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Limiting behaviors of generalized elephant random walks

Limiting behaviors of generalized elephant random walks

Yuichi Shiozawa?

Department of Mathematics, Graduate School of Science, Osaka University, Toyonaka, Osaka,
560-0043, Japan

(*Electronic mail: shiozawa@math.sci.osaka-u.ac.jp)

We study the limiting behaviors of a generalized elephant random walk on the integer
lattice. This random walk is defined by using two sequences of parameters expressing the
memory at each step from the whole past and the drift of each step to the right, respectively.
This model is also regarded as a dependent Bernoulli process. Our results reveal how the
scaling factors are determined by the behaviors of the parameters. In particular, we allow
the degeneracy of the parameters. We further present several examples in which the scaling
factors are explicitly computed.

I. INTRODUCTION

We are concerned with the limiting behaviors of a generalized elephant random walk on the
integer lattice. This random walk is defined by using the two sequences of parameters expressing
the memory at each step from the whole past and the drift of each step to the right, respectively.
Our purpose in this paper is to reveal how the behaviors of these two sequences would determine
the scaling factors of the random walk under consideration.

Drezner and Farnum® introduced a generalized binomial distribution associated with the corre-
lated Bernoulli sequence, and calculated the moments and variance. Heyde!? (Theorem 1) utilized
the martingale theory (see, e.g.,%) to show the existence of the phase transition on the Gaussian fluc-
tuation around the mean in terms of the correlation parameter. The approach of Heyde!? is further
developed and applied to the proofs of several limit theorems for more general dependent Bernoulli
sequences (see, e.g.,' 1417:18) " A5 we see from the previous works above, if the Bernoulli sequence
does not degenerate, then the almost sure linear scaling limit exists for the associated process.

On the other hand, Schiitz and Trimper' introduced the model of an elephant random walks in
which the law of each step is given by the steps until just before with the independent random drift.
They observed the existence of the phase transition on the diffusivity by revealing the asymptotic
behavior of the second moment. Coletti, Gava and Schiitz> and Bercu! also applied the martingale
theory to establish the limit theorems as Heyde'?. For the superdiffusive elephant random walk
with bias, Kubota and Takei'? showed that if the bias decays, then the L?-scaling limit exhibits the
phase transition, together with the explicit scaling factor. When the variance does not degenerate,
they also revealed the Gaussian fluctuations around both the mean and the random drift. As pointed
in'3, a class of elephant random walks corresponds to the dependent Bernoulli sequences by simple
relations. For the recent development on elephant random walks, see, e.g.,>>".

Motivated by'3, we have two preliminary questions as follows:

(i) Almost sure scaling limit of the elephant random walk with decaying bias;
(i1) Gaussian fluctuations of the elephant random walk with degenerate variance.

In this paper, we address these two questions for generalized elephant random walks. More pre-
cisely, for (i), we establish the almost sure scaling limit in Corollary 4. As we see from examples
in Section III, the scaling factor is not necessarily linear and explicitly affected by the convergence
rates of the sequences of the parameters. We further see that the L?-scaling limit of'3 (Theorem 4)
remains true as the almost sure convergence (Remark 6). For (ii), we find suitable scaling factors for
the Gaussian fluctuations by taking into consideration the degeneracy of the variance in Theorems
14 and 22. As its application, we have the scaling limit result interpolating Corollary 4 and Theorem
5 (Corollary 17).

Our approach here is based on the martingale theory as in the previous works
For (i), Corollary 4 follows from the law of the large numbers (Theorem 3). To prove Theorem
3, we calculate the quadratic variation of some martingale associated with the scaling factor. This
approach is a simple modification of® (Theorem 1),!! (Theorem 2.1),!3 (Theorem 1) and!? (Theorem

(1,5,10,11,13,14,17,18).



g

Limiting behaviors of generalized elephant random walks 2

2). Here we would like to mention that, as far as the author knows, no other results are available
about the almost sure scaling limit except for the linear scaling. For (ii), we show the Gaussian
fluctuations (Theorems 14 (1) and 22) by getting the asymptotic behavior of the quadratic variation
of a square integrable martingale {M, }_; (Lemma 1 (3) and (19)). To do so, we obtain the exact
decay rate for the linear scaling limit as an application of the law of the large numbers (Lemma 15
2)).

Related to our preliminary questions (i) and (ii), we would like to mention that Konno!? clarified
a structural similarity between correlated random walks and quantum walks. Using this similarity,
he further calculated the characteristic function and proved the convergence in distribution for the
correlated random walk even if the correlation parameter degenerates.

The rest of this paper is organized as follows: In Section II, we first introduce a model of gen-
eralized elephant random walks. We then present the moment formula and elementary calculations
which are necessary for the subsequent sections. In Section III, we first prove the law of the large
numbers, almost sure and also L?-scaling limits of the random walks. We then compute the scaling
factors in examples. In Section IV, we establish the Gaussian fluctuations around the mean and the
random drift by proving the central limit theorems and the laws of the iterated logarithm. In con-
nection with Section III, we also discuss again the scaling limit problem. We then compute scaling
factors related to the Gaussian fluctuations. Appendix A includes the calculations of series and the
computations of the scaling factors in the examples of Sections III and IV.

Il. PRELIMINARIES

We first introduce a model of generalized elephant random walks. Let ¢ € [0, 1], and let {ct, }57_,
and {&,}>_, be [0,1]-valued sequences. Let {X,}> , be a sequence of {—1,1}-valued random
variables defined on a probability space (Q,.%, P) such that

PXi=1)=q, PXj=-1)=1—¢q

and

i=1,... X;i==+1 1+¢
:anﬁ{l ) ,n| i }+(1_an) n

P(Xpi1=%1[Xi,..., %) ;. >

(n=1). (D

We then define So =0 and S, =X; +---+X, (n > 1). We call {S,};7_, a generalized elephant
random walk with correlation parameters {c, };r_; and drift parameters {g,};_,. By (1), the (n+
1)st step X, 1 of {S,},_, follows a uniformly chosen past step among Xi, ..., X, with probability
0, and the random walk with drift &, with probability 1 — a,. If o, = ¢ (n > 1) for some o € [0, 1],
then {S,}:°_, is the so-called elephant random walk with bias (!>-13:1),

Let X, = (1+X,)/2. If we take &, =2 — 1 (n > 1), then {X,}*_, is a sequence of the corre-
lated Bernoulli random variables introduce by Drezner and Farnum® (Section 3). Under the current
setting, {X, } | forms the dependent Bernoulli sequence studied by'!17. In particular, if we let
Sy=0and S, =X{+---+X, (n>1), then {S, }:>_, corresponds to the dependent Bernoulli process
{8}, }>_, by the relation S, = 25, —n.

Leta; =1 and b; =1, and let

n—1 n—1 2
an:kI_]l<1+%), b":/Hl<l+Zk> (n>2).

For n > 1, we define .%, = o(X1,...,X,) and M,, = (S, — E[S,])/an. The next lemma can be proved
in a way similar to'3 (Section 3).

Lemmal. (1) Foranyn>1,

Q,
E[Xn+1 | <an] = 7"511"_ (1 - an)en
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and
a On
E[Sp+1 | Fn) = (1 + 7) Sp+(1—ay)e,.

Moreover, for any n > 1,

E[S,] = ay <2q—l+n2j(l_ak)£k>.

k=1 Ak

(2) Foranyn > 1,

20
E[S%, | %) = <1 + n")s§+2(1 — 0) €S, + 1
and
no1 (- op)e
E[S3] = b, — 2V —ES] |-
(S5 (,;bk k; Pios [Sk]

(3) {M,}_, is a square integrable martingale with respect to the filtration {F}n>1.

We next present asymptotic properties of series and products which will be used in the subsequent
sections. Let gy = 1 and /; = 1, and let

n—1 — _
gn=H(1+%), zn=H<1+‘z"+;> (n>2). ©

k=1

Then by definition, a, = g,/,. Let p; = 1 and

n—1
o — O
Pn = €xp Z i (n>2).
ok
Lemma 2. (1) Forany a € [0,1],

a n® a(l—a)
n' (gn—r(a+1)> = ararny ) 3)

(2) There exists a positive constant Cy such that by, ~ Coaﬁ.

(3) an/n— 0 (n — o) if and only if

n

—_—
y — e 4)
n=1

(4) Assume that the sequence {04}, is convergent to some o € [0,1]. Then the sequence
{l.}r_, is slowly varying, that is, for any A > 0,

!
lim 2 =1,

n—yo0 ln
Moreover, there exists a positive constant C, such that I, ~ C.p,. In particular,

C

ay ~ mn Pn

and {a,}_, is a regularly varying sequence with index .
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5) If a =1, then (4) holds if and only if

i 1—05,1:00.
n=1

an

Moreover, if this condition is valid, then

and

n
.a 1—0
hm—"z k:l.
n%mnkzl ak

Proof. (3) is proved in'” (Lemma 2). We prove (1), (2), (4) and (5) in this order.
By the Stirling formula for the Gamma function (see, e.g.,'® (Table 1)),

() = \/27(2)’ <1+1]2t+0<t12)> (t = oo).

Hence we have as n — oo,

gn = r(%&cﬁn B r<a+1 De \/nTa(” 5) e <1 e <nlz>) '

Then by elementary calculus, we obtain (1).

Since
b, nl k+ 204 nl (1+ (072 ) nl (
- = = =da
an oy ko k+ oy "L
and
=) 2 oo

Q 1
o< n < —
*’; n?+2na, + o *n;nz

the infinite product

a =TI (1 %
0= n%+2na, + o

n=1

is convergent so that we have (2).

By the Taylor theorem, for any x > —1, there exists a constant 6 € (0, 1) such that

(6x)°

log(1 =x—
og(l+x)=x 2

Hence for all sufficiently large k > 1, there exist constants 6 € (0,1) such that

1= "k
k? + 2koy + off

k+a ) k+a 2 \k+a k

o — o o —o 62 —a\? o-a alog —o
log(Hk )k k(ak a)k <<k ),

Combining this relation with the expression

n—1
o — O
L, = I 1
oo+ 45}

®)

(6)

(M
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we have I,/p, — Cy (n — o) with

= (o, —a) 6 [o,—a)\’
C,:= - ——+ -t .
exp{ E(n(n—i—a) + 2 \nta
Since the sequence {p, };_; is slowly varying, so is the sequence {/,};_,. Then by (1), the proof of
(4) is complete.

Suppose that o = 1. If (4) holds, then (5) follows by (3). We now assume that (5) holds but (4)
fails. Then by (4),

n—1 n n k
1— oy 1 1—og 1 1—oy 1—o
y yLa_ Lyl exp(z l ) ®

=1 Gk Co = kpryr G 5 =1

Since the right hand side above is convergent as n — o by assumption, we have a contradiction so
that (4) holds. Then (A2) and (8) yield (6). Combining this with (4), we get (7). O

Ill. LAW OF THE LARGE NUMBERS

In this section, we establish the law of the large numbers for {S,}7 .

oo

Theorem 3. Let {r,}>_, be a positive sequence such that a,/ry, — 0 asn — o and Yoo 1/r2 < oo,
Then

lim 75‘” —ElS)]

n—oo rn

=0, P-as.

If r, =n (n > 1), then this theorem is proved by5 (Theorem 1),11 (Theorem 2.1),!3 (Theorem 1)
and!” (Theorem 1). As we will see from the proof of Theorem 3 below, their approach still works for
more general sequences {r,};_, because the sequence {(X, —E[X, | #,-1])/r»};_, is a martingale
difference.

Proof of Theorem 3. Let

and y; = 1+ «;/j. Then by Lemma 1 (1),
Si—E[S;]—v-1(Sj-1 —E[Sj=1]) _ Sj—=¥-18j-1— (1 —aj-1)€-1

d. — =
! aj aj
o~ €))
_Si—ESi | Fia] _ X —EX; [ F)]
aj aj ’
which yields
X;—EX;| Fj] _dja; (10)

By assumption,
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converges almost surely. Since a, /1, — 0 (n — o) by assumption, we obtain by Kronecker’s lemma,

Sn —E[Sy]
_— —M =—) d;j—0, P-as.
. n Z a.s
The proof is complete. O
By Theorem 3 with Lemma 1 (1), we have the growth exponent of {S,}>_:

Corollary 4. Let
(1 —og)€
—a,y I
k=1 k
Ifan/rn — 0 (n— o) and Yo 1/r} < oo, then

S
lim =2 =1, P-as. (11)

n—eo 1,

We can also prove the Lz-convergence of S, /ry as in'3 (Theorem 4). Let w,, = Yi 1/ a%.

Theorem 5. Let
(1 —oy)g
—a,y, I
k=1 k

If an/ry — 0 (n — ), then E[Sy] ~ ry. Moreover, if ay\/Wy /1y — 0 (n — ), then E[S2] ~ E[S,]?
and

S,
lim = =1 inL*(P). (12)

n—eo 1y,

Proof. Assume that a,,/r, — 0 (n — o). Then by Lemma 1 (1), E[S,] ~ r,. Hence by Lemma 2 (2)
and Lemma 25,

=1 b ai

(Z L= o ) ~ E[S,]2.

Lemma 2 (2) also implies that for some positive constants c¢; and ¢, ¢i Y5 ; 1/by < w, <
2 Yt 1/by (n > 1). Therefore, if a,\/Wy/rm — 0 (n — o), then Lemma 1 (2) yields E[S2] ~
E[S,]%. Since

2bnni1 (I—Otk)Sk i l—Otk (i 1—061) )
2

B 2
n—reo E[Sn]2
we obtain (12). O

Remark 6. Let o, = a €[0,1) and &, = n~ P for some p > 0. Then by Corollary 4 and Theorem
5, we have:

cIf0<a<l—pand0<p < 1/2,then

S -«
lim - = , P-as.and in L*(P).
n—oo pl—pP 1—(ax+p)
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eIfa=1—pand0<p <1/2,then

— 2
Jlim i logn 1 —a, P-as. and in L*(P).

e Ifa=p=1/2,then

Sp 1 o,
= —, P-as.and in L*(P
Jrlogn ~ 2 a.s. and in L*(P)

lim
n—yoo
(see the subsequent examples for the validity of these calculations). The L?-convergence results

above are already proved in!3 (Theorem 4).

We now apply Theorem 3 to find the scaling factor of {S,};_,. We first see that if € > 0, then
{Sn}:_, grows linearly under reasonable conditions.

Example 7. Let0<e < 1.
(i) Assume that 0 < o < 1. Since {a, }"_, is a regularly varying sequence with index ¢, we have

and thus

. Tn .. a (1—o)e
lim —* = li Yy ——— == (13)

As a,/n— 0 (n — ), we see that if € > 0, then by Corollary 4 and Theorem 5,

S
lim = =g, P-as.andinL*(P). (14)
n—e 1
This equality is valid also for € = 0 by Theorem 3 and the calculation of E[(S,/n)?]. Moreover,
since it follows by (1) that

Q S 1+e¢
P(X, = +1 |%,1):7” <1in">+(1—an) 5 =,
we have
1+
P(Xy=+£1| Zp 1) = Tg P-as. and in L2(P). (15)

(i) Assume that @ = 1 and > (1 — o,) /n = oo. Since (13) remains valid by (7), we get (14) and
(15).

We next see that if € = 0 and 0 < a < 1, then the convergence rate of {¢g,}_, affects the scaling
factor of {S,}5r_.

n=1

Example 8. Let ¢ =0and 0 < o < 1. Assume that for some p € [0,1 — &), the sequence {&,}
is regularly varying with index —p. Let r,, be as in Corollary 4. Since ot + p < 1, we have

rnii(lfak)gk l—a ng,
a = w 1—(at+p) ay

Namely, a,/r, — 0 and

11—«

T g (a+p)n£”'

Iy ~

oo

We now impose the following condition on ¢, p and {g,}>_;:
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c0<p<l1/2AN(1—a),or
* p = 1/2 and for some positive constants 1 and ¢,
Vg, > ¢ (logn) 1T/ (n > 1). (16)
Note that under this condition, 0 < o < 1/2. Since Y7, 1/r2 < oo, we have by Corollary 4,
lim — = —F+—, P-as. a7
If we replace the condition (16) with lim,_. \/n€, = oo, then by Theorem 5, (17) holds also in
L*(P).

Example 9. Let € =0and 0 < o < 1. Assume that the sequence {&,}’_, is regularly varying with
index —(1 — ). Let r, be as in Corollary 4. Then the scaling factor of {S,};_, depends also on
the asymptotic behavior of {a, }_,. In what follows, we assume that for some constants 17, x and
0>0,

(logn)"~!
Q= Oy =0+ ——p
nl-o * (logn)®

(n>2).
(1) Let 0 < 6 < 1. If k < 0, then by Example 26 with Lemma 2 (4),

1—

n+6-1

a
n%*(logn)

Fp ~

and a,/r, — 0 (n — o). In particular, if
*0<O<l,a>1/2and x <0, o0r
c0<O<l,a=1/2,k<0andn+6 >3/2,

then Y, 1/r2 < cosothat S, /r, — 1 P-a.s. by Corollary 4. If we replace the condition  +6 > 3/2
with 7 + 6 /2 > 1 and keep other conditions, then a,,\/w,/r, — 0 (n — oo) by Examples 26 and 27.
Hence S,,/r, — 1in L?(P) by Theorem 5.

(ii) Let 0 = 1. If N > k, then by Example 26 with Lemma 2 (4),

=% logn)" (0=1,1>x),

Iy ~

(1 —a)n*(logn)Tloglogn (6 =1,1=x)
and a,/r, — 0 (n — o). In particular, if
e*0=1,a>1/2andn >, or
c0=1,a0=1/2,andn=x>1/20rn >xkV(1/2),

then by Examples 26 and 27, Y.°_; 1 /72 < o and a,\/Wy /1y — 0 (n — o) so that S, /r, — 1 P-a.s.
and in L?(P) by Corollary 4 and Theorem 5, respectively.

(iii) Let 8 > 1 or k = 0. If n > 0, then all the calculations for 6 = 1 remain valid by taking k¥ = 0.
Therefore, if

*0>1,0>1/2andn >0, 0r
c0>1,a=1/2andn > 1/2,

then S, /r, — 1 P-a.s. and in L?(P) by Corollary 4 and Theorem 5, respectively.
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Example 10. Assume that for some positive constants 1, k¥ and 6,

- Op=1—
~ (logm)n” " (logn)®

By Example 26 with Lemma 2 (4),if 0 < 6 < 1, orif 6 = 1 and k¥ > 1, then

n
0<O6<1
K
~ o M \n 0= la ’
In K—T] (logn)” ( K>TI)
knloglogn
—_— :1 =

and a,/r, — 0 (n — o0). Since ¥ 1 1/r2 < oo and Y7, 1/a2 < oo, we have S,,/r, — 1 P-a.s. and
in L?(P) by Corollary 4 and Theorem 5, respectively.

IV. GAUSSIAN FLUCTUATIONS

In this section, we first reveal the Gaussian fluctuation of {S, }'~_ around the mean by proving the
central limit theorem and law of the iterated logarithm. We next show that even if such a fluctuation
1s unavailable, the fluctuation around the random drift a,M. is Gaussian. The former is proved

n>!L1317 for the dependent Bernoulli processes and superd1ffus1ve elephant random walks with
€ < 1; the latter is proved in'3 for the superdiffusive elephant random walks with £ < 1. Our results
in this section extend the both results above to the random walks under consideration which can be
degenerate in the sense that € = 1.

A. Central limit theorem and law of the iterated logarithm

Let w, = Y{_, 1/a? and ¢(t) = \/2tToglogt. We state the results separately in Theorems 11 and
14 below.

Theorem 11. (1) Lete € [0,1). If Y, 1/a2 = oo, then

Z d? | Fir] ~ (1— 2w,

Moreover,
S, —E|S
ni["] — N(0,1—¢€%) in distribution
A/ Wn
and
Sn—
limsupt+——F= 1—¢, P-as.
n—yoo n¢(

() Lete € [0,1]. If Y5>y 1/a2 < oo, then

S,—EI[S
lim Sn—EISa] _ M., P-a.s. and in L*(P). (18)
R—yoo An
In particular, E[Mw) = 0 and P(M # 0) > 0.

We omit the proof of Theorem 11 because this theorem follows by!” (Theorems 3 and 4).
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Remark 12. Theorem 11 says that if € € [0,1) and o # 1/2, then the fluctuations of {&,};"_; and
{a,};7_, do not essentially affect that of {S,};>_ around the mean. In fact, we have:

* If 0 < a0 < 1/2, then a,,\/w, ~ \/n/(1 —2a) so that {S,,}>"_, exhibits the diffusive behavior.

* If 1/2 < < 1, then {S, };7_, exhibits the superdiffusive behavior because a, ~n*l, /I'(0t+1)
with the slowly varying sequence {/,};_; in (2).

On the other hand, if o = 1/2, then the behavior of {S,}_; depends on the convergence rate of
{oy, }e_, because this rate affects whether Y- | 1/a2 is convergent or not (see Example 23 below
for details). This fact is already observed in!! for the constant bias €, = € (n>1), and in!3 for the
constant correlation o, = & (n > 1).

We are now concerned with the fluctuation of {S,}°_, around the mean fore = 1 and ¥'>_, 1/a% =
oo, which is not covered by Theorem 11. Let us make the next assumptions on the sequences {&,}7_,
and {05},

Assumption 13. The sequences {&,}_; and {o,} 7, satisfy the next conditions:
(i) e=land Y7 | 1/a% = oo.
(ii) The sequence {1 —&,};_, is regularly varying with index —p for some p € [0,1/2).
Letv, = Y7 (1 —¢€?)/a? and

(1-a)(i-p)

P =T " (atp)

Theorem 14. If Assumption 13 is fulfilled, then the next assertions hold:
() IF Yy (1 —&,)/ak = e, then

n
Z [d} | Fi 1] ~ capn- (19)
Moreover,
S, —E|[S,
Su = E1Si] N(0,cqp) in distribution
an\/ﬁ '
and
Su— E[Sh]
limsup+———" = /ca,, P-as.
n—>oop an‘P(Vn) *

Q) If Y (1 —€,) /a2 < oo, then the same assertion as in Theorem 11 (2) holds.

Theorem 14 reveals how the convergence rate of the bias {g,};_, affects the fluctuation of
{Sn}p_y around the mean. In particular, we find that p = 1 — 2¢ is the borderline between (1)
and (2).

We also note that if Assumption 13 is fulfilled, then (14) and (15) hold by Example 7. Therefore,
if we assume in addition that ¥, (1 —&,) /a2 = oo, then

’“Z P(X;=1)(1-PX,=1))

and

Namely, we can not apply!” (Theorems 3 and 4) to the proof of Theorem 14.
To prove Theorem 14, we find the convergence rate for Example 7 with € = 1.
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Lemma 15. Let Assumption 13 hold.

(1) There exists a positive constant cy such that for any n > 2,

n—1 n—1 o
(17(1)(1"71 Ziilianfl Zak o Scoanfl'
n k=1 ay n k=1 ay n
(2) The next assertion holds:
1 S 11—«
lim Z1)=- , P-a.s
nee | —g, \ n l—(ax+p)

Proof. We first prove (1). Let

n—1 n—1 n—1
ap—1 1 ap—1 oy — o ap—1 1 F((X + 1) 1
l—)fly &Gty B TE g _Ser ) 2
(1—a)= ) ) (1—a)= { ( o I

k=1 9k L= R k=1 \8k
— {F(a+ ) ((1 - a)zzi lezk - ”Z;) —::I s } + (F(a+ D 1) 0
= (I) + (IT) + (III).
Since Lemma 2 (1) yields
1 TI(a+1) INo+1) n® c
g n®  n%, (”_r(a+1)>wn1+a @D

for some c¢; > 0, we have

n—1 n—1 oo
I T(a+1)\ 1 1 T(a+1)|1
Z<gk_ ko >lk SZ g_ ko E_szklﬂxlk
k=1 k=1 k=1
so that
an
DI <ez3—
) <

For k > 2, since

we get

IA

e (e
<k1‘0‘ (k— 1)1—“> N (k—1)1"=%(oy — a)'

L L (k4 )l

Combining (21) with the relation

f-p=e 1 1
k+a ka ka+l7

we have for some ¢4 > 0,

(k—1D=* 1 c4

F(Ot-l-l) k+(x _QN_kOH’I.
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Therefore, we obtain for some c¢5 > 0 and for any n > 1,

1 I-a

n ooy — o
T 1
K, <ecs+T(a+1) . +Z P

C(a+1)(1— )

||M=

In the same way, we have for some cg > 0 and for any n > 1,

n 1 nl—(X n oy —
C(a+1)( Zk— —co+T(a+1)= +)
k=1 k=1

n

Hence there exists a positive constant ¢7 such that for any n > 1,

C70n—1
I < —.
| < <2
By the triangle inequality and (3),
F(a+1)g 1 l—1
(HI)|:‘na"" -1
Ma+1) 1,4 ( 1) ln—l 1\* b1
< -7 1—(1—- —1
- n@ L, =l F(OH—I) + 1, n + L,
@
n

Combining the estimates of (I), (IT), (IIT) above with (20), we have (1).
We next prove (2). By Lemma 1 (1),

E[:]flf (2 71+Z ) 1

SUSTIIEE <1ak><1ek>+<(1a)anl”§llanl"faka>

n k=1 aj n k=1 ay n k=1 Ay

=A,—B,+C,.
(22)

Since ot + p < 1 by assumption, we have

. Ap .
lim =0, Ilim = .
n—e 1 — g, nsel—g, 1—(a+p)

By (1), we also get

so that

On the other hand, since p < 1/2 by assumption, we can apply Theorem 3 with r, = n(1 —¢g,) to
obtain

1 S, —E|[S
lim ( n = ElS)] ) =0, P-as. (23)
n—eo 1 — g, n
These two expressions above imply the desired assertion. O
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Proof of Theorem 14. Since X,% =1 for any n € N, we have by Lemma 1 (1),

, 2
71 SJ 1 +(1 (Xj])8j1>

E[(X;— E[X; | 75 1) | 75 111(7

S S 24)
=01 L) (=0 )(1—g5o0) P 1+ oy s (1 —oy1)ejor p -
j—1 Jj—1
Then by Lemma 15 (2) and Example 7 (i),
Si-1 a(l—a)
i l—oj_1)(1—¢€j—1) ~ ————(1— 1—o)(l—¢;
a1 (1-550) + (== g~ 22— e) (- a1 - e
:Cmp(l—sj')
and
Si
1+aj 1] 1 +(1—oj_1)gj_1 ~2~1+¢;.
We thus have as j — oo,
E[(X;—E[X; | Zj 1)) | Fj1] ~ cap(l—€). (25)

IfY> (1 —g,)/a’ =, then (25) implies that as n — oo,

%] ) ol —gF
Eldj | Fj- =27 (X~ EX; | Z1)? | Fjal ~eap ), —
j=19%; Jj=1 J

™-

=Ca,pVn,

j=1

that is, (19) holds. Hence we get (1) by!! (Lemmas 3.4 and 3.5), which follow from® (Corollary
3.1, Theorems 4.7 and 4.8).

On the other hand, if ¥, (1 —€,)/a2 < o, then by (24) and Lemma 15 (2), we have for some
random positive constant C,

=

Z d2|</nl
n=1

Hence by® (Theorem 2.15), M., := Y (M, —M,_) exists P-a.s. and M, — M., in L?(P). This
yields

n— E n . .
lim Sn = ElS:] = lim M, = M.., P-a.s. and in L*(P)
n—o an n—o0
and
EM.] = lim E[M,| =0, E[M2]=Y E[(M,—M,_1)*] € (0,).
e n=1
The proof is complete. O

Remark 16. In the proof of Theorem 14, we used the condition p < 1/2 in Assumption 13 only
for the validity of (23); the rest of the proof is still valid for p < 1 — . At present, we do not know
if the statement of Theorem 14 is true or not for p < 1 — &

B. Growth exponent

In this subsection, we discuss again the growth exponent of {S,};_ to interpolate Corollary 4
and Theorem 5. Let w, = Y¢_, 1/a? and v, = ¥}, (1 —€?)/a?. As a corollary of Theorems 11 and
14, we have
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Corollary 17. (1) Assume that € =0, Y, ;1 /a2 = oo and the following limit exists as a finite

value:
u~—1im1_azn:3 (26)
= b
Then
S — N(u,1) in distribution 27
, in distribution.
Ap\/Whp
@ Ir
= (1—ay)g
Z M < oo, (28)
n=1 an

then E[S,] ~ c.a, with

(=] 1_
co=2g-1+4Y LT
n=1

An

Moreover, if Yooy 1 /a2 < oo, or if Assumption 13 is fulfilled and Y>>, (1 — &,) /a? < o, then

S
2 s M.+c, P-as. andinL*(P). (29)

an

Proof. Under the assumption of (1), Lemma 1 (1) yields

. E[S]
1 _—
”E;I’L An\/Wn H
Then (1) follows by Theorem 11. If (28) is fulfilled, then by Lemma 1 (1), E[S,,] ~ c.a,. Therefore,
the proof is complete by Theorems 11 (2) and 14. O

Note thatif 0 < e < land ), l/a% = oo, then 0 < o < 1/2 so that it = oo in (26).

Example 18. Let0<e<1.If0O<a < l,orifa=1and Y, (1 —0y)/n = oo, then by Example
7,Su/n— €, P-as.andin L*(P). f oo = L and ¥°_; (1 — @) /n < oo, then Y (1 — 0t,) /a, < o0 by
Lemma 2 (5). Hence (29) holds by Corollary 17 (2).

Example 19. Let € =0and 0 < o < 1. Assume that the sequence {&,} >, is regularly varying with
index —p for some p > 0.
(i) Let @+ p < 1. We first assume that

cl2<p<l—o.
Since u = 0, we have by Corollary 17 (1),
Sn 1 e
% —N (O, 1—205) in distribution.
We next assume that
*0<a<1/2and p =1/2, and the limit Uy := lim,_.. /1€, exists as a finite value.
Let u be as in (26). Since

BV —20(1 — )
H= 1—(a+p)

)
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Corollary 17 (1) yields

Sn [J()(l—(X) 1
ﬁ”(l—(wp)’l—za

(ii) Let oo 4+ p > 1. Then (28) is valid. Moreover, if ) ;1 /a,Z, = oo, then i = 0 so that by Corollary
17 (1),

) in distribution.

S
"_ - N(0,1) in distribution.

an V Wn
On the other hand, if }';>_, 1/ aﬁ < oo, then Corollary 17 (2) yields (29).

Example 20. For some constants 1, K and 6 > 0, let

(logn)n~! K
- _— = _— > 2 .
8n nlfo‘ ) an a+ (logn)g (n - )

If0 < a < 1/2,then ¥, 1/a2 = oo and p = 0. Hence by Corollary 17 (1),

S 1
7’; —N <O, 1_2a> in distribution.

In what follows, we assume that 1 /2 < @ < 1. See Examples 26 and 27 for the asymptotic behaviors
of a, and a,/wy.

(i) Let 0 < 8 < 1 and ¥ # 0. Then Corollary 17 implies the following: if oo = 1/2, ¥ < 0, and
n+6/2 < 1, then

Sy
Ap/Wn,
ifa=1/2,xk <0and n+6/2 =1, then

— N(0,1) in distribution;

S, 1
SN[ —,1
An\/Wn (\/—TK )

On the other hand, if 1/2 < o < 1 and x > 0, then by Corollary 17 (2), (29) holds.
(ii) Let @ = 1. Then Corollary 17 implies the following: if o« = 1/2, ¥k < 1/2,and 1 < 1/2, then

in distribution.

S
"_ - N(0,1) in distribution;

an\/wn
ifa=1/2,kx<1/2and n =1/2, then

S 1
_ N (, 1) in distribution.
An\/Wn 1-2x

On the other hand, if
cea=1/2and x >nV(1/2),0r
*1/2<a<landn <0,

then by Corollary 17 (2), (29) holds.
(iii) Let > 1 or ¥ = 0. Then by Corollary 17, if &« = 1/2 and n < 1/2, then

Sn
Ay /Wy

— N(0,1) in distribution;
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ifa=1/2and n =1/2, then

Sn
Ay /Wy

On the other hand, if 1/2 < a < 1 and 1 < 0, then (29) holds by Corollary 17 (2).

Combining (i)—(iii) above with Example 9, we can draw graphs describing the phase transition
on the growth exponent of {S,}>_ in terms of x and 1. We here present the graphs for & = 1/2 in
Figures 1, 2 and 3. The colors of the graphs correspond to the equation numbers respectively as we
see in Figures 1. See Example 27 for the behavior of a,+/w, in (i)-(iii).

— N(1,1) in distribution.

n
n>xv(1/2)

FIG.1.0<6<land x=1/2 FIG.2. 06 =1landa=1/2 FIG.3. 0 >landa=1/2

Example 21. For some positive constants 77, k and 6, let

1 K

(ogay1” = ! Tlogay® =%

Let

m(1— O ) €k
r=a, Y L8
=1 %

We saw in Example 10 that if 0 < 6 < 1, orif = 1 and k¥ > 1, then S, /r,, — 1, P-a.s. and in L>(P).
On the other hand, if 8 =1 and > k, orif 6 > 1, then ¥, (1 — ;) €,/a, < o= by Example 26.
Since v 1/ aﬁ < oo, Corollary 17 (2) yields (29).

C. Gaussian fluctuation around the random drift

Letz, =Yp ,1/a? andt, = Y, (1 —€?)/a?. Let y(t) = \/2tlog|log1].

Theorem 22. (1) Lete €[0,1) and Y7 1 /a2 < oo. If @ = 1, then assume also that a,/n — 0 as

n — o, Then

Sy —E[S,| —ayMs

n—E[Sn] —an — N(0,1—¢?) in distribution

an\/z_n
and
S, —EI[S,]| —a,M.
limsup+— 15+] ~an =V1-¢ Pas
n—soo an‘l’(zﬂ)

(2) Assume that € =1 and o0 < 1, and

(@) Yooy 1/a? < oo and the sequence {1 — &,}:_, is regularly variyng with index —p for
some p € [0,1—a), or
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(b) Assumption 13 is fulfilled and Y| (1 — €,) /a2 < oo.

Then
S, — E[Sy] — anM e
N(O distribut 30
i — N(0,cqp) in distribution (30)
and
. Sn —E[Sy] — anMe
limsup + =./Cap, P-as. 31
n%oop anW(tn) %

Proof. We show (2) under the condition (b) only because the rest of the assertions is proved in a
similar way. We take the same approach as the proof of'? (Theorem 3). Let Assumption 13 hold
and Y2, (1 —g,)/a? < . Define

o

V=Y Eld; | Fi1], op=Y Eldf).
k=n k=n

Then (25) yields V2 ~ cq ptu, P-a.s. and 67 ~ cq pty so that V2 /o7 — 1 as n — oo, P-a.s.
We first prove (30). By assumption, p +2a > 1 and the sequence {(1 —&,)/a2}_, is regularly
varying with index —(p 4 2a). Then by* (Lemma 1.5.9 b), we have for some positive constant c1,

-1 2
5 n(1— e,,)> 1—¢g;
at,=n(l—g,) < >cin(l—¢g,). (32)
Since |d,| < 2/a, by (9), we obtain by (32) and Assumption 13 (ii),
Y L@ Zi]<a) o <Y s <o (33)
n=1 6"11 B n=1 (a%t")z B n=1 n2(1 - 8”)2

Let Ky = 0 and

Then {K,};;_, is a martingale. Let

dp —Eld; | Fu1]

oy

AK, =K, —K,_1=

Since

we have by (33),

Y L@ E@| )

»
ir
2

is almost surely convergent. Then by Kronecker’s lemma,

. 1 &
lim o2 Z(d;% —E[d,% | Zk-1]) =0, P-as.

n—oo
n k=n
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and thus

=

1 &
62 de 72 k_l})+fZZE[d]%|yk_1]*>l, P-a.s.

n k=n }’l:n n k=n

Since the sequence {a, };_, is increasing by definition and |d,| < 2/a,, we have

4
sup(d}) < — =0 (n— o)
k>n a,
so that by (32),
E[sukan(d,%)] < 4 6 < L-)O(n%oo)
o S@elSan Swi-e) |

Combining this relation with (34), we obtain by® (Corollary 3.5),
M., — M, o

On+1

As M, = (S, — E[S4])/an and G, ~ | /Cq p+/Tn, We have (30).
We next prove (31). For any 11 > 0, we have as for (33),

N(0,1) in distribution.

oo

1 1 & 1
Z; \d||d\>ncn§—32—4
n=1 n

and

Lot

dy:|dy| < Moy) < Z —4
n=1 l’l

34;‘ -

By these calculations with (34), we can apply8 (Theorem 4.9) to show that

. Moo - Mn
limsup & > =1, P-as.
n—yeo (Gn)

This implies (31).

D. Examples

Example 23. Assume that & € [0, 1). Then the Gaussian fluctuation results in'* remain true.

() If 0 < & < 1/2, then by Theorem 11,

—E 1-¢?
Sn = ElSa) f[s”] =N (o, — 2805) in distribution
- -

and

oy Si—EIS,] 1 —g2
imsu
,pr \/2nloglogn 1-2a’

() If1/2<a<1,orif @ =1 anda,/n— 0asn— oo, then by Theorem 22,

Sy — E[Sy] — anM.. Lo, 1—¢?
vn 200—1

P-a.s.

) in distribution

18

(34)
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and

e S ElS)—aMe 1o
1msu = -a.Ss.
P =T S Toglogn 2001’

(iii) For some constants k and 6 > 0, let

o _1+ K
"2 (logn)®

(n>2).

Then by Example 27, if 0 < 6 < 1 and k >0, or if 6 = 1 and x > 1/2, then the assertions of Theorem
11 (2) and Theorem 22 (1) are valid; otherwise, that of Theorem 11 (1) holds. See Example 27 for
the calculations of the scaling factors a,/w, and a,/z, in Theorem 11 (1) and Theorem 22 (1).
Note that if 0 < 6 < 1, then the asymptotic behaviors of a,/W, and a,./z, are dependent of the
value of 6.

Example 24. Let € =1 and 0 < or < 1. We assume that the sequence {1 —¢&,}>_; is regularly
varying of index —p for some p € [0,1 — ).
(i) Let 1/2 < @ < 1. Since Y, 1/a2 < oo, we have the assertion in Theorem 22 (2) with

1 n(l—g,) - n(l—g,)
~ a, n ~ _—
20+p—1 a2 200+p—1

In ; (35)

(i) Let 0 < @ < 1/2. Then ¥ 1/a2 =oo. If 0 < p < (1 —20a) A (1/2), then the assertion of
Theorem 14 (1) holds with

1 n(l—g,) n(l—g,)
T Rarp) @ 0 VTS atp)
On the other hand, if 1 — 20 < p < 1/2, then the assertion of Theorem 22 (2) holds with (35).

We here assume that p =1 —2¢ and 0 < p < 1/2, that is, 1/4 < o0 < 1/2. Then the scaling
factors in the Gaussian fluctuations depend on the convergence rates of {&,};_, and {0, };r_,. For
instance, we first take for some constants 77, kK and 8 > 0,

(logn)™""!

K
= _—_—— = B —— > .
g =1 T2a o =0+ (logn)? (n>2)

We assume one of the following conditions:
*0<06<1, k<0,
* f=1andn > 2k,
*fO>1lork=0,and n >0.

Then the assertion of Theorem 14 (1) holds; otherwise, that of Theorem 22 (2) holds. See Example
28 for the calculations of the scaling functions a,+/v, and a,/1,.
(i) Let @ = 1/2. If p € (0,1/2), then ¥, (1 — &) /a? < o= so that the assertion of Theorem 22 (2)
holds.

If p = 0, then the convergence rates of {&,}_, and {a,};"_, affect the scaling factors in the
Gaussian fluctuations. For instance, we first take for some constants 7 > 0, K and 6 > 0,

1 1 K
& (logn)n’ W=7t (logn)® (n=2)

We assume one of the following conditions:

c0<O<1,k<0,
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*f=1and0<n<1-2k,
*f>lork=0,and0<n < 1.

Then the assertion of Theorem 14 (1) is valid; otherwise, that of Theorem 22 (2) is valid. See
Example 29 also for the calculations of the scaling factors a,+/v, and an+/1y, in Theorems 14 (1) and
22 (2).

Appendix A: Appendix
1. Asymptotic properties of series

The next lemma is used for the proofs of Lemma 2 and Theorem 5.

Lemma 25. Let {c,};_, be a nonnegative sequence such that c, — 0 asn — coand Y, ¢, = oo.

Then
2
Ck) (AD)

and

n k n
Y crexp <Z c1> ~ exp (Z Ck) . (A2)
=1 k=1

Proof. Since

we have

As ¢, — 0 (n — o), we obtain the first assertion.
LetTp=0and 7, =Y}_,cx (n>1). Then

n k n
Z crexp (Z cl> = Z (T — Tk_l)eT"
k=1 I=1

k=1
and
Tk X 'Tk
/ exdxg(ﬂ—n,l)eTk Se‘k/ e dx.
ST T
As ¢, — 0 (n — o), we get the second assertion by elementary calculus. O

2. Examples

We present the asymptotic behaviors of sequences related to the examples in Sections IIT and I'V.
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Example 26. For some constants & > 0, k and 6 > 0, let
K
[ >2).
(ognye =%
Let C, be the same constant as in Lemma 2 (4). If 0 < 6 < 1, then the limit
n—1 n—1 1-6
, 1 no ] . 1 (logn)
1 — de | =1 — A3
Fad (,;2 k(logk)® /1 x(logx)® ) i (1;2 k(logk)® 1-6 ) (A3)

exists and takes a positive value so that

o =0+

K _ c1Cy K _
pnwclexp<l_9(logrz)1 9), a,,w1_(()]C+1)11‘)‘exp(1_9(logn)1 9).

For 0 = 1, the same argument above applies and thus

c2Cy
INo+1)

For 6 > 1, the sequence {p, };-_, is convergent and a, ~ (PeCs/T(at + 1))n®* with pe = limy,_se0 Py
According to the calculations above, we see that if o = 1/2, then

Pn ~ c2(logn), a, ~ n*(logn)®.

o

1 1
Y 5<e<=0<6<landk>0,0r0=1andk> .
n=1% 2
On the other hand, since {a,}; , is a regularly varying sequence with index —a, we have
Yo 1/a2 =oofor o € (0,1/2),and Yo, 1/a2 < oo for a@ > 1/2.
Example 27. For some constants k and 6 > 0, let
1 K
Oy ==+ —=% >2).
=5t (logn)® (n=2)

Letw, =Y}, 1/a; and z, = Y, 1/a;. By the calculations in Example 26, we have the following:
Assume first that 0 < 0 < 1. If ¥ < 0, then

Wy ~ _CZIK(logn)eexp<1 _1; (logn)l_e> L~ n(logn)®.
If ¥ =0, then
wn ~ calogn,  any/Wy ~ +/nlogn.
If ¥ > 0, then
& 2k _ n(logn)!1-9
2 ~ - (logn) exp <— g (logn)! 9) . dnzn~ %.

Assume next that 6 = 1. If k¥ < 1/2, then

C4

1-2x nlogn
1-2x ’

Ap\/ Wy ~ l—ZK.

Wy ~ (logn)
If x =1/2, then
wy, ~ csloglogn, a,\/w, ~ \/nlognloglogn.

If k > 1/2, then

6 1 nlogn
% —1 (ogn)e 1 @V~ 5=y

n

We finally assume that 8 > 1. Then
wy ~c7logn, ay\/wy ~+/nlogn.
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Example 28. Let 0 < o < 1/2. For some constants 7, k and 6 > 0, let

= o+ —
"7 (logn)?

We first assume that 6 = 1 or k = 0. If 1 > 2k, then

n2%(logn)n
n-2x

Cl
n-—2x

(logn) 2%, @y /vy ~

Vp ~

If n =2k, then

vn ~ cz2loglogn, — an\/vn ~ \/n**loglogn.

If n < 2k, then

c3 n%%(logn)n
Ge—mogn VN Tae g

ty ~

We next assume that 8 > 1. Independently of the value of «, the calculations above for 6 = 1 remain
valid by taking formally k = 0.
We finally assume that 0 < 6 < 1. If ¥ > 0, then

1 n+o 2x(1 1-6 201(] n+6
calogm)? (_ (logn) > N L L

Iy ~

2K 1-6 2K
If k¥ <0, then

N cs(logn)n+® exp —2x(logn)'—° I n2%(logn)n+@
" -2k 1-6 TV -2k
Example 29. For some constants 11 > 0, k and 6 > 0, let
1 1 K
g=1-—, Oh=-+—= >2).
" (logn)n’ ™" 2 + (logn)® (n=2)

We first assume that 6 =1 or k = 0. If 0 <7 < 1 — 2k, then

2¢1 (logn)'~(1+2%)
1—(n+2x)

2n(logn)i-1
1—(n+2k)

5 anmN

n

If n =1-2k, then

vp ~ 2cploglogn,  ay\/vy ~ \/Zn(logn)‘*”(loglogn).

If n > 1—2k, then

2c3 i 2n
an\/ty ~ .
(n+2x—1)(logn)n+2x-17 (n+2x—1)(logn)n-!
We next assume that 6 > 1. Then independently of the value of k, the calculations above for 8 =1

remain valid by taking formally x = 0.
We finally assume that 0 < 6 < 1. If k¥ > 0, then

Iy ~

2 1 6-n
ty ~ C—“(logn)e_nexp (— K (logn)l_e>7 aAn/ty ~ n(logn)? 1

2K 1-6 2k
If ¥ < 0, then
-2 logn)®—1
Vi~ _CZSK(logn)e_n exp <1_1;(10gn)1_6> y Ap/Vn ~ %.
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