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ABSTRACT 7 
The resonance of ultrasonic waves in a metal-plastic bilayer laminate placed in an infinite medium 8 
is theoretically investigated, and critical attenuation is shown to occur under specific conditions. 9 
The bilayer laminate is subjected to normal wave incidence from the side of the plastic layer. 10 
Based on a linear viscoelastic model, the amplitude of the reflection spectrum for the laminate is 11 
formulated to obtain the exact results for wave resonance and critical attenuation by numerical 12 
calculations. Furthermore, the approximate formulae for the conditions of the resonance and 13 
critical attenuation are derived explicitly by Taylor expansions with respect to the loss factor of 14 
the plastic. As a result, the exact solution shows that the resonance frequencies of the plastic layer 15 
slightly increase with increasing loss factor. Their variation with the loss factor agrees well with 16 
the second-order approximation result but is insignificant in the cases of common plastics with 17 
relatively low loss factors. The exact results also show that the amplitude at each order resonance 18 
depends on the loss factor and has a minimum at a critical loss factor. The obtained critical loss 19 
factor decreases with increasing resonance order and is well reproduced by the zeroth-order 20 
approximation. Experiments are performed on two types of metal-plastic bonded laminates, 21 
demonstrating that the measured reflection spectra are in good agreement with the theoretical 22 
predictions. In particular, the amplitude of the measured reflection spectrum decreases 23 
significantly at a resonance frequency, which is theoretically predicted to satisfy the critical 24 
attenuation condition. 25 
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1. Introduction 27 
Elastic wave propagation in layered structures is one of the classical issues in acoustics [1, 2], 28 

yielding fundamental knowledge for various applications, e.g., the design of acoustic devices and 29 
the ultrasonic spectroscopy of laminates. A basic case is that an elastic wave impinges on a single 30 
planar layer placed in an infinite medium. For the normal incidence of a plane wave, layer 31 
resonance occurs at frequencies depending on the ratio of the wave velocity to the thickness of 32 
the layer [3, 4]. This phenomenon results in the local minima of the amplitude spectrum of the 33 
reflected wave from the layer due to destructive interference. In structures with multiple layers, 34 
the spectral characteristics of the elastic waves become more complicated. 35 

While numerous studies have been carried out on the acoustic properties of layered structures 36 
so far, the effect of viscoelastic layers on wave propagation [5–9] is not fully revealed compared 37 
to purely elastic cases [10–16]. Viscoelastic materials transform the energy of sound waves into 38 
heat and attenuate the propagating waves. However, in the cases of layered structures, 39 
viscoelasticity sometimes facilitates wave resonances appearing in the reflection spectrum. 40 
Lavrentyev and Rokhlin [17] investigated the wave interaction with a single planar viscoelastic 41 
layer sandwiched by semi-infinite dissimilar materials. They showed theoretically that for plane 42 
wave incidence on the layer from the side of the semi-infinite material with lower acoustic 43 
impedance, the increase of the attenuation factor in the layer can make local minima of the 44 
amplitude of the reflection spectrum deep and narrow. The amplitude of the reflection spectrum 45 
at the layer resonance frequency becomes zero at a specific condition, called critical attenuation 46 
[17]. The critical attenuation condition for a single viscoelastic layer was analytically derived 47 
under several approximations. 48 

To the authors’ knowledge, however, the critical attenuation behavior has been reported only 49 
for the case of the single layer between semi-infinite dissimilar materials. Recently, Mori et al. 50 
[18] examined the wave propagation in a metal-plastic bilayer laminate placed in water 51 
theoretically and experimentally, showing that the damping property of the plastic layer 52 
contributes to the appearance of the layer resonance in the reflection spectrum. Nevertheless, the 53 
quantitative effect of the viscoelasticity on the resonance frequencies of the plastic layer has not 54 
been shown, and it remains unclear whether critical attenuation occurs in the bilayer laminates. 55 

The present study aims to reveal the wave resonance and the critical attenuation behavior in 56 
metal-plastic bilayer laminates. Theoretical analysis is performed to derive the conditions of the 57 
layer resonance and the critical attenuation based on several approximations. The viscoelastic 58 
effects on the responses of the laminates to normal wave incidence are examined by comparing 59 
the exact and approximate results. Experimental results are shown to validate the theoretical 60 
findings and to investigate how the wave resonance and the critical attenuation appear. 61 
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This paper is structured as follows. In Section 2, the modeling of a bilayer elastic-viscoelastic 62 
laminate in an infinite medium is described. The loss factor is introduced when modeling the 63 
viscoelastic material, and the interaction of a normally incident wave with the laminate is 64 
formulated. Approximate formulae are obtained based on Taylor expansions with respect to the 65 
loss factor. In Section 3, the theoretical results are shown for two different cases, i.e. purely elastic 66 
and viscoelastic laminates. In Section 4, the results of the ultrasonic measurement are shown for 67 
two types of metal-plastic laminates and are used to discuss the theoretical results. 68 

2. Theory 69 
2.1 Modeling and formulation 70 

As shown in Fig. 1(a), a bilayer laminate is placed in an infinite medium and is subjected to 71 
normal wave incidence. The medium surrounding the laminate, called medium 1, is lossless. The 72 
laminate consists of two planar homogeneous layers called layers 2 and 3 with thicknesses d2 and 73 
d3, respectively. The incident wave propagates along the x axis corresponding to the thickness 74 
direction. When a longitudinal plane wave is incident on the laminate from the side of layer 3, the 75 
wave propagation substantially becomes one-dimensional. In the frequency domain, the wave 76 
propagation behavior obeys 77 

 
−𝜌𝜌𝜔𝜔2𝑢𝑢 =

∂𝜎𝜎
∂𝑥𝑥

 , (1)  

where ρ is the mass density of a medium, ω =2πf is angular frequency, f is frequency, and u(x, ω) 78 
and σ(x, ω) are the frequency-domain representations of the displacement and normal stress 79 
components in the x direction. Harmonic wave components propagating in the x direction are 80 

represented by exp{i(kx–ωt)}, where k is wavenumber, t is time, and i = √−1. 81 
 82 
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 83 
Fig. 1  Theoretical models of (a) a bilayer laminate in an infinite medium and (b) a bottom layer 84 

(layer 2) sandwiched by dissimilar media, subjected to normal wave incidence. 85 
 86 

In this study, layers 3 and 2 are assumed to be plastic and metal, which are modeled as linear 87 
viscoelastic and purely elastic bodies, respectively. If the temperature variation by the wave 88 
attenuation in a linear viscoelastic material is negligible, its stress-strain relation can be modeled 89 
by [19–21] 90 

 
𝜎𝜎 = (𝐸𝐸 − i𝐷𝐷)𝜀𝜀 = 𝜌𝜌𝑐𝑐2(1 − i𝜁𝜁)

𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥

 , (2)  

where ε(x, ω) is the frequency-domain representation of the normal strain, E–iD is complex elastic 91 
modulus (D > 0), c = (E/ρ)1/2 is wave velocity, and ζ = D/E is loss factor. In purely elastic materials, 92 
the loss factor can be set as ζ = 0. In general, the loss factors of viscoelastic materials depend on 93 
frequency, but ζ is assumed to be frequency-invariant in this study. The validity of this assumption 94 
is mentioned in Section 4. The minus sign in the complex elastic modulus is based on the time-95 
dependent terms of exp(–iωt). By substituting Eq. (2) to Eq. (1) and considering a solution of a 96 
plane wave u = Aexp{i(kx–ωt)}, where A is a non-zero constant, the complex wavenumber can 97 
be obtained as k = ω/v, where 98 

 𝑣𝑣 = 𝑐𝑐�1 − i𝜁𝜁 (3)  
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is called complex wave velocity in this study. Let the mass density, wavenumber, wave velocity, 99 
and complex wave velocity of layer j (j = 2, 3) be ρj, kj, cj, and vj, respectively. The loss factors of 100 
layers 3 and 2 are set as ζ3 = ζ and ζ2 = 0, respectively, which mean that v2 = c2 holds. The mass 101 
density and wave velocity of medium 1 are expressed as ρ1 and c1 (= v1), respectively. 102 

For the incidence of a sinusoidal wave with angular frequency ω on the bilayer laminate, the 103 
reflection spectrum of the stress component is theoretically expressed as [1] 104 

 
𝑅𝑅b =

𝑍𝑍321
in − 𝑧𝑧1

𝑍𝑍321
in + 𝑧𝑧1

 , (4)  

where zm = ρmvm is the complex acoustic impedance of material m (m = 1, 2, 3), 105 
 

𝑍𝑍321
in =

𝑍𝑍21
in − i𝑧𝑧3 tan 𝜙𝜙3

𝑧𝑧3 − i𝑍𝑍21
in tan 𝜙𝜙3

𝑧𝑧3 , 

𝑍𝑍21
in =

𝑧𝑧1 − i𝑧𝑧2 tan 𝜙𝜙2

𝑧𝑧2 − i𝑧𝑧1 tan 𝜙𝜙2
𝑧𝑧2 

(5)  

are the effective acoustic impedances of two substructures, respectively, and ϕj = ωdj/vj (j = 2, 3). 106 

For example, the quantity 𝑍𝑍321
in  is based on the subsurface structure in Fig. 1(a), i.e. layers 3 and 107 

2, and lower semi-infinite medium 1. Substitution of Eq. (5) into Eq. (4) leads to [18] 108 
 

𝑅𝑅b =
𝑟𝑟13 + 𝑟𝑟321 exp(2i𝜙𝜙3)

1 + 𝑟𝑟13𝑟𝑟321 exp(2i𝜙𝜙3) , (6)  

where 109 
 

𝑟𝑟𝑚𝑚𝑚𝑚 =
𝑧𝑧𝑚𝑚 − 𝑧𝑧𝑚𝑚

𝑧𝑧𝑚𝑚 + 𝑧𝑧𝑚𝑚
  (7)  

is stress reflection coefficient at a boundary between materials m and n for normal wave incidence 110 
from material m (m, n = 1, 2, 3), and  111 

 
𝑟𝑟321 =

𝑍𝑍21
in − 𝑧𝑧3

𝑍𝑍21
in + 𝑧𝑧3

=
𝑟𝑟32 + 𝑟𝑟21 exp(2i𝜙𝜙2)

1 + 𝑟𝑟32𝑟𝑟21 exp(2i𝜙𝜙2)  (8)  

corresponds to stress reflection spectrum for a single layer shown in Fig. 1(b), i.e. layer 2 112 
sandwiched by semi-infinite media 3 and 1. It is noted that the reflection spectrum r321 depends 113 
on frequency, while the reflection coefficient rmn is frequency-independent. 114 

Due to the viscoelasticity of layer 3, the reflection coefficients r13 and r32 have non-zero 115 
imaginary parts. For example, the reflection coefficient r13 can be expressed as r13 = |r13|exp(iθ13), 116 
where θ13 is real. When the reflection spectrum r321 in Eq. (8) is given as r321 = |r321|exp(iθ321), Eq. 117 
(6) can be rewritten as 118 

 
𝑅𝑅b =

|𝑟𝑟13| + |𝑟𝑟321| exp(−2𝑞𝑞) exp[i(2𝑝𝑝 + 𝜃𝜃321 − 𝜃𝜃13)]
1 + |𝑟𝑟13||𝑟𝑟321| exp(−2𝑞𝑞) exp[i(2𝑝𝑝 + 𝜃𝜃13 + 𝜃𝜃321)] exp(i𝜃𝜃13) , (9)  

where p = Re(ωd3/v3), q = Im(ωd3/v3), and θ321 is real.  119 
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2.2 Resonance and critical attenuation in bilayer laminates 120 
The amplitude of the reflection spectrum |Rb| is a function of frequency, and wave resonances 121 

are closely associated with the local minima of |Rb|. As mentioned in Ref. [17], the numerator of 122 
Rb in Eq. (9) plays a dominant role when the amplitude of the reflection spectrum |Rb| takes a local 123 
minimum. When the acoustic impedance of layer 2 is higher than those of media 1 and 3, the 124 
amplitude of the reflection spectrum for layer 2 shown in Fig. 1(b), i.e. |r321|, takes a local 125 
minimum at the angular frequency ω = ω2,n (n = 1, 2, …), where [4] 126 

 
𝜔𝜔2,𝑚𝑚 =

𝑛𝑛π
𝜏𝜏2

 (10)  

and τ2 = d2/c2. If the frequency dependence of exp[i(2p+θ321–θ13)] is sufficiently weak in the 127 
vicinity of ω = ω2,n, |Rb| has a local minimum due to the resonance of layer 2.  128 

On the other hand, the frequency dependence of |r321| is expected to be relatively insignificant 129 
in the off-resonance of layer 2. In this case, the reflection spectrum |Rb| takes a local minimum 130 
when the two terms in the numerator of Eq. (9) are in opposite phases [17]. Namely, the resonance 131 
in layer 3 occurs at the angular frequency ω = ω3,m (m = 1, 2, …) that satisfies 132 

 
𝜔𝜔3,𝑚𝑚𝜏𝜏3 ∙ Re �

1

�1 − i𝜁𝜁
� = �𝑚𝑚 −

1
2

� π +
𝜃𝜃13 − 𝜃𝜃321

2
 , (11)  

where τ3 = d3/c3. Furthermore, the reflection spectrum at the mth-order resonance angular 133 
frequency ω = ω3,m is expected to become Rb = 0 if the loss factor satisfies ζ = ζm, such that 134 

 
Im �

1

�1 − i𝜁𝜁𝑚𝑚
� =

1
2𝜔𝜔3,𝑚𝑚𝜏𝜏3

ln
|𝑟𝑟321|
|𝑟𝑟13|  . (12)  

By replacing |r321| for |r32| and assuming ζm ≪ 1, Eq. (12) is reduced to the critical attenuation 135 
condition for a viscoelastic layer between dissimilar semi-infinite materials given in Ref. [17]. 136 
Consequently, it is predicted that critical attenuation occurs not only in a single viscoelastic layer 137 
but also in the case of a bilayer laminate.  138 

Equations (11) and (12) are nonlinear equations for the resonance angular frequency ω3,m and 139 
the critical loss factor ζm, respectively, and cannot analytically be solved. In what follows, 140 
similarly to Ref. [17], Taylor expansion around the loss factor ζ = 0 is employed to simplify the 141 
above conditions. 142 

2.2.1 Conditions of resonance and critical attenuation: zeroth-order approximation 143 
Under the zeroth-order approximation around the loss factor ζ = 0, Eq. (11) gives the condition 144 

of the resonance in layer 3 as 145 
 

𝜔𝜔3,𝑚𝑚
(0) 𝜏𝜏3 = �𝑚𝑚 −

1
2

� π +
𝜃𝜃13

(0) − 𝜃𝜃321
(0)

2
 , (13)  

where the superscript (0) represents the quantities at ζ = 0. Namely, based on Eqs. (7) and (8), 146 
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𝜃𝜃13

(0) = arg �𝑟𝑟13
(0)� , 𝜃𝜃321

(0) = arg �𝑟𝑟321
(0)� , (14)  

where 147 
 

𝑟𝑟13
(0) =

𝑧𝑧3
(0) − 𝑧𝑧1

𝑧𝑧3
(0) + 𝑧𝑧1

 , 𝑟𝑟321
(0) =

𝑟𝑟32
(0) + 𝑟𝑟21 exp(2i𝜙𝜙2𝑚𝑚)

1 + 𝑟𝑟32
(0)𝑟𝑟21 exp(2i𝜙𝜙2𝑚𝑚)

 , (15)  

 
𝑟𝑟32

(0) =
𝑧𝑧2 − 𝑧𝑧3

(0)

𝑧𝑧2 + 𝑧𝑧3
(0) =

1 − 𝑧𝑧32

1 + 𝑧𝑧32
 , 𝑟𝑟21 =

𝑧𝑧1 − 𝑧𝑧2

𝑧𝑧1 + 𝑧𝑧2
= −

1 − 𝑧𝑧12

1 + 𝑧𝑧12
 , (16)  

 𝑧𝑧3
(0) = 𝜌𝜌3𝑐𝑐3, 𝑧𝑧32 = 𝑧𝑧3

(0) 𝑧𝑧2� , 𝑧𝑧12 = 𝑧𝑧1 𝑧𝑧2⁄ , 𝜙𝜙2𝑚𝑚 = 𝜔𝜔3,𝑚𝑚
(0) 𝜏𝜏2. (17)  

Since 𝑟𝑟13
(0)is real, 𝜃𝜃13

(0) = 0 if 𝑧𝑧3
(0) > 𝑧𝑧1, and otherwise 𝜃𝜃13

(0) = π. Substitution of Eqs. (16) and 148 
(17) into Eq. (15) leads to 149 

 
𝑟𝑟321

(0) =
(𝑧𝑧12 − 𝑧𝑧32) cos 𝜙𝜙2𝑚𝑚 − i(1 − 𝑧𝑧12𝑧𝑧32) sin 𝜙𝜙2𝑚𝑚
(𝑧𝑧12 + 𝑧𝑧32) cos 𝜙𝜙2𝑚𝑚 − i(1 + 𝑧𝑧12𝑧𝑧32) sin 𝜙𝜙2𝑚𝑚

 . (18)  

Thus,  150 
 

�𝑟𝑟321
(0)� = �

(𝑧𝑧12 − 𝑧𝑧32)2 cos2 𝜙𝜙2𝑚𝑚 + (1 − 𝑧𝑧12𝑧𝑧32)2 sin2 𝜙𝜙2𝑚𝑚
(𝑧𝑧12 + 𝑧𝑧32)2 cos2 𝜙𝜙2𝑚𝑚 + (1 + 𝑧𝑧12𝑧𝑧32)2 sin2 𝜙𝜙2𝑚𝑚

 , (19)  

 tan 𝜃𝜃321
(0) = −2𝑧𝑧32(1 − 𝑧𝑧12

2 )𝑔𝑔(𝑧𝑧12, 𝑧𝑧32), 

𝑔𝑔(𝑧𝑧12, 𝑧𝑧32) =
sin 𝜙𝜙2𝑚𝑚 cos 𝜙𝜙2𝑚𝑚

(𝑧𝑧12
2 − 𝑧𝑧32

2 ) cos2 𝜙𝜙2𝑚𝑚 + (1 − 𝑧𝑧32
2 𝑧𝑧12

2 ) sin2 𝜙𝜙2𝑚𝑚
 . 

(20)  

The function 𝑔𝑔(z12, z32) is expressed as Taylor expansion around (z12, z32) = (0, 0), i.e. 151 
 

𝑔𝑔(𝑧𝑧12, 𝑧𝑧32) =
1

tan 𝜙𝜙2𝑚𝑚
+

𝑧𝑧12
2

2
∂2𝑔𝑔(0,0)

𝜕𝜕𝑧𝑧12
2 +

𝑧𝑧32
2

2
∂2𝑔𝑔(0,0)

∂𝑧𝑧32
2 + ⋯. (21)  

If the acoustic impedance of layer 2 is sufficiently higher than those of layer 3 and medium 1, i.e. 152 
z12, z32 ≪ 1, Eq. (20) can be simplified as 153 

 
tan 𝜃𝜃321

(0) = −2𝑧𝑧32(1 − 𝑧𝑧12
2 ) �

1
tan 𝜙𝜙2𝑚𝑚

+ ⋯ � ≅ −
2𝑧𝑧32

tan 𝜙𝜙2𝑚𝑚
≡ −𝐴𝐴𝑚𝑚 . (22)  

This leads to 154 
 𝜃𝜃321

(0) = − tan−1 𝐴𝐴𝑚𝑚. (23)  
As a result, the zeroth-order resonance condition of Eq. (13) is rewritten as 155 

 
𝜔𝜔3,𝑚𝑚

(0) 𝜏𝜏3 = �𝑚𝑚 −
1
2

� π +
𝜃𝜃13

(0)

2
+

1
2

tan−1 𝐴𝐴𝑚𝑚 , (24)  

which is an explicit form of a nonlinear equation with the resonance angular frequency 𝜔𝜔3,𝑚𝑚
(0) . If 156 

the third term in the right-hand side is negligible, Eq. (24) is reduced to 157 
 

𝜔𝜔3,𝑚𝑚
(0) 𝜏𝜏3 = �𝑚𝑚 −

1
2

� π +
𝜃𝜃13

(0)

2
 , (25)  
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which corresponds to the resonance condition of a single layer [18]. Namely, tan–1Am in Eq. (24) 158 
represents the coupling effect between layers 3 and 2. 159 

The zeroth-order approximation of the resonance angular frequency is applied to the critical 160 
attenuation condition of Eq. (12). If the critical loss factor for the mth-order resonance is assumed 161 
to be sufficiently low, it can be expressed as 162 

 
𝜁𝜁𝑚𝑚

(0) =
1

𝜔𝜔3,𝑚𝑚
(0) 𝜏𝜏3

ln
�𝑟𝑟321

(0)�

�𝑟𝑟13
(0)�

 . (26)  

If the coupling effect of layers 3 and 2 is weak, i.e. |tan 𝜙𝜙2𝑚𝑚| ≫ 1, Eq. (19) is simplified as 163 
 

�𝑟𝑟321
(0)� ≅ �

1 − 𝑧𝑧12𝑧𝑧32

1 + 𝑧𝑧12𝑧𝑧32
�, (27)  

leading to  164 
 𝜁𝜁𝑚𝑚

(0) =
1

𝜔𝜔3,𝑚𝑚
(0) 𝜏𝜏3

ln �
(1 − 𝑧𝑧12𝑧𝑧32)(𝑧𝑧12 + 𝑧𝑧32)
(1 + 𝑧𝑧12𝑧𝑧32)(𝑧𝑧12 − 𝑧𝑧32)� . (28)  

This formula gives the zeroth-order approximation of the critical loss factor if the corresponding 165 
resonance frequency of layer 3 is already calculated. 166 

2.2.2 Second-order approximation of resonance condition 167 
The zeroth-order approximation of the resonance frequency in layer 3, given by Eq. (24), does 168 

not provide the dependence on the loss factor ζ. In this section, the terms up to the second order 169 
are taken into account. The mth-order resonance condition of Eq. (11) becomes 170 

 
𝜔𝜔3,𝑚𝑚

(2) 𝜏𝜏3 = �1 +
𝜁𝜁2

2 � ��𝑚𝑚 −
1
2

� π +
𝜃𝜃13

(2) − 𝜃𝜃321
(2)

2 � , (29)  

where the superscript (2) represents the second-order approximation around ζ = 0. The reflection 171 
coefficient r13 can be expanded as 172 

 
𝑟𝑟13

(2) = 𝑟𝑟13
(0) + 𝜁𝜁

d𝑟𝑟13

d𝜁𝜁 �
𝜁𝜁=0

+
𝜁𝜁2

2
d2𝑟𝑟13

d𝜁𝜁2 �
𝜁𝜁=0

 

= 𝑟𝑟13
(0) �1 +

𝜁𝜁2

16
�

1

𝑟𝑟13
(0) − 𝑟𝑟13

(0)� �3 − 𝑡𝑡13
(0)� − i

𝜁𝜁
4

�
1

𝑟𝑟13
(0) − 𝑟𝑟13

(0)��, 
(30)  

where t13
(0) = 2z1/(z3

(0)+z1), and its phase is obtained as 173 
 

𝜃𝜃13
(2) = 𝜃𝜃13

(0) + arg �1 +
𝜁𝜁2

16
�

1

𝑟𝑟13
(0) − 𝑟𝑟13

(0)� �3 − 𝑡𝑡13
(0)� − i

𝜁𝜁
4

�
1

𝑟𝑟13
(0) − 𝑟𝑟13

(0)��. (31)  

Similar expansion is performed on the reflection spectrum r321. Since 174 
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𝑟𝑟321

(2) = 𝑟𝑟321
(0) + 𝜁𝜁

d𝑟𝑟321

d𝜁𝜁 �
𝜁𝜁=0

+
𝜁𝜁2

2
d2𝑟𝑟321

d𝜁𝜁2 �
𝜁𝜁=0

 

= 𝑟𝑟321
(0) �1 −

𝜁𝜁2

16
�

1

𝑟𝑟321
(0) − 𝑟𝑟321

(0)� �3 − 𝑡𝑡321
(0) � + i

𝜁𝜁
4

�
1

𝑟𝑟321
(0) − 𝑟𝑟321

(0)��, 
(32) 

where t321
(0) = 2z21

in/(z3
(0)+z21

in), its phase is expressed by 175 
 

𝜃𝜃321
(2) = 𝜃𝜃321

(0) + arg �1 −
𝜁𝜁2

16
�

1

𝑟𝑟321
(0) − 𝑟𝑟321

(0)� �3 − 𝑡𝑡321
(0) � + i

𝜁𝜁
4

�
1

𝑟𝑟321
(0) − 𝑟𝑟321

(0)��. (33)  

Substitution of Eqs. (31) and (33) into Eq. (29) leads to 176 
 

𝜔𝜔3,𝑚𝑚
(2) 𝜏𝜏3 = �1 +

𝜁𝜁2

2 � �𝜔𝜔3,𝑚𝑚
(0) 𝜏𝜏3 +

Φ13
(2) − Φ321

(2)

2
� . (34)  

where 177 
 

Φ13
(2) = arg �1 +

𝜁𝜁2

16
�

1

𝑟𝑟13
(0) − 𝑟𝑟13

(0)� �3 − 𝑡𝑡13
(0)� − i

𝜁𝜁
4

�
1

𝑟𝑟13
(0) − 𝑟𝑟13

(0)�� , 

Φ321
(2) = arg �1 −

𝜁𝜁2

16
�

1

𝑟𝑟321
(0) − 𝑟𝑟321

(0)� �3 − 𝑡𝑡321
(0) � + i

𝜁𝜁
4

�
1

𝑟𝑟321
(0) − 𝑟𝑟321

(0)��. 
(35)  

When more than third-order terms with respect to the loss factor are neglected, Eq. (34) becomes 178 
 

𝜔𝜔3,𝑚𝑚
(2) 𝜏𝜏3 = 𝜔𝜔3,𝑚𝑚

(0) 𝜏𝜏3 + 𝜁𝜁𝜒𝜒1 +
𝜁𝜁2

2
𝜔𝜔3,𝑚𝑚

(0) 𝜏𝜏3, (36)  

where 179 
 

𝜒𝜒1 = −
1
8 �

1

𝑟𝑟13
(0) − 𝑟𝑟13

(0) + �
1

�𝑟𝑟321
(0)�

− �𝑟𝑟321
(0)�� cos 𝜃𝜃321

(0) � . (37)  

If �𝜃𝜃321
(0) � ≪ 1 holds, it is further simplified as 180 

 
𝜒𝜒1 ≅ −

1
8 �𝑟𝑟13

(0) + �𝑟𝑟321
(0)�� �

1

𝑟𝑟13
(0) �𝑟𝑟321

(0)�
− 1�. (38)  

If 𝑧𝑧3
(0) > 𝑧𝑧1 , the zeroth-order reflection coefficient 𝑟𝑟13

(0)  satisfies 0 < 𝑟𝑟13
(0) < 1 . Since 0 <181 

�𝑟𝑟321
(0)� < 1, the coefficient χ1 becomes χ1 < 0. On the other hand, the second-order term in the 182 

right-hand side of Eq. (36) is always positive. 183 

3. Theoretical results 184 
3.1 Case of purely elastic laminates 185 

Before considering viscoelastic cases, the responses of purely elastic bilayer laminates are 186 
investigated in this section. Layer 2 is modeled by an elastic layer of thickness d2 = 2 mm, mass 187 
density ρ2 = 2.65 × 103 kg/m3, and wave velocity c2 = 6.41 km/s, which are based on the properties 188 
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of aluminum alloy 5052. The surrounding medium is assumed to be water with ρ1 = 1.00 × 103 189 
kg/m3 and c1 = 1.48 km/s. In this case, the acoustic impedance ratio z12 is z12 = 0.0871. At ζ = 0, 190 
the reflection spectrum for the bilayer laminate is calculated for different acoustic impedance 191 
ratios z32 and normalized quantities τ32 = τ3/τ2. In this study, τ32 is called the normalized thickness 192 
ratio. If layer 3 is polystyrene of thickness d3 = 1.2 mm, mass density ρ3 = 1.02 × 103 kg/m3, and 193 
wave velocity c3 = 2.16 km/s, the above quantities are obtained as z32 = 0.130 and τ32 = 1.78. 194 

Fig. 2(a) shows the amplitudes of the reflection spectrum as functions of frequency, obtained 195 
by Eq. (6) at a fixed normalized thickness ratio τ32 = 1.5. When the acoustic impedance ratio is 196 
low, i.e. z32 = 0.1, local minima lower than 0.2 appear periodically at 1.602 MHz, 3.204 MHz, 197 
4.808 MHz, etc. These drops result from the resonance in layer 2, and the resonance frequencies 198 
are in good agreement with Eq. (10). However, at the higher acoustic impedance ratio, i.e. z32 = 199 
0.3, additional local minima emerge. Namely, if the acoustic impedance of layer 3 is closer to that 200 
of layer 2, the effect of layer 3 on the reflection spectrum becomes more significant. This feature 201 
is further examined later.  202 
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 203 
Fig. 2  Amplitudes of the reflection spectrum for purely elastic laminates calculated for (a) 204 

different acoustic impedance ratios z32 at τ32 = 1.5 and (b) different normalized thickness 205 
ratios τ32 at z32 = 0.15. 206 

 207 
Fig. 2(b) shows the amplitudes of the reflection spectrum calculated by Eq. (6) for different 208 

normalized thickness ratios τ32 at a fixed acoustic impedance ratio z32 = 0.15. In this figure, local 209 
minima resulting from the resonance in layer 2, which have also been confirmed in Fig. 2(a), are 210 
clear if the normalized thickness ratio τ32 changes. The normalized thickness ratio τ32 seems to 211 
affect the reflection spectra, particularly in the vicinity of the local maxima. 212 

The frequencies at which local minima appear were extracted below 10 MHz from the 213 
amplitudes of the reflection spectrum calculated by Eq. (6) in various conditions. Fig. 3(a) and 214 
(b) show the local minimum frequencies as functions of the acoustic impedance ratio z32 and the 215 
normalized thickness ratio τ32, respectively. In Fig. 3(a), the normalized thickness ratio is fixed at 216 
τ32 = 1.5, and in Fig. 3(b), the acoustic impedance ratio is set as z32 = 0.15. It is found that the 217 
variation of the resonance frequencies is almost flat in Fig. 3(a), but some of the resonance 218 
frequencies decrease significantly with increasing normalized thickness ratio τ32 in Fig. 3(b). 219 
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 220 
Fig. 3  Relations of the local minimum frequencies to (a) the acoustic impedance ratio z32 at τ32 221 

= 1.5 and (b) the normalized thickness ratio τ32 at z32 = 0.15 extracted from the amplitudes 222 
of the reflection spectrum calculated by Eq. (6) for purely elastic laminates, together with 223 
the zeroth-order approximate results for the resonance frequencies of layers 2 and 3. 224 

 225 
For comparison, the zeroth-order approximation results for the resonance frequencies of 226 

layers 2 and 3 were obtained by Eqs. (10) and (24), respectively. The nonlinear equation of Eq. 227 
(24) was numerically solved with the bisection method. The obtained results are shown together 228 
in Fig. 3(a) and (b). On the whole, the exact values of the resonance frequencies are in good 229 
agreement with the approximate results. In particular, the approximate results in Fig. 3(b) fairly 230 
reproduce that the resonance frequencies of layer 2 are almost unchanged if the normalized 231 
thickness ratio τ32 varies, while those of layer 3 decrease with decreasing τ32. 232 
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It is noted that the approximate results for the resonance frequencies of layer 2, given by Eq. 233 
(10), do not depend on the acoustic impedance ratio z32. In Fig. 3(a), however, if the approximate 234 
result for a resonance frequency of layer 2 is close to that for layer 3, the exact result for the 235 
resonance frequency of layer 2 tends to increase as the acoustic impedance ratio z32 increases. For 236 
example, the resonance frequency of 1.603 MHz at z32 = 0.1 becomes 1.831 MHz at z32 = 0.4. 237 
This deviation is probably attributed to the fact that the coupling effects between layers 2 and 3 238 
are neglected in the approximate formula of Eq. (10). The modification of Eq. (10) could lead to 239 
better agreement between the exact and approximate results for the resonance frequencies of layer 240 
2. However, this is not further explored because the present study has an interest in the resonance 241 
phenomenon occurring in layer 3. 242 

In Fig. 3(a), the resonance frequencies of layer 3 are well reproduced by the approximate 243 
results if the acoustic impedance ratio z32 increases. This can be attributed to the coupling term in 244 
Eq. (24). On the other hand, in z32 < 0.14, the exact results for the resonance frequencies of layer 245 
3 could not be obtained because the local minima do not appear in the amplitude of the reflection 246 
spectrum. This phenomenon corresponds to the result in Ref. [18] that the amplitude spectrum of 247 
the reflected wave from a purely elastic bilayer laminate is not affected by the resonance of the 248 
layer with lower acoustic impedance. The resonance effect is expected to emerge if the loss factor 249 
of layer 3 is non-zero [18]. In the next section, the effect of the loss factor ζ of layer 3 on the 250 
reflection spectrum is examined. 251 

3.2 Case of viscoelastic laminates 252 
The amplitudes of the reflection spectrum for viscoelastic-elastic bilayer laminates were 253 

calculated by Eq. (6). Based on the measured result for polystyrene, the loss factor was set to be 254 
ζ = 0.02. Fig. 4(a) and (b) show the obtained results for different acoustic impedance ratios z32 255 
and normalized thickness ratios τ32, respectively. The parameters except for the loss factor ζ in 256 
Fig. 4(a) and (b) are the same as those in Fig. 2(a) and (b), respectively. In Fig. 2(a), only local 257 
minima corresponding to the resonance of layer 2 have appeared at z32 = 0.1. However, in Fig. 258 
4(a), the reflection spectrum has additional local minima at z32 = 0.1 when ζ = 0.02. This result 259 
implies that the effect of the non-zero loss factor ζ deepens the local minima of the reflection 260 
spectrum due to the resonance of layer 3. The additional local minimum frequencies appear to be 261 
unchanged at the high acoustic impedance ratio z32 = 0.3. In Fig. 4(b), the normalized thickness 262 
ratio τ32 affects the intervals of local minima in the reflection spectrum. This trend is different 263 
from the case of ζ = 0 in which only clear local minima corresponding to the resonance of layer 264 
2 appear even if the normalized thickness ratio τ32 changes, as shown in Fig. 2(b). In what follows, 265 
the characteristics of the resonance and critical attenuation are separately investigated. 266 
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 267 

Fig. 4  Amplitudes of the reflection spectrum for viscoelastic-elastic bilayer laminates of ζ = 268 
0.02, calculated for (a) different acoustic impedance ratios z32 at τ32 = 1.5 and (b) different 269 
normalized thickness ratios τ32 at z32 = 0.15. 270 

3.2.1 Resonance behavior 271 
The resonance frequencies lower than 10 MHz were extracted from the reflection spectrum 272 

calculated by Eq. (6) for viscoelastic laminates of the loss factor ζ = 0.02. The obtained results 273 
are shown as the functions of the acoustic impedance ratio z32 and the normalized thickness ratio 274 
τ32 in Fig. 5(a) and (b), respectively. In Fig. 5(a), the normalized thickness ratio is fixed at τ32 = 275 
1.5, and in Fig. 5(b), the acoustic impedance ratio is set as z32 = 0.15. For comparison, the second-276 
order approximation of the resonance frequencies of layer 3 is calculated by Eqs. (36) and (37) 277 
and is shown in Fig. 5(a), together with the zeroth-order resonance frequencies obtained by Eqs. 278 
(10) and (24). It is found in Fig. 5(a) that the differences between the second- and zeroth-order 279 
approximate results are trivial. This fact is attributed to the sufficiently low loss factor ζ = 0.02. 280 
Accordingly, only the zeroth-order approximate results are shown in Fig. 5(b) for comparison. 281 
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 282 

Fig. 5  Relations of the local minimum frequencies to (a) the acoustic impedance ratio z32 at τ32 283 
= 1.5 and (b) the normalized thickness ratio τ32 at z32 = 0.15, extracted from the amplitudes 284 
of the reflection spectrum calculated by Eq. (6) for viscoelastic laminates of ζ = 0.02, 285 
together with the approximate results for the resonance frequencies of layers 2 and 3. 286 

 287 
The exact resonance frequencies in Fig. 5(a) and (b) are fairly reproduced by the zeroth-order 288 

approximation for layers 2 and 3. This tendency is analogous to the cases of purely elastic 289 
laminates in Fig. 3(a) and (b). However, the exact results in Fig. 5(a) and (b) have more numbers 290 
of resonance frequencies of layer 3 than those in Fig. 3(a) and (b). For example, in Fig. 3(a), the 291 
exact values of the resonance frequencies of layer 3 are missing in z32 < 0.14 when ζ = 0, but they 292 
appear when ζ = 0.02 in Fig. 5(a). This difference results from the viscoelastic effect of layer 3 293 
[18]. 294 
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To clarify the quantitative effect of the loss factor ζ, the amplitudes of the reflection spectrum 295 
for the bilayer laminates were calculated for different loss factors by Eq. (6). Fig. 6 shows the 296 
obtained results at fixed acoustic impedance ratio z32 = 0.15 and normalized thickness ratio τ32 = 297 
1.5. At the resonance frequencies of layer 3 located below 6 MHz, e.g. 2.64 MHz and 3.76 MHz, 298 
the amplitude of the reflection spectrum decreases with increasing loss factor in ζ < 0.1. Namely, 299 
the loss factor contributes to the generation of the local minima. However, this tendency is not 300 
confirmed at higher frequencies. For example, when ζ = 0.04, the amplitude of the reflection 301 
spectrum at the resonance frequency of 9.06 MHz is smaller than that for ζ = 0.1. 302 

 303 
Fig. 6  Amplitudes of the reflection spectrum for viscoelastic laminates calculated for different 304 

loss factors ζ at fixed acoustic impedance ratio z32 = 0.15 and normalized thickness ratio 305 
τ32 = 1.5. 306 

 307 
The resonance frequencies were extracted from the reflection spectra calculated for different 308 

loss factors ζ at z32 = 0.15 and τ32 = 1.5. Fig. 7 shows the results only for the resonance frequencies 309 
of layer 3 as functions of the loss factor in ζ < 0.3. The frequency range was set to be down to 6 310 
MHz to show the dependence on the loss factor more clearly. It is found in this figure that the 311 
effect of the loss factor ζ on the resonance frequencies is not significant, but some of the resonance 312 
frequencies slightly increase with increasing loss factor. For example, the resonance frequency 313 
5.86 MHz at ζ = 0.006 becomes 5.96 MHz at ζ = 0.3. The resonance frequencies in the vicinity 314 
of 1.46 MHz and 4.67 MHz slightly decrease in ζ < 0.05, but this behavior appears probably 315 
because the resonance frequencies of layer 2 exist nearby, as shown in Fig. 5(a). The coupling 316 
effect of layers 2 and 3 would be significant in these cases. 317 
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 318 
Fig. 7  Relations of the resonance frequencies of layer 3 to the loss factor ζ at fixed acoustic 319 

impedance ratio z32 = 0.15 and normalized thickness ratio τ32 = 1.5, extracted from the 320 
amplitudes of the reflection spectra calculated by Eq. (6), together with the approximate 321 
results. 322 

 323 
The approximate results for the resonance frequencies of layer 3 with three different orders 324 

are shown together in Fig. 7. The zeroth-order resonance frequencies are invariant with the loss 325 
factor ζ. The resonance frequencies under the first-order approximation, obtained by eliminating 326 
the second-order term in Eq. (36), linearly decrease with increasing loss factor because the 327 
coefficient χ1 is negative in this case. Consequently, the second-order term is necessary to 328 
reproduce the increasing behavior of the resonance frequencies with increasing loss factor in ζ < 329 
0.3. However, the loss factor of common plastics is lower than ζ = 0.1, implying that the higher-330 
order terms do not play an apparent role. In other words, the zeroth-order approximation seems 331 
to be sufficient in predicting the resonance frequencies of a common plastic layer. 332 

3.2.2 Critical attenuation behavior 333 
The amplitudes of the reflection spectrum at the mth-order resonance of layer 3, denoted as 334 

|Rvm| (m = 1, 2, …), are further examined in this section. Based on the results in the previous 335 
section, |Rvm| was calculated as the amplitude of the reflection spectrum at the zeroth-order 336 

resonance angular frequency of layer 3, 𝜔𝜔 = 𝜔𝜔3,𝑚𝑚
(0) , which is given by Eq. (24). Following Fig. 7, 337 

the amplitudes |Rvm| for m = 1–6 are shown in Fig. 8 as the functions of the loss factor in ζ < 0.3. 338 
The acoustic impedance ratio z32 and the normalized thickness ratio τ32 in Fig. 8 are the same as 339 
those in Fig. 7. It is shown in Fig. 8 that the amplitudes |Rvm| at the second- to sixth-order 340 
resonances (m = 2–6) have deep minima at different loss factors. This phenomenon corresponds 341 
to critical attenuation in bilayer laminates. 342 
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 343 
Fig. 8  Relations of the amplitudes of the reflection spectrum at different-order resonance 344 

frequencies of layer 3 to the loss factor ζ at fixed acoustic impedance ratio z32 = 0.15 and 345 
normalized thickness ratio τ32 = 1.5, calculated by Eq. (6). 346 

 347 
The variation of the amplitude |Rvm| with the loss factor ζ was calculated for each order m, and 348 

the critical loss factor ζ = ζm which minimizes |Rvm| was sought in a range of 0.01 < ζ < 1. The 349 
obtained results are plotted with the resonance orders m = 1–15 in Fig. 9. The critical loss factor 350 
ζm decreases as the resonance order m increases. Larger loss factors would be necessary to realize 351 
the critical attenuation at low resonance frequencies. 352 

 353 
Fig. 9  Critical loss factors for different resonance orders extracted from the amplitudes of the 354 

reflection spectrum at fixed acoustic impedance ratio z32 = 0.15 and normalized thickness 355 
ratio τ32 = 1.5, together with the zeroth-order approximate results based on Eq. (28). 356 

 357 

Furthermore, the zeroth-order approximate results of the critical loss factor 𝜁𝜁𝑚𝑚
(0), calculated 358 

by Eq. (28), are shown together in Fig. 9. As a result, the zeroth-order results agree well with the 359 
exact critical loss factors. Namely, the decrease of the critical loss factor ζm with increasing 360 
resonance order m is well reproduced by the inverse proportion to the resonance angular frequency, 361 
as expressed in Eq. (28). In Fig. 9, the deviation between the exact and approximate results is 362 
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relatively distinct at low resonance orders probably because the loss factor is not sufficiently small 363 
to satisfy the zeroth-order approximation. The agreement might become better if higher-order 364 
terms are considered in the formula of the critical loss factor. However, in a practical sense, this 365 
extension could not be that essential because the loss factors of common plastics are not so high 366 
as ζ = 0.1. The modification of the formula is not further explored in this study. 367 

4. Experimental validation 368 
4.1 Specimens and measurement setup 369 

Ultrasonic measurements were performed on metal-plastic bonded specimens to examine and 370 
discuss the theoretical findings. The details of the specimens used in the experiments are 371 
summarized in Table 1. PS1.2/AL2.0 is a bonded specimen of polystyrene (PS) and aluminum 372 
alloy (AL) plates with thicknesses of 1.2 mm and 2.0 mm, respectively [18]. A cyanoacrylate 373 
adhesive (Henkel, Loctite 406) was used to join the two plates. Microscopic observation of side 374 
faces showed that PS1.2/AL2.0 had an adhesive layer with a thickness of 5.1 μm. PC1.5/AL0.8 375 
corresponds to a bonded specimen of polycarbonate (PC) and AL plates with thicknesses of 1.55 376 
mm and 0.8 mm, respectively, which was produced in a similar manner to PS1.2/AL2.0. The PS 377 
and PC sheets have square shapes with side lengths of 30 mm.  378 

 379 
Table 1  Specimens used in the experiments. 380 

Specimen Description 

PS1.2/AL2.0 Bonded specimen of 1.20 mm thick polystyrene plate and 
2.00 mm thick aluminum alloy A5052 plate [18] 

PC1.5/AL0.8 Bonded specimen of 1.55 mm thick polycarbonate plate 
and 0.80 mm thick aluminum A1050 plate 

PS1.2 Polystyrene plate with a thickness of 1.20 mm 
PC1.5 Polycarbonate plate with a thickness of 1.55 mm 

 381 
The same experimental setup as Ref. [18] was used in the present study. The measurement 382 

was performed at room temperature, i.e. approximately 28 ℃. A specimen was placed in a water 383 
tank and subjected to normal wave incidence. An Olympus immersion transducer V311-SU with 384 
an element diameter of 0.5 inches and a nominal frequency of 10 MHz was used to emit the 385 
incident wave and detect the reflected waves from the specimen. The distance between the 386 
transducer and the specimen was approximately 20 mm. A spike pulse voltage was supplied to 387 
the transducer by a JSR Ultrasonics pulser/receiver DPR300. The reflection waveform was passed 388 
in a lowpass filter of 22.5 MHz and was recorded by a Tektronix oscilloscope MDO3014 after 389 
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averaging over 64 synchronized signals. The measured data were transferred to a PC via 390 
LabVIEW. 391 

The measured waveform was analyzed by fast Fourier transform (FFT) to obtain its spectrum 392 
PL(f), where f is frequency. The reflection spectrum 393 

 
𝑅𝑅(𝑓𝑓) =

𝑃𝑃L(𝑓𝑓)
𝐼𝐼(𝑓𝑓)  , (39)  

was calculated, where I(f) is the spectrum of the incident wave. The incident spectrum I(f) was 394 
obtained based on the surface reflection waveform from a known material. In this study, a 10 mm 395 
thick stainless steel 303 block was used to measure the spectrum of the surface reflection 396 
waveform PS(f). The spectrum of the incident wave I(f) was calculated by I(f) = PS(f)/rws, where 397 
rws = 0.938 was the reflection coefficient between water and stainless steel obtained by Eq. (7) 398 
and the acoustic impedances of the two materials.  399 

4.2 Experimental results and discussions 400 
The measurements were first performed on single plastic and metal plates to obtain their 401 

material properties. Fig. 10(a) shows the amplitude of the reflection spectrum |R| measured for a 402 
1.55 mm thick PC plate, called PC1.5, in a frequency range of 6–11 MHz. It is noted that the 403 
measured reflection spectrum is shown in dB scales. This result was compared to the theoretical 404 
curve obtained by Eq. (8). The wave velocity cPC and loss factor ζPC that reproduce the measured 405 
reflection spectrum were sought in a range of 2 km/s < cPC < 3 km/s with an increment of 0.01 406 
km/s and 0 < ζPC < 0.08 with an increment of 0.001. As a result, cPC = 2.28 km/s and ζPC = 0.042 407 
were obtained as optimal values for PC. The theoretical reflection spectrum calculated with these 408 
quantities is shown together in Fig. 10(a). It is found in this figure that the measured data are well 409 
reproduced by the theoretical reflection spectrum calculated with the estimated properties. This 410 
agreement implies that it is consistent to assume the frequency invariance regarding the loss factor 411 
of PC. Similar measurements were performed on a polystyrene plate of thickness 1.20 mm, called 412 
PS1.2, and two aluminum plates. The properties of each material were identified based on the 413 
measured spectra, as summarized in Table 2. The mass densities of the specimens were obtained 414 
by measuring the weights and dimensions. The material properties given in Table 2 are used when 415 
comparing the experimental data for the metal-plastic bonded specimens to the theoretical 416 
predictions. 417 
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 418 

Fig. 10  Amplitudes of the reflection spectra measured for (a) PC1.5, (b) PS1.2/AL2.0, and (c) 419 
PC1.5/AL0.8, together with the corresponding theoretical curves. Some of the measured 420 
local minima at the resonance of the plastic layers are shown by symbols in (b) and (c). 421 

 422 
Table 2  Material properties identified by ultrasonic measurements. 423 

 c [km/s] ζ ρ [kg/m3] 

Polycarbonate (PC) 2.28 0.041 1.15 × 103 
Polystyrene (PS) 2.16 0.020 1.02 × 103 
Aluminum alloy 5052 6.41 0 2.65 × 103 
Aluminum 1050 6.46 0 2.65 × 103 

 424 



 

22 
 

Fig. 10(b) and (c) show the amplitudes of the reflection spectra measured for the two bonded 425 
specimens, PS1.2/AL2.0 and PC1.5/AL0.8, respectively. The measured data for PS1.2/AL2.0 in 426 
Fig. 10(b) are based on Ref. [18]. It is found that local minima appear in the reflection spectra for 427 
both PS1.2/AL2.0 and PC1.5/AL0.8. The theoretical reflection spectrum was calculated for each 428 
specimen by Eq. (6) based on the material properties in Table 2. The obtained results when the 429 
thicknesses of the PS and PC layers are set to be 1.20 mm and 1.57 mm, respectively, are shown 430 
in Fig. 10(b) and (c), respectively. The experimental results are fairly reproduced by the 431 
theoretical curves. This agreement implies that the theoretical formulation regarding the reflection 432 
spectrum is sufficiently valid to reproduce the responses of the PS/AL and PC/AL laminates to 433 
normal wave incidence. Namely, the adhesive layers of the two specimens are sufficiently thin 434 
that they can be modeled as bilayer laminates. 435 

In Section 3.2, the amplitudes of the reflection spectrum at the resonance of layer 3 (surface 436 
layer), i.e. |Rvm|, were theoretically examined for different loss factors ζ. However, it was difficult 437 
to change the loss factor continuously in the present experiment. Thus, the amplitudes |Rv| for 438 
different resonance orders were investigated for the two specimens. In each case, five of the 439 
measured amplitudes at the resonance frequencies of the plastic layer were extracted, as 440 
represented by symbols in Fig. 10(b) and (c). The local minima at around 6.4 MHz and 8 MHz in 441 
Fig. 10(b) and 8 MHz in Fig. 10(c) correspond to the resonances of the AL layers, which are not 442 
considered here. 443 

The obtained amplitudes |Rv| for PS1.2/AL2.0 and PC1.5/AL0.8 are plotted in Fig. 11(a) and 444 
(b), respectively. The loss factors of the plastic layers in PS1.2/AL2.0 and PC1.5/AL0.8 are 445 
assumed to be ζ = 0.020 and ζ = 0.041, respectively, based on Table 2. The types of symbols in 446 
Fig. 11(a) and (b) are identical to those in Fig. 10(b) and (c), respectively. The theoretical relations 447 
of |Rv| at the corresponding resonance orders to the loss factor ζ are shown together in Fig. 11(a) 448 
and (b). In the theoretical calculation, the zeroth-order approximate resonance frequencies were 449 
used to obtain the amplitudes. The colors of the lines and symbols in the figures correspond to the 450 
orders of the resonance. Fig. 11(a) and (b) show that the measured amplitudes |Rv| are located 451 
almost on the theoretical curves. For PS1.2/AL2.0 in Fig. 11(a), the loss factor is much lower than 452 
the critical attenuation conditions in ζ > 0.04. On the other hand, the experimental results for 453 
PC1.5/AL0.8 in Fig. 11(b) demonstrate that the amplitude represented by a red triangle almost 454 
satisfies the theoretical condition of the critical attenuation (ζm = 0.0418). The amplitude at this 455 
resonance order would be sensitive to the loss factor in the vicinity of ζ = 0.0418. The critical loss 456 
factors of the other orders in Fig. 11(b) are predicted to be in 0.025 < ζ < 0.05. 457 
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 458 
Fig. 11  Theoretical relations of the amplitudes |Rv| at five different resonance orders for (a) 459 

PS1.2/AL2.0 and (b) PC1.5/AL0.8 to the loss factor ζ, and their comparison to the 460 
measured results. The experimental results correspond to the symbols shown in Fig. 10(a) 461 
and (b), and the colors of the lines and symbols represent the orders of the resonance. (For 462 
interpretation of the references to color in this figure legend, the reader is referred to the 463 
web version of this article.) 464 

5. Conclusions 465 
In this study, the resonance of ultrasonic waves in metal-plastic bilayer laminates placed in an 466 

infinite medium has been theoretically investigated, and critical attenuation has been shown to 467 
occur in the laminates under specific conditions. Based on the viscoelastic model using the loss 468 
factor, the approximate conditions of the wave resonance and critical attenuation have been 469 
derived theoretically and compared to the exact results. For the normal wave incidence from the 470 
side of the plastic layer, it has been shown that the viscoelastic nature facilitates the wave 471 
interference, and the resonance frequencies of the plastic layer slightly increase with increasing 472 
loss factor. Nevertheless, the effect of the viscoelasticity on the resonance frequencies has not 473 
been significant if the loss factor is within the range of common plastics. On the other hand, it has 474 
been shown that the amplitude of the reflection spectrum at the resonance frequencies of the 475 
plastic layer depends on the loss factor, taking a minimum at a certain loss factor. The critical loss 476 
factors calculated by the reflection spectrum have been successfully predicted by the approximate 477 
results. Furthermore, ultrasonic measurements have been performed on two different metal-478 
plastic bonded specimens to validate the theoretical results. The measured reflection spectra have 479 
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agreed well with the theoretical results based on the material properties obtained by other 480 
ultrasonic measurements. The drop of the amplitude at the resonance due to the critical attenuation 481 
has been successfully observed and well reproduced by the theoretical prediction. 482 
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