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Abstract
In this paper, first we introduce a general notion of affine Killing vector fields on the complex
quadric Q™, which is weaker than usual Killing vector field. Next, we give a complete clas-
sification of Hopf real hypersurfaces M with affine Killing Reeb vector field in the complex
quadric Q", m > 3.

1. Introduction

It is well known that the importance of Killing vector fields on Riemannian manifolds
and Mathematical Physics is highly evaluated (see [2], [22], [28], and [34]). Recall that a
vector field V on a Riemannian manifold (M, g) is said to be Killing if the Lie derivative of
the metric tensor g along the direction of V is invariant, that is,

(1.1 (Lyvg)(X,Y) =0,
or equivalently,
(1.2) g(VxV,Y) = —g(VyV,X), X,Y € X(M),

where V denotes the Riemannian connection on (M, g) and X(M) the set of differentiable
vector fields on M. In terms of local components, (1.1) can be expressed as Lyg; ;i =0.

When we consider a real hypersurface (M, g) in a Hermitian symmetric space (M, g),
there exists a Reeb vector field &€ on M defined by ¢ = —JN, where J denotes the Kihler
structure on M. Then, the Reeb vector field & is Killing (or M has isometric Reeb flow) if and
only if the Lie derivative of the induced metric tensor g along the Reeb direction vanishes,
L:g = 0. By using the Lie algebraic methods given in [1] and [3], Berndt and Suh [7]
gave a complete classification of real hypersurfaces with isometric Reeb flow in Hermitian
symmetric spaces.

On a Riemannian manifold (M, g) we say that a vector field V is affine Killing if it satisfies
V=0

kmj

£VF;,{ = vﬁkv" + Ri

where F;.k and V denote Christoffel symbols and the Riemannian connection defined on
(M, g). From such a view point let us define an affine Killing vector field on a Riemannian
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manifold (M, g) as follows:

DeriniTioN 1.1. Let (M, g) be a Riemannian manifold with Riemannian connection V. A
vector field V is said to be an affine Killing vector field, if it satisfies

(1.3) (LyV)(X,Y) =0,
or equivalently,
(1.4) [V,VxY] = Vx¥ = Vx[V,Y] =0

for all differentiable vector fields X and Y € X(M). In particular, the Reeb vector field & is
said to be affine Killing, if (EgV)(X, Y) =0 (see also [11] and [13]).

In fact, the Riemannian connection V of M is the unique linear connection being torsion-
free defined by V(X,Y) = VyY for any X, Y € X(M). From this and the properties of Lie
derivative, LxY = [X,Y] and [X, Y] = VxY — V; X, we get

(1.5) (LyV)X,Y) = Ly(V(X,Y) = V(LyX,Y) = V(X, LyY)
= [V,VxY] = Viyx Y — Vx[V, Y]
=VyVxY = Vg V= VixY - VxVyY + VxVyV
=RV, X)Y - vvxyv + VxVyV,

where the curvature tensor R of M is a (1,3) tensor field defined by

(1.6) R(X,Y)Z = VxVyZ = VyVxZ - VixyZ

forany X, Y, Z € X(M).

In [35], Yano proved the existence of Killing vector fields on a compact orientable Rie-
mannian manifold. Moreover, from the integrability condition of Killing vector fields we
see that every Killing vector field on a Riemannian manifold (M, g) is affine Killing, but, the
converse is not necessarily true (see [11], [34], and [35]). Thus, in this paper we are inter-
ested in the study of real hypersurfaces with affine Killing Reeb vector field in the complex
quadric Q™.

The complex quadric Q" = S0O,,42/50,,SO, which is a complex hypersurface in the
complex projective space CP™*! can be regarded as a kind of real Grassmann manifold
of compact type with rank 2 (see [4], [6], [12], and [16]). Accordingly, Q™ admits two
important geometric structures, so-called a real structure A and a complex structure J which
anti-commute with each other, that is, AJ = —JA. By using the method of Lie algebra in
[17], the triple (Q™, J, g) is a Hermitian symmetric space of compact type with rank 2 and
its maximal sectional curvature is equal to 4 (see also [12], [27], and [29]).

As a typical characterization, Berndt—Suh [5] considered a notion of isometric Reeb flow
for real hypersurfaces in Q" and gave a classification theorem as follows:

Theorem A ([5]). Let M be a connected orientable real hypersurface in the complex
quadric Q™, m > 3. Then, the Reeb flow on M is isometric if and only if m is even, say
m = 2k, and M is locally congruent to an open part of a tube around some totally geodesic
CP* in Q% .
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It can be easily checked that the isometric Reeb flow is equivalent to the fact that the shape
operator § of M commutes with the structure tensor ¢, that is, S¢ = ¢S. From this, a real
hypersurface M with isometric Reeb flow in Q™ is Hopf. The notion of Hopf means that the
Reeb vector field & of M is principal for the shape operator S of M, that is, S¢ = g(S¢, &)¢ =
aé. If the Reeb function @ = g(S¢, €) identically vanishes on M, we say that M has vanishing
geodesic Reeb flow.

A nonzero tangent vector W € Tj,;0™ is called singular if it is tangent to more than one
maximal flat in Q. The complex quadric Q™ is a Hermitian symmetric space of rank 2. So,
there exist two types of singular tangent vectors in Q": Let V(A) = {Z € T|;1Q" |AZ = Z}
and JV(A) = {Z € T;;0"|AZ = —Z} be the (+1)-eigenspace and (—1)-eigenspace for the
involution A on the tangent space 7;Q™ of Q™ at any point [z] € Q™.

e If there exists a conjugation A € A = {A,:| A € S'cC} such that W € V(A), then W
is singular, and it is called A-principal.

o If there exist a conjugation A € A and orthonormal vectors Z;, Z, € V(A) such that
WIW| = (Z) + JZy)/ V2, then W is singular, and it is called A-isotropic.

Related to the singularity of tangent vector fields of O, Lee and Suh [20] gave a classi-
fication of Hopf real hypersurfaces in the complex quadric Q™ as follows:

Theorem B ([20]). Let M be a Hopf real hypersurface in the complex quadric Q™, m > 3.
Then the unit normal vector field N of M is U-principal if and only if M is locally congruent
to an open part of a tube around the m-dimensional sphere S™ which is totally real and
totally geodesic in Q™.

Remark 1.2. Usually, if the Reeb vector field & is Killing, that is, L¢g;; = 0, then it is
affine Killing. So, the notion of affine Killing is more general and weaker than usual notion
of Killing. In fact, we note that

. | - _ _
LIy = Eglm{vj(ﬁg Gkm) + ViLe gjm) — Vin(Le gjk)} =0.

Therefore, the Reeb vector field ¢ is affine Killing (see [13]). The detailed proof also will be
given in Lemma 4.1 in section 4.

Motivated by Theorems A and B, and above Remark 1.2, we give a characterization of
Hopf real hypersurfaces with affine Killing Reeb vector field in the complex quadric Q™ as
follows:

Theorem 1.3. Let M be a Hopf real hypersurface with affine Killing Reeb vector field &
in the complex quadric Q™, m > 3. Then, the unit normal vector field N of M is singular,
that is, either -principal or WA-isotropic.

Then, we can obtain a characterization for real hypersurfaces in Theorem A as follows:

Theorem 1.4. Let M be a Hopf real hypersurface in the complex quadric O™, m > 3.
The Reeb vector field ¢ is affine Killing if and only if M is locally congruent to an open part
of a tube around some totally geodesic CP* in Q™, where m = 2k.

Finally, as another generalization of Killing vector fields on a Riemannian manifold
(M, g), we introduce the notion of conformal Killing vector field on (M, g) as follows: A
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vector field V is said to be conformal Killing, if it satisfies
(1.7) (Lyvg)(X,Y) = 269(X,Y)

for a differentiable function ¢, or equivalently,

(1.8) g(VxV,Y) + g(VyV,X) = 269(X, Y)

for all differentiable vector fields X, Y € X(M). In this case, we say that the Reeb vector
field ¢ is conformal Killing if it satisfies (1.7).

From (1.7), a Killing vector field becomes a conformal Killing for a vanishing function,
6 = 0. As a converse problem, by Theorem 1.4, we obtain as a corollary that the Reeb vector
field & should be Killing if ¢ is conformal Killing as follows:

Corollary 1.5. Let M be a Hopf real hypersurface in the complex quadric Q", m > 3.
The Reeb vector field & is conformal Killing if and only if M is locally congruent to an open
part of a tube around some totally geodesic CP* in Q™, where m = 2k.

2. The complex quadric

As mentioned in section 1, the complex quadric Q™ is the complex hypersurface in CP"*!
defined by the equation 23 +- - +22 .,
on CP™!. We equip Q" with the Riemannian metric which is induced from the Fubini
Study metric on CP™*! with constant holomorphic sectional curvature 4. The Kihler struc-
ture on CP™*! induces canonically a Kihler structure (J,g) on the complex quadric. The
complex quadric Q! is isometric to a sphere S? with constant curvature, and Q is isometric
to the Riemannian product of two 2-spheres with constant curvature. For this reason we will
assume m > 3 from now on (see [5]).

For a nonzero vector z € C"™*? we denote by [z] the complex span of z, that is,

=0, where z1, .. ., Z+2 are homogeneous coordinates

[z] =Cz={Az]1e S' c C}.

Note that, by definition, [z] is a point in CP™*!. For each [z] € Q™ c CP™*! we identify
T(;jCP™*! with the orthogonal complement C"*26Cz of Cz in C"*2. Then, the tangent space
T Q™ can be identified canonically with the orthogonal complement C"*? & (Cz & Cp) of
Cz® Cp in C"™2, where p € v;;;Q™ is a normal vector of Q™ in CP™*! at the point [z] (see
[L7D.

For a unit normal vector p of Q™ at a point [z] € Q™ we denote by A = A, the shape
operator of Q™ in CP™*! with respect to p. The shape operator A is an involution on the
tangent space ;0™ and

T Q" = V(Ap) @ JV(Ap),

where V(A,) is the (+1)-eigenspace and JV(A,) is the (—1)-eigenspace of A,. Geometrically
this means that the shape operator A, defines a real structure on the tangent space Tj; Q™.
Since the real codimension of Q™ in CP™*! is 2, this induces an S'-subbundle U of the
endomorphism bundle End(7' Q™) consisting of real structures, that is, A = {A, |1 € S I'c
C}. Then, the subbundle A is parallel, which means that there exists a certain 1-form ¢
defined on 7Q™ such that
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(VAW = q(U)JAW

for any vector fields U and W on Q™ (see [27] and [29]). Moreover, for every unit tangent
vector W € T,10™ there exist a conjugation A € U and orthonormal vectors Z;, Z, € V(A)
such that

(2.1) W = cos(?)Z; + sin(t)JZ,

for some ¢ € [0, /4] (see Proposition 3 in [27]). The singular tangent vectors of Q™ corre-
spond to the values t = 0 and t = m/4.

The Gauss equation for Q™ in CP™*! implies that the Riemannian curvature tensor R
of Q™ can be described in terms of the complex structure J and the complex conjugations
Ac:

(2.2) R(X,Y)Z = g(Y,2)X — g(X,2)Y + g(JY,Z)JX — g(JX,Z)JY
-29(JX,V)JZ + g(AY,Z)AX
- g(AX,2)AY + g(JAY, Z)JAX — g(JAX, Z)JAY.

For more background to this section we refer to [5], [8], [14], [17], [19], [26], [27], [31],
[32], and [33].

3. Real hypersurfaces in Q™

Let M be a real hypersurface in Q" and denote by N a unit normal vector field of M.
Then, we obtain the induced almost contact metric structure (¢, £, 1, g) on M. From this, for
any vector field X tangent to M, we may put JX = ¢X + n(X)N and JN = —¢, where ¢X
is the tangential component of JX. The tangent bundle 7M of M splits orthogonally into
TM = C ® R¢, where C = kern is the maximal complex subbundle of 7M. The structure
tensor field ¢ restricted to C coincides with the complex structure J restricted to C, and

oé = 0.
Denote by V and S the induced Riemannian connection and the shape operator on M,
respectively. Then the Gauss and Weingarten formulas are given respectively by

VxY = VxY + g(SX,Y)N, VyxY = -SX,
where V is the connection on Q. Also, we have
(3.1) (Vx®)Y = n(Y)SX — g(SX, Y)¢, Vx& = ¢SX.

Moreover, since the complex quadric Q™ has also a real structure A, we decompose AX
into its tangential and normal components for a fixed A € Aj;; and X € T ;) M:

AX = BX + g(AX, N)N

where BX denotes the tangential component of AX.
On the other hand, since the normal vector field N belongs to Tj;;0™, [z] € M, from (2.1),
we can choose A € |, such that

3.2) N = cos(t)Z, + sin(t)JZ,

for some orthonormal vectors Z;, Z; € V(A)and 0 < ¢ < 7. If £ = 0, then N = Z; € V(A),
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therefore we see that the unit normal vector field N of M becomes an A-principal vector
field. On the other hand, if t = 7, then N = %(Zl + JZ5). That is, N is A-isotropic.
It is known that the Reeb vector field £ is defined by & = —JN. Then, it follows that
& =sin(t)Z, — cos(t)JZ,
(3.3) AN = cos(t)Z; — sin(t)JZ,,
A& = sin(t)Z, + cos(t)JZ;.
From this, we have g(A¢, N) = 0 and g(Aé¢, &) = —g(AN, N) = —cos(2t) on M. In particular,
from the former equation we know that the unit vector field A¢ is tangent to M. So, we get

(3.4) AN = AJE = —JAE = —pAE — (AN,

where we have used the property of JA = —AJ. Hereafter, for our convenience sake, we
denote the smooth function g(Aé¢, &) by «, that is,

Kk = g(A, &) = —cos(21).
Moreover, by using the Gauss and Weingarten formulas, the left side of (2.2) becomes
R(X,Y)Z = R(X,Y)Z - g(SY, Z)SX + g(SX, Z)SY + {g((VxS)Y, Z) — g((VyS)X, Z)}N,

where R and S denote the Riemannian curvature tensor and the shape operator of M in
Q" respectively. From this formula, taking tangential and normal components of (2.2), we
obtain respectively
(3.5) RX,Y)Z = g(Y,2)X — g(X, 2)Y + g(8Y, Z)$X — g($X, Z)$Y

- 2g(¢X, Y)PZ + g(BY,Z)BX — 9g(BX, Z)BY

+g(¢BY, Z)$pBX + g(¢BY, Z)g(X, pAE)E

+9(Y, pAEM(Z2)¢BX — g(¢BX, Z)pBY

= 9(9BX, 2)g(Y, pAE)E — g(X, pAEN(Z)pBY

+ g(SY, 2)SX — g(SX, Z2)SY

and

(3.6) (VxO)Y = (Vy$)X = n(X)pY — n(Y)pX - 29(¢X, Y)¢
— g(pA&, X)BY + g(pA&, Y)BX
+g(A&, X)pBY + (A&, X)g(PAE, Y)E
— g(A&, Y)PBX — g(AL, Y)g(PAE, X)E,

which are called the equations of Gauss and Codazzi.

Now let us assume that M is a Hopf real hypersurface in the complex quadric Q™. That
is, the shape operator S of M in Q™ satisfies S¢ = @& where the Reeb function « of M is
given by a = g(S¢, £). By Codazzi equation (3.6) and (3.4), we obtain:

Lemma 3.1 ([5]). Let M be a Hopf hypersurface in Q™, m > 3. Then, we obtain
(3.7 Xa = (Ea)n(X) — 2kg($A¢, X)

and
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(3.8) 2SHSX — apSX — aSPX — 26X — 2g(PAE, X)AE
+29(A&, X)PAE + 2kg(PAE, X)& — 2kn(X)pAE = 0

for any tangent vector fields X and Y on M.

Remark 3.2 ([18]). By (3.7) we know that if M has vanishing geodesic Reeb flow, then
the unit normal vector field N of M in Q™ becomes singular. Moreover, by the definition,
the unit vector field N is A-isotropic if the smooth function x = g(A¢, &) identically vanishes
on M in Q™.

From (3.8) we want to give some information about principal curvatures for Hopf real
hypersurfaces in Q" with UA-principal normal vector field as follows:

Lemma 3.3 ([30]). Let M be a Hopf hypersurface in Q™ such that the normal vector
field N is U-principal everywhere. Then, the Reeb function « is constant. Moreover, if

X € C is a principal curvature vector of M with principal curvature A, then 24 # « and its

al+2
20-a°

corresponding vector ¢X is a principal curvature vector of M with principal curvature

In addition, when the unit normal vector field N of M is UA-principal, we obtain that
A¢é = —¢and AN = N from (3.2) and (3.3). By using these formulas we get

Lemma 3.4 ([21]). Let M be a real hypersurface with U-principal normal vector field N
in the complex quadric Q™, m > 3. Then we obtain:
(a) AX = BX,
(b) AgX = ~¢AX,
(c) ApSX = —¢SX and q(X) = 29(SX, &),
(d) ASX = SX —2g(SX, &)¢ and SAX = SX — 2n(X)Sé
forall X e TM.

If a real hypersurface M in Q™ has an U-isotropic unit normal vector field N, it yields
g(Aé,N) =0 and g(AN,N) = g(A¢, &) = 0.

From this and (3.4), we see that the two unit vector fields A¢ and AN belong to the distri-
bution C = [£]*, which is the orthogonal complement of the Reeb vector field £ Thus, it
follows that AN = —@A¢, so A6 LAN. This implies that the tangent vector bundle 7'M of M
can be decomposed as

TM = [£] ® span{A&, AN} @ O,

where [£] = span{¢} and C © Q = Q* = span{A&, AN}. Using such a decomposition and
(3.8), we get the following:

Lemma 3.5 ([21]). Let M be a Hopf hypersurface in Q™, m > 3, such that the normal
vector field N is W-isotropic everywhere. Then the following statements hold.

(a) The Reeb function « is constant.
(b) The unit tangent vector fields A¢ and AN = —pA¢ are principal for the shape oper-
ator and their principal curvature is zero, that is,

SAE = SAN = S¢A¢ = 0.
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(c) If X € Qs a principal curvature vector of M with principal curvature A, then 21 # «

and its corresponding vector ¢X is a principal curvature vector of M with principal

al+2
20-a”

curvature

4. Hopf real hypersurfaces with affine Killing Reeb vector field

In this section, first, we will give an important result concerned with Killing and affine
Killing vector fields on Riemannian manifolds (M, g). In addition, by using this property,
we will give a some basic formula about Hopf real hypersurfaces with affine Killing Reeb
vector field in the complex quadric O™, m > 3.

We will prove the following.

Lemma 4.1. Let (M, g) be a Riemannian manifold with Riemannian connection V and
V be a differentiable vector field on M. If V is a Killing vector field, then it is also affine
Killing.

Proof. The curvature tensor R satisfies
gR(X,Y)U,W) = g(R(U,W)X,Y) (Interchange Symmetry)
and
gRX, V)U, W) = —g(R(X,Y)W,U) (Skew Symmetry)
for any X, Y, U, W € X(M). By using these properties and (1.6), we obtain
(@.1) gRCX, V)V, W) + g(R(Y, V)X, W) = g(R(V, X)Y, W)
= g(RX, V)V, W) — g(R(X, W)V, Y) — g(R(Y, W)V, X)
= g(VxVyV, W) = g(VyVxV, W) — g(Vix.rV, W)

—g(VxVwV, Y) + gV VxV,Y) + g(Vixw V. Y)

—g(VyVyV, X) + g(VwVyV, X) + g(Viyw Vs X)
for any vector fields X, Y,V and W € X(M). By the first Bianchi identity,

R(X,Y)V + R(Y,V)X + R(V,X)Y =0,
the left side of (4.1) becomes
(4.2) gRX, V)V, W) + g(R(Y, V)X, W) — g(R(V, X)Y, W) = =2g(R(V, X)Y, W).
On the other hand, from the assumption of V being Killing, (1.2) yields

(4.3) g(VxV, W) = —g(VwV, X)
for all vector fields X, W € X(M). Since [X, Y] = VxY — VyX € X(M), (4.3) gives us
(4.4) g(Vixn Vs W) = —g(VwV, [X, Y1) = —=g(VwV, VxY) + g(Vw V, Vy X).
Moreover, taking the covariant derivative of (4.3) along the Y-direction gives
(4.5) g(VyVxV.W) = =g(VyVy V, X) — gV V. VyX) — g(Vx V., VyW).
Then, from (4.4) and (4.5), we obtain
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(4.6) g(VxVyV, W) = g(VyVxV, W) — g(Vix.r;V, W)
= g(VxVyV, W) + g(Vy ViV, X) + g(VxV,Vy W) + g(Vy V, VxY).

Similarly, we get

4.7) g(VxVwV,Y) = g(VwVxV,Y) = g(Vixw V. Y)

= g(VxVwV,Y) + g(VwVyV, X) + g(VxV,VyY) + g(VyV, Vx W)
and
(4.8) g(VyVwV, X) — g(VwVyV, X) = g(Viyw V. X)

= g(VyVwV. X) + g(VwVx V. Y) + g(VyV, Vi X) + g(VxV, Vy W).
Substituting (4.6), (4.7), and (4.8) into the right side of (4.1), it follows:
(4.9) gRX, V)V, W) + g(R(Y, V)X, W) = g(R(V, X)Y, W)
= g(VxVyV,W) + g(VyVw V. X) + g(VxV, Vy W) + g(Vy V, VxY)
—g(VxVwV.Y) = g(VwVyV, X) = g(Vx V.V Y) = g(Vy V., Vx W)
—g(VyVwV. X) = g(VwVxV.Y) = g(VyV, Vi X) = g(Vx V. Yy W)
= g(VxVyV, W) + g(VxV, Yy W) + g(ViV, VxY)
—g(VxVwV.Y) = g(VwVyV. X) — g(VxV. Vi Y) — g(Vy V, Vx W)
—g(VwVxV,Y) = g(VyV,VyX) - g(VxV, VyW).

Applying the formula (4.5) to the two terms g(VxVy V. Y) and g(VyVxV, Y) in the right side
of (4.9), then it follows that

(4.10) JRX, V)V, W) + g(R(Y, V)X, W) - g(R(V, X)Y, W)
=2g(VxVyV, W) + 2g(VyV, VxY).
Then, by using (4.2) and (4.3), the formula (4.10) can be rewritten as follows:
—2g(R(V, X)Y, W) = g(R(X, Y)V, W) + g(R(Y, V)X, W) — g(R(V, X)Y, W)
=29(VxVyV, W) + 29(VyV, VxY)
=2g(VxVyV. W) = 29(Vg,, V. W),
that is,
gRV.X)Y, W) = —g(VxVyV, W) + g(Vg,y V. W)
for any vector fields X, Y and W € ¥(M). From this, we get
R(V,X)Y = =VxVyV + Vg , V.
By (1.5), it implies that for any differentiable vector fields X, Y € X(M)
(LyV)(X,Y) =0,

which means that the Killing vector field V is affine Killing. |

Bearing this result in mind, let us consider the case of the Reeb vector field £ of M being
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affine Killing. Here, M denotes a Hopf real hypersurface in the complex quadric Q"', m > 3.
That is, the Reeb vector field & of M satisfies £V = 0, where V is the Levi-Civita connection
of M. Then, (1.5), together with Vy& = ¢SX, yields

.11 0= (L)X, Y) = RE X)Y + VyVyé — Vy, yé
= R(&, X)Y + Vx(¢SY) — ¢S(VxY)
= R, X)Y + (Vx9)SY + ¢(VxS)Y,

where we used Vy(¢SY) — ¢S(VxY) = (Vx¢)SY + ¢(VxS)Y for any vector fields X and
Y € TM. Moreover, from (3.1) we get

(Vx¢)SY = n(SY)SX — g(SX, SY)E.
By this formula and (3.5), the equation (4.11) becomes
(4.12) 0 =R X)Y +n(SY)SX — g(SX, SY)é + ¢p(VxS)Y
= 9(X, Y)§ = n(Y)X + g(BX, Y)AE — g(A&, Y)BX + g(¢BX, Y)pAE

+g(X, pAONY)PAE = g(PAE, Y)PBX — g(PAE, Y)g(X, pAE)E
+ g(SX, Y)SE — g(SX, SY)E + ¢(VxS)Y.

Moreover, from our assumption of M being Hopf, the Reeb vector field & satisfies S¢€ = aé.
Then, (4.12) can be written as

(4.13) 9(X, Y)é = n(Y)X + g(BX, Y)AL — (A&, Y)BX + g(¢BX, Y)pAE

+ g(X, pAON(Y)PAE — g(PAE, Y)PBX — g(BAL, Y)g(X, pAE)E
+ ag(SX, V)é — g(SX, SY)é + ¢(VxS)Y =0

for any tangent vector fields X and Y on M. Consequently, (4.13) is equivalent to the as-
sumption of the Reeb vector field € being affine Killing.
5. Proof of Theorem 1.3

In this section, we want to show that the unit normal vector field N is singular for Hopf
real hypersurfaces M in Q™ with affine Killing Reeb vector field. Then, we can use (4.13).
So, if we put Y = £ in (4.13), it follows that

0 =n(X)¢ - X + g(Ag, X)AE — kBX + g(¢A&, X)PAE + (VxS)E
=n(X)& - X + g(A&, X)AE — kBX + g(pAE, X)pAE
— aSX + &’ n(X)é — pSPSX,

where we have used (VxS)é = (Xa)é+apSX —S¢SX and ¢*SX = —SX +g(SX, £)é. Applying
the structure tensor ¢ of M to this equation becomes

—¢X + g(A&, X)PAE — kpBX — g(PAE, X)AE + kg(PAE, X)E — adSX + SpSX = 0,
that is,
5.1 SOSX — ¢X + g(A&, X)PAE — g(PAE, X)AE + kg(PAE, X)é = adSX + kpBX.

Moreover, from (3.8) we obtain
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(5.2) 28¢SX — 20X + 2g(A¢, X)PAE — 2g(PpAE, X)AE + 2kg(PAE, X)E
= adSX + aSPX + 2kn(X)PAE.
Hence, both equations (5.1) and (5.2) give
(5.3) a(¢S — SP)X = 2k{n(X)¢As — ¢BX}

for any tangent vector field X on M.

As mentioned in Remark 3.2, we know that if either the Reeb function a = g(S¢, §) or the
smooth function k = g(A¢&, €) identically vanishes on M, then the unit normal vector field N
becomes singular. Thus, in the remaining part of this section we only consider the case of
both @ and « being non-vanishing.

Proposition 5.1. Let M be a Hopf real hypersurface with non-vanishing geodesic Reeb
Sflow in the complex quadric Q™, m > 3. If the Reeb vector field & of M is affine Killing and
k # 0, then the unit normal vector field N of M is U-principal.

Proof. Putting X = A¢ in (5.3) and using BA¢ = A%£ — g(A%¢,N)N = €&, together with
a # 0, we get

5.4) SPAE = SAE + o PAE,

where o = —%. Taking X = ¢A¢ in (3.8) and using (5.4), together with g(pAE&, pAE) =
1 — k*, we obtain

(5.5) SPAE = 2263 + (o — 0)SAE.
On the other hand, taking the inner product of (4.13) with £ and using B¢ = A&, we obtain

(5.6) g(X. Y) = n(Xn(Y) + kg(BX,Y) — g(A£, X)g(AE, Y)
— 9(PAEL, X)g(PAE, Y) + ag(SX,Y) — g(SX, §Y) = 0

for any tangent vector fields X and Y on M. Taking X = A¢ in (5.6) we obtain
ag(SAE,Y) — g(SPAE,Y) =0 VY eTM,

which implies that

(5.7) S2AE = aSAE.

From this and (5.5), we see that

(5.8) SAE = aké.

Moreover, from (5.8) equation (5.4) becomes

(5.9) SPAE = oPAE.

Putting X = ¢A¢ in (5.6), and using (5.9), we get

(5.10) 0 = PAE + kBPAE — (1 — K)PAE + a0 pAE — 0 PAE
= 2K + ao — TH)PAE
= —0PAE,



144 H. Leg, G.J. Kim anp Y.J. Sun

where we used
BpAL = APAE — g(ApAE, N)N
= A(-AN — kN) — g(AN, —AN — kN)N
= —N — kAN + g(AN,AN)N + kg(AN, N)N
—kAN + kg(AN, N)N
= KPAE + I°N + kg(AN, N)N
= KPAE,

together with AN = —pA& — kN, A’X = X and k = g(A¢, &) = —g(AN, N).
Since the smooth functions « and « are non-vanishing on M, we get
24

oc=-"—2%0.
04

Thus, (5.10) tells that the vector field pA¢ vanishes on M, that is, pAE = 0. Since g(pA¢E,
PAE) = 1 — k2, it means k = +1. Meanwhile, from (3.3) we see that the smooth function k =
g(A&, &) is given by k() = —cos(2t) where ¢t € [0, Z). By such two facts related to «, we
consequently have ¢ = 0. This means that the unit normal vector field N satisfies N = Z; €
V(A). Therefore, we claim that the unit normal vector field N is A-principal. O

Summing up Remark 3.2 and Proposition 5.1 we give a complete proof of our Theo-
rem 1.3.

6. Proof of Theorem 1.4

In this section, unless otherwise stated, let M be a Hopf real hypersurface with affine
Killing Reeb vector field in the complex quadric 9™, m > 3.

First, by virtue of our Theorem 1.3, we consider the case where M has an U-principal
normal vector field N in Q™. Then, Theorem B tells that M with U-principal normal vector
field N is locally congruent to an open part of a tube around the m-dimensional sphere S™.
Hereafter, we call such a model space (resp. a model space in Theorem A) a real hypersur-
face of type (B) (resp. a real hypersurface of type (A)) and denote such a model space by
(Tp) (resp. (Ty)).

As a converse of this statement, naturally, the following question arises.

Has the real hypersurface (Tg) of type (B) in Q™ an affine Killing Reeb
vector field £?

To solve this problem, we introduce the following proposition given in [30].

Proposition A. Let (Tp) be the tube of radius 0 < r < ﬁ around the m-dimensional
sphere S™ in Q™. Then the following statements hold:
(1) (T) is a Hopf hypersurface.
(ii) The normal bundle of (Tg) consists of -principal vector fields.
(iii) (7B) has three distinct constant principal curvatures. The principal curvatures and
corresponding principal curvature spaces of (Tg) are as follows:
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principal curvature | eigenspace multiplicity
a=-V2cot(V2r) | T, =RJIN 1
A=V2tan(V2r) |T,=V(A)NC={XeC|AX =X} m—1
u=0 T,=JVANC={XeC|AX = -X} m—1

@iv) S¢ + ¢S =21¢, T = —é # 0 (contact hypersurface).

By (i) and (ii) in Proposition A, we know that (73) is a Hopf real hypersurface with A-
principal normal vector field N in Q™, m > 3.

Assume that the Reeb vector field & of (73) satisfies the affine Killing property (4.11).
It implies (4.13) for all tangent vector fields X and Y on T(73) = T, ® T, ® T,,. Then, by
Lemma 3.4 and (4.13) we obtain for ¥ = ¢

(6.1) 2(X)é — X + AX — aSX + o’ n(X)é — ¢S¢SX = 0,

where we have used A¢ = —¢ and ¢(VxS)¢ = a’n(X)é — aSX — ¢pS¢SX. Then, by Proposi-
tion A, the left side of (6.1) becomes

0 ifXeT,
(6.2) M(X)é — X + AX — aSX + &?n(X)¢ — pSpSX ={ 2X if X e T,
-2X ifXeT,

Then, comparing (6.1) with (6.2), we get a contradiction. Summing up all the facts, we get
the following

Lemma 6.1. There does not exist any Hopf real hypersurface with affine Killing Reeb
vector field in the complex quadric Q™, m > 3, whose unit normal vector field N is U-
principal.

From this lemma, together with Theorem 1.3, it follows that

Proposition 6.2. Let M be a Hopf real hypersurface with affine Killing Reeb vector field
in the complex quadric Q™, m > 3. Then, the unit normal vector field N in Q™ is U-isotropic.

By virtue of Proposition 6.2, the unit normal vector field N of M is A-isotropic. Thus, N
is expressed as

1
N=—(Z +JZ)
\/E 1

for some orthonormal vector fields Z;, Z, € V(A), where V(A) denotes the (+1)-eigenspace
of the complex conjugation A € . Since AJ = —JA and J>X = —X, it follows that

1 1 1
AN = —(Z1 - JZQ), JN = —(JZ1 —Zz), and AJN = ——(JZl +Zz).
V2 V2 V2

Then it gives that
k=g ,Aé) = g(JN,AJN) =0 = —g(AN, N)
and
9(&, AN) = —g(JN,AN) = 0,

which means that the vector fields AN = —¢A¢ and A¢ are tangent to M. From « = 0 and
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(5.3), it follows that
(6.3) a(pS —SPHX =0

for any tangent vector field X on M. If M has non-vanishing geodesic Reeb flow, that is,
a # 0, (6.3) gives that the shape operator S commutes with the structure tensor ¢ on M,
that is, S¢ = ¢S. So, the Reeb vector field ¢ becomes Killing if the Reeb function « is
non-vanishing on M.

In the following proposition let us consider the case that M has vanishing geodesic Reeb
flow, that is, @ = 0. In fact, from Lemma 3.5 we obtain:

Proposition 6.3. Let M be a Hopf real hypersurface with affine Killing Reeb vector field
in the complex quadric Q™, m > 3. If M has vanishing geodesic Reeb flow, the Reeb vector
field & is Killing. That is, the shape operator S of M commutes with the structure tensor ¢
on M.

Proof. Since M is a Hopf real hypersurface with affine Killing Reeb vector field £ in 0™,
we see that the unit normal vector field N is U-isotropic. That is, it implies k = g(A¢, &) = 0.
By using this fact and our assumption « = 0, if we take the inner product of (4.13) with &, it
follows that

9(X,Y) = nX)n(Y) — (A&, X)g(AE, Y) — g(pAL, X)g(PAE, Y) — g(SX,SY) = 0
for any tangent vector fields X and Y on M. Then, we get
(6.4) X = n(X)E - g(AE, X)AE — g(PAE, X)PAE - S°X = 0
forany X e TM.
On the other hand, by the fact (b) in Lemma 3.5, the tangent bundle 7M of M is given by
TM=[£]eC=[{leQ" 80,
where C = [£]* and Q* = span{A&, AN} C C. So, (6.4) provides

0 if X e[¢]®O*

(6.5) X =X~ n(X)£ - (AL X)AE — g(PAE X)AE = { X ifxco.

Now, choose some unit tangent vector field Xy of Q such that SX, = A4X,. Substituting
X = X in (6.5) yields A*> = 1, that is, 1 = +1. Moreover, from Lemma 3.5 we see that
the corresponding unit vector field ¢X, is also a principal curvature vector field of M with
principal curvature u := % That is, we obtain either SpXy = ¢pXj if SXy = Xy or SpXy =
—Xp if SXo = —Xp. From this, we know that the eigenspace T, = {X € Q C C|SX = AX} is
¢-invariant, that is, ¢7, = T),.

On the other hand, it is well-known that the shape operator S is diagonalizable, that is, S
has a basis of eigenvectors. From such a view point, we take

%_ é:’Ag’ANvel’eZ:¢€l3"'7e[7—17e[7:¢e[7—17
€pil> Cpt2 = PCpits- s €5, Com—4 ‘= P25

as the basis of M satisfying
Sé =SAE =SAN =0
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and

Ser = e fork=1,2,...,p,
KT\ —ex fork=p+1,....2m—4.

Then, any tangent vector field X € Q is expressed by the basis B as

2m—4 2m—4
(6.6) X =g(X,&)¢ + g(X, AE)AE + g(X, AN)AN + Z g(X, ep)er = g(X, ep)ey.
k=1 k=1
Applying the operator ¢S of TM to (6.6) yields
2m—4 P 2m—4
(6.7) 0SX = ) g(X,e0pSex = ) g(X.epSec+ ) g(X,e)pSex
k=1 k=1 k=p+1
4 2m—4
= > g epec— Y. g(X, er)pes
k=1 k=p+1

=g(X,e1)per + g(X,er)pes + - - + g(X, ep_1)pep-
+g(X, ep)pe, — g(X, epr1)pepit — g(X, epi2)pe o
— = g(X, eam-s)peam-5 — g(X, exn-1)PCem-4
= g(X,eer + g(X, e)d’er + -+ g(X, ep-1)ey,
+9(X, ep)p’ep 1 — g(X. epr1)epia — g(X. epi)p epin
—em e — g(X, e2n-5)erm-s — G(X, €2n-4)}" €ams
=g(X,e1)er —g(X,ex)er + -+ g(X,ep_1)e,
—g(X,eplep1 —9g(X, epi1)epin + 9(X, €pi2)€py1
— = g(X, eam-s)eam-4 + g(X, €am-1)€em-s

=gX,epes + - +g(X,e,_1)ep, + g(X,epn)epsy + -0

+9(X, eam-a)ean-s — g(X,er)ey — - —g(X, ep)ep 1
—9g(X,epr1)epr2 — - — g(X, eam-5)e2m-4,
where we have used ¢?e, = —ey + n(ep)é = —ey. for any k=1,2,...,2m—4.

On the other hand, by using linear combination with our basis and the symmetric property
of S, the tangent vector field S¢X is given as follows:
(6.8)  SoX = g(SPX, )¢ + g(SpX, AE)AE + g(SpX, AN)AN
+9(S9X, e1)ey + g(SPX, pe)per + -+ - + g(SPX, ep_1)ep
+ g(SPX, pe,_1)pe, 1 + g(SPX, epi1)epi1 + g(SPX, pepi1)pepi
+ -+ g(SPX, eam-s)eam-5 + g(SPX, pem-—s)pean-—s
= g(¢X, Ser)e; + g(dX, Sper)pe; + -+ + g(@dX, Sep_1)ep—i
+ g(¢X, Spe,_1)pe,1 + g(dX, Sepi1)epi + g(@X, Shepi1)depi
+ -+ g(9X, Seam-s)eam-5 + g($X, Spean—s)pean-—s
=g(¢X,er)er + g(dX, pey)per + - -+ + g(pX, ep-1)ep
+ g(@X, pe,_1)pep_1 — g(dX, epi1)eps1 — g(PX, pepi1)pe, i
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— = g(@X, eam-s)eam-s5 — g(PX, peam-_s)pern-s
= —g(X. pe)er — g(X. ¢’e)der + - = g(X, pep-1)ep-i
— g(X, 8’ ep-D)dep-1 + g(X. pepi)epst + g(X. P epi1)beps
+ -+ g(X, pean—s)em—s + (X, ¢ erns)pern_s
= —g(X, ger)er + g(X, er)per + - - — g(X, pep_1)ep-1 + g(X, ep-1)Pep—1
+9(X, pepi1)epir — g(X, epi1)Pe i
+ -+ g(X, pean—s)eam-s — g(X, eam-s)peam-s
=—g(X,er)er + g(X,e1)ex + - —g(X,ep)ep1 + g(X, ep-1)ep
+9(X, epr2)epr1 — g(X, epr1)epi2
+ -+ g(X, eam-a)eam—s — g(X, eam-s)en-4
=gX,eDer+ -+ 9g(X,ep-1)ep, + g(X, epr2)epir + - + g(X, eam-a)ern-s
—g(X,ex)er — - —g(X,ep)ep—1 — g(X, epr1)epsa — -+ — g(X, eam-5)€2m-4
for any tangent vector field X € Q. From (6.7) and (6.8) we see that the shape operator S of
M commutes with the structure tensor ¢ on M, that is, S¢ = ¢S on Q.
Bearing in mind S¢ = SA¢ = SAN = 0, together with ¢?A¢ = —A¢&, we naturally obtain
that the commuting property S¢ = ¢S holds on [¢] & O*.
From these facts, we conclude that the shape operator S commutes with the structure

tensor ¢ on M, when the Reeb function « identically vanishes on M. It completes the proof
of our proposition. |

Consequently, Proposition 6.3 and (6.3) assure that the affine Killing Reeb vector field &
of M must be Killing. Moreover, by virtue of this fact and Lemma 4.1 we give a complete
proof of Theorem 1.4.

7. Proof of Corollary 1.5

As a generalized notion of Killing vector field of Riemannian manifolds (M, g), we intro-
duced conformal vector fields in the introduction. In fact, in (1.7)

(Lvg)(X,Y) = 269(X, Y)

for any vector fields X and Y and the smooth function § = 0 on M implies that any conformal
Killing vector field V satisfies the Killing property (1.1). From this, it assures:

Fact A. Any Killing vector field V of M becomes conformal Killing with 6 = 0.

Motivated by this assertion, let us consider the converse problem of Fact A. That is,
we prove that if the Reeb vector field & of a Hopf real hypersurface in Q™ is conformal, it
satisfies the Killing property as follows:

Lemma 7.1. Let M be a Hopf real hypersurface in the complex quadric Q™, m > 3, with
conformal Killing Reeb vector field & . Then, the Reeb vector field & becomes Killing. That
is, the shape operator S of M commutes with the structure tensor ¢ on M.
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Proof. From the assumption of the Reeb vector field being conformal Killing, (1.8) gives
(7.1) dSX — SpX = 26X

for any tangent vector field X on M. Substituting X = £ in this equation and using M being
Hopf implies the smooth function ¢ identically vanishes on M. From this, the conformal
Killing property (7.1) becomes for any tangent vector field X on M

#SX — S¢pX = 0,

which means that the vector field ¢ is Killing. O

From Lemma 7.1, together with Theorem A, we give a complete proof of Corollary 1.5.
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