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Abstract
In this paper, we consider the equivariant index of a generalized Bott manifold. We show the
multiplicity function of the equivariant index is given by the density function of a generalized
twisted cube. In addition, we give a Demazure-type character formula of this representation.

1. Introduction

A Bott tower of height n is a sequence:
T, Tth—1 Uy T .
M, > M, - -+ > M — My = {apoint}

of complex manifolds M; = P(C @ E;), where C is the trivial line bundle over M;_;, E; is a
holomorphic line bundle over M;_;, P(-) denotes the projectivization, and 7r; : M; — M;_;
is the projection of the CP'-bundle. We call M ;j a j-stage Bott manifold. The notion of a
Bott tower was introduced by Grossberg and Karshon ([6]).
A generalized Bott tower is a generalization of a Bott tower. A generalized Bott tower of
height m is a sequence:
T TOn—1

By — By — gBl ﬂ>BOZ{‘EIPOim;},

of complex manifolds B; = P(C & E;l) &0 E;"ﬂ), where C is the trivial line bundle
over Bj_, E;k) is a holomorphic line bundle over B;_; fork = 1,...,n;. We call B; a j-stage
generalized Bott manifold. A generalized Bott tower has been studied from various points of
view (see, e.g., [2, 3, 8]). Generalized Bott manifolds are a certain class of toric manifolds,
so it is interesting to investigate the specific properties of generalized Bott towers.

In [6], Grossberg and Karshon showed the multiplicity function of the equivariant index
(see §2.4) for a holomorphic line bundle over a Bott manifold is given by the density function
of a twisted cube, which is determined by the structure of the Bott manifold and the line
bundle over it. From this, they derived a Demazure-type character formula.

The purpose of this paper is to generalize the results in [6] to generalized Bott manifolds.
We generalize the twisted cube, and we call it the generalized twisted cube. It is a special
case of twisted polytope introduced by Karshon and Tolman [9] for the presymplectic toric
manifold, and it is a special case of multi-polytope introduced by Hattori and Masuda [7]
for the torus manifold. We show the multiplicity function of the equivariant index for a
holomorphic line bundle over the generalized Bott manifold is given by the density function
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of the associated generalized twisted cube. From this, we derive a Demazure-type character
formula. In order to state the main results, we give some notation. Let L. be a holomorphic
line bundle over a generalized Bott manifold B,,, which is constructed from integers {¢;} and
{cg?} (see §2.1). Let N = Zj nj, and let TV = §' x --- x S'. We consider the action of TV
on B,, as follows:

(tl,---,tm) : [Z]""’zm] = [tlzla""tmzm]’

where t; = (fi1,...,tin ) Zi = (Tio, .- s Zin)s CiZi = (205 1i1Zi15 - - o LinZin) fOri =1,...,m.
Also we consider the action of 7 = TV x S' on L as follows:

(11) (tle-- m’tm+1) [Zl’---,zma U] = [tlZl,...,thnl,tm+1U].

We define the generalized twisted cube as follows. It is defined to be the set of x =
(X115 -5 Ximm,) € RY which satisfies
ni
A(x) < Z X <0, X <0 (1 <k<n)
k=1

n;
or0< > xix < Ax), x>0 (1 <k<m),
k=1

for 1 <i < m, where

~lp (i =m)
Ai(x) =
{ (¢; +Zj lekl l]xjk) (1<i<m-1).

We denote the generalized twisted cube by C. We also define sgn(x;;) = 1 for x;; > 0 and
sgn(x;x) = —1 for x;; < 0. The density function of the generalized twisted cube is defined to
be p(x) = (=N [Ti<i<m1<k<n, $g0(xix) When x € C and O elsewhere.

Let t be the Lie algebra of T and let t* be its dual space. Let £* C it* be the integral weight
lattice and let mult : £* — Z be the multiplicity function of the equivariant index. The first
main result of this paper is the following:

Theorem 1.1. Fix integers {cik }and {;}. Let L — B,, be the corresponding line bundle
over a generalized Bott manifold. Let p : RN — {~1,0, 1} be the density function of the
generalized twisted cube C which is determined by these integers. Consider the torus action
of T = TN x 8" as in (1.1). Then the multiplicity function for €* = ZN x Z is given by

=[5 420

Karshon and Tolman found a toric manifold for which the multiplicities of the equivariant
index are 0, —1, or —2 ([9, Example 6.7]). A generalized Bott manifold is different from this
case by Theorem 1.1.

Next, we give our character formula. Let {e)y,..., e, en+1} be the standard basis in
RV X = (Xitse.os Xin)s and e; = (€11, ..., €in). Let A, =fe= Gz ez |

U+ otz = —r}, and let Ay = {z= (@15, 20) €22, | 2+ -tz =r— 1}. Let(xi,ei)
= Xxj1€1 + -+ + Xi,e;,. For every integral weight u € £* we have a homomorphism A :
T — S'. We denote the integral combinations of these A*’s by Z[T]. Then the operators
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D; : Z|[T] — Z|T] are defined using cfi.) and ¢; in the following way:

Z Z /llH'(Xiaei) ifk; >0

O<r<k; x;el,,
D;(A*) =40 if —n <k <-1

DD e i < —ny - 1,

ni+1<r<—k; x,-eA;i,,

where the functions k; are defined as follows: if u = e, + Z;f’:i 1 ZZ’: | Xjkejk> then ki(p) =

;i + Z;fl:i " ZZ’: | cgkj) k- From Theorem 1.1, we obtain the following theorem:

Theorem 1.2. Consider the action of the torus T on L — B,, as in (1.1). Denote the
(N + 1)-th component of the standard basis in RN*! by e,,,. Then the character is given by
the following element of Z[T]:

X = Do D).

This is a Demazure-type character formula. On the other hand, the character is also given
by the localization formula with respect to the action of 7' ([7, Corollary 7.4]). We compare
our formula with the localization formula (see Remark 3.8).

This paper is organized as follows. In Section 2, we recall the generalized Bott towers and
the equivariant index, and we give the definition of generalized twisted cubes. In Section 3,
we prove the main theorems.

2. Preliminaries
In this section, we set up the tools to prove the main theorems.

2.1. Generalized Bott manifolds.

Dermttion 2.1 ([2]). A generalized Bott tower of height m is a sequence:
B @) B ”1*)1 T Z B Q} By = {a point},
of manifolds B; = P(C EBEE.I) @ - -eaEE."’ )), where C is the trivial line bundle over B;_i, E;k) is
a holomorphic line bundle over B;_; for k = 1,...n;, and P(-) denotes the projectivization.
We call B; a j-stage generalized Bott manifold.

The construction of the generalized Bott tower is as follows. A 1-step generalized Bott
tower can be written as B; = CP™ = (C"*1)*/CX, where C* acts diagonally. We construct
a line bundle over By by Eg‘) = (C"*Y xex Cfor k = 1,...,n,, where C* acts on C by
a : v a %y for some integer c. In E;’O we have [z10,...,210,,0] = [2104, ..., 21a, a™V]
for all @ € C*. A 2-step generalized Bott tower B, = P(C&® Eg) & P E(Z"Z)) can be written
as By = ((CM*1y* x (C™=*1)*)/G, where the right action of G = (C*)? is given by

— Cl Cny
(z1,22) - (a1, a2) = (21,001,21,1G1, - . ., 210, A1, 22,002, A1' 22,102, . . . , A} 220, A2),

where z; = (20,21, - - -»2jm,) for j =1,2.
We can construct higher generalized Bott tower in a similar way. In this way we get an
m-step generalized Bott manifold B,, = P(C & ED @ - @ E™) from any collection of
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integers {cl(.kj)}:

B, = (C"*1y* x ... x (C™*1Y9)/G,

where the right action of G = (C*)™ is given by

’ ’ ’
(Z1,...,2y) 2= (2,2,,...,2,),
— s _ X
where z; = (z;0,...,2ip) fori=1,....m,a=(a,...,a,) € (C)",
C(l) ) C(”j) @)
’ ’ Lj j—L.j Lj j—L.j
Z1 = (zl,oal,zl,lal, N ,zl,nlal) and Zj = (Zj,Oaj,al J . 'ajj_llzj,laj, o ’al J .. 'ajj—l ]Zj,njaj)

for j = 2,...,m. We can construct a line bundle over B,, from the integers ({1, ..., {,) by
L= (@ % x (@) %6 C,
where G = (C*)™ acts by

l
(2.1) (Z1,....2),0) - A = (2),25,....,2,,a) - av).

2.2. Torus action on generalized Bott towers. Let N = 3L, njandlet TV = §'x---xS".
We consider the action of 7V on B,, as follows:

(e ty) - [Ze, o 2p] = 6 -2, by 2],

where t; = (ti,lv ceey ti,n,») and t; - z;, = (Z,"(), LiZitse oo ti,n,-Zi,n,-) fori = 1,...,m. Also we
consider the action of 7 = TV x S' on L as follows:

(22) (tlv' . 7tmstm+1) : [Zlv' . -7Zm’ U] = [tl : zlv' . 7tm : Zma trn+lv]-

2.3. Generalized twisted cubes.

DeriNiTION 2.2. A generalized twisted cube C is defined to be the set of x = (x,...,
Xmn,) € RY which satisfies
2.3) A0 Y 2 <0, xix <0 (1 <k <m)
k=1

n;
or 0 < " xip < Aix), x>0 (1 <k <,
k=1

forall 1 <i < m, where

A = {—fm (i = m)

—(li+ X Dl ) (1 <i<m—1).

Remark 2.3. (i) The generalized twisted cube is a special case of multi-polytope defined
in [7]. In particular, it is a special case of twisted polytope defined in [9].

(i) When n; = 1 for all 1 < i < m, the generalized twisted cube is the twisted cube given
in [6, (2.21)].

DeriniTioN 2.4. We define sgn(x;x) = 1 for x;; > 0 and sgn(x;x) = —1 for x;; < 0. The
density function of the generalized twisted cube is then defined to be p(x) =
(=N [ T1<i<m.1<k<n, $g0(x;x) when x € C and O elsewhere.
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($1,1,$2,1,$2,2) = (07 -

(—3,0,-2)
Fig.1.

ExampLE 2.5. Suppose thatm =2,n; = 1,n, = 2,4, = 1, and £, = 2. We set c(llg =2 and

2 _

1> = —1. Then the generalized twisted cube is the set of x = (x1,1, X2,1, X2,2) which satisfies

C
o 2<x1+x2=<0, x21,x2 <0,
o —1-2x; + Xop S Xq1 < Oor0< X1 < -1 - 2)62,1 + X22.
In Figure 1, the black dots represent the lattice points of the sign +1 and the white dots
represent the sign —1.

M _ _q

ExampLE 2.6. Suppose thatm = 2,n, =2,ny = 1,£; = 2, and £, = —6. We set €1y =

Then the generalized twisted cube is the set of x = (x; 1, X2, X2,1) which satisfies
e 0< X1 < 6,
° —2+XZ,1 <XxpptXx2 < 0, X1,1,X12 < Qor0< X11+x12 < —2+X2’1, X1,1,X12 > 0.

In Figure 2, the white dots represent the sign —1.

ExampLE 2.7. Suppose that m = 2,n; = np, = 2,4, = 1, and £, = 2. We set 6(11% = 2 and

(12; = —1. Then the generalized twisted cube is the set of x = (x1, x12,X2,1, X22) which

satisfies

c

o 2<x1+x2=<0, x1,%, =<0,
o —] — 2X2,1 + X202 < X1,1 + X12 < O, X1,1, X122 <0
or 0 < X1+ X2 < -1 - 2)62’1 + X22, X1,1,X12 > 0.

The lattice points in the generalized twisted cube represent the sign —1.

2.4. Equivariant index. Let L. be a holomorphic line bundle over a generalized Bott
manifold B,, with the action of the torus T as in (2.2). Let O, be the sheaf of holomor-
phic sections. The equivariant index of a generalized Bott manifold is the formal sum of
representation of 7°:

index(By, OL) = ) (=)' H'(By, OL).
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(0,4,6)

Fig.2.

The character of the equivariant index is the function y : T — C which is given by y =
S(=1)iy' where y'(a) = trace{a : H(B,,, Or) — H'(B,, )} fora € T. Let t be the Lie
algebra of 7" and let t* be its dual space. Every u in the integral weight lattice £* C it”
defines a homomorphism A* : T — S'. We can write y = 2uee- My A The coeflicients are
given by a function mult : £* — Z, sending u +— my,, called the multiplicity function for the
equivariant index.

3. Main theorems

3.1. Multiplicity function of the equivariant index. We will show that the multiplicity
function of the equivariant index of a generalized Bott manifold is given by the density func-
tion of a generalized twisted cube C. In particular, all the weights occur with a multiplicity
-1,0,0or 1.

Theorem 3.1. Fix integers {cg‘j)} and {(;}. Let L — B, be the corresponding line bundle
over a generalized Bott manifold. Let p : RN — {=1,0, 1} be the density function of the
generalized twisted cube C which is determined by these integers as in (2.3). Consider the
torus action of T = TN x S' as in (2.2). Then the multiplicity function for €* = ZN X Z is
given by

mult(x, k) = {p @ k=1
0 (k%1

Proof. We compute H*(B,,, O,). Take the covering U" = {U,, x---x U, }of (Ct*1)*x

coe X (C Y forry, .., €10, 1, ... 0} (€ = 1,...,m), where U, =Cx---XCxC* x
e setessnier’
j
Cx---xC. This descends to the covering U of B,,; every intersection of sets in U is
~—_————
ne—r;

isomorphic to a product of C’s and C*’s. The coverings U and U" are the Leray coverings

([5D.
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Let © be the sheaf of holomorphic functions, and let G = (C*)”™. Since holomorphic
sections of Oy, are given by holomorphic sections of @ which are G-invariant with respect
to the action (2.1) ([9]), H*(U", @) is isomorphic to the G-invariant part of H* (U, ). By
the Leray theorem, H*(B,,, Q) is isomorphic to the G-invariant part of H*((C"*1)* x - .. x
(Cn”’+l)><, (9)

In order to compute H*((C"+1)* x --- x (C™*1)*, ), we compute H*((C"*1)*, 9). Let
U’ = {Uy, Uj,...,U,} be the covering of (C"*")*, let jo, ji,...,jx € {0,1,...,n} fork =
0,1,...,n and let UjOjl"'jk = Ujo N Uj1 Nn---N Ujk' Let I = (ip,iy,...,0,) € Z'"!. The
holomorphic functions on U j,...;, are given by

_ io i in
Fhol(Ujojlmjk) = Z aIZO le ceeZy
T€ZM 1 ig20(L# fos 15w i)

Consider the Cech cochain complex
~0 ’ & *1 ’ s 5! “n ’ 9"
0-CUV,00-CU,0)—- - C"U,0) -0,

where C{(U”, ©) = @Lho1(Ujy ;) (i = 0,...,n). The map 6 : CP(U”,0) — CP*L(U”,0)
is given by {fjoji-j,} 2 AGjojijpar}s Giojiipr = Z(_l)kfjojl“'fk'“jpn' Recall that
H(C1H)*, @) = Kerd”, and H*((C"1)*, @) = Coker 5™ !. The torus 7' = (S1)"*! acts
on the holomorphic functions by ((fo, . . ., ) f)(z0. - - - »Zn) = f(ty 20, - - ., £;'z,). This action
descends to the cohomology. The corresponding weight spaces for the weight I € Z**! are

span(zy -+ z,") (I € 2!

0 otherwise

HO((C’H—I)X, (9)1 — {

span(z(;i" ey e Z’lgl)

0 otherwise.

H (Y~ ), = {
We now prove H/((C™1)*,@9) = 0 for 1 < g < n— 1. Let A be the fan of (C**!)*, and let
|A| = Ugsepao be the support of A. Let
Z(I) :={v € |Al; (L, v) < p(v)},
where ¢ is the support function. From [4],
HY(C!)Y*,0); = HI(A A\ Z(I); C).

Since O is the sheaf of holomorphic function, ¢(v) = 0 for all v € |A|. In the case thati; < 0
for all j, since |A| is contractible,

HI(C™),0) =0 (g > 1).

In the case that i; > O for all j, Z(I) = {0}. Since |A| \ {0} is homotopic to sl
HI(C™)*,0)1= 0 (g # n).

In other case, since |A| \ Z([) is path-connected and contractible,

HI(C"1Y*,0), =0
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for all g.
We now compute H*((C"*1)X x - - x (C"*1)%, ). Consider the natural action of TV*" =
(SHN*™ on the holomorphic function. The weights are multi-indices I’ € ZV*™™; we write

"= (],...,i,), where i;. = ({05 Ejds - Ljn;) for j = 1,...,m. From the cohomology of
(C"*1* that we have computed and from the Kiinneth formula ([1]), it follows that
span(z, 107,11 .. g mom)
Hq((cn]+l)>< X X (Cnm+])>< (9)1/ — 1,0 ~1, 1 S
’ 0.

The former occurs if for all £ we have sgn(icg) = sgn(ic;) = --- = sgn(ic,) = &
here ¢ = 3i¢|e=1.1<t<myNe» and ¢ = 0 when &, = -1 for all £. In particular, (-1)7 =
(= 1) Hlsfﬁm,lSpSn( Sgn(lfp)

The action (2.1) induces an action on functions given by

(@ f)(21,05 -+ - s Zmnyy)

b -1 -1 -1 ~Ct <t
= A f(2100 s oLy Th0 s Zh1 A s TG > 22005 G Z0s e s @ T )

ll 1 U,

The monomial zl 0 Z] e zm wm is then a weight vector with a weight whose k-th coordi-

nate is £ + o+ + ke + Dipgat 2ipey c,(f'glg,, Thus the G-invariant part of H*((C"*1)* x

- X (C™*1y* ) consists of those monomials 4 gozl 11‘ Lo z,;,ln” for which

(3.1) O g+ + i, +ZZ liey =0

(=2 p=1

m [
. . (p)
[2+12’0+"'+l2’n2+z 2flgp 0

(=3 p=1

Cp +imo+ - +ipp, =0.
The action (2.2) induces a T action on the functions given by

((tl,l’ R} tm,nm, tm+l) : f)(zl,O’ R} Zm,n,,,)
1 -1 -1
= tm+1f(zl,07 tl’lzl,l, e im0 tm’IZm,l, ey tm,anm,nm)-

U,y

The weight of the monomial zi’.(;'oziil'" . zm,, with respect to this T action is (i, ia, . . . , iy,
1), where i; = (ij1,...,6jn;) for j = 1,...,m. Thus the index of (B,,OL) is given by
the set of x = (x11,...,Xmn,>1) = (@115---,imn,, 1) for which there exist (i1, ..., in0)
such that (3.1) is satisfied and such that sgn(izo) = sgn(i¢;) = --- = sgn(ig,,) for all
¢. This is exactly the set (2.3). Therefore the multiplicity of the equivariant index is
(DY H1<€<m,1<p<n[ sgn(icp) = (- HY H1<f<m,1<p<ng sgn(xe,p) = p(x). o

3.2. Character formula for the equivariant index. In the following the theorem we
give a formula for the character y : 7 — C of the equivariant index of a generalized Bott
manifold. For every integral weight u € ¢* we have a homomorphism A* : T — S
We denote the integral combinations of these A*’s by Z[T]. Then y € Z[T] is given by
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X = 2y My A" where my, = mult(u).
DerintTioN 3.2, Let {ey1,. .., emnn,, em+1} be the standard basis in RN x; = (Xidsenes
Xin) and ¢ = (ei1,...,€in). Let Ay, = {z = (21,....20) €Z2 | 21+ -+ + 2, = —r}, and let

A:;’r = {Z = (Zl, .. .,Zn) € ZZO | 21+ttt =r— 1} Let <x,',€l'> = Xj1€i1 + -t Xip€in-

Then the operators D; : Z[T] — Z[T] are defined using Cz(',kj) and ¢; in the following way:

Z Z A e ifk; >0

0<r<k; xl'EA;,',V

D;(#*) =30 if —n; <k <-1

Z Z (_l)ni/l#"'(xi»ei) ifk; < -n—1,

ni+1<r<—ki x;eA;.
where the functions k; are defined as follows: if u = e,,11 + 27‘21. 1 sz: | Xjkejk> then ki(p) =
G+ X ZZil Cg,kj)xj»k‘
From Theorem 3.1, we immediately obtain the following theorem.

Theorem 3.3. Consider the action of the torus T on L — B, as in (2.2). Denote the
(N + 1)-th component of the standard basis in RN*! by e,,,1. Then the character is given by
the following element of Z|T1:

X =Dy Dy (A7),

Remark 3.4. When n; = 1 for all i, the operator D; is given by

A pEmein g ke ifki>0
Di(2") =40 ifki=-1
— e ppr2en L kit Den i e < D)

We can check that this operator agrees with the one in [6, Proposition 2.32].

ExampLE 3.5. Suppose thatm =2,n; = 1,andny =2. Weset{; = 1,0, =2, C<11% =2,and

c(g = —1 as in Example 2.5. Then the corresponding character y is given by

X = D1Dy(17)
— Dl(ﬁe_g +/1€3—€2,] +/le3—e2,2 +/1€3—2€2y] +/’l€3—€2,1—82,2 +/1€3—2€2’2)

— Q8 4 87O 4 192 4 jemenell +/l€3—€z,z—261.1 _/183—262,|+€|,1 _/163—262,1+2€1.1

+ J@erie +/l€3—2€2.2 +/1€3—2€2,2—€1,1 +/l€3—2€2.2—2€1.1 +/I€3—2€2,2—3€1$1_

ExampLE 3.6. Suppose that m = 2,ny = 2, and n, = 1. Weset {; = 2,{, = —6, and
c(llg = —1 as in Example 2.6. Then the corresponding character y is given by

X = D1Dy(A7)
— D] (_/163+62V1 _ /le3+2€2'1 _ /123+3€2'1 _ /163+4€241 _ /1834-562_1)

— _/1634—62,1 _ /l€3+€2'1—€1.1 _ /163+62'1_61'2 _ /l€3+2€2.1 _ /l€3+5€2,1+€1,1+€1_2
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ExampLE 3.7. Suppose thatm =2,n; =2,andn, =2. Weset{; = 1,0, =2, c(llé =2, and

0(12% = —1 as in Example 2.7. Then the corresponding character y is given by

X = D1D»(1%)
— D](/le3 + 87l 4 1@ +/1€3—2€2,1 + 8me—en +/1€3—2€2,2)

= 19 4 N8BT 4 Y872 4 93T 4 Pe3Te27Cll 4 3T el +/l€3—£’2,2—2€|,1

+ @3 Te2ener +/l€3—€2,2—231,2 +/l€3—2€2,1+€1.1+€1,2 + @ ee1me2 +/1€3—2€2,2
+/1€3—2€2$2—€1,1 +/l€3—2€2.2—€1,2 +/1€3—2€2,2—2€1,1 +/l€3—2€2.2—€1,1—€1,2 +/l€3—2€2,2—261,2

+/I€3*2€2,2*3€1,1 +/l€3*2€2,2*2€1,1*€1.2 +/le3*2€2,2*€1.1*2€1.2 +/l€3*2ez<2*3€|,2

Remark 3.8. We gave the formula for the character using the Demazure-type operators.
On the other hand, the character is also given by the localization formula ([7, Corollary 7.4]).
For example, when we set the parameters as in Example 3.5, the character is computed using
the localization formula as follows:

= )9 ! + G
X= (1 = A=)l — A=e21)(1 — A=222) (1 — A7eur)(1 — A~e2rte)(] — A%22)
/1_282’1 A¢nl
+ +
(1 = Aer)(1 = Ae21—e22)(1 — A¢2r) (] — /161,1)(1 — /1281,1—82,1)(1 — ATeni—ex)
/1—361’] —2624'2
+(] — Acu)(1 = periearten)(] — gerrterr)
/136171—262,1
+ .
(1 — Aer)(1 — A3enreni—e2)(] — /1—291.1+€2,1))

We can check that this result agrees with the result in Example 3.5.
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