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1. Introduction

In the paper Lubich and Ostermann [15], they have shown that the Runge-
Kutta approximation methods are useful even for the ordinary differential equations
in an infinite dimensional space. They studied the convergence properties of im-
plicit Runge-Kutta methods applied to the initial value problem of the quasilinear
abstract equation

du
() E+A(u)u=f(u), 0<t<LT,
u(0) = uo

of parabolic type. In the paper [15] the framework was set in a triple of Hilbert
spaces V C H = H' C V', that is, A(u) are defined for v € V and each A(u) is
associated with a continuous bilinear form on V satisfying the Garding inequality
and therefore is a bounded operator from V into V' and a densely defined, closed
linear operator in H. In this framework the solution u to (E) is constructed in the
space L2((0,T); V)NC([0,T); H)NH((0,T); V'). Consequently the error estimates
are also obtained in the same function space.

It is known, however, that the problem (E) can be considered in a Banach space
X under the situation where each —A(u) is the generator of an analytic semigroup
on X. Also it is known that somewhat stronger results are obtained in this setting.
In fact, under suitable assumptions on A(u), f(u) and wg, a regular solution v in
the space C1([0,T); X) NC([0,T); D(A(uo))) (where D(A(uo)) is the domain of the
operator A(ug) equipped with the graph norm) can be constructed, see Sobolevskii
[25] and Lunardi [16], cf. also [33].
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Therefore we thought that it might be meaningful to study similar convergence
properties of implicit Runge-Kutta methods in the framework of Banach space to
obtain stronger error estimates in the space C([0,T]; D(A(up)))-

The domains D(A(u)) = D(A(uo)) of A(u) are independent of the unknowns
u. The spectral sets o(A(u)) of A(u) are assumed to be subsets of some closed
sectorial region Sy, 0 < ¢ < 7/2, where S, = {z € C; |argz| < v}. The Runge-
Kutta methods are assumed to be strongly A(f)-stable with ¢ < 8 < 7/2. In
Section 2 basic properties of the stability function of strongly A(6)-stable scheme
will be summarized.

In Section 3 we shall consider the autonomous linear equation in X with a
coefficient operator A. As shown in Crouzeix et al. [5] and Palencia [19], there
exists a family of bounded operators which are given by the functional calculus of A
with respect to the stability function and which describe the approximate solutions
to the autonomous linear problem. Moreover, in this paper we shall show that
the bounded operators enjoy properties quite analogous to the analytic semigroup
generated by —A, see Proposition 3.4.

In Section 4 the non autonomous linear equation will be studied. Our tech-
niques are quite different from [15] in which the energy estimates are the main tools.
Instead, a family of bounded operators will be introduced as a fundamental solu-
tion for constructing the approximate solutions. This family of bounded operators
enjoys properties quite analogous to the fundamental solution of the continuous
non autonomous problem, and consequently provides a new formula for describing
the approximate solutions of the nonlinear problem (E).

By virtue of these representations, stronger results on the stability and on the
convergence of the approximate solutions to (E) will be established in Section 5.
Our results are applicable to the various quasilinear parabolic systems. We consider,
as an example, the Keller-Segel equations appearing in mathematical biology.

The authors believe the obtained representation formula is useful even in the
study of the convergence property in spatial discretizations. But this will be studied
in the forthcoming paper. For the linear equations there is a lot of literature on
this problem. We quote Helfrich [8] and Fujita and Mizutani [6] as the pioneering
researches. In [8] the autonomous linear equation in a Hilbert space is considered,
the coefficient being a self adjoint operator; and the error estimate is obtained by
means of the Ritz operator. This result is then generalized by Ushijima [29, 30]
and Piskarev [2] to the framework of Banach space. In [6] the autonomous linear
equation in L? space is considered, and the rate of convergence of the finite element
method is obtained. This result is extended subsequently by Suzuki [26, 27] for
the non autonomous linear equation. We quote also researches using somewhat
different techniques, Bramble et al. [3], Baker et al. [1], and Sammon [22, 23]. For
the full list, we refer the reader to References in Fujita and Suzuki [7]. For the
semilinear equation we quote Keeling [10].
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We conclude this section by recalling some terminologies for numerical analysis
used in this paper, cf. [4, 9].

An s-stage Runge-Kutta method applied to the initial value problem of an
ordinary differential equation

W e, 0<t<T,
(1.1) dt
u(0) = up

with a stepsize h > 0 is written as

(1.2a) Unt1 = Un+h Y _biF(tn +cih, Vo), n=0,1,...,N,
i=1

(1.2b) Voi =Un+h Y aijF(tn +cjh,Voj), i=1,...,s,
j=1

(1.20) U() = Ug,

where t, = nh and tyy1 = (N + 1)h < T. The approximate solution {U,}
is given recursively by (1.2a) with {V,,;} given by (1.2b) at every time step n.
The parameters a;;, b;, ¢; are all given real numbers. Using the matrix notation
A=lai;6,5=1,...,8], b=[by,...,b]T, e=[1,...,1]T and C = diaglcy, . .., cs),
we can rewrite (1.2a—c) as

U'n+1 =Un+thn(Vn), n=0,1,...,N,
(1.3) V, = eUn + hAF,(V,),

UO = Uop,

here V;, = [Vou1,- .-, Vas]T and F, (W) = [F(tn + he1, Wi), ..., F(ts + hes, Ws)]T
with W = [W1,..., W,|T.

The Runge-Kutta scheme (1.3) is said to have an order of accuracy p, or briefly
to be of order p, if Upt1 — u(tny1) = O(RP*) as h — 0 when U, = u(t,). By
Butcher an equivalent condition for this has been given in terms of {4,b,C}, see
[4, Theorem 307B].

THEOREM (Butcher’s order condition). Let ¢; = Z;=1 a;; for all i =
1,...,s. Then the Runge-Kutta scheme (1.3) is of order p if and only if the coeffi-
cient set {A,b,C} satisfies

(1.4) ~v(1)®(T) =1
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for each rooted tree T which has vertices no more than p. Here, ¥(T) denotes the
density of the tree 7 and ®(7) the elementary weight for T with respect to the
scheme.

In addition, the stage order and the quadrature order of the Runge-Kutta
scheme (1.3) are defined respectively by the maximum of numbers ¢ such that

1
(1.5) ACFle = Ecke, forall k=1,...,q,
and by the maximum of numbers r such that
T pk—1 1
(1.6) b’ C e:—k;, forall k=1,...,r.
It is known that the relation
min{g + 1,7} < p < min{2s,7}

holds [4, pp.218-219 and 289)].

The Runge-Kutta scheme is said to be explicit if a;; =0 for 1 <7 < j < s and
implicit otherwise.

The scheme is said to be A(8)-stable if (Z+ z.4)~! is holomorphic on a domain
containing Sy, 0 < 6 < /2, where Sy = {2 € C; |arg 2| < 6}, and if the stability
function R(z) = 1 — 2bT(Z + 2.A)le satisfies

(1.7) IR(2)| <1, z2€8,.

The scheme is storngly A(6)-stable if it is A(@)-stable and if the limit R(co) =
1 — b7 A~ le exists with the estimate

|R(00)| < 1.

Notice that explicit Runge-Kutta methods can not be A(6)-stable, because
stability functions

s—1
R(z) =1—-2bT (T4 2A) le=1—zb" Z(—l)kzkA’“e
=0

are all polynomials of degree at most s and (1.7) never holds.

OTHER NOTATIONS. X denotes a Banach space, its norm is denoted by || - || x.
The s-ple product space X® of X consisting of column vectors [-,...,-]T is denoted
by X, X is equipped with the usual product norm.



Implicit Runge-Kutta methods for quasilinear abstract equations 185

By a matrix of linear operators acting in X

A o Ags
Asl e Ass

we denote a linear operator acting in X in the usual manner. Similarly, by a column
vector and a row vector of linear operators in X

B,
B=|:]|, Cc=[C, --- Cs],
B;

we denote an operator from the domain D(B) C X into X and an operator from
the domain D(C) C X into X, respectively.

We define also the products of such operators. More precisely, for A, B, C as
above and an operator A = [;L]] in X, we define

[ A A+ -+ AsAg - AnAig + -+ ArgAgg
AA = : : :
_AslAvll +-+ AssAvsl Tt Aslgls +-ee 4+ Ass;{ss
[A11B1 + -+ + A1Bs
_AslBl +--- 4 AssBs
CA:[CIA11+"'+C.9A31 ClAls+"'+CsAss]7

CB = C1By + -+ CsB;.

If there is no fear of confusion, a matrix M = [m;;; 4,5 =1,...,s], a column
vector k = [k1,...,ks]T and a row vector I = [ly,...,l;] are identified with the
bounded operator [m;;I] € £(X), the bounded operator [k;I]T € £(X, X) and the
bounded operator [I;I] € £(X, X), respectively, I being the identity operator of X.
The identity matrix of order s is denoted by Z.

Throughout this paper we denote by C the generic constant determined in
each occurrence by the initial constants appearing in the assumptions. In a case
when C' depends on some parameter, say ¢, it will be denoted by C¢.

AcCkNOWLEDGEMENT. The authors express their hearty thanks to Professor
S. Piskarev; discussions with him were very valuable for understanding the prob-
lems. They also thank the referee very much for useful comments, especially for
bringing important references to their attention.
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2. ' Some properties of the stability functions of Runge-Kutta
methods

Let R(z) be the stability function of a strongly A(f)-stable Runge-Kutta
scheme. This section is devoted to surveying basic properties of R(z), which are
used in the subsequent sections. Essential parts of the results are seen in [5].

As already noticed, R(2) is a holomorphic function in a domain containing Sp.
More precisely we observe the following proposition.

ProposITION 2.1.  Singular points of R(z) are contained in the closed domain

1
Y={2eC; — < |z| < ||A7Y, |arg 2 20}.
{re i o <l <147, ane

ProoF. By definition, the singular points of R(z) are the same as those of
(Z + 2A)71. It is clear that, if |2||A|| < 1, (Z + 2A4)7! is holomorphic. On the
other hand, since (Z + 24)7! = A7 (z + A1) 7L, if |2| > || A7Y], (Z+ 2A4) L is
holomorphic.

Since lim,_, o0 2(Z+2.A4) ™! = Z, we obtain that R(co0) = 1—-bT A 'e. Therefore,
(2.1) R(2) — R(c0) = bT A™HT + 2A)te.
In addition, we have:

C

(22) |R(2) — R(o0)| < A=A

Since |R(00)| < 1, there exists some 0 < k£ < 1 such that

(2.3) IR(2)| < K, |2| 267"
if 6 > 0 is sufficiently small.
Since
(2.4) R(z) =1-zbTe + 22T A(Z + 2A) e,

the stability condition (1.7) implies that b = T - € > 0. On the other hand, from
(2.4) we see that

R(z) — e = O(|2*)
in a neighborhood of z = 0. Furthermore we see that

IR(2)| < €91 |e=b%|
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in a neighborhood of the origin. Since |e=%%| < e~bos0l2l if |arg 2| < 0, we can
conclude that there exist some v, n > 0 such that

(2.5) |R(2)] < e, |argz| <6, |2| <4,
(2.6) |R(2)| < e”l"', |argz| > 6, |2| <6,

if § > 0 is sufficiently small.
Fix a sufficiently small § > 0 so that (2.3), (2.5) and (2.6) hold, and consider
the domain encircled by the contour

{lz] =9, |argz| < OYU{d < |2| < 67", |arg 2| = 6} U {|z| = 67, |arg 2| < 6}.

In this domain R(z) is holomorphic with the estimate |R(z)| < 1. Then the max-
imum principle implies that for any 0 < §’ < 6, there exists some 0 < &’ < 1 such
that

(2.7) IR(z)| <K, §<|d <5, argz| <0

3. Autonomous linear equations

In this section we consider an implicit Runge-Kutta (R-K) method for the
Cauchy problem of an autonomous linear evolution equation

du
— +Au=f(t), 0<t<T,
3.1) pr f(t)

'll,(O) = Up

in a Banach space X. Here, —A is the infinitesimal generator of an analytic semi-
group on X, f is an X-valued function defined on [0, 7], and 4y € X is an initial
value.

We shall assume the following conditions.

(A1) The resolvent set p(A) contains a sector C\S,, for some ¢, 0 < ¢ < 7/2, and
the resolvent satisfies an estimate

(3-2) I = A) Ml < A¢gS,,

Al +1°

with some constant M.
(F1) For a number o >0, f € C°([0,T); X).
(I1) uo € D(A).

For the scheme we assume the following.
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(RK1) The scheme is of order p and has a stage order ¢ with 1 < g+ 1 <p.
(RK2) The scheme is strongly A(6)-stable with ¢ < § < 7/2.

Let 0 < h < T and let N > 0 be an integer such that (N + 1)h < T. As
the s-stage R-K scheme applied to (3.1), we obtain the following approximation
solution ,

Upy1 = Up + BT {—AV,, + f(T0)}, n=0,1,...,N,
(3.3) V, = eU, + hA{—AV,, + f(Tn»)},
Uo = uo,
where £(T,) = [f(tn+cih), ..., f(tntesh)]T, Tn = tnZ+RC)e = [to+cih, ... tn+
csh)T.

As will be proved below by Lemma 3.1, Z + h.AA has the bounded inverse on
X¢ for each h. Then (3.3) is written as

Un+1 = Un + hbT{_AVn + f(Tn)},
V, = Jp{eU, + hAf(T,)},

Uo = o,

where Jy, = (Z + hAA)™L.
Therefore, if we introduce the notation

R(hA) =1 — hbT Adye,

the solution U, is given by the formula

n—1
(34) U, =R(hA)"ug+h > RRA W Iuf(r)), n=0,1,...,N+1.
=0

LemMA 3.1. The inverse of Z + hAA exists as a bounded operator on X°.
Moreover, J, = (Z + hAA)™! satisfies the estimates

I Tullecxsy £ C, | ATRll(xsy < CR7L

Proor oF LEMMA 3.1. As noticed in Section 2, (RK2) implies that the sin-
gular points of (1 4+ 2.4)~! are contained in the set ¥ = {z € C; ||A||7! < |7] <
I A=Y, |arg 2| > 6}
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Let us define a bounded operator on X*° by the integral

_ 1 “1gy _ ay-1
I = 5 /F (T + hAN 1A — A)~1dA

with the integral contour A: A = re*™ (0 < r < 00), where ¢ < 1 < 6. Since we
can change the contour to a bounded one, for example,

v:{z |2| =4, |arg 2| > ¢}
U{z; 0 <|z| <07 Y argz = 24} U{z; |2| =671, |arg 2| > ¥},
where 0 < § < min{||A|~1,|.A7!|| 7!}, we have:
-1dz

_ 1 —1(Z_ dz
Jh—zﬂiL(I+Az) (h A) =3

Then by a direct calculation it is verified that (Z + hAA)J, = Z. Therefore,
(Z + hAA)~! exists and is given by Jj.
In addition, since

M _ _
9alleoen < gv [ I+ A2 12l dz),
T Jy
we observe that ||Jp| z(xs) is uniformly bounded with respect to h. In a similar

way, we see that ||AJp| c(xs) < Ch™L.

The operator R(hA) plays, as verified by (3.4), a very important role in de-
scribing the approximation solution U,. We here notice that R(hA) is a functional
calculus of A for the stability function R(h)). Indeed, let € > 0. By A(f)-stability
we have:

[(A+1)T°R(AN)| < C(JA|+1)7°, X€T,

where I is the integral contour introduced above. Then by (3.5) we observe that
(A+1)R(hA) = 2% / (A+ 1)~ R\ — 4)~TdA.
r

Therefore, in view of (2.1), we conclude that

R(hA) = lim —— / O+ D= R(RA)(A — A)~1d
I

e—0 271

= R(oo) + 5 /F (R(h)) — R(c0)}(A — 4)~1d.
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Using this fact we show the first property of R(hA).

ProrosITION 3.2.

(3.6) IR(RA)™ ) <C, n=0,1,...,N+1.

Proor. It suffices to consider the case n > 1. Since

n__1; _1_ - ney _ -1
R(hA)" = lim -— F(,\+1) R(RA)™(A — A)~1d),

we observe that
R(AAY" = R(oo)" + 5= /F (R(AA)" — R(00)"}(A — A)~1dA.

For each n, let us change I'" to the following bounded one

o= {z |2l =071, larg 2| 2 9} U {20 < |2| <671, argz = +¢}
U{z; §/n < |z| <4, argz = £9} U {z; |z| = &/n, |arg z| > ¢}
=1 UrB UrP U,

where 6 > 0 denotes the number announced in Section 2. Then first of all it follows
that

(3.7) Ry = R+ 5 [ R (2-4)7 %
Tn

Since |R(o0)| < 1 is assumed, let us estimate the integrals on the subcontours.

By virtue of (2.3) and (2.7), the integrals on 'y,(bl) and ’77(,2) are easily seen to be

estimated by Ck™, 0 < k < 1. The integral on 7,(,3) is estimated by

4 )
C/ eVI#In 2|7 dz| < C’/ e " r~dr < C/ e ’"rldr.
7 é/n é

On the other hand, the integral on 7,(,4) is estimated by

Y
c / eMin |24z < © / edp.
AE0 —¢

Thus the proof is accomplished.

In the proof of this proposition we verified also that the range of R(hA)™ —
R(o0o)™ is contained in the domain of A. Moreover, we show the following estimate.
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ProrosiTION 3.3.

(3.8)  [IA{R(RA)" — R(c0)"}lex) < C{(n+1)h}™!, 0<n<N+1.

Proor. We already know the formula

-1dz

A{R(hA)" — R(c0)"} = % [, ReyA(Z-4)" £

Then we repeat the same estimation as above for this integral dividing 7, into
'y,(,l), 'y,(f), 7,(,3) and 'y,(f). As a result we obtain that

IA{R(RA)" — R(00)"}Hl(x) < CRTH(K™ +n7).

This means that (3.8) holds.
As a corollary of this proposition we obtain very important estimates.

ProPoOsITION 3.4.
(3.9)  ARMhA)" Tulcxex) < C{(n+1)h}™!, 0<n<N+1,
(3.10) |AJneR(RA) | cx,xs) < C{(n+1)A}™ !, 0<n<N+1.
Proor. For the proof of (3.9) it suffices to notice that
AR(hA)"bT Jy, = R(c0)"bT AJy + A{R(hA)™ — R(c0)"}bT J,

and that n|R(00)|™ < C. The proof of (3.10) is similar.
We now prove the first main result of this section.

THEOREM 3.5. Assume the conditions (A1), (F1), (I1) and (RK2). Then,
the solution {U,} to (3.3) satisfies the estimate

(311)  |Unlx < C (luollx + Ifllcqomix))» n=0,1,...,N+1.
Moreover, U, € D(A) and the estimate
(312) ”A'Un”X < C(”AUOHX +U—1“f||c"([0,T];X))a n=0,15-"aN+15

is valid.  The constants C > 0 are independent of ug and f.
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Proor. Since U, is given by (3.4), the first estimate (3.11) follows immedi-
ately from (3.6). To prove (3.12) we write

n—1
AU, = R(hA)"Aug + 1Y AR(RA)" 0T Jh{f (7)) — ef(tn)}
1=0
+ {1 - R(hA)"}f(tn),
here we used a formula

n—1
(3.13) 1- R(hA)" =hY_ R(hA)"'6" Adpe.
=0

Then (3.9) is used to obtain that

n—1

|AURx < C(llAuollx +IIfllc) + Cliflle=h Y _{(n— DA}

=0

The estimate (3.12) is then shown by hY ' {(n — )h}°~1 < C(nh)® fol(l -
z)°~ldz (cf. Lemma A.2 in Appendix).

We now proceed to estimate the error E,, = U, — u(t,). For this purpose we
assume that (3.1) admits a sufficiently smooth solution u.
Let us define e,,, 0 <n < N, and d,, 0 < n < N by the following formulas

en = u(tnt1) — u(tn) — BT/ (T5),
d, = u(r,) — eu(t,) — hAuU'(T,),

respectively, where u(7,) = [u(tn + c1h),...,u(tn + csh)]T, v'(1,) = [W/(t, +
c1h), ..., u/'(t, + csh)]T and T, = (t,Z + hC)e. We observe that

{ U(tn41) = u(tn) + AT {—Au(T,) + F(Tn)} + en,

(3.14)
, u(T,) = eu(t,) + hA{—Au(7,) + f(To)} + dpn.
In view of (3.3) it then follows that

Epny1 = E, —hbTAD,, —e,, n=0,1,...,N,
D, = eE, — hAAD, —d,,
Ey =0,

with D,, = V,, — u(7,). Hence, we have

En41 = R(hA)E, + hbT AJyd, — e,.
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Therefore E,, is represented by the formula

n—1
(3.15) E, =) _ R(hA)" ' {hbT AJnd; — e}
=0

for every n =0,1,...,N + 1.
On the other hand, we can obtain integral representaions of e, and d, by
utilizing the Taylor expansion

2
o(h) = £(0) + 2 f(0) + () + -

m h _4\m
4+ E_'(p(m) 0) + / M(p(m"'l)(t)dt,
m! o

m!

repeatedly. Indeed, apply this expansion to u(t, + t) with m = p+ 1 and to each
function u'(t, + ¢;t) which is the i-th component of w/(7,) with m = p. Then we
have:

th(k' (k )chk -1 ) (k)(tn)

(h—1t)? u®+) M T rp,, (p+1)
+/0 ( P p (t +t) (p—l)! bI'cPu'? ((tnI+tC)e)> dt,

where u®*+ ((t,Z+1tC)e) = [u®+D(t, +c1t),...,uPTD(t, +c,t)]T. Recalling that
the quadratic order is bigger than p (see (1.4)), we obtain from (1.6) that

(3.16)

. = /0 " (%ﬁfﬁu(wl)(tn ro)— h((hp—t))_leCPu(”“)((t T+ tC)e))

In a similar way we also obtain the following formula

o aoe e (e e un
h -1
(h =) g1 _ h(h =) a ) ylat)
¥ /o ( g~ (g-1) ACY | w T ((tnT + tC)e)dt

Here we used the relation (1.5).

We now establish the error estimates.
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THEOREM 3.6. Let the conditions (A1), (F1), (I1) and (RK1-2) be satisfied.
If u is a solution such that u € CP1([0,T]; X) N C2+1([0,T); D(A)), then the error
E,, is estimated by

T T
(3.18) ||En||XSC(hp / u®+D 8) [ xdt + AT+ / ||Au(q+l)(t)||xdt)
0 0

for every n=0,1,...,N + 1. Moreover, if u satisfies u € CP¥1([0,T); D(A)), then

T
(3.19) |l AEn|x <C <h” / | Au®*D(t)] x dt +w_lhq+l||A“(Q+1)”C‘”([O,T];X))
0

for every n=0,1,...,N +1 with any 0 <w < 1.

Proor. Consider the case where u € CP+1([0, T]; X) N CI+1([0, T); D(A)).
From (3.16) we immediately observe that

h tnt1
(3.20)  |lenllx < CHP / u®t (¢, + t)||xdt < ChP / | u®+D) (2)| x dt.
0 tn

Similarly from (3.17) it follows that
(3.21)

h tnil
1 Ady||x < Ch? / 14w (4, + 1) xdt < Ch? / | Au@+D ()| x dt.
0 tn

Therefore from the formula (3.15) we verify (3.18).
Consider next the case where u € CP*1([0,T]; D(A)). As before we have:

tnt1
deallx < 02 [ AuHO(0) .
tn
On the other hand, the vectors Ad,, satisfy
h
| A(dn — dm)llxs <ChS / I A{w( D ((tnZ + tC)e) —u @V ((¢mT + tC)e)}| x-dt
0

< ChI+H{(n — m)h}* | AuatD)||cw,

h
| A(d,, — edy)||xs < ChI / | A{u Tt ((t,T + tC)e) — eulIV (¢, }|| x-dt
0
< Cw 1heH || AuletD))|| e
with

(3.22) d,= /0 ' ((h—;!t)icq“ - h—((h&l_fl);:Acq) eu @tV (t,)dt.



Implicit Runge-Kutta methods for (juasil’inear abstract equations 195

This then shows that by the same argument as in the proof Theorem 3.5 the estimate

n—1
h  AR(hA)™ 16T I, Ad)
=0

< Cw'lhq+1||Au(‘1+1) llce
b

is true for every 0 < n < N. Hence (3.19) is also verified from (3.15).

REMARK 3.1. It is known that, if f(t) is more regular and if f(¢) and ug
satisfy some compatibility conditions, then the solution u to (3.1) actually possesses
the regularity required in Theorem 3.6. For details, see Appendix.

REMARK 3.2. If the solution u possesses the regularity

we () €40, T D(47*)),
k=0

then we can show better error estimates

p
IEalx < Ch Y IAP~*ul D 11 o)),
k=0
p—1
|AE.||lx < CRP=2 ) " [ AP~ *ul 0 1y 0 1yix)
k=0

for every n =0,1,...,N + 1.

This estimate is in fact obtained from the same expansions of e,, and hbT AJy,d;
as above with the aid of another order condition that states

1
(m+1)(m+2)---(m+k+1)’

b AkC™me = k>0, m>0, k+m+1<p.

We are able to verify that

lentillx < CRPFHu®D]le 0,139,

p—1
|hbT Adndy|lx < ChP*! Z HAp_k“(kH)”c([o,T];x)
k=0

and

[Aensill < ChPI|Au®)|lc(o,1;x)

p—1
16T AJy Adnx < ChP Y AP *u®*D]lcqo7yx)
k=0

for every n=0,1,...,N + 1.
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4. Non autonomous linear equations

We consider an approximate solution for the Cauchy problem of a non au-
tonomous linear evolution equation

du
, — +A@M)u=f(t), 0<t<T,
wn o Al = £()
u(0) = uo
in a Banach space X. Here, —A(t), 0 < t < T, are the infinitesimal generators of
analytic semigroups on X with domains D(A(t)) independent of ¢.
Assume the following.

(A2) The resolvent sets p(A(t)), 0 < t < T, contain a sector C \ S, and the
resolvents (A — A(t)) ! satisfy the same estimate as (3.2) uniformly in ¢, that
is,

M
Al +1°

(A3) The domains D(A(t)) = D are constant, and, for some exponent 0 < p < 1,
A(-) satisfies the Holder condition

I{AQ®) — A()}A(s) M lleoy < Lit—sl#, 0<t, s<T.
(F2) For a number o >0, f € C?([0,T7]; X).
(I2) ug € D(A(0)).
For the scheme we assume (RK1) and (RK2).
Each A(t) satisfies the assumptions stated in Section 3. Therefore, we can use

the results established there.
Let 0 < h < T and let N > 0 be an integer such that (N +1)h < T. The R-K

scheme for the problem (4.1) is written as
Unt1 = Unp + WOT{—A(T0) Vo + f(T0)}, n=0,1,...,N,
(4.2) V., = eUp + hA{—A(Tn)V, + f(T0)},
Uo = uo,
where A(1,) = diag[A(t,+c1h), ..., A(tn+csh)], f(Tn) = [f(tn+cih),..., f(tn+
csh)]T and T, = (t,Z + hC)e.

Let h be sufficiently small. Since Lemma 4.1 below is verified, we can write
this scheme in the form

Uni1 = Up + BT {—A(T0)V, + f(10)}, n=0,1,...,N,
Vo = Jp(Tn){eU, + hAf(T4,)},

Uo = o,

A= A®) ey < AgS,, 0<t<T.
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where Jy(7,) = (Z+hAA(T,))~! € L(X*). Moreover, we can obtain the following
formula which gives the approximation solution

(4.3)
n—1

Un = ®n(n,0)uo + h Z ®p(n,l + 16T A I (1) Af(T1), 0<n<N+1,
=0

by introducing the linear operators
1, n=nm,

(I>h(n, m) = {1 — hbTA(Tn_l)Jh(Tn_l)e}

T 0<m<n<N+1.
{1 = hb" A(Tp)JIn(Tm)e},

As will be verified below by several propositions, this family of operators enjoys
many properties which are quite analogous to the fundamental solution for the
original problem (4.1) and in fact plays an analogous role for the approximation
problem. In this sense we call ®,(n,m), 0 < m < n < N + 1, the fundamental
solution for (4.2).

LEMMA 4.1. There exists a number hg > 0 such that Jp(T,) =
(Z+hAA(T,))71,0 < n < N, ezist as bounded operators provided that 0 < h < hy.
In addition, the estimates

I Tn(Ta)llecxsy S C, AT In(T)lleexsy <CR™Y, 0<n<N,

hold for 0 < h < hyg.

Proor oF LEMMA 4.1. We notice that
I+ hAA(T,) = [I + hA{A(T,) — A(tn)}A(tn)‘IA(tn)Jh(tn)] (ZT+ hAA(t))-

Then (A3) together with Lemma 3.1 yields that there exists some hg > 0 such that

DN =

IRA{A(Tr) — A(tn)}A(tn) "  A(tn) In(tn)ll c(xe) <
for 0 < h < hg. Therefore, it follows that
Tn(Tn) = Tn(tn) [T+ hA{A(T4) = A(tn) Ma(tn)] ™

The first estimate also follows immediately from this formula. The second one is
verified by operating A(7,) to this formula in view of || A(7,)A(ts) ™| (x=) < C.

Throughout this section we assume that 0 < h < hyg.
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Let us verify various properties of ®p(n,m). By definition, we observe that

®p(n,1) = ®p(n,m)®p(m,l), 0<I<m<n<N+1.

PROPOSITION 4.2.

(4.4) |@n(n,m)|lcx) <C, 0<m<n<N+1L

Proor. Consider the difference

®4(n,m) — R(hA(tn))" ™™

= ni: & (n, L+ 1){®n(1 + 1,1) — R(hA(tm))}R(hA(tm))' ™
=h "2_: ®n(n, 1+ 1)bT A(T)Jn(T){A(T) ™! — A(tm) ™'}

o A(tm)JIn(tm)eR(hA(tm)) ™
=h i ®n(n,l + 16T AT, (T)A{Z — A(T1) A(tm) ™}

% A(tm)In(tm)eR(RA(tm))' ™.

Then, by (3.10) and (A3) we obtain the following inequality

n—1
1@ (n,m)ll ) < C+Ch Y [ @n(n, L+ 1)l oy (- m+ 1)R)#

l=m

of Volterra type. (4.4) is then proved as a direct consequence of this inequality.
Indeed, use Proposition A.1 in Appendix.

PROPOSITION 4.3.

(4.5) |l A(tn)@n(n, m)A(tm) Hlex)y <C, 0<m<n<N+1

Proor. In this case consider the difference

(4.6) &, (n,m) — R(hA(t,))" ™™

n—1

= — ) R(hA(tn))" " "{R(hA(tn)) — Bn(l + 1,1)}85(l,m)
I=m
n—1

=hY_ R(hA(tn))" 10T A T4 (tn) A
I=m

X {A(tn)A(Tl)_l - I}A('rl)Jh(‘rl)ed)h(l,m).
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From this we verify that

A(tn)®n(n, m)A(tm) ™!
= R(hA(tn))" ™ A(tn) A(tm) ~*
+h ni: A(tn)R(hA(tn))" 10T A7 T () A{A(tn) A(T0) ' — T}

l=m

x A7 T (1) AA(T) A(t) LeA(t) @n(l, m) A(tm) .
Furthermore, by (3.9) and (A3) the following inequality

I A(tn) @1 (n, m) A(tm) "l 20x)
n—1

<C+ChY((n—Dh)P Y A(t)@r(l, m)Altm) |l x)

l=m
is obtained. By virtue of Proposition A.1 we conclude (4.5).

PropPoSITION 4.4. The range of ®p(n,m) — R(hA(t,))"™™ is contained in
the domain of A(t,). In addition, the estimate

47)  [lA®a){®n(n,m) — R(AA())" " Hiceo) < C((n —m+ k)

holds for0<m<n< N+1.

Proor. The first assertion is verified immediately from (4.6). Hence the
family of bounded operators

Up(n,m) = A(tp){®n(n,m) — R(RA(t,))" ™}, 0<m<n<N+1

can be defined. From (4.6), ¥(n,m) is shown to satisfy that

n—1
Up(n,m) = Qn(n,m) + kY A(tn)R(RA(tn))" ' 10T A7 T (tn) A

l=m

X {A(tn)A(Tl)_l — I}A_lJh(Tl)AA(n)A(tl)_lelIIh(l, m),

where
n—1
Qn(n,m) = kY _ A(tn)R(hA(t))" 16T A7 T (tn) A
l=m

x {A(tn)A(T1) " = I}A(T)) Jn(T1)eR(RA(t;)) ™.
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As a consequence the following inequality

n—1

(48) 1Za(n,m)llcex) < 1Qn(n,m)llex) +Ch Y ((n— l)h)“_lll‘l’h(l m)llc(x)

l=m

is verified.
Let us now estimate the norm of Qp(n, m). We first divide the summands as

n—1
Qn(n,m) = Z+Z Q) (n,m) + QP (n,m)

with k = [(n +m)/2]. Then,
10 (n,m)ll gy < Ch S {(n — DAY{(1 = m + D},

=k

here we used that || A(71)Jn(7:1)(Z + hAA(t:))A(t1) Y| £(x) < C. Therefore,

nh
”Qg)(n’ m)”c(x) < C{(k —-—m+ l)h,}_l /kh (nh — z)p—ldm
< C{(n—m+ )R}

Next Qf) (n,m) is written in the form

Q®(n,m) = hZA R(hA(t,))" 10T A~ 1T (2,) A
l=m

X A(tn){Jh(T,)eR(hA(tl))"m — Jh(tm)eR(hA(tn)) ™}

+h Z A(tn)R(hA(t,))" 10T A1 T, (1) A
l=m

X {A( m)J (tm)eR(hA(tm)) ™™ — A(T))Jn(T1)eR(hA(t)) ™}

+h Z A(t,)R(hA(t,))" 10T A1 T, (8,) A
l=m

X {A(tn) — A(tm)}Jn(tm)eR(hA(tm))™™
= Qf‘) (n,m) + Qg) (n,m) + QS’) (n,m).

To estimte the norms of these operators we here prepare the following two
lemmas.
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LEMMA 4.5.

| A(Ta){Tn(Tr) = Tn(Tm)}A(Tm) e xe)
< C{(n—m)h}*, 0<m<n<N.

ProoOF oF LEMMA 4.5. We have:
Jn(Tn) = Jn(Tm) = hJn(Tn)A{Z — A(Tn)A(Tm)  JA T (Tm) AA(T).
Then the result follows easily from Lemma 4.1.
LeEMMA 4.6.

|A@){R(hA®))"™ — R(RA(5))"}Hlc(x) < Clt = s|*((n + 1)R) 7,
0<n<N, 0<t, s<T.

ProoFr oF LEMMA 4.6. We have to use the formula (3.7) obtained in the proof
of Proposition 3.2. We can in fact write that

AORGAQ) - REAO)"} = 5= [ Reraw (5 - a0)

x {1— A()A(s)™1} A(s) (% - A(s)) B th.

Then the desired estimate is obtained by the same calculation as for (3.8) in
Proposition 3.3.

These two lemmas together with Proposition 3.4 yield that

k—1
1QP (n,m)l| cxy < OB {(n~ A} {1 — m + 1)h}+~?
l=m

kh
< C{(n—k+1)h}? (x — mh)#tdz

mh

< C{(n—-m+1)h}* L

The same estimate is true for Qg‘) (n, m) also.
Finally we verify directly that

k—1
QY (n,m) = A(tn)R(hA(ta)"* 3" R(hA(tn))*""1hbT

l=m

X {A(tn)']h(tn) - A(tm)Jh(tm)}eR(h’A(tm))l—m
= R(hA(ta))" " A(ta){R(hA(t:))* " = R(RA(tm))*'}.
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Therefore, it follows that
1) (n,m) | 2ixy < C{(n — m + 1)R}F—1.
In this way we have proved that
1Qn(n, m)|lcxy < C{(n—m+ 1)A}#~ 1.

The proof of Proposition 4.4 is now completed if we apply Proposition A.1 to
(4.8).

As a corollary we observe the following results.

ProPOSITION 4.7.

(4.9)  [|A(tn)@n(n,m + )BT AT Tn(Tm) | 2(x2 x)
<C{n-m)h}!, 0<m<n<N+1,

(410)  [|A(tn)JIn(tn)e®n(n, m)|l c(x,x7)
<C{n-m+1hr}, 0<m<n<N+1

Proor. We have:

A(tn)q)h(na m+ l)bTA_th(Tm)
= A(tn){®n(n,m + 1) — R(RA(t,))" ™ 36T A" J0(T 1)
+ A(tn) R(hA(tn))" ™ 0T A7 T4 (tn)(Z + hAA(tn)) T (Tm).
Therefore, (4.9) is verified from (3.9) and (4.7).
The proof for (4.10) is similar if we notice (3.10).

Now we prove the main results of this section.

THEOREM 4.8. Assume the conditions (A2-3), (F2), (I2) and (RK2), and let
(N + 1)h < T with sufficiently small h > 0. Then, the solution {U,} of (4.2)
satisfies the estimate

(411)  |[Unllx < C (Jluollx + I fllcqomx))» n=0,1,...,N+1.
In addition, U, € D(A(t,)) and the estimate

(4.12)
IA(ta)Unllx < C (lAQ)uollx + 07 I flleeqo1ix)) s 7 =0,1,...,N +1,
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. is valid. The constants C > 0 are independent of ug and f.

Proor. Since U, is given by (4.3), (4.11) is an immediate consequence of
(4.4). To prove (4.12) we write

A(tn)Upn = A(tn)®n(n,0)A(0) "1 A(0)uo
n—1
+h) " A(tn)@n(n, L+ )BT AT Tn (1) ASf (1) = IV + 1@
=0

In view of (4.5) the norm of I() is estimated by C||A(0)uo||x. On the other hand,
I® is divided into several terms

n—1
I® = 1Y Atn){®n(n, 1+ 1) — R(hA(tn))" " 30T A Tn (1) AS (T1)
=0

n—1

+h Y A(tn)R(hA(tn))" 10T Tn(tn)
=0
x {T — A(tn) A(T1) " YhA(T) In(T1) AS (T1)

+ 1) Altn) R(RA(tn))" ™ 10T AT Tn(tn) A{F (1) — €f (tn)}
=0
+{1 - R(hA(tn))" }f (tn)-

Then by (4.7) and (3.9) we show that (4.12) is also true.

We next consider the error E,, = U, —u(t,), n =0,..., N+1. Let the solution
u to (4.1) be smooth, and let e, and d,, denote the same elements as in Section 3.
Then, instead of (3.14), we see that

{ U(tnt1) = u(tn) + hbT{—A(Tn)u(Tn) + F(Tn)} + en,
w(Tn) = eu(tn) + hA{—A(Tn)u(Tn) + f(Tn)} +dn

for 0 < n < N. This together with (4.2) gives that

En+1 = En—hbTA(Tn)Dn_en7 n=0) la""Nv
Dn = eEn - h.AA(Tn)Dn - dna
Ey =0,

where D,, = V,, — u(7,). As a result we obtain the representation formula

n—1

(4.13) En =Y ®(n,1+ 1){hbT A(T)) Jn(r1)d; — €1}
=0
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forevery 0 <n< N +1.
We prove the following estimates.

THEOREM 4.9. Let the conditions (A2-3), (F2), (I12) and (RK1-2) be satis-
fied. If the solution u satisfies u € CP¥1([0,T]; X) N Ca*Y([0,T); D), then E, is
estimated by

T T
(4.14) nEnuxsc(hP / u®*D (1)t + he+? / uA(t)u(q“)(t)nxdt)
0 0

for every 0 <n < N + 1. Moreover if u € CP¥1([0,T]; D), then

T
(415) || A(tn)Enllx < c(h" / A+ (1) x d
0
+w—lth||A(')U(q+l)(')||cw([o,T];X)>

for every0 <N < N+1 with any 0 < w < 1.

Proor. Consider the case where u € CP*1([0,T]; X) N Ca*1([0,T]; D). We
have verified (3.20). On the other hand, from (3.17) it is seen that

tn+1
| A(Ta)dallxe < OBt [ JA@UD ().
tn

Therefore (4.14) is verified from (4.13), noting that A(7,)Jh(Trn)dn=A"1Jp(T0)A
X A(Tp)dn.

Consider next the case where u € CP*1([0,T]; D). From (3.16) it is easy to
verify that

tn41
| A(tn)enllx < CH? / L@+ () xdt.
tn

On the other hand, in order to estimate A(7,)dy,, let us use again d,, defined by
(3.22). It is not difficult to verify that

JA(Tn)dn — eA(tn)dnllxe < ChI (R4 AutDlc + b AutaD . )

and

| A(tn)dn — Altm)dmllx
< Cht* ({(n — m)h} | AuTHV ¢ + {(n — m)h}*| AT+ o)
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Then we can repeat the same argument as in the proof of Theorem 4.8, replacing
f(my) and f(t,) with A(7,)d, and A(t,)d,, respectively. Consequently we obtain
that

< CRIP1w™ | AulatY) | u.
X

n—1
R A(tn)®n(n, L+ 1)bT A~ Tn (1) AA(T1)d,
=0

Hence (4.15) is verified from (4.13).

REMARK 4.1. We remark that Theorems 4.8 and 4.9 and all other related
results have been derived essentially from the following four conditions:

(4.16) |{A(tn) — A(tm)}A(tm) e < L{(n—m)h}*, 0<m<n< N +1,
(417) {A(Tn) — A(ta)}A(tn) lex,xsy S Ch¥, 0<n <N +1,
(4.18) [If(tn) — ftm)llx <C{(n—m)h}?, 0<m<n<N+1,
(4.19) [f(Tn) —ef(tn)llx <Ch°, 0<n<N+1
REMARK 4.2. Under suitable regularity conditions on A(t) and f(t) together

with some compatibility conditions, the regularity of the solution u required in
Theorem 4.9 is actually verified. For details, see Appendix.

REMARK 4.3. Let us assume that
A()A(0)! e CP([0, T}, £(X))
and that the solution u has the regularity
ACP () € (0, T]; X)
for 0 < k < p. Then, as for Remark 3.2, we can show that
P
IBallx < CRP Y A u®* D)l omyixy,
k=;)_1
1At Enllx < CRP™2 Y [LACYP*u™ D ()| Lao,mysx)
k=0

forevery 0 <n< N+ 1.
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5. Quasilinear equations

In this section we apply the R-K method to the Cauchy problem of a quasilinear
evolution equation

du
(5.1) 5 TA@u=fw), 0<t<T,
u(0) = uo

in a Banach space X. Here, —A(u) are the infinitesimal generators of analytic
semigroups on X and are defined for elements » in an open ball K = {u € Z; ||u—
wol||z < R} of Z, Z(C X) being another Banach space embedded continuously in
X. The domains D(A(u)) of A(u) are independent of u € K.

Here we assume the following conditions.

(A4) The resolvent sets p(A(u)), u € K, contain a sector C\ S, and the resolvents
(A — A(u))! satisfy the same estimate

I = A@w) e < A¢gS,, ueK,

_]ML

Al +1°
as (3.2) with some constant M4 independent of u.

(A5) The domains D(A(u)) = D are constant, and A(u) satisfies the Lipschitz
condition

I{A(u) — A()}A@) Hlex) < Lallu—vlz, uveK.

(Sp) For some 0 < a < 1, D(A(up)*) (C X) is continuously embedded in Z.
(F3) f(u) is a given function defined for u € K with values in X and satisfies the
Lipschitz condition

1F(w) = f()lx < Lyllu=vlz, uveK,
with some constant Lj.
(I3) The initial value o is in D(A(up)).

Under these assumptions it is already known, see Appendix, that (5.1) has a
unique local solution

u € C"([0,8); 2) nCL([0,S); X), where 0<n<1-oa,

for sufficiently small (7" >) S > 0. Under these assumptions we shall also construct
an R-K solution {Up, Uy, ...,Un+1} which approximates the known solution u(t).
In order to estimate the error, however, we shall need to assume more regularity

for A(u) and f(u).
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(A6) For each w € D, the function A(u)w of u € K with values in X is Fréchet
differentiable, and the derivative denoted by A’(u)[-,w] € L(Z, X) satisfies
the Lipschitz condition

14" (W) w] = A (V) wlllezx) < Larllu = vl zllwlp,u,v € K, w € D,

with some constant L 4/ independent of w, where D is considered as a Banach
space with the graph norm || A(uo) - ||x-

(F4) f(u) is Fréchet differentiable, and the derivative f'(u)[-] € £(Z,X) satisfies
the Lipschitz condition

1" @] = F@lezx) < Lilv—vllz, wveKkK,
with some constant L.

Formally the R-K scheme for obtaining {Up, Uy,...,Un+1} is written as fol-
lows.

Upi1 = Uy + T {-A(V,)V,, + £(V)}, n=0,1,...,N,
(5.2) V, = eU, + hA{—A(V, )V, + F(Vo)},
UO = Uo,

where A(V) = diag[A(V1),...,A(V;)] and f(V) = [f(V4),...,F(Ve)]T for V =
Va,..., V5T € K*.

However no solution is obtained immediately, because the second equation in
(5.2) is not linear. So we have to apply Banach’s fixed point theorem.

Take numbers S and h so that 0 < S < T and 0 < h < S,and let N > 0
denote an integer such that (N + 1)h < S. We consider the product space of Z

X =x(8) = {U=1U V%, ..., V] U = [Us,..., Uns1] € 22,

Vi =[Vats..,Vasl € Z° for 0<n < N} = ZN+2 5 (75)N+1
equipped with the usual product norm. And we define a subset of X by

’C=’Ch(s)={u=[Ua%aaVN16X7 U0=U0,
|Un —Unllz < (Jn—ml|h)" for 0<n, m < N +1,
|V, — eugl| z- 5-2}2 and ||V, —eU,|zs < h" for OSnSN},

where 7 denotes a fixed exponent such that 0 < 7 < 1 — a. It is easy to observe
that K is a closed subset of X.
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For each element W = [W,Y),...,Yy] € K, consider the linear equation

Uni1 = Up + W7 {—A(Y,)Vo + £(¥,)}, n=0,1,...,N,
(5.3) Vi = eU, + hA{—A(Y,)V, + £(Y,)},

Up = uo,

with the unknown elements U,, € X and V,, € D*.

As verified below by Lemma 5.1, if h is sufficiently small, then J,(Y,) =
(Z+hAA(Y,)) ! are bounded operators from X* into D? for all components Y,, in
W. Therefore the second equation in (5.3) is solved as V;, = Ji (Y, ){eUn+ f(Yn)}
This then means as in Section 4 that a unique solution to (5.3) exists which can be
written in the form

n—1

Un = Bw(n, O)uio + b Y Byw(n, -+ 1pT AT (Vi) AF(Y)),
1=0

Vo, = Jh(Yp){eU, + hAf(Y,)}, n=0,1,...,N+1,

(5.4)

by using the fundamental solution ®yy(n,m), 0 <m<n< N +1,

1, m=mn,
Byy(n,m) = { {1—hbTA(Yp_1)Jn(Yn_1)e}
oo {1 — hbT A(Y ) Jn(Ym)e},

corresponding to the element W.
In this way a mapping 7 : Kp(S) — XN+2 x (D5)N+1

TOW) = {Us,.--,Un41,Vos---, Vir}

is defined from (5.3).

LemMA 5.1. Let h > 0 be sufficiently small. Then Jy(Y,)=(Z+hAA(Y,))™}
exist as bounded operators from X* into D* for all 0 < n < N and the estimates

ITa(Ya)lleixsy S C, | A(YR)Tn(Ya)llo(xs) < CRTY,

hold uniformly in n and h > 0.

ProoF oF LEMMA 5.1. By Proposition 3.1 similar results are true for the
operators J;(W,,) = (Z + hAA(W,,))~1, here W,, are the components of W. Then
we can write at least formally

Tn(Yy) = Tn(Wa) [+ RA{A(Y,) — A(Wy)YA(W,) T A(W,) Jn(W)] '
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But this can be verified, in fact, since the condition W € K4(S) together with (A5)
implies that

I{A(Yn) — AWR)YAW,) " Hlexe) < CllYn — €Wz < Ch”.

The first estimate is also verified. To prove the second estimate it suffices to note
that || A(Y,)A(Wn) "l z(xs) < C follows immediately from (A5).

Let us prove that 7 is a contraction mapping of K. We begin with verifying
the following proposition.

PROPOSITION 5.2. Let S be sufficiently small, then T maps the set Kr(S)
into itself.

ProOF. Let W = [W,Yy,...,Yy] € Kand let U = [U,Vg,...,VN] =TW
which is given by (5.4).

We here want to use the results in Section 4. According to Remark 4.1, all the
results were established essentially under the conditions (4.16), (4.17), (4.18) and
(4.19). If we substitute A(Yy), A(Wy), f(Ya) and f(W,) for A(T,), A(tn), £(7n)
and f(t,), then the conditions corresponding to (4.16), (4.17), (4.18) and (4.19)
are shown to hold with u = ¢ = 5. For example, from

I{AWR) — A(Wm)YAWm) " lox) < LallWa = Winllz < La(ln — m[h)",

(4.16) is verified. It is similar for the others.
Therefore Theorem 4.8 applied to (5.4) yields that

(5.5) JAWR)Unllx <C, 0<n<N.

On the other hand, since the semigroup property of ®y,(n, m) implies

n—1
Uy = @w(n,m)Un + 1 Y By (n,1+ 1)6T A T4 (Y1) AF (V)

l=m
for 0 <m <n < N + 1, we have:
Up — Upm = {2w(n,m) — 1}A(Wm)_1A(Wm)Um
n—1

+h) By(n,l+1)bT AT TR (V)AS (VD).

l=m

Therefore Proposition 4.2 together with Lemma 5.3 below yields that

(5.6) |Un — Unllx < Cln—mjh.
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Then from (5.5) and (5.6) it follows that

Un = Unllz < C||A(uo)*(Un — Un)lx < C|| A(uo) (U — Un)|I% 1Un — Um”}(ha
< C(jn— m]h)l_a < CSI_“_"(In —mlh)".

In particular if m = 0 then ||U, — up||z < CS*~°.
We now use the second formula of (5.4). Since

Vo — eUp = {Jn(Ys) — I}eU, + hdn(Y,)AF (Ya)
= —hdn(Yn)AA(Y,)eU, + hdy(Yn) AF(Y,),

we verify in view of Lemma 5.1 that
Ve — eUnllxs < Ch, [|A(Yn)(V, —eUy)|xs < C.
Then in the same way as above it follows that
Ve — eUy|lzs < ChY=* < CS*—o—pn,

Thus if S is sufficiently small, then U/ belongs to K.
LemmaA 5.3.
{@w(n,m) — 13AWn)Hex) S C(n—m)h, 0<m<n<N+1
ProOF oF LEMMA 5.3. The equation verified in the proof of Proposition 4.2
gives in the present case that
{®w(n,m) — R(AA(Wp))" "™} A(Wn) ™!
13 Byl 4 DA (V)AL — AK)AGT) )
l=m
X Jo(Wy)eR(hA(W,,))=™.
From this it follows that
[{@w(n,m) — R(RA(Wm))" "™ }A(Wm) " £x) < C(n — m)h.
Similarly, it is obtained from (3.13) that
{R(AAW )™ ~ 1} AWon) " cx) < Cln— m)h.

Hence we complete the proof of lemma.
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PROPOSITION 5.4. Let S be sufficiently small. Then, T is a contraction map-
ping with respect to the norm || - || x, (s)-

ProoF. Let W, W' € Kx(S) and U = TW, U’ = TW'. Then we have:

Un — U,I,, = {@w(n, 0) - wa(n, 0)}UO

n—1

+1 Y {@w(n, L+ 1) — 2y (n, 1+ DITATIW(Y)AF (YY)
=0
n—1

+h Y @y(n, 1+ 16T ATH{IW(V)AF (V) — Jn(V)AS(Y))}
=0

=L+ 1L+ Is.

Take a number 8 such that a < 6 < 1. Since

n—1
I = hY ew(n, 1+ )b AT I (V) AT - AY)AY)™Y}
=0
x A(Y))Jn(Y])A(W) " e A(W,)®w: (1,0) A(W5) ' A(uo)uo,

Lemma 5.5 below and Proposition 4.3 yield that

n—1

lAW) Ilx < ChY_{(n—Dh}°|¥i = ¥/l|z
=0
1-0 I VAT
< C(nh)™"  max | 1Y — Y]] z-.
By some calculation it is seen that

n—1

I = hY_ dw(n,j+ )b AT J(YH)A{T - A(Y))A(Y;)™'}
j=1
x A(Y])In(Y))A(W;) e
j—1
x by AW)@w (5,1 + )BT AT Tn (V) AF(Y)).
=0

Since W' = [W',Y{,...,Yx] € Kn(S) and since f is Lipschitz continuous, we can
repeat the same argument as Theorem 4.8 to obtain
j—1

AW)) @y (4,1 + 16T AT (V) AF (YY)
1=0

<C.
b's

h
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Therefore, Lemma 5.5 below again yields that

n—1

IAW,)°Ellx < ChY {(n—j)h}~°(Y; — Y]/ 2

§=0
1-0 Y|l s
< C(nh) oJhax (¥ — Y|z

The estimate for I3 follows more directly from Lemma 5.5. Indeed we have:

n—1

IAW) Islx < ChY {(n— DR} °Y; - ¥/| 2
=0
1-6 /
< C(nh)™" max Y, - Y|z

Summing up these estimates we conclude that

[Un = Upllz < CIAW) (Un — Uy)lIx < CS** omax [V —¥'||z-.

Here we used the fact that D(A(W)) = D(A(ug)) implies that D(A(W)?) c
D(A(up)*) for W € K.

Let us now estimate the norm of V,, — V.. From the second formula of (5.4)
we can write that

Vn - Vr: = Jh(Yn)e(Un - Uylz) + {Jh(Yn) - Jh(‘"n{)}UTIL
+ MIn(Yn)AS (Vo) — Jn(Yo)AF(Y,)} = T+ Tz + T

Then, using the estimate obtained above, we verify that
IA(Y)’ Tillx- < CllA(Y)  A(Wn) ™" eAWn)® (Us — UL)|x

< 1—9, _ ! s
< OS5 max |[Yi - Y|z

with (o <)§ < ¢ < 1.
For J; we easily observe that

[A(Yn) Lol x> < C|[Yn — Y]l ze.

Hence, ||A(Y,)0Js|xs < CS1—= maxo<i<n ||Y: — Y/|. The same is true for Js.
Therefore, it follows that

Vs < 1-6' — Y|l .
IVa = Villz < €' max |¥i - %]z

We have thus proved that, if S is sufficiently small, then 7 is a contraction
mapping.
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LEMMA 5.5. Forany 0<60<1,

”A(Wn)oq)W(na m+ l)bT-A-th(Ym)Hﬁ(Xﬂ,X)
< Cg{(n—m)h}‘o, 0<m<n<N+1,

holds with some constant Cy depending on 6.

Proor oF LEMMA 5.5. The results which correspond to § = 0 and 1 were
already obtained by Propositions 4.2 and 4.7. Hence the desired result follows
immediately by the moment inequality

1AWa)?ul| < Coll AWn)ullk llullx®, weD.

We are now in a position to prove the existence of solution to (5.2).

THEOREM 5.6. Assume the conditions (A4-5), (Sp), (F3), (I3) and (RK2).
Let S > 0 be sufficiently small. Then, in Ki(S) the problem (5.2) has a unique
solution U = [U,Vq,..., V). In addition, all the components of U are in D and
satisfy the estimates

(6.7) lA(U)Unllx <C, n=0,1,...,N+1
The constant C > 0 is independent of h and n.

Proor. Obviously U € Kx(S) is a solution to (5.2) if and only if U is a
fixed point of the mapping 7. Hence the existence and uniqueness is obtained by
the fixed point theorem for the contraction mappings. In addition, U satisfies the
formula

n—1

Up = ®u(n,0)uo + b Y Bu(n,l+ 16T A (Vi) AF(V), n=0,...,N+1.
=0

The estimate (5.7) follows from (5.5).

Let us proceed to estimate the error E, = U, — uw(tn),n=0,1,...,N + 1
Let u be the solution to (5.1) on [0, S]. As before u is assumed to be sufficiently
smooth. In particular, there exists a constant C' > 0 such that

sup || A(uo)u(t)|x < C.
0<t<S

We again use the elements e, and dn given by (3.16) and (3.17) respectively. In
the present case we observe the relation

5.8) { W(tnt1) = u(tn) + T {—A(w(Tr))u(Tn) + F(u(Tr))} + €n,
' u(Tn) = eu(tn) + hA{—A(u(Tn))u(Ta) + f(u(T2))} + dn
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for each 0 <n < N.
Let {Uo,Us,...,Un41} be the solution to (5.2) _constructed by Theorem 5.6
on the interval [0, S]. As proved, there is a constant C' > 0 such that

(5.9) sup || A(uo)Un|x < C.
0<n<N+1

We are concerned with the difference between (5.2) and (5.8). For this we note
that

{A) - AW)}v = | A'pu+ (1~ p)v)[u - v,0]dp = B(u,v)(u —v),
0

f(w) — f(v) = /0 £(ou + (1 = p)o)lu — vldp = F(u, v)(u —v),

where B(u,v) and F(u,v) denote the linear operators
1
B(u,v)w = / A'(pu+ (1 - p)v)w,vldp, ueK,ve KND,we Z,
0

F(u,v)w = /1 fllou+ (1= p)o)wldp, wveK,weZ,
0

respectively. Then the difference is written as

(5.10) Epy1=Ep +hb"{-A(V,) — B(Vy,u(Tn)) + F(Vn,u(1,))} Dy — en,
' D, = eE, + hA{-A(V,) — B(Va, u(T,)) + F(Vi,u(7n))} Dn — dy,

for each 0 < n < N, where

B(u,v) = diag{B(u1,v1),..., B(us,vs)},
F(u,v) = diag{F(u1,v1), ..., F(us,vs)}

for u = [u1,...,us]T and v = [v1,-..,vs]T. Of course, Ey = 0.
We are then led to introduce the linear operators

A(u,v) = B+ A(u) + B(u,v) — F(u,v)

acting in X foru € K andv € K = {v € KND; lvllp < C} (see (5.9)), here
B denotes a positive constant specified below. Obviously the domains of Z(u, v)
coincide with D for all (u,v).

Moreover, from the assumptions, the following conditions are satisfied.
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5 PRrOPOSITION 5.7. Let B be sufficiently large. Then, the resolvent sets of
A(u,v) contain the sector C\ S,, and the resolvents (A — A(u,v))™? satisfy

M

—A -1 <
IO~ A, oo < 7

X ¢S,

for all (u,v) € K x K. In addition, the Lipschitz condition
I{A(w,v) — A/, o) MA@, 0) ey < L{llu—ollz +llv=llo},
(u,v), (v, ) € K x K,
holds.
Proor. IfA—pB¢S,, then
A — A(u,v) = [1 - {B(u,v) = F(u,0) (A = B) = A(w) 7] (A = B) — A(w))
From (AS6) it is easily verified that

1B, v)((A = B) — Aw) " ey < CIA=B) = Aw) " leex,2)
< C(A-pBl+1)*

Similarly, from (F4)
1F(u,0) (A = B) — A@w) ey < C(IA =Bl + 1)

These then show that, if 3 is sufficiently large, then A € p(z:f(u, v)) for all A ¢ S,
with
(A= A(w,0)) " = (A=) — A(w)™!
x [1 - {B(u,v) — F(u,) (A = B) — A(w)) "]

Hence the first assertion is proved.
The Lipschitz condition is also easily verified from (A5), (A6) and (F4).

-1

For n=0,1,...,N, let us set

A = AUy, u(ts)),
A, = diag{A(V 1, u(tn + c1h)), . . ., A(Va,s, u(tn + csh))},

where V,, = [V 1,. .- ,Va,s]T. Then it is easily verified that
(5.11) 1{An — Am} Az 2x) € C{(n—m)h}", 0<m<n<N,

(5.12) I{An — AnZ} A7 c(xey < ChT, 0<n<N,
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C being dependent on the norm lwller fo,73;0)-
Using these operators, (5.10) is rewritten as

En+l =E,+ hbT{—Avn + ﬂ}Dn — €n,
D, = eE, + h.A{—An + ,B}Dn —-d,.

Here we assume that h is sufficiently small so that
Jhn = (T+hAA,)"Y, 0<n<N,
exist as bounded operators (cf. Lemma 5.1). Then, since
(T — hBA+hAAL) ™ = Jun(T — hBATH )Y,
(if necessary we may reduce h again), some calculation yields that

Enp1 = {1 - hbT A, Jy ne}E,, + hbT A, T, ndy — €0
+ hBbT A7 Ty n Ay (T — hBAT, ) H{eE, — dy,}.

As a consequence we obtain the representaion formula

n—1
E, = Z ffm(n, 1+ 1){hbTA_1fh,[A¢Zldl - el}
=0
n—1 . ~ _ _
+Bh Y B (n, L+ 1)bT AT, 1 AT, (T — hBAT) " {eE, - d, }

=0

with the fundamental solution E>h(n, m) with respect to A,, 0 <n < N.
We will now accomplish the error estimates.

THEOREM 5.8.  Assume the conditions (A4-6), (Sp), (F3-4), (I3) and (RK1-
2). Let S > 0 be sufficiently small. If the solution u to (5.1) satisfies u €
CPTL([0, 8); X) NCI*L([0, S]; D), then the errors E,, 0 <n < N + 1, are estimated
by

(513)  [IBallx < C (A u*V||Ls o, spx) + B A (w0 1 o,815x) ) »

the constant C being dependent on llullex(po,s1;0)- Moreover, if u satisfies u €
CPT1([0, S); D), then

(514) | A(w0)Eallx < C(RP|A(u0)u®*D 210 s1.x)

+ w I A(ug)ule D) ”C‘-’([O,S];X))a
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with any 0 <w <1, the constant C being dependent on ||ul|c1 (jo,s};p)-

PROOF. The operators A, and A, satisfy (5.11) and (5.12). Therefore, as re-
marked in Remark 4.1, the fundamental solution Em(n, m) enjoys all the properties
established in Section 4.

Consider first the case where u € CP*1([0, S]; X) N C9*1([0, S]; D). Then, by
(3.20) and (3.21) we obtain that

n—1

tn
|Ballx < C / (Pl @)llx + B Aluo)u@ D (1)]1x ) dt + Ch Y | Bilx.
0

=0

Therefore, it follows that

n—1 trn_1
I1Ballx < 0 Y (O [ (W@l + 504 Auohue o) x ) at
1=0 0

t
0

n—1 n
<oy en [ (IOl + AT Ao O)x) d
=0

Hence we prove (5.13).
Consider next the case where u € CP*1([0,5]; D). By the same argument as
for (4.15), we obtain that

| Awo) Bnllx < C(hPA(uoyu®* D 110,01

n—1

+ wlpatl IIA(U())u(q"'l) ||C“’([01tn];X)) +Ch Z ”A(UO)El”X
=0

From this we conclude (5.14).

6. An application to the chemotactic model

Let us consider the Keller-Segel equations

' % =div{aVu — ub(p)Vp}  in Q x (0,00),
QB—dA + fu— in Q x (0,00)
(6.1) { ot =% 9P )
Ou 0Op
a—n—é—ﬁ——o on aQX(0,00),
L u(z, 0) = UO(x)’ p(z, 0) = po(z) in Q,




218 ETsusH1 NAKAGUCHI and ATSUSHI YAGI

which was presented as a model for the chemotaxis, see [11]. Here, (2 is a bounded
region in R? of C2-class, n(x) the outer normal vector at a boundary point = € 9.
a, d, f and g are positive constants. b(p) is a given function satisfying

6.2) { b(p) is analyticin C* = {p € C; Rep > 0},

b(p) >0 for p>0.
up and pp are the initial functions which are assumed to be

o, PO € HZ(Q)a
uo _ 9p0 _
on ~ on
up(z) >0, po(x) >dp  on Q,

(6.3) 0 on 09,

with a constant §yp > 0. u and p are the unknown functions.
As was done in [34], under these assumptions, we formulate (6.1) as an abstract

equation in the product L?-space X = L%(Q) x L%(Q) of the form [] Set Z =
Hte(Q) x H*¢(Q) with some fixed 0 < € < 1/2. By (6.3) the initial function
Up = [ZO] is in Z C C(Q). Define an open ball

0

K = {U:: m € Z; ||U - Uollz

= \/”u - uo”%{H—S(Q) +|lp— PO”%{H:(Q) < T}
in Z with the center Up. If r is small, then there exists § > 0 such that

|Imu(z)|, |Imp(z)] <6 and Rep(z) >8 on Q

for U = [“] c K.
o

For U = [Z] € K, let us define linear operators A(U) by

' D(A(U)) =D = {ﬁ - [g] € H%(Q) x H*(Q);
6.4) 4 %=§g=00n an},
[T )],
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Then (6.1) is written as

du

— + AU =F({U), t>0,
(6.5) { dt @) @)

U(0) = Uy,
where F(U) denotes the function

au u

6.6 F{U)= , U= € K.
6 =[5} o=}

Since A; = —aA + a and Ay = —dA + g with the domains D(A4;) = D(4y) =
{u € H?(Q); 0u/On = 0 on 69} are positive definite self adjoint operators in
L?(R), for any A € C\ (0,00), A — A(U) has a bounded inverse

— Ap)7U[f - div{u — Ap)1
o a1 | A v - 40 g‘}]},
(/\—Az)—lg
=~ [f
F = [ﬁ] € X.

Then, by means of the inequalities
| div{bVp}z2 < Cellbllgrr+ellpllmz, b€ H'*5(Q), p € H*(Q),
”ub“HH“ < Cellu”fll"'sllb”Hl"'ea U € H1+E(Q)v be H1+€(Q)s

(A4) is proved with any 0 < ¢ < m/2; for details confer [34]. Also (A5) and (F3)
are easily verified. By (6.3), (I3) is obvious.

From (6.4) it is easily seen that the domain of the adjoint operator A(U)*
of A(U) coincides with D(A(U)) = D. Then, by [34, Theorem A.1], we have
D(A(U)(+8)/2) = Z, U € K, and hence (Sp) is observed.

By a direct calculation it is observed that A(U)U, U € D, is Fréchet differen-
tiable with the derivative

D(A'(U))=Z x D,
div {(5(p)¥ + ub ()F) vr»}]
0

SRS
D(F'(U)) = Z,

=[] o[ 7-[1
Since b and b’ are smooth in C*, (A6) and (F4) are verified.

A'(U) [17, (7} = [

Similarly,
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Appendix
A.1. Discrete version for the inequality of Volterra type

As a discrete version of the inequality of Volterra type, we can prove the
following results.

ProposITION A.1. Let h > 0 and let N > 0 be an integer. Assume that a
double sequence {Zn,mto<m<n<N+1 Satisfies the inequality

n—1

(A.1) Tnm < a{(n—m+ 1R} + 1) b{(n— DR} o,
l=m

for all 0 < m <n < N+ 1, where a, b are positive constants and 0 < o, 8 < 1 are
some exponents. Then, x, m s estimated by

Tn,m < C{(n—m+1)h}“_1, 0<m<n<N+1,
where the constant C is determined by a, b, a, B and (N + 1)h only.

Proor. By induction we shall prove that

k

['(a)l atif—
(A.2) Tpm < ,5_‘:, bﬂr(a+ 5 {(n—m+1)h} +ip-1
n—k—1

th ) e r( k . 1)ﬂ) {(n = DhYED

holds for every 0 < k < n — m, where I'(z) denotes the gamma function. When
k = 0, this is nothing more than (A.1). Hence, assume that (A.2) holds for some
k > 0. Then, replacing z;m, m < 1 < n— k — 1, by the terms on the right hand
side of (A.1) applied to themselves, we obtain that

(A.3)

Tnm < Z b’r( E(ﬂﬂ {(n —m + 1)h}>+3F-1

+h"§f1abk+1 N R (e
r((k+1)ﬂ)

n—k—2n—k—2

k2 LB kDB
+hl,§__;n ; b I‘(k+1)ﬁ){( 1)h}

x {(1 =1+ 1)h}Pzp m,



Implicit Runge-Kutta methods for quasilinear abstract equations 221

here the change of the order of summation is used for ;:::1 ;,;lm
Now we notice the following lemma.
LEMMA A2, Letp>0and 0<q<1. Then,
n—1
Ry {(n—DrYP{( = m+1)h}*" < B(p,q){(n — m + 1)h}P+a-
l=m

for 0 <m <n < N +1, where B(p,q) denotes the beta function.

Proor oF LEMMA A.2. Consider first the case when 0 < p < 1. The function
f(z) = (n+1)h — )P~ (z — mh)?~! takes its minimum at some point zo and let
lo be the integer such that lph < 29 < (lp + 1)h. Then, since f(z) is decreasing
(resp. increasing) in (mh, loh] (resp. [(lp + 1)k, (n + 1)h)), it is seen that

h i{( — DAYl — m + 1)h}
I=m

loh (n+1)h (n+1)h
/ / f(z)dz < / f(z)dz
(to+1)R mh
= B(p,q){(n —m +1)a}r+e-1,
Consider next the case when p > 1. Then the same function f(z) is decreasing
in (mh, (n + 1)h]. Therefore,
-1

h Z{(n —DR}PH( —m +1)R}e!

l_

nh (n+1)h
<[ f@ars [ f@s

mh mh

= B(p,¢){(n —m +1)a}r+e1.
Thus the lemma is proved.

Let us estimate the terms on the right hand side of (A.3) with the aid of this
lemma. Since
n—k—2
h Y {(n—DhYEDE-L( —m 4 1)R}?

l=m

< B((k+1)B8,0){(n —m + l)h}a+(k+1)ﬂ_1’

n—k—2
h Y {(n—1-DrYEDE-LG 1 4 1)p)A1
=l

< B((k +1)B8,8){(n — I')h}(k+2)8-1
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(A.3) shows that (A.2) is true for k + 1 also.
Thus (A.2) has been verified for every 0 < k < n —m. In particular, when
k =n —m, (A.2) gives that

~ 81
Tnm < al(@){(n—m+1R}*"1 Y [bl“(ﬁ;{((aN;; Z;h} P

=0

Since Y72, [pr(B){(N + 2)h}ﬂ]j/l"(a + jB) < oo, this shows the desired estimae.
By an analogous method we can prove also the following proposition.

ProprosITION A.3. The same assertion as in Proposition A.1 is true even if
the inequality (A.1) is replaced by

n—1

Tnm < a{(n—m+ 1R} + 1Y @npab{(l—m+ 1A}

l=m
A.2. Abstract evolution equations in a Banach space

Let

du
— +Au=f(t), 0<t<T,
(A.4) dt )

u(0) = wo,
be an equation in a Banach space X, where —A is the generator of an analytic
semigroup on X (that is, A satisfies the condition (A1) in Section 3), f : [0,T] = X
is a given function, up € X is an initial value, and u = u(t) is the unknown.
Let e %4, 0 < t < 0o, denote the semigroup generated by —A. As it is well
known (for example, see [28, Theorem 3.4 in Chap. 3]), the solution u is constructed
by means of the semigroup.

THEOREM A.4. Let A satisfy (A1) in Section 3. Let f € C°([0,T];X), 0 <
o < 1, and let ug € D(A). Then, (A.4) possesses a unique solution u such that

u € C([0, T}; D(4)) N C*([0,T]; X).

Moreover, the solution u is given in the form

¢
u(t) = e Ay +/ e~ t=45(5)ds, 0<t<T.
0

Furthermore, if we assume the compatibility conditions on ug and f(t), then
the solution u enjoys higher regularity. Indeed, let f € C?*7([0,T7]; X), where p is
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a positive integer and 0 < o < 1, and let all the elements u((,l) yeens u(()p ) such that

uf?) = —Aug + £(0),
uy) = —AufD 4+ fE (), 2<k<p,

be well defined as elements belonging to D(A). Then, Theorem A.4 is applicable
to '

du(®)
dt
u®)(0) = ul?,

+4u® = f® (), o<t<T,

repeatedly for k = 1,...,p. As a consequence, we obtain that u has the regularity
u € CP([0,T]; X) n C*~([0, T}; D(A))-
Consider next the non autonomous linear equation

(A.5) 3_1; +A(t)u=f(t), 0<t<T,

u(O) = U

in X, where each —A(t) is the generator of an analytic semigroup on X with the
domain D(A(t)) independent of t. A(t) are assumed to satisfy the Holder condition
(A3) announced in Section 4.

According to the Sobolevskii and Tanabe theory, a unique fundamental solution
U(t,s), 0 <s<t<T,is constructed which gives the solution to (A.5).

THEOREM A.5. Let A(t) satisfy (A2) and (A3) in Section 4. Let f €
Co([0,T);X), 0 < 0 < 1, and let uop € D(A(0)). Then (A.5) possesses a unique
solution u such that

u € C*([0,T]; X) N C([0, T]; D(A(0))).
Moreover, the solution u is given in the form
t
u(t) =U(t,0)up +/ U(t,s)f(s)ds, 0<t<T,
0

with the unique fundamental solution U(t,s),0<s<t<T.

For the proof we refer the reader to Sobolevskii [25] or Tanabe [28].
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As above we can obtain a more regular solution provided that the compatibility
conditions on ug and f(t) are satisfied. Indeed, let A € CP~11#([0, T]; L(D(A(0)),
X)) and f € CP*?([0,T]; X) with a positive integer p and 0 < p, 0 < 1, and let all
the elements ug ’,...,ug  such that

(1)

Uy~ = _A(O)UO + f(O),
k-1

uf) = 3" ACD(0) + fED(0), 2<k<p,
=0

be well defined as elements belonging to D(A(0)). Then, the solution u enjoys the
regularity

u € CP([0, T; X) N CP~([0, T}; D(A(0))).-
For the proof see [25].

Consider a quasilinear equation

(A.6) 2_1: + A(wu = f(u), 0<t<T,
u(0) = up
in X.

Here, A(u) are defined for all u € K, where K is an open ball K = {u €
Z; |lu — uollz < R} of another Banach space Z which is continuously embedded
in X and contains the initial value ug, the domains D(A(u)) are independent of
u € K. Each —A(u) is the generator of an analytic semigroup on X. In addition,
A(u) are assumed to satisfy the Lipschitz condition (A5) announced in Section 5.

f : K = X is a given function satisfying the Lipschitz condition (F3) in Section
5. ug is an initial value of the problem, ug is assumed to satisfy up € D(A(uo)) and
the condition (Sp) in Section 5.

Then the existence and uniqueness of local solution to (A.5) is already known.

THEOREM A.6. Let (A4-5), (Sp), (F3) and (In) in Section 5 be satisfied.
Then, there exists a number 0 < S < T such that on the interval [0,S], (A.6)
possesses a unique solution v such that

u € C([0, S}; D(A(uo))) N C"([0, S]; Z2) N C*([0, S]; X),

where 0 < < 1 — a and « is the ezponent appearing in (Sp).

For an outline of proof of this theorem, see [33]. For the detailed proof, see
[16] or [25].
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