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Abstract

Over the past few decades, the control theory of discrete event systems has been successfully

applied to provide formal treatments for many engineering systems. The basic supervisory

control of discrete event systems aims to synthesize a maximally permissive supervisor (opti-

mal controller) so that the system under control satisfies the given safety and nonblockingness

(liveness) specification.

In the analysis and control of discrete event systems at a certain level of abstraction,

nondeterminism may be introduced in the system and specification models when some lower-

level details are omitted. In the nondeterministic setting, a notion of simulation relation

is stronger than the conventional language inclusion relation since it specifies the universal

constraints on the branching behavior in addition to the sequential behavior represented by

a language.

This dissertation studies the supervisory control problem of enforcing similarity for non-

deterministic discrete event systems so that the supervised system is simulated by the speci-

fication which denotes the safety requirement. First, we study the similarity control problem

for partially observed discrete event systems, which extends an existing research studied

for the full observation case. We develop a method to synthesize a maximally permissive

supervisor that enforces similarity under partial observation. Then, we consider the control

problem of both enforcing similarity and imposing nonblockingness. To solve the nonblocking

similarity control problem, we provide an algorithm that computes a maximally permissive

nonblocking supervisor from a possibly blocking one, which works for both fully and partially

observed systems. An existence condition for a solution to the nonblocking similarity control

problem is also derived. Finally, the modular control architecture is applied in the similarity

control problem in two cases, where the supervisor synthesis suffers from exponential state

space explosion: (i) the system is given as monolithic and the specification consists of a set

vi



of elementary specifications, and (ii) the composite system consists of multiple subsystems,

each of which is assigned a corresponding local subspecification. We identify the conditions

under which the maximal permissiveness can be achieved by the modular control.
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Chapter 1

Introduction

A cyber-physical system (CPS), which combines computation and communication entities

with the physical world, is gathering attention in today’s technological society. The growing

demands for CPSs on safety, stability, privacy, and security motivate the development and

utilization of formal techniques. Discrete Event Systems (DESs), which serve as an important

class of the CPSs, are inherently event-driven systems whose discrete state evolution depends

on the occurrence of asynchronous discrete events over time. For example, automated manu-

facturing systems, traffic systems, database systems, as well as computer and communication

networks can be modeled as DESs.

To solve a logical control problem of DESs, Ramadge and Wonham introduced supervisory

control in [1], so that a controller named supervisor can be synthesized from the models of

the system and specification. The correctness of the obtained supervisor is guaranteed since

the supervised system is proved to satisfy the specification. As verification and validation

of the system are reduced, supervisor synthesis is an efficient and principled approach to

handle DESs. Supervisory control theory has been widely studied in recent decades, as to be

introduced later.

Supervisory control of DESs was implemented by utilizing the industrial technologies

of Programmable Logic Controllers (PLCs) and Sequential Function Charts (SFCs) in [2,3],

and was successfully applied in the testbed assembly process of the Atelier Interétablissement

Productique (AIP) [4] and flexible manufacturing [5]. In the fields of computer science and

software engineering, supervisory control theory was applied for deadlock avoidance [6], con-

currency control [7], and automated service composition [8]. Other applications of supervisory
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control theory span varieties of domains including the design of the directory assistance ser-

vices of a call center [9], the control of theme park vehicles [10], a patient support system

for a magnetic resonance image (MRI) scanner [11], chemical process control [12], the design

for wafer logistics in lithography machines [13], advanced driver assistance systems [14], the

control of a waterway lock and a bridge [15], and the control of a road tunnel [16].

1.1 Literature Review: Supervisory Control Theory

Supervisory control initiated by Ramadge andWonham aims to achieve the given specification

by disabling inappropriate events by a supervisor [1]. Under the framework of supervisory

control formulated in [1], where both the system and the specification are represented as

deterministic automata, a nonblocking supervisor is synthesized for the given system and the

specification to achieve the equivalence of the generated or marked language of the supervised

system and that of the specification. If a supervisor that exactly achieves the specification

language does not exist, a nonblocking supervisor is synthesized for the supremal controllable

and Lm(G)-closed subspecification (sublanguage of the specification language) [17].

Supervisory control under partial observation was initially studied in [18, 19]. It was

shown that there exists a nonblocking supervisor for the given specification that works under

partial observation if and only if the specification language is controllable, observable, and

Lm(G)-closed. If these conditions are not satisfied, a problem of synthesizing a supervisor

that achieves a subspecification (or equivalently, computing an achievable subspecification)

arises. Since the observability property is not preserved under union in general, the optimal

nonblocking supervisor that achieves the supremal subspecification does not necessarily exist

under partial observation. Varieties of works have been done to synthesize a supervisor

for partially observed DESs. In [18, 19], a normality property stronger than observability

was introduced, which is preserved under union. The supremal controllable, normal, and

Lm(G)-closed sublanguage can be computed using the results in [20–22]. Without imposing

nonblockingness, researches [23–26] obtained solutions that are locally maximal, which means

that there does not exist another solution that is strictly larger. Solutions possibly larger than

the supremal controllable, normal, and Lm(G)-closed one were obtained in studies [27, 28],

while their (local) maximal permissiveness is not guaranteed. The problem of synthesizing

a maximally permissive nonblocking supervisor for partially observed systems was solved
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in [29]. A supervisor that achieves a maximal sublanguage that is controllable, observable,

and Lm(G)-closed was synthesized based on a game structure named bipartite transition

system. Nondeterministic control was introduced in the control of deterministic DESs in [30],

and then a more generalized nondeterministic supervisor that allows silent transitions was

provided in [31].

As the system and the specification usually consist of multiple components, a main chal-

lenge arises in the monolithic supervisor synthesis due to the fact that, if a system or spec-

ification model is given as the synchronous composition of multiple components, then its

state number grows exponentially in the number of the components in the worst case (also

known as exponential state space explosion) [32]. Given the system and a modular specifica-

tion being composed of a set of elementary specifications, the control problem is modularly

solved by a set of elementary supervisors which are respectively synthesized for these sub-

specifications [33]. Such elementary supervisors act as global supervisors. Then, the modular

control was extended to the case where the system also consists of multiple smaller sub-

systems [34–37], in which each of the subsystems is controlled by the corresponding local

supervisor. Thanks to the local synthesis, the space and time complexity of the modular con-

trol scheme is lower than that of the monolithic control scheme in general. Moreover, modular

control also has an advantage that the partial changes of the system and the specification

can be handled by only recomputing those relevant local supervisors. It was proved in [34]

that, if any locally uncontrollable event is not shared by other subsystems, then the language

equivalence of the system supervised by a maximally permissive monolithic supervisor and

the one supervised by a set of local supervisors which are respectively maximally permissive

with respect to the corresponding subsystems and subspecifications is achieved. On the other

hand, blockingness may arise in the system under modular control since modular supervisors,

regardless of whether they are global or local, are unaware of their global interaction [38].

A nonconflicting property that ensures the nonblockingness when multiple supervisors are

combined was widely studied; see, for example, [39–41].

Nondeterminism of transitions may arise in the system and specification models because

of unmodeled dynamics, abstraction, and lack of information. The control of nondetermin-

istic systems has been studied for varieties of specifications: language [42–44], process [45],

trajectory [46], µ-calculus [47,48], CTL∗ temporal logic [49], and modal logic [50].

3



The notion of bisimulation equivalence introduced by [51, 52] has been widely applied to

control theory as well as computer science. The bisimulation equivalence relation is stronger

than the language equivalence relation since bisimulation equivalence specifies the exact

branching behavior in addition to the sequential behavior captured by language equivalence.

Hence, it is commonly used in the control of DESs where both the system and specification

are given as nondeterministic.

Given the system and the specification represented as nondeterministic automata, a bisim-

ilarity control problem is a problem of synthesizing a bisimilarity-enforcing supervisor such

that the supervised system is bisimilar (bisimulation equivalent) to the specification. This

problem was formulated under full and partial observation in [53] and [54], respectively, where

a small model theorem is provided to show that a bisimilarity-enforcing supervisor exists if

and only if such a supervisor over the power set of the Cartesian product of the states of the

system and specification exists. An exhaustive search for verifying the existence condition

(and supervisor synthesis) is doubly exponential in the numbers of states of the system and

the specification [53]. In [55] and [56], new necessary and sufficient conditions for the existence

of a supervisor that enforces bisimilarity that works under full and partial observation were

derived, respectively, both of which can be verified in single exponential time with respect to

the size of system and specification. See also [57] for a sufficient but not necessary condition

for the existence of a bisimilarity-enforcing supervisor that can be polynomially verified. The

bisimilarity control problems under specialized situations were studied in [58–61]. It was

assumed that a supervisor can observe both the current state and event occurrence of the

system in [58]. In [59], [60], and [61], the supervisor, the specification, and both of them were

restricted to be deterministic, respectively.

If the above-mentioned existence condition for a bisimilarity-enforcing supervisor is not

satisfied, then the bisimilarity control problem is not solvable for the given system and spec-

ification. A possible approach is to relax the requirement of enforcing bisimilarity. One

may consider a similarity control problem which only requires us to synthesize a similarity-

enforcing supervisor so that the supervised system is simulated by the specification. It is

known that the simulation relation from the supervised system to the specification is stronger

than the inclusion relations of their generated and marked languages.

The similarity control problem was studied in [62–65] without addressing the nonblocking
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issue. In [62], a range similarity control problem was studied, where a supervisor is synthesized

so that the supervised system simulates the lower bound specification and is simulated by the

upper bound specification. The permissiveness of the synthesized supervisor in [62] highly

depends on how permissive the lower bound specification is. In [63], a maximally permissive

similarity-enforcing supervisor was synthesized under state and event observation, where the

assumption of state observation is restrictive in general. The similarity control problem

that does not require state observation was studied in [64, 65], while the event occurrence is

assumed to be fully observable. In particular, a maximal solution to the similarity control

problem without state observation was proposed in [65]. The afore-mentioned maximally

permissive similarity-enforcing supervisor is maximal in a global sense, which means that

the system supervised by a maximally permissive supervisor simulates the system under the

control of any other solution to the similarity control problem.

The nonblocking similarity control problem is a problem of synthesizing a nonblocking

similarity-enforcing supervisor. Due to nondeterminism, imposing nonblockingness compli-

cates the similarity control problem. To solve the problem, the assumption that the current

state is observable was imposed in [66,67]. Under such a restrictive assumption, a maximally

permissive nonblocking similarity-enforcing supervisor is synthesized in [66,67].

The similarity control problem for composite DESs with and without state observation

was studied in [68] and [69], respectively. Here, the composite system and the entire spec-

ification consist of multiple nondeterministic components, and each subsystem is related to

a corresponding local subspecification. Under the same assumption as [34] that any locally

uncontrollable event is not shared by other subsystems, the validity of the modular control

approach was proved in [68] and [69] by showing the bisimulation equivalence of the com-

posite system controlled by a monolithic supervisor and the one controlled by a set of local

supervisors. Without the restrictive requirement of state observation, [69] showed the equiva-

lence of the local supervisors synthesized in the way of [64] and their monolithic counterpart.

The maximal permissiveness of the modular control, however, was not guaranteed since the

similarity-enforcing supervisor proposed by [64] is not necessarily maximally permissive.

5



1.2 Contributions and Organization of This Thesis

This dissertation studies several similarity control problems and provides maximal solutions

to them. First, we consider the similarity control problem subject to partial observation.

Here, the existing researches [64,65] cannot deal with the presence of unobservable events. A

supervisor that correctly estimates the current state of the partially observed nondeterministic

system is synthesized, and it is proved to be a maximal solution to the similarity control

problem. Second, we tackle the nonblocking similarity control problem, which remains open

when the current state of the system cannot be observed. We develop an algorithm that can

be used for verifying whether the problem is solvable and for computing a maximal solution

to it. Third, we apply the modular control architecture to the similarity control problem

in two cases, where the supervisor synthesis suffers from exponential state space explosion:

(i) the system is given as monolithic and the specification consists of a set of elementary

specifications, and (ii) the composite system consists of multiple subsystems, each of which

is assigned a corresponding local subspecification. In both cases, we do not impose state

observation and provide maximal modular solutions to the similarity control problems. In

case (ii), the results are obtained under assumptions that are weaker than the one used

in [68,69]. Table 1.1 compares this study with previous work.

Table 1.1: Comparison of this dissertation and previous work

State and event
observation

Full event
observation

Partial event
observation

Monolithic
control

Does not
impose non-
blockingness

[63] [64,65] Chapter 3

Imposes non-
blockingness

[66,67] Chapter 4

Modular
control

Modular
Specification

None Chapter 5

Composite
system

[68]
[69],

Chapter 6
None

This dissertation is organized as follows.

Chapter 2 reviews some basic notions that are needed in this dissertation. We mainly

introduce the definitions of Nondeterministic Finite Automata (NFAs), the notions of simu-

lation and bisimulation relations, and the control framework of nondeterministic supervisors.

Besides, some related notions and properties, as well as discussions on nondeterministic su-

6



pervisory control are presented.

Chapter 3 handles the control problem of enforcing similarity for the nondeterministic

system and specification where only a part of the events are observable. This problem requires

us to synthesize an admissible supervisor so that the supervised system is simulated by the

specification. We begin the chapter with an example that motivates the enforcement of

similarity. Then, we provide a necessary and sufficient condition for the existence of such a

similarity-enforcing supervisor. When this condition holds, such a supervisor that is (globally)

maximally permissive is synthesized. Finally, we provide a technique that removes a certain

set of redundant states from the synthesized supervisor without reducing its permissiveness.

Chapter 4 solves the nonblocking similarity control problem, where both enforcing sim-

ilarity and imposing nonblockingness are required. For the given nondeterministic system

and specification, we synthesize a nonblocking supervisor that enforces similarity. In order to

construct such a supervisor, we propose an algorithm that computes a nonblocking supervisor

from a possibly blocking one by iteratively removing certain states. This algorithm is proved

to be valid under both full and partial observation. Then, we identify two key properties

of input supervisors, named state-unmergedness and strong maximal permissiveness, which

together guarantee the maximal permissiveness of output nonblocking supervisors. The algo-

rithm is applied to the supervisors introduced in Chapter 3, which have these two properties,

to obtain a maximally permissive nonblocking supervisor. In addition, we show that a non-

blocking supervisor is generated by the algorithm if and only if there exists a solution to the

nonblocking similarity control problem.

In Chapter 5, we consider the modular similarity control problem for the monolithic sys-

tem and the modular specification that consists of multiple elementary specifications. This

problem is required to be solved modularly without constructing the entire specification. The

modular control architecture is applied, where, for each elementary specification, an elemen-

tary supervisor that enforces similarity is synthesized. We show that the similarity control

problem with the modular specification is modularly solvable if it is monolithically solvable.

Besides, we show that the elementary supervisors together achieve maximal permissiveness

with respect to the modular specification if each of them is maximally permissive with respect

to the corresponding elementary specification. The results of this chapter can be applied in

both full and partial observation.

7



In Chapter 6, we consider the modular similarity control problem for the composite system

under full observation. The composite system under consideration consists of multiple local

subsystems, each of which is assigned a nondeterministic local subspecification. To modularly

solve the similarity control problem, we synthesize a local supervisor for each subsystem and

its corresponding local subspecification, so that the entire specification is modularly achieved.

We provide a condition under which the modular control is applicable, which is relaxed

compared to the one used in [68, 69]. Finally, we show that the same permissiveness as a

maximally permissive monolithic supervisor can be achieved by these local supervisors when

the above-mentioned condition is satisfied.

We conclude this dissertation and discuss some directions of future research in Chapter 7.
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Chapter 2

Nondeterministic Discrete Event

Systems

In this chapter, we review several basic notions that will be used in this dissertation. We

first show the definition of an NFA, which models a DES at the logical level. Then, we

introduce the languages generated and marked by an NFA, and the synchronous composition

of NFAs. In addition, we introduce the definitions of simulation relation and bisimulation

relation. Finally, we review the nondeterministic supervisory control framework (without

state observation) that is used throughout this dissertation.

2.1 System Model

An NFA, which we use as a model of a DES in this dissertation, is a 5-tuple

G = (X,Σ, α,X0, Xm),

where

• X is the finite set of states,

• Σ is the finite set of events,

• α : X × Σ→ 2X is the nondeterministic state transition function,

• X0 ⊆ X is the nonempty set of initial states, and
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• Xm ⊆ X is the set of marked states, which represent, for example, the completion of

tasks.

Given x, x′ ∈ X and σ ∈ Σ, x′ ∈ α(x, σ) denotes that a transition from state x to state x′ is

caused by the occurrence of event σ, and α(x, σ) = ∅ means that σ is not possible at x. We

say that σ is defined at x if α(x, σ) ̸= ∅. The set A(Σ) denotes the collection of all NFAs

over the event set Σ.

Example 2.1 We consider an NFA G = (X,Σ, α,X0, Xm) ∈ A(Σ) shown in Figure 2.1 that

models a simple processing machine. The state set X, initial state set X0, and marked state

set Xm are given as X = {x0, x1, x2, x3}, X0 = {x0}, and Xm = {x3}, respectively. The

initial state x0, which is identified by ↓ to a circle in Figure 2.1, represents the standby state

of the machine. States x1 and x2 indicate that the machine is operating and out of order,

respectively. The marked state x3 means that the machine completes the operation, and it is

identified by a double circle in Figure 2.1. Events σ1, σ2, and σ3 in Σ = {σ1, σ2, σ3} represent

the start of operation, failure recovery, and completion of operation, respectively. At state

x0, event σ1 causes a transition to x1 or x2 nondeterministically. The transition function

α : X × Σ→ 2X is described as

α(x, σ) =



{x1, x2}, if x = x0, σ = σ1

{x1}, if x = x2, σ = σ2

{x3}, if x = x1, σ = σ3

∅, otherwise

for each x ∈ X and each σ ∈ Σ.

Figure 2.1: An NFA G that models a processing machine.
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For an arbitrary set A, |A| denotes its cardinality. A Deterministic Finite Automa-

ton (DFA) can be considered as a special case of an NFA. Formally, for a DFA G =

(X,Σ, α,X0, Xm) ∈ A(Σ), it holds that |X0| = 1 and |α(x, σ)| ≤ 1 for each x ∈ X and

each σ ∈ Σ.

Let Σ∗ be the collection of all finite event strings of elements in Σ, including the empty

string ε. A subset L of Σ∗ is called a language over Σ. For each s ∈ Σ∗, |s| denotes its

length, and |ε| = 0 holds. tu ∈ Σ∗ is the concatenation of t and u, where t and u are

strings in Σ∗. It holds that tε = εt = t. The concatenation L1L2 of L1, L2 ⊆ Σ∗ is given as

L1L2 = {s1s2 ∈ Σ∗ | s1 ∈ L1 ∧ s2 ∈ L2}.

For G = (X,Σ, α,X0, Xm) ∈ A(Σ), we extend the transition function α to α : X ×Σ∗ →

2X inductively as

• ∀x ∈ X : α(x, ε) = {x}, and

• ∀x ∈ X, ∀s ∈ Σ∗,∀σ ∈ Σ : α(x, sσ) =
∪

x′∈α(x,s)

α(x′, σ).

Additionally, for any X ′ ⊆ X and any s ∈ Σ∗, we let

α(X ′, s) =
∪

x′∈X′

α(x′, s).

The language generated by G ∈ A(Σ) is defined as L(G) = {s ∈ Σ∗ | α(X0, s) ̸= ∅},

which is the set of all possible event strings of G. The marked language Lm(G) = {s ∈

L(G) | α(X0, s) ∩ Xm ̸= ∅} is the set of event strings that lead to a marked state. We let

Reach(G) = {x ∈ X | ∃s ∈ L(G) : x ∈ α(X0, s)} be the set of all reachable states of G. Given

an arbitrary reachable state x ∈ Reach(G), the language that leads to it from an initial state

is defined as Lx(G) = {s ∈ L(G) | x ∈ α(X0, s)}.

G is said to be nonblocking if

∀x ∈ Reach(G), ∃s ∈ Σ∗ : α(x, s) ∩Xm ̸= ∅, (2.1)

which guarantees that G can reach a marked state by the execution of an event string from

any reachable state. In this dissertation, an NFA might also be denoted as a 4-tuple G =

(X,Σ, α,X0) ∈ A(Σ) when the issue of nonblockingness is out of consideration.

Due to nondeterminism, an NFA G ∈ A(Σ) is not necessarily nonblocking even if it
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satisfies the conventional nonblocking condition Lm(G) = L(G) defined for deterministic au-

tomata, where Lm(G) = {s ∈ Σ∗ | ∃t ∈ Σ∗ : st ∈ Lm(G)} denotes the prefix-closure of

Lm(G). That is, condition (2.1) is stronger than the one Lm(G) = L(G) in the nondetermin-

istic setting.

For a set of n NFAs Gi ∈ A(Σi) (i ∈ {1, . . . , n}), the operation of synchronous composition

is defined in the following manner.

Definition 2.1 Given Gi = (Xi,Σi, αi, Xi,0, Xi,m) ∈ A(Σi) (i ∈ {1, . . . , n} = I), their syn-

chronous composition

∥i∈IGi = G1∥ . . . ∥Gn = (X,Σ, α,X0, Xm) ∈ A(Σ)

is defined as X =
∏

i∈I Xi = X1 × · · · × Xn, Σ =
∪

i∈I Σi, X0 =
∏

i∈I Xi,0, and Xm =∏
i∈I Xi,m. The nondeterministic transition function α : X × Σ→ 2X is given as

α((x1, . . . , xn), σ) =


∏

i∈I X
′
i, if ∀i ∈ I(σ) : αi(xi, σ) ̸= ∅

∅, otherwise

for each (x1, . . . , xn) ∈ X and each σ ∈ Σ, where I(σ) = {i ∈ I | σ ∈ Σi} and

X ′
i =


αi(xi, σ), if i ∈ I(σ)

{xi}, otherwise

for each i ∈ I.

Example 2.2 For G ∈ A(Σ) shown in Figure 2.1, it holds that Reach(G) = X and L(G) =

{ε, σ1, σ1σ2, σ1σ3, σ1σ2σ3}. Since the marked state x3 is reached from the initial state x0 after

executing σ1σ3 or σ1σ2σ3, we have Lx3(G) = Lm(G) = {σ1σ3, σ1σ2σ3}.

Consider another NFA G′ = (X ′,Σ′, α′, X ′
0, X

′
m) ∈ A(Σ′) shown in Figure 2.2 (a), where

Σ′ = {σ1, σ3, σ4}. The reachable part of the synchronous composition G∥G′ is shown in

Figure 2.2 (b).
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(a) (b)

Figure 2.2: (a) Automaton G′ and (b) synchronous composition G∥G′.

2.2 Simulation Relation and Bisimulation Relation

Languages describe the sequential behavior of DESs, and they are generally used in the

behavioral comparison of deterministic automata. On the other hand, nondeterminism in an

automaton can capture aspects of the system behavior beyond the languages generated and

marked by the automaton [32]. Instead of language inclusion and equivalence relations, we

consider stronger notions of simulation relation and bisimulation relation defined in [51, 52]

among nondeterministic automata.

A simulation relation is defined for NFAs as follows.

Definition 2.2 [53] For Gi = (Xi,Σ, αi, Xi,0, Xi,m) ∈ A(Σ) (i ∈ {1, 2}), a relation Φ ⊆

X1 ×X2 is said to be a simulation relation from G1 to G2 if

• ∀x1,0 ∈ X1,0, ∃x2,0 ∈ X2,0 : (x1,0, x2,0) ∈ Φ,

• ∀(x1, x2) ∈ Φ, ∀σ ∈ Σ,∀x′1 ∈ α1(x1, σ), ∃x′2 ∈ α2(x2, σ) : (x
′
1, x

′
2) ∈ Φ, and

• ∀(x1, x2) ∈ Φ : x1 ∈ X1,m ⇒ x2 ∈ X2,m.

If there exists a simulation relation from G1 to G2, G1 is said to be simulated by G2, and we

write G1 ⊑ G2.

We drop the third condition

∀(x1, x2) ∈ Φ : x1 ∈ X1,m ⇒ x2 ∈ X2,m

on marked states where the issue of marking (nonblockingness) is not considered.
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If G1, G2 ∈ A(Σ) simulate each other, namely, G1 ⊑ G2 and G2 ⊑ G1 hold, they are said

to be simulation equivalent and we write as G1 ∼ G2 [62].

Remark 2.1 [53,62] For two NFAs G1, G2 ∈ A(Σ), we only have

G1 ⊑ G2 ⇒ L(G1) ⊆ L(G2) ∧ Lm(G1) ⊆ Lm(G2),

and the reverse relation does not hold in general. In other words, the simulation relation is

stronger than the inclusion relation of the generated and marked languages in the nondeter-

ministic setting. Also note that G1 ∼ G2 implies L(G1) = L(G2) and Lm(G1) = Lm(G2).

Example 2.3 We consider four automata Gi = (Xi,Σ, αi, Xi,0, Xi,m) ∈ A(Σ) (i ∈

{1, 2, 3, 4} = I) shown in Figures 2.3 (a), (b), (c), and (d), respectively. For each i ∈ I,

it holds that L(Gi) = {ε, σ1, σ1σ2, σ1σ3} and Lm(Gi) = {σ1σ2, σ1σ3}. Since the relation

Φ1,2 ⊆ X1 ×X2 given as

Φ1,2 = {(x1,0, x2,0), (x1,1, x2,1), (x1,2, x2,1), (x1,3, x2,3), (x1,4, x2,4)}

is a simulation relations from G1 to G2, we have G1 ⊑ G2. It also holds that L(G1) ⊆ L(G2)

and Lm(G1) ⊆ Lm(G2). On the other hand, by the occurrence of σ1, G2 can reach x2,1, where

σ2 and σ3 are both possible. Since there does not exist a counterpart state of x2,1 in G1, G2

is not simulated by G1, even though L(G2) ⊆ L(G1) and Lm(G2) ⊆ Lm(G1). Hence, the

simulation relation is stronger than the inclusion relation of languages in the nondeterministic

setting.

Besides, it can be verified that G1 ∼ G4 and G2 ∼ G3.

For any relation Φ ⊆ X1 ×X2, its inverse relation Φ−1 ⊆ X2 ×X1 is defined as

Φ−1 = {(x2, x1) ∈ X2 ×X1 | (x1, x2) ∈ Φ}.

A bisimulation relation for two NFAs is defined as follows.

Definition 2.3 [53] For Gi = (Xi,Σ, αi, Xi,0, Xi,m) ∈ A(Σ) (i ∈ {1, 2}), a relation Φ ⊆

X1 ×X2 is said to be a bisimulation relation of G1 and G2 if Φ is a simulation relation from

G1 to G2 and Φ−1 is a simulation relation from G2 to G1. If there exists a bisimulation
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(a) (b) (c) (d)

Figure 2.3: Automata (a) G1, (b) G2, (c) G3, and (d) G4.

relation of G1 and G2, they are said to be bisimilar (or bisimulation equivalent), and we

write G1 ≃ G2.

Example 2.4 Recall Gi = (Xi,Σ, αi, X1,0, Xi,m) ∈ A(Σ) (i ∈ I) shown in Figures 2.3 (a),

(b), (c), and (d), respectively. The relation Φ1,4 ⊆ X1 ×X4 given as

Φ1,4 = {(x1,0, x4,0), (x1,1, x4,1), (x1,2, x4,2), (x1,3, x4,3), (x1,4, x4,3)}

and its inverse relation Φ−1
1,4 ⊆ X4 × X1 are simulation relations from G1 to G4 and G4 to

G1, respectively. Then, Φ1,4 is a bisimulation relation of G1 and G4, which implies G1 ≃ G4.

On the other hand, there does not exist a simulation relation from G2 to G3 whose inverse

relation is a simulation relation from G3 to G2, G2 ≃ G3 does not hold and we only have

G2 ∼ G3.

Remark 2.2 The order ⊑ serves as a preorder for A(Σ) [62]. In other words, the order ⊑

on A(Σ) is

• transitive (for any G1, G2, G3 ∈ A(Σ), if G1 ⊑ G2 and G2 ⊑ G3, then G1 ⊑ G3),

• reflexive (for any G ∈ A(Σ), G ⊑ G), but

• not antisymmetric (given G1, G2 ∈ A(Σ) such that G1 ⊑ G2 and G2 ⊑ G1, it is not

necessarily G1 = G2).

The relation ≃ on A(Σ) is also transitive and reflexive.

Moreover, we have the following propositions on the order ⊑, which will be used later.
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Proposition 2.1 For Gi = (Xi,Σ, αi, Xi,0, Xi,m) ∈ A(Σ) (i ∈ I = {1, . . . , n}), the following

two statements hold for their synchronous composition ∥i∈IGi.

1. For each i ∈ I, we have ∥i∈IGi ⊑ Gi.

2. For any G′ ∈ A(Σ) such that G′ ⊑ Gi holds for each i ∈ I, we have G′ ⊑ ∥i∈IGi.

Proposition 2.2 For Gi = (Xi,Σ, αi, Xi,0, Xi,m) ∈ A(Σ) (i ∈ I = {1, . . . , n}) and G′
i =

(X ′
i,Σ, α

′
i, X

′
i,0, X

′
i,m) ∈ A(Σ) (i ∈ I) such that Gi ⊑ G′

i holds for each i ∈ I, it holds that

∥i∈IGi ⊑ ∥i∈IG′
i.

Propositions 2.1 and 2.2 with n = 2 are proved in Theorem 2 and Lemma 1 of [62],

respectively. Their extensions to the case of n > 2 are straightforward by the definitions of

the synchronous composition and the simulation relation.

2.3 Nondeterministic Supervisory Control Framework

Given an uncontrolled DES that is modeled as an automaton, its behavior is modified in

order to achieve a certain specification. A supervisor modifies the system’s behavior by

dynamically enabling/disabling the events of the system [1]. In this dissertation, we use

G = (X,Σ, α,X0, Xm) ∈ A(Σ) and R = (Q,Σ, δ,Q0, Qm) ∈ A(Σ) to denote the system and

the specification, respectively. A supervisor is also modeled as an NFA S = (Y,Σ, β, Y0, Ym =

Y ) ∈ A(Σ) over Σ, whose states are all marked. The system G being supervised by a

supervisor S is given as their synchronous composition

S∥G = (Y ×X,Σ, ξ, Y0 ×X0, Y ×Xm) ∈ A(Σ). (2.2)

As S and G share the same event set Σ, we have ξ((y, x), σ) = β(y, σ) × α(x, σ) for each

(y, x) ∈ Y ×X and each σ ∈ Σ, meaning that ξ((y, x), σ) ̸= ∅ if and only if both β(y, σ) and

α(x, σ) are nonempty.

In general, a supervisor works under limited control and observation capabilities. The

limitation on control is referred to the fact that some events cannot be disabled by a supervisor

(for example, an event representing “fault”). The event set Σ is partitioned into two disjoint

sets Σc and Σuc, which denote the set of controllable events and the set of uncontrollable

events, respectively. An uncontrollable event in Σuc cannot be disabled by a supervisor.
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The limitation on observation arises due to the limitation of the sensors, which are used

for the observation on event occurrence and current state of the system. Similarly, Σ is

also partitioned into two disjoint sets Σo and Σuo, which denote the set of observable events

and the set of unobservable events, respectively. A supervisor observes the event occurrence

through the natural projection P : Σ∗ → Σ∗
o defined inductively as

• P (ε) = ε, and

• ∀s ∈ Σ∗,∀σ ∈ Σ : P (sσ) =


P (s)σ, if σ ∈ Σo

P (s), if σ ∈ Σuo.

The inverse projection P−1 : Σ∗
o → 2Σ

∗
is defined as P−1(t) = {s ∈ Σ∗ | P (s) = t} for each

t ∈ Σ∗
o.

Then, a notion of admissibility is imposed on a supervisor to guarantee that: (i) the

occurrence of uncontrollable events in the system is not prevented by a supervisor; and (ii) a

supervisor does not react to the occurrence of any unobservable event.

Definition 2.4 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ), a supervisor S =

(Y,Σ, β, Y0, Y ) ∈ A(Σ) is said to be admissible if it satisfies

• ∀(y, x) ∈ Reach(S∥G),∀σ ∈ Σuc : α(x, σ) ̸= ∅ ⇒ β(y, σ) ̸= ∅ [64], and

• ∀(y, x) ∈ Reach(S∥G),∀σ ∈ Σuo : β(y, σ) ̸= ∅ ⇒ β(y, σ) = {y} [54].

When the events of the system under consideration are fully observed (namely, Σuo = ∅

holds and the second condition is automatically satisfied), we call an admissible supervisor

Σuc-admissible for distinction.

The control mechanism of an admissible supervisor S for the system G can be explained

as follows. Let (y, x) ∈ Reach(S∥G) be the current state of S∥G. An event σ ∈ Σ is enabled

by S if β(y, σ) ̸= ∅. We suppose that an enabled event σ occurs in G and causes a transition

from x to x′ ∈ α(x, σ). If σ ∈ Σuo, S does not react to σ because of the second condition of

admissibility, and the resulting state of S∥G is (y, x′) ∈ Reach(S∥G). If σ ∈ Σo, S observes

the occurrence of σ and chooses the next state y′ nondeterministically from β(y, σ). The

resulting state of S∥G is (y′, x′) ∈ Reach(S∥G). Since all transitions specified by α(x, σ) can

occur in S∥G, S does not affect the nondeterminism of transitions in G. Since all the states
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in Y of S are marked, a state (y, x) of S∥G is marked if and only if x is marked in G. A

supervisor S is said to be nonblocking if S∥G is nonblocking.

Remark 2.3 For practical implementation, a nondeterministic supervisor needs to nondeter-

ministically select the control action (the initial state and the next state when an observable

event is observed) online, where a “coin toss” mechanism with as many possible outcomes as

the number of control action choices can be used [31].

The current state of the system is not required to be observed in this dissertation. Here-

after, we refer to full event observation and partial event observation as full observation and

partial observation, respectively.

Remark 2.4 The control of nondeterministic DESs under state (and event) observation was

studied in [63, 66–68], where for the system G = (X,Σ, α,X0, Xm) ∈ A(Σ), a supervisor

that can observe the current state of G can be expressed by a pair (S,Ψ) of an automata

S = (Y,Σ, β, Y0, Y ) ∈ A(Σ) and a relation Ψ ⊆ Y ×X. A modified version of the synchronous

composition

S∥ΨG = (Y ×X,Σ, ξΨ, (Y0 ×X0) ∩Ψ, Y ×Xm) ∈ A(Σ)

is used to model the controlled system, where the nondeterministic transition function ξΨ :

(Y ×X)× → 2Y×X is given as

ξΨ((y, x), σ) = (β(y, σ)× α(x, σ)) ∩Ψ. (2.3)

for each (y, x) ∈ Y ×X and each σ ∈ Σ. The initial state set (Y0×X0)∩Ψ means that, when

the system G starts up with an initial state x0 ∈ X0, the corresponding initial state y0 of S

is not “fully” nondeterministically chosen from Y0. Instead, y0 is chosen from those states in

Y0 which satisfy (y0, x0) ∈ Ψ, based on the fact that S exactly knows that the current state

of G is x0. The same treatment is executed when a transition by an event σ ∈ Σ is caused, as

defined in (2.3). In addition, the following two conditions are imposed on (S,Ψ) to guarantee

that the nondeterminism of transitions in G is not affected by (S,Ψ):

• ∀x0 ∈ X0, ∃y0 ∈ Y0 : (x0, y0) ∈ Ψ, and

• ∀(y, x) ∈ Reach(S∥ΨG) : β(y, σ) ̸= ∅ ⇒ [∀x′ ∈ α(x, σ),∃y′ ∈ β(y, σ) : (y′, x′) ∈

ξΨ((y, x), σ)].
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Given the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and a supervisor S = (Y,Σ, β, Y0, Y ) ∈

A(Σ), we also define the following notations. For any state y ∈ Y , Σuo(y) = {σ ∈ Σuo |

β(y, σ) ̸= ∅} is the set of unobservable events enabled at y, and C(y) = {x ∈ X | (y, x) ∈

Reach(S∥G)} is the set of states of G which are in the charge of y.

For any reachable state y ∈ Reach(S) of an admissible supervisor S ∈ A(Σ), there exists

an observable event string s ∈ Σ∗
o ∩ L(S) such that y ∈ β(Y0, s). Then, there exist states

y0, y1, . . . , yn ∈ Reach(S) with y0 ∈ Y0, yn = y, and yi+1 ∈ β(yi, σi) for i = 0, 1, . . . , n − 1,

where s = σ0σ1 . . . σn−1. For a series of state transitions y0
σ0−→ y1

σ1−→ . . .
σn−1−−−→ yn that

finally reaches yn = y, we call γ0σ0 . . . γn−1σn−1γn ∈ 2Σuo(Σo2
Σuo)∗ a run in S that reaches

y, where γj = Σuo(yj) (j = 0, 1, . . . , n). We let Ry(S) denote the set of all runs in S which

reach y. Note that, when y ∈ Y0, since y ∈ β(Y0, ε), the run Σuo(y) ∈ 2Σuo is an element of

Ry(S). A run r = γ0σ0 . . . γn−1σn−1γn ∈ Ry(S) records not only the observable event string

σ0σ1 . . . σn−1 ∈ Σ∗
o ∩ L(S) that leads to y but also the control decisions γ0, γ1, . . . , γn ∈ 2Σuo

on unobservable events that S made. Here, the set of event strings that lead to y via r is

given as L(r, S) = {s0σ0 . . . sn−1σn−1sn ∈ L(S) | ∀i ∈ {0, 1, . . . , n} : si ∈ γ∗i } ⊆ L(S), which

is also the set of strings enabled by S when its current state is reached via r. Note that

L(r, S) is uniquely determined by r. We suppose that r is shared by another supervisor

S′ ∈ A(Σ), namely, there exists a state y′ ∈ Reach(S′) such that r ∈ Ry′(S
′). Then, it holds

that L(r, S) = L(r, S′). Hence, for the sake of simplicity, we write L(r, S) as L(r) with a

slight abuse of the notation.

Figure 2.4: Supervisor S.

Example 2.5 Let S ∈ A(Σ) shown in Figure 2.4 be a supervisor for some system G ∈ A(Σ),

where Σ = {a, b, u1, u2} and Σuo = {u1, u2}. We consider state y3 ∈ Reach(S), which can

be reached as y0
a−→ y1

b−→ y3 or y0
a−→ y2

a−→ y3. It follows that Ry3(S) = {r1, r2}, where

r1 = {u1}a∅b{u1, u2} and r2 = {u1}a{u2}a{u1, u2}. Then, we have L(r1) = {s1abs′1 ∈ L(S) |

s1 ∈ {u1}∗ ∧ s′1 ∈ {u1, u2}∗} and L(r2) = {s2as′2as′′2 ∈ L(S) | s2 ∈ {u1}∗ ∧ s′2 ∈ {u2}∗ ∧ s′′2 ∈
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{u1, u2}∗}.

In a special case where Σuo = ∅, namely, the system is fully observed, a run r =

γ0σ0γ1σ1 . . . γn−1σn−1γn = ∅σ0∅σ1 . . . ∅σn−1∅ can be characterized by the string σ0σ1 . . . σn−1,

and, since ∅∗ = {ε}, it holds that L(r) = {σ0σ1 . . . σn−1}.

We define a class of supervisors, named Σuc∩Σuo-compatible supervisors, in the following

manner.

Definition 2.5 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ), a supervisor S =

(Y,Σ, β, Y0, Y ) ∈ A(Σ) is said to be Σuc ∩ Σuo-compatible if

∀y ∈ Y, ∀σ ∈ Σuc ∩ Σuo : β(y, σ) = {y}.

Note that a supervisor S ∈ A(Σ) that works under partial observation has to be ad-

missible, but it need not be Σuc ∩ Σuo-compatible. Namely, for any state y ∈ Y and any

σ ∈ Σuc ∩ Σuo, if there does not exist (y, x) ∈ Reach(S∥G) such that α(x, σ) ̸= ∅, then

β(y, σ) need not be nonempty. Moreover, by the definition of admissibility, the following

proposition is trivial.

Proposition 2.3 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and an admissible supervi-

sor S = (Y,Σ, β, Y0, Y ) ∈ A(Σ), we consider a supervisor Scom = (Y,Σ, βcom, Y0, Y ) ∈ A(Σ),

where

βcom(y, σ) =


{y}, if σ ∈ (Σuc ∩ Σuo)− Σuo(y)

β(y, σ), otherwise

for each y ∈ Y and each σ ∈ Σ. Then, it holds that S∥G = Scom∥G and Scom is admissible

and Σuc ∩ Σuo-compatible.

Proposition 2.3 shows that any admissible supervisor S can be turned into an equivalent

admissible and Σuc∩Σuo-compatible one Scom by complementing the transitions of each state

y with self-loop transitions by events in Σuc ∩ Σuo which are not originally defined at y.

Remark 2.5 In the conventional language-based supervisory control problem for determinis-

tic DESs, the system is modeled as a DFAG ∈ A(Σ), and the specification is given as a sublan-

guageK ⊆ L(G) orK ⊆ Lm(G). In the former case whereK ⊆ L(G) is given (or equivalently,
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a DFA R ∈ A(Σ) such that L(R) = K ⊆ L(G) is given), an admissible deterministic super-

visor S ∈ A(Σ) that satisfies L(S∥G) = K is required to be synthesized. There exists such a

supervisor S that exactly achievesK if and only ifK is controllable (KΣuc∩L(G) ⊆ K) [1] and

observable (∀s, s′ ∈ K, ∀σ ∈ Σc : [P (s) = P (s′) ∧ sσ ∈ K ∧ s′σ ∈ L(G)] ⇒ s′σ ∈ K) [18, 19].

In the latter case where K ⊆ Lm(G) is given (or equivalently, a DFA R ∈ A(Σ) such that

Lm(R) = K ⊆ Lm(G) is given), the synthesized admissible supervisor S is required to satisfy

Lm(S∥G) = K and be nonblocking. The necessary and sufficient conditions for the existence

of such a nonblocking supervisor S is that K is controllable, observable, and Lm(G)-closed

(K ∩ Lm(G) = K) [1].

If the afore-mentioned conditions are not satisfied, a deterministic supervisor S′ ∈ A(Σ)

is synthesized for a controllable and observable (and Lm(G)-closed, if nonblockingness is

considered,) sublanguage K ′ of K. Here, S′ enforces language inclusion as it is such that

L(S′∥G) = K ′ ⊆ K or Lm(S′∥G) = K ′ ⊆ K. Since observability is not preserved under

union, there does not exist a supremal solution to the language inclusion control problem

(under partial observation) in general.
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Chapter 3

Maximally Permissive Similarity

Control under Partial Observation

In this chapter, we consider the control problem of enforcing similarity for the nondetermin-

istic system and specification where only a part of the events are observable. This problem

requires us to synthesize an admissible supervisor so that the supervised system is simu-

lated by the specification. We provide a necessary and sufficient condition for the existence

of such a similarity-enforcing supervisor. When the condition holds, we synthesize such a

supervisor which is maximally permissive in the sense that the system supervised by any

similarity-enforcing supervisor is simulated by the system supervised by the proposed su-

pervisor. Finally, we show that some redundant states of the synthesized supervisor can be

removed without reducing its permissiveness.

The issue of nonblockingness is beyond the scope of this chapter (or equivalently, all the

states of the system and specification are regarded as marked), so the marked state sets are

omitted in the automaton models.

3.1 Similarity Control Problem under Partial Observation

Given the partially observed nondeterministic DES with the nondeterministic specification,

the supervisory control problem of synthesizing a supervisor such that the supervised system

is bisimilar to the specification is studied in [54,56]. A necessary and sufficient condition for

the existence of a supervisor that enforces bisimilarity under partial observation was provided

in [56]. In the case where the existence condition of such a supervisor is not satisfied, we
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relax the requirement of enforcing bisimilarity and consider the similarity control problem.

3.1.1 Problem Formulation

Given the partially observed system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) with the uncontrollable event set Σuc and the unobservable event set

Σuo, the similarity control problem (under partial observation) requires us to synthesize an

admissible supervisor S = (Y,Σ, β, Y0) ∈ A(Σ) such that S∥G ⊑ R holds. Such a supervisor

is called a similarity-enforcing supervisor. We let

S(G,R) = {S ∈ A(Σ) | S is admissible and satisfies S∥G ⊑ R}

be the set of all similarity-enforcing supervisors for G and R.

Since the similarity control problem only requires that the supervised system is simulated

by the specification, a conservative supervisor that unnecessarily restricts the behavior of

the system could be a solution to the problem. This motivates us to synthesize a supervisor

that is as permissive as possible. We evaluate the permissiveness of a supervisor with respect

to the simulation relation. Now, we define the set MPS(G,R) ⊆ S(G,R) of all maximally

permissive similarity-enforcing supervisors as

MPS(G,R) = {S ∈ S(G,R) | ∀S′ ∈ S(G,R) : S′∥G ⊑ S∥G}.

In this chapter, we synthesize a supervisor that is an element ofMPS(G,R).

Note that a maximally permissive similarity-enforcing supervisor S ∈ MPS(G,R) can

also be regarded as a supervisor that enforces bisimilarity to a supremal feasible subspecifi-

cation of R. Let R⊑ ⊆ A(Σ) be the set of all subspecifications of R for which the bisimilarity

control problem is solvable. Namely,

R⊑ = {R′ ∈ A(Σ) | R′ ⊑ R holds, and there exists

an admissible supervisor S ∈ A(Σ) such that S∥G ≃ R′}.

We call R∗ ∈ A(Σ) a supremum of R⊑ if

• ∀R′ ∈ R⊑, R
′ ⊑ R∗, and
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• ∀R̂ ∈ A(Σ) : [∀R′ ∈ R⊑ : R′ ⊑ R̂]⇒ R∗ ⊑ R̂.

Then, we have the following proposition that is straightforwardly obtained by extending

Proposition 4 of [70] to the partial observation case.

Proposition 3.1 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such thatMPS(G,R) ̸= ∅, we consider any S ∈ MPS(G,R). It holds

that S ∥ G ∈ R⊑, and S ∥ G is a supremum of R⊑.

Remark 3.1 By the definition ofMPS(G,R), a supervisor S ∈ MPS(G,R) is maximally

permissive in a global sense. This is achievable by introducing nondeterminism in control. It

was shown in [31] that, for the deterministic system and specification, there exists a globally

maximal solution when a supervisor is allowed to be nondeterministic. However, such a

solution is not synthesized in [31].

Since the order ⊑ on A(Σ) is not antisymmetric, for two arbitrary S1, S2 ∈MPS(G,R),

we cannot claim that S1 = S2 or S1∥G = S2∥G. We only have S1∥G ∼ S2∥G (S1∥G ≃ S2∥G

does not necessarily hold, either), which implies that S1 is as permissive as S2 (with respect to

the simulation relation). Since simulation equivalence is stronger than language equivalence,

L(S1∥G) and L(S2∥G) are the same. That is, all maximally permissive supervisors achieve

the same generated language, which is the supremal one achievable by similarity-enforcing

supervisors.

Also note that, when Σuo = ∅, the similarity control problem under partial observation is

reduced to that under full observation, which is a problem of synthesizing a Σuc-admissible

supervisor S ∈ A(Σ) such that S∥G ⊑ R holds for the given G ∈ A(Σ) and R ∈ A(Σ). In

this special case, to emphasize that the system under consideration is fully observed, we use

Sfo(G,R) andMPSfo(G,R) to denote the set of solutions and the set of maximal solutions

to the similarity control problem, respectively.

3.1.2 Motivative Example

We consider a manufacturing system shown in Figure 3.1 (a), which consists of two stations,

two rooms (R1 and R2), a storehouse (SH), a rail, and a robot. There are two kinds of parts

A and B in station 1. Initially, the robot is in station 1, and moves to area 1 after picking a

part. In area 1, the robot first goes to one of the two rooms for processing the picked part.
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(a)

(b) (c)

Figure 3.1: (a) A manufacturing system, (b) system model G, and (c) specification R.

Operations 1 and 2 can be performed in R1 and R2, respectively. When part A is processed

by operation 1, the robot directly moves to station 1 or 2 with the processed part. Otherwise,

the robot can directly bring the part to station 2, or unload the part in SH and then moves

to one of the two stations.

This manufacturing system is modeled as G = (X,Σ, α,X0) ∈ A(Σ) shown in Fig-

ure 3.1 (b). Move of the robot between station 1 and area 1 and that between station 2

and area 1 are detected, which are modeled as events ru and rc, respectively, while the picked

part cannot be identified. The transitions x0
ru−→ x1 and x0

ru−→ x2 denote that the robot

moves to area 1 with parts A and B, respectively. Besides, both operations 1 and 2 can be

detected, which are denoted by o1 and o2, respectively. σuo denotes the unobservable action

of moving to SH and unloading a part. Events o1, o2, and σuo are controlled by opening or

closing the entrances of R1, R2, and SH, respectively. The robot can freely travel back and

forth between station 1 and area 1, while there is a controllable barrier on the rail from area

1 to station 2 so that rc can be disabled. Then, we have Σ = {ru, rc, o1, o2, σuo}, Σuo = {σuo},

and Σuc = {ru}.

As the specification, we consider the nondeterministic automaton R = (Q,Σ, δ,Q0) ∈

A(Σ) shown in Figure 3.1 (c). After the occurrence of ru, regardless of the kind of the picked
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part, the choice between the operations o1 and o2 is prohibited. This requirement is not

captured by the language inclusion control as discussed later, where a supervisor Sdet ∈ A(Σ)

such that L(Sdet∥G) ⊆ L(R) is synthesized. Besides, only the part processed by o2 can be

unloaded in SH, and if the part is unloaded, the robot must go back to station 1.

(a) (b)

(c) (d)

Figure 3.2: (a) Determinized system Gdet, (b) determinized specification Rdet, (c) deterministic
supervisor Sdet, and (d) supervised system Sdet∥G.

By transforming G and R into language-equivalent deterministic automata Gdet and Rdet

as shown in Figures 3.2 (a) and (b), respectively, we can synthesize a maximally permissive

supervisor Sdet shown in Figure 3.2 (c) that achieves a maximal controllable and observ-

able sublanguage of L(Rdet) using the existing methods for the deterministic system and

specification [25, 26, 29]. The reachable part of the supervised system Sdet∥G is shown in

Figure 3.2 (d). It can be verified that both o1 and o2 are possible at states (1, x1) and (1, x2)

in Sdet∥G. This violates the requirement that the choice between the operations o1 and o2

should be prohibited after ru occurs.
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Also note that there does not exist a supervisor that enforces bisimilarity for the given G

and R. These motivate the consideration of the similarity control problem.

3.2 Solvability of the Similarity Control Problem under Par-

tial Observation

3.2.1 Σuc-Similarity

To verify whether there exists a similarity-enforcing supervisor, we need the following notion

of Σuc-similarity.

Definition 3.1 [63] For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ), a relation Φ ⊆ X ×Q is said to be a Σuc-simulation relation from G to

R if

• ∀x0 ∈ X0, ∃q0 ∈ Q0 : (x0, q0) ∈ Φ, and

• ∀(x, q) ∈ Φ, ∀σ ∈ Σuc, ∀x′ ∈ α(x, σ),∃q′ ∈ δ(q, σ) : (x′, q′) ∈ Φ.

If there exists a Σuc-simulation relation from G to R, G is said to be Σuc-simulated by R.

When G is Σuc-simulated by R, all the sequences of transitions by uncontrollable events from

initial states of G are allowed by R. It was shown in Theorem 1 of [64] that Σuc-similarity

is a necessary and sufficient condition for Sfo(G,R) ̸= ∅. This result can be extended to the

case of partial observation as follows.

Proposition 3.2 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ), S(G,R) ̸= ∅ if and only if G is Σuc-simulated by R.

Proof (⇐) Let the supervisor

Su = (Yu,Σ, βu, Yu0) ∈ A(Σ) (3.1)

be such that Yu = Yu0 = {y0} and

β(y0, σ) =


{y0}, if σ ∈ Σuc

∅, otherwise
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for each σ ∈ Σ. Since Su only has a single state y0 at which self-loop transitions caused

by uncontrollable events are defined, it is admissible. Since G is Σuc-simulated by R, there

exists a Σuc-simulation relation Φu ⊆ X × Q from G to R. We show that the relation

Ψu ⊆ (Yu ×X)×Q defined as

Ψu = {((y0, x), q) ∈ (Yu ×X)×Q | (x, q) ∈ Φu}

is a simulation relation from Su∥G to R.

• We consider any (y0, x0) ∈ Yu0 ×X0. Since Φu is a Σuc-simulation relation from G to

R, there exists q0 ∈ Q0 such that (x0, q0) ∈ Φu. It follows that ((y0, x0), q0) ∈ Ψu.

• For any ((y0, x), q) ∈ Ψu and any σ ∈ Σ, we consider any (y0, x
′) ∈ ξu((y0, x), σ), where

ξu : (Yu × X) × Σ → 2Yu×X is the transition function of Su∥G. We have (x, q) ∈ Φu,

y0 ∈ βu(y0, σ) and x′ ∈ α(x, σ). It follows from βu(y0, σ) ̸= ∅ that σ ∈ Σuc. Since Φu is

a Σuc-simulation relation from G to R, there exists q′ ∈ δ(q, σ) such that (x′, q′) ∈ Φu.

It follows that ((y0, x
′), q′) ∈ Ψu.

Hence, we have Su ∈ S(G,R) ̸= ∅.

(⇒) Let S = (Y,Σ, β, Y0) ∈ A(Σ) be any supervisor such that S ∈ S(G,R) ̸= ∅. Since

S∥G ⊑ R, there exists a simulation relation Ψ ⊆ (Y ×X)×Q from S∥G to R. We show that

the relation Φ ⊆ X ×Q defined as

Φ = {(x, q) ∈ X ×Q | ∃y ∈ Y : ((y, x), q) ∈ Ψ ∧ (y, x) ∈ Reach(S∥G)} (3.2)

is a Σuc-simulation relation from G to R.

• We consider any x0 ∈ X0. For any y0 ∈ Y0, we have (y0, x0) ∈ Y0 ×X0 ⊆ Reach(S∥G).

Since Ψ is a simulation relation from S∥G to R, there exists q0 ∈ Q0 such that

((y0, x0), q0) ∈ Ψ. It follows that (x0, q0) ∈ Φ.

• For any (x, q) ∈ Φ and any σ ∈ Σuc, we consider any x′ ∈ α(x, σ). Since (x, q) ∈ Φ, there

exists y ∈ Y such that ((y, x), q) ∈ Ψ and (y, x) ∈ Reach(S∥G). As S is admissible,

it follows from x′ ∈ α(x, σ) ̸= ∅ that β(y, σ) ̸= ∅. For any y′ ∈ β(y, σ), it holds that

(y′, x′) ∈ β(y, σ)×α(x, σ) = ξ((y, x), σ) ⊆ Reach(S∥G), where ξ : (Y ×X)×Σ→ 2Y×X
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is the transition function of S∥G. Moreover, since Ψ is a simulation relation from S∥G

to R, there exists q′ ∈ δ(q, σ) such that ((y′, x′), q′) ∈ Ψ. It follows that (x′, q′) ∈ Φ.

Hence, G is Σuc-simulated by R. □

If G is Σuc-simulated by R, regardless of whether the system is fully or partially observed, the

supervisor that always disables all controllable events is an element of S(G,R). When both

G and R are deterministic, the condition of Σuc-similarity is reduced to Σ∗
uc ∩ L(G) ⊆ L(R).

3.2.2 Computation of the Unique Largest Σuc-Simulation Relation

To effectively verify whether the similarity control problem is solvable, and also to find the

“largest” Σuc-simulation relation which will be used in the supervisor synthesis later, we

consider a function F : 2X×Q → 2X×Q defined over 2X×Q as follows [63]:

F (W ) = {(x, q) ∈W | ∀σ ∈ Σuc,∀x′ ∈ α(x, σ),∃q′ ∈ δ(q, σ) : (x′, q′) ∈W}, (3.3)

where W ∈ 2X×Q is an arbitrary relation over X × Q. W is said to be a fixpoint of the

function F if W = F (W ). Since (2X×Q,⊆) is a complete lattice and F is monotone, that is,

∀W,W ′ ∈ 2X×Q : W ⊆W ′ ⇒ F (W ) ⊆ F (W ′),

it follows from Tarski’s fixpoint theorem [71] that there exists the unique maximal fixpoint

W ↑ of F . As the state sets X and Q of G and R, respectively, are finite, the unique maximal

fixpoint can be computed by

W ↑ =
∩
i≥0

F i(X ×Q)

after at most |X||Q| iterations, where F i(X ×Q) is computed inductively as

F i(X ×Q) =


X ×Q, i = 0

F (F i−1(X ×Q)), i ≥ 1.

The complexity of this computation is O(|Σuc||X|3|Q|3) [63].

The following proposition indicates that Σuc-simulation relations can be characterized as

fixpoints of F [63].
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Proposition 3.3 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ), the following two statements hold for the function F : 2X×Q → 2X×Q

defined by (3.3).

• For any Φ ⊆ X×Q, Φ is a Σuc-simulation relation from G to R if and only if Φ = F (Φ)

and

∀x0 ∈ X0,∃q0 ∈ Q0 : (x0, q0) ∈ Φ.

• G is Σuc-simulated by R if and only if the unique maximal fixpoint W ↑ of the function

F satisfies

∀x0 ∈ X0,∃q0 ∈ Q0 : (x0, q0) ∈W ↑.

By Proposition 3.3, W ↑ is a Σuc-simulation relation from G to R when G is Σuc-simulated

by R. Also note that, for any Σuc-simulation relation Φ from G to R, it holds that Φ ⊆W ↑.

Namely, W ↑ is the “largest” Σuc-simulation relation from G to R.

Example 3.1 We consider the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification

R = (Q,Σ, δ,Q0) ∈ A(Σ) shown in Figures 3.3 (a) and (b), respectively, where Σ =

{a, b, c, d, uc, uo}, Σuc = {σuc}, and Σuo = {σuo}.

(a) (b)

Figure 3.3: (a) System G and (b) specification R.

By iteratively applying the function F : 2X×Q → 2X×Q defined by (3.3) to X × Q, the
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unique maximal fixpoint W ↑ of F is obtained as

F 1(X ×Q) = X ×Q− {x5, x6} × {q0, q1, q2, q3, q4, q6}

= {(x0, q0), (x0, q1), (x0, q2), (x0, q3), (x0, q4), (x0, q5), (x0, q6), (x1, q0), (x1, q1),

(x1, q2), (x1, q3), (x1, q4), (x1, q5), (x1, q6), (x2, q0), (x2, q1), (x2, q2), (x2, q3),

(x2, q4), (x2, q5), (x2, q6), (x3, q0), (x3, q1), (x3, q2), (x3, q3), (x3, q4), (x3, q5),

(x3, q6), (x4, q0), (x4, q1), (x4, q2), (x4, q3), (x4, q4), (x4, q5), (x4, q6), (x5, q5),

(x6, q5)}

= F 2(X ×Q)

= W ↑.

Since (x0, q0) ∈ W ↑ for the initial states x0 and q0 of G and R, respectively, by Proposition

3.3, G is Σuc-simulated by R, and W ↑ is the largest Σuc-simulation relation from G to R.

Besides, by Proposition 3.2, we have S(G,R) ̸= ∅.

3.3 Supervisor Synthesis

Hereafter, we assume that the system G = (X,Σ, α,X0) ∈ A(Σ) is Σuc-simulated by the

specification R = (Q,Σ, δ,Q0) ∈ A(Σ). In this section, we synthesize a supervisor using the

unique maximal fixpoint W ↑ ⊆ X ×Q of the function F : 2X×Q → 2X×Q defined by (3.3).

We define the set of admissible control patterns on unobservable events as

Γuo = {γ ∈ 2Σuo | Σuc ∩ Σuo ⊆ γ}.

For any W ⊆ X ×Q, we let

πX(W ) = {x ∈ X | ∃q ∈ Q : (x, q) ∈W}.

Besides, for any W ⊆ 2W
↑
, minW ⊆W denotes the set of minimal elements of W, that is,

minW = {W ∈ W | @W ′ ∈ W : W ′ ⊆W ∧W ′ ̸= W}.
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As a state of the supervisor to be synthesized, we consider a 3-tuple y = (W y
1 , γ

y
uo,W

y
2 ) ∈

2W
↑ × Γuo × 2W

↑
, whose elements can be informally explained as follows:

• W y
1 ∈ 2W

↑
is used to estimate the current state of G at the moment an observable event

occurs. In each element (x, q) of W y
1 , x is a candidate of the current state of G, and

q is a state of R, which is related to x by W ↑ such that transitions from x should be

simulated by those from q.

• γyuo ∈ Γuo is the set of unobservable events to be enabled at y, which contains all the

uncontrollable (and unobservable) events.

• Some enabled unobservable events in γyuo may occur in G before the next occurrence

of an observable event. W y
2 ∈ 2W

↑
is used to estimate states that are reachable from

those in πX(W y
1 ) by enabled unobservable events. Similar to W y

1 , W
y
2 consists of pairs

of states x and q that are related by W ↑.

To compute W y
2 from W y

1 and γyuo, a function U : 2W
↑ × Γuo → 22

W↑
is defined as

U(W,γ) = {W ′ ∈ 2W
↑ |W ⊆W ′ ∧ [∀(x, q) ∈W ′, ∀σ ∈ γ,

∀x′ ∈ α(x, σ),∃q′ ∈ δ(q, σ) : (x′, q′) ∈W ′]} (3.4)

for each W ∈ 2W
↑
and each γ ∈ Γuo. Each element W ′ of U(W,γ) is a certain invariant set

that includes W . For any pair (x, q) ∈ W ′, if there is a transition from x to x′ ∈ α(x, σ)

by an unobservable event σ ∈ γ, then a corresponding transition from q to q′ ∈ δ(q, σ) such

that (x′, q′) ∈ W ′ must be defined, namely, all transitions from x by σ are allowed by the

specification R. Hence, the nonemptiness of U(W,γ) indicates that, for the estimated states

in πX(W ), γ is a “safe” control pattern on unobservable events. For each x′ ∈ α(x, σ),

q′ ∈ δ(q, σ) such that (x′, q′) ∈ W ′ is not unique in general. It is sufficient for W ′ to include

one such pair (x′, q′). In addition, any state pair that cannot be reached from any pair in W

is irrelevant. These are the reasons that we only consider minimal elements of U(W,γ). We

have the following lemma on minU(W,γ).

Lemma 3.1 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, we consider any W ∈ 2W
↑ − {∅},
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any γ ∈ Γuo, and any W ′ ∈ minU(W,γ). It holds that

∀(x, q) ∈W,∀s ∈ γ∗,∀x′ ∈ α(x, s),∃q′ ∈ δ(q, s) : (x′, q′) ∈W ′, (3.5)

W ′ ⊆
∪
s∈γ∗

∪
(x,q)∈W

α(x, s)× δ(q, s), (3.6)

and ∪
s∈γ∗

α(πX(W ), s) = πX(W ′). (3.7)

Proof To prove (3.5), for any (x, q) ∈ W and any s ∈ γ∗, we let n = |s| and consider any

x′ ∈ α(x, s). Since W ′ ∈ minU(W,γ) ⊆ U(W,γ), it follows from the definition of U that

(x, q) ∈W ⊆W ′. In the case where n = 0, we have s = ε and {x} = α(x, ε), that is, x′ = x.

Moreover, we have {q} = δ(q, ε). Then, we have (x, q) ∈ W ′. In the case where n > 0, we

write s as s = σ1σ2 · · ·σn. Then, there exist x1, x2, · · · , xn ∈ X such that x1 ∈ α(x, σ1),

xn = x′, and xi ∈ α(xi−1, σi) for i = 2, 3, · · · , n. Since (x, q) ∈ W ′, by the definition of U ,

there exist q1, q2, · · · , qn ∈ Q such that q1 ∈ δ(q, σ1), qi ∈ δ(qi−1, σi) for i = 2, 3, · · · , n, and

(xi, qi) ∈W ′ for i = 1, 2, · · · , n. That is, there exists qn ∈ δ(q, s) such that (xn, qn) ∈W ′.

Since W ′ is a minimal element of U(W,γ), (3.6) holds. By (3.5) and (3.6), we have (3.7).

□

Remark 3.2 For any W ∈ 2W
↑

and any γ ∈ Γuo, the standard unobservable reach

SUR(W,γ) ⊆ X ×Q is the right-hand side of (3.6), namely,

SUR(W,γ) =
∪
s∈γ∗

∪
(x,q)∈W

α(x, s)× δ(q, s).

By (3.6), we have W ′ ⊆ SUR(W,γ) for any W ′ ∈ minU(W,γ), but the equality does not

hold in general. For any (x, q) ∈ W and any s ∈ γ∗, we consider any x′ ∈ α(x, s). Then,

a corresponding state q′ ∈ δ(q, s) such that (x′, q′) ∈ W ↑ is not necessarily unique. Here,

one possible pair (x′, q′) ∈ W ↑ is included in W ′ ∈ minU(W,γ), while all possible pairs are

included in SUR(W,γ). This is the reason that W ′ = SUR(W,γ) does not necessarily hold.

Note that if R is deterministic, then it holds that W ′ = SUR(W,γ).
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Now, we define the state set YW ↑ ⊆ 2W
↑ × Γuo × 2W

↑
as

YW ↑ = {(W y
1 , γ

y
uo,W

y
2 ) ∈ 2W

↑ × Γuo × 2W
↑ |W y

1 ̸= ∅ ∧

W y
2 ∈ minU(W y

1 , γ
y
uo) ∧ [∀σ ∈ γyuo ∩ Σc : α(πX(W y

2 ), σ) ̸= ∅]}. (3.8)

As the initial state set, a subset YW ↑0 ⊆ YW ↑ is defined as

YW ↑0 = {(W
y0
1 , γy0uo,W

y0
2 ) ∈ YW ↑ | |W y0

1 | = |X0| ∧ [∀x0 ∈ X0,∃q0 ∈ Q0 : (x0, q0) ∈W y0
1 ]}.

In order to synthesize a supervisor, we need to prove YW ↑0 ̸= ∅ first. For this purpose, we

need the following lemma.

Lemma 3.2 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, the state set YW ↑ ⊆ 2W
↑×Γuo×2W

↑

defined by (3.8) satisfies

∀W ∈ 2W
↑ − {∅}, ∃W ′ ∈ 2W

↑
: (W,Σuc ∩ Σuo,W

′) ∈ YW ↑ .

Proof Since G is Σuc-simulated by R, by Proposition 3.3, W ↑ is a Σuc-simulation relation

from G to R. For any W ∈ 2W
↑ − {∅}, we have W ⊆W ↑ and

∀(x, q) ∈W ↑, ∀σ ∈ Σuc ∩ Σuo, ∀x′ ∈ α(x, σ),∃q′ ∈ δ(q, σ) : (x′, q′) ∈W ↑.

It follows that W ↑ ∈ U(W,Σuc ∩ Σuo) ̸= ∅. Since W ̸= ∅ and (Σuc ∩ Σuo) ∩ Σc = ∅, for any

W ′ ∈ minU(W,Σuc ∩ Σuo) ⊆ 2W
↑
, we have (W,Σuc ∩ Σuo,W

′) ∈ YW ↑ . □

Lemma 3.2 says that any nonempty W ∈ 2W
↑
can form at least one state y ∈ YW ↑ that

disables all controllable and unobservable events.

Since G is Σuc-simulated by R, by Proposition 3.3, there exists W0 ∈ 2W
↑
such that

W0 ̸= ∅, |W0| = |X0|, and

∀x0 ∈ X0,∃q0 ∈ Q0 : (x0, q0) ∈W0.

By Lemma 3.2, there exists W ′
0 ∈ 2W

↑
such that (W0,Σuc ∩ Σuo,W

′
0) ∈ YW ↑ . It follows
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from the definition of YW ↑0 that (W0,Σuc ∩ Σuo,W
′
0) ∈ YW ↑0 ̸= ∅. Now, we can synthesize a

nondeterministic supervisor

SW ↑ = (YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ). (3.9)

The nondeterministic transition function βW ↑ : YW ↑ × Σ→ 2YW↑ is defined as

βW ↑(y, σ) =


{y′ = (W y′

1 , γy
′

uo,W
y′

2 ) ∈ YW ↑ |W y′

1 ∈ minN(W y
2 , σ)}, if σ ∈ ΣW ↑(y)

{y}, if σ ∈ γyuo

∅, otherwise

for each y = (W y
1 , γ

y
uo,W

y
2 ) ∈ YW ↑ and each σ ∈ Σ, where

N(W y
2 , σ) = {W ∈ 2W

↑ | ∀(x, q) ∈W y
2 ,∀x

′ ∈ α(x, σ), ∃q′ ∈ δ(q, σ) : (x′, q′) ∈W},

and

ΣW ↑(y) = {σ ∈ Σo | α(πX(W y
2 ), σ) ̸= ∅ ∧ [∀(x, q) ∈W y

2 ,

∀x′ ∈ α(x, σ), ∃q′ ∈ δ(q, σ) : (x′, q′) ∈W ↑]}.

For any y = (W y
1 , γ

y
uo,W

y
2 ) ∈ YW ↑ , the set ΣW ↑(y) is determined by W y

2 . The above definition

means that ΣW ↑(y) is the set of observable events such that all transitions from πX(W y
2 ) by

these observable events are allowed by the specification R. We prove in the following lemma

that those events in ΣW ↑(y) are always enabled by SW ↑ , namely, βW ↑(y, σ) is nonempty if

σ ∈ ΣW ↑(y).

Lemma 3.3 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor SW ↑ =

(YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ) defined by (3.9) satisfies

∀y ∈ YW ↑ ,∀σ ∈ ΣW ↑(y) : βW ↑(y, σ) ̸= ∅.

Proof For any y = (W y
1 , γ

y
uo,W

y
2 ) ∈ YW ↑ , we consider any σ ∈ ΣW ↑(y). By the definition
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of ΣW ↑(y), there exists (x, q) ∈W y
2 such that α(x, σ) ̸= ∅. Moreover, it holds that

∀(x̃, q̃) ∈W y
2 ,∀x̃

′ ∈ α(x̃, σ),∃q̃′ ∈ δ(q̃, σ) : (x̃′, q̃′) ∈W ↑,

which impliesW ↑ ∈ N(W y
2 , σ) ̸= ∅. Then, there exists a minimal elementW ∈ minN(W y

2 , σ).

Since α(x, σ) ̸= ∅ for (x, q) ∈ W y
2 , we have W ̸= ∅. By Lemma 3.2, there exists W ′ ∈ 2W

↑

such that (W,Σuc ∩ Σuo,W
′) ∈ YW ↑ . Thus, we have (W,Σuc ∩ Σuo,W

′) ∈ βW ↑(y, σ) ̸= ∅. □

Example 3.2 For the system G ∈ A(Σ) and the specification R ∈ A(Σ) shown in Fig-

ures 3.3 (a) and (b), respectively, using W ↑ computed in Example 3.1, we synthesize the

supervisor SW ↑ = (YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ) defined by (3.9). The reachable part of SW ↑

is shown in Figure 3.4, where

y0 = ({(x0, q0)}, ∅, {(x0, q0)}),

y1 = ({(x1, q1), (x2, q1)}, ∅, {(x1, q1), (x2, q1)}),

y2 = ({(x1, q1), (x2, q2)}, ∅, {(x1, q1), (x2, q2)}),

y3 = ({(x1, q2), (x2, q1)}, ∅, {(x1, q2), (x2, q1)}),

y4 = ({(x1, q2), (x2, q2)}, ∅, {(x1, q2), (x2, q2)}),

y5 = ({(x3, q3)}, ∅, {(x3, q3)}),

y6 = ({(x3, q3)}, {uo}, {(x3, q3), (x4, q4)}),

y7 = ({(x3, q4), (x4, q4)}, ∅, {(x3, q4), (x4, q4)}),

y8 = ({(x5, q5)}, ∅, {(x5, q5)}).

Figure 3.4: Supervisor SW↑ .
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Remark 3.3 Each state y = (W y
1 , γ

y
uo,W

y
2 ) ∈ YW ↑ of SW ↑ consists of W y

1 ∈ 2W
↑
, γyuo ∈ Γuo,

and W y
2 ∈ 2W

↑
. 2W

↑
and Γuo have at most 2|X||Q| and 2|Σc∩Σuo| elements, respectively.

Then, the numbers of states and transitions of SW ↑ are bounded by 22|X||Q|+|Σc∩Σuo| and

|Σ|24|X||Q|+2|Σc∩Σuo|, respectively. Since the current state of the system G is not necessarily

identified uniquely, the exponential complexity is common in supervisor synthesis for nonde-

terministic DESs and under partial observation.

In the case where Σuo = ∅, that is, G is fully observed, we have γyuo = ∅ for each state

y = (W y
1 , γ

y
uo,W

y
2 ) ∈ YW ↑ of SW ↑ . In addition, by the definition of U : 2W

↑ × Γuo → 22
W↑

defined by (3.4), we have {W} = minU(W, ∅) for any W ∈ 2W
↑
. Hence, y is in the form

of y = (W, ∅,W ). Here, the numbers of states and transitions of SW ↑ in the worst case are

reduced to 2|X||Q| and |Σ|22|X||Q|, respectively.

In fact, if Σuo = ∅, SW ↑ defined by (3.9) is reduced to the supervisor

S↑ = (Y ↑,Σ, β↑, Y ↑
0 ) ∈ A(Σ) (3.10)

synthesized in [65] for fully observed nondeterministic DESs, which is defined as follows.

• The state set is Y ↑ = 2W
↑
.

• The nondeterministic transition function β↑ : Y ↑ × Σ→ 2Y
↑
is defined as

β↑(y, σ) =


minN(W,σ) if σ ∈ Σ↑(y)

∅, otherwise

for each W ∈ Y ↑ and each σ ∈ Σ, where

N(W,σ) = {W ′ ∈ Y ↑ | ∀(x, q) ∈W,∀x′ ∈ α(x, σ),∃q′ ∈ δ(q, σ) : (x′, q′) ∈W ′},

and

Σ↑(W ) = {σ ∈ Σ | α(πX(W ), σ) ̸= ∅ ∧ [∀(x, q) ∈W,

∀x′ ∈ α(x, σ), ∃q′ ∈ δ(q, σ) : (x′, q′) ∈W ↑]}.
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• The initial state set is defined as

YW ↑0 = {W0 ∈ Y ↑ | |W | = |X0| ∧ [∀x0 ∈ X0, ∃q0 ∈ Q0 : (x0, q0) ∈W0]}.

It was shown that S↑ is a maximally permissive supervisor that solves the similarity

control problem under full observation.

Proposition 3.4 (Theorem 2 of [65]) For the system G = (X,Σ, X0, Xm) ∈ A(Σ) and the

specification R = (Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor

S↑ = (Y ↑,Σ, β↑, Y ↑
0 ) ∈ A(Σ) defined by (3.10) satisfies S↑ ∈MPSfo(G,R).

Remark 3.4 The supervisor SW ↑ defined by (3.9) has a similar structure as the Bipartite

Transition System (BTS) in [29], which was proposed to synthesize a maximally permissive

supervisor for the deterministic system and specification under partial observation. The first

element W y
1 and the third element W y

2 of a state y = (W y
1 , γ

y
uo,W

y
2 ) ∈ YW ↑ of SW ↑ correspond

to Y -state and Z-state of BTS, respectively. However, due to the nondeterminism, transitions

in SW ↑ are different from those in BTS. For example, a transition from Y -state to Z-state is

determined by the standard unobservable reach in BTS, while a transition from W y
1 to W y

2 is

determined by minU(W y
1 , γ

y
uo), whose elements are different from the standard unobservable

reach, as explained in Remark 3.2.

3.4 Maximal Permissiveness of Synthesized Supervisor

In this section, we prove that the supervisor SW ↑ defined by (3.9) is a maximally permissive

similarity-enforcing supervisor inMPS(G,R).

3.4.1 Proof of Enforcing Similarity

We first show that SW ↑ solves the similarity control problem. Here, we prove in the following

lemma that SW ↑ correctly estimates the current state of G.

Lemma 3.4 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor SW ↑ =
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(YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ) defined by (3.9) satisfies

∀t ∈ Σ∗
o ∩ L(SW ↑), ∀y ∈ βW ↑(YW ↑0, t) :

∪
s∈P−1(t)∩Ly(SW↑ )

α(X0, s) = πX(W y
2 ), (3.11)

where y = (W y
1 , γ

y
uo,W

y
2 ).

Proof By the definition of YW ↑ , for any y = (W y
1 , γ

y
uo,W

y
2 ) ∈ YW ↑ , we haveW

y
1 ∈ 2W

↑−{∅},

γyuo ∈ Γuo, and W y
2 ∈ minU(W y

1 , γ
y
uo). Then, the results of Lemma 3.1 can be applied to W y

1 ,

γyuo, and W y
2 . We prove (3.11) by the induction on the length of an observable event string

t ∈ Σ∗
o ∩ L(SW ↑).

For the base step, we consider the case where |t| = 0, that is, t = ε ∈ Σ∗
o ∩ L(SW ↑).

Since YW ↑0 = βW ↑(YW ↑0, ε), we consider any y0 = (W y0
1 , γy0uo,W

y0
2 ) ∈ YW ↑0. It follows from

the definition of YW ↑0 that πX(W y0
1 ) = X0. By the definition of βW ↑ , we have P−1(ε) ∩

Ly0(SW ↑) = γy0∗uo . By (3.7), we have

∪
s∈P−1(ε)∩Ly0 (SW↑ )

α(X0, s) = πX(W y0
2 ).

For the induction step, we suppose that, for any t ∈ Σ∗
o ∩ L(SW ↑) with |t| = n ≥ 0 and

any ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ) ∈ βW ↑(YW ↑0, t),

∪
s∈P−1(t)∩Lỹ(SW↑ )

α(X0, s) = πX(W ỹ
2 )

holds. We consider the case where |t| = n + 1. Any t ∈ Σ∗
o ∩ L(SW ↑) with |t| = n + 1 is

written as t = t′σ, where |t′| = n and σ ∈ Σo.

For any y = (W y
1 , γ

y
uo,W

y
2 ) ∈ βW ↑(YW ↑0, t

′σ), we prove

∪
s∈P−1(t′σ)∩Ly(SW↑ )

α(X0, s) = πX(W y
2 ). (3.12)

•
(
πX(W y

2 ) ⊆
∪

s∈P−1(t′σ)∩Ly(SW↑ )
α(X0, s)

)
We consider any x ∈ πX(W y

2 ). It follows

from (3.7) that x ∈ πX(W y
2 ) =

∪
s′′∈γy∗

uo
α(πX(W y

1 ), s
′′), which implies that there exist

(x′′, q′′) ∈ W y
1 and s′′ ∈ γy∗uo such that x ∈ α(x′′, s′′). Since y ∈ βW ↑(YW ↑0, t

′σ), there

exists y′ = (W y′

1 , γy
′

uo,W
y′

2 ) ∈ βW ↑(YW ↑0, t
′) such that σ ∈ ΣW ↑(y′) and y ∈ βW ↑(y′, σ).
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We have W y
1 ∈ minN(W y′

2 , σ), which implies

W y
1 ⊆

∪
(x′,q′)∈W y′

2

α(x′, σ)× δ(q′, σ).

Since (x′′, q′′) ∈ W y
1 , there exists (x′, q′) ∈ W y′

2 such that x′′ ∈ α(x′, σ), which im-

plies x ∈ α(x′, σs′′). By the induction hypothesis, for x′ ∈ πX(W y′

2 ), there exists

s′ ∈ P−1(t′) ∩ Ly′(SW ↑) such that x′ ∈ α(X0, s
′). It follows that x ∈ α(x′, σs′′) ⊆

α(X0, s
′σs′′). Moreover, by the definition of P and βW ↑ , we have s′σs′′ ∈ P−1(t′σ) ∩

Ly(SW ↑). Then, we have πX(W y
2 ) ⊆

∪
s∈P−1(t′σ)∩Ly(SW↑ )

α(X0, s).

•
(∪

s∈P−1(t′σ)∩Ly(SW↑ )
α(X0, s) ⊆ πX(W y

2 )
)

We consider any s ∈ P−1(t′σ) ∩ Ly(SW ↑)

and any x ∈ α(X0, s). By the definition of P and βW ↑ , s can be written as s = s′σs′′,

where s′ ∈ P−1(t′) and s′′ ∈ γy∗uo. Then, there exist x′ ∈ α(X0, s
′) and x′′ ∈ α(x′, σ)

such that x ∈ α(x′′, s′′). Since s′σs′′ ∈ Ly(SW ↑), there exists y′ = (W y′

1 , γy
′

uo,W
y′

2 ) ∈

βW ↑(YW ↑0, s
′) = βW ↑(YW ↑0, t

′) such that σ ∈ ΣW ↑(y′) and y ∈ βW ↑(y′, σ). It follows

that s′ ∈ P−1(t′) ∩ Ly′(SW ↑). By the induction hypothesis, we have x′ ∈ α(X0, s
′) ⊆

πX(W y′

2 ), which implies that there exists q′ ∈ Q such that (x′, q′) ∈ W y′

2 . Since W y
1 ∈

minN(W y′

2 , σ), there exists q′′ ∈ δ(q′, σ) such that (x′′, q′′) ∈ W y
1 . In addition, it

follows from (3.5) that there exists q ∈ δ(q′′, s′′) such that (x, q) ∈ W y
2 . It holds that∪

s∈P−1(t′σ)∩Ly(SW↑ )
α(X0, s) ⊆ πX(W y

2 ).

Thus, we have (3.12). These complete the induction. □

The following theorem shows that SW ↑ is a similarity-enforcing supervisor in S(G,R).

Theorem 3.1 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor SW ↑ =

(YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ) defined by (3.9) satisfies SW ↑ ∈ S(G,R).

Proof We first show the admissibility of SW ↑ . We consider any (y, x) ∈ Reach(SW ↑∥G) and

any σ ∈ Σuc such that α(x, σ) ̸= ∅, where y = (W y
1 , γ

y
uo,W

y
2 ). There exists s ∈ L(SW ↑∥G)

such that (y, x) ∈ ξW ↑((YW ↑0×X0), s), where ξW ↑ is the nondeterministic transition function

of SW ↑∥G. It follows that y ∈ βW ↑(YW ↑0, s), x ∈ α(X0, s), and s ∈ P−1(P (s))∩Ly(SW ↑). By

the definition of βW ↑ , we have P (s) ∈ Σ∗
o∩L(SW ↑) and y ∈ βW ↑(YW ↑0, P (s)). By Lemma 3.4,
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it holds that x ∈ πX(W y
2 ), which implies together with α(x, σ) ̸= ∅ that α(πX(W y

2 ), σ) ̸= ∅.

Besides, there exists q ∈ Q such that (x, q) ∈W y
2 . We consider the case where σ ∈ Σuc ∩Σo.

Since W ↑ is a Σuc-simulation relation from G to R, we have

∀(x̃, q̃) ∈W y
2 ⊆W ↑,∀x̃′ ∈ α(x̃, σ),∃q̃′ ∈ δ(q̃, σ) : (x̃′, q̃′) ∈W ↑,

which implies together with α(πX(W y
2 ), σ) ̸= ∅ that σ ∈ ΣW ↑(y). Then, by Lemma 3.3, we

have βW ↑(y, σ) ̸= ∅. In the case where σ ∈ Σuc ∩ Σuo, we have σ ∈ γyuo. It follows from

the definition of βW ↑ that {y} = βW ↑(y, σ) ̸= ∅, which implies together with α(x, σ) ̸= ∅

that ξW ↑((y, x), σ) = βW ↑(y, σ) × α(x, σ) ̸= ∅. Thus, SW ↑ satisfies the first condition of

admissibility.

By the definition of βW ↑ , it is trivial that SW ↑ satisfies the second condition of admissi-

bility. Thus, SW ↑ is admissible.

We prove SW ↑∥G ⊑ R by showing that the relation Ψ ⊆ (YW ↑ ×X)×Q defined as

Ψ = {((y, x), q) ∈ (YW ↑ ×X)×Q | (y, x) ∈ Reach(SW ↑∥G) ∧ (x, q) ∈W y
2 }

is a simulation relation from SW ↑∥G to R, where y = (W y
1 , γ

y
uo,W

y
2 ).

• We consider any (y0, x0) ∈ YW ↑0 × X0, where y0 = (W y0
1 , γy0uo,W

y0
2 ). It follows that

(y0, x0) ∈ Reach(SW ↑∥G). By the definition of YW ↑0, there exists q0 ∈ Q0 such that

(x0, q0) ∈W y0
1 ⊆W y0

2 . Thus, we have ((y0, x0), q0) ∈ Ψ.

• For any ((y, x), q) ∈ Ψ and any σ ∈ Σ, we consider any (y′, x′) ∈ ξW ↑((y, x), σ), where

y = (W y
1 , γ

y
uo,W

y
2 ) and y′ = (W y′

1 , γy
′

uo,W
y′

2 ). It follows that y′ ∈ βW ↑(y, σ) and x′ ∈

α(x, σ). By the definition of Ψ, we have (x, q) ∈ W y
2 and (y, x) ∈ Reach(SW ↑∥G).

Since (y, x) ∈ Reach(SW ↑∥G), we have (y′, x′) ∈ ξW ↑((y, x), σ) ⊆ Reach(SW ↑∥G). We

consider the case where σ ∈ Σo. Since y
′ ∈ βW ↑(y, σ) ̸= ∅, we have σ ∈ ΣW ↑(y). By the

definition of βW ↑ , we have W y′

1 ∈ minN(W y
2 , σ) ⊆ N(W y

2 , σ). There exists q′ ∈ δ(q, σ)

such that (x′, q′) ∈ W y′

1 ⊆ W y′

2 , which implies ((y′, x′), q′) ∈ Ψ. In the case where

σ ∈ Σuo, we have σ ∈ γyuo. It follows from the definition of βW ↑ that {y} = βW ↑(y, σ),

that is, y = y′. Since W y
2 ∈ U(W y

1 , γ
y
uo), there exists q′ ∈ δ(q, σ) such that (x′, q′) ∈W y

2 ,

which implies ((y, x′), q′) ∈ Ψ.
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Hence, Ψ is a simulation relation from SW ↑∥G to R, and SW ↑∥G ⊑ R holds.

Thus, we have SW ↑ ∈ S(G,R). □

Example 3.3 We consider the system G ∈ A(Σ), the specification R ∈ A(Σ), and the

supervisor SW ↑ ∈ A(Σ) shown in Figures 3.3 (a), (b), and Figure 3.4, respectively. The

reachable part of the supervised system SW ↑∥G is given in Figure 3.5. We consider the

Figure 3.5: Supervised system SW↑∥G.

uncontrollable event σuc defined at x5 and x6 of the system G. σuc defined at x5 is not

disabled by SW ↑ , and we have (y, x6) /∈ Reach(SW ↑∥G) for any y ∈ YW ↑ . The unobservable

event σuo is enabled at y6 with {y6} = βW ↑(y6, σuo). It follows that the supervisor SW ↑ is

admissible. Since the relation Ψ ⊆ (YW ↑ ×X)×Q given as

Ψ = {((y, x), q) ∈ (YW ↑ ×X)×Q | (y, x) ∈ Reach(SW ↑∥G) ∧ (x, q) ∈W y
2 },

= {((y0, x0), q0), ((y1, x1), q1), ((y1, x2), q1), ((y2, x1), q1), ((y2, x2), q2), ((y3, x1), q2),

((y3, x2), q1), ((y4, x1), q2), ((y4, x2), q2), ((y5, x3), q3), ((y6, x3), q3), ((y7, x3), q4),

((y7, x4), q4), ((y8, x5), q5), ((y6, x4), q4)},

where y = (W y
1 , γ

y
uo,W

y
2 ), is a simulation relation from SW ↑∥G to R. Then, we can verify

that SW ↑ ∈ S(G,R).

42



3.4.2 Proof of Maximal Permissiveness

The maximal permissiveness of SW ↑ is still left to be proved. Since it is difficult to directly

show that S∥G ⊑ SW ↑∥G holds for any S = (Y,Σ, β, Y0) ∈ S(G,R), we introduce another

supervisor

S̃W ↑ = (ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0) ∈ A(Σ) (3.13)

defined as follows.

• The state set ỸW ↑ ⊆ 2W
↑ × Γuo × 2W

↑
is defined as

ỸW ↑ = {(W y
1 , γ

y
uo,W

y
2 ) ∈ 2W

↑ × Γuo × 2W
↑ |W y

1 ̸= ∅ ∧W y
2 ∈ minU(W y

1 , γ
y
uo)}. (3.14)

• The nondeterministic transition function β̃W ↑ : ỸW ↑ × Σ→ 2ỸW↑ is defined as

β̃W ↑(y, σ) =


{y′ = (W y′

1 , γy
′

uo,W
y′

2 ) ∈ ỸW ↑ |W y′

1 ∈ minN(W y
2 , σ)}, if σ ∈ ΣW ↑(y)

{y}, if σ ∈ γyuo

∅, otherwise

for each y = (W y
1 , γ

y
uo,W

y
2 ) ∈ ỸW ↑ and each σ ∈ Σ, where N(W y

2 , σ) and ΣW ↑(y) are

defined in the same manner as those of SW ↑ .

• The initial state set ỸW ↑0 ⊆ ỸW ↑ is defined as

ỸW ↑0 = {(W
y0
1 , γy0uo,W

y0
2 ) ∈ ỸW ↑ | |W y0

1 | = |X0|∧[∀x0 ∈ X0, ∃q0 ∈ Q0 : (x0, q0) ∈W y0
1 ]}.

Example 3.4 For the system G ∈ A(Σ) and the specification R ∈ A(Σ) shown in Fig-

ures 3.3 (a) and (b), respectively, we can synthesize another supervisor S̃W ↑ =

(ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0) ∈ A(Σ) defined by (3.13). The reachable part of S̃W ↑ is shown in

Figure 3.6, where some labels of transitions by a and the self-loops by σuo defined at

ỹi (i = 0, 1, 2, 3, 4, 7, 8) are omitted. Here, states y0, y1, . . . , y8 are the same as those of

SW ↑ ∈ A(Σ) in Example 3.2. For each i ∈ {0, 1, 2, 3, 4, 7, 8},

ỹi = (W ỹi
1 , γỹiuo,W

ỹi
2 ) = (W yi

1 , {σuo},W yi
2 ),
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while yi = (W yi
1 , ∅,W yi

2 ). ỹi can be considered as a duplicate of yi, since the unobservable

event σuo enabled at ỹi is not defined at any state of G in C(ỹi).

Figure 3.6: Supervisor S̃W↑ .

Note that the state set ỸW ↑ of S̃W ↑ is obtained by removing the condition

∀σ ∈ γyuo ∩ Σc : α(πX(W y
2 ), σ) ̸= ∅ (3.15)

from YW ↑ of SW ↑ . As in Example 3.4, without the restriction of (3.15), S̃W ↑ searches every

possible unobservable control pattern in Γuo. This creates some redundant states but pro-

vides convenience for the comparison on S̃W ↑ and other supervisors. Here, we show that (i)

S̃W ↑∥G ⊑ SW ↑∥G holds, and that (ii) for any S ∈ S(G,R), S∥G ⊑ S̃W ↑∥G holds. Then, we

have S∥G ⊑ SW ↑∥G by the transitivity of ⊑.

Note that YW ↑ ⊆ ỸW ↑ and the following statements hold.

• YW ↑0 = ỸW ↑0 ∩ YW ↑ ⊆ ỸW ↑0, and

• For each y ∈ YW ↑ ⊆ ỸW ↑ and each σ ∈ Σ, βW ↑(y, σ) = β̃W ↑(y, σ) ∩ YW ↑ ⊆ β̃W ↑(y, σ).

The following corollary can be proved in the same way as Lemma 3.4.

Corollary 3.1 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor S̃W ↑
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= (ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0) defined by (3.13) satisfies

∀t ∈ Σ∗
o ∩ L(S̃W ↑),∀y ∈ β̃W ↑(ỸW ↑0, t) :

∪
s∈P−1(t)∩Ly(S̃W↑ )

α(X0, s) = πX(W y
2 ),

where y = (W y
1 , γ

y
uo,W

y
2 ).

By the definitions of YW ↑ and ỸW ↑ , we have the following lemma.

Lemma 3.5 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, we consider the state sets YW ↑

and ỸW ↑ defined by (3.8) and (3.14), respectively. For any ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ) ∈ ỸW ↑ , there

exists y = (W y
1 , γ

y
uo,W

y
2 ) ∈ YW ↑ such that W ỹ

1 = W y
1 , γ

y
uo ⊆ γỹuo, W

ỹ
2 = W y

2 , and

∀σ ∈ γỹuo − γyuo : α(πX(W ỹ
2 ), σ) = ∅.

Proof For any ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ) ∈ ỸW ↑ , we consider a subset γyuo ⊆ γỹuo defined as

γyuo = γỹuo − {σ ∈ γỹuo ∩ Σc | α(πX(W ỹ
2 ), σ) = ∅}. (3.16)

It holds that γyuo ∈ Γuo and

[∀σ ∈ γỹuo − γyuo : α(πX(W ỹ
2 ), σ) = ∅] ∧ [∀σ ∈ γyuo ∩ Σc : α(πX(W ỹ

2 ), σ) ̸= ∅].

Since W ỹ
2 ∈ minU(W ỹ

1 , γ
ỹ
uo), it follows from (3.16) that W ỹ

2 ∈ minU(W ỹ
1 , γ

y
uo). Then, letting

W y
1 = W ỹ

1 and W y
2 = W ỹ

2 , we have y = (W y
1 , γ

y
uo,W

y
2 ) ∈ YW ↑ . □

Now, we show in the following lemma that S̃W ↑∥G ⊑ SW ↑∥G holds.

Lemma 3.6 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, we consider the supervisors SW ↑ =

(YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ) and S̃W ↑ = (ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0) ∈ A(Σ) defined by (3.9) and

(3.13), respectively. It holds that S̃W ↑∥G ⊑ SW ↑∥G.

Proof We prove S̃W ↑∥G ⊑ SW ↑∥G by showing that the relation Φ̂ ⊆ (ỸW ↑×X)×(YW ↑×X)
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defined as

Φ̂ = {((ỹ, x), (y, x)) ∈ (ỸW ↑ ×X)× (YW ↑ ×X) |W ỹ
1 = W y

1 ∧ γyuo ⊆ γỹuo ∧W ỹ
2 = W y

2 ∧

[∀σ ∈ γỹuo − γyuo : α(πX(W ỹ
2 ), σ) = ∅] ∧ (ỹ, x) ∈ Reach(S̃W ↑∥G)}

is a simulation relation from S̃W ↑∥G to SW ↑∥G, where ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ) and y = (W y

1 , γ
y
uo,W

y
2 ).

Let ξ̃W ↑ : (ỸW ↑ ×X)× Σ→ 2ỸW↑×X and ξW ↑ : (YW ↑ ×X)× Σ→ 2YW↑×X be the nondeter-

ministic transition functions of S̃W ↑∥G and SW ↑∥G, respectively.

• We consider any (ỹ0, x0) ∈ ỸW ↑0 × X0 with ỹ0 = (W ỹ0
1 , γỹ0uo,W

ỹ0
2 ). By Lemma 3.5,

there exists y0 = (W y0
1 , γy0uo,W

y0
2 ) ∈ YW ↑ ⊆ ỸW ↑ such that W ỹ0

1 = W y0
1 , γy0uo ⊆ γỹ0uo,

W ỹ0
2 = W y0

2 , and

∀σ ∈ γỹ0uo − γy0uo : α(πX(W ỹ0
2 ), σ) = ∅.

Since ỹ0 ∈ ỸW ↑0, we have y0 ∈ ỸW ↑0. It follows that y0 ∈ ỸW ↑0 ∩ YW ↑ = YW ↑0. Since

(ỹ0, x0) ∈ ỸW ↑0 ×X0 ⊆ Reach(S̃W ↑∥G), we have ((ỹ0, x0), (y0, x0)) ∈ Φ̂.

• For any ((ỹ, x), (y, x)) ∈ Φ̂ and any σ ∈ Σ, we consider any (ỹ′, x′) ∈ ξ̃W ↑((ỹ, x), σ),

where ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ), y = (W y

1 , γ
y
uo,W

y
2 ), and ỹ′ = (W ỹ′

1 , γỹ
′

uo,W
ỹ′

2 ). It fol-

lows from the definition of ξ̃W ↑ that ỹ′ ∈ β̃W ↑(ỹ, σ) ̸= ∅ and x′ ∈ α(x, σ) ̸= ∅.

Since ((ỹ, x), (y, x)) ∈ Φ̂, we have (ỹ, x) ∈ Reach(S̃W ↑∥G), which implies (ỹ′, x′) ∈

ξ̃W ↑((ỹ, x), σ) ⊆ Reach(S̃W ↑∥G).

We consider the case where σ ∈ Σo. It follows from β̃W ↑(ỹ, σ) ̸= ∅ that σ ∈ ΣW ↑(ỹ).

Since ((ỹ, x), (y, x)) ∈ Φ̂, we have W ỹ
2 = W y

2 , which implies σ ∈ ΣW ↑(y). It follows

from the definition of β̃W ↑ that β̃W ↑(y, σ) = β̃W ↑(ỹ, σ). By Lemma 3.5, there exists

y′ = (W y′

1 , γy
′

uo,W
y′

2 ) ∈ YW ↑ ⊆ ỸW ↑ that satisfies W ỹ′

1 = W y′

1 , γy
′

uo ⊆ γỹ
′

uo, W
ỹ′

2 = W y′

2 ,

and

∀σ ∈ γỹ
′

uo − γy
′

uo : α(πX(W ỹ′

2 ), σ) = ∅.

Since W y′

1 = W ỹ′

1 ∈ minN(W ỹ
2 , σ), we have y′ ∈ β̃W ↑(ỹ, σ)∩ YW ↑ = β̃W ↑(y, σ)∩ YW ↑ =

βW ↑(y, σ). It follows that (y′, x′) ∈ βW ↑(y, σ)×α(x, σ) = ξW ↑((y, x), σ). Thus, we have

((ỹ′, x′), (y′, x′)) ∈ Φ̂.

In the case where σ ∈ Σuo, we have σ ∈ γỹuo. Since (ỹ, x) ∈ Reach(S̃W ↑∥G), there exists

s ∈ L(S̃W ↑∥G) such that (ỹ, x) ∈ β̃W ↑(ỸW ↑0, s) × α(X0, s) = ξ̃W ↑(ỸW ↑0 × X0, s). By
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the definition of β̃W ↑ , we have P (s) ∈ Σ∗
o ∩ L(S̃W ↑) and ỹ ∈ β̃W ↑(ỸW ↑0, P (s)). Then,

it follows from Corollary 3.1 that x ∈ α(X0, s) ⊆
∪

s′∈P−1(P (s))∩Lỹ(SW↑ )
α(X0, s

′) =

πX(W ỹ
2 ). Since x′ ∈ α(x, σ) ⊆ α(πX(W ỹ

2 ), σ) ̸= ∅ and ((ỹ, x), (y, x)) ∈ Φ̂, it follows

from the definition of Φ̂ that σ ∈ γyuo. By the definitions of β̃W ↑ and βW ↑ , we have

{ỹ} = β̃W ↑(ỹ, σ) and {y} = βW ↑(y, σ). It follows that ỹ = ỹ′ and (y, x′) ∈ βW ↑(y, σ)×

α(x, σ) = ξW ↑((y, x), σ). Besides, by the definition of Φ̂, we have W ỹ
1 = W y

1 , γ
y
uo ⊆ γỹuo,

W ỹ
2 = W y

2 , and

∀σ ∈ γỹuo − γyuo : α(πX(W ỹ
2 ), σ) = ∅.

Thus, it holds that ((ỹ, x′), (y, x′)) ∈ Φ̂.

Hence, Φ̂ is a simulation relation from S̃W ↑∥G to SW ↑∥G. □

We next show S∥G ⊑ S̃W ↑∥G for any S ∈ S(G,R). By the proof of the necessity part of

Proposition 3.2, we have the following lemma.

Lemma 3.7 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, we consider any supervisor S =

(Y,Σ, β, Y0) ∈ S(G,R), any simulation relation Ψ ⊆ (Y ×X) × Q from S∥G to R, and any

y ∈ Y . If a relation Φy ⊆ X ×Q defined by

Φy = {(x, q) ∈ X ×Q | ((y, x), q) ∈ Ψ ∧ (y, x) ∈ Reach(S∥G)} (3.17)

is nonempty, then, for any nonempty subset W ⊆ Φy, it holds that Φy ∈ U(W,Σuo(y)∪(Σuc∩

Σuo)) ̸= ∅.

Proof We consider any y ∈ Y such that Φy ⊆ X × Q defined by (3.17) is nonempty. It

holds that Φy ⊆ Φ for the relation Φ ⊆ X × Q defined by (3.2), which is a Σuc-simulation

relation from G to R as shown in the proof of necessity part of Proposition 3.2. Then,

for the unique maximal fixpoint W ↑ of the function F : 2X×Q → 2X×Q defined by (3.3),

we have Φy ⊆ Φ ⊆ W ↑. For any W ⊆ Φy with W ̸= ∅, it holds that W ∈ 2W
↑
. To show

Φy ∈ U(W,Σuo(y)∪(Σuc∩Σuo)), we consider any (x, q) ∈ Φy, any σ ∈ Σuo(y)∪(Σuc∩Σuo), and

any x′ ∈ α(x, σ). By the definition of Φy, we have ((y, x), q) ∈ Ψ and (y, x) ∈ Reach(S∥G).

Since α(x, σ) ̸= ∅, it follows from the admissibility of S that σ ∈ Σuo(y) and (y, x′) ∈ β(y, σ)×

α(x, σ) = ξ((y, x), σ) ⊆ Reach(S∥G). Since Ψ is a simulation relation from S∥G to R, there
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exists q′ ∈ δ(q, σ) such that ((y, x′), q′) ∈ Ψ, which implies together with (y, x′) ∈ Reach(S∥G)

that (x′, q′) ∈ Φy. It follows from W ⊆ Φy that Φy ∈ U(W,Σuo(y) ∪ (Σuc ∩ Σuo)) ̸= ∅. □

Now, we can prove the maximal permissiveness of SW ↑ in the following theorem.

Theorem 3.2 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor SW ↑ =

(YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ) defined by (3.9) satisfies SW ↑ ∈MPS(G,R).

Proof We consider any admissible supervisor S = (Y,Σ, β, Y0) ∈ S(G,R). There exists a

simulation relation Ψ ⊆ (Y ×X) ×Q from S∥G to R. Then, by the proof of necessity part

of Proposition 3.2, the relation Φ ⊆ X ×Q defined by (3.2) is a Σuc-simulation relation from

G to R. For the unique maximal fixpoint W ↑ of the function F : 2X×Q → 2X×Q defined by

(3.3), we have Φ ⊆W ↑. Hence, it holds that

∀(x, q) ∈ X ×Q : [∃y ∈ Y : ((y, x), q) ∈ Ψ ∧ (y, x) ∈ Reach(S∥G)]⇒ (x, q) ∈ Φ ⊆W ↑.

(3.18)

By Lemma 3.6, we have S̃W ↑∥G ⊑ SW ↑∥G for the supervisor S̃W ↑ = (ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0) ∈

A(Σ) defined by (3.13). Since ⊑ is transitive, it is sufficient to prove S∥G ⊑ S̃W ↑∥G. Let

ξ : (Y ×X)× Σ→ 2Y×X and ξ̃W ↑ : (ỸW ↑ ×X)× Σ→ 2ỸW↑×X denote the nondeterministic

transition functions of S∥G and S̃W ↑∥G, respectively. We prove S∥G ⊑ S̃W ↑∥G by showing

that the relation Φ̃ ⊆ (Y ×X)× (ỸW ↑ ×X) defined as

Φ̃ = {((y, x), (ỹ, x)) ∈ (Y ×X)× (ỸW ↑ ×X) | γỹuo = Σuo(y) ∪ (Σuc ∩ Σuo) ∧

[∀(x̃, q̃) ∈W ỹ
2 : ((y, x̃), q̃) ∈ Ψ ∧ (y, x̃) ∈ Reach(S∥G)] ∧

[∃s ∈ L(S∥G) : (y, x) ∈ ξ(Y0 ×X0, s) ∧ (ỹ, x) ∈ ξ̃W ↑(ỸW ↑0 ×X0, s)]} (3.19)

is a simulation relation from S∥G to S̃W ↑∥G, where ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ).

• We consider any (y0, x0) ∈ Y0 ×X0. To prove that there exists ỹ0 = (W ỹ0
1 , γỹ0uo,W

ỹ0
2 ) ∈

ỸW ↑0 such that ((y0, x0), (ỹ0, x0)) ∈ Φ̃, we first prove that there exists W ỹ0
1 ∈ 2W

↑
such

that

|W ỹ0
1 | = |X0| ∧ [∀x′0 ∈ X0, ∃q′0 ∈ Q0 : (x

′
0, q

′
0) ∈W ỹ0

1 ], (3.20)

48



and

∀(x′0, q′0) ∈W ỹ0
1 : ((y0, x

′
0), q

′
0) ∈ Ψ ∧ (y0, x

′
0) ∈ Reach(S∥G). (3.21)

For any x′0 ∈ X0, we have (y0, x
′
0) ∈ Y0 ×X0 ⊆ Reach(S∥G). Since Ψ is a simulation

relation from S∥G to R, there exists q′0 ∈ Q0 such that ((y0, x
′
0), q

′
0) ∈ Ψ. By (3.18),

we have (x′0, q
′
0) ∈ Φ ⊆W ↑. For every x′′0 ∈ X0, we pick q′′0 ∈ Q0 with ((y0, x

′′
0), q

′′
0) ∈ Ψ

to form a pair (x′′0, q
′′
0) ∈ W ↑ and let W ỹ0

1 ∈ 2W
↑
be the set of these |X0| pairs. Then,

W ỹ0
1 satisfies (3.20) and (3.21). Since X0 ̸= ∅, we have W ỹ0

1 ̸= ∅. For the relation

Φy0 ⊆ X × Q defined by (3.17), it follows from (3.21) that W ỹ0
1 ⊆ Φy0 ̸= ∅. Let

γỹ0uo = Σuo(y0)∪ (Σuc ∩Σuo) ∈ Γuo. It follows from Lemma 3.7 that Φy0 ∈ U(W ỹ0
1 , γỹ0uo).

Then, there exists W ỹ0
2 ∈ minU(W ỹ0

1 , γỹ0uo) ⊆ 2W
↑
such that W ỹ0

2 ⊆ Φy0 . Letting

ỹ0 = (W ỹ0
1 , γỹ0uo,W

ỹ0
2 ), we have ỹ0 ∈ ỸW ↑ . By (3.20), it holds that ỹ0 ∈ ỸW ↑0. Then, we

have ε ∈ L(S∥G), (y0, x0) ∈ ξ(Y0×X0, ε), and (ỹ0, x0) ∈ ỸW ↑0×X0 = ξ̃W ↑(ỸW ↑0×X0, ε).

Besides, by W ỹ0
2 ⊆ Φy0 , we have

∀(x̃0, q̃0) ∈W ỹ0
2 : ((y0, x̃0), q̃0) ∈ Ψ ∧ (y0, x̃0) ∈ Reach(S∥G).

It follows that ((y0, x0), (ỹ0, x0)) ∈ Φ̃.

• For any ((y, x), (ỹ, x)) ∈ Φ̃ and any σ ∈ Σ, we consider any (y′, x′) ∈ ξ((y, x), σ).

It follows from the definition of ξ that y′ ∈ β(y, σ) ̸= ∅ and x′ ∈ α(x, σ) ̸= ∅.

Since ((y, x), (ỹ, x)) ∈ Φ̃, there exists s ∈ L(S∥G) such that (y, x) ∈ ξ(Y0 × X0, s)

and (ỹ, x) ∈ ξ̃W ↑(ỸW ↑0 × X0, s). Then, we have y ∈ β(Y0, s), ỹ ∈ β̃W ↑(ỸW ↑0, s),

and x ∈ α(X0, s). By the definition of β̃W ↑ , we have P (s) ∈ Σ∗
o ∩ L(S̃W ↑) and

ỹ ∈ β̃W ↑(ỸW ↑0, P (s)). Letting ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ), it follows from Corollary 3.1 that

x ∈ α(X0, s) ⊆
∪

s′∈P−1(P (s))∩Lỹ(S̃W↑ )
α(X0, s

′) = πX(W ỹ
2 ), which implies

α(πX(W ỹ
2 ), σ) ̸= ∅. (3.22)

We consider the case where σ ∈ Σo. To prove that there exists (ỹ′, x′) ∈ ξ̃W ↑((ỹ, x), σ)

such that ((y′, x′), (ỹ′, x′)) ∈ Φ̃, we first show σ ∈ ΣW ↑(ỹ). For any (x̃, q̃) ∈ W ỹ
2 ,

we consider any x̃′ ∈ α(x̃, σ). By the definition of Φ̃, we have ((y, x̃), q̃) ∈ Ψ and

(y, x̃) ∈ Reach(S∥G). Then, it holds that (y′, x̃′) ∈ β(y, σ) × α(x̃, σ) = ξ((y, x̃), σ) ⊆
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Reach(S∥G). Since Ψ is a simulation relation from S∥G to R, there exists q̃′ ∈ δ(q̃, σ)

such that ((y′, x̃′), q̃′) ∈ Ψ. It follows from (3.18) that (x̃′, q̃′) ∈ Φ ⊆W ↑. By (3.22), we

have σ ∈ ΣW ↑(ỹ). Moreover, letting

W =
∪

(x̃,q̃)∈W ỹ
2

{(x̃′, q̃′) ∈ α(x̃, σ)× δ(q̃, σ) | ((y′, x̃′), q̃′) ∈ Ψ},

we have W ⊆ Φ ⊆ W ↑ and W ∈ N(W ỹ
2 , σ). Then, there exists a subset W1 ⊆ W that

is a minimal element of N(W ỹ
2 , σ), that is, W1 ∈ minN(W ỹ

2 , σ) such that

∀(x̃, q̃)∈W ỹ
2 , ∀x̃

′∈α(x̃, σ), ∃q̃′∈δ(q̃, σ) : (x̃′, q̃′)∈W1,

and

∀(x̃′, q̃′) ∈W1 : ((y
′, x̃′), q̃′) ∈ Ψ ∧ (y′, x̃′) ∈ Reach(S∥G). (3.23)

By (3.22), W1 ̸= ∅ holds. For the relation Φy′ ⊆ X×Q defined by (3.17), it follows from

(3.23) that W1 ⊆ Φy′ ̸= ∅. Let γuo = Σuo(y
′) ∪ (Σuc ∩ Σuo) ∈ Γuo. By Lemma 3.7, we

have Φy′ ∈ U(W1, γuo). Then, there exists W2 ∈ minU(W1, γuo) such that W2 ⊆ Φy′ .

Letting ỹ′ = (W1, γuo,W2), we have ỹ′ ∈ ỸW ↑ . Since W1 ∈ minN(W ỹ
2 , σ), by the

definition of β̃W ↑ , we have ỹ′ ∈ β̃W ↑(ỹ, σ). Then, it holds that (ỹ′, x′) ∈ β̃W ↑(ỹ, σ) ×

α(x, σ) = ξ̃W ↑((ỹ, x), σ). Since (y′, x′) ∈ ξ((y, x), σ), we have sσ ∈ L(S∥G), (y′, x′) ∈

ξ(Y0 ×X0, sσ), and (ỹ′, x′) ∈ ξ̃W ↑(ỸW ↑0 ×X0, sσ). Besides, by W2 ⊆ Φy′ , it holds that

∀(x̃′′, q̃′′) ∈W2 : ((y
′, x̃′′), q̃′′) ∈ Ψ ∧ (y′, x̃′′) ∈ Reach(S∥G).

It follows that ((y′, x′), (ỹ′, x′)) ∈ Φ̃.

We next consider the case where σ ∈ Σuo. It follows from β(y, σ) ̸= ∅ that σ ∈ Σuo(y).

Since ((y, x), (ỹ, x)) ∈ Φ̃, it holds that Σuo(y) ⊆ γỹuo = Σuo(y) ∪ (Σuc ∩ Σuo). It follows

that σ ∈ γỹuo. By the definition of β̃W ↑ , we have {ỹ} = β̃W ↑(ỹ, σ), which further

implies (ỹ, x′) ∈ β̃W ↑(ỹ, σ) × α(x, σ) = ξ̃W ↑((ỹ, x), σ). Since S is admissible, we have

{y} = β(y, σ), that is, y = y′. Hence, we have sσ ∈ L(S∥G), (y, x′) ∈ ξ(Y0 ×X0, sσ),

and (ỹ, x′) ∈ ξ̃W ↑(ỸW ↑0 ×X0, sσ). Since ((y, x), (ỹ, x)) ∈ Φ̃, we have

∀(x̃, q̃) ∈W ỹ
2 : ((y, x̃), q̃) ∈ Ψ ∧ (y, x̃) ∈ Reach(S∥G).
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It follows that ((y, x′), (ỹ, x′)) ∈ Φ̃.

Thus, Φ̃ is a simulation relation from S∥G to S̃W ↑∥G. It follows from S̃W ↑∥G ⊑ SW ↑∥G and

the transitivity of ⊑ that SW ↑ ∈MPS(G,R). □

Since SW ↑ ∈ A(Σ) can be synthesized as long as G is Σuc-simulated by R, we have

S(G,R) ̸= ∅ ⇔MPS(G,R) ̸= ∅

by Proposition 3.2 and Theorem 3.2. It follows from Proposition 3.1 that, if G is Σuc-

simulated by R, then SW ↑∥G ∈ R⊑, and SW ↑∥G is a supremum of R⊑.

Remark 3.5 In [62], the control problem of enforcing simulation equivalence for fully ob-

served nondeterministic DESs was studied. Given the system G ∈ A(Σ) and the specification

R ∈ A(Σ), a Σuc-compatible supervisor (which is essentially equivalent to a Σuc-admissible

supervisor) S ∈ A(Σ) is synthesized such that S∥G ∼ R holds. Such a supervisor S that

enforces similarity equivalence, if exists, is a solution to the similarity control problem. Be-

sides, S is a maximally permissive one in MPSfo(G,R) by the transitivity of ⊑. On the

other hand, if the control problem of enforcing simulation equivalence is solvable, we have

Sfo(G,R) ̸= ∅ andMPSfo(G,R) ̸= ∅. In addition, a supervisor S′ ∈MPSfo(G,R) satisfies

S′∥G ∼ R.

To the best of the author’s knowledge, the control problem of enforcing simulation equiv-

alence under partial observation remains open. Similar to the fully observed case, if this

problem is solvable under partial observation, we have S(G,R) ̸= ∅. In addition, the super-

visor SW ↑ ∈MPS(G,R) defined by (3.9) is an admissible one such that SW ↑∥G ∼ R.

3.5 Elimination of Certain Redundant States

Let us recall the maximally permissive supervisor SW ↑ ∈ A(Σ) synthesized in Example 3.2.

It holds that {y1, y2, y3, y4} = βW ↑(y0, a), where the control decisions of states y1, y2, and

y4 are strictly more permissive than that of y3. This means that y3 can be removed from

βW ↑(y0, a) without loss of the (maximal) permissiveness of SW ↑ . In this section, we present

a technique for eliminating such redundant states from SW ↑ .
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We consider the supervisor SW ↑ = (YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ) defined by (3.9). For

each y ∈ YW ↑ and each σ ∈ Σ, we consider a subset βred(y, σ) ⊆ βW ↑(y, σ), which is the set

of states that we remove from βW ↑(y, σ), defined as

βred(y, σ) = {y′ ∈ βW ↑(y, σ) | ΣW ↑(y′) = ∅ ∧ [∃y′′ ∈ βW ↑(y, σ) :

γy
′

uo ⊆ γy
′′

uo ∧ (ΣW ↑(y′′) ̸= ∅ ∨ γy
′

uo ̸= γy
′′

uo )]},

where y′ = (W y′

1 , γy
′

uo,W
y′

2 ) and y′′ = (W y′′

1 , γy
′′

uo ,W
y′′

2 ). Each element y′ ∈ βred(y, σ) enables

no observable events and is less permissive than another state y′′ ∈ βW ↑(y, σ). Note that

∀y ∈ YW ↑ , ∀σ ∈ Σuo : βred(y, σ) = ∅ (3.24)

holds since |βW ↑(y, σ)| ≤ 1. Now, we can define a nondeterministic supervisor

S̄W ↑ = (YW ↑ ,Σ, β̄W ↑ , YW ↑0) ∈ A(Σ), (3.25)

with a refined transition function β̄W ↑ : YW ↑ × Σ→ 2YW↑ defined as

β̄W ↑(y, σ) = βW ↑(y, σ)− βred(y, σ)

for each y ∈ YW ↑ and each σ ∈ Σ.

By the above definition, the events defined at a state in βred(y, σ) are strictly fewer than

those defined at a state in β̄W ↑(y, σ), and we have the following lemma.

Lemma 3.8 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, we consider the supervisors S̄W ↑ =

(YW ↑ ,Σ, β̄W ↑ , YW ↑0) ∈ A(Σ) and SW ↑ = (YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ) defined by (3.25) and

(3.9), respectively. It holds that

∀y ∈ YW ↑ ,∀σ ∈ Σ,∀y′ ∈ βW ↑(y, σ),∃ȳ ∈ β̄W ↑(y, σ) : γy
′

uo ⊆ γȳuo,

where y′ = (W y′

1 , γy
′

uo,W
y′

2 ) and ȳ = (W ȳ
1 , γ

ȳ
uo,W

ȳ
2 ).

Proof For any y ∈ YW ↑ and any σ ∈ Σ, we consider any y′ ∈ βW ↑(y, σ). If y′ /∈ βred(y, σ),
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then we have y′ ∈ β̄W ↑(y, σ) = βW ↑(y, σ)− βred(y, σ) and γy
′

uo ⊆ γy
′

uo.

We next consider the case where y′ ∈ βred(y, σ). By the definition of βred(y, σ), the

following two cases are possible: (i) there exists y′′ = (W y′′

1 , γy
′′

uo ,W
y′′

2 ) ∈ βW ↑(y, σ) such

that γy
′

uo ⊆ γy
′′

uo ∧ ΣW ↑(y′′) ̸= ∅; or (ii) there does not exist such y′′ ∈ βW ↑(y, σ), but there

exists y′′′ = (W y′′′

1 , γy
′′′

uo ,W
y′′′

2 ) ∈ βW ↑(y, σ) such that γy
′

uo ⊆ γy
′′′

uo ∧ γy
′

uo ̸= γy
′′′

uo ∧ ΣW ↑(y′′′) = ∅.

In case (i), we have y′′ ∈ β̄W ↑(y, σ) and γy
′

uo ⊆ γy
′′

uo . In case (ii), since Γuo is finite, there

exists ȳ = (W ȳ
1 , γ

ȳ
uo,W

ȳ
2 ) ∈ βW ↑(y, σ) such that γȳuo ∈ Γuo is a maximal element of the set

{γỹuo ∈ Γuo | ∃ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ) ∈ βW ↑(y, σ) : γ

y′′′
uo ⊆ γỹuo ∧ ΣW ↑(ỹ) = ∅}. Then, there does

not exist ȳ′ = (W ȳ′

1 , γȳ
′

uo,W
ȳ′

2 ) ∈ βW ↑(y, σ) such that γȳuo ⊆ γȳ
′

uo ∧ (ΣW ↑(ȳ′) ̸= ∅ ∨ γȳuo ̸= γȳ
′

uo).

It follows that ȳ ∈ β̄W ↑(y, σ) and γy
′

uo ⊆ γy
′′′

uo ⊆ γȳuo. □

We prove in the following theorem that S̄W ↑ is a similarity-enforcing supervisor that has

the same permissiveness as SW ↑ .

Theorem 3.3 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor S̄W ↑ =

(YW ↑ ,Σ, β̄W ↑ , YW ↑0) ∈ A(Σ) defined by (3.25) satisfies S̄W ↑ ∈MPS(G,R).

Proof Let SW ↑ = (YW ↑ ,Σ, βW ↑ , YW ↑0) ∈ A(Σ) be the supervisor defined by (3.9). More-

over, ξ : (YW ↑ ×X)× Σ→ 2YW↑×X and ξ̄ : (YW ↑ ×X)× Σ→ 2YW↑×X denote the nondeter-

ministic transition functions of SW ↑∥G and S̄W ↑∥G, respectively.

We first prove the admissibility of S̄W ↑ . We consider any (y, x) ∈ Reach(S̄W ↑∥G) and

σ ∈ Σuc such that α(x, σ) ̸= ∅. Since S̄W ↑ is obtained by removing certain transitions from

SW ↑ , we have (y, x) ∈ Reach(SW ↑∥G). By Theorem 3.1, SW ↑ is admissible, which implies

ξ((y, x), σ) ̸= ∅. It follows that βW ↑(y, σ) ̸= ∅. By Lemma 3.8, we have β̄W ↑(y, σ) ̸= ∅. Then,

we have ξ̄((y, x), σ) = β̄W ↑(y, σ) × α(x, σ) ̸= ∅. Hence, S̄W ↑ satisfies the first condition of

admissibility. Besides, for any y ∈ YW ↑ and any σ ∈ Σuo, it holds that β̄W ↑(y, σ) = βW ↑(y, σ).

It follows that S̄W ↑ satisfies the second condition of admissibility. Hence, S̄W ↑ is admissible.

We next prove S̄W ↑∥G ⊑ R. Since S̄W ↑ is obtained by removing certain transitions from

SW ↑ , we have S̄W ↑ ⊑ SW ↑ . By the reflexivity of ⊑, we have G ⊑ G. Then, it follows from

Proposition 2.2 that we have S̄W ↑∥G ⊑ SW ↑∥G. Since the simulation relation ⊑ is transitive,

it follows from Theorem 3.1 that S̄W ↑∥G ⊑ R.

Finally, we prove the maximal permissiveness of S̄W ↑ . By Theorem 3.2 and transitivity of
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⊑, it is sufficient to show SW ↑∥G ⊑ S̄W ↑∥G. Besides, by Proposition 2.2 and G ⊑ G, we only

need to show SW ↑ ⊑ S̄W ↑ . For this purpose, we show the relation Φ̄ ⊆ YW ↑ ×YW ↑ defined as

Φ̄ = {(y, ȳ) ∈ YW ↑ × YW ↑ | y = ȳ ∨ [ΣW ↑(y) = ∅ ∧

γyuo⊆γȳuo ∧ (∃y′′∈YW ↑ ,∃σ∈Σ : y, ȳ∈βW ↑(y′′, σ))]}

is a simulation relation from SW ↑ to S̄W ↑ , where y = (W y
1 , γ

y
uo,W

y
2 ) and ȳ = (W ȳ

1 , γ
ȳ
uo,W

ȳ
2 ).

• For any y0 ∈ YW ↑0, we have (y0, y0) ∈ Φ̄.

• For any (y, ȳ) ∈ Φ̄ and any σ ∈ Σ, we consider any y′ ∈ βW ↑(y, σ) ̸= ∅.

In the case where y = ȳ and y′ /∈ βred(y, σ), we have y′ ∈ βW ↑(y, σ) − βred(y, σ) =

β̄W ↑(y, σ). It follows that (y′, y′) ∈ Φ̄.

We next consider the case where y = ȳ and y′ ∈ βred(y, σ) ⊆ βW ↑(y, σ). Then, we have

ΣW ↑(y′) = ∅. By Lemma 3.8, there exists ȳ′ = (W ȳ′

1 , γȳ
′

uo,W
ȳ′

2 ) ∈ β̄W ↑(y, σ) ⊆ βW ↑(y, σ)

such that γy
′

uo ⊆ γȳ
′

uo. It follows that (y′, ȳ′) ∈ Φ̄.

In the case where y ̸= ȳ, by the definition of Φ̄, we have ΣW ↑(y) = ∅ and γyuo ⊆

γȳuo, which imply σ ∈ γyuo ⊆ γȳuo ⊆ Σuo. Then, we have βred(ȳ, σ) = ∅. By the

definition of βW ↑ , we have {y} = βW ↑(y, σ) and {ȳ} = βW ↑(ȳ, σ). It follows that

{ȳ} = βW ↑(ȳ, σ)− βred(ȳ, σ) = β̄W ↑(ȳ, σ) and (y′, ȳ) = (y, ȳ) ∈ Φ̄.

Thus, we have SW ↑∥G ⊑ S̄W ↑∥G. □

Example 3.5 We consider the system G ∈ A(Σ), the specification R ∈ A(Σ), and the

supervisor SW ↑ ∈ A(Σ) shown in Figures 3.3 (a), (b), and Figure 3.4, respectively. Then,

the supervisor S̄W ↑ = (YW ↑ ,Σ, β̄W ↑ , YW ↑0) ∈ A(Σ) defined by (3.25) is synthesized. Since no

event is defined at y3, while b is defined at y1 and y2, and c is defined at y4, the transition

from y0 to y3 is removed. The reachable part of the supervisor S̄W ↑ and the supervised

system S̄W ↑∥G are shown in Figures 3.7 (a) and (b), respectively. We can verify that S̄W ↑ is

admissible and it holds that S̄W ↑∥G ⊑ R. By Theorems 3.2 and 3.3, both SW ↑ and S̄W ↑ are

maximally permissive.

Remark 3.6 The supervisor S̄W ↑ ∈ A(Σ) can be directly constructed without synthesizing

SW ↑ ∈ A(Σ) or S̃W ↑ ∈ A(Σ) first. As it is hard to directly prove the maximal permissiveness

of S̄W ↑ , we first synthesized SW ↑ ∈ A(Σ) in Section 3.3.
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(a)

(b)

Figure 3.7: (a) Supervisor S̄W↑ and (b) supervised system S̄W↑∥G.

Example 3.6 We consider the similarity control problem for the system G ∈ A(Σ) and

the specification R ∈ A(Σ) shown in Figures 3.1 (b) and (c), respectively. As discussed in

Subsection 3.1.2 the supervisor Sdet shown in Figure 3.2 (c) does not solve the problem.

The unique maximal fixpoint W ↑ of the the function F : 2X×Q → 2X×Q defined by (3.3)

is computed as

F 1(X ×Q) = X ×Q− {x0, x3, x6} × {q1, q2, q4, q5},

F 2(X ×Q) = F 1(X ×Q)− {(x3, q0), (x6, q0)}

= F 3(X ×Q)

= W ↑.

The supervisor S̄W ↑ defined by (3.25) is synthesized based on W ↑, whose reachable part is
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(a) (b)

Figure 3.8: (a) Supervisor S̄W↑ and (b) supervised system S̄W↑∥G.

shown in Figure 3.8 (a), where

y0 = ({(x0, q0)}, ∅, {(x0, q0)}),

y1 = ({(x1, q1), (x2, q1)}, ∅, {(x1, q1), (x2, q1)}),

y2 = ({(x1, q2), (x2, q2)}, ∅, {(x1, q2), (x2, q2)}),

y3 = ({(x3, q3), (x4, q3)}, ∅, {(x3, q3), (x4, q3)}),

y4 = ({(x4, q4)}, ∅, {(x4, q4)}),

y5 = ({(x4, q4)}, {uo}, {(x4, q4), (x6, q6)}),

y6 = ({(x5, q5)}, ∅, {(x5, q5)}).

The reachable part of the supervised system S̄W ↑∥G is shown in Figure 3.8 (b). We can

verify that S̄W ↑ solves the similarity control problem. Theorem 3.3 guarantees that S̄W ↑ ∈

MPS(G,R).

3.6 Conclusion

In this chapter, we considered the similarity control problem under partial observation, where

both the system and the specification are modeled as NFAs. The existence condition of

a similarity-enforcing supervisor under full observation was extended to the case of partial

observation. We developed a method to synthesize such a similarity-enforcing supervisor when

the existence condition is satisfied and showed that it is a maximal solution to the similarity
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control problem. Such a maximal solution forms a supremal feasible subspecification of the

given specification. Finally, we provided a technique that eliminates certain redundant states

from the synthesized supervisor without reducing its permissiveness.
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Chapter 4

Maximally Permissive Nonblocking

Similarity Control

In this chapter, we consider the nonblocking similarity control problem, where both enforcing

similarity and imposing nonblockingness are required. For the given nondeterministic system

and specification, we synthesize a nonblocking supervisor that enforces similarity. In order to

construct such a supervisor, we propose an algorithm that computes a nonblocking supervisor

from a possibly blocking one by iteratively removing certain states. This algorithm is proved

to be valid under both full and partial observation. Then, we identify two key properties

of input supervisors, named state-unmergedness and strong maximal permissiveness, which

together guarantee the maximal permissiveness of output nonblocking supervisors. The al-

gorithm is applied to one of the maximally permissive supervisors synthesized in Chapter 3,

which has these two properties, to obtain a maximally permissive nonblocking supervisor. In

addition, we show that a nonblocking supervisor is generated by the algorithm if and only if

there exists a solution to the nonblocking similarity control problem.

4.1 Problem Formulation

Given the (possibly partially observed) system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the speci-

fication R = (Q,Σ, δ,Q0, Qm) ∈ A(Σ), the nonblocking similarity control problem requires us

to synthesize an admissible and nonblocking supervisor S = (Y,Σ, β, Y0, Y ) ∈ A(Σ) such that

S∥G ⊑ R holds. Such a supervisor is called a nonblocking similarity-enforcing supervisor.

58



We let

NS(G,R) = {S ∈ A(Σ) | S is admissible and nonblocking, and satisfies S∥G ⊑ R}

be the set of all nonblocking similarity-enforcing supervisors for G and R. By the definition

of NS(G,R), it holds that NS(G,R) ⊆ S(G,R).

Similar to the similarity control problem studied in Chapter 3, we define the set

MPNS(G,R) ⊆ NS(G,R) of all maximally permissive nonblocking similarity-enforcing

supervisors (based on the simulation relation) as

MPNS(G,R) = {S ∈ NS(G,R) | ∀S′ ∈ NS(G,R) : S′∥G ⊑ S∥G}.

In this chapter, we synthesize a supervisor that is an element ofMPNS(G,R).

We use NSfo(G,R) and MPNSfo(G,R) to denote the set of solutions and the set

of maximal solutions to the nonblocking similarity control problem, respectively, when the

system under consideration is fully observed.

ForMPNS(G,R), we have similar arguments as discussed in Subsection 3.1.1. A super-

visor S ∈MPNS(G,R) is maximally permissive in a global sense, while S inMPNS(G,R)

is not unique.

A maximally permissive nonblocking similarity-enforcing supervisor S ∈ MPNS(G,R)

also serves as a supervisor that enforces bisimilarity to a supremal feasible nonblocking sub-

specification of R. Let RNB
⊑ ⊆ A(Σ) be the set of all nonblocking subspecifications of R for

which the bisimilarity control problem is solvable. Namely,

RNB
⊑ = {R′ ∈ A(Σ) | R′ is nonblocking, R′ ⊑ R holds, and

there exists an admissible supervisor S ∈ A(Σ) such that S∥G ≃ R′}.

Then, Proposition 3.1 can be extended as follows by taking nonblockingness into consid-

eration.

Proposition 4.1 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0, Qm) ∈ A(Σ) such thatMPNS(G,R) ̸= ∅, we consider any S ∈ MPNS(G,R).

It holds that S∥G ∈ RNB
⊑ , and S∥G is a supremum of RNB

⊑ .
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Proof For any S ∈MPNS(G,R), S∥G is nonblocking and S∥G ⊑ R holds. It follows from

the reflexivity of ≃ that S∥G ≃ S∥G. Since S is admissible, we have S∥G ∈ RNB
⊑ .

To show that S∥G is a supremum of RNB
⊑ , we first consider any R′ ∈ RNB

⊑ . There exists

an admissible supervisor S′ such that S′∥G ≃ R′ ⊑ R. It follows that S′∥G ⊑ R. Since R′ is

nonblocking, S′ is nonblocking. Hence, we have S′ ∈ NS(G,R). By S ∈ MPNS(G,R), we

have S′∥G ⊑ S∥G. By S′∥G ≃ R′ and the transitivity of ⊑, we have R′ ⊑ S∥G.

We consider any R̂ ∈ A(Σ) such that

∀R′′ ∈ RNB
⊑ : R′′ ⊑ R̂.

It follows from S∥G ∈ RNB
⊑ that S∥G ⊑ R̂. Hence, S∥G is a supremum of RNB

⊑ . □

Remark 4.1 The state elimination technique presented in Section 3.5 removes some states in

SW ↑ that possibly cause deadlock in the supervised system. However, this resulting supervisor

is not necessarily nonblocking.

4.2 Construction of Nonblocking Supervisors

As a nonblocking similarity-enforcing supervisor inNS(G,R) is difficult to be directly synthe-

sized, we solve the nonblocking similarity control problem by removing the states of blocking

supervisors which cause blockingness.

Here, we define the following notion of the subautomaton with respect to a subset of the

state set, which is used in the construction of a new automaton when some states of the

original one are removed.

Definition 4.1 For G = (X,Σ, α,X0, Xm) ∈ A(Σ) and a subset X ′ ⊆ X such that

X0 ∩X ′ ̸= ∅, the subautomaton G′ ∈ A(Σ) of G with respect to X ′ is defined as

G′ = (X ′,Σ, α′, X ′
0, X

′
m) ∈ A(Σ),

where X ′
0 = X0 ∩ X ′ and X ′

m = Xm ∩ X ′. The nondeterministic transition function α′ :

X ′ × Σ→ 2X
′
is given as α′(x, σ) = α(x, σ) ∩X ′ for each x ∈ X ′ ⊆ X and each σ ∈ Σ.

By the above definition, a subautomaton G′ ∈ A(Σ) of some G ∈ A(Σ) is simulated by
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the original G.

Proposition 4.2 For G = (X,Σ, α,X0, Xm) ∈ A(Σ) and a subset X ′ ⊆ X such that

X0 ∩ X ′ ̸= ∅, the subautomaton G′ = (X ′,Σ, α′, X ′
0, X

′
m) ∈ A(Σ) of G with respect to

X ′ satisfies G′ ⊑ G.

Proof By the definition of the subautomaton, it can be easily shown that the relation

Φ ⊆ X ′ ×X ′ ⊆ X ′ ×X given as

Φ = {(x′, x) ∈ X ′ ×X | x′ = x}

is a simulation relation from G′ to G. □

4.2.1 State Removal Algorithm NBSR

In this subsection, we introduce an algorithm named NBSR (NonBlocking State Removal),

which iteratively removes states of a supervisor that violate the first condition of admissibility

or cause blockingness. The algorithm NBSR computes a nonblocking supervisor from a

possibly blocking one.

In the ith iteration, whether or not the supervisor Si = (Y i,Σ, βi, Y i
0 , Y

i) ∈ A(Σ) is

nonblocking and satisfies the first condition of admissibility is verified. The synchronous

composition Si∥G of Si and G is constructed in line 4, where, for each (y, x) ∈ Y i × X

and each σ ∈ Σ, ξi((y, x), σ) = βi(y, σ) × α(x, σ) is computed. Since |Y i × X|, |βi(y, σ)|,

and |α(x, σ)| are at most |Y ||X|, |Y |, and |X|, respectively, the computational complexity

of constructing Si∥G is O(|Y |2|X|2|Σ|). In lines 5–9, each reachable state (y, x) of Si∥G is

examined to decide whether y should be removed or not. Line 6 verifies if y violates the first

condition of admissibility or causes blockingness. The condition

∀s ∈ Σ∗ : ξi((y, x), s) ∩ Y i ×Xm = ∅

is equivalent to the condition that any marked state of Si∥G is not reachable from (y, x).

Since Si∥G is finite, it can be evaluated algorithmically by exploring all the states reachable

from (y, x). This requires executing all the transitions from (y, x) in Si∥G, whose number is

bounded by |X|2|Y |2|Σ|. Then, the computational complexity in lines 5–9 is O(|Y |3|X|3|Σ|).
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Algorithm 1 NBSR

Require: G = (X,Σ, α,X0, Xm) ∈ A(Σ), S = (Y,Σ, β, Y0, Y ) ∈ A(Σ)
1: S1 = (Y 1,Σ, β1, Y 1

0 , Y
1)← S, SNB ← null, i← 1

2: while SNB = null do
3: Y i+1 ← Y i

4: Compute Si∥G = (Y i ×X,Σ, ξi, Y i
0 ×X0, Y

i ×Xm)
5: for all (y, x) ∈ Reach(Si∥G) do
6: if [∃σ ∈ Σuc : α(x, σ) ̸= ∅ ∧ βi(y, σ) = ∅] ∨ [∀s ∈ Σ∗ : ξi((y, x), s) ∩ Y i ×Xm = ∅]

then
7: Y i+1 ← Y i+1 − {y}
8: end if
9: end for

10: if Y i+1 = Y i then
11: SNB ← Si

12: else if Y i+1 ∩ Y i
0 = ∅ then

13: SNB ← undefined
14: else
15: Compute the subautomaton Si+1 = (Y i+1,Σ, βi+1, Y i+1

0 , Y i+1) of Si with respect
to Y i+1

16: i← i+ 1
17: end if
18: end while
19: return SNB

The set of remaining states can be written as

NBSi

G (Y i) = {y ∈ Y i | ∀(y, x) ∈ Reach(Si∥G) : [∀σ ∈ Σuc : α(x, σ) ̸= ∅ ⇒

βi(y, σ) ̸= ∅] ∧ [∃s ∈ Σ∗ : ξi((y, x), s) ∩ Y i ×Xm ̸= ∅]}, (4.1)

namely, Y i+1 = NBSi

G (Y i). If Y i+1 = Y i, which implies that Si is nonblocking, then the

algorithm outputs the supervisor Si. If Y i+1 ̸= Y i and Y i+1 ∩ Y i
0 = ∅, the subautomaton of

Si with respect to Y i+1 cannot be constructed, so the algorithm outputs “undefined”. In the

case where Y i+1 ̸= Y i and Y i+1 ∩Y i
0 ̸= ∅, the subautomaton Si+1 of Si with respect to Y i+1

is constructed, where, for each y′ ∈ Y i+1 and each σ′ ∈ Σ, βi+1(y′, σ′) is computed. The

computational complexity of constructing Si+1 is O(|Y |2|Σ|). Although the “bad” states in

Y i − Y i+1 are removed from Si to form Si+1, such a state removal operation on Si might

eliminate transitions caused by uncontrollable events, and/or might block some path of Si∥G

that leads to marked states. Hence, Si+1 does not necessarily satisfy the first condition of

admissibility or is possibly blocking, so the operation should be iteratively performed. Since

the number of states of the supervisor Si monotonically decreases, the algorithm NBSR

62



terminates within at most |Y | iterations. Therefore, the complexity of the algorithm NBSR

is O(|Y |4|X|3|Σ|).

4.2.2 Validity of NBSR

We show the validity of NBSR in this subsection. For the sake of notational simplicity, we

let NBSR(S,G) denote the output of the algorithm NBSR when it is applied to a supervisor

S ∈ A(Σ). Note that NBSR(S,G) is either a supervisor SNB ∈ A(Σ) or “undefined”. By the

definition of NBS
G(Y ), we have the following lemma.

Lemma 4.1 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ), a supervisor S =

(Y,Σ, β, Y0, Y ) ∈ A(Σ) satisfies the first condition of admissibility and is nonblocking if

and only if NBS
G(Y ) = Y .

Proof Let ξ : (Y ×X)× Σ→ 2Y×X be the transition function of S∥G.

(⇒) By (4.1), we have NBS
G(Y ) ⊆ Y . To show Y ⊆ NB(Y )SG, for any y ∈ Y , we

consider any (y, x) ∈ Reach(S∥G). Since S satisfies the first condition of admissibility, for

any σ ∈ Σuc such that α(x, σ) ̸= ∅, we have β(y, σ) ̸= ∅. Besides, there exists s ∈ Σ∗ such

that ξ((y, x), s) ∩ Y ×Xm ̸= ∅ by the nonblockingness of S. It follows that y ∈ NBS
G(Y ).

(⇐) We consider any (y, x) ∈ Reach(S∥G). Since y ∈ Y = NBS
G(Y ), there exists s ∈ Σ∗

such that ξ((y, x), s) ∩ Y × Xm ̸= ∅. It follows that S is nonblocking. Besides, for any

σ ∈ Σuc such that α(x, σ) ̸= ∅, we have β(y, σ) ̸= ∅. Hence, S satisfies the first condition of

admissibility. □

Then, we show in the following proposition that a solution to the nonblocking similarity

control problem can be computed by applying NBSR to an appropriate supervisor.

Proposition 4.3 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0, Qm) ∈ A(Σ), we consider a supervisor S = (Y,Σ, β, Y0, Y ) ∈ A(Σ) that satisfies

the second condition of admissibility and S∥G ⊑ R. If NBSR(S,G) = SNB ∈ A(Σ), then

SNB ∈ NS(G,R).

Proof Since SNB is a subautomaton of S, we have SNB ⊑ S by Proposition 4.2. Since the

order ⊑ on A(Σ) is reflexive, G ⊑ G holds. It follows from Proposition 2.2 that SNB∥G ⊑

S∥G. By S∥G ⊑ R and the transitivity of ⊑, we have SNB∥G ⊑ R. By Lemma 4.1,
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SNB = NBSR(S,G) ∈ A(Σ) satisfies the first condition of admissibility and is nonblocking.

Since S satisfies the second condition of admissibility, so does SNB by the Definition 4.1 of

subautomata. It follows that SNB ∈ NS(G,R). □

We provide the following example to illustrate how the algorithm NBSR works.

Example 4.1 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0, Qm) ∈ A(Σ) shown in Figures 4.1 (a) and (b), respectively, where Σ =

{a, b, c, d, e, u} and Σuc = Σuo = {u}, we consider a Σuc ∩ Σuo-compatible supervisor S =

(Y,Σ, β, Y0, Y ) ∈ A(Σ) shown in Figure 4.1 (c). Here, at each state of S, a self-loop by u

is defined but omitted for the sake of simplicity. The reachable part of the supervised sys-

tem S∥G is shown in Figure 4.1 (d), from which we can verify that S ∈ S(G,R) holds, but

S /∈ NS(G,R) as it is blocking.

We apply the algorithm NBSR to S. In the first iteration, we have S1 =

(Y 1,Σ, β1, Y 1
0 , Y

1) = S. Since any marked state cannot be reached from (y6, x6), state

y6 of S1 is removed. Then, the supervisor S2 ∈ A(Σ) is constructed as the subautomaton of

S1 with respect to Y 2 = Y 1 − {y6}. The supervised system S2∥G is obtained by eliminating

states (y6, x6) and (y6, x7) from S∥G. Since the unique marked successor state (y6, x7) of

state (y3, x4) is eliminated, the supervisor S2 is still blocking. In the second iteration, state

y3 of S2 is removed, and the subautomaton S3 ∈ A(Σ) of S2 with respect to Y 3 = Y 2−{y3}

shown in Figure 4.1 (e) is constructed. The reachable part of the supervised system S3∥G

is shown in Figure 4.1 (f). In the third iteration, any state of S3 is not removed, since no

state of S3 causes blockingness or violates the first condition of admissibility. Finally, the

algorithm outputs the supervisor SNB = S3 ∈ A(Σ), which is a solution SNB ∈ NS(G,R)

to the nonblocking similarity control problem.

4.3 Synthesis of the Input Supervisor

Proposition 4.3 has shown conditions on an input supervisor S ∈ A(Σ) of the algorithm

NBSR, which guarantee that if the output NBSR(S,G) is SNB ∈ A(Σ), then it is a solution

in NS(G,R) to the nonblocking similarity control problem. To synthesize an appropriate

candidate supervisor to which the algorithm NBSR is applied, we recall the results presented

in Chapter 3 and modify them by taking marked states into account.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.1: (a) System G, (b) specification R, (c) supervisor S, (d) supervised system S∥G, (e)
supervisor S3 = SNB , and (f) supervised system S3∥G = SNB∥G.

The notion of Σuc-similarity is extended by taking marking into consideration as follows.

Definition 4.2 [66] For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification

R = (Q,Σ, δ,Q0, Qm) ∈ A(Σ), a relation Φ ⊆ X ×Q is said to be a Σuc-simulation relation

from G to R if

• ∀x0 ∈ X0, ∃q0 ∈ Q0 : (x0, q0) ∈ Φ,

• ∀(x, q) ∈ Φ, ∀σ ∈ Σuc, ∀x′ ∈ α(x, σ),∃q′ ∈ δ(q, σ) : (x′, q′) ∈ Φ, and

• ∀(x, q) ∈ Φ : x ∈ Xm ⇒ q ∈ Qm.

The additional third condition corresponds to that of a simulation relation. For any

pair (x, q) of a Σuc-simulation relation, q should be marked if x is marked. The following
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proposition extends Proposition 3.2.

Proposition 4.4 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0, Qm) ∈ A(Σ), S(G,R) ̸= ∅ if and only if G is Σuc-simulated by R.

Proof (⇐) Let Su = (Yu,Σ, βu, Yu0, Yu) ∈ A(Σ) be defined in the same manner as (3.1)

with all states marked. By sufficiency part of the proof of Proposition3.2, in order to show

Su ∈ S(G,R), we only need to show that the relation

Ψu = {((y0, x), q) ∈ (Yu ×X)×Q | (x, q) ∈ Φu}

satisfies the third condition of a simulation relation from Su∥G to R, where Ψu ⊆ X ×Q is

a Σuc-simulation relation from G to R.

For any ((y0, x), q) ∈ Ψu such that (y0, x) ∈ Yu × Xm, since (x, q) ∈ Φu and Φu is a

Σuc-simulation relation from G to R, we have q ∈ Qm. It follows that Su ∈ S(G,R) ̸= ∅.

(⇒) Let S = (Y,Σ, β, Y0, Y ) ∈ A(Σ) be any supervisor such that S ∈ S(G,R) ̸= ∅. By

necessity part of the proof of Proposition3.2, we only need to show that the relation

Φ = {(x, q) ∈ X ×Q | ∃y ∈ Y : ((y, x), q) ∈ Ψ ∧ (y, x) ∈ Reach(S∥G)} (4.2)

satisfies the third condition of a Σuc-simulation relation from G to R, where Ψ ⊆ (Y ×X)×Q

is an arbitrary simulation relation from S∥G to R.

For any (x, q) ∈ Φ such that x ∈ Xm, there exists y ∈ Y such that ((y, x), q) ∈ Ψ. Since

Ψ is a simulation relation from S∥G to R, we have q ∈ Qm. Hence, Φ is a Σuc-simulation

relation from G to R and G is Σuc-simulated by R. □

The verification of Σuc-similarity requires the following function F̃ : 2X×Q → 2X×Q

defined as

F̃ (W ) = {(x, q) ∈W | [∀σ ∈ Σuc,∀x′ ∈ α(x, σ), ∃q′ ∈ δ(q, σ) : (x′, q′) ∈W ] ∧

[x ∈ Xm ⇒ q ∈ Qm]}, (4.3)

where W ∈ 2X×Q is an arbitrary relation over X ×Q. Note that F̃ is obtained by imposing
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the additional condition

x ∈ Xm ⇒ q ∈ Qm

on the function F : 2X×Q → 2X×Q defined in (3.3). Trivially, F̃ is monotone and there exists

the unique maximal fixpoint W ↑ of F̃ by Tarski’s fixpoint theorem [71]. The unique maximal

fixpoint W ↑ ∈ 2X×Q of F̃ is computed by

W ↑ =
∩
i≥0

F̃ i(X ×Q).

The complexity of this computation is O(|Σuc||X|3|Q|3) [66].

The following extension of Proposition 3.3 is straightforward.

Proposition 4.5 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0, Qm) ∈ A(Σ), the following two statements hold for the function F̃ : 2X×Q →

2X×Q defined by (4.3).

• For any Φ ⊆ X×Q, Φ is a Σuc-simulation relation from G to R if and only if Φ = F̃ (Φ)

and

∀x0 ∈ X0,∃q0 ∈ Q0 : (x0, q0) ∈ Φ.

• G is Σuc-simulated by R if and only if the unique maximal fixpoint W ↑ of the function

F̃ satisfies

∀x0 ∈ X0,∃q0 ∈ Q0 : (x0, q0) ∈W ↑.

Since NS(G,R) ⊆ S(G,R), by Proposition 4.4, Σuc-similarity is a necessary condition

for NS(G,R) ̸= ∅. That is, if G is not Σuc-simulated by R, then the nonblocking similarity

control problem is not solvable. Hereafter, we assume that G is Σuc-simulated by R, so that

we have S(G,R) ̸= ∅.

Using the unique maximal fixpoint W ↑ ∈ 2X×Q of F̃ : 2X×Q → 2X×Q defined by (4.3),

we can synthesize a nondeterministic supervisor

S̃W ↑ = (ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0, ỸW ↑) ∈ A(Σ) (4.4)

in the same way as in (3.13), whose states are all marked.
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We show in the following proposition that S̃W ↑ is a maximally permissive similarity-

enforcing supervisor (in the case where marking is considered).

Proposition 4.6 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification

R = (Q,Σ, δ,Q0, Qm) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor S̃W ↑ =

(ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0, ỸW ↑) ∈ A(Σ) defined by (4.4) satisfies S̃W ↑ ∈MPS(G,R).

Proof The results of Corollary 3.1 also hold for S̃W ↑ (defined by (4.4)), and the admissibility

of S̃W ↑ can be proved in the same manner as that of SW ↑ ∈ A(Σ) defined by (3.9) in

Theorem 3.1.

We prove S̃W ↑∥G ⊑ R by showing that the relation Ψ ⊆ (ỸW ↑ ×X)×Q defined as

Ψ = {((y, x), q) ∈ (ỸW ↑ ×X)×Q | (y, x) ∈ Reach(S̃W ↑∥G) ∧ (x, q) ∈W y
2 }

is a simulation relation from S̃W ↑∥G to R, where y = (W y
1 , γ

y
uo,W

y
2 ). The first and second

conditions of the simulation relation are proved in the same way in the proof SW ↑∥G ⊑ R

in Theorem 3.1. To prove the third condition, we consider any ((y, x), q) ∈ Ψ such that

(y, x) ∈ ỸW ↑ × Xm. It follows that x ∈ Xm and (x, q) ∈ W y
2 ⊆ W ↑. Since W ↑ is a Σuc-

simulation relation from G to R, we have q ∈ Qm.

To show the maximal permissiveness of S̃W ↑ , we consider any admissible supervisor S =

(Y,Σ, β, Y0, Y ) ∈ S(G,R). By the proof of Theorem 3.2, it is sufficient to show that the

relation Φ̃ ⊆ (Y × X) × (ỸW ↑ × X) defined by (3.19) satisfies the third condition of the

simulation relation. For any ((y, x), (ỹ, x̃)) ∈ Φ̃, we have x = x̃. It follows that

(y, x) ∈ Y ×Xm ⇒ (ỹ, x̃) ∈ ỸW ↑ ×Xm.

Hence, we have S̃W ↑ ∈MPS(G,R). □

Note that, if the system is fully observed, S̃W ↑ defined by (4.4) is reduced to the supervisor

S↑ = (Y ↑,Σ, β↑, Y ↑
0 , Y

↑) ∈ A(Σ) (4.5)

synthesized in the same manner as in (3.10) based on the unique maximal fixpointW ↑ ∈ 2X×Q

of F̃ : 2X×Q → 2X×Q defined by (4.3).
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Example 4.2 Recall the system G ∈ A(Σ) and the specification R ∈ A(Σ) shown in

Figures 4.1 (a) and (b), respectively. The unique maximal fixpoint W ↑ of the function

F̃ : 2X×Q → 2X×Q defined by (4.3) is obtained as

F̃ 1(X ×Q) = X ×Q− {x2} × {q0, q1, q3, q4, q5, q6} − {x1, x2, x3, x5, x7} × {q0, q4}

= F̃ 2(X ×Q)

= W ↑.

The supervisor S̃W ↑ = (ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0, ỸW ↑) ∈ A(Σ) defined by (4.4) is synthesized using

W ↑, whose reachable part is shown in Figure 4.2 (a), where

ỹ0 = ({(x0, q0)}, {u}, {(x0, q0)}),

ỹ1 = ({(x1, q1), (x2, q2)}, {u}, {(x1, q1), (x2, q2), (x4, q4)}),

ỹ2 = ({(x1, q2), (x2, q2)}, {u}, {(x1, q2), (x2, q2), (x4, q4)}),

ỹ3 = ({(x3, q3)}, {u}, {(x3, q3)}),

ỹ4 = ({(x3, q3), (x4, q3)}, {u}, {(x3, q3), (x4, q3)}),

ỹ5 = ({(x7, q6)}, {u}, {(x7, q6)}),

ỹ6 = ({(x3, q5), (x5, q5)}, {u}, {(x3, q5), (x5, q5)}),

ỹ7 = ({(x6, q6), (x7, q6)}, {u}, {(x6, q6), (x7, q6)}),

and the self-loop by u is omitted at each state. The supervised system S̃W ↑∥G is shown in

Figure 4.2 (b). We have S̃W ↑ ∈ MPS(G,R) by Proposition 4.6. However, since (ỹ7, x6) is

an unmarked deadlock state of S̃W ↑∥G, S̃W ↑ is blocking.

4.4 Synthesis of Maximally Permissive Nonblocking Supervi-

sor

In this section, we show that the supervisor S̃W ↑ ∈ A(Σ) defined by (4.4) can be used

as an input of the algorithm NBSR for synthesizing a maximally permissive nonblocking

supervisor in MPNS(G,R). Moreover, we provide a necessary and sufficient condition for

NS(G,R) ̸= ∅.
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(a) (b)

Figure 4.2: (a) Supervisor S̃W↑ and (b) supervised system S̃W↑∥G.

4.4.1 State-Unmergedness and Strong Maximal Permissiveness

For any S ∈ NS(G,R) ⊆ S(G,R), since S̃W ↑ ∈MPS(G,R) as shown in Proposition 4.6, we

have S∥G ⊑ S̃W ↑∥G. Then, our objective is to prove that S∥G ⊑ S̃NB
W ↑ ∥G still holds for the

output supervisor NBSR(S̃W ↑ , G) = S̃NB
W ↑ . However, it is not straightforward.

∀S ∈MPS(G,R) : NBSR(S,G) ∈ A(Σ)⇒ NBSR(S,G) ∈MPNS(G,R)

does not hold, which means that, even if an input S of NBSR is a maximally permissive

similarity-enforcing supervisor, the output supervisor NBSR(S,G) is not necessarily a maxi-

mally permissive nonblocking one. This can be verified in the following example.

Example 4.3 We apply the algorithm NBSR to the supervisor S̃W ↑ ∈ A(Σ) shown in Fig-

ure 4.2 (a), which is synthesized for the system G ∈ A(Σ) and the specification R ∈ A(Σ)

shown in Figures 4.1 (a) and (b), respectively. The output supervisor S̃NB
W ↑ ∈ A(Σ) shown

in Figure 4.3 (a) is obtained after three iterations, where the states ỹ7 and ỹ4 are removed

in the first and second iterations, respectively. The supervised system S̃NB
W ↑ ∥G is shown in

Figure 4.3 (b), from which we can verify that S̃NB
W ↑ ∈ NS(G,R).

By comparing the supervised systems S̃W ↑∥G and S∥G shown in Figures 4.1 (d) and

4.2 (b), respectively, it holds that S∥G ∼ S̃W ↑∥G, which means that the supervisor S ∈ A(Σ)

shown in Figure 4.1 (c) is as permissive as S̃W ↑ . By S ∈ S(G,R), Proposition 4.6, and

the transitivity of ⊑, both S and S̃W ↑ are maximally permissive supervisors inMPS(G,R).
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(a) (b)

Figure 4.3: (a) Supervisor S̃NB
W↑ and (b) supervised system S̃NB

W↑ ∥G.

However, after applying NBSR, the event string ab is disabled by SNB = S3 ∈ A(Σ) as shown

in Figure 4.1 (f), while it is possible in S̃NB
W ↑ ∥G. Since SNB∥G ⊑ S̃NB

W ↑ ∥G holds but S̃NB
W ↑ ∥G

is not simulated by SNB∥G, SNB = NBSR(S,G) is not an element ofMPNS(G,R).

In S, state y3 can be reached via runs {u}a{u}b{u} and {u}a{u}d{u}, by which the

strings in {u}∗{a}{u}∗{b}{u}∗ and {u}∗{a}{u}∗{d}{u}∗ are enabled, respectively. However,

for the system G, the occurrences of ab and ad lead to two different situations: (i) x3 is the

unique possible state when ab occurs; and (ii) both x3 and x4 are possible states when ad

occurs. This means that state y3 of S is in charge of these two different situations. As shown

in Example 4.1, state y3 is removed in the second iteration of the algorithm NBSR. Hence,

the supervisor SNB = NBSR(S,G) disables the event strings in {u}∗{a}{u}∗{b}{u}∗ and

{u}∗{a}{u}∗{d}{u}∗. On the other hand, in S̃W ↑ , two different states ỹ3 and ỹ4 deal with

the situations (i) and (ii), respectively. As a result, the event strings in {u}∗{a}{u}∗{b}{u}∗

are enabled by S̃NB
W ↑ = NBSR(S̃W ↑ , G).

Example 4.3 suggests that an input of the algorithm NBSR should be carefully chosen

from MPS(G,R). Now, we show that S̃W ↑ is a proper input of NBSR for computing a

maximally permissive nonblocking supervisor. In order to do so, we identify two properties,

which guarantee the maximal permissiveness of the output S̃NB
W ↑ .

The first property is characterized in the following definition.

Definition 4.3 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and a supervisor S =

(Y,Σ, β, Y0, Y ) ∈ A(Σ) that satisfies the second condition of admissibility, S is said to be

71



state-unmerged (with respect to G) if

∀y ∈ Reach(S), ∀r1, r2 ∈ Ry(S) :
∪

s∈L(r1)

α(X0, s) =
∪

s∈L(r2)

α(X0, s).

Each state of a state-unmerged supervisor only handles one situation of the system. The

supervisor S ∈ A(Σ) shown in Figure 4.1 (c) is not state-unmerged, so the string ab is disabled

by the state removal procedure, although we can verify in Figure 4.3 (b) that enabling the

strings in {u}∗{a}{u}∗{b}{u}∗ does not cause blockingness.

Note that, for any state-unmerged supervisor S = (Y,Σ, β, Y0, Y ) ∈ A(Σ), we have

∀y ∈ Reach(S) : C(y) =
∪

r∈Ry(S)

 ∪
s∈L(r)

α(X0, s)

 =
∪

s′∈L(r′)

α(X0, s
′), (4.6)

where r′ is an arbitrary run in Ry(S).

To identify the second property, we consider the following example.

(a) (b) (c)

(d) (e)

Figure 4.4: (a) System G, (b) supervisor S1, (c) supervisor S2, (d) supervised system S1∥G, and (e)
supervised system S2∥G.

Example 4.4 We consider the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) with Σ = Σc = Σo =

{σ1, σ2, σ3, σ4} shown in Figure 4.4 (a) and the specification R which only requires that the

event σ2 is disabled. Two supervisors S1 = (Y1,Σ, β1, Y10, Y1), S2 = (Y2,Σ, β2, Y20, Y2) ∈

A(Σ) for G are given in Figures 4.4 (b) and (c), respectively. The supervised systems S1∥G
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and S2∥G are shown in Figures 4.4 (d) and (e), respectively. It can be easily verified that

S1, S2 ∈ MPS(G,R). However, there does not exist a state of S2 that enables both σ3 and

σ4 after the occurrence of σ1. This results in blockingness of S2∥G, as shown in Figure 4.4 (e).

When the algorithm NBSR is applied to S2, states y21 and y22 are removed from S2. Although

S2 is state-unmerged, the resulting supervisor is not an element ofMPNS(G,R).

Example 4.4 suggests that a stronger version of a simulation relation is needed to evaluate

the permissiveness of a supervisor when nonblockingness is required.

Definition 4.4 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and two supervisor S1 =

(Y1,Σ, β1, Y10, Y1) ∈ A(Σ) and S2 = (Y2,Σ, β2, Y20, Y2) ∈ A(Σ) that satisfy the second condi-

tion of admissibility, S2 is said to be strongly more permissive than S1 (with respect to G)

if there exists a simulation relation Ψ ⊆ (Y1 ×X)× (Y2 ×X) from S1∥G to S2∥G such that,

for any ((y1, x1), (y2, x2)) ∈ Ψ, it holds that

• x1 = x2,

• Ry1(S1) ∩Ry2(S2) ̸= ∅, and

• ∀x ∈ X, ∀s′ ∈ L(S1∥G) : [(y1, x) ∈ ξ1(Y10 × X0, s
′) ∧ (y2, x) ∈ ξ2(Y20 × X0, s

′)] ⇒

((y1, x), (y2, x)) ∈ Ψ,

where ξ1 : (Y1×X)×Σ→ 2Y1×X and ξ2 : (Y2×X)×Σ→ 2Y2×X are the transition functions

of S1∥G and S2∥G, respectively. We call such a simulation relation Ψ a strong simulation

relation from S1∥G to S2∥G.

Suppose that there exists a strong simulation relation Ψ from S1∥G to S2∥G. For any

((y1, x
′), (y2, x

′)) ∈ Ψ, the second condition of a strong simulation relation requires that there

exists a common run r ∈ Ry1(S1)∩Ry2(S2) that leads to y1 and y2 in S1 and S2, respectively.

The third condition is imposed on y1 and y2 in ((y1, x
′), (y2, x

′)) ∈ Ψ. For any x ∈ X, if (y1, x)

and (y2, x) can be reached by a common string s′ ∈ L(S1∥G) as (y1, x) ∈ ξ1(Y10×X0, s
′) and

(y2, x) ∈ ξ2(Y20×X0, s
′), respectively, then ((y1, x), (y2, x)) has to be an element of Ψ. Since

Ψ is a simulation relation from S1∥G to S2∥G, for any σ ∈ Σ with α(x, σ) ̸= ∅, if σ is enabled

at y1 by S1, then it is also enabled at y2 by S2.

Remark 4.2 We can verify that, in Example 4.4, although S1∥G ⊑ S2∥G holds, there does
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not exist a strong simulation relation from S1∥G to S2∥G. For example, a relation

Φ = {((y10, x0), (y20, x0)), ((y11, x1), (y21, x1)), ((y11, x2), (y22, x2)), ((y12, x3), (y23, x3))}

is a simulation relation from S1∥G to S2∥G, where each element satisfies the first and second

conditions in Definition 4.4. For the pair ((y11, x1), (y21, x1)) ∈ Φ, the state x2 ∈ X, and the

string σ1 ∈ L(S1∥G), we have (y11, x2) ∈ ξ1(Y10 × X0, σ1) and (y21, x2) ∈ ξ2(Y20 × X0, σ1),

where ξ1 : (Y1×X)×Σ→ 2Y1×X and ξ2 : (Y2×X)×Σ→ 2Y2×X are the transition functions

of S1∥G and S2∥G, respectively. However, the pair ((y11, x2), (y21, x2)) is not an element of

Φ. Hence, the third condition in Definition 4.4 is not satisfied. Although all the elements of

the modified relation

Φ̂ = Φ ∪ {((y11, x2), (y21, x2)), ((y11, x1), (y22, x1))}

meet the three conditions in Definition 4.4, for the pair ((y11, x2), (y21, x2)) ∈ Φ̂ and the event

σ4 ∈ Σ, we have (y12, x3) ∈ ξ1((y11, x2), σ4) and ξ2((y21, x2), σ4) = ∅, which mean that the

second condition of a simulation relation is not satisfied. Hence, Φ̂ is no longer a simulation

relation from S1∥G to S2∥G.

On the other hand, it can be verified that the reverse relation

Φ̂−1 = {((y2, x), (y1, x)) ∈ (Y2 ×X)× (Y1 ×X)|((y1, x), (y2, x)) ∈ Φ̂}

is a strong simulation relation from S2∥G to S1∥G. Hence, S1 is strongly more permissive

than S2.

Now, we show that, for any two supervisors S1 and S2 which satisfy the second condition

of admissibility, if S2 is state-unmerged and strongly more permissive than S1, then these two

properties are preserved under each iteration of the algorithm NBSR. We need the following

results.

Lemma 4.2 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ), we consider two supervisors

S1 = (Y1,Σ, β1, Y10, Y1) ∈ A(Σ) and S2 = (Y2,Σ, β2, Y20, Y2) ∈ A(Σ) which satisfy the second

condition of admissibility. If S2 is state-unmerged and Ψ ⊆ (Y1 ×X)× (Y2 ×X) is a strong
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simulation relation from S1∥G to S2∥G, then it holds that

∀((y1, x), (y2, x)) ∈ Ψ : y1 ∈ NBS1
G (Y1)⇒ y2 ∈ NBS2

G (Y2).

Proof Let ξ1 : (Y1 × X) × Σ → 2Y1×X and ξ2 : (Y2 × X) × Σ → 2Y2×X denote the

transition functions of S1∥G and S2∥G, respectively. For any ((y1, x), (y2, x)) ∈ Ψ with

y1 ∈ NBS1
G (Y1), we consider any (y2, x

′) ∈ Reach(S2∥G). Since S2 is state-unmerged, it fol-

lows from (4.6) that x′ ∈
∪

s∈L(r) α(X0, s) for any run r ∈ Ry2(S2). By the second condition

of a strong simulation relation, there exists a run r′ such that r′ ∈ Ry1(S1) ∩ Ry2(S2) ̸= ∅.

Then, we have x′ ∈
∪

s′∈L(r′) α(X0, s
′). Hence, there exists an event string s′ ∈ L(r′) such

that x′ ∈ α(X0, s
′), y1 ∈ β1(Y10, s

′), and y2 ∈ β2(Y20, s
′). It follows that s′ ∈ L(S1∥G),

(y1, x
′) ∈ β1(Y10, s

′)×α(X0, s
′) = ξ1(Y10×X0, s

′) ⊆ Reach(S1∥G), and (y2, x
′) ∈ β2(Y20, s

′)×

α(X0, s
′) = ξ2(Y20 ×X0, s

′). By the third condition of a strong simulation relation, we have

((y1, x
′), (y2, x

′)) ∈ Ψ. Since y1 ∈ NBS1
G (Y1) and (y1, x

′) ∈ Reach(S1∥G), there exists s′′ ∈ Σ∗

such that ξ1((y1, x
′), s′′) ∩ Y1 × Xm ̸= ∅, that is, there exists (y′1, xm) ∈ Y1 × Xm such that

(y′1, xm) ∈ ξ1((y1, x
′), s′′). Since ((y1, x

′), (y2, x
′)) ∈ Ψ and Ψ is a simulation relation from

S1∥G to S2∥G, by repeatedly applying the second condition of Definition 2.2, there ex-

ists (y′2, xm) ∈ ξ2((y2, x
′), s′′) such that ((y′1, xm), (y′2, xm)) ∈ Ψ. Since xm ∈ Xm, we have

(y′2, xm) ∈ ξ2((y2, x
′), s′′) ∩ Y2 × Xm ̸= ∅. Besides, since y1 ∈ NBS1

G (Y1), for any σ ∈ Σuc

such that α(x′, σ) ̸= ∅, we have β1(y1, σ) ̸= ∅. It follows that ξ1((y1, x
′), σ) ̸= ∅. Since Ψ is

a strong simulation relation from S1∥G to S2∥G, we have ξ2((y2, x
′), σ) ̸= ∅, which implies

β2(y2, σ) ̸= ∅. Thus, we have y2 ∈ NBS2
G (Y2). □

Lemma 4.2 just says, for two supervisors S1 and S2 such that S2 is state-unmerged with

respect to G and ((y1, x), (y2, x)) is an element of a strong simulation relation Ψ from S1∥G

to S2∥G, if y1 is not eliminated after an iteration of NBSR, neither is y2.

Now, we have the following theorem.

Theorem 4.1 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ), we consider two supervisors

S1 = (Y1,Σ, β1, Y10, Y1) ∈ A(Σ) and S2 = (Y2,Σ, β2, Y20, Y2) ∈ A(Σ) which satisfy the second

condition of admissibility. We assume that S2 is state-unmerged and strongly more permissive

than S1. If Y10 ∩NBS1
G (Y1) ̸= ∅, then the following two statements hold:

1. Y20 ∩NBS2
G (Y2) ̸= ∅, and
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2. the subautomaton S′
2 ∈ A(Σ) of S2 with respect to NBS2

G (Y2) is state-unmerged and

strongly more permissive than the subautomaton S′
1 ∈ A(Σ) of S1 with respect to

NBS1
G (Y1).

Proof We write S′
1 = (Y ′

1 ,Σ, β
′
1, Y

′
10, Y

′
1) ∈ A(Σ), where Y ′

1 = NBS1
G (Y1). Besides, we let

ξ1 : (Y1 ×X) × Σ → 2Y1×X and ξ2 : (Y2 ×X) × Σ → 2Y2×X denote the transition functions

of S1∥G and S2∥G, respectively. Since S2 is strongly more permissive than S1, there exists a

strong simulation relation Ψ ⊆ (Y1 ×X)× (Y2 ×X) from S1∥G to S2∥G.

We first show that Y20 ∩ NBS2
G (Y2) ̸= ∅. Since Y10 ∩ NBS1

G (Y1) ̸= ∅, there exists y10 ∈

Y10∩NBS1
G (Y1). For any x0 ∈ X0, we have (y10, x0) ∈ Y10×X0. Since Ψ is a strong simulation

relation from S1∥G to S2∥G, there exists (y20, x0) ∈ Y20×X0 such that ((y10, x0), (y20, x0)) ∈

Ψ. Since y10 ∈ NBS1
G (Y1), by Lemma 4.2, we have y20 ∈ NBS2

G (Y2). It follows that y20 ∈

Y20 ∩ NBS1
G (Y2) ̸= ∅. Letting Y ′

2 = NBS2
G (Y2), we write the subautomaton S′

2 of S2 with

respect to Y ′
2 as S′

2 = (Y ′
2 ,Σ, β

′
2, Y

′
20, Y

′
2) ∈ A(Σ).

We next show that S′
2 is strongly more permissive than S′

1. We prove that the relation

Ψ′ ⊆ (Y ′
1 ×X)× (Y ′

2 ×X) given as

Ψ′ = {((y1, x), (y2, x)) ∈ Ψ | Ry1(S
′
1) ∩Ry2(S

′
2) ̸= ∅}

is a simulation relation from S′
1∥G to S′

2∥G, where ξ′1 : (Y ′
1 × X) × Σ → 2Y

′
1×X and ξ′2 :

(Y ′
2 ×X)× Σ→ 2Y

′
2×X are the transition functions of S′

1∥G and S′
2∥G, respectively.

• We consider any (y10, x0) ∈ Y ′
10×X0 ⊆ Y10×X0. Since Ψ is a strong simulation relation

from S1∥G to S2∥G, there exists (y20, x0) ∈ Y20 ×X0 such that ((y10, x0), (y20, x0)) ∈

Ψ. Since y10 ∈ Y ′
10 = Y10 ∩ NBS1

G (Y1) ⊆ NBS1
G (Y1), by Lemma 4.2, we have y20 ∈

NBS2
G (Y2) = Y ′

2 . It follows that y20 ∈ Y20 ∩ Y ′
2 = Y ′

20. In addition, by the second

condition of a strong simulation relation, we have Ry10(S1) ∩ Ry20(S2) ̸= ∅, which

implies Σuo(y10) = Σuo(y20). Since y10 ∈ Y ′
10 and y20 ∈ Y ′

20, we have Σuo(y10) =

Σuo(y20) ∈ Ry10(S
′
1) ∩Ry20(S

′
2) ̸= ∅. Then, we have ((y′10, x

′
0), (y

′
20, x

′
0)) ∈ Ψ′.

• For any ((y1, x), (y2, x)) ∈ Ψ′ ⊆ Ψ and any σ ∈ Σ, we consider any (y′1, x
′) ∈

ξ′1((y1, x), σ) ⊆ ξ1((y1, x), σ). Since Ψ is a strong simulation relation from S1∥G to S2∥G,

there exists (y′2, x
′) ∈ ξ2((y2, x), σ) = β2(y2, σ)×α(x, σ) such that ((y′1, x

′), (y′2, x
′)) ∈ Ψ.

Since y′1 ∈ Y ′
1 = NBS1

G (Y1), by Lemma 4.2, we have y′2 ∈ NBS2
G (Y2) = Y ′

2 . It follows

76



that y′2 ∈ β2(y2, σ)∩Y ′
2 = β′

2(y2, σ), which further implies (y′2, x
′) ∈ β′

2(y2, σ)×α(x, σ) =

ξ′2((y2, x), σ). By the definition of Ψ′, we have Ry1(S
′
1)∩Ry2(S

′
2) ̸= ∅. In the case where

σ ∈ Σuo, we have y′1 = y1 and y′2 = y2. It follows that Ry′1
(S′

1) ∩ Ry′2
(S′

2) ̸= ∅, which

further implies ((y′1, x
′), (y′2, x

′)) ∈ Ψ′. In the case where σ ∈ Σo, we consider any

run r ∈ Ry1(S
′
1) ∩ Ry2(S

′
2) ̸= ∅. Since ((y′1, x

′), (y′2, x
′)) ∈ Ψ, by the second condi-

tion of a strong simulation relation, we have Σuo(y
′
1) = Σuo(y

′
2). Then, it follows that

rσΣuo(y
′
1) = rσΣuo(y

′
2) ∈ Ry′1

(S′
1) ∩Ry′2

(S′
2) ̸= ∅, which implies ((y′1, x

′), (y′2, x
′)) ∈ Ψ′.

• For any ((y1, x), (y2, x)) ∈ Ψ′, if (y1, x) ∈ Y ′
1 ×Xm, then (y2, x) ∈ Y ′

2 ×Xm.

Thus, Ψ′ is a simulation relation from S′
1∥G to S′

2∥G.

In addition, we show that Ψ′ is a strong simulation relation from S′
1∥G to S′

2∥G. By

the definition of Ψ′, any ((ŷ1, x̂), (ŷ2, x̂)) ∈ Ψ′ ⊆ Ψ satisfies the first and second conditions

of a strong simulation relation. To prove that it satisfies the third condition, we consider

any x̂′ ∈ X and any ŝ ∈ L(S′
1∥G) ⊆ L(S1∥G) such that (ŷ1, x̂

′) ∈ ξ′1(Y
′
10 × X0, ŝ) and

(ŷ2, x̂
′) ∈ ξ′2(Y

′
20 ×X0, ŝ). We have (ŷ1, x̂

′) ∈ ξ′1(Y
′
10 ×X0, ŝ) ⊆ ξ1(Y10 ×X0, ŝ) and (ŷ2, x̂

′) ∈

ξ′2(Y
′
20×X0, ŝ) ⊆ ξ2(Y20×X0, ŝ). Since Ψ is a strong simulation relation from S1∥G to S2∥G,

we have ((ŷ1, x̂
′), (ŷ2, x̂

′)) ∈ Ψ. It follows that ((ŷ1, x̂
′), (ŷ2, x̂

′)) ∈ Ψ′. Thus, Ψ′ is a strong

simulation relation from S′
1∥G to S′

2∥G, namely, S′
2 is strongly more permissive than S′

1.

We finally show that S′
2 is state-unmerged. For any ȳ ∈ Reach(S′

2), we consider any

r1, r2 ∈ Rȳ(S
′
2). By the definition of a subautomaton, we have ȳ ∈ Reach(S′

2) ⊆ Reach(S2)

and r1, r2 ∈ Rȳ(S2). Since S2 is state-unmerged, we have

∪
s∈L(r1)

α(X0, s) =
∪

s∈L(r2)

α(X0, s).

Hence, S′
2 is state-unmerged. □

Recall the supervisor S̃W ↑ = (ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0, ỸW ↑) ∈ A(Σ) defined by (4.4), which al-

ways enables all the uncontrollable and unobservable events, namely, for any y =

(W y
1 , γ

y
uo,W

y
2 ) ∈ ỸW ↑ , it holds that Σuc∩Σuo ⊆ γyuo = Σuo(y). Since a strong simulation rela-

tion requires that the two supervisors being compared share the same run, hereafter, we only

consider admissible and Σuc ∩ Σuo-compatible supervisors without loss of generality. Note

that it was shown in Proposition 2.3 that any admissible supervisor can be transformed into

an equivalent admissible and Σuc ∩ Σuo-compatible one. We let M̂PS(G,R) ⊆MPS(G,R)
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be the set of all state-unmerged, admissible, and Σuc ∩ Σuo-compatible supervisors which

are strongly more permissive than any Σuc ∩ Σuo-compatible supervisor in S(G,R) (namely,

strongly maximally permissive).

By Theorem 4.1, we can show that if the nonblocking similarity control problem is solv-

able, a maximally permissive nonblocking similarity-enforcing supervisor can be computed

by applying the algorithm NBSR to a supervisor in M̂PS(G,R).

Theorem 4.2 We consider the system G ∈ A(Σ) and the specification R ∈ A(Σ). If

NS(G,R) ̸= ∅, then, for any Ŝ = (Ŷ ,Σ, β̂, Ŷ0, Ŷ ) ∈ M̂PS(G,R), it holds that NBSR(Ŝ, G) ∈

MPNS(G,R).

Proof We first show NBSR(Ŝ, G) ∈ A(Σ). When the algorithm NBSR is applied to Ŝ,

it terminates after n ≤ |Ŷ | iterations. For each i ∈ {1, 2, . . . , n}, we let Ŝi be the result

of the ith iteration. We consider any S = (Y,Σ, β, Y0, Y ) ∈ NS(G,R) ⊆ S(G,R). By

Proposition 2.3, there exists an equivalent admissible and Σuc ∩ Σuo-compatible supervisor

S′ = (Y ′,Σ, β′, Y ′
0 , Y

′) ∈ A(Σ) such that S∥G = S′∥G. It follows that S′ ∈ NS(G,R) ⊆

S(G,R). Since S′ satisfies the first condition of admissibility and is nonblocking, we have

NBS
G(Y

′) = Y ′ by Lemma 4.1. It follows that Y ′
0∩NBS

G(Y
′) = Y ′

0∩Y ′ ̸= ∅, and S′ itself is the

subautomaton of S′ with respect to NBS
G(Y

′). Since S′ and Ŝ satisfy the second condition of

admissibility, and Ŝ is state-unmerged and strongly more permissive than S′, by Theorem 4.1,

Ŝ1 ∈ A(Σ) holds, and Ŝ1 is state-unmerged and strongly more permissive than S′. By

repeating the same argument, we can conclude that, for each i ∈ {1, 2, . . . , n}, Ŝi ∈ A(Σ)

holds, and Ŝi is state-unmerged and strongly more permissive than S′. Hence, NBSR(Ŝ, G) =

Ŝn ∈ A(Σ) holds. In addition, we have S∥G = S′∥G ⊑ Ŝi∥G for each i ∈ {1, 2, . . . , n}.

Since Ŝ ∈ M̂PS(G,R) ⊆ MPS(G,R) ⊆ S(G,R), it follows from Proposition 4.3 that

NBSR(Ŝ, G) ∈ NS(G,R). Hence, we have NBSR(Ŝ, G) ∈MPNS(G,R). □

4.4.2 Computation of a Maximally Permissive Nonblocking Similarity-

Enforcing Supervisor Using S̃W ↑

In this subsection, we show that the supervisor S̃W ↑ defined by (4.4) is an element of

M̂PS(G,R). The state-unmergedness of S̃W ↑ is shown in the lemma below.
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Lemma 4.3 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0, Qm) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor S̃W ↑ =

(ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0, ỸW ↑) ∈ A(Σ) defined by (4.4) is state-unmerged.

Proof To show the state-unmergedness of S̃W ↑ , we show that, for any y = (W y
1 , γ

y
uo,W

y
2 ) ∈

Reach(S̃W ↑) and any r ∈ Ry(S̃W ↑), it holds that

∪
s∈L(r)

α(X0, s) = πX(W y
2 ).

Any r ∈ Ry(S̃W ↑) can be written as r = γ0 or r = γ0σ0 . . . γn−1σn−1γn.

First, we consider the case where r = γ0. It follows that y ∈ ỸW ↑0, γ0 = γyuo, and

L(r) = γy∗uo. Since ε ∈ Σ∗
o ∩ L(S̃W ↑) and y ∈ β̃W ↑(ỸW ↑0, ε), we have

∪
s∈L(r)

α(X0, s) =
∪

s∈γy∗
uo

α(X0, s) =
∪

s∈P−1(ε)∩Ly(S̃W↑ )

α(X0, s) = πX(W y
2 ) (4.7)

by Corollary 3.1.

Next, we consider the case where r = γ0σ0 . . . γn−1σn−1γn. There exist y0, y1, . . . , yn ∈

Reach(S̃W ↑) with y0 ∈ ỸW ↑0, yn = y, and yi+1 ∈ β(yi, σi) for each i ∈ {0, 1, . . . , n−1}, where

σi ∈ Σo, yi = (W yi
1 , γyiuo,W

yi
2 ), and γi = γyiuo for each i ∈ {0, 1, . . . , n}. By (4.7), we have

∪
s∈γy0∗

uo

α(X0, s) = πX(W y0
2 ).

For each i ∈ {0, 1, . . . , n − 1}, we consider yi+1 ∈ β̃W ↑(yi, σi). By the definition of β̃W ↑

and N , we have πX(W
yi+1

1 ) = α(πX(W yi
2 ), σi). Since W

yi+1

1 ∈ 2W
↑ − {∅}, γyi+1

uo ∈ Γuo, and

W
yi+1

2 ∈ minU(W
yi+1

1 , γ
yi+1
uo ) hold by the definition of ỸW ↑ , we have

∪
s∈γ

yi+1∗
uo

α(πX(W
yi+1

1 ), s) = πX(W
yi+1

2 )

by (3.7) proved in Lemma 3.1. It follows that

∪
s∈γ

yi+1∗
uo

α(πX(W yi
2 ), σis) = πX(W

yi+1

2 ).
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Since L(r) = {s0σ0 . . . sn−1σn−1sn ∈ L(S̃W ↑) | ∀i ∈ {0, 1, . . . , n} : si ∈ γyi∗uo }, we have

πX(W y
2 ) = πX(W yn

2 ) =
∪

s∈L(r)

α(X0, s).

Hence, for any r1, r2 ∈ Ry(S̃W ↑), we have

∪
s∈L(r1)

α(X0, s) =
∪

s∈L(r2)

α(X0, s) = πX(W y
2 ),

namely, S̃W ↑ is state-unmerged. □

To show that S̃W ↑ is strongly more permissive than any Σuc ∩Σuo-compatible supervisor

S in S(G,R), we need the following lemma.

Lemma 4.4 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification R =

(Q,Σ, δ,Q0, Qm) ∈ A(Σ) such that G is Σuc-simulated by R, we consider any supervisor

S = (Y,Σ, β, Y0, Y ) ∈ S(G,R), any simulation relation Ψ ⊆ (Y × X) × Q from S∥G to R,

and any y ∈ Y . If a relation Φy ⊆ X ×Q defined by

Φy = {(x, q) ∈ X ×Q | ((y, x), q) ∈ Ψ ∧ (y, x) ∈ Reach(S∥G)} (4.8)

is nonempty, then, for any nonempty subset W ⊆ Φy, it holds that Φy ∈ U(W,Σuo(y)) ̸= ∅.

Proof We consider any y ∈ Y such that Φy ⊆ X × Q defined by (4.8) is nonempty. It

holds that Φy ⊆ Φ for the relation Φ ⊆ X × Q defined by (4.2), which is a Σuc-simulation

relation from G to R as shown in the proof of necessity part of Proposition 4.4. Then,

for the unique maximal fixpoint W ↑ of the function F̃ : 2X×Q → 2X×Q defined by (4.3),

we have Φy ⊆ Φ ⊆ W ↑. For any W ⊆ Φy with W ̸= ∅, it holds that W ∈ 2W
↑
. To

show that Φy ∈ U(W,Σuo(y)), we consider any (x, q) ∈ Φy, any σ ∈ Σuo(y), and any x′ ∈

α(x, σ). By the definition of Φy, we have ((y, x), q) ∈ Ψ and (y, x) ∈ Reach(S∥G). Since

σ ∈ Σuo(y) ⊆ Σuo, it follows from the admissibility of S that β(y, σ) = {y}, which implies

(y, x′) ∈ β(y, σ)×α(x, σ) = ξ((y, x), σ) ⊆ Reach(S∥G). Since Ψ is a simulation relation from

S∥G to R, there exists q′ ∈ δ(q, σ) such that (y, x′), q′) ∈ Ψ, which implies together with

(y, x′) ∈ Reach(S∥G) that (x′, q′) ∈ Φy. It follows from W ⊆ Φy that Φy ∈ U(W,Σuo(y)) ̸= ∅.

□
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Now, we prove in the following proposition that S̃W ↑ ∈ M̂PS(G,R).

Proposition 4.7 For the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the specification

R = (Q,Σ, δ,Q0, Qm) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor S̃W ↑ =

(ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0, ỸW ↑) ∈ A(Σ) defined by (4.4) satisfies S̃W ↑ ∈ M̂PS(G,R).

Proof By proposition 4.6, we have S̃W ↑ ∈ MPS(G,R) ⊆ S(G,R). By the definition of

S̃W ↑ , it is Σuc ∩ Σuo-compatible. The state-unmergedness of S̃W ↑ is given in Lemma 4.3.

We show that S̃W ↑ is strongly more permissive than any Σuc ∩Σuo-compatible supervisor

S = (Y,Σ, β, Y0, Y ) ∈ S(G,R). There exists a simulation relation Ψ ⊆ (Y × X) × Q from

S∥G to R. Then, by the proof of necessity part of Proposition 4.4, the relation Φ ⊆ X ×Q

defined by (4.2) is a Σuc-simulation relation from G to R. For the unique maximal fixpoint

W ↑ of the function F̃ : 2X×Q → 2X×Q defined by (4.3), we have Φ ⊆W ↑. It follows that

∀(x, q) ∈ X×Q : [∃y ∈ Y : ((y, x), q) ∈ Ψ ∧ (y, x) ∈ Reach(S∥G)]⇒ (x, q) ∈ Φ ⊆W ↑. (4.9)

We let ξ : (Y × X) × Σ → 2Y×X and ξ̃W ↑ : (ỸW ↑ × X) × Σ → 2ỸW↑×X denote the nonde-

terministic transition functions of S∥G and S̃W ↑∥G, respectively. We show that the relation

Φ̃ ⊆ (Y ×X)× (ỸW ↑ ×X) defined as

Φ̃ = {((y, x), (ỹ, x)) ∈ (Y ×X)× (ỸW ↑ ×X) | Ry(S) ∩Rỹ(S̃W ↑) ̸= ∅ ∧

[∀(x̃, q̃) ∈W ỹ
2 : ((y, x̃), q̃) ∈ Ψ ∧ (y, x̃) ∈ Reach(S∥G)] ∧

[∃s ∈ L(S∥G) : (y, x) ∈ ξ(Y0 ×X0, s) ∧ (ỹ, x) ∈ ξ̃W ↑(ỸW ↑0 ×X0, s)]}

is a strong simulation relation from S∥G to S̃W ↑∥G, where ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ).

• We consider any (y0, x0) ∈ Y0 ×X0. To prove that there exists ỹ0 = (W ỹ0
1 , γỹ0uo,W

ỹ0
2 ) ∈

ỸW ↑0 such that ((y0, x0), (ỹ0, x0)) ∈ Φ̃, we first prove that there exists W ỹ0
1 ∈ 2W

↑
such

that

|W ỹ0
1 | = |X0| ∧ [∀x′0 ∈ X0, ∃q′0 ∈ Q0 : (x

′
0, q

′
0) ∈W ỹ0

1 ] (4.10)

and

∀(x′0, q′0) ∈W ỹ0
1 : ((y0, x

′
0), q

′
0) ∈ Ψ ∧ (y0, x

′
0) ∈ Reach(S∥G). (4.11)

For any x′0 ∈ X0, we have (y0, x
′
0) ∈ Y0 ×X0 ⊆ Reach(S∥G). Since Ψ is a simulation
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relation from S∥G to R, there exists q′0 ∈ Q0 such that ((y0, x
′
0), q

′
0) ∈ Ψ. By (4.9), we

have (x′0, q
′
0) ∈ Φ ⊆ W ↑. For every x′′0 ∈ X0, we pick q′′0 ∈ Q0 with ((y0, x

′′
0), q

′′
0) ∈ Ψ to

form a pair (x′′0, q
′′
0) ∈W ↑ and let W ỹ0

1 ∈ 2W
↑
be the set of these |X0| pairs. Then, W ỹ0

1

satisfies (4.10) and (4.11). SinceX0 ̸= ∅, we haveW ỹ0
1 ̸= ∅. For the relation Φy0 ⊆ X×Q

defined by (4.8), we have W ỹ0
1 ⊆ Φy0 ̸= ∅. Let γỹ0uo = Σuo(y0), we have γỹ0uo ∈ Γuo

since S is Σuc ∩ Σuo-compatible. It follows from Lemma 4.4 that Φy0 ∈ U(W ỹ0
1 , γỹ0uo).

Then, there exists W ỹ0
2 ∈ minU(W ỹ0

1 , γỹ0uo) ⊆ 2W
↑
such that W ỹ0

2 ⊆ Φy0 . Letting

ỹ0 = (W ỹ0
1 , γỹ0uo,W

ỹ0
2 ), we have ỹ0 ∈ ỸW ↑ . By (4.10), it holds that ỹ0 ∈ ỸW ↑0. It

follows from Σuo(ỹ0) = γỹ0uo = Σuo(y0) that Σuo(y0) = Σuo(ỹ0) ∈ Ry0(S) ∩ Rỹ0(S̃W ↑).

Besides, we have ε ∈ L(S∥G), (y0, x0) ∈ ξ(Y0 × X0, ε), and (ỹ0, x0) ∈ ỸW ↑0 × X0 =

ξ̃W ↑(ỸW ↑0 ×X0, ε). Moreover, by W ỹ0
2 ⊆ Φy0 , we have

∀(x̃0, q̃0) ∈W ỹ0
2 : ((y0, x̃0), q̃0) ∈ Ψ ∧ (y0, x̃0) ∈ Reach(S∥G).

It follows that ((y0, x0), (ỹ0, x0)) ∈ Φ̃.

• For any ((y, x), (ỹ, x)) ∈ Φ̃ and any σ ∈ Σ, we consider any (y′, x′) ∈ ξ((y, x), σ). It

follows that y′ ∈ β(y, σ) ̸= ∅ and x′ ∈ α(x, σ) ̸= ∅. Since ((y, x), (ỹ, x)) ∈ Φ̃, there exists

s ∈ L(S∥G) such that (y, x) ∈ ξ(Y0 ×X0, s) and (ỹ, x) ∈ ξ̃W ↑(ỸW ↑0 ×X0, s). It follows

that y ∈ β(Y0, s), ỹ ∈ β̃W ↑(ỸW ↑0, s), and x ∈ α(X0, s). Then, there exists r ∈ Rỹ(S̃W ↑)

such that s ∈ L(r). We write ỹ = (W ỹ
1 , γ

ỹ
uo,W

ỹ
2 ). By Lemma 4.3, we have x ∈ πX(W ỹ

2 ),

which further implies

x′ ∈ α(x, σ) ⊆ α(πX(W ỹ
2 ), σ) ̸= ∅. (4.12)

We consider the case where σ ∈ Σo. To prove that there exists (ỹ′, x′) ∈ ξW ↑((ỹ, x), σ)

such that ((y′, x′), (ỹ′, x′)) ∈ Φ̃, we first show σ ∈ ΣW ↑(ỹ). For any (x̃, q̃) ∈ W ỹ
2 ,

we consider any x̃′ ∈ α(x̃, σ). By the definition of Φ̃, we have ((y, x̃), q̃) ∈ Ψ and

(y, x̃) ∈ Reach(S∥G). Then, it holds that (y′, x̃′) ∈ β(y, σ) × α(x̃, σ) = ξ((y, x̃), σ) ⊆

Reach(S∥G). Since Ψ is a simulation relation from S∥G to R, there exists q̃′ ∈ δ(q̃, σ)

such that ((y′, x̃′), q̃′) ∈ Ψ. It follows from (4.9) that (x̃′, q̃′) ∈ Φ ⊆ W ↑. By (4.12),

we have σ ∈ ΣW ↑(ỹ). Moreover, there exists a minimal element W1 ∈ 2Φ ⊆ 2W
↑
of
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N(W ỹ
2 , σ), that is, W1 ∈ minN(W ỹ

2 , σ) such that

∀(x̃, q̃) ∈W ỹ
2 ,∀x̃

′ ∈ α(x̃, σ),∃q̃′ ∈ δ(q̃, σ) : (x̃′, q̃′) ∈W1,

and

∀(x̃′, q̃′) ∈W1 : ((y
′, x̃′), q̃′) ∈ Ψ ∧ (y′, x̃′) ∈ Reach(S∥G). (4.13)

By (4.12), W1 ̸= ∅ holds. For the relation Φy′ ⊆ X ×Q defined by (4.8), it follows from

(4.13) that W1 ⊆ Φy′ ̸= ∅. Let γuo = Σuo(y
′), we have γuo ∈ Γuo since S is Σuc ∩ Σuo-

compatible. By Lemma 4.4, we have Φy′ ∈ U(W1, γuo). Then, there exists W2 ∈

minU(W1, γuo) such that W2 ⊆ Φy′ . Letting ỹ′ = (W1, γuo,W2), we have ỹ′ ∈ ỸW ↑ .

Since W1 ∈ minN(W ỹ
2 , σ), by the definition of β̃W ↑ , we have ỹ′ ∈ β̃W ↑(ỹ, σ). Then, it

holds that (ỹ′, x′) ∈ β̃W ↑(ỹ, σ)×α(x, σ) = ξ̃W ↑((ỹ, x), σ). Since (y′, x′) ∈ ξ((y, x), σ), we

have sσ ∈ L(S∥G), (y′, x′) ∈ ξ(Y0×X0, sσ), and (ỹ′, x′) ∈ ξ̃W ↑(ỸW ↑0×X0, sσ). Besides,

by the definition of Φ̃, there exists r ∈ Ry(S) ∩ Rỹ(S̃W ↑). It follows from Σuo(y
′) =

γuo = Σuo(ỹ
′) that rσΣuo(y

′) = rσΣuo(ỹ
′) ∈ Ry′(S) ∩ Rỹ′(S̃W ↑) ̸= ∅. Moreover, by

W2 ⊆ Φy′ , it holds that

∀(x̃′′, q̃′′) ∈W2 : ((y
′, x̃′′), q̃′′) ∈ Ψ ∧ (y′, x̃′′) ∈ Reach(S∥G).

It follows that ((y′, x′), (ỹ′, x′)) ∈ Φ̃.

We next consider the case where σ ∈ Σuo. It follows from β(y, σ) ̸= ∅ that σ ∈ Σuo(y).

Since Ry(S) ∩ Rỹ(S̃W ↑) ̸= ∅, we have Σuo(y) = Σuo(ỹ) = γỹuo, which implies σ ∈ γỹuo.

By the definition of β̃W ↑ , we have {ỹ} = β̃W ↑(ỹ, σ), which further implies (ỹ, x′) ∈

β̃W ↑(ỹ, σ) × α(x, σ) = ξ̃W ↑((ỹ, x), σ). Since S is admissible, we have {y} = β(y, σ),

that is, y = y′. Hence, we have sσ ∈ L(S∥G), (y, x′) ∈ ξ(Y0 × X0, sσ), and (ỹ, x′) ∈

ξ̃W ↑(ỸW ↑0 ×X0, sσ). Since ((y, x), (ỹ, x)) ∈ Φ̃, we have Ry(S) ∩Rỹ(S̃W ↑) ̸= ∅ and

∀(x̃, q̃) ∈W ỹ
2 : ((y, x̃), q̃) ∈ Ψ ∧ (y, x̃) ∈ Reach(S∥G).

It follows that ((y, x′), (ỹ, x′)) ∈ Φ̃.

• For any ((y, x), (ỹ, x)) ∈ Φ̃, if (y, x) ∈ Y ×Xm, then (ỹ, x) ∈ ỸW ↑ ×Xm.
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Thus, Φ̃ is a simulation relation from S∥G to S̃W ↑∥G. By the definition of Φ̃, any ((y, x), (ỹ, x)) ∈

Φ̃ satisfies the first and second conditions of a strong simulation relation. To prove the third

condition, we consider any x̂ ∈ X and any ŝ ∈ L(S∥G) such that (y, x̂) ∈ ξ(Y0 ×X0, ŝ) and

(ỹ, x̂) ∈ ξ̃W ↑(ỸW ↑0 ×X0, ŝ). Since ((y, x), (ỹ, x)) ∈ Φ̃, we have Ry(S) ∩Rỹ(S̃W ↑) ̸= ∅ and

∀(x̃, q̃) ∈W ỹ
2 : ((y, x̃), q̃) ∈ Ψ ∧ (y, x̃) ∈ Reach(S∥G).

It follows that ((y, x̂), (ỹ, x̂)) ∈ Φ̃. Then, Φ̃ is a strong simulation relation from S∥G to

S̃W ↑∥G. Thus, we have S̃W ↑ ∈ M̂PS(G,R). □

Note that, since S̃W ↑ ∈ M̂PS(G,R) can be synthesized if G is Σuc-simulated by R, by

Propositions 4.4 and 4.7, we have

S(G,R) ̸= ∅ ⇔ M̂PS(G,R) ̸= ∅. (4.14)

By Theorem 4.2, Proposition 4.7, and the fact that NS(G,R) ⊆ S(G,R), NBSR(S̃W ↑ , G) is

a maximal solution to the nonblocking similarity control problem when it is solvable.

Corollary 4.1 We consider the system G ∈ A(Σ) and the specification R ∈ A(Σ). If

NS(G,R) ̸= ∅, then G is Σuc-simulated by R, and it holds that NBSR(S̃W ↑ , G) = S̃NB
W ↑ ∈

MPNS(G,R) for the supervisor S̃W ↑ ∈ A(Σ) defined by (4.4).

Proposition 4.8 For the system G ∈ A(Σ) and the specification R ∈ A(Σ) such that G is

Σuc-simulated by R, the following two statements are equivalent:

1. There exists S ∈ M̂PS(G,R) such that NBSR(S,G) ∈ A(Σ).

2. For any S′ ∈ M̂PS(G,R), NBSR(S′, G) ∈ A(Σ).

Proof Since G is Σuc-simulated by R, it follows from Proposition 4.4 and (4.14) that

M̂PS(G,R) ̸= ∅. It is sufficient to show 1) ⇒ 2). For any S ∈ M̂PS(G,R) such that

NBSR(S,G) ∈ A(Σ), since S ∈ M̂PS(G,R) ⊆ S(G,R), it follows from Proposition 4.3 that

NBSR(S,G) ∈ NS(G,R). Then, for any supervisor S′ ∈ M̂PS(G,R), by Theorem 4.2, it

holds that NBSR(S′, G) ∈ A(Σ).

Finally, we show that the solvability of the nonblocking similarity control problem can be

checked by applying the algorithm NBSR to S̃W ↑ .
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Theorem 4.3 For the system G ∈ A(Σ) and the specification R ∈ A(Σ), NS(G,R) ̸=

∅ if and only if G is Σuc-simulated by R, and there exists Ŝ ∈ M̂PS(G,R) such that

NBSR(Ŝ, G) ∈ A(Σ).

Proof (⇐) We consider any Ŝ ∈ M̂PS(G,R) such that NBSR(Ŝ, G) ∈ A(Σ). Since Ŝ ∈

M̂PS(G,R) ⊆ S(G,R), Ŝ satisfies the second condition of admissibility and Ŝ∥G ⊑ R holds.

By Proposition 4.3, we have NBSR(Ŝ, G) ∈ NS(G,R) ̸= ∅.

(⇒) Since ∅ ̸= NS(G,R) ⊆ S(G,R), by Proposition 4.4, G is Σuc-simulated by R.

Moreover, by (4.14), there exists Ŝ ∈ M̂PS(G,R) ̸= ∅. Then, by Theorem 4.2, NBSR(Ŝ, G) ∈

MPNS(G,R) ⊆ A(Σ). □

By Theorem 4.3 and Propositions 4.7 and 4.8, we have the following corollary.

Corollary 4.2 For the system G ∈ A(Σ) and the specification R ∈ A(Σ), NS(G,R) ̸= ∅

if and only if G is Σuc-simulated by R, and NBSR(S̃W ↑ , G) = S̃NB
W ↑ ∈ A(Σ) holds for the

supervisor S̃W ↑ ∈ A(Σ) defined by (4.4).

By Corollaries 4.1 and 4.2, if the nonblocking similarity control problem is solvable for

G ∈ A(Σ) and R ∈ A(Σ), then NBSR(S̃W ↑ , G) = S̃NB
W ↑ ∈ A(Σ) holds, and S̃NB

W ↑ ∥G is a

supremum of RNB
⊑ .

Remark 4.3 By Corollary 4.2, whether or not the nonblocking similarity control problem

is solvable can be verified using S̃W ↑ . If G is Σuc-simulated by R and NBSR(S̃W ↑ , G) =

S̃NB
W ↑ ∈ A(Σ) holds, then we have NS(G,R) ̸= ∅, and Corollary 4.1 guarantees the maximal

permissiveness of the output supervisor S̃NB
W ↑ ; otherwise, it holds that NS(G,R) = ∅. Since

the number |ỸW ↑ | of states of S̃W ↑ is at most 22|X||Q|+|Σc∩Σuo|, the computational complexity

of computing NBSR(S̃W ↑ , G) is O(|Σ||X|328|X||Q|+4|Σc∩Σuo|).

4.4.3 Specialization to Fully Observable Case

The results presented in Subsections 4.4.1 and 4.4.2 can be directly applied to the nonblocking

similarity control problem for fully observed systems by letting Σuo = ∅.

Note that, under full observation, the Definitions 4.3 and 4.4 of state-unmergedness and

strong simulation relation, respectively, are written as follows.
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Definition 4.5 For the fully observed system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and a supervi-

sor S = (Y,Σ, β, Y0, Y ) ∈ A(Σ), S is said to be state-unmerged (with respect to G) if

∀y ∈ Reach(S), ∀s1, s2 ∈ Ly(S) : α(X0, s1) = α(X0, s2).

Definition 4.6 For the fully observed system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and two su-

pervisor S1 = (Y1,Σ, β1, Y10, Y1) ∈ A(Σ) and S2 = (Y2,Σ, β2, Y20, Y2) ∈ A(Σ), S2 is said to

be strongly more permissive than S1 (with respect to G) if there exists a simulation relation

Ψ ⊆ (Y1 × X) × (Y2 × X) from S1∥G to S2∥G such that, for any ((y1, x1), (y2, x2)) ∈ Ψ, it

holds that

• x1 = x2,

• Ly1(S1) ∩ Ly2(S2) ̸= ∅, and

• ∀x ∈ X, ∀s′ ∈ L(S1∥G) : [(y1, x) ∈ ξ1(Y10 × X0, s
′) ∧ (y2, x) ∈ ξ2(Y20 × X0, s

′)] ⇒

((y1, x), (y2, x)) ∈ Ψ,

where ξ1 : (Y1×X)×Σ→ 2Y1×X and ξ2 : (Y2×X)×Σ→ 2Y2×X are the transition functions

of S1∥G and S2∥G, respectively.

Recall that S̃W ↑ = (ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0, ỸW ↑) ∈ A(Σ) defined by (4.4) is reduced to S↑ =

(Y ↑,Σ, β↑, Y ↑
0 , Y

↑) ∈ A(Σ) defined by (4.5) in the fully observed case. Hence, we have the

following results.

Corollary 4.3 For the system G ∈ A(Σ) and the specification R ∈ A(Σ), NSfo(G,R) ̸=

∅ if and only if G is Σuc-simulated by R, and NBSR(S↑, G) = S↑NB ∈ A(Σ) holds for

the supervisor S↑ ∈ A(Σ) defined by (4.5). If S↑NB ∈ A(Σ), then it holds that S↑NB ∈

MPNSfo(G,R).

Remark 4.4 Since the number |Y ↑| of S↑ is bounded by 2|X||Q|, NBSR(S↑, G) can be com-

puted in O(|Σ||X|324|X||Q|).

4.5 Illustrative example

In this section, we provide a practical example of the nonblocking similarity control problem,

which is solved by the algorithm NBSR and the supervisor S̃W ↑ ∈ A(Σ) defined by (4.4).
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(a)

(b)

(c)

Figure 4.5: (a) A manufacturing system, (b) system model G, and (c) specification R.

For a robot working in a manufacturing system shown in Figure 4.5 (a), which consists of

two stations, two processing rooms, and three rails, we consider the nondeterministic model

G = (X,Σ, α,X0, Xm) ∈ A(Σ) shown in Figure 4.5 (b), where Σ = Σo = {o1, o2, a, u1, u2}.

There are two kinds of parts A and B in station 1. Initially, the robot is in station 1, and

moves to processing area through rail 1 after picking a part (event u1), where the picked part

cannot be identified. The transitions x0
u1−→ x1 and x0

u1−→ x2 denote that the robot moves

to processing area with parts A and B, respectively. In processing area, the robot performs

two kinds of operations o1 and o2 in rooms 1 and 2, respectively. After performing o1 or

o2 (states x3 and x4), the robot can directly move to station 2 through rail 2 to unload the

processed part (event a). Then the robot goes back to station 1 via rail 3 (event u2). Besides,

if o1 is performed on part A (state x3), the robot can further process the part by o2. Then it
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unloads the processed part in station 2 and moves back to station 1. The events o1, o2, and a

are controlled by opening or closing the entrances of room 1, room 2, and rail 2, respectively.

The robot can freely travel back and forth in rails 1 and 3, that is, Σuc = {u1, u2}. G is

marked when the robot is in a station (states x0, x6, and x7).

As the specification, we consider the nondeterministic automaton R = (Q,Σ, δ,Q0, Qm) ∈

A(Σ) shown in Figure 4.5 (c). Suppose that some preparations are needed for supporting the

operation of the robot, but the preparations for o1 and o2 cannot be done simultaneously.

Then, after the occurrence of u1, regardless of the kind of the picked part, the choice between

the operations o1 and o2 is prohibited. Besides, if part A is processed by both the two

operations o1 and o2, then the robot has to stay in station 2 after unloading. This control

problem cannot be solved by the conventional language-based supervisory control theory.

Besides, the problem of enforcing bisimilarity is not solvable for G and R.

The unique maximal fixpoint W ↑ of the function F̃ : 2X×Q → 2X×Q defined by (4.3) is

obtained as

F̃ 1(X ×Q) = X ×Q− {x0} × {q1, q2, q3, q4, q5, q6, q7} − {x6, x7} × {q0, q1, q2, q3, q4, q5, q7}

= F̃ 2(X ×Q)

= W ↑.

The supervisor S↑ = (Y ↑,Σ, β↑, Y ↑
0 , Y

↑) ∈ A(Σ) defined by (4.5) is synthesized using W ↑,

whose reachable part is shown in Figure 4.6 (a), where

ỹ0 = {(x0, q0)}, ỹ1 = {(x1, q1), (x2, q1)},

ỹ2 = {(x1, q1), (x2, q2)}, ỹ3 = {(x1, q2), (x2, q1)},

ỹ4 = {(x1, q2), (x2, q2)}, ỹ5 = {(x3, q3), (x4, q3)},

ỹ6 = {(x4, q4)}, ỹ7 = {(x5, q5)},

ỹ8 = {(x6, q6)}.

Since S↑∥G is blocking, as shown in Figure 4.6 (b), we apply the algorithm NBSR. Af-

ter two iterations, NBSR outputs the supervisor S↑NB shown in Figure 4.6 (c). Then, by

Corollary 4.3, the nonblocking similarity control problem is solvable. The supervised system

S↑NB∥G is shown in Figure 4.6 (d). It can be verified that S↑NB∥G ⊑ R holds, and S↑NB
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(a) (b)

(c) (d)

Figure 4.6: (a) Supervisor S↑, (b) supervised system S↑∥G, (c) supervisor S↑NB , and (d) supervised
system S↑NB∥G.

is admissible and nonblocking. We can confirm that the requirement “o1 and o2 are not

selectable after u1” is satisfied by S↑NB. In addition, the maximal permissiveness of S↑NB is

guaranteed by Corollary 4.3.

4.6 Conclusion

In this chapter, we considered the nonblocking similarity control problem for the system

and the specification modeled as nondeterministic automata subject to full as well as partial

observation. We proposed an algorithm, named NBSR, for constructing a nonblocking su-
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pervisor from a possibly blocking one. Two properties named state-unmergedness and strong

maximal permissiveness were identified, which are the key properties for synthesizing a max-

imally permissive nonblocking supervisor using NBSR. Using a supervisor with these two

properties as the input, which is blocking in general, we showed how to check the solvability

of the nonblocking similarity control problem and computed a maximal solution when it is

solvable. Such a maximal solution forms a supremal feasible nonblocking subspecification of

the given specification.
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Chapter 5

Modular Similarity Control of

Monolithic Systems with Modular

Specifications

In this chapter, we consider the similarity control problem where the specification consists

of a certain set of elementary specifications, which are coupled by synchronous composition.

We call such a specification a modular specification. This control problem can be solved in

the monolithic (centralized) way, where a monolithic supervisor is synthesized based on the

modular specification. In general, the monolithic synthesis is inefficient due to the notorious

exponential state space explosion problem.

We consider the modular similarity control problem, in which the similarity control prob-

lem is required to be solved in a modular way without constructing the modular specification.

The modular control architecture introduced in [33] for the control of deterministic systems

is applied, where, for each elementary specification, an elementary supervisor that enforces

similarity is synthesized. We show that the similarity control problem with the modular

specification is modularly solvable if it is monolithically solvable. Besides, we show that the

elementary supervisors together achieve maximal permissiveness with respect to the modu-

lar specification if each of them is maximally permissive with respect to the corresponding

elementary specification.
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5.1 Problem Formulation

We consider the similarity control problem with a modular specification, where for the system

G = (X,Σ, α,X0) ∈ A(Σ), the modular specification R = (Q,Σ, δ,Q0) ∈ A(Σ) is given as the

synchronous composition R = ∥i∈IRi of n elementary specifications Ri = (Qi,Σ, δi, Qi,0) ∈

A(Σ) with i ∈ I = {1, . . . , n}. Here, the marked state sets are omitted since we do not tackle

the issue of nonblockingness in this chapter, but some discussions about nonblocking modular

similarity control are given in the end of this chapter. For simplicity, we also assume that the

system is fully observed. As discussed later, the results of this chapter can be easily extended

to the case of partial observation.

Figure 5.1: Modular control architecture.

Based on G and R = ∥i∈IRi, the monolithic supervisor S↑ ∈ A(Σ) defined by (3.10), if

exists, can be synthesized as a maximal solution in MPSfo(G,R) to the similarity control

problem. However, R has at most
∏

i∈I |Qi| (reachable) states by the definition of the syn-

chronous composition, which increases exponentially in the number n = |I| of elementary

specifications. To avoid directly handling R, we consider the modular control architecture

shown in Figure 5.1. Instead of computing R = ∥i∈IRi and then synthesizing a maximally

permissive monolithic supervisor in MPSfo(G,R) for G and R, we individually synthesize

n elementary supervisors Si = (Yi,Σ, βi, Yi,0) ∈ A(Σ) (i ∈ I) for G and each of the elemen-

tary specifications Ri (i ∈ I), respectively. Here, elementary supervisors S1, . . . , Sn work in

parallel, so the supervised system is modeled as S1∥ . . . ∥Sn∥G. Recall that the maximal per-

missiveness is an important property that we pursue in the supervisor synthesis. Formally, in
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this chapter, we synthesize a set of Σuc-admissible elementary supervisors Si ∈ A(Σ) (i ∈ I)

which satisfy S1∥ . . . ∥Sn∥G ⊑ R = ∥i∈IRi and

∀S ∈ Sfo(G,R) : S∥G ⊑ S1∥ . . . ∥Sn∥G. (5.1)

Here, all the elementary supervisors are assumed to have the same capability on control,

which means that the controllability status of each event in Σ is same for different elementary

supervisors. In other words, a controllable event σ ∈ Σc can be disabled by any elementary

supervisor.

Remark 5.1 The control mechanism of n elementary supervisors Si (i ∈ I) for the (mono-

lithic) system G can be explained as follows. Let (y1, . . . , yn, x) ∈ Reach(S1∥ . . . ∥Sn∥G) be

the current state of S1∥ . . . ∥Sn∥G. An event σ ∈ Σ is possible in S1∥ . . . ∥Sn∥G if and only if

it is possible at x in G, namely, α(x, σ) ̸= ∅, and is enabled by all Si (i ∈ I), namely

∀i ∈ I : βi(yi, σ) ̸= ∅.

The eventual enabled event set Σ((y1, . . . , yn)) is obtained by the intersection

Σ((y1, . . . , yn)) =
∩
i∈I

Σi(yi)

of Σi(yi) = {σ ∈ Σ | βi(yi, σ) ̸= ∅}.

5.2 Applicability of Modular Control Architecture

In this section, we consider the existence condition for a set of Σuc-admissible elementary

supervisors Si ∈ A(Σ) (i ∈ I) which satisfy S1∥ . . . ∥Sn∥G ⊑ R = ∥i∈IRi. Note that,

letting Smod = ∥i∈ISi ∈ A(Σ), then Smod is Σuc-admissible and Smod∥G = (∥i∈ISi)∥G ≃

S1∥ . . . ∥Sn∥G ⊑ R holds by the definition of the synchronous composition, which further

imply Smod ∈ Sfo(G,R). Hence, Sfo(G,R) ̸= ∅ is a necessary condition for the existence of

a set of elementary supervisors which solve the modular similarity control problem.

It was shown in Theorem 1 of [64] that Σuc-similarity from G to R is a necessary and

sufficient condition for Sfo(G,R) ̸= ∅ (see also Proposition 3.2 that is generalized to partial
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observation). We prove in the following theorem that Σuc-similarity from G to R is equivalent

to that from G to Ri for each i ∈ I.

For each i ∈ I and each q ∈ Q =
∏

i∈I Qi, we let πi(q) ∈ Qi denote the ith element of q,

that is, πi(q) = qi for q = (q1, . . . , qi, . . . , qn) ∈ Q1 × · · · ×Qi × · · · ×Qn = Q.

Theorem 5.1 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the modular specification

R = (Q,Σ, δ,Q0) = ∥i∈IRi ∈ A(Σ), where I = {1, . . . , n} and Ri = (Qi,Σ, δi, Qi,0) ∈ A(Σ)

for each i ∈ I, G is Σuc-simulated by R if and only if, for each i ∈ I, G is Σuc-simulated by

Ri.

Proof (⇐) For each i ∈ I, since G is Σuc-simulated by Ri, there exists a Σuc-simulation

relation Φi ⊆ X×Qi from G to Ri. We show that a relation Φ ⊆ X×Q = X×(Q1×· · ·×Qn)

defined as

Φ = {(x, (q1, . . . , qn)) ∈ X ×Q | ∀i ∈ I : (x, qi) ∈ Φi}

is a Σuc-simulation relation from G to R.

• We consider any x0 ∈ X0. For each i ∈ I, since Φi is a Σuc-simulation relation from G

to Ri, there exists qi,0 ∈ Qi,0 such that (x0, qi,0) ∈ Φi. Then, we have (q1,0, . . . , qn,0) ∈

Q1,0 × · · · ×Qn,0 = Q0. It follows that (x0, (q1,0, . . . , qn,0)) ∈ Φ.

• For any (x, (q1, . . . , qn)) ∈ Φ and any σ ∈ Σuc, we consider any x′ ∈ α(x, σ). By the

definition of Φ, we have (x, qi) ∈ Φi for each i ∈ I. Since Φi is a Σuc-simulation

relation from G to Ri, there exists q′i ∈ δi(qi, σ) such that (x′, q′i) ∈ Φi. Then,

we have (q′1, . . . , q
′
n) ∈ δ1(q1, σ) × · · · × δn(qn, σ) = δ((q1, . . . , qn), σ). It follows that

(x′, (q′1, . . . , q
′
n)) ∈ Φ.

Thus, Φ is a Σuc-simulation relation from G to R.

(⇒) Since G is Σuc-simulated by R, there exists a Σuc-simulation relation Φ′ ⊆ X ×Q =

X×(Q1×· · ·×Qn) from G to R. Then, we show that, for each i ∈ I, the relation Φ′
i ⊆ X×Qi

defined as

Φ′
i = {(x, qi) ∈ X ×Qi | ∃q ∈ Q : (x, q) ∈ Φ′ ∧ πi(q) = qi}

is a Σuc-simulation relation from G to Ri.

• We consider any x0 ∈ X0. Since Φ′ is a Σuc-simulation relation from G to R, there
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exists q0 = (q1,0, . . . , qi,0, . . . , qn,0) ∈ Q0 = Q1,0 × · · · × Qi,0 × · · · × Qn,0 such that

(x0, q0) = (x0, (q1,0, . . . , qi,0, . . . , qn,0)) ∈ Φ′. It follows that (x0, qi,0) ∈ Φ′
i.

• For any (x, qi) ∈ Φ′
i and any σ ∈ Σuc, we consider any x′ ∈ α(x, σ). By the def-

inition of Φ′
i, there exists q = (q1, . . . , qi, . . . , qn) ∈ Q such that (x, q) ∈ Φ′. Since

Φ′ is a Σuc-simulation relation from G to R, there exists q′ = (q′1, . . . , q
′
i, . . . , q

′
n) ∈

δ((q1, . . . , qi, . . . , qn), σ) = δ1(q1, σ) × · · · × δi(qi, σ) × · · · × δn(qn, σ) such that

(x′, (q′1, . . . , q
′
i, . . . , q

′
n)) ∈ Φ′. It follows that (x′, q′i) ∈ Φ′

i.

Thus, for each i ∈ I, Φ′
i is a Σuc-simulation relation from G to Ri. □

Remark 5.2 Theorem 5.1 implies that Σuc-similarity from G to R can be modularly verified

by checking Σuc-similarity from G to each Ri (i ∈ I), where the function FG,Ri : 2
X×Qi →

2X×Qi defined by (3.3) for G and Ri can be used. The computational complexity for obtaining

the unique maximal fixpointW ↑
G,Ri

∈ 2X×Qi of FG,Ri is O(|Σuc||X|3|Qi|3). Then, the modular

verification of the nonemptiness of Sfo(G,R) can be done in O(|Σuc||X|3
∑

i∈I |Qi|3).

On the other hand, the computational complexity for monolithically computing the unique

maximal fixpoint W ↑
G,R ∈ 2X×Q of F : 2X×Q → 2X×Q defined by (3.3) for G and R = ∥i∈IRi

is O(|Σuc||X|3
∏

i∈I |Qi|3).

5.3 Maximally Permissive Modular Similarity Control with

Modular Specification

In this section, we synthesize a set of elementary supervisors that solves the modular similarity

control problem and show that they are maximally permissive with respect to R.

5.3.1 Synthesis of Elementary Supervisors

We assume that Sfo(G,R = ∥i∈IRi) ̸= ∅, so that the modular similarity control problem is

solvable as discussed before. Then, by Theorem 5.1, for each i ∈ I, G is Σuc-simulated by Ri.

As an elementary supervisor, we consider the supervisor

S̄↑ = (Y ↑,Σ, β̄↑, Y ↑
0 ) ∈ A(Σ) (5.2)

95



defined in [65], that is obtained by modifying the one S↑ = (Y ↑,Σ, β↑, Y ↑
0 ) ∈ A(Σ) defined

by (3.10), where for each W ∈ Y ↑ and each σ ∈ Σ, the nondeterministic transition function

β̄↑ : Y ↑ × Σ→ 2Y
↑
is defined as

β̄↑(W,σ) =


β↑(W,σ)− {W ′′ ∈ Y ↑ | Σ↑(W ′′) = ∅}, if ∃W ′ ∈ β↑(W,σ) : Σ↑(W ′) ̸= ∅

β↑(W,σ), otherwise.

The following proposition shows that S̄↑ is an element ofMPSfo(G,R).

Proposition 5.1 (Theorem 3 of [65]) For the system G = (X,Σ, α,X0) ∈ A(Σ) and the

specification R = (Q,Σ, δ,Q0) ∈ A(Σ) such that G is Σuc-simulated by R, the supervisor

S̄↑ = (Y ↑,Σ, β̄↑, Y ↑
0 ) ∈ A(Σ) defined by (5.2) satisfies S̄↑ ∈MPSfo(G,R).

Note that, although both S̄↑ and S↑ have 2|X||Q| states and |Σ|22|X||Q| transitions in the

worst case, the numbers of states and transitions of S̄↑ are lower than those of S↑ in general.

For each i ∈ I, we let S̄↑
i = (Y ↑

i ,Σ, β̄
↑
i , Y

↑
i,0) ∈ A(Σ) be the supervisor defined by (5.2)

based on the unique maximal fixpoint W ↑
G,Ri

of the function FG,Ri : 2
X×Qi → 2X×Qi defined

by (3.3) for G and Ri, which can be synthesized whenever G is Σuc-simulated by Ri. By

Proposition 5.1, we have S̄↑
i ∈MPS

fo(G,Ri) ⊆ Sfo(G,Ri).

We prove in the following theorem that if, for each i ∈ I, the elementary supervisor

Si enforces similarity to its corresponding elementary specification Ri, then they together

enforce similarity to the modular specification R = ∥i∈IRi.

Theorem 5.2 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the modular specification

R = (Q,Σ, δ,Q0) = ∥i∈IRi ∈ A(Σ) such that G is Σuc-simulated by R, where I = {1, . . . , n}

and Ri = (Qi,Σ, δi, Qi,0) ∈ A(Σ), we consider n supervisors Si = (Yi,Σ, βi, Yi,0) ∈ Sfo(G,Ri)

(i ∈ I). It holds that S1∥ . . . ∥Sn∥G ⊑ R.

Proof For each i ∈ I, we have Si∥G ⊑ Ri by Si ∈ Sfo(G,Ri). Then, there exists a

simulation relation Ψi ⊆ (Yi × X) × Qi from Si∥G to Ri. We show that the relation Ψ ⊆

(Y1 × · · · × Yn ×X)×Q = (Y1 × · · · × Yn ×X)× (
∏

i∈I Qi) defined as

Ψ = {((y1, . . . , yn, x), (q1, . . . , qn)) ∈ (Y1 × · · · × Yn ×X)×Q | ∀i ∈ I : ((yi, x), qi) ∈ Ψi}

is a simulation relation from S1∥ . . . ∥Sn∥G to R.
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Let ξmod : (Y1 × · · · × Yn × X) × Σ → 2Y1×···×Yn×X denote the transition function of

S1∥ . . . ∥Sn∥G. For each i ∈ I, let ξi : (Yi ×X) × Σ → 2Yi×X denote the transition function

of Si∥G.

• We consider any (y1,0, . . . , yn,0, x0) ∈ Y1,0 × · · · × Yn,0 × X0. For any i ∈ I, we have

(yi,0, x0) ∈ Yi,0×X0. Since Ψi is a simulation relation from Si∥G to Ri, there exists qi,0 ∈

Qi,0 such that ((yi,0, x0), qi,0) ∈ Ψi. It follows that (q1,0, . . . , qn,0) ∈ Q1,0 × · · · × Qn,0

and ((y1,0, . . . , yn,0, x0), (q1,0, . . . , qn,0)) ∈ Ψ.

• For any ((y1, . . . , yn, x), (q1, . . . , qn)) ∈ Ψ and any σ ∈ Σ, we consider any

(y′1, . . . , y
′
n, x

′) ∈ ξmod((y1, . . . , yn, x), σ) = β1(y1, σ) × · · · × βn(yn, σ) × α(x, σ). For

each i ∈ I, we have ((yi, x), qi) ∈ Ψi by the definition of Ψ. It holds that (y′i, x
′) ∈

βi(yi, σ) × α(x, σ) = ξi((yi, x), σ). Since Ψi is a simulation relation from Si∥G to Ri,

there exists q′i ∈ δi(qi, σ) such that ((y′i, x
′), q′i) ∈ Ψi. It follows that (q′1, . . . , q

′
n) ∈

δ1(q1, σ)× · · · × δn(qn, σ) = δ((q1, . . . , qn), σ) and ((y′1, . . . , y
′
n, x

′), (q′1, . . . , q
′
n)) ∈ Ψ.

Hence, we have S1∥ . . . ∥Sn∥G ⊑ R. □

5.3.2 Maximal Permissiveness of Modular Similarity Control

In this subsection, we show that, if each of the elementary supervisors Si is maximally

permissive with respect to G and Ri, namely,

∀i ∈ I : Si ∈MPSfo(G,Ri)

holds, then so does (5.1). In order to do so, we need the following lemma.

Lemma 5.1 For the system G = (X,Σ, α,X0) ∈ A(Σ), we consider two supervisors S1 =

(Y1,Σ, β1, Y1,0) ∈ A(Σ) and S2 = (Y2,Σ, β2, Y2,0) ∈ A(Σ) such that S1∥G ⊑ S2∥G. Then,

there exists a simulation relation Φ ⊆ (Y1 ×X)× (Y2 ×X) from S1∥G to S2∥G such that

∀((y1, x), (y2, x′)) ∈ Φ : x = x′.

Proof Let ξ1 : (Y1×X)×Σ→ 2Y1×X and ξ2 : (Y2×X)×Σ→ 2Y2×X denote the transition

functions of S1∥G and S2∥G, respectively.
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Since S1∥G ⊑ S2∥G, there exists a simulation relation Φ′ ⊆ (Y1 × X) × (Y2 × X) from

S1∥G to S2∥G. We show that the relation Φ ⊆ (Y1 ×X)× (Y2 ×X) defined as

Φ = {((y1, x), (y2, x)) ∈ (Y1 ×X)× (Y2 ×X) | ∃x̄ ∈ X : ((y1, x), (y2, x̄)) ∈ Φ′}

is a simulation relation from S1∥G to S2∥G.

• We consider any (y1,0, x0) ∈ Y1,0 ×X0. Since Φ′ is a simulation relation from S1∥G to

S2∥G, there exists (y2,0, x̄0) ∈ Y2,0 ×X0 such that ((y1,0, x0), (y2,0, x̄0)) ∈ Φ′. Then, we

have (y2,0, x0) ∈ Y2,0 ×X0 and ((y1,0, x0), (y2,0, x0)) ∈ Φ.

• For any ((y1, x), (y2, x)) ∈ Φ and any σ ∈ Σ, we consider any (y′1, x
′) ∈ ξ1((y1, x), σ) =

β1(y1, σ)×α(x, σ). By the definition of Φ, there exists x̄ ∈ X such that ((y1, x), (y2, x̄)) ∈

Φ′. Since Φ′ is a simulation relation from S1∥G to S2∥G, there exists (y′2, x̄
′) ∈

ξ2((y2, x̄), σ) = β2(y2, σ) × α(x̄, σ) such that ((y′1, x
′), (y′2, x̄

′)) ∈ Φ′. Then, we have

(y′2, x
′) ∈ β2(y2, σ)× α(x, σ) = ξ2((y2, x), σ). It follows from ((y′1, x

′), (y′2, x̄
′)) ∈ Φ′ and

the definition of Φ that ((y′1, x
′), (y′2, x

′)) ∈ Φ.

Thus, Φ is a simulation relation from S1∥G to S2∥G. □

Now, we show in the following theorem that maximal permissiveness can be modularly

achieved.

Theorem 5.3 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the modular specification R =

(Q,Σ, δ,Q0) = ∥i∈IRi ∈ A(Σ) such that G is Σuc-simulated by R, where I = {1, . . . , n} and

Ri = (Qi,Σ, δi, Qi,0) ∈ A(Σ), we consider n supervisors Si = (Yi,Σ, βi, Yi,0) ∈

MPSfo(G,Ri) (i ∈ I). For any S = (Y,Σ, β, Y0) ∈ Sfo(G,R), it holds that S∥G ⊑

S1∥ . . . ∥Sn∥G.

Proof Since R = ∥i∈IRi, Proposition 2.1, we have R ⊑ Ri for each i ∈ I. By S ∈ Sfo(G,R),

we have S∥G ⊑ R. Since the order ⊑ on A(Σ) is transitive, we have S∥G ⊑ Ri, which

implies together with the Σuc-admissibility of S that S ∈ Sfo(G,Ri). It follows from Si ∈

MPSfo(G,Ri) that S∥G ⊑ Si∥G. Then, by Lemma 5.1, there exists a simulation relation

Φi ⊆ (Y ×X)× (Yi ×X) from S∥G to Si∥G such that

∀((y, x), (yi, x′)) ∈ Φi : x = x′.
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We show that the relation Φ ⊆ (Y ×X)× (Y1 × · · · × Yn ×X) defined as

Φ = {((y, x), (y1, . . . , yn, x)) ∈ (Y ×X)× (Y1 × · · · × Yn ×X) | ∀i ∈ I : ((y, x), (yi, x)) ∈ Φi}

is a simulation relation from S∥G to S1∥ . . . ∥Sn∥G.

Let ξ : (Y × X) × Σ → 2Y×X and ξmod : (Y1 × · · · × Yn × X) × Σ → 2Y1×···×Yn×X

denote the transition function of S∥G and S1∥ . . . ∥Sn∥G, respectively. For each i ∈ I, let

ξi : (Yi ×X)× Σ→ 2Yi×X denote the transition function of Si∥G.

• We consider any (y0, x0) ∈ Y0×X0. For any i ∈ I, since Φi is a simulation relation from

S∥G to Si∥G, there exists (yi,0, x0) ∈ Yi,0×X0 such that ((y0, x0), (yi,0, x0)) ∈ Φi. It fol-

lows that ((y1,0, . . . , yn,0, x0)) ∈ Y1,0 × · · · × Yn,0 × X0 and

((y1,0, . . . , yn,0, x0), (q1,0, . . . , qn,0)) ∈ Φ.

• For any ((y, x), (y1, . . . , yn, x)) ∈ Ψ and any σ ∈ Σ, we consider any (y′, x′) ∈ ξ((y, x), σ).

For each i ∈ I, we have ((y, x), (yi, x)) ∈ Φi by the definition of Φ. Since Φi is a

simulation relation from S∥G to Si∥G, there exists (y′i, x
′) ∈ ξi((yi, x), σ) = βi(yi, σ)×

α(x, σ) such that ((y′, x′), (y′i, x
′)) ∈ Φi. It follows that (y′1, . . . , y

′
n, x

′) ∈ β1(y1, σ) ×

· · · × βn(yn, σ)× α(x, σ) = ξmod((y1, . . . , yn, x), σ) and ((y′, x′), (y′1, . . . , y
′
n, x

′)) ∈ Ψ.

Hence, we have S∥G ⊑ S1∥ . . . ∥Sn∥G. □

Remark 5.3 Proposition 5.1, Theorems 5.2 and 5.3 imply that elementary supervisors S̄↑
i ∈

MPSfo(G,Ri) (i ∈ I) defined by (5.2) for G and Ri, respectively, are a maximal solution

to the modular similarity control problem. In the worst case, S̄↑
i (i ∈ I) have

∑
i∈I 2

|X||Qi|

states and |Σ|(
∑

i∈I 2
2|X||Qi|) transitions in total, which are mitigated from those 2|X||Q| =

2|X|
∏

i∈I |Qi| and |Σ|22|X||Q| = |Σ|22|X|
∏

i∈I |Qi|, respectively, of the monolithic supervisor S̄↑ ∈

MPSfo(G,R) defined by (5.2) for G and R = ∥i∈IRi.

Example 5.1 We consider the system G = (X,Σ, α,X0) ∈ A(Σ) shown in Figure 5.2 (a)

and the elementary specifications R1 = (Q1,Σ, δ1, Q1,0) ∈ A(Σ) and R2 = (Q2,Σ, δ2, Q2,0) ∈

A(Σ) shown in Figures 5.2 (b) and (c), respectively, where Σ = {a, b, c, d, e, f, g} and where

Σuc = {f, g}. The unique maximal fixpoints W ↑
G,R1

⊆ X × Q1 and W ↑
G,R2

⊆ X × Q2 of the
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functions FG,Ri : 2
X×Qi → 2X×Qi (i = 1, 2) defined by (3.3) for G and Ri can be obtained as

F 1
G,R1

(X ×Q1) = X ×Q1 − {x1} × {q1,0, q1,1, q1,2, q1,4} − {x2} × {q1,0, q1,1, q1,2, q1,3}

= F 2
G,R1

(X ×Q1)

= W ↑
G,R1

and

F 1
G,R2

(X ×Q2) = X ×Q2 − {x1} × {q2,0, q2,1, q2,2} − {x2} × {q2,0, q2,1, q2,2, q2,3}

= F 2
G,R2

(X ×Q2)

= W ↑
G,R2

respectively. We have (x0, q1,0) ∈ W ↑
G,R1

and (x0, q2,0) ∈ W ↑
G,R2

for the initial states x0, q1,0,

and q2,0 of G, R1, and R2, respectively. Then, the similarity control problem for G and

R1∥R2 is monolithically and modularly solvable.

Using W ↑
G,R1

and W ↑
G,R2

, we synthesize two maximally permissive elementary similarity-

enforcing supervisors S̄↑
1 and S̄↑

2 defined by (5.2) for R1 and R2, respectively. The reachable

parts of S̄↑
1 and S̄↑

2 are shown in Figures 5.2 (d) and (e), respectively, where

y1,0 = {(x0, q1,0)}, y1,1 = {(x0, q1,1)},

y1,2 = {(x0, q1,2)}, y1,3 = {(x1, q1,3)},

y2,0 = {(x0, q2,0)}, y2,1 = {(x0, q2,1)},

y2,2 = {(x0, q2,2)}, y2,3 = {(x1, q2,3)},

y2,4 = {(x1, q2,4), (x2, q2,4)}.

The reachable part of the supervised system S̄↑
1∥S̄

↑
2∥G is shown in Figure 5.3 (a). It can

be verified that S̄↑
1∥S̄

↑
2∥G is simulated by the modular specification R = R1∥R2 shown in

Figure 5.3 (b). By Proposition 5.1 and Theorem 5.3, S̄↑
1 and S̄↑

2 together achieve the maximal

permissiveness with respect to R.
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(a) (b) (c)

(d) (e)

Figure 5.2: (a) System G, (b) elementary specification R1, (c) elementary specification R2, (d)

elementary supervisor S̄↑
1 , and (e) elementary supervisor S̄↑

2 .

5.4 Extension Discussion

5.4.1 Generalization to Partial Observation

We assumed that the system is fully observed in the beginning of this chapter. The results of

this chapter can be straightforwardly extended to the case of partial observation by assuming

that the elementary supervisors have the same capability on observation (as a monolithic one

does). Note that Theorem 5.1 is applicable under partial observation, which implies together

with Proposition 3.2 that there exists a solution to the modular similarity control problem

when S(G,R = ∥i∈IRi) ̸= ∅. Then, G is respectively Σuc-simulated by Ri (i ∈ I), so that a

set of elementary supervisors can be synthesized using the results of Chapter 3. For example,

the supervisor S̄W ↑ = (YW ↑ ,Σ, β̄W ↑ , YW ↑0) ∈ A(Σ) defined by (3.25) can be considered. The

following corollary that extends Theorems 5.2 and 5.3 identifies a maximal solution to the

modular similarity control problem under partial observation.
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(a)

(b)

Figure 5.3: (a) Supervised system S̄↑
1∥S̄

↑
2∥G and (b) modular specification R.

Corollary 5.1 For the system G = (X,Σ, α,X0) ∈ A(Σ) and the modular specification

R = (Q,Σ, δ,Q0) = ∥i∈IRi ∈ A(Σ) such that G is Σuc-simulated by R, where I = {1, . . . , n}

and Ri = (Qi,Σ, δi, Qi,0) ∈ A(Σ), we consider n elementary supervisors Si = (Yi,Σ, βi, Yi,0) ∈

MPS(G,Ri) (i ∈ I). It holds that S1∥ . . . ∥Sn∥G ⊑ R, and for any S = (Y,Σ, β, Y0) ∈

S(G,R), it holds that S∥G ⊑ S1∥ . . . ∥Sn∥G.

Remark 5.4 For each i ∈ I, let S̄
W ↑

G,Ri

= (Y
W ↑

G,Ri

,Σ, β̄
W ↑

G,Ri

, Y
W ↑

G,Ri
0
) ∈ MPS(G,Ri)

denote the supervisor defined by (3.25) for G and Ri. Then, Corollary 5.1 guarantees

that elementary supervisors S̄
W ↑

G,Ri

(i ∈ I) are a maximal solution to the modular simi-

larity control problem for the partially observed system G and the modular specification
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R = ∥i∈IRi. The monolithic supervisor S̄
W ↑

G,R
= (Y

W ↑
G,R

,Σ, β̄
W ↑

G,R
, Y

W ↑
G,R0

) ∈ MPS(G,R)

defined by (3.25) for G and R has at most 22|X||Q|+|Σc∩Σuo| = 22|X|(
∏

i∈I |Qi|)+|Σc∩Σuo| states

and |Σ|24|X||Q|+2|Σc∩Σuo| = |Σ|24|X|(
∏

i∈I |Qi|)+2|Σc∩Σuo| transitions. By using the modular

control architecture, these upper bound numbers are reduced to
∑

i∈I 2
2|X||Qi|+|Σc∩Σuo| and

|Σ|(
∑

i∈I 2
4|X||Qi|+2|Σc∩Σuo|), respectively.

5.4.2 Discussion on Nonblocking Modular Similarity Control

We discuss the imposition of nonblockingness on modular similarity control in this subsec-

tion, so that the marking of the system G = (X,Σ, α,X0, Xm) ∈ A(Σ) and the modular

specification R = (Q,Σ, δ,Q0, Qm) = ∥i∈IRi ∈ A(Σ) with Ri = (Qi,Σ, δi, Qi,0, Qi,m) ∈ A(Σ)

is taken into consideration.

Using the algorithm NBSR introduced in Chapter 4, a maximally permissive elementary

nonblocking supervisor can be synthesized, if it exists, for each of the elementary specifica-

tions. For this purpose, the supervisor S↑ = (Y ↑,Σ, β↑, Y ↑
0 , Y

↑) ∈ A(Σ) defined by (4.5) or

the one S̃W ↑ = (ỸW ↑ ,Σ, β̃W ↑ , ỸW ↑0, ỸW ↑) ∈ A(Σ) defined by (4.4) can be used as the input

elementary supervisor, according to whether the system under consideration is fully or par-

tially observed. For each i ∈ I, we assume that Si = (Yi,Σ, βi, Yi,0, Yi) ∈ NS(G,Ri) itself

is nonblocking. However, the supervised system S1∥ . . . ∥Sn∥G is possibly blocking, due to

conflict between the elementary supervisors.

In the modular control of deterministic systems, a nonconflicting property on languages

is derived to guarantee that the system supervised by multiple supervisors is nonblocking.

Formally, for the deterministic system G ∈ A(Σ) and deterministic nonblocking supervisors

S1, S2 ∈ A(Σ), S1∥S2∥G is nonblocking if and only if Lm(S1∥G) and Lm(S2∥G) are noncon-

flicting, namely,

Lm(S1∥G) ∩ Lm(S2∥G) = Lm(S1∥G) ∩ Lm(S2∥G)

holds [33]. However, the nonconflicting property is not sufficient to guarantee the nonblock-

ingness of modular control in the nondeterministic setting.

As in the deterministic setting [39,40], a scheme of conflict resolution for nondeterministic

systems is needed to achieve the nonblocking behavior.

On the other hand, by computing the synchronous composition Smod = ∥i∈ISi of the

elementary supervisors, we can obtain a monolithic supervisor to which the algorithm NBSR
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can be applied. However, synchronous composition operation dramatically increases the state

number of the supervisor (exponential state space explosion). As the complexity of NBSR is

polynomial in the size of the input supervisor, such an approach is computationally inefficient.

5.5 Conclusion

In this chapter, we considered the similarity control problem for the monolithic system with

the modular specification. To mitigate the computational complexity caused by the exponen-

tial state space explosion, the modular control architecture was applied. It was proved that

the modular method is applicable whenever the similarity control problem is solvable. For

each of the elementary specifications, a maximally permissive similarity-enforcing elementary

supervisor was synthesized. We showed that these supervisors together achieve the maximal

permissiveness with respect to the modular specification.
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Chapter 6

Modular Similarity Control of

Composite Systems

In this chapter, we consider the similarity control problem where the composite system under

consideration consists of multiple local subsystems, each of which is assigned a nondetermin-

istic local subspecification. As discussed in Chapter 5, the monolithic synthesis suffers from

a severe computational burden.

We provide a new condition for the applicability of the modular control architecture, which

is weaker than the one used in [68,69]. To modularly solve the similarity control problem, we

synthesize a local supervisor for each subsystem and its corresponding local subspecification,

so that the entire specification is modularly achieved in the sense that the supervised system

is simulated by the specification. Moreover, we prove that the same permissiveness as a

maximally permissive monolithic supervisor can be achieved by these local supervisors.

6.1 Problem Formulation

We consider the similarity control problem of the composite system G = (X,Σ, α,X0) =

∥i∈IGi ∈ A(Σ) given as the synchronous composition of n nondeterministic subsystems

G = (Xi,Σi, αi, Xi,0) ∈ A(Σi) (i ∈ I = {1, . . . , n}). For each i ∈ I, Gi is assigned a

nondeterministic local subspecification Ri = (Qi,Σi, δi, Qi,0) ∈ A(Σi). The entire specifica-

tion R = (Q,Σ, δ,Q0) ∈ A(Σ) is denoted as the synchronous composition of all these local

subspecifications R = ∥i∈IRi. We do not tackle the issue of nonblockingness in this chapter,

so the marked state sets are dropped. Besides, we assume that all the events of the composite
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system are observable.

For a subsystem Gi ∈ A(Σi) and its corresponding local subspecification Ri ∈ A(Σi),

the event set Σi is partitioned into controllable and uncontrollable event sets Σi,c and Σi,uc,

respectively. This means that a local supervisor Si ∈ A(Σi) for Gi has to be Σi,uc-admissible

(with respect to Gi). On the other hand, for the monolithic control of the entire G =

∥i∈IGi ∈ A(Σ) and R = ∥i∈IRi ∈ A(Σ), a controllable event of G is controllable in at least

one subsystem. Namely, the set Σc of controllable events is given as

Σc =
∪
i∈I

Σi,c. (6.1)

Then, the uncontrollable event set Σuc is obtained as

Σuc = Σ− Σc. (6.2)

When the monolithic synthesis approach is used to solve the similarity control problem

for G and R, the supervisor S̄↑ = (Y ↑,Σ, β̄↑, Y ↑
0 ) ∈ MPSfo(G,R) defined by (5.2) can be

used. Since G and R have at most
∏

i∈I |Xi| and
∏

i∈I |Qi| (reachable) states, respectively,

S̄↑ has at most 2|X||Q| = 2
∏

i∈I |Xi||Qi| states and |Σ|22|X||Q| = |Σ|22
∏

i∈I |Xi||Qi| transitions in

the worst case.

The subsystem Gi supervised by a local supervisor Si = (Yi,Σ, βi, Yi,0) ∈ A(Σi) is denoted

by Si∥Gi. Then, ∥i∈I(Si∥Gi) models the composite system G under the control of a set of

local supervisors Si (i ∈ I).

Formally, in this chapter, we synthesize Σi,uc-admissible local supervisors Si ∈ A(Σ)

(i ∈ I) which satisfy ∥i∈I(Si∥Gi) ⊑ R = ∥i∈IRi and

∀S ∈ Sfo(G,R) : S∥G ⊑ ∥i∈I(Si∥Gi). (6.3)

Remark 6.1 The control mechanism of n local supervisor Si (i ∈ I) for the composite

system G can be explained as follows. Let ((y1, x1), . . . , (yn, xn)) ∈ Reach(∥i∈I(Si∥Gi))

be the current state of ∥i∈I(Si∥Gi). An event σ ∈ Σ is possible if and only if, for each

i ∈ I(σ) = {i ∈ I | σ ∈ Σi}, it is possible at xi in Gi and enabled at yi by Si.
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6.2 Applicability of Modular Control for Composite Systems

In this section, we consider the existence condition for Σi,uc-admissible local supervisors

Si ∈ A(Σ) (i ∈ I) which satisfy ∥i∈I(Si∥Gi) ⊑ R = ∥i∈IRi.

Given G = ∥i∈IGi ∈ A(Σ) and R = ∥i∈IRi ∈ A(Σ), where the controllability status is

defined as (6.1) and (6.2), it was shown in [68] that, under the assumption

∀i, j ∈ I : i ̸= j ⇒ Σi,uc ∩ Σj = ∅, (6.4)

the Σuc-similarity from G to R is equivalent to the Σi,uc-similarity from Gi to Ri for each

i ∈ I.

Proposition 6.1 (Theorem 1 of [68]) For the system G = (X,Σ, α,X0) = ∥i∈IGi ∈ A(Σ)

and the specification R = (Q,Σ, δ,Q0) = ∥i∈IRi ∈ A(Σ), where I = {1, . . . , n}, Gi =

(Xi,Σi, αi, Xi,0) ∈ A(Σi), and Ri = (Qi,Σi, δi, Qi,0) ∈ A(Σi), we assume that the condition

(6.4) holds. Then, G is Σuc-simulated by R if and only if Gi is Σi,uc-simulated by Ri for each

i ∈ I.

Here, instead of (6.4), we make the following assumptions

∀i, j ∈ I : i ̸= j ⇒ Σi,uc ∩ Σj,c = ∅, (6.5)

and

∀x = (x1, . . . , xn) ∈ Reach(G),∀σ ∈ Σuc : [∃i ∈ I : αi(xi, σ) ̸= ∅]⇒ α(x, σ) ̸= ∅. (6.6)

The assumption (6.5) means that an event that is uncontrollable in a subsystem cannot be

controllable in other subsystems. This assumption is widely used in decentralized supervisory

control, see for example [35]. The assumption (6.6) denotes that, for any reachable state of

G, any uncontrollable event which is feasible in at least one subsystem is globally feasible.

Note that (6.4) is stronger than (6.5) and (6.6), namely, if (6.4) holds, then (6.5) and

(6.6) hold, but the converse does not necessarily hold. We provide an example where (6.5)

and (6.6) hold but (6.4) is not satisfied.
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Figure 6.1: Subsystem Gi of G = G1∥G2.

Example 6.1 We consider a manufacturing system consisting of an input buffer, an output

buffer, a robot arm, and two processing robots. This system can be modeled as the syn-

chronous composition of the subsystems Gi ∈ A(Σi) (i = 1, 2) shown in Figure 6.1. The

robot arm nondeterministically picks one of two kinds of parts from the input buffer and

then drops it to the ith processing robot (event di). Depending on the kind of the part

the robot received, it transits to one of the two states xi,1 and xi,2, at which it performs

operations oi,1 and oi,2 to process the part, respectively. The two robots assemble their pro-

cessed parts (event a) after procession. Finally, the arm moves the assembled product to the

output buffer (event p). Hence, the event set Σi of Gi is given as Σi = {di, oi,1, oi,2, a, p} for

i = 1, 2. Suppose that the behavior of the arm is uncontrollable, that is, Σi,uc = {di, p}. Since

p ∈ Σ1,uc ∩ Σ2, (6.4) is not satisfied. On the other hand, the system G = G1∥G2 satisfies

(6.5) and (6.6).

If any uncontrollable event is not shared by multiple subsystems, the conditions (6.5)

and (6.6) are satisfied. Besides, in Example 6.1, the common uncontrollable event p ∈ Σuc

exists and is triggered by the execution of the common controllable event a ∈ Σc. In such a

case, (6.6) is also satisfied. Finding a way to further relax the assumption (6.6) constitutes a

challenge for future investigations.

When (6.4) holds (which can be easily verified), the solvability of the similarity control

problem can be modularly verified as suggested by Proposition 6.1, so that the computa-

tional complexity is reduced from O(|Σuc|
∏

i∈I |Xi|3|Qi|3) of the monolithic verification to

O(
∑

i∈I |Σi,uc||Xi|3|Qi|3). We show in the following theorem that this modular verification

is also valid when (6.5) and (6.6) hold.

Theorem 6.1 For the system G = (X,Σ, α,X0) = ∥i∈IGi ∈ A(Σ) and the specification

R = (Q,Σ, δ,Q0) = ∥i∈IRi ∈ A(Σ), where I = {1, . . . , n}, Gi = (Xi,Σi, αi, Xi,0) ∈ A(Σi),
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and Ri = (Qi,Σi, δi, Qi,0) ∈ A(Σi), we assume that the conditions (6.5) and (6.6) hold. Then,

G is Σuc-simulated by R if and only if Gi is Σi,uc-simulated by Ri for each i ∈ I.

Proof (⇐) By Propositions 5 and 6 of [68], G is Σuc-simulated by R if Gi is Σi,uc-simulated

by Ri for each i ∈ I.

(⇒) Since G is Σuc-simulated by R, there exists a Σuc-simulation relation Φ ⊆ X × Q

from G to R. For each i ∈ I, we show that the relation Φi ⊆ Xi ×Qi defined as

Φi = {(xi, qi) ∈ Xi ×Qi | ∃(x, q) ∈ Φ : x ∈ Reach(G) ∧ πi(x) = xi ∧ πi(q) = qi}

is a Σi,uc-simulation relation from Gi to Ri, where πi(x) = xi and πi(q) = qi for each i ∈ I,

each x = (x1, . . . , xi, . . . , xn) ∈
∏

i∈I Xi = X, and each q = (q1, . . . , qi, . . . , qn) ∈
∏

i∈I Qi =

Q.

• For any xi,0 ∈ Xi,0, there exists x0 ∈ X0 =
∏

i∈I Xi,0 ⊆ Reach(G) such that πi(x0) =

xi,0. Since Φ is a Σuc-simulation relation from G to R, there exists q ∈ Q0 =
∏

i∈I Qi,0

such that (x0, q0) ∈ Φ. Letting qi,0 = πi(q0), we have qi,0 ∈ Qi,0 and (xi,0, qi,0) ∈ Φi.

• For any (xi, qi) ∈ Φi and any σ ∈ Σi,uc, we consider any x′i ∈ αi(xi, σ). By (6.5), we have

σ ∈ Σ−
∪

i∈I Σi,c = Σuc. It follows from the definition of Φi that there exists (x, q) ∈ Φ

such that x ∈ Reach(G), πi(x) = xi, and πi(q) = qi. By x′i ∈ αi(xi, σ) ̸= ∅ and (6.6),

we have α(x, σ) ̸= ∅. Since σ ∈ Σi,uc ⊆ Σi and x′i ∈ αi(xi, σ), by the definition of the

synchronous composition, there exists x′ ∈ α(x, σ) ⊆ Reach(G) such that πi(x
′) = x′i.

Since Φ is a Σuc-simulation relation from G to R, there exists q′ ∈ δ(q, σ) such that

(x′, q′) ∈ Φ. Letting q′i = πi(q
′), since σ ∈ Σi, we have q′i ∈ δi(qi, σ). It follows that

(x′i, q
′
i) ∈ Φi.

Hence, Gi is Σi,uc-simulated by Ri. □

If (6.4) does not hold, it is worth further verifying (6.5) and (6.6). Although (6.6) requires

the construction of G, whose computational complexity is O(|Σ|
∏

i∈I |Xi|2), it is generally

lower than that O(|Σuc|
∏

i∈I |Xi|3|Qi|3) of the monolithic verification.
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6.3 Maximal Permissiveness

In this section, we show that maximal permissiveness can be achieved by modular control

as long as (6.5) and (6.6) hold. The following proposition just says that, if each of the local

supervisors enforces similarity for the local subsystem and its subspecification, then the entire

specification is satisfied by modular control.

Proposition 6.2 Let the system G = ∥i∈IGi ∈ A(Σ) and the specification R = ∥i∈IRi ∈

A(Σ) be such that G is Σuc-simulated by R, where I = {1, . . . , n} and Gi, Ri ∈ A(Σi).

We assume that the conditions (6.5) and (6.6) hold. For each i ∈ I, we consider any local

supervisor Si ∈ Sfo(Gi, Ri). Then, it holds that ∥i∈I(Si∥Gi) ⊑ R.

Proof For each i ∈ I, Si ∈ Sfo(Gi, Ri) satisfies Si∥Gi ⊑ Ri. It follows from Corollary 1

of [68] that ∥i∈I(Si∥Gi) ⊑ ∥i∈IRi = R. □

We consider the supervisor S↑ = (Y ↑,Σ, β↑, Y ↑
0 ) ∈ A(Σ) defined by (3.10). For each i ∈ I,

if Gi ∈ A(Σi) is Σi,uc-simulated by Ri ∈ A(Σi), the local supervisor S↑
i = (Y ↑

i ,Σi, β
↑
i , Y

↑
i,0) ∈

A(Σi) defined by (3.10) is synthesized using the unique maximal fixpoint W ↑
Gi,Ri

∈ 2Xi×Qi of

the function FGi,Ri : 2
Xi×Qi → 2Xi×Qi defined by (3.3) for Gi and Ri. These local supervisors

have at most
∑

i∈I 2
|Xi||Qi| states and

∑
i∈I |Σi|22|Xi||Qi| transitions in total, which are much

fewer than 2
∏

i∈I |Xi||Qi| states and |Σ|22
∏

i∈I |Xi||Qi| transitions, respectively, of the monolithic

counterpart S↑.

Now, we show a nice property of S↑
i , which is useful for proving that the maximal per-

missiveness with respect to the entire specification can be achieved by these local supervisors

S↑
i (i ∈ I). In order to do so, we introduce the following operation.

Definition 6.1 For an arbitrary subset Σ′ ⊆ Σ and any automaton G′ = (X ′,Σ′, α′, X ′
0) ∈

A(Σ′) over it, we define the Σ-complemented automaton CΣ(G′) ∈ A(Σ) of G′ as CΣ(G′) =

(X ′,Σ, αΣ, X ′
0), where the nondeterministic transition function αΣ : X ′×Σ→ 2X

′
is defined

as

αΣ(x, σ) =


α′(x, σ), if σ ∈ Σ′

{x}, if σ ∈ Σ− Σ′

for each x ∈ X ′ and each σ ∈ Σ.
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For G′ ∈ A(Σ′), the event set of its Σ-complemented automaton CΣ(G′) ∈ A(Σ) is

extended to Σ ⊇ Σ′ by adding self-loops by the events in Σ− Σ′ to all states. Note that, for

an arbitrary set of automata Gi ∈ A(Σi) (i ∈ I) with
∪

i∈I Σi = Σ, it is trivial that

∥i∈IGi = ∥i∈ICΣ(Gi) ∈ A(Σ).

Then, for each i ∈ I, we consider the Σ-complemented subsystem CΣ(Gi) ∈ A(Σ) and its

Σ-complemented local subspecification CΣ(Ri) ∈ A(Σ). We let Σi,uc be the uncontrollable

event set of CΣ(Gi), so the rest events in Σ− Σi,uc(= Σi,c ∪ (Σ− Σi)) are controllable.

Now, we prove in the following lemma that CΣ(S↑
i ) ∈ A(Σ) is an element of

MPSfo(CΣ(Gi), C
Σ(Ri)).

Lemma 6.1 For each i ∈ I = {1, . . . , n}, let the subsystem Gi ∈ A(Σi) and the sub-

specification Ri ∈ A(Σi) be such that Gi is Σi,uc-simulated by Ri. Then, the supervi-

sor S↑
i = (Y ↑

i ,Σi, β
↑
i , Y

↑
i,0) ∈ A(Σi) defined by (3.10) (for Gi and Ri) satisfies CΣ(S↑

i ) ∈

MPSfo(CΣ(Gi), C
Σ(Ri)), where Σ =

∪
i∈I Σi.

Proof For each i ∈ I, to prove CΣ(S↑
i ) ∈ MPS

fo(CΣ(Gi), C
Σ(Ri)), we show ΣS↑

i =

CΣ(S↑
i ), where

ΣS↑
i = (ΣY ↑

i ,Σ,
Σβ↑

i ,
ΣY ↑

i,0) ∈ A(Σ) is the supervisor defined by (3.10) for

CΣ(Gi) and CΣ(Ri).

Since Gi is Σi,uc-simulated by Ri and Σi,uc is also the uncontrollable event set of CΣ(Gi),

CΣ(Gi) is Σi,uc-simulated by CΣ(Ri). Moreover, we have W ↑
Gi,Ri

= W ↑
CΣ(Gi),CΣ(Ri)

, where

W ↑
Gi,Ri

and W ↑
CΣ(Gi),CΣ(Ri)

are the unique maximal fixpoints of FGi,Ri and FCΣ(Gi),CΣ(Ri)

defined by (3.3), respectively. Since all the transitions of CΣ(Gi) and CΣ(Ri) by the events

in Σ − Σi are deterministic self-loops at each of their states, by the definition of Σβ↑
i , so

are the transitions of ΣS↑
i by the events in Σ − Σi, which are defined at all the states of

ΣS↑
i . In addition, we have ΣY ↑

i = Y ↑
i ,

ΣY ↑
i,0 = Y ↑

i,0, and Σβ↑
i (W,σ) = β↑

i (W,σ) for each

W ∈ ΣY ↑
i = Y ↑

i and each σ ∈ Σi. Hence, we have ΣS↑
i = CΣ(S↑

i ). By Proposition 3.4, we

have CΣ(S↑
i ) =

ΣS↑
i ∈MPS

fo(CΣ(Gi), C
Σ(Ri)). □

Now, we prove the maximal permissiveness of the modular similarity control.

Theorem 6.2 Let the system G = (X,Σ, α,X0) = ∥i∈IGi ∈ A(Σ) and the specification

R = (Q,Σ, δ,Q0) = ∥i∈IRi ∈ A(Σ) be such that G is Σuc-simulated by R, where I =
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{1, . . . , n}, Gi = (Xi,Σi, αi, Xi,0) ∈ A(Σi), and Ri = (Qi,Σi, δi, Qi,0) ∈ A(Σi). We assume

that the conditions (6.5) and (6.6) hold. For each i ∈ I, we consider the supervisor S↑
i =

(Y ↑
i ,Σi, β

↑
i , Y

↑
i,0) ∈ A(Σi) defined by (3.10). Then, S∥G ⊑ ∥i∈I(S↑

i ∥Gi) holds for an arbitrary

S = (Y,Σ, β, Y0) ∈ Sfo(G,R).

Proof By the definition of the Σ-complemented automaton, we have ∥i∈I(S↑
i ∥Gi) =

∥i∈I(CΣ(S↑
i )∥CΣ(Gi)). By Proposition 2.1, it is sufficient to show that S∥G ⊑ CΣ(S↑

i )∥CΣ(Gi)

holds for each i ∈ I.

For each i ∈ I, by the definition of the synchronous composition and the Σ-complemented

automaton, we have

S∥G = S∥(∥i∈IGi) ≃

(S∥G1∥ . . . ∥Gi−1∥Gi+1∥ . . . ∥Gn)∥Gi =

(S∥G1∥ . . . ∥Gi−1∥Gi+1∥ . . . ∥Gn)∥CΣ(Gi).

That is, S∥G can be seen as the Σ-complemented subsystem CΣ(Gi) = (Xi,Σ, α
Σ
i , Xi,0) ∈

A(Σ) controlled by the virtual supervisor S̃i = (Ỹi,Σ, β̃i, Ỹi,0) =

S∥G1∥ . . . ∥Gi−1∥Gi+1∥ . . . ∥Gn ∈ A(Σ). Now, for each i ∈ I, we show that S̃i ∈

Sfo(CΣ(Gi), C
Σ(Ri)).

To show that S̃i is Σi,uc-admissible with respect to CΣ(Gi), we consider any

((y, x1, . . . , xi−1, xi+1, . . . , xn), xi) ∈ Reach(S̃i∥CΣ(Gi)) and any σ ∈ Σi,uc such that

αΣ
i (xi, σ) ̸= ∅. By the definition of the synchronous composition, we have

(x1, . . . , xi, . . . , xn) ∈ Reach(G) and (y, (x1, . . . , xi, . . . , xn)) ∈ Reach(S∥G). It follows from

σ ∈ Σi,uc ⊆ Σi and the definition of the Σ-complemented automaton that αi(xi, σ) =

αΣ
i (xi, σ) ̸= ∅. By (6.5), we have σ ∈ Σ −

∪
i∈I Σi,c = Σuc. Then, it follows from (6.6)

that α((x1, . . . , xi, . . . , xn), σ) ̸= ∅, which further implies that αj(xj , σ) ̸= ∅ holds for each

j ∈ I(σ). Since S ∈ Sfo(G,R), it is Σuc-admissible with respect to G. It follows that

β(y, σ) ̸= ∅. Hence, we have β̃i((y, x1, . . . , xi−1, xi+1, . . . , xn), σ) ̸= ∅ by the definition of the

synchronous composition.

We next show S̃i∥CΣ(Gi) ⊑ CΣ(Ri). By Proposition 2.1, we have R = ∥i∈IRi =

∥i∈ICΣ(Ri) ⊑ CΣ(Ri). It follows from S ∈ Sfo(G,R) that S∥G ⊑ R. Since S̃i∥CΣ(Gi) ≃

S∥G, we have S̃i∥CΣ(Gi) ≃ S∥G ⊑ R ⊑ CΣ(Ri). By the transitivity of ⊑, we have
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S̃i∥CΣ(Gi) ⊑ CΣ(Ri). Hence, it holds that S̃i ∈ Sfo(CΣ(Gi), C
Σ(Ri)).

By Lemma 6.1, CΣ(S↑
i ) ∈ MPS

fo(CΣ(Gi), C
Σ(Ri)) holds for each i ∈ I. It follows

that S∥G ≃ S̃i∥CΣ(Gi) ⊑ CΣ(S↑
i )∥CΣ(Gi). By the transitivity of ⊑, we have S∥G ⊑

CΣ(S↑
i )∥CΣ(Gi). Thus, S∥G ⊑ ∥i∈I(CΣ(S↑

i )∥CΣ(Gi)) = ∥i∈I(S↑
i ∥Gi) holds by Proposi-

tion 2.1. □

Remark 6.2 Since S↑ ∈ MPSfo(G,R) ⊆ Sfo(G,R), we have S↑∥G ⊑ ∥i∈I(S↑
i ∥Gi) as

shown in Theorem 6.2 under the assumptions (6.5) and (6.6). Letting S′ = ∥i∈IS↑
i , we

have S′∥G ≃ ∥i∈I(S↑
i ∥Gi). Moreover, it can be easily proved that S′ ∈ Sfo(G,R), which

implies together with S↑ ∈ MPSfo(G,R) that ∥i∈I(S↑
i ∥Gi) ≃ S′∥G ⊑ S↑∥G. This means

that ∥i∈I(S↑
i ∥Gi) ∼ S↑∥G, namely, they are simulation equivalent (under (6.5) and (6.6)).

However, they are not necessarily bisimilar to each other.

Remark 6.3 In [69], to solve the modular similarity control problem under the assumption

(6.4), local supervisors were synthesized according to the synthesis method of [64]. However,

the maximal permissiveness is not guaranteed, as opposed to Theorem 6.2.

Example 6.2 We consider the system G ∈ A(Σ) that consists of two subsystems G1 =

(X1,Σ1, α1, X1,0) ∈ A(Σ1) and G2 = (X2,Σ2, α2, X2,0) ∈ A(Σ2) shown in Figures 6.2 (a),

where for i = 1, 2, Σi = {a, bi, ci, d, ei} and Σi,uc = {a, ei}. The local subspecifications R1 =

(Q1,Σ1, δ1, Q1,0) ∈ A(Σ1) and R2 = (Q2,Σ2, δ2, Q2,0) ∈ A(Σ2) for G1 and G2, respectively,

are given as shown in Figures 6.2 (b) and (c), respectively. Although (6.4) does not hold,

it can be verified that the conditions (6.5) and (6.6) are satisfied. For i = 1, 2, the unique

maximal fixpoints W ↑
Gi,Ri

of FGi,Ri defined by (3.3) for Gi and Ri are computed as

F 1
G1,R1

(X1 ×Q1) = X1 ×Q1 − {x1,0} × {q1,1, q1,2, q1,3, q1,4}−

{x1,3, x1,4} × {q1,0, q1,1, q1,2, q1,4}

= F 2
G1,R1

(X1 ×Q1)

= W ↑
G1,R1
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and

F 1
G2,R2

(X2 ×Q2) = X2 ×Q2 − {x2,0} × {q2,1, q2,2, q2,3, q2,4}−

{x2,3, x2,4} × {q2,0, q2,1, q2,2}

= F 2
G2,R2

(X2 ×Q2)

= W ↑
G2,R2

.

(a) (b) (c)

(d) (e)

Figure 6.2: (a) Subsystems Gi(i = 1, 2), (b) subspecification R1, (c) subspecification R2, (d) local

supervisor S↑
1 , and (e) local supervisor S↑

1 .

We have (x1,0, q1,0) ∈W ↑
G1,R1

and (x2,0, q2,0) ∈W ↑
G2,R2

for the initial states x1,0, q1,0, x2,0

and q2,0 of G1, R1, G2, and R2, respectively. By Proposition 3.3, Gi is Σi,uc-simulated by Ri

for i = 1, 2. In addition, by Theorem 6.1, the similarity control problem is solvable. Then,

the local supervisors S↑
1 and S↑

2 defined by (3.10) can be synthesized, whose reachable parts
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are shown in Figures 6.2 (d) and (e), respectively, where

W1,0 = {(x1,0, q1,0)}, W1,1 = {(x1,1, q1,1), (x1,2, q1,1)},

W1,2 = {(x1,3, q1,3)},

W2,0 = {(x2,0, q2,0)}, W2,1 = {(x2,1, q2,1), (x2,2, q2,1)},

W2,2 = {(x2,1, q2,2), (x2,2, q2,2)}, W2,3 = {(x2,3, q2,3)},

W2,4 = {(x2,3, q2,4), (x2,4, q2,4)}.

Since (6.5) and (6.6) are satisfied, Proposition 6.2 ensures that S↑
1 and S↑

2 solve the modular

similarity control problem, and the maximal permissiveness under the modular control scheme

is guaranteed by Theorem 6.2.

Remark 6.4 As opposed to the modular similarity control problem of monolithic systems

with modular specifications studied in Chapter 5, the results of this chapter cannot be

straightforwardly extended to the case of partial observation, even though an observability

version of the condition (6.4) defined as

∀i, j ∈ I : i ̸= j ⇒ Σi,uo ∩ Σj = ∅

is imposed, where Σi,uo is the unobservable event set of the ith subsystem. Here, the ob-

servable and unobservable event sets of the entire system are given as Σo =
∪

i∈I Σi,o and

Σuo = Σ− Σo, respectively.

6.4 Conclusion

In this chapter, we considered the modular similarity control problem for nondeterministic

DESs that consist of multiple subsystems, each of which is assigned a local subspecification.

To apply the modular control architecture, we made two assumptions that (i) the local

controllability status of any event is the same in different subsystems and that (ii) any

uncontrollable event that is locally feasible in at least one subsystem is globally feasible in the

composite system. These assumptions are weaker than the one used in [69] which requires that

any uncontrollable event is not shared by multiple subsystems. Under these assumptions, we

showed that maximal permissiveness can be achieved by a set of local supervisors synthesized
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using the existing method of [65].
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

In this dissertation, we studied the maximally permissive similarity control problems for

nondeterministic DESs in several settings. Given a system and a (safety) specification both

modeled as NFAs, a similarity control problem is a feasible choice when a supervisor that

enforces bisimilarity does not exist. Since the specification is given as the upper bound of

behavior, synthesizing a maximal solution is an important subject in the similarity control

problem.

For the monolithic similarity control problem, we first solved the similarity control prob-

lem subject to partial observation. We developed a synthesis method of a maximally per-

missive similarity-enforcing supervisor that works under partial observation. We also showed

that a certain set of redundant states of the synthesized supervisor can be eliminated without

reducing its permissiveness.

Then, we considered the nonblocking similarity control problem, which guarantees an

important property of liveness of the controlled system. To impose nonblockingness, we

proposed an algorithm that computes a nonblocking supervisor from a possibly blocking one

by iteratively removing certain states. This algorithm is applicable for the similarity-enforcing

supervisors synthesized for both fully and partially observed systems. We identified a class of

supervisors as candidates for input supervisors of the proposed algorithm, so that a maximal

solution to the nonblocking similarity control problem, if exists, is obtained as the output.

In addition, we derived a necessary and sufficient condition for the existence of a solution to
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the nonblocking similarity control problem.

Next, we studied the modular similarity control problem, which deals with the main ob-

stacle of exponential state space explosion arising in the supervisory control of large-scale

systems. For the similarity control problem of the monolithic system and the modular spec-

ification that consists of multiple elementary specifications, we showed that the similarity

control problem with modular specification is modularly solvable whenever it is monolithi-

cally solvable. We showed that, in order to achieve the maximal permissiveness with respect

to the modular specification, it is sufficient to synthesize a set of elementary supervisors, each

of which is maximally permissive with respect to the corresponding elementary specification.

Finally, we synthesized a maximal solution to the similarity control problem of the com-

posite system, which consists of multiple local subsystems, each of which is assigned a non-

deterministic local subspecification. A solution that is not necessarily maximal is obtained

in the existing research [69], under the assumption that any uncontrollable event uniquely

belongs to one subsystem. The problem is modularly solved under a new weaker assumption,

while the maximal permissiveness is guaranteed.

By solving the above-mentioned similarity control problems, this study contributes to

the construction of supervisory control theory of DESs. Since supervisory control theory

constitutes the fundamental framework of formal-method-based control system design, the

results of this thesis contribute to the construction of control system design theory based on

formal method.

7.2 Directions for Future Work

The results of Chapters 3 and 4 are about enforcing safety (with respect to simulation rela-

tion) and nonblockingness properties to the given system and specification. However, there

are many other properties in the context of supervisory control, for example, opacity, diag-

nosability, and detectability. A nondeterministic supervisor that enforces these properties

could be a direction of future work.

In Section 3.5, we have introduced a technique to eliminate certain redundant states

without reducing the permissiveness. Such a technique is useful in the modular control,

which potentially reduces a large number of redundant branches (states). However, this

technique cannot identify all redundant states. It is important to construct a maximally
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permissive supervisor with the fewest states.

For the modular similarity control problem, there are several directions of future work. (i)

As discussed in Subsection 5.4.2, a nonconflicting property that guarantees nonblockingness

of the system supervised by multiple supervisors is required for nondeterministic control. (ii)

The local subspecifications generally span a couple of subsystems in practice, so a research

that deals with such a situation is expected. (iii) The application of other control structures

such as hierarchical structure in similarity control constitutes an important direction of future

work.
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