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                       Introduction

                                                   '                    tt
     In this thesis I will consider the asymptotic behavior of

solutiens of the second order differential equations
               '                                                            '
(l.l) (a(t)x')' + b(t)fi(x)gi(x')x' + c(t)f2(x)g2(x') = e(t,x,x')

(l.2) (a(t)x')' + h(t,x,xr) + e(t)f(x)g(x') = e(t,x,xV) '

   '
where a(t), b(t), e(t), fz(x), gi(x'), g2(x') and g(x') are all

supposed positive, and xf2(x) > O for x f O. The problerns

treated are about the boundedness of solutions and the attractivity
                                '
propeTty of the origin for these equations. '
     To begin with, we shall review results on the boundedness .

::gb
ii:.I,.sf7r,yll?](ge.i,e3"e.tgOn.il'EgA..::2,eg".gtXig?s,i.5/km..r<IMgggul.xu,I,Åé

[5]   , [6], [8], [9], []l], [l9], [20], [21], [24] and so we will

make our observations under these eonditions. In [19], J.S.W.

Wong and T.A.Buyton consideped the equatlon of the type x" +

c(t)f(x)g(x') = O . They assurned that c(t) is monotone and

lim e(t) = e > O . In later studies coneerning equation (l.2),
ts"e:eral types of conditions on a(t) as well as e(t) were

considered. In [ll], B.S.Lalli. assuined that a'(t) 2r O and

lim a(t) = a > O , and that c'(t) ;; O and lim c(t) = e > O .
8Xoothe othe" hand, severai authors tried to r8p'ooiaee eonditions

on a(t) by f,cola'(t)ldt < oo .( See [5], [ll] and [24]. )

                                                'Furthe?rnore in [6], S.H.Chang used O< ai s a(t) and .
                                          -fo ag[g-dt < co in place of these conditions where a'(t).r=
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max{O,-a'(t)}. He showed also that if a'(t) lO and if

 tl.i.m a(t) = a > O ,.then the eondition "c(t) is monotone and

 Z3gg. c(t) =c > O " ean be yeplaeed by "O < ei 4. c(t) and

                                   'f, oo EC-6X;-{It=' [8 dt .<' oo ." wheye ' c' ('t ) .iL .= max{o,g ' (t)} . simiiar iy in [s],

J.R.Gyaef and P.W.Spikes made their arguments undeve the
 cons it ions o < a(t) E a2 ,fo co ag[8 -- dt < oo .and fo oocg[ tt ]- dt <

               '            '                                                             '
.oo

 k elnd in [2] J.vvrBaker ass'umed f,coS!iiX( 3fi) dt < oo and

fo Cg[8'- d't < co . This kind of conditions on a(t) and c(t)

 will also be imposed in our studies. • ,
      In the recent paper' [9], Graef and Spikes diseussed the

 boundedness of solutions of the equation (1.2) under some ether

 eonditions. Among them, a payticular assumption was le(t,x,y)I
                         'ny-< a(t fagEg) for some M> o. This has an advantage that
            '
                                             '           ' aMtc)(Ct)'(t) may eve.n diverge to eo as t tends to oo, but still

 it contains some unsatisfaetory limitations. One is that c'(t)

 must be nonnegative, and the other is, when e(t) .is independent

 of t, the above inequality will irnply that e(t,x,y)' =- O. So,

 in ou? studies on the boundedness of the solutions of (1.2),
                                                          ' one of the assumptions on e(t,x,y) wilk be le(t,x,y)l ;g
 a(tfa.eeSt) +ri(t) +y2(t)lyl and f, ri(t)dt < oo (i=l,2), ,

 while we don't assume c'(t) 2i O . Ouy result on the boundedness
                              -
 of solutions is TheQrem 2.l, and it is an improvernent of the

 i?esult of Graef and Spikes. •
                              '      Next we consider the attraetivity property of the origin ''

 for the equation (Z.l). D.W.Bushaw showed the global asymptotic
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stability of the zero solution of the system

               '
(I.3) x' =y, y' = -f(x,y) - g(x)
         '  '                              '
where xg(x) > O for xf O and yf(x,y) > O for y f O ,
                                  + counder the extra eondition that f1 g(x)dx = co .'without

assuming this condition, T.A.BuTton discussed the global
                                                '                                                       'asymptotic stabUity for the system '

         '  '
(1.4) x' =y, Y' = -p(x)lyl y -- g(x)

where p(x) >O and O< or <1, and gave the foUowlng theo]?em.
                                                               '     Theorem ([3]). The ze?o solution oS.(1.4) is globally
asymptotically stable if and only if f-, [p(x) + ig(x)I]dx=Å}oo -

In addition, Burton obtained in [4] an extension of this theorem
                                          'for a more general system

          '             '(1.5) x' =y, y' = --f(x)h(y)y -- g(x) + e(t) .

( See [7] also. ) Fu?therrRo]?e for the system

                                      '
(}.6) x' = y , y' = -f(x)h(y)y - g(x)k(y) + e(t) ,
                        '                                     Å} coJ.W.Heidel proved in [IO] that if f, [f(x) + lg(x)l]dx = Å}oo

  '
and if the funetion k(y) satisfies some eonditions, then all
                     'solutions of (l.6) converge to the oyigin as t tends to oo .'

     In [l], J.W.Bake]? studied the convergence to zero of the

solutions along with their derivatives of the nonautonomous
                            'seeond order differential equation

          (a(t)x')' + Åë(t,x,x')x' + c(t)f(x) = e(t,x,x')

-3-



under the conditions that the funetions a(t) and e(t) aye
                            '       '                                        'monotone and tend to some positi've constants as t tends to co .

Also, M.Yamamoto and the author studied in [l4], [l5] and [23],
                                                    'the convergence to zero of the solutions along with their '

derivatives of the equation (1.1) without assuming these conditions.
               'In our papers, we assumed that O < bi :s b(t) 5 b2, le(t,x,y)l #
                                                            'ri(t) + r2(t)Iyl and the funetigns ag[gl , Cg[:] , ri(t) and

r2(t) are absolutely integrable on [O.oo). In this ease, we
note that, if we put bee (t) = b a (( 8 , cX (t) = g[:] and eee (t ,x,y)

      '                                            '                          '                                    '= Stl"S-!Lt2S-2.II-}filLI-g-!T2:(t,X Y)t9 (t.)Y then the equation (l.I) is reduced to the

                '             '                                                           '                      '                                           '     '     x" + bX(t)f!(x)gi(x')x' + cX(t)f2(x)g2(x') = eee(t,x,Å~')

                 '                                '                 'which is easier to study. bee (t), cee (t) and eee (t,x,y) satisfy

the same eonditions as for b(t), c(t) and e(t,x,y).
         '     The main results of my study eoncerning the attraetivity

property of the origin for the equation (l.1) are Theorem 3.1,

Theorem 3.15 and Theorem 3.l6. In Theorem 3.1, a suffieient

condition for the convergenee to zero of all bounded solutions
                                                'is given. In Theorein. 3.l5 a necessa?y and suffieient condition

fop the attraetivity of `uhe origin and in Th. 3.l6 a neeessary

and sufficient condition for the uniform attractivity are given.

These extend Bu]?ton's ]7esults for (1.5) to a wide class of '
                              'equations (1.l). In the eourse, by generalizing HeideZ's

result, we proved Theorem 3.ll. This is a consequence of

Lemma l.IO which is a modification of LaSalle's theo?em in [l2].

-4-



     In this thesis, I will give aecounts of my works eoncerning
                                              '                                                        '                                           'these p?oblems. In the first section, I give basie definitions
                                                        '                     'and fundameRtal lemmas which are used throughout. In seetion 2
                                                    '                                 'I wiU diseuss the boundedness of solutions, a•nd in seetion 3 the
                              '                                                            '                'attractivity. -                                                                '
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                 1,- Definitions-and Lerfimas

                tt     Consider a differential equation
                   '       '   '
(1.7) • x' = f(t,x)
                    '           'for t ll, O and xE R2, where' f:[o,oo) Å~ R2 ÅÄ R2 is a continuous

function. x(t;to,xo) will denote a solution of (l.7) through

xo at t= to and II.ll denote the Euclidean norm. Moreover
Qi means the i-th quadrant in R2 (i= l,2,3,4 ). Let U be a

set  in R2. iii is the closu Te of U and aU the boundary of U.

                                  '
     Definition l.1. the solutions of (1.7) are uniformly

bounded if for any ct > O, there exists B(ct) > O such that
llxoll  s ct and to l; O imply IIx(t,to,xo)ll  gB(ct) for t IL to ,.  .

                                                 tt ' • Definition l..2. The origin is globally uniforrnly attractive

for (l.7) if for any ct >O and any E> O, thei7e exists ll1(oc,e)

> O sueh that ll xo ll g or and to l O irnply ll x(t ;to,xo) ll < E

                                                            '                                                       'for t;l to+T(or,e). ,. . -
                                          tt                                             '                                    '                '                                                    '                                            '         '     Definition l.3. 'Let the equation (l.7) have the zero

solution. Then, ' -'                   . ..                                  '
(A) the zero solution of (1.7) is uniformly stable if for any ,

e > O, the?e exists 6(e) > O such that ll x, II < 6 and t, l O

imply llx(t;to,xo)II <e for tltos ' ' ''  • '.
(B) in addition to (A), if the solutions are uniformly bounded
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and if the origin is globally uniformly attraetive, then the zero

solution of (l.7) is said to be globally uniform-asymptotically

stable. '                                                        t.
         '                                                '                                  '                                                       '                                                           '
                                                      '     In what foUows, we shall use the notations a'(t)+ =

max{O,a'(t)} and a'(t)h = max{O,--a'(t)}.

                       '                         '                                        '                                                      '                                  '
     Lemma 1.4. Let a(t) be a continuously differentiable,
                                                        'positive function defined on [O,ce).
                                                             '(o if foco ag[tt]- dt <'co , then there exists a eonstant ai, >o

sueh that a, s a(t) for t ) O.
(ii) If foco-ei;f( g-lÅ}) dt < eo , then there exi$ts a eonstant a, >O

such ehat a(t) < a, for t> O.
               --               -!-H -
     '
                 '     Proof. (i) Put a, =a(O)exp[-fooo-Zft(g{l=S) ds]. Then we

                                                         'have a(t) ='  a(o)exp[ f,tW(Slds] =>. a(o)exp[ -f,t gz;-?(g{FS) ds]

            '
l a( o)exp[ -f, ooag[ Ss l- ds] = a, for t l o.

(ii) put a2 =a(O)exp[f,cotL*X[ }lLRs)) ds]. Then w-e have

         '                 ,a(t) --<- a(o)exp[f,Zl5X( i-lÅ}l ds] g a(o)exp[f,coW( ) ds] = a2 for

                                                            '
  -w
                                               '                                    '                                                          '                                      '                                            '
     Lemma l.5. Let Åë(t) and r(t) be nonnegative, eontinuous

funetions defined on [O,oo) and let X> O. If ..
                     ' t'?e',m.)g7.p,.)-IYfttÅë""(s)ds <X.and if tli.m e-etf, eeSr(s)ds =o for any

                                        '
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g. i i f g ; e X : :. : l e X. fi g l u : Ol ni : ; g at l V e f u n et z o n u (t ) w h z c h s a t l s f z e s t h e

                       '                             '          '                               '              '(l.8) u' s (-X + Åë(t))u + r(t) for tl to
                                        tt                   '
eonverges to zero as t tends to oo .
                       '                            '                          '                         '                              tt             '       .J,e,,P:O:i: g2.X.."(ll,,Re,,a.":2:fgggg: s;:ugi;:.gg.gx{g; with,

solution of the diffeTential equation u' = (--A + Åë(t))u, we

obtain the following estimate according to the well known
                         'comparison theorem, -" '
                                       '                                             '                                     '                                                  '              u(t) g uoe k'p[-x (t-t o) + ft tÅë (s)ds] .' .

                  '                                                 '                     +ft'ir(s)exp'[-X(t-s) +f.tÅë(u)du]ds

            '
for t l.to. From the assumption on Åë(t), there exist E E (O,ct)

and T > to 'sueh that
     '        'Q.g) -IY-fS'tÅëV(u)du<X-e for s>-mT and v>--T.

                                               'Henee fTtÅë(u)du < OL-e)(t-T) fgr any t >-- 2T. This implies

that for t,, t;s f-. IC, t >-.` 2T,

                                         '      -A (t-s ) + f. tÅë'(u) du .tt. --A(t -'[I] ) +f, T Åë(u) du +fT tÅë ,( u) (lu

                                                   '                                                  '           - <- '--e(t-[p) +f TÅë(u)du '
anid so f Tr} (s) exp [-x (t .-S) ' + f tÅë (u) du] dt sO

 .

         to s•                   '                       '

-. 8 -



          <= e-e.(t"T)ftTr(s}exp[ftTo(u)du]ds foir 't >= 2[p•

 The yight-hand term of the above last inequality tends to zero as

 t-> oo. Similarly we have .• '
                       '                                             '       exp [-x(t-t ,) + ft iÅë (u)du. ] <= exp [-e (t -T) + ft To (u) du]

                      ' and the right--hand te]?m tends to zeyo as t -> co. It follows from
                                 ' (1.9) that
                                                   '                               '        f tÅë(u)dv- < (x-e)(t--s) fove T <wwnd s <-- t`T, t >-- 2T,

          s
 hence -A(t-s) +f tÅë(u)du < -e(t-s) for [v s-s <-- t-r], t >= 21].

                                            '                    s                                              '                                                             '                       '                                                                 ' This implies that '
                                      '   f [vt '[i] r(s)exp [-x(t --s) + f. PÅë (u) d,u]ds s.., e -E tf[e te e sr (s) ds

                                              tt
 foic t > 2T. On the other hand, since
        =
                                  '  'ft-lÅë(U)dU < (X-s)pmi for t >= 2tw, we' obtain

                 ft -ir (s)exp [-X (t-s ) + f. tÅë (u) du]ds

                     <-- fS' r(s)exp[-X(t•--s) +ft-tTÅë(u)du]ds ,

                     :i. e ( A-E) [V e-Atfu] t6 A Sr (s)ds fo ir' , t >-H 2[V •

 These estirnates show from the assurnption on r(t) that
                                                                 ' fSr(s)exp[-X(t-s) +f,tÅë(u)du]ds tends to ze.ro as t .- co.. Thus

                               ' we conclude that
                                            '                                                        '
          ' ' uoexp[-X(t--t,) +f tÅë(u)du] '
                                      to

-9-



                                              '                 ,. + (ft'lt +fTt)r('s)exp[-x(t-s) +f,tÅë(u)du]ds

                          This completes the proof of Lerma l.5.tends to zeyo as t ÅÄ co.

Q.E.D.

     '
   '     Remark 1.6. The following proposition was given by

N.Onuehic. ( See [l3], [22]. )

"Let Åë(t) be a nonnegative, continuous function defined on

[O,eo). Then the zero solution u(t) i O of the differentiaZ

equation u' == [-A + Åë(t)]u is globally asymptotically stable,

if and only if the function Åë(t) sa•tisfies
?,i F.).?.Up,.) -ei-f,`,'ts(s)ds < " .i,-

                          '   '     Lemma l.7. Let r(t) be a nonnegative, continuous function
defined on [O,co). [f focor(t)dt < co, then tl-i,.g} eNEtfe'teeSr}(s)ds

L- o for any e>O•

     Proof. For any positive number n, there exists Ti >O

;Ugh-.IfhT.ill.;co}r,iZ927,lll,.?gl .t.i.Tf't,i2,;?g?,.e i'el/. ]oteESr(s'ds

Therefore there exists T2 > [Vi such that e-Et fo eeS]?(s)ds < 2n

for t4 T2. [Vhis completes the proof of Lemma l.7. Q.E.D.

     Lemma 1.8. Let r(t) be a nonnegative, eontinuous
function. xf tlg.m e-EtfoteeSr(s)ds=o for some e>o, then

- IO --



?ti ge.)#."P,.)tf tt+Vr(s)ds = o.

                                                      '
     P?oof.. Using the integ?ation by pa?ts foymula, we have

<>kfl+.Vr(s)ds ='-ent f I+"e-eS eeSr(s)ds ,

        ' ,' ' . e e-e (t+VYtt +Ve EU? (u) du + -S-f tt +V ehE ${ft S' e g"r (u) du} d.s

              tL-il;Tf:'Ve-E(t"V-"ll?(u)du +'-[3-ftt'V{f,S e-e(S-U))(u)du}ds.

                                                          '  '
For any positive number n, there exists T > O sueh that
fo SeMe( S"")r(u) du < n for s 4 [V. This shows that 'for t l [V

                                          '                                                 L                                            '
                     '                                    '     fX+Vere(t'Vm")r(u)du <n ' '
          'and fi+VdsfoSeMC(S-U)r(u)du <fl+Vnds = nv,

                              '           t+vhenee -(;-ft ir'(s)ds < (1+E)n fo]r' t l, [[', vkl whieh yields

                                                   '
tSU
.\-{>rftt'Vr(s)ds ew-< (l+e)n. . . '

v>1'
Therefore w6 eonclude that (ti;.` ge..(s..yp..)-li-f#Vn(p)ds ='O','Q'E'D'

     Remark 1.9. ]et ]?(t) be a nonnegative, continuous

funetion. Then the following eonditions are equivalent.
  '
(i) tlL.i..m e.tsEZ'  fgteSS]r'(S)ds =O for any e> O.

(ii) tl.i..m ebeÅíOtfoteEOSr(s)dsi =o for some so > o.

                         '                                          '             t+1(iii) tl.i.M f, r(s)ds - o.

  '

-u-



( See [22], [23]• ) .

                                       tt                                              '                                 '                               '
     Lemma 1.10.'Let f(t,x) be a continuous function from

[o,oo) Å~ R2 into R2 and let x(t) be a solution of x' = f(t,x)

which is defined on [to,oo) and remains in a cornpact set D of

R2 ,for t kto. Assume that there exist a positive constant N
and a Ronnegative, continuous funetion r(t) such that IIf(t,x)Ii
g N + r(t) for all t. ll O and all x G D, and fo cor (t)dt < co.

If there exists a nonnegative function V(t,x) on [O,co) k R2

such that

(i) V(t,x)' is eontinuously differentiable on [O,co) Å~ R2,

(ii) V'(t ,x) g -W(x) + th (t) for t l O and x E D, where
      v,(t ,x) = BV (att, X) + Z 2 DVg li fX) fi (t ,x) and w(x) is a

                            i=l i
      no.nnegat.ive, continuous function on D and Åë(t) l O, .
     fo-Åë(`)dt < . ,

    '       '
then x(t) app]?oaehes E={xE DIW(x) = O} as t tends to ..

     Proof. This lerp.ma is an extension of Theorem l(a) in .

[ l2:LaSalle ] and the proof of this lemma is analogous to that '

of Theo?Gm l(a). Sinee x(t) remains in the compact set D in
the futuye, there exist a point xee E D and an incveasing

sequenee {t} such that t tends to oo and x(t ) eonverges
to xee as nÅÄ oo. Now suppose that x(t) .does not appyoach E

as t tends to co. Then we may assume, without any loss of
generality, that xce g( E.'This implies W(xee)> O, hence there

                                '      '                                           '

                            -l2-



exist a positive constant .6 and a 2e-neighborhood U2E(xee) Of

x such that W(x) l 6 for all x in U2e(x ) n D. On the

othei? hand, since dV(t atX(t)) E - w(x(t)) + Åë(t) for .t l to, it

follows
 that ., O E V(t,x(t)) Åí V(to,x(to))-ft:W(x(s))ds+ftiÅë(s)dS

for t)to. Our asse]?tion about Åë(t) shows that
O 5 ft iW(x($))ds g V(to ,x(to)) + f, ooÅë(s)ds for t l to and so

f W(x(s))ds is bounded #or all t4to. Thus x(t) can not
-rtemOain in U2e(xee)AD forsn infinite length of time. However

x(t) passes through U2e(x ) an infinite numbey of times,
                               eebeeause x(tn) converges to x as n -)- oo . Henee there exist

increasing sequenees {tn'} and { .s n'} such that t \' < Sn' < .

t.+l ) liM tn' " co, X(t.') E aV2e(X ), X(S.') E aUE(X ) and
       nÅÄco
X(t) E U2s(XX) fO? tn' < t < Sn'' Then 2]n.[:(Sp'-tn') iS '

convergent. This implies that- sn'-tn' conveTges to zevo as

n + oo , and hence there exists a natural number no such thaic
Sn'-tn' < 2e N foi' all nk no• On the other hand, it foUows fi?om

the assumption on f(t,x) that
                                                           '                                                       '                                       i                                    •s        ' e E ll X( S. ') '- X(t.') 11 ÅíJ(l .? ll f(S'X(S)) Ll d? /

 ' ' s, ;: N'(Snf--tn') +YC.? r(S)dS
and so ft n, r(s)d.s>g fo]? nwwm> no, which contradiets

         nfooov(s)ds < co • Therefope x(t) approaehes E as t tends to

oo. Q.E.D. -
                  '                                                   ttt                                     '
                                           '                                '                                                   '                                                       '
       '                                             '                                                         '                                                        '
                     '                                                        '           '                                                              '
                           - 13 -



      Lemma l.ll. Let Åëi(t) and 02(t) be nonnegative,'

 continuous functions defined on [O,oo) and let u(t) be-a

 nonnegative solution defined on [to,po) of the dlfferential

 l-ngi,}quality u' ;;i, [-A+Åëi(t)]u + Åë2(t) .if'or) sorne .X > O. If
fo Åëi(t)dt < co (i == l,2 ), then for any E>O there exists

 T = [V(e) > O such that u(t) E E + K{u(t,)e-X(t-tO)+ e-X(t-T)}

 ilXgept.ng.X:'o\he:I,,5(tl?)? posltive eonstant whieh is .,

                                             '-                                    '                                  '                                      tt                                 '        '                             '                                                             '  '    ' tt                                                   '                                   '         ' / ' Proof. Since exp[-Xt +fotÅëi(s)ds] is a fundamental

 solution of the equation u' = [--X+Åëi(t)]u, it follows frorn a

Io.:.p:ilso"  th ili:m;:1,`,1!.ge,i::o,1,oi ]o",:ve,lzrmuia that foi

                . ' + f.t:Åë2(S)eXP{--A(t-S) + f,tÅëi(T)dT]ds ,.

                                                     '                  '                                          '                         '

                ' u(t) E {u(to)exp[-X(t-to)1+ft:Åë2(s)exp[-X(t-p)]ds}exp[f,ooÅëi(s)ds]

                                                 '
 Let e >..O. Then l:,here exists atime .T >O.sueh that ' ' .

   ' , • fT Åë2(s)ds <e exp[-fo Åëi(s)ds] . i'

                                                    '                              ' If T>to, then ,                                                     '
    f,iÅë2(s)exp[-x(t-s),]gs .1. (f,i,iaii:stsl?lp-i;gl-i'7its,,',,,,s

                                                    '                                    '                                                      '                            tt t                                                '

                                 '
                                                  '                                               '
                             -l4-



for t•

Thus we

that

  u(t)

Q.E.D.

                   5 (fo

) to. On the other hand
    '
f op2(s)exp[rA(t-s)]ds

  .to'

                      '
 conclude by putting K

 '

S K{u(to)exp[-X(t-to)] +

co

'

<

Åë2(s)ds)exp[--X(t-I])] +fTtÅë2(s)ds

 if to !l T, then

 fTt th 2(S) dS ' fOiri t l t,.

 (1+f, coÅë2(s)ds)exp[f, ooÅëi(s)ds]

                  '

exp[-A(t-T)]} + e for t 21 to.

-l5-



                        2. Boundedness

                             '                     '              tttt
     Here we considey the equation
                                                   '  '
(2.l) (a(t)x')' + h(t,x,x') + c(t)f(x)g(x') = e(t,x,x') .

                    tt                            '                          '
This equation is equivalent to the system

       xt =y '
(2'2) . y, = a(it)'  {.-a,(t)y - h(t,x,y) - c(t)f(x)g(y) + e(t)x,y)}

     For the boundedness of solutions of (2.l), we make the -

following assumptions about the equation (2.1):

                      tt               tt
(Bl)      The functions a(t) and e(t) are eontinuously ,
      diffeventlable, and a(t) >O and e(t) > O for all t lO

(B2) The functions 'f(x) and g(y) are continuous, and g(y) > O

      The functions h(t,x,y) and e(t,x,y) are also eontinuous

                                 c'(t)-         a'(t)(B3)

(B4)

(B5)

(B6)

(B7)

fe

f
     a t)

  +co •  -    f(x)dx
  o

There exist

         '  y2 .
 g(y) t

yh(t,x,y)

There exist

r2(t) such

  dt < co and f, e(e) dt < co '

  = co      .

   positive eonstants M andk sueh
                                    '
Mf,Yg(V.) dV 'fO" IYI Zk'

                                     ' >O for all t>O and all real x
     '                           '
   nonnegative, continuous funetions
   that f,pori(t)dt < co ( i= l,2 )

that

 and y

ri(t)

and

 e

and

.

.

.

.
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      le(t,x,y)l # a(tM)e (et')(t) , + ri(t) + ]r2(t)lyl •'

     Theorerrr 2.l. Suppose the assumptions (Bl) - (B7). [rhen

every solution x(t) of (2.l) is bounded.'If ln addition to the

above assumptions, the following hold: . .
(B3)T f,oo leg(I) dt<., - .
(B8) fo- igi?k-s-y dY=oo' '
      '                                                           '                                                   '
then every solution (x(t),y(t)) of (2 2) is bounded..

                                                            '     Proof. Pu"- F(x) =foXf(u>du . From the assumption (B4) we

can find a positive number Fe such that F(x) + Fo !l O for all

li ; oMOg3:hVe:Aalhe aSSUMPtion (B5) irnpiies that there exists

(2•3) ggl<iYsly ;:; in+MG(y) for au real y' , ' '
wh ere G(y) = f, Yg (Vv) dv • Let .

   v,(t,x,y) = [ g[:)) {g(x)+F,} + cT(y) + e]exp[2f,tgg-i(g-l=d] s]

and let (x(t),y(t)) be a solution of (2.2) through (x,,y,) at

t " to. Put Vi(i) = Vi(t,x(t),y(t)) and differeentiate V,(t).

                            '
                                                            '
     vie(t)exp[-2f, tCg[:lh-ds]

      -'{cg[8 in a'(tg:Åí9}{F(x) + F,} + g[8f(x)xv + ,y(y,')

       + 2C5[8--{i"(x) + F,} + llS}-3:(f31=t) {G(y) + {li-} '

                                                     '        '                               '                                               '                                                 '                                                      '

                         pt 17 -



      i {-Lg-g-X( }-IV-,) - agEt,l} g[,t] {F(x) + F,} + 2cg[,t]--{G(,) t.-Åí}-

• pti?l5'"ki-g'Y-' wwh(t,B+ww'[tgy).
            '
IHiere the assumption (B7) implies that ,

 • -'ygXsg•B s{ e.'.(t,), +rg[:,) }-8z,S-s-,, +ww(t)y,

which yields fr'om (B5) and (2.3) .,
   ' g?Åí8g>sX) --< {ll-E{i-X( l-l4-,) tMr.!((,t)) +Mr.2((,t)) }{G(y) + -iZ-} .

tt

Furthermore it follows from (B5) that

               .7St,),\2 s Dl a.' (,t) {G(y) ' -lli-} o

rT"rorn the above facts and the assumption (B6), we obtain

   v,,(t)..p[-2 f,t-gilg( ig=s) d,] •

               '   :; { eg(:) + at(l,)i}g-?({i.f;.t){F(.) +E,} + {2s'}.ii{i{}-II=-(t) +M a.' (tt)I

                                                    '     + -1-g-g"[(l:.t) + Mr.i((tt)) + Mw?2((tt)) {G(y) + -i}-.}

                                          '                                             '    '   < e'(t) + ia'(t) + 2c'(t )- + +  -.{ ct (1+]'M[) .t ,rm ME:iftX(l2SLt) .MIisftS({l2;s2})

     Å~ [g[8{i"(x) + Fo} + G(y) + {li-] e

                                         '                                                        '                                                  '
The assurnption (B3) impMes from Lernma l.4 that O g• ai s a(t)

aind zl'ili-T) :; ali• ThereiOore for all thto, , .

 v,i(t) g [ct[8 + L,{ew(,) + eg[8- + r,(t) + y,(t)}]v,(t)

                                     '
                                         Vi'(t)where Ll = max{1+M, 4, zgg-} • Integrating vt(t)                                                 from to

                       '                           '
                           '

                          -l8-

}

< a2

,

to



t, we obtain from the ag.sumptions (B3) and (B7) that

 vi(t) s. vi(te)exp[ftl{ve(S)+Li( ag(.S)l+9{;X( }3=S)-+r,(s)+y,(s))}ds]

       Åí vi(t o) z;!?-I(}{i--lexp[Lif, co{ ag(.) +Cg[gi-+ir) i(s)+r ,(s)}ds]

       =L2c(t) , . •                                tt tt.                       '
for' t lto, where L2 > O. Prom the definition of Vi(t,x,y),

              F(x(t)) gg-i(-ll-S-t)vz(t)exp[-2f,tS'Lii-X}3=(i[.Sl s]

                      s a2L2

for t l to. This implies from the assumption (B4) that the'

solution x(t) of: (2.1) is bounded for t)te. Analogously, we
                                           .
have •-                                                  '                                         '                    tt                G(y(t)) s Vi(t)exp[-2f,t S2:tg((iYs=S) ds]

                                         '                        -s L2e(p) •

fo? t 2! to and so if the assurnptions (B3)' and (B8) hold, then
       wn
y(t) is bounded foi? t) to.'The proof of Theorem 2.l is now
                       -

eompleted. Q.dTr".D. .,
                               '
               '
     Coitf'ollary 2.2. Suppose the assumptions (Bl), (B2), (B4),

(B6) and the following;

                                    '
(B3)" a'(t) .4 O, a(t) .<. a2 for some constant a2 >O and
       f,ooSLiÅí( 3=v )-dt . . , .

 '          J
                                 '        '                            '

                                 '

       '



(B5)'' illi]ii]ley]?)e4.eiii7tMe./O:,n.gS(t.;.)ntde Mf/ii.05S"S..lli'y?.SUCht.hat

                                  '       '
(B7)' , There exists a. nonnegative, continuous funetion ri(t)
    ,' .such that fo ri(t)dt < co and .

.,.

. Ie(t,x,y)Iga(tM.c:gt) +r,(t) ., , ,

Then every solution x(t) of (2.l) is bounded. ' If in addition,

::?,?i;?:?giO:? [:igl 2.:d,gftfig.g?id• then every ,soiution . ,

                              '
 ' Proof. Using the same function Vi(t,x,y) as in the proof

of  Theo]?em 2.l, we have . . ,. ,
  v,t(t)..p[.-2f,tcg[g))- d,] .' ' '• • '
                                                            '                                    .t t                       2e'(t)- m     e'(t)  <      a t)
        '
beeause of

Hence Vi'(t)

the same conclusion

        '

     Remark

the Åëondition

shown :

(i) It is

     for y

(ii) It is

     for all

{ny(x)+Fo} + .(,) {G(y)+-M-} + .{ww.(t) +rg[8}g[(/>!7g-y)

   g [9-g-?(lllil + L,{eg[tt))- + ri(t)}]vi(t) . ll]hus we have

         as that of Theorem 2.l. Q.E.D• .

         '             '    '                  '
 2.3. Here we eonsider what funetion g(y) satisfies

   (B5) or (B5)'. First, the following aye easily

                                                  '   tt                                               '          '
neeessary for (Bs) that g(y) l MGIilik)lyl2-M

                        '                         '              '
necessa]f'y fo]? (Bs)' that g(y) ztlyte"MlyI

                                            '   Y e.
  '
                                       '

                -20-



For example, if g(y) is a positive constant, then the condition
                        '(B5) holds for M=2 and for an arbitrary k => O. Moreover,
the following classes of funetions satisfy the condition (B5) :
                                                         '
                                       '       Alylor s g(y) is Blyior for                                  lyl 2 k, where B 2z A > O(2.4)

             ny - - -       and ct s2,
                     .t                                                          '       Aly(ct sg(y) sBlylB fo]? Iyl 2t k, where A> o, B> o,(2.5)

       or )2 and B> or )
                                     '                                             '       A eorIYI s g(y) sB eBIYI foive lyl I}l k, wheye A >' o,(2.6)

       B>O and B> ot >O.                     =          '                                              '     on the other h6n6, g(y) = e-IYI satisfies (Bs)' but not

(B5). Of eourse, any function which satisfies (B5) does also
                                             '                        '(B5)'•

     Example 2.4. Considev the equation
                                    '    '
             '              xt                        X(2•7) x" + Trrm ifi- + rm( ) =O ,

                                 '                             '
whei?e the latter of the assumption (B3) in Theorem 2.l is not
satisfied, sinÅëe focoeg[tt)) dt L 2fooot}i dt = co '. [vhe othe]?

conditions in Wheorem 2.1 are all fulfiXled. The funetion

x(t) = JE;F is a solution of (2.7) whieh is unbounded.

                         '     Example 2.5. Considere the equation
                                  '     '
(2.8). x" + 4t2x = 6t eos t2 ,

-21-



where e(t) =.6t eos t2 is not absolutely integrable on [O,co).

Henee the assumption (B7) in Theorem 2.1 is not valid. The other

conditions in Theorem 2.l a?e aU fulfilled. Then x(t) =-
t sin t2 is an unbounded solution of (2.8).

     Exarnple 2.6. Consider the equatlon

(2.9) (a(t)x')' + e(t)x = e(t) ,

where a(t) = (t+7)21og(t+7), c(t) = {lf(t+7) and e(t) = ,.

-l;-(t+ll)log(t+7) + l . ,Then x(t) = log(t+7) ks an unbounded

solution of (2.9). Tle funetion e(t) .satisfies the estimate

                                        '   . , ' le(t)lsa(`g,?iSt) ',
                       '
while the former of the assumption (B3) in Theorem 2.1 does not

hold, sinee a(t) + co as t -)- co . The othe]? eonditions in

Theorem 2.1 are all satisfied.

     Example 2.7. Consider the equatiQn
             '
                                     '(2.IO) x" + x' +x= (2+t)x' , .

Then x(t) = t + l is an unbounded solution of this equation,

wheye r2(t) = 2 + t is not integrable on [O,oo) .

-22-



                      3. Attyaetivity

                        '
3.l. Attractivity for the equation
                                       '                                                      '                                                             '     (a(t)x')' + b(t)fi(x)gi(x')x' + c(t)f3(x)g2(x')x = e(t,x,x').

                tt                                                      '                       '      '
soiutll.ignghoafiit:2r&[lltScig:s the eonveTgence to zero of bounded

                                                      '                                              '                                                     '(3.l) (a(t)x')'' + b(t)fi(x)gz(x')x' + c(t)f2(X)g2(x') •

      = e(t,x,xt)

              ttwith xf2(x) > O for x S O and lirri f2 x( X) > O . Put f3(x) =
                                x+o
f2 íX) for xfo and f,(O) =limf2SX). Then we see that
                            x+O
2<x)= f3(x)x and f3(x) >O for all x. Hence in what.
ollows, we eonsider the equation ' '

3.2) (a(t)x')' + b(t)fi(x)gi<xr)x' + e(t)f3(x)g2(x?)x

     = e(t,x,x')

               '
hieh is equivaZent to the system

3•3) y, . 5 (it ) {-a , (t)y ny b(t)f, (x)gi (y)y - 'e (t)f3 (x)g2 (y)x + e(t,x ly)}

                                                           '
t is eonvenien`u to use the functions '
             '       Fi (x) = fo Xfi (u)du , F3 (x) = fo Xuf3 (u) du ,

       Gi (Y) =f, Yg,?v) dV , G2 (Y) = fo Yg ,\v) dV

23-



and G.(y) = L G2(y) - -i'Y{Gi(y)}2 . We first glve a sufficient

eondition foy the convergenee to the origin (O,O) of all

          . .tbounded solutions of (3.3).

     Theorem 3.l. Suppose the following assumptions.

   '                                 '       tt t                      '(Al) The functions a(t) and c(t) are eontinuously
          tt      differentiable and the function b(t) is continuous, and

      also a(t) > O , b(t) > O ? c(t) > O for all t l O .
                                  '
                         '(A2) The]?e exist posltive eonstants ai, a2, b!, b2, ei and

      sueh that ai s a(t) s a2 , bi s b(t) s b2 and
                   -- --                             t.      ci 5 c(t) =< e2 fo ]? tlO .
             '               '
      The funetions f!(x), f3(x), gi(y) and g2(y) are all(A3)

      continuous and posiLuive on Ri , and also the funetion

      e(t,x,y) is eontinuous on [O,oo) Å~ R2 .

           '              '                    '(A4) ff]here exist nonnegative continuous functions ri(t) and

      r2(t) such that le(t,x,y)l sri(t) + r2(t)(lxl+lyD
              '                                '      for tzO and for any real x and y.
             -    '
            '        '                                      '                              '                                 '(A5) tl .i gg e-etfo teeSr'i(s)ds = O for sorne E > O .

(A6) (g}.m)'
-,(.su

,t/ -il;-ft t' ?l-li-l(i--g-il-L.) ,+ ,L9i;i(-Z-lll-.) +.r,(s)}ds = o •

                                              '                              'Then every bounded solution of (3.3) converges to the origin

(O,O) as t -> oo .

     Proof. Let (x(t), y(t)) be a bounded solution of (3.3)

e2
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whlch is defined on Eto,oo). Then the?e exists a positive

eonstant K sueh that Ix(t)i + ly(t)l .g K for' t2 to.
                                                      'Aceording to the assumptions imposed on fi(x), f3(x), gi(y) and

g2(y), there exist posltive constants di, d2,..., ds such that
                          '
      di 5 fi (x) 5 d2 , d3 5 f3(x) 5 d4 , ds s gi(y) Åí d6 ,
(3.4)
      d7 E g2 (y) 5 ds

for any (x,y) satlsfying lxl + lyl :l K . Therefore it follows

from the above relations that . ' '
                            '      dilxl ,:g, lFi(x)l ,E d2lxl , -}d3x2 ,s, IEi'3(x) ,; td4x2 ',

                   t.(3•s) IG,(y)i ,f; d] , iyl , 2dl , y2 ,s G2(y) s, 2dl ,y2

      and G.(y) l Lll-(EilkJ - d}2 )y2 e '

                                          '                        '                                                      'Let V,(t,x,y) = a( 2t) {Ii](x) + gi(y)}2 + Le(t)F3(x) + a(t)G.(y) .

Then according to (A2) and (3.5)

       V2(t,x,zy) 2; Le(t)F3(x) + a(t)G,(y)

                 l} Scid3Lx2 + a2i(E{l; - d}2 )y2

                                         '
and

 V,(t,x,y) -- a(i){Fi(x)2 + 2Fi(x)Gi(y)} + Lc(t)F3(x) + La(t)G2(y)

                                                        '                                                    '                                                 '          .<.. {'i?{d2,x2 + 2dd,21xyl} + -l2Yc 2d4Lx2 + 2g}y2

                       '          g -ll-(a,d2, + agg2 + c,d,L)x2 + {ll'L(g-g' + Ell7)y2

                                       tt
for t > O and for lxl + Iyl < K . By ehoosing L la xe ge

      - ----
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enough, we have GL(y) lO and

                        '           '(3.6) d,(x2 + y2) S V,(t,x,y) s d,,(x2 + y2)

                                            '                                        '                t.for t 4O and lxl + Iyi s ,K , where dg and dio are

positive constants. Put V2(t) = V2(t,x(t),y(t)) and
                  'differentiate V2(t) with respeet to t. Then we obtain

                        '                                             '                              '              'v,,(t)  =
,a' gt){Fi(x)+Gi(y)}2 + a(t){Fi(x)+Gi(y)}{fi(x)x'+g,}y)y'}

       , + Le'(t)F3(x) + Le(t)xf3(x)x' + a'(t)G.(y) '
                             '                       '                                '       '        + 9.(t){g,L(Yy) - Gi.(Y)g,ÅÄy)}Y'

      '      = a'(t)[-li-{lii(x)+Gi(y)}2+G.(y)] + a(t)fi(x){I?i(x)y+yGi(y)}

                  '             '                           '        -- aT (t) iE`i {}i [ X( i]l ll - b(t)fi (x) ii' i(x)y - c(t) I!I 3(X)g2 Ei\ )( yX ll] i (X)

        + Lc'(t)I73(x) -- La'(t)g,Y(2y) -- I,b(t)fi(X)gg,i[Yy))Y2

        ' {Ei[yX] " ,,L(l,)}e(t•x•y) ,

                              '                         '                            '                             'henee from (A4) .'-
                        '              '                   '
                               '                      '                   '  V2'(t) ,; la'(t)lE-}{[EF!(x) + Gi(y)}2 + G.(y)]

                      '          + a(t)fi(x){IFi(x)yl + yGi(y)} + iaf(t)l Fgi,((Xy)Y

          +b(t)fi(x)1Fi(x)yl-c(t)IL{L!(k2hl}i-[l{;l-i}21E.LS-22-):(Y)xF(x)

                      '          + Llc'(t)lF3(x) + L1a'(t)l3gii-Iil&y, y - Lb(t)!f-LL2S2-gl-lr( ) ,[Y]Y2

          + {ri(t) + r2(t)(1xl+1yD}{-Lil-l,-[-il-iYL(y) + Elll,Ii&is-(y)}
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and

 V2'(t-) S

          +

          +

          +

          +

fOr t) to e
Of V2(t,X,Y)

 V,'(t) < {
        =
       '   '
         +

        •+

for t) to •
that iF!(x

We have

  '
lew(t)L

   e'(t)
      c t)

    ir2(t)(lxl+lyl){

          lF,(x)i    ri(t){

    a(t)fi(x)yGi(y)

         fi(x)gi(y)    Lb(t)

      This

      that

   an     a(t)

   r2(t)(iX

      '
    (a2+b2)d2lFi(x)yl
              '
   Lb!dlds          y     ds

      On the
   )yl i{- d2lxyi

       Fi(x)y
         ds

also

a(2t){I?i(x) + Gi(y)}2 + a(t)G.(y)]

 Lc(t)F3(x) + la'(t)l{ iE"lli[X\ + g}\3)}

        lIgEii,'((yXli'""'(Y)}

                          '                                        ' gi(y) + lgll ilBi s-, y } + {a(t) + b(t)}fi(x)IFi(x)yl

              f3(X)g2(Y)         .- e(t)                       xF!(x)                g!(y)

        y2 g2(y)

 implies fpom (A2), (3.4) and the definition

                               '           ' + -LgEi-f(-l}llLt) }v,(t) + a2a?igt) { Figl)y + Idjy,2 }

 I+lyD{-LIEEIi-[,}2i-)L-L + ge, '} + iri(t){-LEdiri,-2S-)HL+go, }

           '
          + a,d2yGl(y) p- Cig63d7xl?,(x)

                                '
 2

  othey hand, it follows from (3.5)
    5-!Å}Fd2(x2+y2) and so '

    + LdY72 s. 2gi(x2+y2') + Ei}y2

         E (2dd2, + El )(x2+y2) .
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      LEiiilL[,i-2!-)l + pa, ;s, &'ixi + 8}lyt ;g,.(2I-eg- + EIIi-)(lxi+IyD •

                                   '                             '                  '                              '                                                        '                           'T' ln-is implies that '

                                        '                                                  '                              '                                                      '         (lxl+iyl){-L!El21i-l, + ge, } g (&' + tlll;-)(Ixl+lyl)2

                                   '                        '            ' ' •- ' , .5 2(g-t' + Ei,;)(k2+y2) .

                                               '                                 '                            '                   t.            '                                                  '.A-n  analogous estimation shows the inequalit y
    (a2+b2)d21Fi(x)yl + a2d2yGi(y) -. Ciggd7xl",(x) .- IJbidd,idsy2

                                                    '   .g (a2 +b2 )'d 22 I xy l + a8S2y2 r eid&f 3d7.2 - Lb !ggd sy2

and henee by ehoosing L large enough, ,
                                            '             '    (a2 +b 2)d, I Ep i (x)y l + a,d2yGi (y) .- C iggd7 xFi (x) -. IJb i,dd ,i dsy2

                  '                                  '                         '    <- du (x2+y2) ,

T,•ttl/.ere d" is a suitably chosen positive constant.

:-i•j.rtherrnore, we get the following estimate

                           '
   ' -LE-d]'i-E-2S2-L+II!t2[il,;L.i, ([II-t'-+8tl)K for lxl+Iyl ,EK•

   '                                                 '
T/ ln-us we obtain from (3.6)

 v,,(t)t.! [-- 2I!,i + L,{j-9Li;X( i-IILt) + CS(tt)) + r?,(t)}]v,(t) + L,?,(t)

                  '                                                 '                             '
:7or t) to, where L3 and L4 a?e properly chosen positive
constants. Now LeiriT,a 1.5 shows that V2(t) eonverges to zero as

Lu ÅÄ oo .' This eornpletes the proof of Theor'em 3.l, sinee '

x(t)2 + y(t)2 # diV2(t) . Q•E•D•
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    ,Remark 3.2. Let p(t) be a continuous]y differentiable

                                                             'function and let O< pi s p(t) H<- p2 for some Åëonstants pi
                                -                         -t
        'p2 . Th. en ti f#V' Pp iS)ds = Å} -e;-iogP (gf8 and so

         '.IY-logg-t/ Åí{>-fl""Å}Pp'((sS))dss-(}-logg-t/ foi? any t and v>O.

                            t+vHencewehave (ti}.eg.(.su,.p)-eft tnd'[:l s=o. since p,(t)+

pt(t) + p,(t)- , we obtain

  o #,gi.m,.(.su,.g -l fl'VPS[g,'"dis s ,i,i',pe,.,s.u,g,t f #Vi]i6g?:}s=6(s) s <-m. -

Moreover sinee p'(t)- = p'(t)+ - p'(t), we obtain

                                          '     .,,-i,i.rg.,.s,u.p,efi"Vx6ft-g-i=( =s)dss,Å},iy,.,s.u,,.,efi'Vi,g{}g-?d[:l..

         '' ,e}.m,.,s,u.p,{i-fi"VP`iS'iilSÅ}[:]ds,-,i,i,e,.,s.u,rz,-l;-fl'VR'iSi-d[:is.

                  'The]?efoi?e we eonedude that ('i"rp)H.(s.u,g)-e;Tf#VIRilJ[/-g-i-Lds) s = o if

                      t+vO"iY if (i"l.M)..(gY.P,)eft EtS{3I=d[.S)) s=O•( see [23, Theorem 2]

     Theorem 3.3. Suppose the assurnptions (Al)--(A4) and the

             '                               '                                     '(A7) f,oo ag['8 t< eo and f,co-(t) t< co •

(A8) [Vheye exists a positive eonstant M such that

      '       gl :y) ; Mfo Yg, (Vv)dv for any y .

and

.

aRd

e)
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(A9) fiooEfu, {\y)Y='co'

                    '                            '                          '(AIO) f,cor'.(t)dt < co ( l- = 1,2 )..

If each of f3(x) and g2(y) has a positive lower bound, then

every solution of (3.3) conveyges to the origin (O,O) as t

tends to co .

     P?oof. To show the boundedness of solutions of (3.3), let

               v3(t,x,y) = aC[ttlF3(x) + G2(y) +i . '

                        t ttt               tt
and let (x(t),y(t)) be a solution of (3.3) through (xo,yo) at

1'o= I: "e ftgfeferen.t iating V3(t) " V3(t,X(t),y(1)) wit.h respeet

                                     '
  v,t(t) - et[t,))F,(x) -- c(tg?;g,t)F,(x) + g[8xf,(x)x, + gl\S)

        -. cg[8F,(x) •- e(t)giÅí8BF,(x) -- .7:gg,)f, . b(tgf6glfsgy)y2

          + ye(t,x,y)
            a(t)g2(y)

for t)to . Also frorp. (A4)

v,r --< ( a g[t,l I+IeL[B1)g[BF,(x) +la'(t). y2"r!(t.),g,twSt) xy +r2(t)y2 .

  '

Here, by our assertion about f3(x) and g2(y), the]?e exists a .

;:iZ.'ii;.egO,n.iil:g.,g iU.Cl\h2t,,,(f.)3(X).; g.,a"d.. ggi. c..).' 1' Then

                                        'g-l,\sls-(y) :I! .g,?y)MG2(y) ,, it fonows that gt,-X-y(y) s ncG2(g)+i and•

                                                            '
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aiso g[8 wtg,(y) 5

for any x and any

     '       V3'(t) S Ls{
             -
                 '            '
for t) to, where Ls
easily shown by (A7),

(x(t),y(t)) is

eonstant d irnplies

     Next, (A7) and

1.7 and Lemma 1.8.

immediate eonsequenee

   ' Co?ollary 3.4.

3.3 exeept for (A8),

bound of g (y). If
           2
M Jntii;(g75- for any y

of (3.3) eonverges to

     The proof of this

3.3 and so we omit it.

       '
     Example 3.5.

  '
(3•7) axV + bx' +

where a,b and e
that the equation (3.

2Me(t)
      d2 a(t)

     y. Thus

     a(t)

       zs a
      (A9) and

bounded for

      lirn F3(x)
     lxl" co
    (AIO) irnply

    Henee the

     of Theo?em

     Suppose

     (A9) and

      g (y)
       2
      and foT

      the omgin

       corollary

   Considei.

     ex =O

     are positive

     2) is autonomous

[Ei", (x) G2 ( :y' ) E, -2iT pt{ g (( tt ] Ei' 3 (x)+G2(y) }

  we conc]ude from (A2) and (A8) that

 W(t) + ri(t) + r2(t)}v3(t)

  '                      '
 positive eonstant. The?efore it is

   (AIO) that the solution '
 t l to, because the existence of the

    = •co        .
    (A5> and (A6) by applytng Lerrirna

  eonclusion of Theorem 3.3 is an

     3elt Q•E•D•

                              '
 the same assumptions as in Theoyem

  the extstence of a po$itive lower
 has an uppey bound and if g;l,f\s) s-(y) S

  some M > O, then evei?y solution

''  (o,o) as t tends to oo •

                    '
     is analQgous to that of [rheoyern

    '            '
the equation

,

      eonstants. This is in the ease

         and fi(x) = f3(x) = gi(x')
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=g2(x') i 1 and e(t,x,x') i O . Then the condition that a, b

and c are positive means the welZ known Routh-Hurwitz's

eriterion for the asymptotic stability of the zero solution.
    '              '       '                                         '                         '
     Exarnple 3.6. Consider the equation '
                       '
(3.8) x" + x' +x=l+ eos t.' '  ,
                                      '                                                          ' '                                 '                       '
In this ease ri(t) = 1 + eos t does not satisfy (A5). The

funetion x(t) = 1 + sin t is a bounded solution of (3.8) whieh

does not converge to zero as t. tends to co .

                                   '
     Exarnple 3.7. eonsider the equation

        '                   2 1.                            (1 +, x2+x,2 ) .(3•9) x" + x' +                     x=                  l+t                         l+t
                                                       '
Then x(t) = 1 is a bounded solution of (3.9) which does not

eonverge to zei?o. In this equation, it is obvious that '
e(t)=l2t does not satisfy (A2). -. ' '

     Example 3.8. Conside]7 the equation

(3.IO) x" + etx' +xF 2e-t ,
                                '                                      '                             'where' b(t) = et- tends to co as tÅÄ oo . Henee (A2) is not

valid. The solution x(t) =l + e-t of (3.IO) does not eonverge

                                                                 '                      'to zero as tÅÄ co .
                                                               '                         '                       '
                                           '                                         '
     Example 3.9. Consider the equation , -                                                            '                                                           '                                                        '
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(3.Il)

Since

   .agaln.

to zero

  xIT

b(t)

 This

 as

+ (i.i t ), x' + x " i ?i O. tS )t2 " a2t )4 r

         '  '1 •          tends to zero. as t+ co
              ' equation also has a solution which
      't -> oo , foy example x(t) = sin t +

  2
(1+t)5 •

(A2) is

does not
  1
(l+t )2 •

not valid

 converge
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3.2. Unifo]?m boundedness and attveactivity for the equation

      x" + b(t)fi(x)gi(x')x' + c(t)f2(x)g2(x') = e(t,x,x').

     We shall considey the equation
                                         '                                           '       '                                     '                                          '(3• l2) x" + b(t)fz(x)gi(x')x' + c(t)f2(x)g2(x') = e(t,x,x')

which is equivalent to the system .' - •
                                     '          '             tt
                                               '        x' =y '' '                                  '(3'i3) yt . - b(t)f,(x)g,(y>y L c(t)f2(x5g2(y) + e(t)x)y) "

                                   '
     In the previous section, we assumed that f2(x) = f3(x )x ,

f3(x) > O . Partieularly, we eonsidered the equations with

f2(x) = x in several examples. But we ean not apply Theorem 3.l

to the equation (3.l2) with f2(x) = x3. In this seetlon, we

give a theoi?em which ean be applied to such an equation.

     In [4], T.A.Burton eonsidered t4e system

                '               t tt           x' -- y, y' = -- f(x)h(y)y -- g(x) + e(t) ,

        '                                                  '                          'where xg(x) >O foT xf O. Unde? some assumptions, he has

given a necessa?y and sufficient eondition.Åíor the boundedness of
all soLutlons of this system. [Vhat is f                                         - [f(x) + ig(x>l]dx =
                                         o
Å} oo . He has also shown that, if f(O) >O and f(x) lO, then

this condition is a iQecessary and suffieient condition fo? the

convergenee to the origi,n of all solutions. Our result is an '

extension of Burton's that. ( See [l6], [l7].) •
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     Theo]?em 3.10. Suppose the assumptions (A8), (A9), (AIO) and

                                  ttthe foUowing. - . '                               '                         '                                tt                                     '
                                                            '(Al)' [Vhe funetions b(t) and e(t) a?e continuous and

        posttive fo]? t 4 O, and also e(t) is eontinuously
                                                          '        differentiable.

           '                                                           '                                                     '        The funetions fi(x), f2(x), gi(y) and g2(y) are all(A3)'

        cont inuous on R! and xf2(x) > O foy x f O ,
                                                 '        fi(x) > O , gi(y) > O and g2(y) > O . Also, the
        function e(t,x,y) is eontinuous on [o,oo) Å~ R2 .

(A4)' [Vhere e.xist nonnegative, continuous funettons vi(t) and

        i?2(t) $uch that
                                    st,        le(t ,x,y)l s ri (t) + r2 (t) lyl for any t l o, x and y,

                                                              '        where O<Åí51.
                                                              '(Aii) focoLtg[:ILj-dt < oo and there exist positive eonstants bi

      ' and b2 such that bi S b(t) S b2 foy t )O .

(Al2) f,' oo.{ fi (x) + lf2 (x) i}dx = Å} co .

Then the solutions of (3.13) are uniformly bounded.

     PBoof. Itt follows from (A3)' and (A8) that
        '
(3.14) es,lyl.Em+MG2(y) f6? any y and osÅí'gz,

                                    te                                               'where m > O . Ilet Vij(t,x,y) '-- c(t)EP2(x) + G2(y) + -ili- in whieh

F2(Å~) =foXf2(u)du . Let ct >l and let, xo2 + yo2 g or2 .
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T.or any solution (x(t),y(t)) of (3.13) through (xo,yo) at

Lu -- to , differentiating V4(t) = V4(t,x(t),y(t)) with respeet

to t, we have

   V4'(t) = c'(t)F2(x) + c(t)f2(x)y + g,\y){ - b(t)fi(x)gi(y)y

                                          '                                                           '                                               '           - c(t)f2 (x)g2 (y) + e(t ,x,y)} .
          '
         -'eT(t)F,(.)L'iELg(92miLLS-X-fSut-\Et)fi(gigs(y)y2'.yeggtyxsy)

         :i; lc,(t)iF,(x) + yegltyxjy)

                         '
for t ) to. Here (A4)' aRd (3.l4) imply that
      -                                      '  yzi{s}'y) :; ?!(t) Y "Ei((;l Y i"k 4 {ri('t)+r2(t)}{m+MG2(y)} •

                                                       '                                                      '
g"' ence V4'(t) ;s le'(t)IF2(x) + M{x'i(t)+r2(t)}{ff+G2(y)}

             s {l9-i;5(-li-IFLt) + Mri(t) + iyir2(t)}v"(t) •

integrating Vei[tt] from to.to t.. we havG .

     Vg(t).Åí v4(to)exp[ftl{-Lg-il-i(-g-l-L,) ,+ Mri(s) + Mr2.(s)}ds] .

pvLt L6 = exp[f,co{. Cg(:ILll- + Mri(s) + Mr2(s)}ds] . Then v4(t) E

L6Vu(to) aRd so G2(y(t)) g L6V4(to) for to St < ti , whenever

the solution (x(t),y(t)) is defined on [to,ti). Frorn (A9),

G2(y) tends to oo as lyl ÅÄ oo . Ther?efore the]r)e exists -

B, = B'(cx) > oc such th"at G2(y) :E. I-,g,,,+Syu,Pso,,{e2IIi'2(X) + G2(Y) + ff}

im.plies lyl f!- 3' , where B' depends only on ct but is

independent of (to,xo,yo) whenever xo2 +yo2 --< or2 .
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[ehus ly(t;te,xo,yo)l has an upper bound B' . This implies

that the solution (x(t),y(t)) is defined in the future, since

                                             '                                                '    Now we shall eonsider foutr? eases. '
     '                       '                                                 '                          '                  '                                          '     Case I: F2(x) tends to oo as lxl -bl co . I.t foUows f?om
Lemma l.4 that F2(x(t)) Åíe!nyIL6V4(to) for t ;l. to, and so there

eiists B" = B"(or) > or such that F (x) f; Ci-iL6.2S+yUl9sor,.{C2F2(X) +

G2(y) + -III-} ii.mplies 1xl :, B" . Hence lx(t;to,xo,yo)l g B"

for tzto. put B(ct)= ,i7(-ff;"';T-;-71B ) +(B) . Then x(t)2 +y(t)2

ÅíB2 for tlto and B depends only on ct but is independent
of (to,xo,yo), wheneveir xo2 + yo2 ;$. or2 . [['hus the solutii.ons of

                                             '                             '(3.13) are uniformly bounded. •
                                             '                      '                                         '
     Case II: Fi(x) tends to Å}oo as xÅÄ"- co .'Since

ly(t)i S B' for t ll. to, we define Vs(x,y) = bilPi(x) + Gi(y)

for any x and bTi .<= B'. Differentiating Vs(t) = Vs(x(t),y(t))

                                                          'with respect to t, we have frorn (A4)' that
                                                             '
                   lVs'(t) = bifi(x)y+g,(y){--b(t)fi(x)gi(y)y--c(t)f2(x)g2(y)+e(t,x,y)}

      g {b,-•b(t)}f,(.)y rv- C(t)Ei[yx))g2(y) + ri(t)+E;[;l y 2

                                                   '                                   '
fove t l to . Suppose that x(t) > O for ti < t < t2 s oo .

Let (si,s2) be any sublnterval of (t!,t2) in which y(t) > O.

?ut
 go -Ey7gBp, ig+,IYy 2

 o Then vs'(t) Åí g;(ri.(t) + r2(t)) ..for

sl < t < s2 , hence Vs(t) Åí Vs(sl) + gef,,(rl(s) + ?2(s))dS for

Sl St< S2 .
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y
      'E'- ' - ----- -. -L- ri -- - "
(xo,Yo)

x

  ---- -• -- - - - -             --T 'W
                    '                      'Let (s3,su) be another '

s2 sts s3 and y(t) >O
s O , x(t) is monotonicaUy

x(s2) iOor s2gt --< s3

G,(y(t)) s biFi(x(s,)) Å}
        -
                     '
       Vs(t) 5Vs(Si) +

fol? s2 .S t< s4 . Thus we

      ' V,(t) sb,Fi(x(ti)) +
     '                             '
for tl St < t2 . If tl =t

        Vs(t) EbiFi(a) +

for to st < t2 . 0n the
Fi(x(ti)) = O , hence Vs(t) <

for ti < t < t2 . Note that

subinterval

   fo]e

   deereasing

 whieh

Vs(S2)

go(f

   obtain

 G,(B')

  othe?

-g•-m-'- -- ''- -ny -- ---
                    '              '                      '
       such that y(t) s O for
                      -
   s3 <t < sg . As Å}ong as y

        in t. Hence x(t> s
  implies Vs(t) = biFi(x(t)) +

   and so

.i2+ f.:)(ri(s) + rz(s))ds

     that
                          '
Gi(B') + gof,oo([r'i(s) + r'2(s))ds

o and xo zO , then
          -                              '
                            '   + gof,oo(ri(s) + r2(s))ds

   hand, if x(h) = O , then
 Gi(B') + gof,oo(r!(s) + r2(s))ds

the upper bound of Vs(t) is '
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independent of ti and t2 even if the eur've {(x(t),y(t>)Itlto}

spirals about the origin. [Vheyefore biM<x(t)) -E b!Fi(or)
+ G, (B') - G,.(-- B') + g, f, OO (r), (s) + [r'2 (s))ds for all t ..iz to ,

because biFi(x) = Vs(x,y) - Gi(y) . Since Fi(x) tends to oo /

as x + oo , the. above estimate shows that there exists a constant

'5ror > or such that x(t) .E -ii& for tk to . Similarly, the

existenee of a lower bound ji or of x(t) follows by using

V,(x,y) for x<O and iyi .iB'. Here• we note that Yec and
x ar'e independent of' (to,xo,yo). Let B(oc) = (B!)2+Ti-i- 2+x 2
--  ct                                                       cx                                                          - ct
when x(t)2 + y(t)2 :s B(or)2 for t2 to . 1]his implies that the

solutions of (3.13) are uniformly bounded.

     In the case III: lim Fi(x) = oo and lim F2(x) = oo , use
the funetion .X+oo

                      '
     , V,(x,y) for)' tJ .z- O,x)O, lyl s B'
                                      -w-                                         '     V,(t,x,y) =

                   v,(t,x,y) [foir t ) O , x < O , iyl .s B' b

Then we can show that the solutions of (3.13) are unifo?mly

bounded. Moreovey in the ease IV: lim F2(x) = oo and

                ' X-9Foo .Iim Fz(x) =- oo , use the function '
x+-oo

.v,(t,x,y)-•
w,:i.l;,)y) igi.Iig:-iglXll.:i.

                                    '            '
Then we have t• he same eonelusÅ}on as proved above. The pi?oof of

Theorem 3.10 is now eompleted. Q.E.D. . -
                                '
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    Theo]pem 3.ll. Suppose the assumptions (A3)', (A4),t,

(A8)N(AIO), (A12) and the following. ''
 '
                       '(Al)" The funetions b(t) and c(t) are continuously
                                   '. diffeyentiable and positive for all tkO.
 '(All)' ' f,poww/t) dt..,< oo 'and f,coig8X( }lldt) t < oo .

                         '         '              '                                              '   '                                                     'Then every solution of (3.13) converges to the origin (O,O) as t

tends to oo .
            '            '
   ttt     Pyoof. Let (x(t),y(t)) be a solution of (3.13) through

(xo,yo) at t = to . Since Theorern 3.10 implies that

(x(t),y(t)) is bounded fo? t l to , there exists a eompact set

D = {(x,y)lx2 + y2 s B2 , B> O} sueh that (x(t),y(t)) remains
            'in D for t > to . Now let             =                 '               '    v,(t,x,y) = -ll-{b(t)F,(x) + G,(y)l2 + Lc(t)I?,(x) + G,(y) .

Differentiate Vs(t) = Vs(t,x(t),y(t)) with r'espect to t .
                 'Then we have '
                       ' ' V,'(t) = {b(t)Fi(x) + Gi(y)}{b'(t)EVi(x) + b(t)fi(x)X' + g\iy)}

                        '         + Lc'(t)E"2(x) + Le(t)f2(X)X' + Lgi\9) ' Gi(Y)g\iy)

                           '                '        = bt(t){b(t)Fi(x)2 + Iii(x)Gi(y)} + b(t)fi(x)yGi(Y)

         - ,b(t)c(t)g2il\lils(X)f2(X) + Le'(t)F2(x)

         -II,PS!mlLkigfl;-i-sly!l->L)-I-l(t)fg),g(Y)Y +{b(t,),7sgX)+,,L(Y,)}e(t,x,y)
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which implies from (A4)' that
                                           ttvs ' :g lj2S{(i-lll-t ) {b (t ) 2F, (x) 2 + b(t) l iF , (x)G, (y) t } + -LEiLg-5(-ll--l]-Lt ) [Lc (t ) iEl ,(.)

                                                            '
• • + .,(t){b(t) g\81)Lj- .+ gt,t(l(yTLs-} + i?,(t){b(tg,:s)(X)Y + gL,Yiy)}

     L b(t)X:S2(Y)F,(x)f,(.) .- Lb(t)fglfSi(y)y2

     + b(t)fi(x)yGi(y)

       '
for t 2L to . By LeTnma l.4, the assumption (All)' irnplies that

b(t) and e(t) are bounded foy t>O. Recall that the
solution (x(t),y(t)) is bounded. [Vhen by chooslng L large

enough, we see the existence of positive constants L7 and Ls

sueh that
               '             '                     '  vs'(t) gs -- L7{),2(x)f2(x)+y2} + Ls{IPIr5(ll31t) +-LgilX( llllt) +ri(t)+r2(t)}

 '

for t 21 to . No'w- put E = {(x,y) e DIFi(x)f2(x) + y2 = O} .

Since xlPi(x) > O and x-e2(x) > O fo? x f O , E cons ists only

one point (O,O). Thepefore we conelude from Lemma 1.ZO that

(x(t),y(t)) eonverges to (O,O) as t tends to oo . Thus the
                                  'proof is completed. QeE-De ,                                                   '
                '
    Corollayy 3.12. .Suppose the same assumptions as in Theorem
3.ll. if in addition, a(t) >o and f,oo-LQEiX( l-llLt) dt < oo , then

every solution of the system -
    '
        Xs .y
(3.15)        y' " ait){-a'(t)y--b(t)fi(x)gi(y)y-c(t)f2(x)g2(y)+e(t,x,y)}
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eonve?ges to the o?igin (O,O) as t tends to co .

                                '                            '              '                    '           '                                    '          '     Note that bee(t) = g((:)) , eee(t) = g[tt )) , ?iee(t) = rai((tt)) and

                                                    '           '                   '                     '               '             tt                          '                                '                                                          'r,X (t) = la g[ttll + ra2((tt)) fuifu the assurnptions in Theorem 3ell•

            'This eorollary is an irnmediate eonsequenee of Theorem 3.ll.

           '          '                         t..                                     tt     In [18], D.W.Willett and J.S.W.Wong discussed the
                                                            '                               'boundedness of solutions and the global asymptotic stability of

the zero solution foe the autonomous system (3.26> x' = y ,

y' = -f(x,y)-g(x), under the conditions "In {(x,y)lx2+y2 > pi2},

yf(x,y) 4 O and the solutlons of (3.16) ave unique" and "xg(x) >

O for lxi > p2". They showed that the zero solution is

globally asymptotieally stable if and only if every trajectory
                                            'which sta?ts in the first or third quad?ant and is eventuaLly in
                                                         '                             ttsome neighbo?hood of co interseets the x-axis, under the

condition that pi = p2 =O and thetsset {(x,y)lyf(x,y) = O}

contains no nontriviaL trajeeto]pies of (3.l6).

             '
                     '                                                         '     '                                                 '                            '     '     Lemrna 3.l3. Suppose the assumptions (A4)' and (AIO), and

suppose that b(t) and c(t) are continuous and b(t) >O,
                                                    'c(t) ) ci for some ci >O . Then for every bounded solution

(x(t),y(t)) of (3.!3) with (x(to),y(to)) E Qi u Q3, the curve
                     '{(x(t),y(t))lt ) tc} intersects the x-axis. '
               -
            '                                         '                                        '
     Proof. Let (x(t),y(t)) be a bounded solution of (3.13)

through (xo,yo) at t= to, where xo >O and yo >O.
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 Suppose that (x(t),y(t)) remains in Qi for all t 2! to .

 From (3.13), we have x(t) z xo and
                            -                                 '
     '                                                      '         y'(t) s -c(t)f2(x(t))g2(y(t)) + le(t,x(t),y(t))l
               -
     '
 for t) to . Since x(t) and y(t) are bounded, it follows
 from (A4)' that
                '
     y' (t) S -A + ri(t) + Br2(t) fo? sorne A > O and B > O .
           -
                             '
 This irnplies

          y(t) ;s yo --th A(t-to) +f,oo?i(s)ds + Bf,eOr,(s)ds

 for t)to . Henee y(t) tends to - oo as tÅÄ oo ,whieh is a

 eontradiction. Thu$ we eonclude that ehe cuyve

 {(x(t),y(t))lt ) to} intersects the x--axis at a finite time

 ti > te . The proof for the case of xo <O and yo <O is
 $imilar to the above. Q.E.D.

 Under some assumptions, Theoyem 3.LO and Lernma 3.l3 show that, if
  + oof-, {fi(x) + lf2(x)I}dx = Å}oo , then for every solution pf (3.13)

 with (x(to),y(to)) G Qi u Q3, the curve {(x(t),y(t))lt 21 to}

 intersects the x-axis. The following theorem shows that the

 converse is a!$o valid under more relaxed assumptions.

               '
      Theorem 3.l4. Suppose the assumptions (A4)' and (AIO), and

 suppose that b(t) and c(t) are bounded from above by b2 and

 c2 respeetive]y. If for any solution (x(t),y(t)) of (3.13)
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with (x(to),y(to)) E Qi u Q3, .th.e eurve {(x(t),y(t))lt l to}
intersects the x-axis, then f -o {fi(x) + If2(x)l}dx = Å} oo •

       '                               '              '                     ', P?oof. We shall prove fooo{fi(x) + f2(x)}dx = co . Let.

Vg (Y) " fo Y:[fi vTdv • Since Vg (y) tends to co as y -. co ,

there exists yo >1 sueh that'
                             tt          Vg (yo) > Vg (l) + 1 +f, oo {ri (t) + r2 (t)}dt .

Now suppose f18oo{fi(x) + f2(x)}dx < oo . Then taking

ks`y21'llio,:ji)i tY,), 1.?2iYil,'.g:,lh:O:e. Xi.: O,.i:,l#iie, ,thgt..

            xo '
solution of (3.l3) through (xo,yo) at t = to. Then the curve
{(x(t),y(t))it IL to} must intevsect the x-axis at a finite time.

Hence we can find the first time t2 > to satisfying y(t2) = l

and the last time ti < t2 satisfying y(ti) = yo. Then of

eourse x' (t) = y(t) ) 1 for to St S t2 and so x(t) ) xo
                                                          '
i;gm :X4;i,t S t2' Dlffei'entZatzng v(t) = v,(y(t)), we obtaln

                              '        '                                             '                        '   V'(t) = irFltsi-{--b(t)f!(x)gi(y)y-e(t)f2(x)g2(y)+e(t,x,y)}

                                                        '                                             '        l irFilyt{-b(t)f!(x)gi(y)y-c(t)f2(x)g2(y)--rz(t)-r2(t)lyl}

for tistgt2• since wh<i and :ifFtft!i?2h(t)l <i,

                                     t ..
    v'(t) > --b(t)fi(x)gi(y)y - c(t)f2(x)g2(y) - ?i(t) - r2(t)
         =
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for ti s t s t2 , hence

                    '                  X ee       vT(t) > --b2g fi(x)x' - e2g f2(x)x' - yl(t) - r2(t)
            =

for t.i stgt2. Integrate v'(t) from t! to t2 . Then we
                                          '                          '
                                  '
                          t2                                             t2      v(t2) l v(ttl - b2gee7ti fi(x)x'dt - e2gee1,I.ti, f2(x)x'dt

                                           '             -ft, {ri(t) + r,(t)}dt

and

                        X(t2) t2
V(t2) k Vg(Yo)-(b2+e2)gee f., {fz(X)+f2(X)}dX--J(l, {ri(t)+?2(t)}dte

                                                       'Therefore v(t2) l Vg(yo) - l -f,oo{rz(t) + r2(t)}dt . [ehis

implies v(t2) > Vg(1), which contyadicts y(t2) = 1 . Thus we
eonÅëlude that fooo{fi(x) + f2(x)}dx = oo . It is analogously

f, -oo{f'(X) M f2(X)}dX =w co - Q•EpDe

     Theorern 3.15. Suppose the assumptions (Al)", (A3)', (A4)'

'(A8)t- (AIO) and (All)'. Then the foUowing statements are

equivalent.

(i) For any solution (x(t),y(t)) of (3.l3) with (x(to),y(to))

       E Qi U Q3, the eu]?ve {(x(t),y(t))lt ) to} inte]?sects

       the x--axis at a finite time.

(ii) f,'oo{fi(x) + If2(x)l}dx = Å} co •
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(iii) the solutions'
             '                  ..
                     '             '(iv) Every solution
                     ..       tends to co .,-
       '  '  '         '                tt

     This theorem is

Theorem 3.ll, Lemma 3

of

 of

an

.I3

(3.I3)

  '      ' (3.13)

are uniformly

       '
 eonverges to

bounded.

the origin as

immediate eonsequence of

 and Theorem 3.l4.

Theorem 3

t

.IO
,
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3.3. Uniform attractivity for' the equation
                                                    '
      x" + b(t)f!(x)gl(x')x' + c(t) fs(x)g2(x')x = e(t,x,x') .

In this section we shaU eonside? the uniform attractivity for
                                                     'the system '
                                                              '              '                                                   '                                                        '                          '         x' =y '                                                          '(3.17)
         y' = -b(t)fi(x)g!(y)y -- e(t)f3(x)g2(y)x + e(t,x,y) .'

     Theoyem 3.l6. Suppose the assumptions (Al)', (A3), (A4)',

(A8)N(AU). Then the following statements are equivalent.

                   '
       For any solution (x(t),y(t)) of (3.l7) with (x(to),y(to))a)
        E Qi U Q3, the cuyve {(x(t),y(t))lt z to} intersects
                                             -
       the x-axis at a finite time. ,
                                             '
                             '(ii) f,'eo{fi(X) + IXIf3(X)}dX " ' co e

(iii) The solutions of (3.l7).. are unifo]?mly bounded.

(iv) The origln is globally uniformly attractive for (3.l7).

     Proof. The implieation (i) => (ii) '> (ni) is a eonsequence

of Theorern 3.IO and Theorem 3.l4. The?efore by Lerrirna 3.l3, we

need only show that the implication (iiO =. (iv) is valid.

suppose or >O and xo2 + yo2 s ct2 . Let (x(t),y(t)) be a

solution of (3.17) through (xo,yo) at t = to . Then from

(iiO, there exists a positive constant B = B(or) sueh that

x(t)2 + y(t)2 s B2 for) tl to . Now we ehoose positive
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cOnstants di , d2,..., ds sueh that di S fi(x) S d2,

d3 # f3(x) g d4, ds E gi(y) --< d6 and d7 g g2(y) E ds for

 lxl ;sB and Iyl4B• Let
                  '
' Vio(t,x,y) = -}[Fi(x) + Gi(y)]2 + IJe(t)F3(x) + G.(y) .

Then vio(t,x,y) 2} -Å}-+Pcid3x2 + -}(Ellk- - E;l2)y2 and, . '.'

                                                '                                            '       '              tt. t                                       '                                              '                              '  '                                                       'vi e (t ,x,y) s -:-(d22 + Lc 2d ly + g`'g )x2 + t( &' + zf.}-)y2 , for gll

t

:6g,tO..tan.d iO,". ,X2,(.")Y2sgdB2,; .T::igforg.::e:fi.texist positive

(3•l8) pi(x2 + y2) E Vio(t,x,y) s y2(x2 + y2) ' • ..
       '                        '                              'for t) o, x2 + y2 < B2 . Next differentiating V!o(t) =
       -• •==
Vio(t,x(t),y(t)) with respect to t, we have ''

                    '                ' Vio'(t) " [E"i(x) + Gi(Y)][fi(x)x' + thg, y ] + LC'(t)F3(x)

                '                 '                                             '          + Le(t)xf3(x)x' + llX\S) la G!(y)igirl2X-s'i y

         '
         = Fi(x)fi(x)y + Gi(y)fi(x)y + Lct(t)F3(x) + Il,c(t)xf3(x)y

          +{ gF,i((yX)).,+ g,L(Yy)}{-b(t)fi(x)gi(y)y-e(t)f3(x)g2(y)x+e(t,x,y)}

                                                '                                                       '                                                            '         = Le'(t)I"3(x) + {l - b(t)}Fi(x)fi(x)y + fi(x)Gi(y)y

          -e(t)Fi(x)gf3,[yx]g2(y)x-LP(l2)-i;;ri-i;-j\g;(yx)gi(y)y2

                               '          ' {gl[Y] + FgiliLiik7-;i-,Yy }e(t)x,y) e '

                             t ttttHe]f'e {1 - b(t)}I7i(x)fi(x)y E (l + b2)d,21xyl and fi(x)Gi(y)y Åí
                                                       '
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S'- y2 . on the other hand, C(t)Fi(Xgfiy(})g2(Y)Xl eid&f3d7x2 and

Lb(t)f Eil3ffi(Y)Y2 l Lbggid.s-y2 . Furthermore (A4)' implies

{Fgi,[}l + g,L(Yy) }e(t,x,y) :; (gLg-,l-ISI + IiEII,l-L ){ri(t) + r2(t)lyl2}

                                                       '
and so
            '                                                    '                                                     '
{Fgi,[yX)) + g,L(Yy) }e(t,x,y) g (g-t'- + ESI -)B(l + BÅí){ri(t) + r2(t)} ,

                                                'because of lxlsB and lyl sB. 1]hus by ehoosing L la]r'ge
               --
                                        '

  Vio'(t) s Llc'(t)IF3(x) -- dg(x2 + y2) + dio{ri(t) + r2(t)}

for tl to , whetr?e positive eonstants dg and dio are
independent of (to,xo,yo) . Now (3.l8) implies

    Vio'(t) 5 [- g/ + W(t) ]Vio(t) + dio{ri(t) + r2(t)}

for t2 to . E?rom iTJemma 1.ll-, for any e>O there exists

[D = T(e) >O such that

    Vio(t) s e + K{Vio(to)exp[--!LL' (t-to)] + exp[..!IL' (t-[v)]}

           - V2  ..                                               U2

for t) to . Let T(t) = Min{t-to,t-[V} . Sinee Vio(to) S
v2(xo2 + yo2) s y2or2, vio(t) s s + K(v2ct2 + l)exp[-gtT(t)] .

choose Tee = ri"ee(ct,s) so that Tce > IS-8tlogK(V2or2+i) + T . Then we

obtain T(t) > g.il}iogK(Pgor2+i) for t l to + s]'X . Henee vio(t)

                        '                                   '                   ee< 2e for t> to +T . Thus we eonclude fvom (3.l8) that
x(t)2 + y(t)2 <i,rE for t 21 to + [Pee . This completes the

proof of [Vh6orem 3.16. Q.E•D.
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     In Theorern 3.l6, we have nQt asked whether the system (3.l7)

has the zeyo solution (x(t),y(t)) E (O,O) . But if le(t,x,y)l

;! ?(t)Iyl , then the system (3.l7) has the zero solution. In this

                                                              'case the following theorem holds. ' • '                                               '                                         '                                    '                                                              '        '   '     Theorem 3.l7. Suppose the assumptions (Al)r, (A3), (A8),

(A,9)., (All) and suppose that le(t,x,y)l E r(t)ly6! and ]?(t) iS
a nonnegative, conPinuous function satisfying fo r(t)dt < co .

Then the zero solution of (3.17) is globally uniform-asymptotically
stable if and only if f ico {fi (x) + lxl f3 (x) }dx = Å} co • '

                                  '  ' proof. ,we need oniy show that if f Å}oco{fi(x) + lxlf3(k)}dx

= Å} oo, then the zero solution of (3.l7) is uniformly stable.

Fo? any solution (x(t),y(t)) of (3.17) through (xo,yo) .at

t = to satisfying xo2 + yo2 s l, it follows from Theorem 3.10

that x(t)2 + y(t)2 s B(1)2 for t) to . [ehen using the same

function Vio(t,x,y) as in the proof of Theorem 3.l6. we have
                             '   '                    '                                                 '
      pi(x2 + y2) s Vio(t,x,y) s y2(x2 + y2)

fore t)O and for x2 + y2 s B(l)2 . Also, we have for the

d?ill?iilTI,?i,,Il,OitlX[Ii, a.i?1!,,ile i::ii?:,;g.i,3.,,.il7''.,,,kpt, ,.,,,i,i.

Furthermore
                          '                                                 '                                                 ' {up, + !!LEIS,}L }y(t)lyI = r(t){g-zlil,i)LIT + Lg2, } # d.r(t)(.2 + y2)

                                                '                                 '
for sorrie dn >O. Thus we obtain
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     (Vio)'(3.l7)(t,X,Y) 5 [W(t) +

for any t)O. This iinplies that the
uniformly stable, according to the well

theorem. Q.E.D.

dl1    -p ( t ) ] V! o ( t , x , y )
Pl

               '
 zero solution is

 known K.T.P'ersidski's
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