|

) <

The University of Osaka
Institutional Knowledge Archive

Numerical Computation and Analysis for

Title Hydroelasticity of Ship with Forward Speed by
Using Orthogonal Polynomials and Cubic B-spline
Functions

Author(s) |Hong, Yang

Citation |KFRKZ, 2022, HEHwX

Version Type|VoR

URL https://doi.org/10.18910/89635

rights

Note

The University of Osaka Institutional Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

The University of Osaka



Doctoral Dissertation

Numerical Computation and Analysis for
Hydroelasticity of Ship with Forward Speed by
Using Orthogonal Polynomials and Cubic
B-spline Functions

HONG YANG

June 2022

Dept. of Naval Architecture & Ocean Engineering
Division of Global Architecture
Graduate School of Engineering

Osaka University



Abstract

In the past decade, larger ships have been built with increasing commercial needs of ocean
transport and keep relatively high sail speed balanced between economic effectiveness and en-
vironmental protection so that ships become more flexible and associated accidents are prone
to occur because higher encounter wave frequency approaches the natural frequency of elastic
ship motions. A linear spectral approach just for rigid-body motions no longer gives a reliable
prediction of fatigue load, since wave-induced vibrations, commonly referred to as springing
and whipping, can aggravate the fatigue damage of very large ships. Therefore, to compute
wave-induced hydroelastic responses with sufficient accuracy gradually becomes of practical
importance in naval engineering. For hydroelastic analysis, the structural deflection and hy-
drodynamic response of flexible ships or VLFS are fully coupled. An analysis of structural
deflection is widely applied to define a special set of natural mode shapes, which correspond
to the actual elastic deflections of the body in a specified physical context with free ends. This
is difficult for hydroelastic analysis, where the mode shapes are affected by the hydrodynamic
pressure field and cannot be specified in advance. This problem can be avoided if the structural
deflection is represented instead by a superposition of simpler mathematical mode shapes which

are sufficiently general and complete to express the physical motion.

In this study, Legendre polynomials and Chebyshev polynomials are adopted as simpler mode
functions to replace the dry eigenmodes of the Euler-Bernoulli and Timoshenko beam, and the
B-spline element method is used as another supplement. Then the mode-expansion method is
applied to prove that a superposition of orthogonal mathematical functions can represent the
flexural deflection of a ship in waves, despite the fact that each of these mathematical functions
does not satisfy the required boundary conditions and has no physical meaning. For the for-
ward speed case, by means of the Rankine panel method, validation in a wide range of wave
frequencies is performed through a comparison of computed results for the modified Wigley
model between dry eigenmodes and orthogonal polynomials used as the mode function. From
this comparison, the rationality of consistency in the proposed method is proven and availability
in various engineering fields can be expected. The ratio of flexural and shearing rigidities is
intentionally increased for numerical study to see the effect of shearing force on various related
quantities using Legendre polynomials. B-spline methods as supplement can predict total de-
flection and natrual modes of ship precisely. The merit and demerit of each method are discussed

in detail.

Keywords: Hydroelasticity, Rankine panel method, Frequency domain, Mode functions, Timo-

shenko beam, Orthogonal polynomials, B-spline method.
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Chapter 1

Introduction

1.1 Background

In the past decade, larger ships have been built with increasing commercial needs of ocean
transport and keep relatively high sail speed balanced between economic effectiveness and en-
vironmental protection so that ships become more flexible and associated accidents are prone
to occur because higher encounter wave frequency approaches the natural frequency of elastic
ship motions. A linear spectral approach just for rigid-body motions no longer gives a reliable
prediction of fatigue load, since wave-induced vibrations, commonly referred to as springing
and whipping, can aggravate the fatigue damage of very large ships. An underestimated fatigue
load will cause frequent maintenance and lead to damage that cannot be belittled. Therefore,
to compute wave-induced hydroelastic responses with sufficient accuracy gradually becomes of
practical importance in naval engineering. In particular, for flexible bodies like ultra-large ships,

it is required to analyze the wave loads and induced vibration as a coupled hydroelastic problem.

For hydroelastic analysis, the structural deflection and hydrodynamic response of flexible ships
are fully coupled. A fundamental concept of the hydroelastic problem and its analysis was first
developed using the strip theory to predict the elastic motion in waves by Bishop and Price
(1979)[1], which is widely used by researchers. Jensen and Dogliani (1996) [2] calculated
the nonlinear springing load using a second-order strip theory. Malenica et al. (2003)[3] pro-
posed a hybrid method combining the frequency-domain 3D boundary integral-equation method
(BIEM) with the 1D finite element method (FEM) for non-uniform beam, results of which were
compared successfully with experimental data. Kim and Kim (2012)[4] computed the springing
phenomena of a fast ship with forward speed in waves using the time-domain Rankine panel
method and 3D FEM. Melenica and Derbanne (2012)[5] presented hydro-structural issues in
ship design using the so-called weakly nonlinear approach. Recently, hydroelastic characteris-

tics of flexible containership with forward speed are discussed through a series of experiments
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Chapter 1. Background 2

by Kim and Kim(2016)[6]. Park et al.(2017)[7] discussed the added resistance characteristics
of a flexible ship by numerical computations. Jiao et al(2020) et al. [8] investigated the nonlin-
ear hydroelastic motion and load responses on a large flexible ship advancing in harsh irregular
waves for the prediction of ship motions, deformations, and wave loads in long-crested irregular

waves.

Unlike other types of ships, container ships have much lower torsional natural frequencies due
to large hatch openings on deck. To analyze this torsional response, Dvorkin et al.(1989)[9]
improved a finite element based on the Vlasov beam theory for thin-walled open section beam
structures and proved its effectiveness since only one element can exactly model simple cases of
nonuniform torsion without the requirement of numerical integration. Kim et al.(2009a) [10] and
Kim et al.(2009b)[11] used a higher-order B-spline Rankine panel method to present the effects
of fluid motion on a flexible seagoing vessel and employed a finite element formulation based
on Vlasov beam for the torsional response. Shin et al.(2009) [12] investigated the importance
of modeling approaches in the global symmetric and anti-symmetric responses of a 16,000 TEU

large container ship using the Vlasov beam theory in the 2D linear problem.

Because the Euler-Bernoulli beam model tends to slightly overestimate the natural frequencies
of elastic motions and this problem is exacerbated for higher elastic modes, the Timoshenko
beam is adopted as a more advanced model which takes the shear deformation and rotary in-
ertia into account and provides a better prediction for a blunt ship. For the research using
the Timoshenko beam, Bokaian (1988) [13] studied the free vibration of axially loaded Timo-
shenko beams, and Farchaly and Shebl (1995) [14] studied the eigenfrequencies and associated
more shapes of Timoshenko beams with intermediate fixities and elastic end supports. Ma-
jkut (2009) [15] solved the vibration of Timoshenko beams by the Green’s function method.
Senjanovic¢ et al.(2014) [16] developed an advanced thin-walled girder theory based on the
modified Timoshenko-beam theory for the analysis of coupled horizontal and torsional ship
hull vibrations. Datta and Siddiqui (2016) [17] presented a hydroelastic analysis of an axially

loaded uniform Timoshenko beam undergoing bottom slamming,

In the structural analysis, it is common to define a special set of natural mode shapes, which
correspond to the actual flexural deflections of a body in a specified physical context. Never-
theless, providing those natural mode shapes may be difficult in hydroelastic problems, because
the mode shapes must satisfy the edge boundary conditions and are specified in advance. Nor-
mally the FEM may be used for providing complicated mode shapes. However, it was noted by
Newman (1994)[18] that this difficulty can be avoided if the structural deflection is represented
instead by a superposition of simpler orthogonal mathematical functions that are sufficiently

general and complete to represent the physical motions of a body.

Following the idea of Newman (1994), many researchers have also chosen different mode func-

tions using the modal superposition method to represent the total elastic deformation. Zhou et al.
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(2002)[19] used the Chebyshev polynomials to analyze the 3-dimension vibration of thick rect-
angular plates. Kim and Kim (2001) [20] presented the frequency-domain expressions for the
Euler-Bernoulli beam with generally restrained boundary conditions by using the Fourier series.
Kashiwagi (1998) [21] used a direct method for calculating hydroelastic responses of a very
large floating structure is investigated with two different numerical schemes. The direct method
means solving the integral equation for the pressure distribution beneath a structure simultane-
ously with the vibration equation of a freely-floating plate. Lin and Takaki (1998)[22] estimated
the hydroelastic response of a very large floating structure in waves by using the B-spline el-
ement functions. Hong and Hong (2007)[23] employed Legendre polynomials as admissible

functions to represent the assumed modes of the VLFS with pinned-free-boundary conditions.

In Newman’s paper (1994), the effectiveness of Legendre polynomials is proven but data is only
at one wave frequency, which is maybe lack completeness and the theoretical explanation was
not given for that fungibility. As for the Chebyshev polynomials used in that paper, there is no
relevant data and no information is given concerning whether or how to use the orthogonality
relation of Chebyshev polynomials due to the existence of the weight function in the relation.
Although the orthogonality of Chebyshev polynomials cannot be embodied without the weight
function, Zhou et al. (2002) noted that the Chebyshev polynomials are sets of complete and or-
thogonal series but there is no weight function applied in computation, which may be perplexing

to the reader.

In the present study, dry eigenmodes of the Timoshenko beam, Legendre polynomials, Cheby-
shev polynomials of the first and second kind are adopted for the structural deflection of a ship in
waves using the modal superposition method, even though each of these alternative polynomials
does not satisfy required free-edge boundary conditions. Since the dry eigenmodes of the Tim-
oshenko beam are relatively complicated and non-orthogonal, we cannot take advantage of the
modal expansion method for computation. Thus, the present research is directed to prove that a
superposition of polynomial functions can satisfy eventually the required boundary conditions
in the process of transformation of the stiffness matrix with partial integration, and computed
results are in good agreement with the results obtained by using the conventional dry eigen-
modes of a uniform free-free beam. The advantages of the present calculation method are also
discussed in the accuracy, the rate of convergence, the computation time, and the applicability to
other problems. Whether the weight function is used in the orthogonality relation of Chebyshev
polynomials will also be explained and obtained results will be compared with those using the
other mode functions. The cubic B-spline method is also adopted as another supplement. Modal
analysis and direct method are both used to imply further that although dry modes are fitting by
segment lines using cubic B-spline functions, they still obtain accurate results without satisfying

the free-end boundary conditions.
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1.2 Objective

In Chapter 2, three-dimensional seakeeping performance theory was applied to predict the ship
motions with high accuracy by considering the mutual interference between constant flow and
forward speed effect. For hydrodynamic analysis, potential flow theory with several boundary
conditions was satisfied by the method of Rankine panel method to impose the Rankine source.
Complicated free surface boundary conditions and ship hull boundary conditions were derived
including Reyleigh’s artificial friction coefficient to satisfy radiation conditions. The complicity
is mainly since there are many interactive items because of forward speed. Then, the radiation
and diffraction problems were denoted after pressure analysis carefully, so that added mass and
damping coefficient are induced here. Ranke panel method was used to express the potential by
using Rankine source over ship hull and boundary condition and Rankine source strength can be
obtained when imposing them into boundary conditions. The Rankine shift method (numerical

technique) was applied to satisfy the boundary condition at infinity for Rankine panel method.

In Chapter 3, the deduction of natural modes of Timoshenko beam with shear effect and intro-
duction of several numerical orthogonal polynomials to replace natural modes reasonably were
elucidated. The orthogonality of natural modes of Timoshenko beam was discussed compared
with Euler beam and orthogonal polynomials like Legendre and Chebyshev polynomials. Cu-
bic B-spline methods including modal analysis method and direct method were also adopted to
prove the correct conclusion even the dry modes are presented as piecewise curves using cubic

B-spline basis functions.

In Chapter 4, it describes the formulation of motions of Timoshenko beam including rigid and
elastic modes using the mode expansion method by integration over ship hull with weights into
matrix form. Appropriate boundary conditions were introduced and adopted into the stiffness
matrix to obtain the final conventional motion equations. The spatial part of the distribution of
external force acting on a transverse cross-section of the ship and the shear-deformation force
were adopted. The matrices of mass, stiffness, and shearing are denoted and the form of restoring

force was derived.

In Chapter 5, the convergence study at forward speed for a total displacement of a ship by a
superposition of all modes of motion was conducted. The modified Wigley model was used as a
calculated object in Rankine panel method. The figures of non-dimensional added mass, damp-
ing coefficient, and exciting force were illustrated and compared with different mode functions.
The values were defined to check the convergence of total deflection of the ship displacement at
the ship bow. The reason for the different speeds of convergence was discussed. Supplementary
proof of convergence using Legendre polynomials was raised by analyzing the satisfied bound-
ary condition to prove five bending modes are enough from which the number of the demanded

bending mode can be decreased. The effect of shearing force in Timoshenko beam was studied
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by changing the ratio of flexural and shear rigidities artificially. The merits and demerits of each

mode function were pointed out.

In Chapter 6 concludes the present research about the hydroelastic forces on a ship with spec-
ified bending mode shapes and the resulting flexural deflection of a ship in waves by using
Rankine panel method combined with the modal superposition method in terms of mode func-

tions.



Chapter 2

Hydrodynamic Analysis

Three-dimensional seakeeping performance theory is applied to predict the ship motions with
high accuracy by considering the mutual interference between constant flow and forward speed
effect. Besides, flow is assumed as an ideal flow that is incompressible and inviscid with irrota-
tional motion so that potential flow theory is adopted in this study that vector velocity with three

parameters can be represented as one scalar potential.

This section introduces the coordinate system for hydrodynamic analysis and potential flow
theory with several boundary conditions satisfied by the method of Rankine panel method to
impose the Rankine source. Complicated free surface boundary conditions and ship hull bound-
ary conditions are derived including Reyleigh’s artificial friction coefficient to satisfy radiation
conditions. The complicity is mainly because that there are many interactive items because of
forward speed. Then, the radiation and diffraction problems are denoted after pressure analysis
carefully, so that added mass and damping coefficient are induced here. Ranke panel method is
adopted to express the potential by using Rankine source over ship hull and boundary condition
and Rankine source strength can be obtained when imposed them into boundary conditions. The
Rankine shift method (numerical technique) is used to satisfy the boundary condition at infinity

for Rankine panel method.

2.1 Coordinate System and Potential Flow Theory

The 3-dimensional coordinate system in hydrodynamic analysis is illustrated as Fig.2.1, the
moving coordinate o-xyz with constant speed is applied that shifts with ship forward speed U
but not the ship generalized movements. Encounter wave angle 8 by incident wave comes from
the negative x-axis and S = 27 means head wave from the right ahead whereas § = 0 is following

wave. Ship-fixed coordinate system o-xyz is presented in Fig.2.2, which expresses the location
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Y

Incident Wave

Ficure 2.1: 3-dimensional coordinate system in hydrodynamic analysis.

ol

«|

A

ncident Wave

Ql

Yo =

Oo

Ficure 2.2: Coordinate system relationship.
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vector X = (x,y,z) of ship hull. Coordinates O-XoYoZy and O-XYZ with angle 5 are space-
fixed coordinates. The relation between space-fixed coordinate and moving coordinate can be

expressed as
Xo = (x+ Ut)cosf + ysing. 2.1

The case of a ship advancing at forward speed U and angle £ in the regular wave is considered
and the wave amplitude ¢,, wavenumber kg, wavelength A = 27r/kgy and circular wave frequency

wo = +/gko are adopted under the assumption of the infinite depth water.

The incident wave potential ®;(x; ) in infinit depth water can be expressed as

CD](CC, [) _ % [liia ¢I(x)eia)et:| , ¢I(CC) — ekoZ—iko(xCOSﬁ+y sin3) (22)

where "R" means the real part of expression to be taken, and
we = wo —koU cos B, ko = wj/g, (2.3)

Vector « is the coordinate (x, y, z) of moving coordinate with constant speed and w, is called the
circular frequency of encounter which considers the forward speed U. The parameter igl,/wo
is obtained by satisfying the continuity equation (or Laplace equation), free surface boundary

condition, and infinitely deep bottom condition at the same time:

0D,  I*D
[L] ﬁ* 8z21 =0 for z<0
D, 0
F ——+9——=0 =0 . (24)
[F] or? & 0z onz
D
[B] a_z[ =0 on z=-o0o

Then, the velocity potentials are introduced, and the total velocity potential ®(x; ¢) including

incident potential refer to Eq.(2.2) is written as follows:

O(x;1) = U [®p() + y(@)] + Du(; 1), 2.5

where on the right-hand side, terms in brackets with speed U outside are the time-independent
constant flow potentials. Double-body flow potential ®p(x) is treated as basis flow expressed in
Eq.(2.6) including uniform flow —x and influence flow potential ¢ caused by the existence of

ship hull (the flow should bypass the ship hull not pass through it).

Op(z) = —x + dp. (2.6)
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¢w(x), also called wavy wave, is disturbing waves on basis flow which is negligible in most
cases. The difference between double-body flow and uniform flow is illustrated in Fig.2.3 and ar-
rows mean the streamlines that demonstrate the fluid motion. The function of influence flow po-
tential ¢p that makes streamlines crooked can be understood clearly. The second term @y (x; ¢)
on right-hand side of Eq.(2.5) is time-dependent velocity potential (or unsteady velocity poten-

tial) including the incident wave potential. With the assumption of time harmonic oscillation

Z Z

pe

|

I

1

1

1

I

1

1

1

I

1

1

I

I

1

1

L

wy

—\.“_’-J/
-

\ “

P
\Aj

(a) uniform flow (b) double-body flow

Ficure 2.3: Two kinds of basis flow.

in the unsteady component, the time-dependent part of unsteady quantities is expressed as e/,

and then the unsteady velocity potential @y (x; f) can be written as
Oy (@;1) = R [p(@)e], @7

¢(x) is the spatial part of the unsteady velocity potential which can be written in the linear theory

by a linear superposition as follow:

i88a
wo

N
(@) = == (p1(@) + g5 (@) + iwe ) X ¢,(@), (2.8)
-

J
where ¢;(x) is the part of incident wave velocity potential, already given by Eq.(2.6) and ¢s ()
is the scattering wave. ¢ () is the radiation velocity potential of the j-th motion and it is notable
that j-th mode is the generalized motion, not only rigid motions but also elastic motions. X;
denotes the complex amplitude of the j-th motion. General periodic ship motions with time

variables can be expressed as

R[Xje | = R|(Xje + iXjs)e™!|
R [IXjlee '] = | Xl cos(wet + 6) (2.9)

&i(0)

where

Xl = X2+ X3, 6;=tan”" (Xjs/X0), (2.10)
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|X;| is amplitude and ¢; is phase, so the complex amplitude can also be rewritten as X; =
| X le®.

2.2 Free Surface Boundary Conditions

Double-body flow @p represents a velocity potential of flow field when ship hull and its mirror
(that why call double-body) advance in an infinite flow. Since the infinite flow has no free sur-
face and the flow potential should be symmetric about the x-axis and the flow should move to
surround the double-body, the free surface boundary condition (there is no velocity perpendicu-
lar to x-axis) and ship hull boundary condition (there is no speed perpendicular to hull) can be

gained as

a(DD aq)D

a—zzo on z=0, WZO on Spgy. (211)

Substituting Eq.(2.6) into Eq.(2.11), the boundary conditions could be derived as

a9‘2:0 on Z:O, %an on SH, (212)
07 on

where n; is the first part of normal vector of ship hull n = (11, ny, n3).
To begin with, Bernoulli’s pressure equation is developed from Euler’s equation and continuity

equation. The velocity of irrotational flow (vector with three parameters) can be represented as

Eq.(2.13) from one scalar function ¢ that is velocity potential,
u = Vo, (2.13)

where V express the differential operator :

0
Ve Lo+ Loyt 2 2.14
7! + ayez + aZ€3, (2.14)

and is called the nabla. ey, e, e3 are the unit vectors along axis of Cartsian coordinate system.
Continuity equation derived from conservation of mass and Euler’s equation from conservation

of momentum are shown as

V-u=0, V-Vp=Vp=0, (2.15)
9 1
M o u-Vu=-—-Vp+K. (2.16)
ot 0

The second equation in Eq.(2.15) is a continuity equation using scalar velocity potential which

is widely named Laplace’s equation. The right-hand side of Eq.(2.16) K is the external force
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acting on per mass flow. Normally, the gravity force is the only consideration, and gravity accel-
eration g can be expressed as K = (0, 0, —g) because vertical upward is the positive direction of
z-axis. With assumption of irrotational flow V X u, Euler’s equation can be derived as Eq.(2.17)

using velocity potential .

0 1
o 2 Jol
so that
0 1
—"0+—V<p-Vg0+£+gz=f(t). (2.18)
o 2 Joj

Eq.(2.18) is Bernoulli’s pressure equation and right-hand side f(¢) can be arbitrary time-dependent
function. Beside, Rayleigh’s artificial friction coefficient is introduced in the external force K
for satisfying the radiation condition which is explained in detail by Wehausen and Laitone
(1960) [24]. Suppose there is a friction force that is proportional to the speed. This friction
force acts in the opposite direction of the fluid velocity, and its proportionality coefficient is u.

The external force K is:
K = -ge3 — uu. (2.19)

Then there is one more term e added on the left-hand side of Eq.(2.18) as:

dp 1
X Ve - Vo+ Lk gz pp = f0). (2.20)
o 2 Jol

Now, Eq.(2.20) is our Bernoulli’s pressure equation with Reyleigh’s artificial friction coeflicient
to satisfy radiation conditions. The free surface points far from ship hull is considered in the
equation, and on right-hand side of Eq.(2.20), we set f(¢) = p,/p + U 2 /2 where p, is standard
atmospheric pressure and based on that, pressure P(x;t) = p — p,. The total velocity mentioned

before is substituted into Bernoulli’s pressure equation, the equation can be rewritten further as:

P(x;t U? v 1

_P@n =——+g7+— + =VO® - VO + u(Ug,, + ®y). (2.21)
0 2 o 2

There is no wave transferring far away for double-body flow potential which does not participate

in friction term. Specifically,
00(x;t) 0 0
Fr v {U[®p(x) + pu(x)] + Oy(z:1)} = a—t(DU(w;t)
VO(x;t) = UV(Dp(x) + ¢y(x) + VOy(x;1) = UV () + VOy(x; 1)

, (2.22)
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and V' (x) = V(®p(x) + ¢ ()) is the normalized velocity vector in constant flow. The variables

x and ¢ are omitted in what follows for brevity, then,

1 1 1 1
EVCD VO = E(UV + VD)’ = 5U2V2 +UVVDy + EVCDU -V

V2 =Vbp- -VOp +2VDp - Ve, Vo, - Vo,

(2.23)

Among the parts in above equations, the right-hand side of Eq.(2.21) can be separated into

gravity term, steady term, unsteady term, and friction term shown as follows,

P(x;1) PS(x) PYz;r)
R _

+uUgy, + Op). (2.24)
P Y Y
where
S 2
P (x) = U—(l—V-V)
P 2
U? )
= 7(1 - VOp - VOp -2V, - Vo) + O(9;,) (2.25)
PY(x;1)

0 1
= —(=—+UV - -V)Oy - =VO;, -VO
(8t+ Dy 5 VPuy U

0
= _(E + UV®p - V)Dy + O(¢, Dy, D)) (2.26)

Then, the wave elevation {(x, y; t) of the free surface is considered, and the condition P = 0 is
adopted when z = { expressed as
oD 2

1 1 U
. — __ VO -V - — = 22
L(x,y:0) g(&t + > O-VO 5 ) on z=/¢ (2.27)

The total potential @ is substituted into the above equation and estimated on still surface z = 0
using Taylor expansion method with higher-order terms O(qﬁ, 0Oy, <I>%,) neglected and condi-

tion 0®p/dz = 0 is applied as follows:

{y; 0 =00y + Py on z=0, (2.28)
where,
2
(O = 12]_ (1 -V®p-Vdp —2VDp - Ve,,)
g
1{0 -
(W= (_ +UVODp - V)CDU =R [éw(x, y)e"‘""] : (2.29)
g \ot
1
Ly = % (iw, + UVDp - V)

The wave elevation is also separated into time-independent steady wave elevation expressed as

¢ and time-dependent unsteady wave elevation as "’ concerning the linear term of ®;.
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The pressure at the fluid particle on the free surface is always equal to the standard atmospheric

pressure, so the substantial derivative of the pressure is always equal to zero as shown in the

form of
D[ P ) pP5 PY
—(——):(—+V<D-V)[gz————+,u(U¢W+CDU) =0 on z={¢ (2.30)
Dt\ p ot ol ol

The first term in brackets is the static pressure term gz:

0
(E + Vo - V) 8z UV®p - V(gz) + UV, - V(gz) + VOy - V(g2)
op, 0Dy
= Ug— +g——. 2.31
& 0z "8 0z 31)

S
Sencondly, the steady term —— is:
o

U3
— VOp - V(V®p - VOp) + UV®p -V (VD) - V)

—_—
Q.:|QJ
+
<
S
<
N —
|
| ™=,
N —
Il

U3
+ TWW -V (VOp - VOp) + UV, - V(VOp - V)

U2
+ TV(DU -V(VOp - VOp) + UZVCDU -V(VOp - Vo). (2.32)

U
Then, the third term is unsteady term —— shown as:
Je

R d
— +VD-V||[-—— = ﬁq)U'FUV(DD'V(&q)U)

9 d
UV, - V(=) + Vdy - V(=0
+ ¢ (8t v)+VOy (at U)
+ UNOp-V(Vp-VOy) + UV, - V(Vp - VO)
+ UVOy-V(Vp - Vy). (2.33)

The last term is the radiation condition term u(U¢,, + Oy ):

(% +Vo- V) [/1(U¢W + (DU)] ﬂ(%q)(] + UV@D . Vq)U + UV¢W . Vq)U

+

V(DU . Vq)U + U2V(DD : V¢w
UV, -V, + UVDy - Ve,,) (2.34)

+

The time-independent terms of free surface boundary conditions are considered for the steady

term. Talyor expansion method is adopted to estimate steady wave elevation /¥ and the ¢,
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terms of higher than second order are neglected. Then, we have

2 2

U U
7chD SV(VOp - Vdp) + UV - V(VDp - V) + 7V(VcbD -Vdp) - Vo,
0
+g% +uUV®p Vg, =0 on z=0 (2.35)
Z

Eq.(2.35) could become free surface boundary condition cited from Dawson (1977) [25] without

the artificial friction term.

The time-dependent terms of free surface boundary conditions for the unsteady problem are
shown in Eq.(2.36). It is estimated to unsteady wave elevation ¢V’ using the Talyor expansion

method and terms d)%], ¢, @y are neglected.

—w2p + 2iUw,VDp - Vo + UVNDp - V(VDp - Vo)
U2
+7V(V<I>D -V®p) - Vo + UVOp(iw, + UVDp - V)¢

0
+ga—(§ + u(iw, + UVOp - V)¢ =0 on z=0. (2.36)

The equation could be free surface boundary condition cited from Sclavounos and Nakos (1990)

[26] if the last term about radiation condition is excluded.

Eq.(2.35) and Eq.(2.36) are free surface condition approximations of double-body flow. Wavy
flow potential ¢,, in steady problem and radiation potential ¢ in unsteady problem can be solved
separately. The terms whose orders are higher than the interference term between the steady flow
field and the unsteady flow field are also considered by Bertram (1990) [27]. In that case, steady
flow influence term ¢,, presents in unsteady boundary condition so that steady and unsteady
problems cannot be solved as independent problems. In other words, ¢,, and ¢ are solved in

coupled problem.

2.3 Ship Hull Boundary Condition

The boundary conditions of the surface of the floating body can be obtained by solving the
kinematics conditions. As long as know the shape of the ship hull, its substantial differential
should be considered equal to zero. Usually, the floating body is treated as a rigid body, the
floating body in the ship-fixed coordinate system is not changed with time. It is noted that in
hydroelastic problem, the ship is treated as a deformable body with rigid and elastic motions and
the fixed-coordinate moves with the ship movements including elastic modes, so its substantial

differential still is set to equal zero.

Slight defomations and movements of floating body are assumed, the relationship between the

position vector in the moving coordinate = (x,y,z) and in the ship-fixed coordinate x =
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(x,y,2) is

z=x+H(@). (2.37)

In the modal superposition method, the total ship displacement H (x; ¢) is expressed by a super-

position of mode funtions as follows:

N
H (@;0) = (Ho, Hy, Ho) = ) £(0hi(@) = R
j=1

N
Z X jhj(ac)ei“’f’] , (2.38)
j=1
where index j donotes the mode number, and &;(¢) is the time-dependent amplitude of the j-th
mode of motion. j =1 ~ 6 and j =7 ~ N correspond to the rigid-body motions and the elastic
motions, respectively, and N is the total number of modes to be considered. The mode functions
for rigid-body motions can be expressed as
e (j=1~3)

hi = , (2.39)
€;j3XZT (j=4~6)

where e is the unit vector along axis of the Cartesian coordinate system. Commonly, notation j
is used as subscript to express the serial number of motions, there are exceptions on h/ that j is
adopted as superscript. Mode function h’ is a vector that has three componets in three directions
and needs subscript to point its components like following equation. Also, this superscript is aim
to distinguish the vector from complex values. The mode function for the j-th elastic motion is

written in a general form
h' = (W, hl,h]) = (h],h},h}) (j=T~N). (2.40)

As an example, we can write in the case of vertical bending as

_dwj(x)

h =
* dx

—zv), h=0, h=wix), (2.41)

where w;(x) is the vertical displacement in the j-th mode of motion, hi is the horizontal dis-
placement due to the inclination of the neutral axis by the elastic deflection, and zy is the vertical
position of the neutral axis. hf; is reasonable in the Euler beam due to Bernoulli’s assumption
that cross-sections remain perpendicular to the neutral axis of the beam. h{; should be slightly
modified to h{; = —(% — 0)(z — zn) theoretically because of shearing force considered in
Timoshenko beam. However, the product of shear angle and vertical position is relatively small,
and deciding the shear angle is not easy to calculate, so it still follows the Eq.(2.41) in the case
of Timoshenko beam. The concept map of the Timoshenko beam and Euler-Bernoulli beam is

shown in Fig.3.1 next chapter.
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Back to the substantial differential of ship hull, interference from time-independent steady flow
to time-dependent unsteady flow is considered here also. Shape of ship hull can be expressed
as F(¥) = 0 and partial differential operator V concerning about ¥ is included in substantial

differential shown as

DF® (&
o |

. =, Ox
£ + VO(x; 1) - V) F(x)=VF(x)- i + VO(x; 1) -

=.._ Ox =._ Ox =._ 0
VE®) - 2= |er +(VF®) - 2| ey + [VF®) - 2| et = 0. (2.42)
ox ay 0z
The specific derivation process of the partial derivative with respect to time for the first term is:

F(x) ox @ @ @ aZ_ﬁp(j).§ (2.43)

5
ZFx) = 2.2 . L= =
P A P ot

From Eq.(2.37), the relations can be obtained as

ow _ 9% OH() _

oo e
gx _Ox OHG® _ ., (2.44)
axj axj (9)6]'
(x1, X2, x3) = (x,¥,2)
and substituting the above relations into Eq.(2.42), we can derive to
—H() - VF®) + VO(x; 1) - VF(X) — [(VO(z; 1) - V)H (1)]
VF&) =0 on F) =0. (2.45)

Divided WF (x)| both sides of the above equation, normal vector on ship-fixed coordinate can be
defined as

VF(x
= L0 (2.46)
IVFQ0)
Using the definition of the normal vector, Eq.(2.45) can be simplified as
—H@t) -1+ VO(x;1) - - [(VO(z;0) - V)H(N)]-m=0 on F(X) =0. (2.47)

From Eq.(2.5),

VO(x;1) = UV () + VOy(x; 1), (2.48)
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velocity vectors V' and @y are expanded around = = X using Talyor expansion method:

V(x) =VE+H@)=V@+H@ - -VVE) + O(H?) (2.49)
VOy(x;1) = VOu+ H(1);1) = VOu(x; 1) + (H(t) - V)VOu(x; 1) + O(H?). (2.50)

Substituting Eqs.(2.48)-(2.50) into Eq.(2.47), steady terms and unsteady terms are separated
same as before and only the linear terms are extracted. Here, the slight difference between x
and x, n and 7n are neglected so that  and m are used in following expressions. Firstly, the

linear terms in steady problem are:

o0y  0p, Oy
V-n:V(cDD+¢W)-n=—D+i=i=0 on Sp. (2.51)
on on on

Then, the linear terms in unsteady problem are extracted as
0oy .
Voy -n = T HH n+U[V -VVH®)-(H@®)-V)V]-n on Sy. (2.52)
n

Adopting Eq.(2.7) and Eq.(2.38) into the above unsteady problem and eliminating the time vari-
able on both sides, the boundary condition can be simplified further. The left side of the above

equation can be rewritten as:

on ‘wo an

oD 90, O B o
U _R ngg {d1(x) + ¢s ()} + iw, Z Xj%¢j(w)} it } ) (2.53)
j=1

The velocity vectors of incident wave and scattering wave should be cancelled on the ship hull

surface so that

0 0
5 01®) = —o-ds(@) on Sy (2.54)

The first term on right-hand side of Eq.(2.52) can be expressed as:

N
H(t) n= 9&[ iwe Y Xjh!-m e"wef}, (2.55)
j=1

and the second terms are:

U [(V-VVHt)-(H@®)-V)V]-n=

R

N N
U {(V V) ) X = (Y X;hi V)V - n} el’we’] . (2.56)

J=1 J=1
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Combining and observing the above four formulae, the neat boundary condition can be derived

as follows when eliminating the time variable and common terms on both sides.

ﬁgbj = hf-n+.i{(v-V)hf-n—(hf-V)V-n}
on W,
_ U _
= Wy (257)
W,

where,

'ﬁj:hj'n:hink

g . . P, . (2.58)
= _ J_ i
mj=n; (Vka_xk)hl - hl (nka—Xk) V[
It is noteworthy that 72; and m; are extended definitions of n; and m; for the case of rigid-body
motions to the general modes including elastic deflections. Vj denotes the k-th component of the
steady velocity vector V' induced by the double-body flow. m; (called m-term) calculated from
the steady velocity vector expresses the interference effect of the steady flow on the unsteady
flow. The expression of m; is cited from Kashiwagi et al.2015[28] and its derivation can also
be found in Heo and Kashiwagi (2019) [29]. The summation signs with respect to k and [ are
deleted in Eq.(2.58) with the convention that any term containing the same index twice in the

inner product should be summed over that index (kand [ = 1 ~ 3).

The neat ship hull boundary condition can be expressed as follows,

d oy~ U
%¢=zweZXj(nj+?mj)

j=1 on Spgy. (2.59)
9,0,
o'l Ton®

In conclusion, the flow field around the ship hull is separated into the steady flow and unsteady
flow that is linearized. For steady flow field, free surface boundary condition Eq.(2.35) and ship
hull boundary condition Eq.(2.51) are obtained when double-body flow as basis flow. Moreover,
these boundary conditions satisfy the additional boundary conditions of infinite depth water
0¢,,/On = 0 on S p and consider the radiation condition at infinity by Rayleigh’s artificial friction
coefficient. These boundary condition problems without time variable are called the steady
problem. On the other hand, Eq.(2.36) and Eq.(2.59), and ¢p is the free surface and hull surface
boundary conditions of the unsteady flow field in the unsteady problem satisfying water bottom

and radiation boundary conditions as well.
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2.4 Pressure on Ship Hull

Knowing the pressure formula shown as Eq.(2.24), the pressure integration over ship hull mov-
ing timely with the amplitude H (¢) at average position & = X needs to be calculated. Similarly,
Taylor expansion method is adopted around = X and the second-order or higher terms are

ignored. The expression of Eq.(2.24) can be organized as follows,
P(x;1) = —pgz + PCx;1) + PO + PP&;1) on Sy, (2.60)

where the first term on the right-hand side is the surface pressure under the stationary condition
of the ship, and the buoyancy and moment obtained after integration along the hull surface

cancel each other out with the gravity force and moment of the ship.
PE@®:1) = —pg(z—2), 2.61)

PC(x;1) is the fluctuating component when the ship hull is shaking or moving which is also
caused by hydrostatic pressure, and the time variable can be separated. The restoring force
matrix can be obtained by the force and moment though integrating the surface pressure on the
hull surface. The third term is time-independent constant pressure and is shown as
0~ _ PU? - —_ pU?
PV (x) = — [1-V&X - VX)) = T(l - VOp - VOp - 2VOp - Vo). (2.62)
P 1) is the first-order unsteady pressure on hull surface and its expression can be presented

as

2
PG = —p((% +UV(X)- V)CDU()_c; - ‘% (H@)-V)[VE) - V@)]. (2.63)

The first term on the right-hand side of Eq.(2.63) is the expanded term of Py by the Taylor
expansion method. The second is adopted by Taylor expansion on P5, which is proportional to
movement amplitude H (¢). It is the restoring force caused by constant flow and it turns to zero

when basis flow is uniform flow.

2.5 Radiation Problem and Diffraction Problem

From the view of ship hull boundary conditions, the unsteady problem can be separated into
radiation problem and diffraction problem. Observing from the first formula in Eq.(2.59), the
ship hull boundary condition is explained that ship hull moves at a unit speed including all
general modes with forward speed at the same time. The radiation problem illustrated as Fig.2.4

is the wave-making problem caused by the periodic motions of the ship with forward speed
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whereas the diffraction problem illustrated as Fig.2.5 concerns about wave-making problem
caused by the incident wave on the movement-fixed ship with forward speed from the second

formula.

The lineazied first-order unsteady pressure P! is shown in Eq.(2.63), and right-hand side can
be separated into two pressure terms on diffraction problem and radiation problem, respectively.
Substituting Eqs.(2.7),(2.8), and (2.38) into Eq.(2.63), the first-order unsteady pressure is rewrit-

ten as the follows cancelling the time variable on the both sides.
PO (@;1) = R [(pp(@) + pr(@)) €] (2.64)
where
Po = p8ta (1 + Ly V) (@1 +ds)
wo W,

> U LUV
PR = _p(iwg)ZXj{(l =V v)¢,- -3 (—) (h' - V)V - V)}
.:1 e

W,
] e

(2.65)

z
A
Re[Xj ¢ et ]
AN
divergent wave divergent wave
- _—
A2

FiGure 2.4: Concept of radiation problem.

2.5.1 Added Mass and Damping Coefficient

By integrating radiation pressure over ship hull on i-th mode, complex radiation force with time

variable can be expressed as F IR = R[F;e"], and F; is the complex amplitude of radiation
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Ficure 2.5: Concept of diffration problem.

force applying on i-th mode which can be written as

Fi= X;T;j (i=1~N), (2.66)

M=

where

2
T;j= p(ia)e)2 ff {(1 + ,EV . V) ;- l(2) (h/ - V)V - V)}ﬁidS. 2.67)
Sy W, 2 \w,

T;; is the radiation force acting on i-th mode caused by j-th mode obtained from integrating pY
over ship hull on i-th mode. It is noted that the direction of pressure is opposite to the normal

vector of the hull surface, so there is a minus mark when integration.

Complex radiation force also can be expressed as the sum of the part (called added mass) pro-
portional to acceleration (iw,)* X ; and the part (damping coefficient) proportional to velocity
iw,X . Radiation force on i-th mode can be rewritten by using added mass a;; and damping

coefficient b;;:

N N
FF ==Y [ai) + byl = R - " X l(iwe)aij + iwebijle™ {, (2.68)
=1 =1
and
N
Fi= = X|l(iwe ai; + iwebij]. (2.69)

=1
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Combining Eqs.(4.12), (2.67) and (2.69), added mass and damping coefficient can be written as
aij=R [—;] bij=-9 [—J] (2.70)

where "J" means the imaginary part of complex.

2.5.2 Wave-exciting Force

In the same way, wave-exciting force on i-th mode in diffraction problem can be expressed as

F lW = R[E;e"], and complex amplitude E; is shown as

Ei=-peta [ (1 + ﬁv-V)(¢1+¢s)ﬁids. @)
0 Sy LW,

2.6 Rankine Panel Method

Green function method is widely used due to fewer unknowns in computation by integrating
only on ship hull and to automatically satisfy the complicated radiation conditions. However,
Green function method can only treat the situation of uniform flow as basis flow and there are

some onerous formulae that need to be calculation.

In order to overcome the above shortcomings, Rankine panel method or Rankine source method
is adopted to express and solve the potential flow mentioned above. For the purpose of ob-
taining an equivalent solution of kernel function 1/r of Green function method, Rankine panel
method cannot satisfy the strict physical meaning at infinity like Green function method. Set-
ting Rankine source not only on ship hull but also on the free surface surrounding it and apply-
ing Reyleigh’s artificial friction coefficient or computational technique like panel shift method
to satisfy numerically radiation boundary condition is necessary for computational processing.
Because the additional Rankine sources are applied on the free surface, the disadvantage of a
large amount of calculation cannot be avoided compared to Green’s function method. How-
ever, Rankine panel method could calculate the response of ship with forward in the case of

double-body flow as basis flow more rigorously and accurately.

To gain a solution of the velocity potential, so-called indirect Rankine panel method (RPM) is
adopted, in which the velocity potential of unsteady flow ¢; (or ¢g) is expressed by a source
distribution o; (or og) over the body surface Sy and the free surface S, with the Rankine

source used as the kernel function. Namely, the velocity potential can be written as follows:

¢j(P)=ffS S o (Q)G(P; Q)dS (Q), (2.72)
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where P = (x,y,z) denotes a field point in the fluid and Q = (x’,y’,7’) an integration point on

the boudary surface, and

Go(P; Q) + G,(P; Q) when Q on Sy

G(P; Q) = : (2.73)
Go(P; Q) when Q on Sp
where,
Go(P; Q) = —L G\(P;0) = ——1 (2.74)
ol 0) = 4y O 10) = drr’’ ’

r= =P - yR TP

(2.75)
¥ = \/(x - XY+ G-y +(@+7)?

Note that G6(P; Q) is the mirror image of Go(P; Q) reflected in the undisturbed free surface z = 0
and hence Go(P; Q) + G,(P; Q) satisfies the rigid-wall boundary condition on z = 0, which is to
satisfied by the double-body flow velocity potential used as the steady basis flow in this paper.
When the field point P is located on the boundary S or S r and considered the singularity of
1/r, the normal derivative of Eq.(2.72) takes the following form

9¢,(P)

1 0G(P;
e G f fs ) Uj(Q)%)dS(Q)- (2.76)

The left-hand side of Eq.(2.76) can be specified with the boundary conditions when P is located
on S gy from Eq.(2.57) and on S from Eq.(2.36). To make the solution unique, the radiation
condition must be imposed, which is numerically satisfied in the RPM by the so-called panel
shift method (RSM), shifting collocation points by one panel upstream on the free surface. More
details on the numerical procedure can be referred to Iwashita et al. (2016) [30] and Yasuda et
al. (2016) [31] from which several numercial techniques to handle infinty boundary condition

are introduced and its effectiveness is proven.

In the same way for basis flow, potential ¢p can be presented in the form of Rankine source over

ship hull as well as free surface:

op(P) = f fs  D(QIGPE QNS Q) 277

and substituting above equation into Eq.(2.12), the source strength op of ¢p over ship hull and

free surface can be confirmed. Then, the double-body flow potential can be got.

To apply Rankine source into boundary conditions for the purpose of solving source strength to

present velocity potential, boundary conditions should be discretized for numerical computation.
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Velocity potential of j-th motion in Eq.(2.72) can be rewritten as discretized form as

NH
6/(P) = > OGP, On) + Gy(Pir On)IAS (Qn)

n=1
NH+NF

+ Z T j(Q@n)Go(Pi, @n)AS (Qn), (2.78)

n=NH+1
where NH is the meshing number of ship hull we set and NF is free surface. The specific data
is shown in the result section. Annotation ’i’ is the position information of wanted velocity
potential of j-th motion and ’»’ is the position information for source strength. The figure 2.6
shows the concept of Rankine sources over ship hull and free surface, and illustrates the position

information.

To begin with, for radiation problem, if the potential position P; locates on the ship hull, the ship
hull condition Eq.(2.57) can be shown as

U
nj(P ) + mJ(P) = Z Uj(Qn GO(PH On) + GO(P,, On)}AS (Qn)

NH+NF

+ Z T/(Qn) 5 GO(PlsQn)AS(Qn) on Sy . (279

n=NH+1
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Then, if the position location is on the free surface, its boundary condition Eq.(2.36) is applied

and can be discretized as

NH
D70 | KAGo(Pi, Q) + Gy(Pi, O)
n=1

~ {2iTacDD<PZ~) L2 (6<DD<Pl~) Pp(P) | 0Dp(P)) 62®D<Pi))} y {aGo(Pi, 0 , 9G(Pi, Qn)}
Ox Ky Ox Ox? Oy 0x0y ox Ox
B {2iT(9(DD(Pi) L2 (3(DD(P1') 9 Op(P) L 9%p(Pi) 52(1)0(131'))} y {560(131', On) oGy(Pi, Qn)}
Oy Ko Ox 0x0y dy 0y? dy dy
2 dDp(P;) dDp(P;) {62G0(P,-, Q) PGPy Qn)}
Ky 0Ox ay 0x0y 0x0y

1 90p(Py) 0Pp(P) [ B*Go(Pi, On) . *G{\(Pi, On)
Ky Ox Ox 0x? Ox2

_ 1 0®p(Py) dQp(Pi) 8*Go(P;, On) N &*Gy(Pi, Qn) _ J9Go(Pi, On) N 9G(Pi, On)
Ko Oy dy 0y? dy? 0z 0z
NH+NF

+ Z O'j(Qn) [KeGO(Pi’ Qn)

n=NH-+1
B {21.7_5CDD(P1') L2 (5<I3D(Pi) 8 ®p(P:) L 9%p(Pi) 52¢D(Pi))} 9Go(Pi, On)
Ox Ko Ox 0x? dy Oxdy Ox
{ . 0Dp(P) 2 (5‘I’D(Pi) O*Dp(P))  0Dp(P)) az(DD(Pi))} dGo(P;, On)
—42it + = +
Oy Ky Ox 0xdy Oy 0y? oy
2 dDp(P;) 0Dp(P) *Go(Pi, Q) 1 8Dp(Pi) 0Dp(P:) 8*Go(Pi, On)
Ky Ox dy Oxdy Ky Ox Ox 0x?
1 00p(P;) 00p(P;) °Go(Pi, 0n)  0Go(Pi, Op)
Ko Oy Oy dy? - 0z

AS(Qn)

]AS(QH)=O on Sp , (2.80)

where K, = wg /g and KelL is called nondimensional wavenumber, Ky = g/U 2 is Kelvin wave’s
wavenumber, and nondimensional value 7 = Uw,/g called Hanaoka’s parameter which domi-

nates the unsteady flow.

Furthermore, for diffraction problem, the discretized ship hull boundary condition can be ex-

pressed as following equation from Eq.(2.54) if P; locating on ship hull.

9¢1(P)) W o )
e ; G'S(Qn)a_n {Go(Pi, 0,) + Gy(P;, Qn)} AS(Qy)
NH+NF 9
+ >, 0s(@)5-GoPLOIAS(Q) = on Sy . (281)

n=NH+1
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The last situation is P; is on free surface in diffraction problem, the discretized equation is similar

to Eq.(2.80) as long as change o ; to og shown as

Zan | KelGo(Pi, Q) + Gy(Pr, Q)

B {2iTa(DD(Pi) N Ki (3®D(Pi) P Dp(P)) N 0Dp(P;) 52‘DD(P1‘))} y {5G0(Pi, On) . 9G(Pi, Qn)}
0

Ox Ox 0x? dy 0xdy Oox Ox
B 2l.75(DD(Pi) N 2 (d®p(P)) F*Dp(P) N ODp(P;) 8> Dp(P;) o Go(Pi, On) . 9G(Pi, On)
Oy Ko Ox 0x0y dy 0y> dy dy
_ 2 00p(P) 00p(P) [PGo(Pi Q) PGP On)
Ky Ox ay 0x0y 0x0y
_ 1 80p(P) 00p(Py) [PGo(Pi, Q) PGP On)
Ko Ox Ox Ox? Ox?
_ 1 9®p(P)) 0p(Py) | 8Go(Pi, On) N &*Gy(Pi, Qn) _ J0Go(Pi, On) +‘9G6(Pi’ On) AS(0,)
Ko Oy dy 0y> 0y? 0z 0z "
NH+NF
+ ) os(Q)IKGo(P;, O)
n=NH+1

_ 15 9%0P) 2 (0Pp(Pi) & Op(P;) L 9%p(P) P Op(P)\\| 9Go(Pi, On)
Tox T K\ ax ox ay  9xdy x

_ {ZiTa%(Pi) L2 (a(DD(Pi) Fp(P) L 9%p(Pi) 82%(&))} 9Go(Pi, Qn)
ay K()

ox 0x0y ay 0y? dy
_ 2 0Dp(Py) dQp(P;) #Go(Pi, On) _ 1 0®p(Py) 6Qp(P;) #Go(P;, Qn)
Ko Ox dy Ox0y Ko Ox Ox Ox?
1 d®p(Pi) dOp(Pi) *Go(Pi Qn)  IGo(Pi, On)
AS(O,) =0 S . 2.82
Ko 9y dy oy? 0z ] Q) o oF (2:52)

Combining the above boundary conditions expressed as discretized form, the Rankine source
strength o or og over ship hull and free surface could be solvable, then the velocity potential

for general motion can be obtained finally by Eq.(2.72).

P,
e /o /o / %’S/o o /
/-4-/-4}¢<y/

@ ® @
/ ® /o0 /0 /0 /
° ' e P ° l
F o o ¥l o o |
\ o ° n ° ° °

FiGure 2.6: Concept of Rankine panel method.
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2.7 Conclusion

This section defined two kinds of velocity potentials, steady and unsteady, based on whether
varies with time. The pressure field was decided by Bernoulli’s equation derived from Euler’s
equation and continuity equation. The free-surface boundary conditions were obtained through
the fact that wave pressure on free-surface should be atmosphere pressure and the substantial
derivative of pressure on free-surface equals zero. Substantial derivative to ship hull could get
the ship hull boundary conditions for general motions and export the general n-term and m-term.
For unsteady pressure, it was separated into radiation problem and diffraction problem according
to the ship motion. Rankine panel method was used to express the source strength and decide

the velocity potential.



Chapter 3

Mode Functions

In Chapter 3, it is elucidated that the deduction of natural modes of Timoshenko beam with
concerning about shearing force and introduction of several numerical orthogonal polynomials
to replace of natural modes reasonably. The orthogonality of natural modes of Timoshenko
beam is discussed compared with Euler beam and orthogonal polynomials like Legendre and
Chebyshev polynomials. Cubic B-spline methods including modal analysis method and direct
method are also adopted to prove the correct conclusion even the dry modes are presented as

piecewise curve using cubic B-spline basis functions.

3.1 Natural Modes of Timoshenko Beam

A theoretical analysis of the effect of transverse shear and rotary inertia on the natural frequen-
cies of a uniform beam is presented. There are common frequencies between the calculated and
the observed values of the natural frequency when considering the Euler-Bernoulli beam that
tends to overestimate the natural frequencies of elastic motions and this problem is exacerbated
for higher elastic modes. Taking secondary effects of shear lag and deformation of a beam by
transverse shear and rotary inertia into account, the Timoshenko beam is adopted as a more ad-
vanced model and provides a better prediction, especially for a blunt ship. The effect of shear
lag and deformation is to increase the flexibility of the beam because of the additional deflection
that is introduced. The effect of rotary inertia is to increase the dynamic loading on the beam
because of the additional inertia loading due to the rotational acceleration of the differential

elements of the beam.

The Timoshenko beam proposed a beam theory by adding the effects of shear distortion and ro-
tary inertia to the Euler-Bernoulli model. In the Timoshenko beam theory, Bernoulli’s assump-

tion that plane cross-sections remain perpendicular to the neutral axis of the beam is replaced

28
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by the assumption that the angle between the neutral axis and the normal of the cross-section is
proportional to the shear force. Figure 3.1 illustrates the concept of Timoshen beam and Euler

Bernoulli beam.

Euler-Bernoullj beam Timoshenko beam

2 N v

1 4

A

il w(x) | QX)) |M(x)

|2V » X

oo [ T e(x)/ v

Figure 3.1: Concept map of Timoshenko beam and Euler-Bernoulli beam.

Consider a beam with Length L ( L = 2 by default in this paper, x = —L/2m is ship stern
and x = L/2 is bow), the modulus of elasticity E(x), the mass per unit of length m(x), the
moment of inertia /(x), the cross-section area A(x). It is noteworthy that the ship is treated
as a uniform beam, parameters E(x), m(x), A(x) do not change with the location in theory for
brevity so that constant values E, m, A are used in the following content and these can be
shifted out of the integration. The linear transverse deflection of beam is the same as vertical
deflection H,(x; r) mentioned in Eq.(2.38). Let ¢(x; r) be the angle which the cross-section of the
beam forms with the y-axis (downward is positive direction) when only bending is considered
and 0H (x;t)/0x = y(x;t) due to assumption in Bernoulli beam theory. If the cress-section is
subsequently exposed to shear, it does not rotate further but the neutral axis changes its angle

with x-axis by the angle 6(x; r). Then, the relation by further assumption can be expressed as

OH,(x;1)

= Y(x;1) + 0(x; 1). (3.1
Ox

The constitutive equations within linear elasticity are

M(x;t) = —EIM
dx (3.2)
O(x; 1) = K0(x; )GA = K’ (% —u(x; t)) GA

where, M(x;t) is bending moment, Q(x;?) is shearing force, G is shearing modulus and k" is

correction factor dependent on cross-section geometry.
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The inertia moment M; due to rotary using same moment / is

PyY(x;1)

Mj(x;1) =,0s17,

3.3)

where, p; is the density of beam per unit length and p; = m/A.

Considering the balance of moments of beam on small scale length dx, the balance equation can

be expressed as

OM(x; 1) , 0y(x; 1)
S dx + Q(x; t)dx = pSIde. 3.4
Substituting Eq.(3.2) into above equation, we can obtain:
APy (x; 1) OH, O™y (x; 1)
El——— + k' |— —¥(x;1)|GA — p,I ~— =0. 35
o2 T ( o Y(x )) psl—57 (3.5)

Then, the equilibrium equation of force balance can be gained by the same way in the form of

A0(x; 1) d%H. i 3.6)
- , .

5 dx + f(x;t)dx =m Y

where, f(x;t) is the distribution of external force by flow. Substituting Eq.(3.2) into above

equation, the equilibrium equation can be rewritten as

FPH(x;1) (62Hz(x; 1 OY(H; 1)
m———""—k -

Py Fr o )GA = f(x;0). 3.7)

Differentiate Eq.(3.5) with respect to x, equation can be derived to

Pyt _ 0

EI
0r20x

3 . 2 . .
PY(x; 1) K (8 H(x;t) oW (x; 1) (3.8)

ox3 0x? ox ) GA = psl

The vibration equation can be obtained as follows by combinating Egs.(3.7),(3.8) and cancelling

the terms about y/(x; 7):

asz(x; 1) (94Hz(x; 1) mEI 64Hz(x; 1) m 64Hz(x; 1)
+EI —(ps + ) +Ps
or? ox* KGA) 0x20%t kKGA ot
_ mEI #f(x;1) Lol P f(x;0)
KGA 0Ox? KGA o027

= f(x;1) (3.9)
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Here, the effect of rotary inertia is neglected for simplicity by setting p;/ = 0 and because the

effect is believed to be small. The equilibrium equation can be simplified further as

62H (50 {E162Hz(x;t)} 9? {mEI O H.(x; t)}
or? 6x2 0x? 0x2 \kKGA 8t
32
= s - {2 fs ). (3.10)

It is the equation of elastic motion in the time domain of the Timoshenko beam. This formula
also applies the cases of parameters like EI or mEI/k’GA are functions with respect to x rather
than constant. The first term of the above equation is inertia force, the second term is restoring
force by the beam (different with restoring force by flow) and the third term is called shearing
force which is a new term after considering the shear. The second term on the right-hand side of
Eq.(3.10) is also an added term due to shear and it can be understood as a new force by the beam
(called shear-deformation force in the paper) due to shear effect contrast to an external force by

the flow.

To obtain the dry eigen-mode functions of the Timoshenko beam, let us consider the homoge-
neous equation with the right-hand side of Eq.(3.9) equal to zero, and a uniform beam with m,
EI, K'GA treated as constant. In the case of dry eigen-mode, let the vertical displacement is

expressed as n-th mode shape for now:
H.(x; 1) = R fw, (e}, (3.11)

where o, denotes the natural frequency of dry mode which is different with w,. Applying the
variable-separation method with the time-dependent part, the homogeneous equation for the
x-dependent vertical deflection of the uniform Timoshenko beam can be written as follows:

1 d*w,(x) d>w(x) 4 m 5 5 El

_4 dx* +y’ dx? “wa) =0, Ky = el’r Y T wea

(3.12)

where k,, denotes the n-th eigen-value associated with the dry-mode natural frequency o, w;(x)
is the corresponding n-th dry eigen-mode function of the vertical deflection, and y? is the ratio of

flexural rigidity with shear rigidity which determines the amount of contribution of shear effect.

Considering the free-free beam satisfying Eq.(3.12) and the free-end boundary conditions, we
can obtain analytical solutions expressed in the form as follows. The specific steps and explana-

tion refer to Appendix A.

1 cos(kn@ng)  cosh(k,Bnq) a> 3
T+ @B [ cos(kntn) | coshluf) 5_,%] for n =21
Wnis(x) = You(q) = ) ) ) ,(3.13)
1 sin(k, @, q) N sinh(k,Bnq) @, for nme=2l+l
1+ (a'n/,Bn)2 sin(k, ;) sinh(x,3,,) ﬂ,% -
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where

. = \/ V(Kn7)4 + 4+ (kny)? By = \/ V(Kn7)4 +4 — (kyy)? (3.14)
n — 2 ’ n — 2 ’ .

andn=2,3,...,q = x/(L/2) (with L the beam length); n = 2/ is an even number and n = 2/ + 1
is an odd number for [ = 1,2,... and «,, @,, 5, denote the values satisfying the following

eigen-value equation:

ay tan(k,@,) + B, tanh(x,B3,;) =0, for n=2I]
) 3.15)

By tan(k,ay,) — @, tanh(k,B,) =0, for n=2[+1

Note that w,(x) is an even or odd function of x according to as n is even or odd number, which is
obvious from Eq.(3.13), and with the ratio ¥ changing, the eigen-values change automatically,
influencing the homogeneous solutions eventually. These dry modes of the Timoshenko beam
satisfy the physically relevant free-end boundary conditions but they are not orthogonal unfortu-
nately because of the existence of shear effect. It can be easily confirmed that the homogenous
equations and resulting solutions of the Euler beam can be retrieved when y* becomes zero.
Then, these solutions of Euler beam can be retarded from above equations by @ = 8 = 1 in the

form as follows.

1 [cos(qu) s cosh(kEq)
2

, for n=2I
cos(kf)  cosh(kf) ]

E E
w(x)=Y = R 3.16
wrs(0) = Yo' (q) 1 [sin(xEq) sinh(xEq) (3.16)
—[— - , for n=2[+1
2 | sin(«%) sinh(k£)
and the eigen-value equation are
tank” + tanhk” =0, for n=2I
(3.17)
tankZ —tanhkf =0, for n=20+1

Superscript "E" is attached here for values of Euler beam to distinguish between two beams.
Natural modes of Euler beam is widely used by researchers due to their unique advantages

which are orthogonality of mass and stiffness matrices as

1
1
f V@)Y, (@)dg = 56
-1 . (3.18)
fl PV @ PV @ 1
1 dg? dg? PR

It is convenient and fast to calculate the mass matrix and stiffness matrix by these relations in
computation. However, there are no such same neat relations in the case of Timoshenko beam

when shear effect is considered. It must be reminded that Timoshenko beam is announced to be



Chapter 3. Orthogonal Polynomials 33

non-orthogonal for deformation of free-free beam in integration. In fact, there is different form
or definition in the technical term of "orthogonality" which is discussed in Appendix A. There

1s no such relation of this kind that can be used because of free-free end conditions.

From Eq.(3.15) and Eq.(3.17), the natural frequencies of dry modes o, for the Timoshenko
beams (y* = 3.6 x 10~ for example in paper) and Euler beam (> = 0) can be calculated in the
condition of m/EI = 0.5833 and the result is shown in Table 3.1. The Euler beam model tends to
give slightly higher natural frequencies as compared to the Timoshenko beam, and this tendency
becomes prominent for the natural frequencies of higher modes. The Timoshenko beam could
predict more precise ship motions at higher encounter wave frequencies for a blunt ship where
the shear effect cannot simply be neglected.

TasLE 3.1: Dry mode frequencies comparsion between Euler beam (y* = 0) and Timoshenko
beam (y* = 3.6 x 107°) with parameters m/EI = 0.5833.[unit rad/s].

n+5 Eulerbeam Timoshenko beam

7 23.163 21.314
8 63.851 49.274
9 125.173 80.041

10 209.917 110.597
11 309.098 140.586

3.2 Orthogonal Polynomials

In this paper, an even simpler representation for elastic mode functions is studied in terms of
orthogonal polynomials, despite the fact that these functions are just mathematical and hence

lack a physical basis and do not satisfy appropriate free-end boundary conditions.

At the first example of orthogonal polynomials, the Legendre polynomials P,(g) are applied as
elastic modes of the Timoshenko beam. In mathematics, the Legendre polynomials are solutions
to Legendre’s differential equation. A compact expression for the Legendre polynomials is given

by Rodrigues’ formula:

n

d 2
-1 =2,3,4,... 1
g @ D =234, (3.19)

Wns5(X) = Pn(q) =

An important property of the Legendre polynomials is that they are orthogonal with respect to

the interval —1 < ¢ < 1 and its result can be expressed as

1
2
Pu(q)Py = mn - 2
[ Patarpatara = 570 (320
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As the next exampe of orthogonal polynomials, we consider the Chebyshev polynomials, which
include the first kind denoted as 7,(¢) and the second kind denoted as U, (g). They are expressed

as follows:

T,(cos ®) = cosn®

Wns(X) = sinn+ 1)@ - (3.21)
U,(cos®) = m

where ¢ = cos® and n = 2,3,.... It should be noted that the second kind U,,(g) is modified
from the original definition by dividing with n + 1 so that U,(¢g = 1) = 1.

T,(g) and U,(gq) are orthogonal in terms of the weight funtion (1 — qz)_% and (1 — qz)% , respec-

tively, over the interval -1 < g < 1:

1 1 T
f T @)Ta(q) dq = Z 6
! V-4 2 . (3.22)

1
r 1
Un(@U, 1 - q¢?dqg = =————6mn
[ vt 1= do= 5

Notably, these orthogonality relations of Chebyshev polynomials cannot be applied to the com-
putation of the mass matrix and also the stiffness matrix to be explained later, due to the weight
functions shown in Eq.(3.22). Therefore it is worth noting that there is coupling in the mass
matrix for all even or odd modes, including the coupling of rigid modes of heaven and pitch

with the corresponding symmetric or antisymmetric polynomials for elastic modes. The mode
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Ficure 3.2: The first elastic mode shapes (j = 7) of mode functions used.

functions for the first five elastic modes (j = 7 ~ 11) of motion using Legendre and two kinds of
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TabLE 3.2: Comparison between Legendre and Chebyshev polynomials.

n+35 Pu(q) Tw(q) Un(9)
7 (3g* - 1)/2 24* -1 (4¢* - 1/3
8 (5¢° = 39)/2 4q° - 3q (84’ — 49)/4
9 (35¢" — 304* + 3)/8 8¢ —84% + 1 (164" — 12¢* + 1)/5
10 (63¢° —70¢° + 15¢)/8 16¢° — 204> + 5¢ (32¢° — 32qx° + 6¢)/6

11 (231¢° - 315¢* + 105¢* = 5)/16  324° — 484" + 184 — 1  (644° — 80¢* + 244> - 1)/7

Chebyshev polynomials are compared in Table 3.2. Here, the profiles of the first elastic bending
mode (j=7) of these polynomials are illustrated as Fig.3.2, in which the free-free beam modes
of Euler beam and Timoshenko beam are included for comparison. The curves of Euler and
Timoshenko beams just have a slight difference, which is caused by the shear effect. Note that
only the dry modes of Euler beam and the Legendre polynomials can be zero when the proposed
mode functions are integrated over the interval —1 < ¢ < 1, from which no coupling terms exist
between rigid and elastic motions in the mass matrix if these two mode functions are used in the

subsequent hydroelastic analysis.

3.3 B-spline Element Methods

Another modal analysis method is provided for supplement by using the cubic B-spline element
in this study for estimating the hydroelastic responses of ships with forward speed in waves.
B-spline methods are widely used in computer-aided geometric design and the field of ship hull
design. It has minimal support with respect to a given degree, smoothness, and domain partition.
Any spline function of a given degree can be expressed as a linear combination of B-splines of
that degree. Following this idea, according to the objects, total deformation or dry modes,
the studies on this topic can be classified into two categories, the "direct method" and "modal
analysis method". Clearly, no matter which method you choose, the curve order is depended on
the B-spline basis function like the cubic B-spline function used in the paper is third order. That
means the curves represented as cubic B-spline function has third-order on each partition and

second-order continuous on the joint of partitions.

3.3.1 Modal Analysis Algorithm

In modal analysis algorithm, the dry modes are represented as the combination of cubic B-spline

basis function in the process of solving dry modes and eigen-value equations. The j-th natural
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modes of Euler beam can be expressed as

NX+3 )
Wi = D i), u€ fag ar) (3.23)
k=1
where, U = {ag, ay,az,- - ,a;} be a nondecreasing sequence of real number. NX is the number

of panel division in the x-direction. Since one cubic spline function extends its influence over
four panels, the number of total unknows is NX + 3. The q; are called knots and U is knot vector.
The i-th B-spline basis function of p-degree (order p+ 1), denoted by N;' with knots. Here N,? (%)
is called cubic B-spline basis function and simplied as Ny(x) for breivty in the following content.
ai is k-th control point (or control strength is more suitable in paper) to deciding j-th natural
mode of Euler beam. n-th degree B-splines can be calculated by using recursion formula called

de Boor, Cox recursion formula:

o |1 welawar)
N = , (3.24)
0 otherwise
and
N (u) = a7 "Ny ) + (1= a DN (w), (3.25)
where
a™t = (u - ap)/(@ren — ap). (3.26)

The uniform slender ship is divided into 10 panel divisions and let sequence U be uniformed
from ship stern to bow like U = {-1,-0.8,--- ,0.8, 1}. The uniform cubic B-spline basis func-
tions are illustrated in Fig.3.3. Substituting Eq.(3.23) into spatial vertial deflection of Euler

beam (shear effect is neglected here for better explanation) as

d? d?w(x)
—wimw;(x) + 3 {El d;Z } =0. (3.27)

It turns to expressions of matrices form as the following equation with [M] and [D] after inte-

grating over ship hull with weight N;(x). M;; and D;; are mass matrix and stiffness matrix.

4 j 4 mw?
(KIM1+ DD’y = (0}, = —, (3.28)
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Ficure 3.3: The uniform cubic B-spline basis functions.

and

1
M;; = L/2 f1 Ni(@)N(q)dq

1 3247 d2N: :
Dy = L/zf d“Ni(q) ,(q)dq
-1 dg? dq?

(3.29)

Then, multiplying both sides of the formula by the inverse mass matrix [M]~' can obtain the

4

eigenvectors {a/} and eigenvalues « gt

(~M17' (D)) {e) = i), (3.30)

Eigenvalues correspond to the natural frequency of Euler beam while eigenvectors correspond
to mode shapes. Frequencies of dry modes are compared between dry modes of Euler beam
and calculated by cubic B-spline function in Tab.3.3. Since NX + 3 = 13, it should have 11
frequencies for elastic modes shown in the table and two zero for rigid motions. It is clear that
the B-spline method can calculate dry frequencies precisely up to j = 15 when NX = 10 judging

from error compared with dry modes of Euler beam.

After knowing eigenvectors o/, the mode shapes can be calculated but still need to be normalized
to make sure that w(g = 1) = 1. Then, the mode shapes using cubic B-spline basis function can

be expressed as

NX+3 NX+3

wi(x) = g, Z @l N(x) = Z @] N(x). (3.31)
k=1 k=1



Chapter 3. B-spline Element Methods 38

TasLE 3.3: Frequency comparison between dry modes and B-spline method.

Mode Dry mode B-spline error %
7 2.3650 2.3648  —0.0093
8 3.9266 3.9271 0.0144
9 5.4978 5.5016 0.0691
10 7.0680 7.0840 0.2187
11 8.6390 8.6882 0.5650
12 10.2102 10.3375 1.2467
13 11.7810 12.0500  2.2830
14 13.3518 13.7553  3.0218
15 14.9226 15.1659 1.6301
16 16.4934  26.2236  58.9942
17 21.2058 26.2992  24.0187
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Ficure 3.4: Mode shapes comparison between dry modes and B-spline method.

where constant g; can be attached into eigenvectors o’ directly. The curves calculated by using
the B-spline method are shown in Fig.3.4. In other words, the so-called modal analysis method
is that the continuous modeshapes of dry modes are expressed in the form of segment lines with
fourth-order using cubic B-spline basis functions. Higher-order elastic bending modes demand
more divisions to achieve accurate fitting. This method has no essential difference from the
method solving dry modes, which does not make any difference in the final numerical results.

Thus, the total vertical deflection can be expressed as

N . N NX+3 ) -
Ho) = R Xwime | = R| Y X; > alNi(we™|. (3.32)
=1 =1 k=1

where a/i is known and X; is what we need to solve.
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If the effect of shear is included, the spatial vertical deflection of Timoshenko beam is expressed

as

& dPwi(x) &2
—wzmw](x) + — s {EI d;z } + mw?yzﬁ {wj(x)} =0, (3.33)

and the expression of matrices form as

(—c4M1 + D]+ Y’kAIS]) {ely = (0}, «f = E—I’ (3.34)
Then, the above equation can be rewritten as
(=& {[M1 = YIS 1) + [D]) {0} = (0}, Sy = L/2 f N f(‘” L (339

and when combinating matrices [M] and [S ] as one matrix [M"] = [M] —yz [S], it becomes same
expression as Eq.(3.30). Consequently, eigenvalue and eigenvector are related to parameter y

which dominates the contribution of shear effect.

3.3.2 Direct Method Algorithm

The second algorithm is that we only consider or focus on the totally coupled deformation like
in the real case instead of decomposing it into rigid modes and elastic modes since the cubic
B-spline curve can draw random curves. In other words, cubic B-spline basis function is treated
as kind of mode function. The deformation that do not care about any modes just the final one

can be presented as

NX+3
] (3.36)

H.(x) = %l Z @k Ni(x)ee!

k=1

This method skips the process of modal analysis, whose results should same as the modal anal-
N

ysis one. Observing from Eq.(3.32), it is essentially the same as Eq.(3.36) if we set (Z X ja/i) =
j=1
ay, as shown in following equation:

NX+3 NX+3 NX+3
ZX w(x) = ZX Z @] Ne(x) = Z [Z Xjal [Ne) = D i) (3.37)
=1 Uj=1 k=1

3.4 Conclusion

This section deduced the equilibrium equation of elastic motion in the time domain of the Tim-

oshenko beam through force analysis on the Timoshenko beam which considers shear effect.
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Then, the homogenous equation for the x-dependent vertical deflection of the uniform Tim-
oshenko beam and its analytical solutions can be obtained. Also, the solution in the case of
Euler beam is easy to gain as long as set parameter y> = 0 which means no shear effect. Some
orthogonal polynomials are presented as optional mode functions to take place, like Legendre
polynomials and Chebyshev polynomials of two kinds. Not only the dry modes of Euler beam or
Timoshenko beam but also the natural frequency can be calculated perfectly using the B-spline

element method.



Chapter 4
Motion Equations

Chapter 4 describes the formulation of motions of Timoshenko beam including rigid and elastic
modes using the mode expansion method by integration over ship hull with weights into matrix
form. Appropriate boundary conditions are induced and adopted into the stiffness matrix to
obtain the final conventional motion equations. The spatial part of the distribution of external
force acting on a transverse cross-section of the ship is used which is analyzed in Chapter 2
and the shear-deformation force is added here. The matrices of mass, stiffness, and shearing are

denoted and the form of restoring force is derived.

4.1 Mode Expansion Method

The Timoshenko beam model incorporates the effects of shear distortion and rotary inertia in the
Euler beam model. In the Timoshenko beam theory, Bernoulli’s assumption that plane cross-
sections remain orthogonal to the neutral axis of the beam is replaced by the assumption that the
angle between the neutral axis and the normal of the cross-section is proportional to the shearing
force. The linear vertical deflection of the beam neutral axis can be divided into contributions
due to bending moment and shearing force. By neglecting the effect of rotary inertia, the time-
domain motion equation of a Timoshenko beam can be written as shown in Eq.(3.10). Then,
separating the time dependency ¢/ with an assumption of time-harmonic external force and
resulting oscillation of a ship, the spatial part of the vertical deflection, denoted as w(x), is

governed by the beam equation affected by the shearing force:

d2

— P rwf, @.1)

d? d*w(x) d?
—wXmw(x) + e {EIW} + wiﬁ {m)/zw(x)} = f(x) -

where y> = EI/k'GA as defined in Eq.(3.12) and f(x) is the spatial part of the distribution of

external local pressure force acting on a transverse cross-section of the ship, and the second term

41
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on the right-hand side of Eq.(4.1) may be written as

£ =-——={ry. 4.2)

2
dx?
This term is the second-order derivative of the external local force f(x) in the x-direction which

is a new term added to the case of Euler beam when the shear effect is considered. Thus, fS (x)

is functionally treated as the shear-deformation force.

Since both ends of he ship are free, the appropriate boundary conditions to be satisfied free-end

boundary condition as

d*w(x) d d?w(x) L
El = — S E[— = t = +— 4.
dx? 0 dx { dx? O, at x=2 2’ 4.3)

where L is the ship length.
The time-independent vertical deflection w(x) may be expanded in an appropriate set as modes
like Eq.(2.38), in the form

w(x) =

N
Xjwi(x), 4.4)

j=1

where the complex amlitude X; of each mode is unknown at this stage. Substituting Eq.(4.4)
into Eq.(4.3) and writing the result with the normalized coordinate ¢ = x/(L/2), the free-end

boundary conditoins can be written as follows:

Il
H+
—

N 2 N 2

d°wj(q) d (. d*wiq)
DIXEI—EZ =0, ) X {EI ! } =0, at 4.5)
j=1

J 2
dq o dq dq
With the method of weighted residuals, Eq.(4.1) is multiplied by w;(x), i = 1 ~ N, and inte-
grated over the length of beam. Then, we obtain a linear system of simultaneous equations for

determining the unknown complex amplitude X in the form

L/2

2 2 2.
wi(x) [—wﬁmwj'(x) 02 L w0 + {Eld W’(x)}] dx

L2 ¢ dx? dx? dx?

L/2
= f wix) {£(0) + 5 ()} dx. (4.6)
-L/2
In terms of matrix coefficients, these can be briefly rewritten in the form

N
DX [~0IMij+ @3S+ Dy| =Ty +T§ for i=1~N, 4.7)
=1
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where the matrix coefficients M;;, S;;, and D;; on the left-hand side are mass matrix, shear
matrix, and the stiffness matrix, respectively. With the normalized coordinate g, these matrix

coefficients are written as

L 1
Mij= 3 f 1 mwi(q)wj(q)dq, (4.8)
L (! d?
Sij = Ef] Wi(CI)—Z{mYZWj(Q)}dq, Sij %S ji, 4.9)
L d2 Pwi @\ _L (" dPwilg) d*wi@)
Dijj= = ; I—L=3V=="| EI dq. 4.10
j 3 I lW(q) { i } 3 f_ 1 AP q (4.10)

For the stiffness matrix D;; defined above, the mid term in Eq.(4.10) including the fourth-order
differentiation of w;(g) is transformed into the right term using the partial integration twice.
However, this transformation is correct if and only if each mode function w j(¢) satisfies the free-
end boundary conditions of Eq.(4.3). If the mathematical orthogonal functions (like Legendre
and Chebyshev polynomials) are used in place of the dry eigen-modes of Euler or Timoshenko
beam, we must enforce the free-end boundary conditions not to each mode function but to the
sum of mode functions as shown in Eq.(4.5). The transformation incorporating the free-end
boundary conditions of Eq.(4.5) can be made using partial integration twice, the result of which

is described explicitly as follows:

L 1 N d2 d2W (q)
XJD’] = 5 j:l W,(CI)Z jd B {EI d;z }dq

j=1
1
N 2 N 2
L d dwi(q)) dwi(q) dwi(q)
= —|w; X —<EI XEI
3 [W (Q)Z qu{ dg? }+ dg JZ:; J da? |

q
.\ _f d*w (q)ZXEId WD,
2 -1 — dL]
j=1

w(q)dW(CI)
= 22Xf " d;2 dg. @.11)

M=

Namely, it is the total deflection rather than each mode function that satisfies the free-end con-
ditions and the two terms in the second line of Eq.(4.11) should be equal to zero because of the
free-end boundary conditions specified by Eq.(4.5). In other words, notwithstanding the fact that
orthogonal polynomials have no physical meaning and generally each polynomial function does
not satisfy the free-end boundary conditions, the combination of them using the superposition

method can conform to the specified boundary conditions and also the beam equation.
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4.2 Conventional Motion Equation

The right-hand side of Eq.(4.7) is the integration of external local force acting on a transverse
cross-section over ship hull and external local force f(x) is analysed in Chapter 2 (shown as
P(x)). It includes contributions of linearized pressure force as the diffraction, radiation and

restoring forces. These forces are defined as

L/2
I =f wi0) f(dx = E; +ZX (wai; — iwebi; — Ciy), (4.12)
-L/2 =]
where, E;, a;;,b;;, and C;; indicate the exciting force, added mass, damping coefficient, and
restoring force coefficient, respectively. Similarly, the integration of shear-deformation force
can be expanded or expressed in the same form with corresponding symbols with superscript

llS " as

L/2 N
= f / wi(X)fS (X)dx = ES + Z Xj(wia; — iw,b; = C7). (4.13)
—L/2 -
j=1
Then, EZS a;;s be, and CS are exciting force, added mass, damping coefficient and restoring

force coefficient due to shear-deformation force and can be calculated numerically as

2
15 =i [[ -4
Y Su dx2

{ 1(U . _
(1+—V V)qu ( )(hf-V)(V-V) wdS. (4.14)

W,
and
TS TS
Wy, e
Then,
We 2 U —
;= —,Og{a - L+ —V V(¢ + ¢s)n;|dS. (4.16)
dx W,

Restoring force is provided by the integration of the variance of hydrostatic pressure. For elas-
tic bodies, although seemingly different expressions have been discussed, e.g. Newman [18],
Malenica [3, 32, 33], their equivalence was proven by Malenica (2009) [34]. It was proven
with the rigorous mathematical transformation that the results of seemingly different expres-
sions must be the same, from which the restoring force coefficient C;; considering the effect of
elastic deformation is expressed as:

Cij = cll+cy, (4.17)

S _ HS mS
cS = sy, (4.18)
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where

Cg = pg ff hjn ds
ahJ 6h’ h —= ahl ds 4.19
+ng£H ka_xk_ kaxk nypds, (4.19)
- Jah’ (’)h’ Jah’
Gl = h +h— P dm, (4.20)

Cgs = pgff [y%’n,]dS
d2 2, Vit w2 25 as 421
+ pgffH—@ Yz 6xkn’+ ka_xk_"axk n ; (4.21)
crs = f f f ahl + == O +hl == N d (4.22)
ijo dx2 Y Oy “ 0z - '

Then restoring forces F IH and F l.HS

and (4.13) as

caused by shear effect are presented already in Eqs.(4.12)

N

Fif = =3 X,Cy (4.23)
=1

FIS = =Y x,c (4.24)

The specific steps to obtain restoring force coefficient and its explanation refer to Appendix B.

Substituting Egs.(4.12) and (4.13) and transposing the radiation and restoring force coefficients

to the left-hand side of Eq.(4.7), we have a conventional set of motion equations in the form

‘M2

Xj [wi(Mij + aij + a5) + iwe(bij + b}) + wZSij + Dij + (Cij + C)|
1

J
=E+E for i=1~N. (4.25)

We note that the modes of motion to be induced in head waves include surge, heave, pitch, and
structural deflections. As mentioned above, the dry eigen-modes of the Timoshenko beam are
not orthogonal and thus, the computation for the Timoshenko beam will not be easy as that for

the Euler beam when adopting the method of weighted residuals.



Chapter 5

Results and Discussion

Chapter 5 describes the convergence study at forward speed for a total displacement of a ship by
a superposition of all modes of motion. Modified Wigley model is used as a calculated object in
Rankine panel method. The figures of non-dimensional added mass, damping coefficient, and
exciting force are illustrated and compared with different mode functions. The values are defined
to check the convergence of total deflection of the ship displacement at the ship bow. The reason
for the different speeds of convergence is discussed. Supplementary proof of convergence using
Legendre polynomials is raised through analyzing the satisfied boundary condition to prove
five bending modes are enough from which the number of the demanded bending mode can be
decreased. The effect of shearing force in Timoshenko beam is studied by changing the ratio
of flexural and shear rigidities artificially. The merits and demerits for each mode function are

analyzed.

5.1 Convergence Study at Forward Speed

The total displacement of a ship must be computed, which can be accomplished by a superpo-
sition of all modes of motions as shown in Eq.(2.38), where each mode is the product of the
amplitude computed and the mode function assumed. The effectiveness of each of the mode
functions adopted must be indicated by checking not only the amplitude of the j-th mode IX}l
but also the convergence in the sum of all assumed modes representing the total magnitude of
the deflection. The parameters with the prime mean the non-dimensional values, for example,
X = Xj/la.

As a reference point for the deflection of the ship, we consider the bow (¢ = 1) in this paper,
where we note that wj(g = 1) = 1 for all kinds of mode functions. In fact, due to limitations

in the experiment, the wave frequency is limited to a range of relatively low frequencies where

46
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TaBLE 5.1: Principal dimensions of modified Wigley model.

Principal dimensions value [unit]
Ship length: L 2.0 [m]

Ship breadth: B 0.3 [m]

Draft: d 0.125 [m]
Displacement:V 0.0425 [m3 ]
Height of the ceter of gravity:KG 0.0404 [m]
Radius of gyration:k,,/L 0.248

Froude number: Fn 0.200

Flexural rigidity:EI 360.5257 [Nm?]

Rigidity ratio for Timoshenko beam:y?>  0.0036

rigid vibration mode is dominant. In order to better verify the applicability of Legendre and
Chebyshev polynomials as the mode functions and the accuracy of computed results at higher
frequencies, numerical computations using the RPM for the forward speed case are implemented

for a modified Wigley model, expressed mathematically as follows:
7= (1= =)0 +026) + 21 =51 - €)%, (5.1)

where ¢ = x/(L/2),n = y/(B/2) and { = z/d. The principal dimensions including L, B, d are
shown in Table 5.1 and its 3-dimensional figure is shown as Fig.5.1. In Eq.(5.1), x, y, z are the
coordinates of the grid points on the hull surface and &, i, { are the corresponding dimensionless
values. Figure 5.2 illustrates the location relations between the modified Wigley model and
free surface. Mesh in red is the top view of the modified Wigley model (discretized into 1080
panels), blue is the free surface mesh in the range -5 < x < 2 (discretized into 5320 panels),
and green mesh is a slightly shifted mesh of free surface using panel shift method to satisfy
the radiation boundary condition on infinity. These meshes move to upstream and upward in

z-direction slightly.

Numercial computations were performed for the Froude number F,, = 0.2, the incident-wave
amplitude £, = 0.02m, the flexutral rigidity EI = 360.5257Nm?, and y* = 3.6 x 107°.

The values of non-dimensional added mass and damping coefficient for elastic modes are defined

as
, aij . .
a; = — for i=7~N j=7~N, (5.2)
pV
' bij . .
bij = for i=7~N j=7~N. (5.3)
pVw,

where V here is ship displacement. The non-dimensional added mass for first five elastic modes

are illustrated as Figs.5.3 to 5.7. Then, non-dimensional damping coefficient are Figs.5.8 to 5.12.
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FiGure 5.1: 3-dimensional modified Wigley model

For reference, computed results shown in these figures are the ones using Legendre polynomials
(in red dashed line), both kinds of Chebyshev polynomials (in yellow diamond and green circle),
and the dry eigen-modes of the Timoshenko beam (in black line). The abscissa KL is the non-
dimensional wavenumber of encountered wave frequency (KL = a)fL/ g). By observing four

curves in figures of non-dimensional added mass, it can be found that the amplitudes of added

i I:‘ Wigley model mesh |:| Free surface mesh I:‘ Panel shift mesh

X

Ficure 5.2: Meshes of modified Wigley model and free surface in Rankine panel method
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mass basically maintain constant values in a relatively large frequency range and the added
mass does not change so much when the bending mode turns higher. There is a sharp increasing
trend in the range of low frequencies which can be speculated that the program using RPM
loses its effectiveness gradually at very low frequencies. What’s more, the amplitudes of curves
using Chebyshev polynomials of the first kind are largest and almost two or three times as
large as the others, because the amplitude of the mode shapes themselves are larger as can
be seen from Fig.3.2. Since the amplitude of Chebyshev polynomials of the second kind is
the smallest, there is no surprise that no matter the non-dimensional added mass or damping
coeflicient is the smallest which is almost zero. For the non-dimensional damping coefficient,
the four curves show a slow decline to a constant as the encountered frequency increases. The
damping coefficient using dry modes and the second kind Chebyshev polynomials are almost

zero in large frequency range for higher bending modes.
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Then, the value of non-dimensional exciting force for elastic modes is defined as

E-:
E| = 5 for i=7~N. (5.4)
PWela

Since E; is a complex value, the amplitude |E;| and phase of non-dimensional exciting force
for first five elastic motions are illustrated in Figs.5.13 to 5.17. The abscissa A/L is the ratio of
wavelength and ship length from which the scale relationship can be imagined at ease. It can
be seen from these figures that the non-dimensional exciting force has one or two peaks at a
certain frequency. The wavelength corresponding to the first peak (the highest one) decreases
as the order of elastic modes increases. That is, higher-order modes corresponding to the first
peaks require higher encounter frequencies. It can be observed E, from Fig.5.13 that the second
peak appears around A/L = 0.35, from which it is referred that the wavelength required for the
second peak of higher-order modes is shorter. Similar to added mass or damping coefficient, the
amplitudes of curves using different mode functions are positively relative to its amplitudes of

mode shapes. Phases for the first three elastic modes match well.

|| se— Dry modes of Timo. |E",| i
|| = = = = Legendrepolynomials|E'| |i___
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FiGure 5.13: Non-dimensional exciting force E.
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To see the convergence in the total deflection of the ship displacement particularly at the bow

(g = 1), the now values are defined as follows:

6+j

Xj+ X5+ > X
i=7

) j=0

, J=1

X7 : (5.5)

i =
! /4
|X3 + X5

which means not only the elastic but also rigid motion is considered here, and the final results
are shown in Figs.5.18-5.23. For instance, the value |X7,| means only the vertical amplitude of
rigid motion (heave and pitch) included, and with subscript j increasing, more elastic bending

modes are added to present the total vertical deflection.

For rigid motions shown in Fig.5.18, the results of using the Legendre polynomials and the dry
eigen-modes of Timoshenko beam are in virtually perfect agreement, since all coupling coeffi-
cients of the matrix between the rigid and elastic motion modes are basically zero, although there
are significant coupling terms for dry eigen-value owing to the shear effect, which is negligible

judging from this figure.

On the other hand, when using the Chebyshev polynomials of the first kind and also of the sec-
ond kind, we can see a clear difference from the other results in a range of higher frequency
because of relatively large values in the coupling matrix coefficients. This is because the Cheby-
shev polynomials, T,(x) or U,(x), are simply used as the mode functions in computing the
matrix coefficients of Eqgs.(4.8)-(4.10), without the weight functions appearing in Eq.(3.22) in

the orthogonal relations.

Fig.5.19 includes the first elastic bending mode X7, in which a noticeable difference exists in
the results between mathematical polynomials and the dry eigen-modes, implying that the con-
vergence in the mode-expansion series is not achieved yet. With the increase in the number of
elastic bending modes, we can see convergence in the total deflection at the bow. In fact, in
Fig.5.21 adding up to three elastic modes, there is no visible difference in the results between
Legendre polynomials and dry eigen-modes. However, we can see still a slight difference in

Fig.5.21 when using the Chebyshev polynomials as the mode functions.

By increasing the number of modes up to five elastic modes, as shown in Fig.5.23, the results
using the Chebyshev polynomials of the second kind are in virtually perfect agreement with
those of the dry eigen-modes and the Legendre polynomials. Whereas the results using the
Chebyshev polynomials of the first kind are still slightly different from the other converged
results, although that difference is practically negligible.

In summary, the Legendre polynomials may be able to provide better results than the Chebyshev
polynomials of the second kind in terms of the rate of convergence with the increase in the num-

ber of modes. When using the Chebyshev polynomials, the first kind is commonly and widely
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used but a problem in this hydroelasticity analysis is that some of the coupling coefficients in the
mass matrix take negative values, as shown explicitly in Table 5.2. As mentioned already, the
reason for nonzero off-diagonal values in the mass matrix is that the orthogonal relation shown
in Eq.(3.22) is not used but the Chebyshev polynomials are simply used as the mode functions
in Eq.(4.8).

From the results described above, it can be concluded that any arbitrary polynomial functions
can be applied as the mode functions in the modal superposition method to represent the total
deflection. However, the use of Legendre polynomials is highly recommended in terms of sim-
plicity, orthogonality, relatively fast convergence, and hence high precision in obtained results.
In addition, since there are no coupling matrix coefficients between the rigid and elastic modes,
the elastic deflection can be separated from the rigid-motion modes and associated analyses

would be easier.

In this theory, it is rarely possible to range the experiment that ship deforms at forward speed
with set elasticity. Besides, our goal is to prove the effectiveness of orthogonal polynomials
to replace dry modes. There is no experimental data that can be collected for comparison.
Consequently, in order to compare or match with existing experimental data, computed results
at zero speed as a validation process of the proposed method are compared with measured results
from the experiment conducted by Malenica et al. (2003) [3] and numerical results obtained by
Kim et al.(2009) [10, 11]. The detailed results are presented in paper written by Hong et al.
(2021) [35] and also illustrated in Appendix C.

The results of elastic modes and total deformation also are obtained by the modal analysis
method using the cubic B-spline element method for the supplement. Since the mode shapes
between dry modes and B-spline method are almost the same judging from Fig.3.4, there is no
surprise for matched results as shown in Figs.5.24-5.25. It is notable that the first comparison

for a single elastic mode cannot be calculated by the direct method.

TaBLE 5.2: Mass matrix of Chebyshev polynomials of first kind.

M; =3 j=5 ji=1 ji=8 ji=9 j=10
i=3 042E-1 00 —0.14E-1 0.0 ~025E0 0.0

i=5 00 0.14E—1 0.0 ~0.84E-2 0.0 ~0.20E -2
i=7 -0.14E-1 0.0 0.19E-1 0.0 ~0.76E-2 0.0

i=8 0.0 —0.84E-2 0.0 020E-1 0.0 ~0.73E -2
i=9 —028E-2 0.0 —0.76E -2 0.0 020E-1 0.0

i=10 0.0 —02E-2 0.0 ~0.73E-2 0.0 0.20E — 1
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FiGure 5.19: Non-dimensional exciting force |X7,|.
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FiGure 5.24: Comparison of first elastic mode |X7| between dry modes and B-spline method for

Euler beam.
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5.2 Supplementary Proof of Convergence

5.2.1 Legendre Polynomials

It is proven and seen from the results in the previous section that orthogonal polynomials like
Legendre polynomials can substitute dry modes of Timoshenko beam as long as enough modes

are applied but the question is whether these modes satisfy the boundary condition already.

To answer this question, one of the boundary conditions of Eq.(4.5) at ship bow can be rewritten

as follows by neglecting constant E1:

11

N 2
Wf(q} - Z X2 WJ(C’) ~0 at g=1. (5.6)

J=1

The new values xg; and xj; are defined to present the real part and imaginary part of value in

above equations as

& fmw=n

Taking Legendre polynomials as example, the second derivative at ship bow can be calculated

5.7

as
d’P7(qg=1)
A Sy
dx?
2 _
d“Pg(g = 1) _ 15
dx?
2 _
d“Py(q=1) _ 45
dx?
d*Pio(g = 1)
- T _105. (5.8)
dx?
2 _
d“Pii(g=1) 210
dx?
2 _
d"Pi(g=1) _ 378
dx?
2 _
d“Pi3(g=1) — 630
dx?

The number of the second derivative at ship bow using Legendre polynomials turns larger when
the order is higher. The results can be illustrated as Figs.5.26 and 5.27. We can see large
amplitudes of values both of real and imaginary parts until the fifth bending mode is added.

These values can examine or verify the discrepancy intuitively. As the values turn to zero and



Chapter 5. Supplementary Proof of Convergence 65

the number of the second derivative turn to be larger, it is convenient to estimate the magnitude
of the next higher-order motion amplitude like j = 12. For instance, xgs = —0.07 at the pick
when KL = 30, the real part of the next higher-order motion amplitude should be less than the
value —0.07/378 = —1.85E — 4. In fact, this is a feasible way to prove its convergence rate,
and after knowing its convergence rate, we can calculate fewer modes like four modes and use
the boundary condition to push back the value of the last one. In Fig.5.26 or 5.27, xgs or xjs
is approximated to zero and if we assume it is zero that xgs = 0 and x;5 = 0, the fifth mode

amplitude X, can be calculated automatically through relations as

PPug=1) & d*Pig=1)
PEEETCUA S o S

X
dg> J dg?

(5.9
=1

In other words, the method using Legendre polynomials as mode functions demands at least

four modes in computation to speed up the convergence rate.

5.2.2 Direct Method of Cubic B-spline Function

Although Fig.3.4 illustrates the curves of dry modes of Euler beam and B-spline method match-
ing perfectly well and Tab.3.3 shows the natural frequencies using B-spline method can also be
obtained precisely, it is doubtful whether these curves expressed by B-spline method still meet

boundary conditions of free-free beam since the endpoint is ruled by only three control points.

From the definition of Eq.(3.31), the second derivative of endpoint (at ship bow) can be ex-

pressed as
NX+3 ) NX+3 )
M@=D=§:%W@=U=§:%MM=U (5.10)
k=1 k=NX+1

It is hard to believe that the boundary conditions could be satisfied by only three control points
so the Tab.5.3 presents some second and third derivative values to see whether it matches the

boundary condition.

TaBLE 5.3: Boundary condition values using Cubic B-spline function at ship bow.

j=7 j=8 j=9 j=10 j=11

wilg=1) 1.0 1.0 1.0 1.0 1.0
w}'(q =1) -0.0925 -0.6455 -2.2455 -5.3925 -9.9538
w;-”(q =1) -2404 3156 -3793 -429.1 -466.4

The table can tell the curve is well-matched exactly on the ship bow as shown in Fig.3.4, and the
second derivatives w;’(q = 1) are almost equal to zero and have a tendency of enlarging when

the mode order is higher. The third derivatives are far from zero becasue it is the limitation
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of the Cubic B-spline function, and it can be improved by adding panels or using higher order

B-spline function.
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FiGure 5.26: Real part of boundary condition values using Legendre polynomials at ship bow.
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FiGure 5.27: Imaginary part of boundary condition values using Legendre polynomials at ship
bow.
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5.3 Effect of Shearing Force

In the present study, the Timoshenko beam model is used, which takes into account the contri-
bution of the shearing force to the vertical elastic deflection. Thus, by changing intentionally the
ratio of flexural and shear rigidities 2, the shear effect is discussed. In this sensitivity study, the
pure elastic deflection should be separated from the rigid motion, since the shear effect affects
only the elastic motion, and the amplitude of elastic motion is much smaller than that of rigid
motion. For that purpose, the use of Legendre polynomials is recommended particularly in the

case of Timoshenko beam approximation.

In order to show converged results of elastic deflection, the amplitude of only the elastic deflec-

tion at the bow (g = 1) is defined as

T+j

>
=7

Then the value of j = 4 (summation of the first five bending modes of the Timoshen beam)

|X§j| = . 5.11)

013 w x
N \ \
0.12F —#C8s 7 — — — 7 2 -
E #:,-# L l sesssssss C4dSe 1 :'Y = 0
01 E F7 T 7 7| meesmesss case2:y7=0.0018
n V'l 2
010 F 5,'.,'* N mmmmmmmmm C3SE 3 v =0.0036 [
- | memmmmmnm CaS€ 4 :y" =0.0072
0.09F & — — N
” a
0.08 Fi — — +
- |
007FH®— 7N 77—~
o
0.06 FF— — — -
- \
005 - - —1t-- % -———-F - —-
H |
0.04 8 — — — ), Y A
003 p — — — +
\
002F —— 7~~~ 78— T T
0_017111111111111
10 20

FiGure 5.28: Comparison of non-dimensional ship-motion deflection between different values
of the ratio of flexural and shear rigidities.
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is shown in Fig.5.28, where the Legendre polynomials are used as the mode functions with
different values of y%. The case of ¥ = 0 corresponds to no shear effect and hence the results

are the same as those for the Euler beam.

It can be seen from Fig.5.28 that the amplitude at the first resonant frequency around KL = 15
becomes gradually smaller with y? increasing, while the encountered wave frequency at which
the maximal value takes tends to increase slightly. On the contrary, the amplitude at the second

resonant frequency around KL = 55 increases slightly with  increasing.

One of the advantages to use the Legendre polynomials in this kind of sensitivity study is that
we need not change the Legendre polynomials depending on the values of y* and hence, the
resultant amplitudes can be obtained at ease. However, the dry eigen-modes of the Timoshenko
beam must be different depending on the values of %, and thus the mass matrix, the shear ma-
trix, and the stiffness matrix will all be changed with 4> changing, which may cause additional

analysis and computation.

5.4 Discussion

There are several advantages to using the dry eigen-modes of the Timoshenko beam satisfying
the free-end boundary conditions for hydroelastic analysis of a ship in waves. One of them
is that the eigen-frequencies and corresponding eigen-modes can be analytically obtained, with
shear effects taken into account. With this property, the rate of convergence is fast and thus using
a few bending modes is enough to obtain converged and accurate results for the wave-induced

elastic motion of a ship, which contributes to the reduction of the computation time.

However, as studied by Kashiwagi (1998) [36], once the same idea was extended to the analysis
for a pontoon-type VLFS which can be treated as a 2D floating elastic plate with zero thickness,
a simple multiplication of the free-free beam dry eigen-modes in both x- and y-axes does not
satisfy the governing equation describing the vibration motion of a 2D plate and the free-edge
boundary conditions either. Nevertheless, Kashiwagi (1998) adopted a simple multiplication of
the free-free beam eigen-modes in both x- and y-axes as the mode functions and the required
free-edge boundary conditions could be satisfied by imposing them in the process of partial in-
tegration in the transformation of the stiffness matrix. This treatment is equivalent to that the
boundary conditions can be satisfied by the sum of mode functions, although each mode func-
tion does not satisfy the specified boundary conditions. The resultant stiffness matrix included
nonzero off-diagonal elements, but they were obtained by analytical integration, and thus the

computation time could be still relatively short.

A similar idea is applied to the ship hydroelastic problem in this paper. Namely, any of the

general mode functions may be used to represent the flexural deflection of a ship despite the
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fact that each of those functions does not satisfy the required free-end boundary conditions.
From viewpoints of relatively fast convergence in the power series of mode functions and also
analytical integration for computing the mass, shear, and stiffness matrices, using orthogonal
mathematical functions would be preferable and beneficial. A typical example of that kind
of orthogonal function system is the Legendre polynomials. Hong et al. (2020) [35, 37, 38]
demonstrated that computed results by using the Legendre polynomials were virtually the same
as those by using the free-free beam eigen-modes for the whole tested wave-frequency range in

the case of Euler beam, and discussed the rationality and consistency of the proposed method.

In the present study, the Timoshenko beam is applied which incorporates the shear effect in the
Euler beam. As we can see from Eq.(3.13), the dry eigen-modes are much more complicated
than those of the Euler beam. More seriously, the method of weighted residuals cannot bring
any advantage to numerical computations, since the eigen-modes of the Timoshenko beam are
non-orthogonal. Therefore, we have one more reason to use Legendre polynomials as an alter-
native in the method of weighted residuals, because they are orthogonal hence the mass matrix
has nonzero values only in the diagonal elements and there is no coupling between the rigid
motion and elastic bending modes. Although nonzero values in off-diagonal elements (which
are analytically given) must be evaluated for the shear and stiffness matrices and more bending
modes must be used for sufficient convergence and accuracy, the use of Legendre polynomials is
still easier than that using the dry eigen-modes and there is no substantial increase in the compu-
tation time. Moreover, due to its orthogonality characteristic, Legendre polynomials can be used
to analyze the contribution of shear-deformation force by focusing only on the elastic motion
that is separated from the rigid motion, and we need not change any parameters but the ratio
¥? only. Chebyshev polynomial of the first kind and of the second kind could also be adopted
as alternative polynomials but they have a disadvantage in the rate of convergence because of

relatively large values in oftf-diagonal matrix coefficients.

Theoretically, there are two approaches to treating the boundary conditions in mathematical
computation: one is to use the eigen-mode functions with physical meaning, and the other is
to enforce the boundary conditions as the sum of non-physical mode functions. Each of them
can get a consistent result. The latter is recommended here using the orthogonal mode func-
tions like Legendre polynomials since it takes advantage of the method of weighted residuals.
Furthermore, it can be applied to represent the shape of elastic deflection in more complicated
problems with other boundary conditions and governing motion equations. B-spline methods
are also adopted as supplementary including modal analysis method and direct method just for
correspondence of the previous two approaches. The modal analysis method fits eigen-modes
that satisfy boundary conditions and physical meaning by cubic B-spline basis functions through
solving the eigen-value equation and obtains its dry frequencies in the same way. Contrarily, the
direct method treats cubic B-spline function in the same way as orthogonal polynomials which

has the advantage that the total deflection of a ship can be predicted without computing the
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eigen-values and associated eigen-functions but the higher derivatives at the periphery (or ends)
of the structure are not accurate enough to satisfy the boundary conditions. Our object in this
paper, the ship hull, does not have the same scale as VLFS and considers the forward speed.
Therefore, great attention must be paid to the number of partitions. It is necessary to balance the
number of grids in each partition is sufficient to ensure the accuracy of the curve since each grid
is the point controlling curves in B-spline method, and to prevent the calculation time from be-
ing too long due to the increased grids. More importantly, if increasing the number of partitions
for accuracy, the consumed time for computation would squarely multiply increase because the
matrix size increased. Observing the results, dry modes and orthogonal polynomials commonly
need 3 to 5 mode functions whereas cubic needs 10 partitions at least, corresponding to 13
modes. However, In the case of VLFS with no speed, the disadvantage of the cubic B-spline

function turns into an advantage because much higher mode functions participated.
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Conclusions

In the present research, the hydroelastic forces on a ship with specified bending mode shapes
and resulting flexural deflection of a ship in waves were computed by using the Rankine panel
method combined with the modal superposition method in terms of two kinds of mode functions.
One is the dry eigen-modes of a uniform Timoshenko beam satisfying the free-end boundary
conditions and another kind is the Legendre and Chebyshev polynomials which are mathemat-
ically orthogonal but do not satisfy the free-end boundary conditions. Moreover, the Cubic
B-spline method was also adopted for providing another idea to express ship deformation since

any curve or unknown deformation can be decided if the values of control points are solved.

The accuracy and consistency of the method using Legendre polynomials as alternative mode
functions had been demonstrated by comparing with the results using not only dry eigen-modes
of the Timoshenko beam in the forward speed case but also the experimental data provided by
Malenica et al. (2003) [3] and the numerical results computed with the direct coupling method

by Kim et al. (2003) [10, 11] in the zero speed case.

With increasing the number of bending modes, the total deflection of a ship was found to con-
verge and obtained results using Legendre and Chebyshev polynomials were in virtually perfect
agreement with the results using the dry eigen-modes of the Timoshenko beam in a wide wave
frequency range. It was confirmed that the free-end boundary conditions could be satisfied sim-
plicity by imposing them in the process of partial integration for the transformation of the stiff-
ness matrix. This way of satisfying the boundary conditions is equivalent to that the boundary
conditions can be satisfied by the sum of mode functions, although each mode function does not
satisfy the specified boundary conditions. For Chebyshev polynomials, the rate of convergence
was found to be relatively slow, since the orthogonal relation of Eq.(3.22) which includes the
weight function of 1/+/1 — g% or /1 — g was not used but the Chebyshev polynomials were

used simply as the mode functions in computing the matrix coefficients. Nevertheless, the total

71



Chapter 6. Conclusions 72

deflection of a ship computed using the Chebyshev polynomials was also in good agreement

with other results by taking a sufficient number of mode functions.

Supplementary proof of convergence using Legendre polynomials was raised by analyzing the
satisfied boundary conditions to prove five elastic modes are enough. Based on this idea, the
number of demanded elastic modes could be decreased to four for speeding up the computation
time and the fifth amplitude can be estimated reversely from the boundary condition assuming

five bending modes exactly satisfied boundary conditions.

The contribution of the shear effect was discussed by using Legendre polynomials through
changing only the ratio of flexural and shear rigidities thanks to the orthogonality character-
istic, which could separate the elastic deflection from the rigid motion of a ship. The amplitude
of first resonance tends to be smaller and the second is larger when shear effect works. It was

confirmed that the effect of shearing force usually was small and practically negligible.

The cubic B-spline method was also adopted for the supplemental explanation including the
modal analysis method and direct method to prove this scheme can also present the total de-
formation of the ship hull. The former one can calculte the natrual frequency and mode shapes
precisely while the latter one can calculate the total deflection directly avoding to solve eigen-
value problem. Two methods can be selected flexibly based on purpose. Thses methods hardly
satisfy the boudary conditions and needs more unknows that leads to comparely more compu-
tation time consuming. Also, it should be balanced that enough grids in each partition ensure
precision and the whole number of the grids should be less as possible. The direct method is
more lucid and relatively easy in coding the scheme but lack of hydrodynamic force analysis
while modal analysis method possesses the results of added mass, damping coefficient of each
bending modes, and it needs less computation time because fewer matrices are applied in the
final conventional motion equation just like the mode-expansion method. In summary, the cu-
bic B-spline method is more comprehensive and has wider range of applications but may cause

much more time for computation.

Euler beam is commonly used for hydroelastic problems no matter on one dimension or two di-
mensions for its briefness, orthogonality, and following the laws of physics but the shear effect
has to be considered further if the research object is not slender enough though its contribution
works marginally. However, the dry eigen-modes of the Timoshenko beam and its eigen-value
equation turn much more complicated and are sensitive to the ratio of shear rigidity and flex-
ural rigidity. In other words, if the values of shear contribution change, the parameters in the
eigen-value equation that are hard to solve should be calculated again, and then the analytical
solution calculated again which is the reason why the Legendre polynomials are applied to the
study of shear effect contribution, to save steps. What is more essential is dry modes of the Tim-
oshenko beam have no characteristic of orthogonality like the Euler beam that leads to all values

in mass matrix existing. Consequently, Legendre polynomials and Chebyshev polynomials are
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adopted due to their orthogonal and simplicity. It is noted that there are weights in integration
when using Chebyshev polynomials’ orthogonality and may cause infinity value in computation.
Then, the weights have to be omitted, and use Chebyshev polynomials directly or stiffly when
calculating mass matrix. It may one of the reasons causing slightly late convergence. In fact,
Chebyshev polynomials, as the fastest polynomials in numerical estimation pointed by Fox and
Parker(1968) [39], should convergent faster in the common cases. It should be explained that
the amplitude of Legendre polynomials is much closer to dry modes, so Legendre polynomials
are more advantageous than Chebyshev polynomials in our special case. The limitation and
availability of each mode function were expounded, and it was noted that the Legendre polyno-
mials can be expected to be versatile in the application to a wide range of engineering problems
because of its briefness and commonality and it can take advantage of the method of weighted

residuals.



Appendix A

Natural modes of Timoshenko beam

This chapter describes how to derive the analytical solution of natural modes of Timoshenko
beam. Applying the variable-separation method with the time-dependent part, the homogeneous
equation for the x-dependent vertical deflection of the uniform Timoshenko beam can be shown
as follows:

i d4)’n(x) N 2d2)7n(x) 4 2 EI

m
- = 07 = = s 2 = T
& ae TV g T = ETm Y T kea

(A.1)

where k, denotes the n-th eigen-value associated with the dry-mode natural frequency o, y,(x)
is the corresponding n-th dry eigen-mode function of the vertical deflection, and y? is the ratio of

flexural rigidity with shear rigidity which determines the amount of contribution of shear effect.

The analytical solution of the differential equation can be written in the form
yn(x) = Cy cos(ky@nq) + C cosh(kyfrq) + C3 sin(k,@nq) + Cy sinh(k,B,9), (A.2)

where g = x/(L/2) is the nondimensional coordinate and

o = \/ V& Y)* + 4+ (k27) 5, = \/ V(&) +4 = (,7)? (A3)
n — 2 D) n — 2 . .

Parameters C; ~ Cy4 are constant values. The first and second terms of Eq.(A.2) are symmetric
modes with respect to x or even functions, whereas the third and fourth are odd functions or
denote antisymmetric modes. Four boundary conditions equations are demanded to decide these
parameters. The slender ship is assumed as a uniform beam floating on the wave with free-end
boundary conditions. The moment and shear force on the ends are set to be zero in the form as

follows:

dy(x)

&y,
o _0, yn(X)
X

S5 =0. At x=xL)2. (A.4)
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Substituting analytical solution Eq.(A.2) into above boundary conditions, the second and third

derivatives of w,,(x) can be rewritten as

d?y, (%)
;};2 = —Ci12a2 cos(knnq) + Cak>B2 cosh(k,Baq)
—C3K,%a,21 sin(k,@,q) + C4K518,% sinh(k,8,9), (A.5)
d3)’n(x) 3 3 3.3
3 = ClKna/n Sin(Kna'nQ) + CZKnﬂn Sinh(Kn,BnQ)
X

—C3Kza,3! cos(k,,nq) + C4K3ﬂ3 cosh(x,5,9). (A.6)

For zero moment force on free ends, Eq.(A.5) can be derived to

{—Clxﬁaﬁ coS(Kn@y) + Cak22 cosh(k,B,) — C3k>a? sin(k, ) + Cak2f2 sinh(k,B,) = 0 A7

—C1K2a2 cos(knp) + Cok2B% cosh(k,B,) + Cakaa sin(k,a,) — C4x>B> sinh(k,B,) = 0

Observing the above equation, the relations can be obtained further as

C1K2a? cos(kyay,) = Cok>B2 cosh(k,B,)
{ % (A.8)

Cﬂﬁ“i sin(kp@p) = C4K}%ﬂ% sinh(k,Bn)
Similarly, for zero shear force on free ends, Eq.(A.6) can be deduced as

{ C 1/(20[2 sin(k,a;,) + C2/<,3”B,31 sinh(x,,3,) — Cgkia/i cos(k,a,) + C4K3132 cosh(x,B;) =0 (A9)

—C 1302 sin(k,@y,) — Cak B sinh(k,B,) — Cak> @ cos(kury) + Cak B2 cosh(k,By) = 0

Then, the other relations can be gained as the same way:

C 1302 sin(ka,) = —CorB2 sinh(k,,B,)
{ : 2l (A.10)

C3/<20/fl cos(k,ar,) = C4K,3,,8,3, cosh(k,8,)

So far, relations in Eqs.(A.8) and (A.10) still cannot decide parameters C; ~ Cy.

A.1 Symmetric modes

The first aligned formulae in Eqs.(A.8) and (A.10) are used to solve symmetric modes with
respect to C and C», so the following equations are obtained as
K%(I% cos(k,ay,) —K%ﬂ% cosh(x,B,)| | Cy 0 A1)
2 ;31 C 0

K, Sin(K,ay,) Kf,ﬂfl sinh(x,8,)
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Excepting the meaningless values C; = C; = 0, the required condition is necessary that the

determinant of matrix (expressed as D) should be zero as the form of
D = 2B cos(kya,) sinh(k,8,) + k2a’ B2 sin(k,a,) cosh(k,B,) = 0. (A.12)

Then it can be simplified to frequency equation for solving «,, of symmetric modes (k,, is equiv-

alent to dry frequency) as
o, tan(k,a,) + B, tanh(x,8,) = 0. (A.13)

Proposing the symmetrical parts from Eq.(A.2), the symmetric solution can be deduced with

considering the frequency equation as

Yn(X) C cos(knang) + C2 cosh(knB,q)
a/% cos(k,ary,)
ﬂ% cosh(x,n)
COS(Knnq) | @ COSh(KnBuq)

cos(kyn) B2 cosh(k,By)

Ci {cos(Knanq) + cosh(Kn,Bnq)}

Ci cos(kpay) { (A.14)
yn(x) is homogenous solution of symmertic modes which cannot determine its unique parameter
C,. To normalize the different alternative polynomials, the mode function should be defaulted

as |y,(q) = 1] at g = £1, so that

1
Cjcos =—) A.15
1€08(kn@nq) = T @B (A.15)
and the normalized symmetric solution can be rewritten as
1 h 2
Ya(x) ' {COS(Knanq) , 908 (KnﬁnCI)a_; } (A16)
1+ (an/Br) cos(ky) COSh(Knﬁn) B
n=1,3,5,..., and the heave motion is belongs to symmetric rigid motion that is included by
setting n = —1 as
y_1(x) = 1. (A.17)

A.2 Antisymmetric modes

In the same way, the second equations in Eqs.(A.8)-(A.10) are combined to deduce antisymmet-
ric modes with respect to C3 and Cjy, the equations can be expressed in the form of matrix:

ER

K,%a/ﬁ sin(k,ay) —K,Z,ﬂﬁ sinh(x,8,)
3.3
n-n

K, coS(K,ap) —Kﬁﬂi cosh(x,5,)
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Condition C3 = C4 = 0 is useless and the requirement is that the determinant of matrix is zero

as

D = ka2 sin(k, ) cosh(k,B,) + K228 cos(k,a,) sinh(k,8,) = 0. (A.19)

Then, it can be simplified to frequncy equation of antisymmetric modes in the form

B tan(k,ap,) — @, tanh(k,8,) = 0. (A.20)

The antisymmetric solution is derived by proposing the antisymmertical parts from Eq.(A.2) as

the following form,

Ya(X) C3 sin(k,a,q) + Cy4 sinh(k,8,9)
a,% sin(k,q;,)
B2 sinh(k,,8,)
sin(k, @, q) N ﬁ sinh(x,5,q)
sin(k,,) B2 sinh(k,B,)

C3 {sin(Knanq) + sinh(KmBnq)}

Cs sin(k,ay) { (A.21)

yn(x) here is homogenous solution of antisymmertic modes and the normalized solution can be

rewritten as the similar formula as

1 . . . h i 2
) ! {sm(Kna D . sin (Kuf3nq) a_; } (A22)
1+ (@n/Bn) sin(k,a;,) sinh(x,,) B
n = 2,4,6,..., and the pitch motion is belongs to antisymmetric rigid motion that is included
by setting n = 0 as
yo(x) = gq. (A.23)
In conclusion, the complete formula can be expressed as
1 h z
. [COS(KnQ’HQ) + COS (Kn,BnLI)a’_;z] for n isodd
yu(x) = 1+ (an/Bn)* | cos(knn) cosh(k,,8,) B (A.24)
! 1 $in(ky@,g) | sinh(k,Baq) @2 _ ‘
5| = + — - for n 1iseven
1 + (an/Bn)~ | sin(knay) sinh(«,,8,) B
and complete eigen-value equation is presented as:
ay tan(k,ay) + By tanh(k,B,) =0 for n isodd
, (A.25)
B tan(k,a,) — a, tanh(x,B,) =0 for n iseven
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where n = 1,2,3,.... The formation of variable »n would be modified slightly in the main body

for the purpose of unification.

A.3 Orthogonality of Timoshenko beam

The orthogonality of eigen functions of Timoshenko beam is pointed out by Rensburg and

Merwe (2006)[40]. If [ulgbl]T and [u2¢2]T correspond to different eigenvalues, then

1 1
1
f ujuy + —f $1¢2 =0, (A.26)
0 @ Jo

1 1 !
f ujuy = ——f D142, (A.27)
0 a Jo

where, u and ¢ are the beam deflection and slope in that paper, respectively.

or

The relation can be checked by substituting our notations into above equation as

1 1
dym, dy,
4 4 2
Km — Ky YmYndq +y f d }
( ){Il 1 -1 dq dq 1

3 3 2 2 1
d’ym d’yy Ay dy,  dyndy, +2 {K,‘Ldy_mYn _ K,‘:%)’m}] . (A28)
q -1

dq

_[dq3 T4 " dq? dg T A dq

Therefore, if the eigenfunctions are obtained such that the right-hand side of Eq.(A.28) becomes

zero with appropriate boundary conditions imposed, we can say that

1 1
dy,, dy,
(4 - &) { IR dq}=o. (A.29)
-1 -1 dq dq

The so-called orthogonality of Timoshenko beam like Eq.(A.27) actually cannot be used in the

program since there is no help for calculation so that it is declared that Timoshenko beam is not
orthogonal like others. Again, vy = 0 in the Euler beam can obtain the orthogonality of natural

modes of Euler beam.



Appendix B

Restoring Force Coeflicient for Elastic

Floating Body

This appendix aims to describe how to derive the restoring force coefficient for elastic floating

body and its relative explanation.

Ficure B.1: Flexible body motions.

The modal decomposition is assumed for the displacement vector H shown as Eq.(2.38), h;

presented as Eq.(2.40) are the mode shape vectors or mode functions.
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B.1 Hydrostatic Pressure Force

The generalized pressure force corresponding to the j-th mode can be expressed as:

F/ = —pgffs J'nds, (B.1)
B

sign is used to denote the instantanous value of the corresponding quantity.

where the overline

Linear theory is assumed to rewrite the above equation on the body position at rest as
Fl' = —pg f | (Z +6Z)(W + 6h/)(n + 6n)dS, (B.2)
S

where ¢ denotes the change of the corresponding quantity due to rigid or elastic motions. Then,

only the linear terms of above equation are extracted to turn in the form of
Fl' = —pg f | (6Zh/n) + (Z6h/n) + (Zh/6n)dS = FJ.HZ + F/"+ F/™". (B.3)
Sg '

Then change of the different quantities can be obtained using the notion of directional derivative

which can be written as
= (HV)Z = Hk, 6h’/=(HV)h/, 6N =(HV)N, (B.4)
where N = ndS and the operator HV is defined by

0 0

V= J < '
H H"a yaY az Zx(h"ax y(‘)Y hzaz (B.5)

In the case of the normal vector IN, since the normal vector is unknown in an explicit form,
some clarifications are necessary. If the equation of the body surface is written in its parametric

form:
R(u,v) = X(u,v)t + Y(u,v)j + Z(u, v)k. (B.6)

The normal vector direction is defined by the following vertor product:

0R OR
N=—x—. B.7
ou % ov (B.7)

Knowing that (HV)R = H we deduce:

_0H 4R OR oH

N itk et
0 ou oy Tan o

(B.8)
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which can be rewritten in the following form:

[(6H, OH OH,  oH
6N = L —Z|N - =N, - =N, |3
»(az " aY) ax " ax Z]’
o |_9Hsy | (OHx OH:), _OH:, |,
Ty \ax T az )™ T ey )Y
[ OH,  OH,  (0H, 9H,
Oy k B.
M A (ay+ ax) Z] (B-9)

Then, using Egs.(B.4)(B.5) and (B.9), the parts of resoring force coefficient CH = CH T4 CH h

Cg” can be expressed as

Hz
c

g f f hi(hin + iy + hin)dS, (B.10)

oK, 0RO,
- + b=
o [l i

(hja; hja’y h}ah;,]
s

Hh
Cl-j

N P
JORE OO
i e (B.11)

cHn ff 6h’ ahl ah§' on! W
i rs ), bz )T e T ax "

J I onl on!
o’ +(8hx Z]n lh,

oy T e )T e
ot AN
+ [ e —n +(8x +a—> n | 1 ds. (B.12)

The resulting expressions are not simple and are rewritten as the following expressions briefly

by using Einstein summation convention,

pgff hjﬁdS
ahf 6h;’ 4 ah’ s, B.13
pgffSH —n, k(m kan n (B.13)

H

+

B.2 Gravity Forces

The gravity force should be taken into account to obtain complete restoring force coefficient for

elastic motions. The generalized gravity froce associated with each mode can be defined to

- f f f g6h'kdm. (B.14)
\%4
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Then, the correspoding coefficient becomes:
. Oh -Oh! .Oht
cl = W—=+hl— + hl—|dm. B.15
ij ffj‘:g(Xax yay ZaZ m ( )
Thus, the final expression of restoring force coefficient C;; is
Cij= cgz +Clt . clin v . (B.16)



Appendix C

Comparison with Experiments at Zero

Speed

In the present study, the Legendre polynomials and the dry eigen-modes obtained by eigen-
value analysis are applied in the numerical computations for both Euler beam and Timoshenko
beam. As a validation process of the proposed method, computed results are compared with
measured results from the experiment conducted by Malenica et al. (2003) [3] and numerical
results obtained by Kim et al. (2009) [10, 11]. The numerical results of Kim et al. are obtained
using the direct coupling scheme between the time-domain Rankine panel method and the one-
dimensional finite element method (FEM). The experiment measuring the vertical bending of
an elastic barge model was conducted in BGO-First (Toulon, France) to validate the developed
numerical code for the hydroelastic response (Malenica et al. 2003). The shape of the barge
model is shown in Fig.C.1. As shown in this figure, the barge model is composed of several
small floaters that have 0.19m in length, 0.6m in breadth, 0.25m in depth, and 0.12m in draft.
A small gap (0.015m) exists between adjacent floaters to prevent the collapse of each body and
they are connected by two long plates on the top of the barge that has low flexural rigidity. In
the experiment, the optical sensors (KRYPTON system) were installed on the deck of a floater
and the vertical motion RAO (Response amplitude operator) was measured at 7 points in head

waves, as indicated in Fig.C.1.

The results of RAO at each point (except for No.12) are summarized in Figs.C.2-C.7. Com-
puted resutls in the present study are shown for both approximation using the Euler beam and
the Timoshenko beam, and for each approximation of the barge, both legendre polynomials and
dry eigen-modes are used independently as the mode functions in the mode-expansion method.

The present numerical results are in good agreement with both experimental data and numerical
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No. 12 No. 11 No. 9 No. 7 No. 5 No. 3 No. 1

0.19m

2.445m

0.6m

O.IOmI \m

Ficure C.1: Side view of the barge model used in the experiment.

results by Kim et al. [10, 11]. It is also confirmed that the resulting using the Legendre polyno-
mials agree well with the corresponding results using the dry eigen-modes without substantial

difference for both approximations with Euler beam and Timoshenko beam.
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Ficure C.2: Vertial displacement RAO of a barge model at point 1 in head waves.

1.6 ‘
: \ °® Exp.
Laf : ———— Kim et al.(2009) H
E | ——— Euler Eq.
Lok ‘ 20 Euler Leq. i
i ‘ - = = = Timoshenko Eq.
) O Timoshenko Leg.
: "a'l—u - ‘ ‘
o | | | |
é 0.8 ‘ !
E \ | @ ‘
0.6 | X |
E | \ ',\" |
0.4F ‘ ‘
z | .
0.2F ! ! | 1
| SECTION3| | |
0 | ! ! 1 ! I l L
3

4 5 6
w (wave frequency) [rad/s]

Ficure C.3: Vertial displacement RAO of a barge model at point 3 in head waves.
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Ficure C.4: Vertial displacement RAO of a barge model at point 5 in head waves.
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Ficure C.5: Vertial displacement RAO of a barge model at point 7 in head waves.
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Ficure C.6: Vertial displacement RAO of a barge model at point 9 in head waves.
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Ficure C.7: Vertial displacement RAO of a barge model at point 11 in head waves.
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