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Abstract

The based loop space homology of a special family of homagenspaces, flag
manifolds of connected compact Lie groups is studied. Fihst rational homology
of the based loop space on a complete flag manifold is catmlltgether with its
Pontrjagin structure. Second, it is shown that the integ@hology of the based
loop space on a flag manifold is torsion free. This results ideacription of the
integral homology. In addition, the integral Pontrjaginusture is determined.

Contents
L. INErOAUCHION  ooe e 439
2. Torsion in the homology of 100p SPaces ..........ccmmmeeeeineinenn. 440
3. Rational homology ........ccooeiiiiiiii e 442
3.1. Rational homology of loop spaces. ...... 442
3.2.  The loop space on a complete flag manlfold .................. 443
4.  Integral Pontrjagin homology ...........c.oiviii e 451
4.1.  The integral homology af2(SUN + 1)/T"). ..ooviviiiiiiiiiiinnnns 451
4.2.  The integral homology a®2(SHN)/T™). ooeiiiiiiiiiiiiees 453
4.3.  The integral homology aR(SQ2n)/T") and (SQ2n + 1)/T"). 454
4.4.  The integral homology aR(G2/T?). ..oivviiiiiiiiiiiiiiieein, 457
4.5.  The integral homology aR(Fa/T4). ..cooviiiiiiiiiiiiiiiein, 458
4.6. The integral homology aR2(Eg/T®). ...ccoiviiiiiiiiiiiiein, 459

1. Introduction

A complete flag manifoleof a compact connected Lie group is a homogeneous
spaceG/T, where T is a maximal torus inG.

Pontrjagin homology of the based loop space on a completenilagjfold G/T.

Compact homogeneous spaces, in particular, flag manifdads g significant role
in many areas of physics and mathematics, such as theoryaméatkristic classes of
fibre bundles, representation theory, string topology andntum physics. Still there
are only few homogeneous spaces for which the integral hoggoting of their based
loop spaces is known. Some of them are classical simple Loepg;, spheres, and

complex projective spaces.

2000 Mathematics Subject Classification. Primary 57T20,625Becondary 55P35, 57T35.

In this paper we study the integral
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The motivation for our study comes from Borel’s work [2] in iwh he described
the family of compact homogeneous spaces whose cohomoiogyis torsion free. In
particular, homogeneous spadgegU where ranks = rankU stand out as homogeneous
spaces which behave nicely under application of algebi@olbgical techniques. In
this case Sullivan minimal model theory together with theridi-Moore theorem can
be employed to calculate the rational homology ring of tHmsed loop spaces. As
one of the main results of our paper (see Theorem 2.1) we pfwtethe homology
of the based loop space on a complete flag manifold is torsies f

Furthermore, we explicitly calculate the integral Pomgijahomology ring of the
loop spaces on the complete flag manifolds of simple compacigtoupsSUn + 1),
Spn), SA2n + 1), SQ2n), G,, F4, and Eg (see Theorems 4.1, 4.2, 4.3, 4.4, 4.5,
4.6, 4.7).

It is a classical result (see for example [3], or [5]) that themology of the
e-connected componen2,G of the loop space o1t is torsion free for any compact
connected Lie groufs. Thus by the use of rational calculations, we show that there
is a split extension of algebras

1 — Hi(20G;Z) > H(QAG/T); Z) > Hy(T;2) > 1

and describe the integral Pontrjagin ring structure®{G/T) for a simple compact
Lie group G.

Throughout the paper, the loop space on a topological spatenean a based
loop space.

2. Torsion in the homology of loop spaces

We start by recalling some well known facts about the (co)blogy of classical
simple compact Lie groups and their based loop spaces (sexxd@mnple [10]). It is a
classical result that for any compact connected Lie gr@upf rank n,

HG: Q) = A\(@, .., z), Hi(R06G: Q) = Qlby, ..., by]

where degf) = 2ki — 1 and dedf) = 2k; —2 for 1 <i < n, andk; are the exponents
of the groupG. For simple compact Lie groups, these exponents are establi

For G = SUn + 1) or G = S{n), the integral homology of5 and QG is torsion
free and it is given by

H*(G:Z) = \(X1, ..., %), Hu(QG:Z) = Z[y, ..., Y]

where degfi) = 2ki — 1, and degy;) = 2k —2 for 1 <i < n. Under the rationalisation
the integral generatorsy,..., X, andys,..., ¥y, are mapped onto the rational generators
Zi,...,Zy andby, ..., b,, respectively.



INTEGRAL LOOP HOMOLOGY OF FLAG MANIFOLDS 441

For G = SQ2n + 1) or G = SQ2n), the integral homology ofc and QG has
2-torsion.

Borel [2, Proposition 29.1] proved that the homology of a flagnifold G/T is
torsion free for the classical Lie grougs and forG = G, or F4. Using Morse theory,
it is proved in [4] that this is true for any compact connectéel group.

Our first result states that the complete flag manifold of a ach connected Lie
group behaves nicely with respect to the loop space homdiaggtor.

Theorem 2.1. The homology of the based loop space on the complete flag mani-
fold of a compact connected Lie group is torsion free.

We will first show that to prove the theorem it is enough to ideisthe case when
G is a simple, compact Lie group.

Proposition 2.2. The loop space on the flag manifold of a compainnected
Lie group G decomposes into a product of the loop spaces omflagfolds of simple
compact Lie groups.

Proof. It is a classical result (see Onishchik [12]) that anpact connected Lie
group G can be decomposed into a locally direct product of connesiegble normal
subgroups. That isG = G; --- Gk, where G; is a simple, connected Lie group or a
torus, 1<i <Kk, such that

dmGi N(G1---Gj_1-Gjy1---G) =0.

Let G be Gy x --- x G and p: G — G defined byp(g, ..., o) = 01 --- g Since
Kerp="_,GiN(G;-- .G ---Gy), we obtain that Kep is discrete or in other words
p: G — G is a covering. Thus Kep is contained in the centeZ(G) of G. Let T =
T, x---xTq be a maximal torus ifG, whereT; is a maximal torus irG; for 1 <i <k.
Then Kerp ¢ T and therefore

Gy/Tix - x Gy/Tc = G/T = (G/Ker p)/T = G/T.
Hence

Q(G/T) >~ Q(Gl/Tl) X X Q(Gk/Tk) D

Proof of Theorem 2.1. LeG be a compact connected Lie group andts max-
imal torus. We have that the complete flag manif@dT for any compact connected
Lie group G is homeomorphic to the complete flag manif@d T of its universal cover
G. Therefore, we may assunt@ to be simply connected. Fd® simply connected, it
is classical result (see for example [13]) tHa¢G/T) has the same homotopy type as
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Q(G) x T. To verify this notice that related to the principal fibratias topological
spaces. FolG a simple, compact, simply connected Lie group, it is a ctadsiesult
that the integral homology of2G is torsion free. Now using homotopy splitting of
Q(G/T), we conclude that the homology 6i(G/T) is torsion free in this case. The
statement of the theorem now follows readily from PropositR.2. ]

3. Rational homology

In this section we calculate the rational homology ring af thop space on a flag
manifold by looking separately at each simple Lie group.

To calculate the rational homology of the based loop spacex @omplete flag
manifold of a classical simple Lie group we will apply Sudliv minimal model theory.
Let us start by recalling the key constructions and setthg iotation related to the
Sullivan minimal model and rational homology of loop spawdsch we are going to
use in the subsequent sections.

3.1. Rational homology of loop spaces.Let M be a simply connected topo-
logical space with the rational homology of finite type. Let= (AV,d) be a Sullivan
minimal model forM. Thend: V — AZ2V can be decomposed as= dy +dy +- - -,
whered;: V — AZ+1V. In particular,d; is called thequadratic partof the differ-
ential d.

The homotopy Lie algebrd of u is defined in the following way. Define a graded
vector spacd. by requiring that

sL = Hom(V, Q)

where as usual the suspens®h is defined by §L); = (L)i_1. We can define a pairing
(; ):VxsL— Q by (v;sx) = (—1)%%sx(v) and extend it to K + 1)-linear maps

AkaSLx---XSL—>Q
by letting

(VIA- - AVKISX, ..., SK) = Z €5 (Vo(1); SX1) * * - (Vo (k)3 SK)
oeX

where & is the symmetric group ok letters andvyy A« - Avg) = €cV1 A+ - - Avk. It
is important to notice thak inherits a Lie bracket [ , :]L x L — L from d; uniquely
determined by

(1) (v;s[x, y]) = (=1)%9+L(dyv;sx, sy) for x,yel, veV.

Denote byL the Lie algebral(, [, ]).
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Recall that the graded Lie algebtay = (7.(2M) ® Q;[ , ]) is called thera-
tional homotopy Lie algebra of MThe commutator [ , ] is given by the Samelson
product. There is an isomorphism between the rational hopyot.ie algebralL,, and
the homotopy Lie algebr& of x. Using the theorem in the Appendix of Milnor and
Moore [9], it follows that

H.(QM; Q) = UL
whereU L is the universal enveloping algebra f6r Further on,
UL = T(L)/{xy — (-1)%@*®P¥yx —[x, ]).

For a more detailed account of this construction see for l@fi7], Chapters 12 and 16.
As the notion of formality will be important for our calcuiah we recall it here.

DEFINITION 3.1. A commutative cochain algebra,(d) satisfying H(A) = Q
is formal if it is weakly equivalent to the cochain algebri (A), 0).

Thus (A, d) and a path connected topological spacare formal if and only if their
minimal Sullivan models can be computed directly from trmhomology algebras.

REMARK 3.2. There are some known cases of topological spaces farhwéni
minimal model can be explicity computed and formality pgdv Some of them, that
are important for us in this work, are the spaces that haveabedc‘good cohomology”
in terminology of [1]. Namely, topological space is said to have good cohomology if

H*(X; Q) = Q[uy, ..., Un]/(Pw, ..., P)

where the polynomial$,..., P« form the regular sequence @[uy,...,uy], or in other
words, the idealPy, ..., P) is a Borel ideal inQ[ug, ..., uy]. In this case Bousfield
and Gugenheim [1] proved that the minimal model>fis given by

M(X) = Q[uly ey un] ® /\(Ul, e, ’Uk)
where degg) = degP) — 1 for 1 <i <k, and the differentiall is given by
d(u) =0, d(vj) =Pj.

3.2. The loop space on a complete flag manifold.In this section we calculate
the rational homology of the loop space on the complete flagifold of a simple
Lie group.

Recall from Borel [2, Section 26] that the rational (as walliategral) cohomology
of SUn+1)/T" is the polynomial algebra on+ 1 variables of degree 2 quotient out
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by the ideal generated by the symmetric functions in thesahlas
H*(SUn +1)/T"; Q) = Q[uy, . . ., Un1]/{ST (U1, . . ., Uny1)).

It is important to note that the idedB"(uy, ..., Uuny1)) is a Borel ideal. As a conse-
quence, by Remark 3.3Un + 1)/T" is formal. Thus the minimal model fa8Un +
1)/T" is the minimal model for the commutative differential greddgebra H*(M; Q),

d = 0) and it is given byu = (AV, d), where

V=(u1,...,Un,vl,...,Un)

and deg(x) = 2, degfx) =2k + 1 for 1<k <n.
The differentiald is defined by

n n k+1
2) du) =0, d(w)= > utt+ (—1)k+1(z ui) .

i=1 i=1

It is easy to see that the quasi isomorphismu = (AV,d) - (H*(M;Q),d =0) is
given by the following rule

U —~u, vi—0 for 1<i=<n.

Theorem 3.1. The rational homology ring of the loop space on the flag maghifo
SUn +1)/T" is
3
H.(2(SUn + 1)/T"): Q)

>~ (T(ay, ..., an)/(af =apdq +aqap | 1<k p,g<n, p#q)®Q[by, ..., by

where the generators; aare of degreel for 1 <i < n, and the generatorsbare of
degree2k for 2 <k <n.

Proof. The underlying vector space of the homotopy Lie algé&bof . is given by

where degdk) = 1, degby) =2k for L <k <n.

In order to define Lie brackets we need the quadratic gauf the differential in
the minimal model. In this case, using the differentiabefined in (2), the quadratic
partd; is given by

n
di(u)=0 for 1<l <n, dy(v)=2> U?+2> uuj, da(w)=0 for k#1.

i=1 i<
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For dimensional reasons, we have
[ax, b] =[b, ] =0 for 1<Kk, |l <n.

By the defining property of the Lie bracket stated in (1), weeha

(v1: Slaw, &) = <22 U7 +2> Ui sa, sa<> = 2(uZ; s&, s&) = 4
and
(vi; s[ax, a]) = 2(ukuy; sa, sa) =2 for k#|
resulting in the commutators
[a, a] =2b; for k#1I,
and

[k, a] = 4by.

Therefore in the tensor algebiday, ..., an, b, ..., by), the Lie brackets above induce
the following relations

&y +aa=2b for 1<kl =n, k#I,

a2 = 2b; for 1<k<n,
ah = bag for 1<Kk, | <n,
by = b by for 1<Kk,| <n.
Thus
4) UL~ (T(@,..., an)/ (a2 = apaq + agap)) ® Q[by, . . ., bn].
This proves the theorem. O

The rational cohomology rings for the flag manifol8§(2n + 1)/T" =~ Spin2n +
1)/T", SQ2n)/T" =~ Spin(2n)/T", andSpn)/T" (see for example Borel [2, Section 26])
are given by

H*(SQ2n + 1)/T"; Q) & H*(SHN)/T™ Q) = Q[uy, ..., U] /(ST(U3, ..., ud),
H*(SQ2n)/T"; Q) = Q[uy, . . ., Unl/(ST(U3, ..., U2), U - -~ Up)

wherevu; is of degree 2 for i <n.
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By Remark 3.2, all the above mentioned complete flag marsfaice formal and
therefore their minimal Sullivan model is the minimal modet their conomology al-
gebra with the trivial differential.

Proceeding in the same way as in the previous theorem, wénatbia following
results.

Theorem 3.2. The rational homology ring of the loop space on (3®©+ 1)/T"
and Sggn)/T" is given by

H.(2(SA2n 4+ 1)/T"): Q) = H.(2(Spn)/T"): Q)

(5) N a2=...=a2
=(T(al""’a”)/<ak34=—aakfork;él>)®Q[b2""'b”]

where the generators; aare of degreel for 1 <i < n, and the generators bare of
degreedk — 2 for 2 <k <n.

Proof. We give just an outline of the proof as it is similar tee tproof of The-
orem 3.1. The minimal model foBQ2n + 1)/T" is given by u = (AV, d), where

V=(u1,...,un,v1,...,vn),

and deg(x) = 2, degfx) =4k —1 for 1<k <n.
The differentiald is given by

n
(6) d(u) =0, d(w)= > u* for 1<k<n.
i=1
Therefore the underlying vector space of the homotopy Ligeladal of u is

L=(a1,...,an,b1,...,bn)

where dedgdy) = 1, degby) = 4k — 2 for 1 < k < n, and the quadratic pad; of the
differential d is given by

n
d(u)=0 for 1<l<n, di(vs)=> U di()=0 for k=>2.
i=1

The induced Lie brackets oh are equal to
[a, b] =[b,b] =0 for 1<Kk, I <n,
[ak, &] = 2b; for 1<k<n,
[a, a] =0 for k#1.
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This implies the following relations itJ £:

aZ=b for 1<k<n,
aa +aa =0 for k#l,

aby = brag for 1<Kk =<n,
b = bbby for 1<Kk, I <n.

The theorem follows now at once knowing thidt (2(SQ2n + 1)/T™); Q) = U L. [

Theorem 3.3. The rational homology ring of the loop space on (2Q/T" for
n > 2 is given by

H.(2(SQ2n)/T"): Q)

_ g =2
=(T(a1,...,an)/<akal — _aa fOI’k7é|>)®Q[b2’”.’bn_l’bn]

where the generators; are of degreel for 1 <i < n, the generators pare of degree
4k — 2 for 2 <k <n—-1, and the generator bis of degree2n — 2,

Proof. To be reader friendly we outline a proof. The minimaldal forSQ2n)/T"
is given byu = (AV, d), where

V = (U]_, veey Una vl! BRI | Un—la Un)y
and deg(x) = 2, degfx) =4k —1 for 1<k <n-—1 and deg{,) = 2n— 1.
The differentiald is given by
n
(7) d(u) =0, d(w) =D u* and d(vy) =Uz---Up.
i=1

Hence the underlying vector space of the homotopy Lie alyébof u is
where dedgdx) = 1, degby) = 4k — 2 for 1 <k <n -1, degh,) = 2n — 2, and the
qguadratic pard; of the differentiald is given by

n
di(u) =0 for 1<I=<n, di(v) = Z uiz, di() =0 for 2<k=<n.
i=1
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The induced Lie brackets oh are equal to

[a, b] =[b,, b] =0 for 1<k, I <n,

[ax, &] = 2b; for 1<k<n,
[a, a] =0 for k#I,
and thus inUL:
aZ=b for 1<k<n,
aa +aa =0 for k#I,
ab = bag for 1<Kk,| <n,

by = b by for 1<Kk,| <n.
Since H,(2(SQ2n)/T™); Q) ~ UL, we have proved the theorem. O

In the theorems that follow we compute the rational homolaggs of the based
loop space on the complete flag manifolds of the exceptiomalgroupsG,, F, and
Es. We refer to [6] and [11] for the Weyl group invariant polynats which we use
for the descriptions of the rational cohomology rings of twmplete flag manifolds
of these groups. We want also to emphasize that the ratiasalyell as the integral,
cohomology rings of the flag manifoldS,/T?, F4/T* and Eg/T® are thoroughly dis-
cussed in [15].

Theorem 3.4. The rational homology ring of the loop space on/G? is given by
H.(Q(G2/T?); Q) = (T (a1, &)/ (@a + apan = a; = a3)) ® Q[bs]

wheredegbs = 10, and dega; = dega, = 1.

Proof. Recall that

H*(G2/T% Q) 2= Q[uy, Uy, U3]/(Py, Pz, Pe)

where P, = 32 ug, P= 32 (02 Ps=32 , ub and degi; = degu, = degus = 2.
Therefore the minimal model 4V = A(uy, Uy, vy, vs) Where deg; = 3, degus =
11, and the differentiatl is given byd(u;) = d(uz) = 0, d(v1) = 2(U? + U3 + UyUp),

d(vs) = U8 + uS + (U1 + up)®. Thus

di(u1) = di(u2) = da(vs) = 0, di(v1) = 2(UZ + U + UUy).
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In the homotopy Lie algebrd = (a1, az, by, bs) the induced commutator relations are
given by

[a,bj]=0 for i=1,2,j=1,5 [o,b]=0 for i,j=1,5,
[a1, @] = 2by, [ag, &1] = [a, @] = 4by.
Hence the following relations ity £ hold:

gbj —bja =0 for i=1,2,j=1,5
bybs = bsby,
aray + axay = 2by,
a2 = a5 = 2b. O

Theorem 3.5. The rational homology ring of the loop space og/F* is given by

H.(2(Fa/T*): Q)

2= =a?
= (T(al, &, as, a4)/< aa = —aa fori # | >) ® Q[bs, by, by

wheredega; = 1 for 1 <i <4, deghs = 10, degb; = 14, and degb;; = 22.
Proof. The rational cohomology algebra Bf/T# is
H*(Fa/T% Q) = Q[us, Uz, Us, Us]/(P2, Ps, Ps, Pro)
where degy =2 for 1 <i <4, and

1

W(ﬂ:ul +u, uzx U4)k

P = U¥ 4+ U + u§ + uk +

for k = 2, 6, 8, 12. For degree reasons, the only relevant genemtateterminingd;
is P, = 3(UZ + u3 + U3 + u3). Therefore we have

V = (Ug, Uy, Us, Ug, U2, Ug, Vg, V12), Where degy =2k—1
and the quadratic part af is given by
di(u) =0 for 1<i=<4, di(v;)=0 for j=86,8, 12,
and
di(v2) = 3(UZ + u3 + U3 + u3).
This determines the homotopy Lie algebra

L= (al, ap, az, a4, bl, b5, b7, bll)
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where deg; = 1, degh, = 2, degbs = 10, dedh; = 14, and dedp;; = 22 with the Lie
brackets given by

[a,b]=[b,b]=0 for 1<j<4 and j,I=1,5711,
[a,a;]=0 for i # j,
[a,&] = 6by for 1<i<4.

This implies that inU L for every possiblé and j, & andb; commute as well as;
andb; does. Also the additional relations £ hold:

2: 2:

= ;=

ai=a2=3b, and aa; +aja =0 for i#j.
The statement of the theorem now follows directly. O
Theorem 3.6. The rational homology ring of the loop space og/E® is given by
H.(Q(Es/T°): Q)
~ (T(al,...,a5, a)/<Z;==aE:iaa$§rq;—ga;f50r 1<k p.q=5, ps«éq»
® Q[by, bs, by, bg, by1],
wheredega; =1 for 1 <i <5, dega =1, anddegb; = 2j for j =4,5,7,8, 11
Proof. The rational cohomology dfg/T® is
H*(Ee/T% Q) = Q[uy, Uz, U, Us, Us, Us, U]/(P1, P2, Ps, P, Ps, Py, Pr2)
where degy; = 2 for 1<i <6, degu = 2, and
6
Po=D (Ui £+ D (=1 +uy)
i=1 1<i<j<6
for k=2,5,6,8,9,12, and = 3°_, u;. It follows that
V = (uy, Up, Us, Ug, Us, U, v, Vs, Vs, Vs, Vg, V12)
andd; is determined only by

P2=12(u§+---+u§+u2+ > uiuj).

1<i<j=<5
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In a similar fashion as before we obtain that
L = (a1, ap, ag, s, as, &, by, by, bs, by, bg, b1),

where de@y =dega=1for 1<i <5, and dedp; =2j for j =1,4,5,7,8,11. The
commutators are

[a, a] =[&, bj]=[a, bj]=[b, bj]=0 for 1<i<5 and j,1=1,4,5,7,8,11,
[a,aj]=12b; for 1<i, =<5/ i#], and B, a]=[a a]=24b; for 1<i=<5.
The last three commutator relations imply the followingat&ins inU L:

a®=a’=a@ +aa =120, for 1<i,l,k<5 k#]l.

This directly implies the statement of the theorem. ]

4. Integral Pontrjagin homology

In this section we study the integral Pontrjagin ring stuoetof Q(G/T), whereG
is a simple Lie group. We make use of the rational homologgutations forQ(G/T)
from the previous section and the results from [3], [11] ah€][on integral homology
of the identity componenf2oG of the loop space ors. Recall thatH.(220G; Q) is
primitively generated for a compact connected Lie gr@aip

4.1. The integral homology of2(SU(n + 1)/T").

Theorem 4.1. The integral Pontrjagin homology ring of the loop space on(risY
1)/T"is
H.(Q(SUn + 1)/T"): Z)

XZ = XpXg + XqXp = 2y1

g(T(Xl,...,Xn)@)Z[yl!""yn])/<f0r 1<k P.g=n p?éq

where the generatorsix. .., X, are of degreel, and the generators;yare of degree
2i for 1<i <n.

. Proof. It is well known that ifG is a simply connected Lie group, thea(G/T) =~
Z9MT andns(G/T) = Z. Let

W: m2(G/T) ® m2(G/T) — n3(G/T)

denote the pairing given by the Whitehead product. In whitde, we identifyHy (T, Z)
with 2(G/T) and Hx(Q2G, Z) with 73(G/T) via natural homomorphisms. Thus since
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there is no torsion in homology, and using the rational hagylresult (3), we obtain
that there is a split extension of algebras

1— H.(QSUn+ 1); Z) - H.(QSUn+1)/T"); Z) - H(T" Z) — 1
with the extension given byof 8] = W(x, 8) € Hx(2SUn + 1); Z), wherew, B8 €
Hy(T"; Z).
We explain the extension of the algebra in more detail. Moticat there is a

monomorphism of two split extensions of algebras

1—>H.(2SUN + 1); Z) —> H.(QSUn + 1)/T"); Z) — H.(T™ Z) —1

|

1—>H.(QSUn + 1); Q) — H.(Q(SUn + 1)/T"); Q) — H.(T"; Q) — 1.

Denote byé,, ..., Gy 1 the universal transgressive generatorsHin(SU(n + 1); Z) which

map to the symmetric polynomials, = Zl§i<j§n+1 XiXjy ooy Cngl = X1+ XnXng1
generatingH*(BSUn + 1); Z). The elementxy, .. ., X, Xn+1 are the integral gener-
ators of H,(T"; Z) and Zlnill X; = 0. Now letys, ..., ¥, be the integral generators of

H.(2SUn+1);Z) obtained by the transgression of the elements fidpiSUn+ 1); Z)
which are the Poincare duals &f,...,G,1. Further, the subspace of primitive elements
in H.(2SUn + 1); Z) is spanned by the elements, . .., o, which can be expressed

in terms ofys, ..., y, using the Newton formula
k-1 )
®) ox =D (- Towiy + (-1 Tk, I<ksn.
i=1
The integral elementsy, ..., o, rationalise to the elements, ..., b, € H.(QSUn +
1); Q). The generatorsy, ..., a, in H,(T"; Q) are the rationalised images of the inte-
gral generatorsy, ..., X, in H,(T"; Z). To decide the integral extension, we consider

the rational Pontrjagin ring structure (3) &f(SWn + 1)/T"). Looking at the above
commutative diagram of the algebra extensions, we condlaiethe integral elements

XX + XX —207 for 1<k, I <n, k#]1,

Xz — 207 for 1<k<n,
Xk0o| — 01 Xk for 2<k,| <n,
oKOo| — 010k for 2<k,I <n

from H,(Q(SUn + 1)/T"); Z) map to zero inH,(Q2(SUn + 1)/T"); Q). As the map
between the algebra extensions is a monomorphism, we amc¢hat these integral
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elements are zero. Using that there is no torsion in homotogl Newton formula (8),
we have

XX +xxX =2y, for 1<k, I <n, k#I,
X2 =2y for 1<k<n,

XY —Vixk =0 for 2<k,l <n,

YV —Wy=0 for 2<k,l=n

which completely describes the integral Pontrjagin ring{BUn + 1)/T") and fin-
ishes the proof. O

4.2. The integral homology of2(Sp(n)/T").

Theorem 4.2. The integral Pontrjagin homology ring of the based loop spaa
Spn)/T" is

H.(Q(SHn)/T"); Z)

X2:...:X§,
= (T(Xl""’xn)/<xix| — xx for k1 >)®Z[y2,...,yn]

where the generators;x. . ., X, are of degreel, and the generators;yare of degree
4i —2for2<i =<n.

Proof. The proof is analogous to the proof of Theorem 4.1. deycy,..., &
the universal transgressive generatordlifSgn); Z) which map to the generatocs =
Shix3 ..., 0 =x2..x2 of H*(BSHN); Z). Letyi, ..., yn be the generators in
H.(22Sn); Z) obtained by the transgression of the elementsHif{Sgn); Z) which
are the Poincare duals @f, ..., C,. Recall from [3] that the subspace of the primitive
elements inH,(Q2Spn); Z) is spanned by the elements, . .., o, given by

k-1

) ok = > (-1 toriy + (-1 ky, 1<k<n.
i=1

The integral elements,, . . ., o, rationalise to the generatabos, . . ., b, of H,(2Sgn); Q)
given in (5). The generatoss, ..., a, of H.(T";Q) are the rationalised images of the inte-
gral generatorgy, ..., X, in H,(T";Z). Therefore we conclude that i, (2(Spn)/T"); Z)
the following integral elements are zero:

XX + XX —o1 for 1<Kk, | <n, kK#I,
X2 — o1 for 1<k<n,
XkO| — 0] Xk for 2<Kk,| <n,

OKO| — 0|0k for 2<k, I <n.
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Since there is no torsion in homology, going back to Newtormida (9), we ob-
tain the same relations betwegn ..., y, andxy, ..., X, which determine the integral
Pontrjagin ring structure o®(Spn)/T"). ]

4.3. The integral homology of€2(SO(2n)/T") and £(SO(2n+1)/T"). As men-
tioned before,SAOmM) is not simply connected and the cohomology 2H(m) and the
homology of QSQ(m) are not torsion free, namely, they have 2-torsion. Newbels,
since SQUm)/T = Spinm)/T, whereT is a maximal torus, the rational homology cal-
culations enable us to prove the following.

Theorem 4.3. The integral Pontrjagin homology ring of the based loop spat
SQ2n + 1)/T" is given by

H.(Q2(SA2n 4+ 1)/T"); Z) = (T(X1, - - -, Xn) @ Z[Y1, - . -+ Yn-1, 2¥ns - - - 2Y2n-1]) /I

where | is generated by

x2—y1, x2—-x%, for 1<i<n-1,

XX +xx¢ for Kk #lI,

Y2 —2Yi1Yir1 - £2yy for 1<i=<n-1,
wheredegx; = 1 for 1 <i <n, degy; = 2i for 1 <i <2n-1, deg3; = 2i for
n<i<2n—1,and =1

REMARK 4.1. Before proving Theorem 4.3, let us recall the ring dtmec of
H.(2:SQ2n + 1); Z). It is proved in [3] that the algebrdd,.(2,SQ2n + 1); Z) is
generated by the classes, . .., Yn-1, 2¥n, . . ., 2Yon—1 Which satisfy the relations

2_

Vo —2YicaVit1+ 2YiaYizo— -2y =0 for 1<i<n-1

where deg, = 2i for1<i <n-1,deg3; =2 forn=<i <2n-1, andy, = 1. For
[(n+1)/2] <i <n-—1, these relations expresg.Rin terms ofys,..., Yn—1,2Vn,..., 2Y2i_1
and thus eliminate ¥; as generators. For 2 i < [(n + 1)/2] — 1, the relations above
imply new relations on the generatoys, that is, 3 = +(y2 — 2y 1Yip1 + -+ £
2y1Ysi-1). This implies that the elementg; for 1 <i < [(n 4+ 1)/2] — 1 are gener-
ators only in the homology of20SQ(2n + 1) with coefficients where 2 is not invertible.
Consider the rational elementg defined by the recursion formula

(20) Pk — Px1Y1+- k=0 for 1<k=<2n—-1 where po=1.

The relations inH, (2oSQ(2n + 1); Z) imply that only p1, ps, .- ., P2n_1 are non zero.
According to [3] the element®, ps, ..., P2[n/2-1: 2P2[n/2]+1: - - -» 2P2n—1 SPan the sub-
space of primitive elements ifl.(20SQ(2n + 1); Z). These elements are obtained by
transgressing the elements kh.(SQ2n + 1); Z) which are the Poincare duals of the
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universal transgressive generatarg ..., o, in H*(SQ2n + 1); Z). The generators
1,...,0n Map to the symmetric polynomiatg(xz, ..., x2) for 1 <i <n generating the
free part inH*(BSQ2n+-1);Z). In this way we see thapi, s, ..., 2P2n/2]+1: - -» 2P2n—1
rationalise to the rational generatdssin H.(20SQ(2n + 1); Q) (see Theorem 3.2).

REMARK 4.2. If we denote the generators df (2,SQ(2n+1);Z) by vi,..., ¥n_1,

Yns - - -» Yon_1, then the relations are slightly more complicated and theygiven by
min{i,n—1—i} i
Y42 D DYkt D CD Yy =0
k=1 k=n—i

where 1<i <n-1.

Proof. Recall thatSQ2n 4+ 1)/T" =~ Spin2n + 1)/T" implying that (SQ2n +
1)/T™) = Q(Spin2n + 1)/T™). It is known thatQSpin(2n + 1) = Q;SQ22n + 1), see
for example [10]. Consider the morphism of two extensionslgkebras

H.(Q20S02n + 1); Z) —— H.(Q(SOA2n + 1)/T"); Z) —— H,(T"; Z)

H.(©20:SQ2n + 1); Q) —— H.(2(SQA2n + 1)/T"); Q) —— H.(T"; Q).

By Remark 4.1, we have that all the generatiofs . ., b, of H,(©2:SQ2n + 1); Q) are

in the rationalisation of the integral elemergs, ps,..., Popn/2j-1, 2P2n/2]+1: - - - » 2P2n-1

of H,(2:SQ2n + 1); Z). Since the map between two algebra extensions is a mono-
morphism, we conclude that iHl.(2(SQ(2n + 1)/T"); Z) the following relations hold

XXl + X Xk = P21 for 1<k | =<n, k#l,
XZ = p1 for 1<k <n,
Xk P2-1 = Pai-1X for 2=<k, I =n,

Pok-1P2-1 = Pa—1Pxk-1 for 2=<k,1 <n

as these elements map to zeroHp(2(SQ2n + 1)/T"); Q). Note thatp; = yi, which
gives thaty; = X2 in H.(Q(SQ2n + 1)/T"); Z).

The fact that differs this case from the caseSif(n 4+ 1) or Sn) is that these
integral element;, ..., 2p2n—1 that map onto rational generators, do not produce all
the generators i, (20SQ2n + 1); Z). Nevertheless, since there is no torsion in hom-
ology, we can also deduce from the rational homology cafimra that there is a split
extension of algebras

1— H.(205Q2n + 1); Z) — H.((SA2n + 1)/TN); Z) — H.(T;Z) — 1.

We have thaty, 1 survive as the generators k. (2(SQ2n+ 1)/T");Z) for2<i <n
using the relations coming from,(2oSQ(2n + 1); Z) and the fact that the integral elem-
entsps, ..., 2pzn—1 rationalise to the generatobs, ..., by in H.(2(SQ2n +1)/T"); Q).
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Therefore, in order to verify the above splitting we needhovs that the generatong;
for 1 <i <[(n+1)/2] in H.(2:SQ2n + 1); Z) survive as generators iH. (2(SQ2n +
1)/T"); Z). We prove this by induction on If y, is not a generator i, (2(SQ2n +
1)/T"); Z), then it can be expressed as

n
yo=axi+ D B+ D mpdxixi+ D Sk XX XX,
i—2

2<i<j=n 1<i<j<k<l=n

where «, B, yij, 8iju are integers. On the other hand, H,.(Q2:SQ2n + 1); Z) we
have that § = y? which translates to ¥ = x; in H.(2(SQ2n + 1)/T); Z). This
implies thatg; = %; = diju = 0, and 2 = 1, which is impossible since is an inte-
ger. In the same way, assuming that for 1 <i <k < [(n 4+ 1)/2] are generators in
H.(©2(SQ2n + 1)/T"); Z), we prove thaty,i41) iS @ generator as well. If it were not,
we would have

Yorr1) = Yy + POXay ooy Xny Y2, v vy Yoksd)

wherea € Z and P is a polynomial with integer coefficients which does not eimt
yZ,1. On the other hand, in the relatioryxg 1) = (Y2, ; — 2Y¥kYk+2 — - - - & 2Y1Yok+1)

in H,(R2S02n + 1); Z), when translating tdH,(2(SQ2n + 1)/T"); Z) we have by the
inductive hypothesis thayfﬂ can not be eliminated. This implies that the coefficient
a satisfies 2 = +1 which is impossible.

We are left with a verification of the commutator relations . (2(SQ22n +
1)/T");Z). Since 3, = X{, we have X = XX = X X] = 2X Y2, that is, yoXi = X; ¥».
Now by induction onk, we prove thatykXj = X;jyk for an arbitraryy,. For k odd,
relation (10) together with the inductive hypothesis giteat x; for 1 <i <n com-
mutes with yx. Let k be even. Since deg is even for anyi, each monomial in

the polynomial P(Xg, ..., Xn, V2, ..., Yk_1) = 2Y¥k contains even number of generators
X1,..., Xn. Using now the inductive hypothesis, we have that evgergommutes with
P and thus withy. O

Theorem 4.4. The integral Pontrjagin homology ring of the based loop spat
SQ2n)/T" is given by

H..((SQ2n)/T"): Z)
= (T(X, - Xn) ® Z[Y1, - - - Yn-2, Yn-1+ Z, Yn-1—Z, 2¥n, - . ., 2Y20-)])/|
where | is generated by
X2 -y, x2—x?%, for 1<i=n-1,
XX + xx¢ for Kk #I,
Y= 2i1Yis1+ i aYisa—- -+ 2ys for 1<i<n-2
(Yn-1 + 2)(Yn-1 — 2) — 2¥n_1Yn+1 + - - - £ 2Y2(n_1),
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wheredegx; = 1 for 1 <i <n, degy; =2 for 1 <i <n- 2, degfjp_1 + 2) =
degyn-1—2) =2(n—1),deg3; =2i forn <i <2(n—1)and y =1

REMARK 4.3. Recall from [3] that the algebrd,(20SQ(2n); Z) is generated by

the elementsyy, ..., Yn—2, ¥n-1+Z, Yn-1—2, 2¥n, ..., 2¥2(n—1) Which satisfy the relations
Y2 = 2¥i-1Yis1 + 2Yi2Yiq2— - £ 2y =0 for 1<i<n-2

(Vo1 + 2)(Yn-1 — 2) — 2¥n—1¥n4+1 + - - - £ 2¥o(n—1y = O.

As in previous case, these relations eliminatg; s generators for fi(+ 1)/2] <i <
n— 2, while for 1<i < [(n + 1)/2] — 1, they induce new relations oy implying
that y,; are generators only in the homology @§SQ(2n) with coefficients where 2 is
not invertible. The subspace of primitive elementsHp(2oSQ(2n); Z) is spanned by
the elementspy, Ps, ..., Pn—2, 2Z, 2Pn, - . ., 2P2n-1)-1 for n odd and by the elements
P1, P3, - .-y Pty 22, 2P0t - - -, 2P2n—2)+1 fOr N even. These primitive generators are
obtained by transgressing the elementsHi(SQ(2n); Z) which are the Poincare duals
of the universal transgressive generatéss. . ., on_1, A in H*(SQ(2n); Z). The gen-
eratorséy, . . ., on-1, A Map to the polynomials;(x2,...,x2) for 1<i <n-1 and

A = X1 -+ Xy Which generate the free part id*(BSQ2n); Z).

Proof. The proof is analogous to the proof of Theorem 4.3. ]
4.4. The integral homology of 2(G,/T?).

Theorem 4.5. The integral Pontrjagin homology ring a2(G,/T?) is given by
H.(Q(G2/T?): z)
= (T (X1, X2) ® Z[y1, Yo, Ys])/ (XX + XoXa = X§ = X5 = 2y1, 2y2 = X7),

wheredegx; = degx, = 1, degy, = 4, and degys = 10.
REMARK 4.4. The integral homology algebra ©fG, has the following form [3]:

H.(RG2: Z) = Z[y1, Y2, ¥sl/(2y2 — ¥3),

with degy; = 2, degy, = 4, and degys = 10.
Proof. Consider a morphism of two extensions of algebras

H.(QG2 Z) —— H.((G2/T?): Z) —— H.(T% Z)

| | |

H.(2G2: Q) —— H.(2(G2/T?): Q) —— H.(TZ Q).
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In H.(2G,; Q) the generatord, andbs are the rationalisations of the integral elements
y1 andys in H.(RG»; Z). It follows that the relations between, x, and betweeny,

ys in H,(QAG2/T?);Z) are lifted from the relations on their rationalisationse Wrther
show that there is a split extensions of algebras

1 - H.(QGy Z) - H.(Q(G2/T?):Z) - H.(T% Z) — 1.

To deduce the splitting above, we use that there is no torsiothe corresponding
homologies. We first need to show that the genergtoe H,(Q2Gy; Z) survives as a
generator inH..(Q(G2/T2); Z). If it were not, we would have thag, = ax; + fx3Xp,
and that 3, = x{ using the relations inH.(RGy; Z). This would imply that & =
1 which is impossible since is an integer. Sincey2 = x{ and there is no torsion
in homology, using already established relations, we gat yh commutes with other
generators inH, (Q(G2/T?); Z). O

4.5. The integral homology of(F4/T4).

Theorem 4.6. The integral Pontrjagin homology ring aR(F4/T4) is given by
H.(Q(Fa/T*): Z)
= (T(X1, X2, X3, Xa) ® Z[Y1, Y2, Y3, ¥5, Y7, Y1) /]

where | = (x?2 =3y;, 1 <i <4, XiXj = XX, | # ], 2y2 =X{, 3ys = xy,), where
degx; =1for 1<i <4,anddegy, =2i fori =2,3,5,7,11

REMARK 4.5. The integral homology algebrd,(2F4; Z) is computed in [16]
and it is given by

H.(QF4; Z) = Z[y1, Y2, Y3, ¥s, Y7, Yaal/ (Vs — 2Y2, V1Y — 3Ya).

Proof. As in the previous cases, we first prove that there iplid extension of
algebras

1 — H.(QF4 Z) - Ho(QF4/TH: Z) - H (T4 Z) — 1.

Since there is no torsion in homology, the rational homologiculations forQ2(Fs/T4)
gives that it is enough to prove thgat andys; survive as generators id..(Q(Fs/T%); Z).
If y, were not a generator iH,.(2(Fa/T%); Z), we would havey, = ax? + >, aix$x +
225i<j54 aij xfxi Xj + BX1XoX3Xs fOr somea, o, ij, B € Z. On the other hand, the re-
lation 2y, = y? from H..(QF4; Z) becomes % = x} in H.(Q(F4/T*); Z). This implies
that 2Zr = 1 which is impossible. In the similar way we prove thatis also a gener-
ator in H,(Q(F4/T%):; Z). If it were not, we would haveys = ax? 4+ 3, aixdx +
D ocicj<a XPXiXj + BX3XoXaXa + 8XEY2 + Do j<a 8% X} Yo. From H.(QFs; Z), we
also have that = x2y,. This together leads tos3= 1 which is impossible. O
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4.6. The integral homology ofR(Eg/T®).

REMARK 4.6. The integral homology algebrd.(Q2Eg; Z) is described in [11]
and it is given by

H.(QEs; Z) = Z[y1, Y2, Y3, Ya» Y5, Y7, Yo, Ya1l/ (Y2 — 2Ya, Y1Y2 — 3ya),
where degy; = 2i fori =1,2,3,4,5,7,8, 11.

Using the same argument as for the previous cases, we dddutadgral Pontrjagin
homology of the based loop space BEg/T®.

Theorem 4.7. The integral Pontrjagin homology ring d2(Ee/T®) is given by
H.(R(Es/T°); Z)

= (T(X1, X2, X3, X4, X5, X6) ® Z[Y1, Y2, Y3, Ya. Y5, Y7, Y8, Y11])/1

where 1= (xZ = XpXq + XqXp = 12y; for 1<k, p,q < 6, 2y, = x{, 3yz = XZy,) and
wheredegx; = 1 for 1 <i <6, anddegy, =2i fori =2,3,4,5,7,8,11
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