the computational complexity caused by the exponen-
tial state space explosion, the modular control architecture was applied. It was proved that
the modular method is applicable whenever the similarity control problem is solvable. For
each of the elementary specifications, a maximally permissive similarity-enforcing elementary
supervisor was synthesized. We showed that these supervisors together achieve the maximal

permissiveness with respect to the modular specification.
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Chapter 6

Modular Similarity Control of

Composite Systems

In this chapter, we consider the similarity control problem where the composite system under
consideration consists of multiple local subsystems, each of which is assigned a nondetermin-
istic local subspecification. As discussed in Chapter 5, the monolithic synthesis suffers from
a severe computational burden.

We provide a new condition for the applicability of the modular control architecture, which
is weaker than the one used in [68,69]. To modularly solve the similarity control problem, we
synthesize a local supervisor for each subsystem and its corresponding local subspecification,
so that the entire specification is modularly achieved in the sense that the supervised system
is simulated by the specification. Moreover, we prove that the same permissiveness as a

maximally permissive monolithic supervisor can be achieved by these local supervisors.

6.1 Problem Formulation

We consider the similarity control problem of the composite system G = (X, %, a, Xp) =
llic1G; € A(X) given as the synchronous composition of n nondeterministic subsystems
G = (X;,%,04,X50) € AX;) (¢ € I = {1,...,n}). For each i € I, G; is assigned a
nondeterministic local subspecification R; = (Qi, 24,6, Qi0) € A(X;). The entire specifica-
tion R = (Q,%,9,Q0) € A(X) is denoted as the synchronous composition of all these local
subspecifications R = ||;crR;. We do not tackle the issue of nonblockingness in this chapter,

so the marked state sets are dropped. Besides, we assume that all the events of the composite
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system are observable.

For a subsystem G; € A(3;) and its corresponding local subspecification R; € A(%;),
the event set X; is partitioned into controllable and uncontrollable event sets YJ; . and X; 4,
respectively. This means that a local supervisor S; € A(X;) for G; has to be 3; ,.-admissible
(with respect to G;). On the other hand, for the monolithic control of the entire G =
llic1Gi € A(X) and R = ||;erRi € A(X), a controllable event of G is controllable in at least

one subsystem. Namely, the set ¥, of controllable events is given as

Z:c = U Zi,c' (61)

el

Then, the uncontrollable event set >, is obtained as
Swe = 2 — 2. (6.2)

When the monolithic synthesis approach is used to solve the similarity control problem
for G and R, the supervisor ST = (Y1, %, 31, Y]) € MPS/°(G, R) defined by (5.2) can be
used. Since GG and R have at most [[;.; |Xi| and [];c; |Qi| (reachable) states, respectively,
ST has at most 21X/1Q1 = oIlic/ IXillQ:] states and |2]22XNIQ! = |5[221Lics IXillQ:] transitions in
the worst case.

The subsystem G; supervised by a local supervisor S; = (Y;, %, 8;, Yio) € A(%;) is denoted
by Si||Gi. Then, [|;er(Si||G;i) models the composite system G under the control of a set of
local supervisors S; (i € I).

Formally, in this chapter, we synthesize ¥;,.-admissible local supervisors S; € A(X)

(i € I) which satisfy [|;e7(Si||Gi) E R = ||ierR; and
S € 8T(G, R) : S||G C lier(SillGy)- (6.3)

Remark 6.1 The control mechanism of n local supervisor S; (i € I) for the composite
system G can be explained as follows. Let ((y1,z1),...,(yn,xn)) € Reach(||;cr(S:i||Gi))
be the current state of |l;c7(Si||Gi). An event o € ¥ is possible if and only if, for each

i€l(o)={iel]oecX},itis possible at x; in G; and enabled at y; by S;.
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6.2 Applicability of Modular Control for Composite Systems

In this section, we consider the existence condition for ; ,.-admissible local supervisors
S; € A(E) (Z € I) which satisfy HzeI(SzHGz) CR= HieIRi-
Given G = ||;c1G; € A(X) and R = |;erR; € A(X), where the controllability status is

defined as (6.1) and (6.2), it was shown in [68] that, under the assumption
W,je[:i;éj:>2i,ucﬂ2j:(2), (6.4)

the ¥,c-similarity from G to R is equivalent to the ; ,.-similarity from G; to R; for each

1e1.

Proposition 6.1 (Theorem 1 of [68]) For the system G = (X, X, «, Xo) = ||ierGi € A(X)
and the specification R = (Q,%,0,Q0) = |lictRi € A(X), where I = {1,...,n}, G; =
(Xi, X4, 04, Xi0) € A(X;), and R; = (Qi, 24,04, Qio) € A(X;), we assume that the condition
(6.4) holds. Then, G is ¥,c-simulated by R if and only if G; is ¥; ,.-simulated by R; for each

1el.

Here, instead of (6.4), we make the following assumptions
Vi,jel:i#j=YiuNXjc=0, (6.5)
and
Vo = (x1,...,2,) € Reach(Q),VYo € Ty : [Fi € I : ai(x4,0) # 0] = a(z,0) #0.  (6.6)

The assumption (6.5) means that an event that is uncontrollable in a subsystem cannot be
controllable in other subsystems. This assumption is widely used in decentralized supervisory
control, see for example [35]. The assumption (6.6) denotes that, for any reachable state of
(G, any uncontrollable event which is feasible in at least one subsystem is globally feasible.
Note that (6.4) is stronger than (6.5) and (6.6), namely, if (6.4) holds, then (6.5) and
(6.6) hold, but the converse does not necessarily hold. We provide an example where (6.5)

and (6.6) hold but (6.4) is not satisfied.
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Figure 6.1: Subsystem G; of G = G1]|Ga.

Example 6.1 We consider a manufacturing system consisting of an input buffer, an output
buffer, a robot arm, and two processing robots. This system can be modeled as the syn-
chronous composition of the subsystems G; € A(X;) (i = 1,2) shown in Figure 6.1. The
robot arm nondeterministically picks one of two kinds of parts from the input buffer and
then drops it to the ith processing robot (event d;). Depending on the kind of the part
the robot received, it transits to one of the two states x;1 and x;2, at which it performs
operations o0; 1 and o; 2 to process the part, respectively. The two robots assemble their pro-
cessed parts (event a) after procession. Finally, the arm moves the assembled product to the
output buffer (event p). Hence, the event set 3; of G; is given as ¥; = {d;, 0;1,0:2,a,p} for
i =1,2. Suppose that the behavior of the arm is uncontrollable, that is, ¥; . = {d;, p}. Since
P € Xiue N g, (6.4) is not satisfied. On the other hand, the system G = G;||G2 satisfies
(6.5) and (6.6).

If any uncontrollable event is not shared by multiple subsystems, the conditions (6.5)
and (6.6) are satisfied. Besides, in Example 6.1, the common uncontrollable event p € 3,
exists and is triggered by the execution of the common controllable event a € .. In such a
case, (6.6) is also satisfied. Finding a way to further relax the assumption (6.6) constitutes a
challenge for future investigations.

When (6.4) holds (which can be easily verified), the solvability of the similarity control
problem can be modularly verified as suggested by Proposition 6.1, so that the computa-
tional complexity is reduced from O(|Syc| [T;c; [Xil?|Q:]?) of the monolithic verification to
O(Xics 1Ziue| | Xi]?|Qil?). We show in the following theorem that this modular verification

is also valid when (6.5) and (6.6) hold.

Theorem 6.1 For the system G = (X, X, o, Xo) = |ic1Gi € A(X) and the specification
R = (Q,E,(S, Q()) = HieIRi S A(E), where [ = {1,...,77,}, Gz = (XZ‘,EZ‘,O[Z',XZ"[)) c A(Ez),
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and R; = (Q4, X, 03, Qi0) € A(X;), we assume that the conditions (6.5) and (6.6) hold. Then,

G is ¥yc-simulated by R if and only if G; is ¥; y.-simulated by R; for each i € I.

Proof (<) By Propositions 5 and 6 of [68], G is ¥,-simulated by R if G; is ; y.-simulated
by R; for each i € I.
(=) Since G is Yye-simulated by R, there exists a X,.-simulation relation ® C X x @

from G to R. For each i € I, we show that the relation ®; C X; x Q; defined as

O, = {(zi,q;) € X; x Qi | Iz, q) € P:x € Reach(G) N mi(x) = x; Ami(q) = ¢}

is a X; yc-simulation relation from G; to R;, where m;(z) = x; and m;(¢) = ¢; for each i € I,
each = (z1,...,%i,...,%p) € [[;1e; Xi = X, and each ¢ = (q1,. .., ¢i,-- -, qn) € [[;c; Qi =
Q.

e For any x;9 € X;, there exists 29 € Xo = [[;,c; Xi0 C Reach(G) such that m;(zg) =
7i0. Since ® is a ¥y.-simulation relation from G to R, there exists ¢ € Qo = [[;c; Qi

such that (z9,qo) € ®. Letting ¢; 0 = m(qo), we have g; 0 € Qi 0 and (0, ¢i0) € ;.

e For any (x;,q;) € ®; and any 0 € %, 4, we consider any z, € o;(z;,0). By (6.5), we have
0 € X —=Ujer Bie = Xue. It follows from the definition of ®; that there exists (z,q) € ®
such that z € Reach(G), mj(x) = z;, and 7;(q) = ¢;. By 2} € a;(x;,0) # 0 and (6.6),
we have a(z,0) # (0. Since 0 € X; . C 3; and z} € a;(z;,0), by the definition of the
synchronous composition, there exists 2’ € a(x,0) C Reach(G) such that m;(2') = 2.
Since ® is a 3,-simulation relation from G to R, there exists ¢’ € (q,0) such that

(2',q") € ®. Letting ¢} = m;(¢'), since o € X;, we have ¢, € 0;(gi,0). It follows that

(x},q}) € ;.
Hence, G; is ¥; yc-simulated by R;. O

If (6.4) does not hold, it is worth further verifying (6.5) and (6.6). Although (6.6) requires
the construction of G, whose computational complexity is O(|%|[],c; |Xi[?), it is generally

lower than that O(|Sue| [T,/ |X:]?|Qil?) of the monolithic verification.
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6.3 Maximal Permissiveness

In this section, we show that maximal permissiveness can be achieved by modular control
as long as (6.5) and (6.6) hold. The following proposition just says that, if each of the local
supervisors enforces similarity for the local subsystem and its subspecification, then the entire

specification is satisfied by modular control.

Proposition 6.2 Let the system G = ||;c;G; € A(X) and the specification R = ||;erR; €
A(X) be such that G is ¥,-simulated by R, where I = {1,...,n} and G;,R; € A(%;).
We assume that the conditions (6.5) and (6.6) hold. For each ¢ € I, we consider any local
supervisor S; € S/°(G;, R;). Then, it holds that |[|;c7(Si||G:) C R.

Proof For each i € I, S; € S/°(G;, R;) satisfies S;||G; T R;. It follows from Corollary 1
of [68] that [lies (SH|G:) C llies R = R. -

We consider the supervisor ST = (YT, %, 5T, YOT) € A(X) defined by (3.10). For each i € I,
if G; € A(%;) is X ye-simulated by R; € A(Y;), the local supervisor SZT = (Yf, Ei,/BZT,YZ-’TO) €
A(X;) defined by (3.10) is synthesized using the unique maximal fixpoint ng R, € 2XixQi of
the function Fyg, p, : 2X1%@ — 2XixQi defined by (3.3) for G; and R;. These local supervisors
have at most 3, 21X/l states and Y, |%;[22%:/19:] transitions in total, which are much
fewer than 2Lier XllQil states and |22]22Lier IXillQ:l transitions, respectively, of the monolithic
counterpart ST.

Now, we show a nice property of S,LT , which is useful for proving that the maximal per-
missiveness with respect to the entire specification can be achieved by these local supervisors

Sj(z € I). In order to do so, we introduce the following operation.

Definition 6.1 For an arbitrary subset ¥’ C ¥ and any automaton G’ = (X',¥, o/, X{)) €
A(X') over it, we define the ¥-complemented automaton C>(G’) € A(X) of G’ as C*(G') =
(X', %, a”, X}), where the nondeterministic transition function o™ : X’ x ¥ — 2% is defined

as

o (x,0), ifoed
o (z,0) =

(z}, ifoex-%

for each x € X’ and each o € X.
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For G' € A(Y'), the event set of its ¥-complemented automaton C*(G') € A(X) is
extended to ¥ D ¥/ by adding self-loops by the events in ¥ — X’ to all states. Note that, for

an arbitrary set of automata G; € A(%;) (i € I) with (J;c; 3 = X, it is trivial that
lic1Gi = |lierC=(G;) € A(D).

Then, for each i € I, we consider the ¥-complemented subsystem C*(G;) € A(X) and its
Y-complemented local subspecification C*(R;) € A(X). We let ;. be the uncontrollable
event set of C*(G}), so the rest events in ¥ — Yiue(=2icU (X —X;)) are controllable.

Now, we prove in the following lemma that C’Z(SZT) € A(Y) is an element of

MPSI(CH(Gy), CF(Ry)).

Lemma 6.1 For each i € I = {1,...,n}, let the subsystem G; € A(X;) and the sub-
specification R; € A(Y;) be such that G; is X;.-simulated by R;. Then, the supervi-
sor SZT = (YiT,Ei,B@T,Y;TO) € A(%;) defined by (3.10) (for G; and R;) satisfies CE(SZ-T) €
MPSI°(C¥(G;),CF(R;)), where ¥ = J,c; Zi-

Proof For each i € I, to prove CZ(SZT) € MPST°(C>(Gy),C¥(R;)), we show ESiT =
CZ(SZ-T), where ES’ZT = (EY;T,E,E@T,ZY;TO) € A(X) is the supervisor defined by (3.10) for
C*(G;) and C*(R;).

Since G is ¥; ye-simulated by R; and Y; 4 is also the uncontrollable event set of CE(GZ-),

C*(Gy) is Y uc-simulated by C*(R;). Moreover, we have ng R = Wgz where

(G:),CZ(R;)’

T T
We, g, and WCE(GZ-)CE

defined by (3.3), respectively. Since all the transitions of C*(G;) and C*(R;) by the events

(Ri) are the unique maximal fixpoints of Fg, r, and Fos(q,) o5 (R,

in % — 3; are deterministic self-loops at each of their states, by the definition of Zﬂj, SO
are the transitions of ESZ by the events in ¥ — ¥;, which are defined at all the states of
ZSZ-T. In addition, we have EYiT = YZ-T, ZY;TO = YZTO, and ZBZT(VV, o) = 6J(W,a) for each
W e EYiT = YiT and each o € ¥;. Hence, we have ZSZ-T = CE(SJ). By Proposition 3.4, we

have C(S]) = =S| € MPS/*(C¥(Gy), C¥(Ry)). O

Now, we prove the maximal permissiveness of the modular similarity control.

Theorem 6.2 Let the system G = (X,%,«, Xo) = |licsGi € A(X) and the specification
R = (Q,%,6,Q0) = |lictRi € A(X) be such that G is X,.-simulated by R, where I =
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{1,...,n}, Gi = (X4, 5,04, X5 0) € A(X;), and R; = (Q4, X4, 64, Qio) € A(X;). We assume
that the conditions (6.5) and (6.6) hold. For each i € I, we consider the supervisor Sj =
(YiT, ¥, BZ-T, YJO) € A(%;) defined by (3.10). Then, S||G C HZGI(S’ZTHGQ) holds for an arbitrary
S=(V,%,8,Y) € S°(G,R).

Proof By the definition of the X-complemented automaton, we have HzGI(SJHGl) =
||iE[(CE(SiT) |C*(G;)). By Proposition 2.1, it is sufficient to show that S||G' C CE(SJ) IC*(Gy)
holds for each ¢ € I.

For each ¢ € I, by the definition of the synchronous composition and the 3-complemented

automaton, we have

SIG = S|l(lierGi) =~
SIG NGl Gigall - GG =

(SIG1] - - Gi-1|Gigall - IG)IC=(G).

That is, S||G can be seen as the Y-complemented subsystem C*(G;) = (X;,%,aF, X;0) €
A(X) controlled by the virtual supervisor S; = (}71-,2,@,171-70) =
S||Gyl ... |Gic1||Gistll - |IGn € A(X). Now, for each i € I, we show that S; €
SIo(C¥(Gy), C*(Ry)).

To show that S; is Y uc-admissible with respect to C*(G;), we consider any
((Yy X1y ey Ty Tt 1y e -, Tp), L) € Reach(é’iHCE(Gi)) and any o € X;,. such that
aiz(xi,a) £ 0. By the definition of the synchronous composition, we have
(x1,...,%i,...,xpn) € Reach(G) and (y, (z1,...,2i, ..., 2y)) € Reach(S|G). It follows from
0 € Yiye € %; and the definition of the Y-complemented automaton that o;(z;,0) =
o (z;,0) # 0. By (6.5), we have 0 € ¥ — (J;c; Zic = Sue. Then, it follows from (6.6)
that a((z1,...,2i,...,2,),0) # 0, which further implies that o;(x;,0) # (0 holds for each
j € I(0). Since S € S°(G,R), it is Ty-admissible with respect to G. It follows that
B(y,o) # 0. Hence, we have Bi((y,xl, ey i1, i1y - - -5 Tp),0) £ O by the definition of the
synchronous composition.

We next show S;||C*(G;) T C¥(R;). By Proposition 2.1, we have R = |iciR; =
lic;C¥(R;) © C¥(R;). It follows from S € S°(G, R) that S||G T R. Since S;||C>(G;) ~
S||G, we have S;||C¥(G;) ~ S||G T R T C>(R;). By the transitivity of C, we have
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Si||C¥(G;) T C%(R;). Hence, it holds that S; € ST°(C¥(G;), C¥(Ry)).

By Lemma 6.1, C’E(Sj) e MPS/°(C*(G;),C*(R;)) holds for each i € I. Tt follows
that |G ~ S||CZ(Gi) © CZ(SH|C(G;). By the transitivity of C, we have S||G C
CE(S)ICH(Gs). Thus, S|G T [ier(CE(S]IC¥(Gi) = llier(S][|Gi) holds by Proposi-
tion 2.1. [l

Remark 6.2 Since ST € MPS’°(G,R) C S8/°(G, R), we have ST|G T |lics(ST]|Gi) as
shown in Theorem 6.2 under the assumptions (6.5) and (6.6). Letting S’ = HiEIS;;ra we
have S'||G ~ ||1€I(SZT||GZ) Moreover, it can be easily proved that S’ € S7°(G, R), which
implies together with ST € MPS/°(G, R) that HzeI(SZTHGz) ~ §'|G C ST|G. This means
that ||161(SZTHGZ) ~ ST|G, namely, they are simulation equivalent (under (6.5) and (6.6)).

However, they are not necessarily bisimilar to each other.

Remark 6.3 In [69], to solve the modular similarity control problem under the assumption
(6.4), local supervisors were synthesized according to the synthesis method of [64]. However,

the maximal permissiveness is not guaranteed, as opposed to Theorem 6.2.

Example 6.2 We consider the system G € A(X) that consists of two subsystems G =
(X1,%1,01,X10) € A(Z1) and Gg = (X2, X9, a2, X20) € A(X2) shown in Figures 6.2 (a),
where for i = 1,2, ¥; = {a,b;,¢i,d,e;} and ¥; . = {a,e;}. The local subspecifications Ry =
(Q1,21,61,Q10) € A(X1) and Ry = (Q2,32,02,Q20) € A(X2) for G; and Gy, respectively,
are given as shown in Figures 6.2 (b) and (c), respectively. Although (6.4) does not hold,
it can be verified that the conditions (6.5) and (6.6) are satisfied. For ¢ = 1,2, the unique

maximal fixpoints ng r, Of FG, R, defined by (3.3) for G; and R; are computed as

Fé o p (X1 x Q1) = X1 x Q1 — {w10} x {qu1, qr2, 13, 14}t —
{$1,3,$1,4} X {Q1,07CJ1,1,CI1,2,Q1,4}

=Fg, p (X1 x Q1)

_
- WGth
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and

Fy py (X2 X Q) = X3 x Q2 — {w20} x {21, 2.2, 42,3, G2,4} —
{z23, 724} X {420,021, @22}

=Fg, p,(X2 x Q2)

_
- WGQ,RQ'

)
€1

(d)

Figure 6.2: (a) Subsystems G;(i = 1,2), (b) subspecification Ry, (c) subspecification Rs, (d) local
supervisor S, and (e) local supervisor S].

We have (z1,0,q1,0) € Wg1,R1 and (22,0, q2,0) € ng,Rg for the initial states x1,0, q1,0, Z2,0

and ¢ of G1, Ry, Ga2, and Ry, respectively. By Proposition 3.3, G; is ¥; ,.-simulated by R;

for i = 1,2. In addition, by Theorem 6.1, the similarity control problem is solvable. Then,

the local supervisors SI and Sg defined by (3.10) can be synthesized, whose reachable parts
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are shown in Figures 6.2 (d) and (e), respectively, where

Wio = {(21,0,910)} Wii={(r11,q11), (v12,q11)},
Wiz ={(z13,013)},

W20 = {(z20,920)}, Wai1 = {(z21,92,1), (¥2.2,921) },
Wao = {(221,¢22), (v22,q2,2) }, Was = {(r23,¢23)},

Woa = {(223,92.4), (®2,4,92,4) }-

Since (6.5) and (6.6) are satisfied, Proposition 6.2 ensures that SI and S;r solve the modular
similarity control problem, and the maximal permissiveness under the modular control scheme

is guaranteed by Theorem 6.2.

Remark 6.4 As opposed to the modular similarity control problem of monolithic systems
with modular specifications studied in Chapter 5, the results of this chapter cannot be
straightforwardly extended to the case of partial observation, even though an observability

version of the condition (6.4) defined as
Vi,jGIZi;ﬁjiEiﬂwﬂE]’:@

is imposed, where Y; ,, is the unobservable event set of the ith subsystem. Here, the ob-
servable and unobservable event sets of the entire system are given as ¥, = Ui6 1 20 and

Yo = 2 — X, respectively.

6.4 Conclusion

In this chapter, we considered the modular similarity control problem for nondeterministic
DESs that consist of multiple subsystems, each of which is assigned a local subspecification.
To apply the modular control architecture, we made two assumptions that (i) the local
controllability status of any event is the same in different subsystems and that (ii) any
uncontrollable event that is locally feasible in at least one subsystem is globally feasible in the
composite system. These assumptions are weaker than the one used in [69] which requires that
any uncontrollable event is not shared by multiple subsystems. Under these assumptions, we

showed that maximal permissiveness can be achieved by a set of local supervisors synthesized
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using the existing method of [65].
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

In this dissertation, we studied the maximally permissive similarity control problems for
nondeterministic DESs in several settings. Given a system and a (safety) specification both
modeled as NFAs, a similarity control problem is a feasible choice when a supervisor that
enforces bisimilarity does not exist. Since the specification is given as the upper bound of
behavior, synthesizing a maximal solution is an important subject in the similarity control
problem.

For the monolithic similarity control problem, we first solved the similarity control prob-
lem subject to partial observation. We developed a synthesis method of a maximally per-
missive similarity-enforcing supervisor that works under partial observation. We also showed
that a certain set of redundant states of the synthesized supervisor can be eliminated without
reducing its permissiveness.

Then, we considered the nonblocking similarity control problem, which guarantees an
important property of liveness of the controlled system. To impose nonblockingness, we
proposed an algorithm that computes a nonblocking supervisor from a possibly blocking one
by iteratively removing certain states. This algorithm is applicable for the similarity-enforcing
supervisors synthesized for both fully and partially observed systems. We identified a class of
supervisors as candidates for input supervisors of the proposed algorithm, so that a maximal
solution to the nonblocking similarity control problem, if exists, is obtained as the output.

In addition, we derived a necessary and sufficient condition for the existence of a solution to
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the nonblocking similarity control problem.

Next, we studied the modular similarity control problem, which deals with the main ob-
stacle of exponential state space explosion arising in the supervisory control of large-scale
systems. For the similarity control problem of the monolithic system and the modular spec-
ification that consists of multiple elementary specifications, we showed that the similarity
control problem with modular specification is modularly solvable whenever it is monolithi-
cally solvable. We showed that, in order to achieve the maximal permissiveness with respect
to the modular specification, it is sufficient to synthesize a set of elementary supervisors, each
of which is maximally permissive with respect to the corresponding elementary specification.

Finally, we synthesized a maximal solution to the similarity control problem of the com-
posite system, which consists of multiple local subsystems, each of which is assigned a non-
deterministic local subspecification. A solution that is not necessarily maximal is obtained
in the existing research [69], under the assumption that any uncontrollable event uniquely
belongs to one subsystem. The problem is modularly solved under a new weaker assumption,
while the maximal permissiveness is guaranteed.

By solving the above-mentioned similarity control problems, this study contributes to
the construction of supervisory control theory of DESs. Since supervisory control theory
constitutes the fundamental framework of formal-method-based control system design, the
results of this thesis contribute to the construction of control system design theory based on

formal method.

7.2 Directions for Future Work

The results of Chapters 3 and 4 are about enforcing safety (with respect to simulation rela-
tion) and nonblockingness properties to the given system and specification. However, there
are many other properties in the context of supervisory control, for example, opacity, diag-
nosability, and detectability. A nondeterministic supervisor that enforces these properties
could be a direction of future work.

In Section 3.5, we have introduced a technique to eliminate certain redundant states
without reducing the permissiveness. Such a technique is useful in the modular control,
which potentially reduces a large number of redundant branches (states). However, this

technique cannot identify all redundant states. It is important to construct a maximally
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permissive supervisor with the fewest states.

For the modular similarity control problem, there are several directions of future work. (i)
As discussed in Subsection 5.4.2, a nonconflicting property that guarantees nonblockingness
of the system supervised by multiple supervisors is required for nondeterministic control. (ii)
The local subspecifications generally span a couple of subsystems in practice, so a research
that deals with such a situation is expected. (iii) The application of other control structures
such as hierarchical structure in similarity control constitutes an important direction of future

work.
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