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Abstract

In this study, we energetically predicted the temperature-dependent stabil-
ity of the heterogeneous B19” phase in the B2 matrix of TiNi alloys using
density functional theory (DFT) and phonon analysis informed Eshelby’s
ellipsoidal inclusion. The temperature-dependent eigenstrains and elastic
constants for Eshelby’s ellipsoidal inclusion were calculated using DFT and
phonon analysis under a quasi-harmonic approximation. The stable orien-
tation of the disk-shaped B19’ phase in the B2 matrix and its total strains
were evaluated with respect to temperature using Eshelby’s ellipsoidal in-
clusion analysis. Using the total strains, the elastically deformed atomic
structure of the heterogeneous B19” phase in the B2 matrix was determined,
and its temperature-dependent free energy was calculated using DFT cal-
culations and phonon analysis. Comparing the temperature-dependent free
energies of the B2 and elastically deformed B19’ structures, we successfully
predicted that the transformation between the two phases occurs at 300 K,
which agrees with experimental observations. Moreover, it is shown that the
temperature-dependent difference in the elastic constants between the B19’
phase and B2 matrix influences the phase transformation, which is the origin
of the shape-memory effect of TiNi alloy.
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1. Introduction

Shape memory alloys (SMAs) are capable of reverting to their original
undeformed state upon heating above a certain characteristic temperature,
i.e., they have a shape-memory effect. In addition to this, they are gener-
ally known to exhibit superelasticity, which implies that plastically deformed
SMAs recover their shape once the external load is removed. Owing to these
properties, SMAs are promising materials for a wide range of industrial ap-
plication: structural and biomedical materials, actuators, transducers, and
sensors [1]. Previous studies have revealed that the shape memory effect (su-
perelasticity) is due to the SMA’s high phase transformability with respect
to heat (external load), from the matrix (parent) phase to the secondary
(twin) phase, and vice versa [I]. Despite this, a detailed mechanism of the
SMA deformation process remains unclear.

The near-equiatomic TiNi SMA [2] was observed to transform from a
cubic B2 matrix to a monoclinic B19” secondary phase. The B19’ phase is
known to be the most stable secondary phase at room temperature [3H5].
The shape memory effect of the TiNi alloy is due to the reverse phase trans-
formation from the B19’ to B2 matrix at high temperatures, and the supere-
lasticity is due to the forward or backward twinning deformation of the B19’
phase [6]. Thus, to reveal the origin of the shape memory effect of this alloy,
the mechanism of the phase transformation from B2 to B19’ must be clari-
fied. Many theoretical studies on this mechanism, especially using atomistic
simulations, have been performed [7HI§]. Although few molecular dynamics
(MD) studies using empirical interatomic potential investigated the dynamics
of phase transformation [12] 16} 18], majority of the studies based on density
functional theory (DFT) calculations discuss the stability of the B19” struc-
ture by comparing its free energy or potential energy with that of B2 and
other metastable atomic structures [7, O-11, T3H15], [I7]. Despite these efforts,
the stability of the B19” phase with respect to temperature remains unclear
because of the discrepancy between theoretical and experimental observa-
tions. For example, Haskins et al. calculated the temperature-dependent
free energies of B2 and B19’ structures using DFT-MD phase space sampling
and predicted that the phase transformation temperature of the B19’ phase
was 500600 K, which is considerably higher than the martensite start (Ms)
temperature observed experimentally (~ 300 K) [3-5] 19, 20].

The aim of the present study therefore was to predict the temperature-
dependent stability of the B19’ phase that is comparable with the experi-



mental observations. We believe that the existing discrepancy is due to the
heterogeneity of B19’ phase in real TiNi alloys, which was not considered
in conventional DF'T calculations because it significantly increases the com-
putation cost, as it requires a very large atomic model to account for such
heterogeneities. By combining DFT atomistic and micromechanical [21] elas-
tic analyses, we investigated the temperature-dependent stability of the B19’
phase in B2 matrix while accounting for its heterogeneity. In particular, con-
sidering heterogeneous B19’ phase in B2 matrix as Eshelby’s ellipsoidal inclu-
sion, which temperature-dependent eigenstrains and elastic constants were
calculated using DFT and phonon analysis under quasi-harmomic approxi-
mation (QHA), we predicted temperature-dependent morphology of hetero-
geneous B19” phase and the total strains of heterogeneous B19’ phase, which
describe the elastically deformed shape of heterogeneous B19” phase in B2
matrix [22, 23]. Using the total strains, we reproduced the elastically de-
formed B19” atomic structure and calculated its free energy using DFT and
phonon analysis again. By the comparison of the free energy of the hetero-
geneous B19” phase with that of the B2 matrix, a parameter-free ab initio
prediction of its temperature-dependent stability was achieved. The rest of
the article details the methods and results of the DFT and micromechanical
analyses.

2. DFT simulation

2.1. Methodology

Figure [[l shows the modeled structures of the B2 and B19’ phases. These
were structurally optimized using DF'T calculations. The units of the super-
cells included two Ti and two Ni atoms and the coordinate system was set
to [110]g2 — [110]g2 — [001]ge. The B19’ structure was achieved by shuffling
both Ti and Ni atoms along [110]ps direction and (001)p2[110]p2 shear defor-
mation of B2 structure. The directions [110]p2 and [110]p, correspond to the
lattice vectors b and ¢ of B19’; the vector @ however deviates from [001]py
owing to the monoclinic structure of B19’ [24-26]. The monoclinic angle of
the B19’ structure was 102.1°, which is consistent with previous DF'T studies
[9, [10L 27] but is larger than the experimentally obtained value of 97.9° [3].
The reason for this discrepancy, as explained from a micromechanical view-
point in our previous work, is due to the heterogeneity of the experimentally
observed B19” phase in the B2 matrix [23]. The free energy F' per unit cell,



which is a function of the temperature 7" and strain ¢;;, can be described as
follows:

— ele ho
F(e11, €2, €33, €93, €31, €12, 1) = E°(e11, €99, €33, €23, €31, €12) + EP°(€11, €22, €33, €23, €31, €12, 1),

e 1 hw
Epho = / p(w,811,822,833,823,631,512) <—ha} -+ kZBTln [1 — exXp (——>:|) dw,
0 2 k‘BT
(1)

where E°€ is the energy due to electric interaction and can be calculated
using conventional DFT calculations; and EP' is the energy due to the
vibrational entropy of phonons, which can be calculated using density func-
tional perturbation theory (DFPT) [28]; w is the phonon frequency; p is the
phonon density of states; kg is the Boltzmann constant; and & is the reduced
Planck constant. In this study, we calculated F'(e11, €92, €33, €23, €31, €12, 1)
by straining the B2 and B19’ supercells. Next, under QHA, we calculated
the temperature-dependent elastic constants of B2 and B19’, CP%; and C’?}j’/.
For B2,

1 O0°F

C(1111_02222 = Wa—nga
0 1
1 OPF  _0*F

Cim = 2V (3772 2877%)’

1 9°F

02323 03131 = Wa_ng’ (2>
0

where V?? is the unstrained volume of the unit cell of B2. Other nonzero
elastic constants for B2, CP3;, CB%;(= CB%,) and CE2, can be derived using



the above equations. For B19’,
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2323 %1319/ anga
CB19' — ;82_F
1212 %1319/ 87]3’
2 2 2
02B21293l = }319' (85 _85_65)’ (3)
2V, oo on;y onz

where VP is the unstrained volume of the unit cell of B19’. The strains
n:(i =1,2,3,...) used for these calculations are listed in Table[I] [29,[30]. Due
to tensor symmetry, Cjjn = Clir = Cijir = Crii; and the rest of the elastic
constants not mentioned here were assumed to be zero. It must be mentioned
that we have included CBY) of the B19” structure in our calculations because
previous studies have reported that it has a non-negligibly large value [23,
20}, 311, [32].

For DF'T calculations, we used the Vienna Ab initio Simulation Package
[33]. The electron-ion interaction in DFT was described using the projector-
augmented wave method [34] and the exchange correlation between electrons
was treated using the Perdew—Burke—Ernzerhof generalized gradient approx-
imation [35]. An energy cutoff of 500 eV was used for the plane-wave expan-
sion. A 7x 7 x 15 k-point mesh was used for the B2 and B19 structures. The
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energy convergence criteria for the electronic and ionic structure relaxation
were set to 1078 and 107 eV, respectively. Spin polarization was not con-
sidered in the present study. For the phonon calculation, Phonopy software
was employed [36], p was obtained using the force constants, which were cal-
culated using DFPT. A 10 x 10 x 20 g-point mesh was used for both B2 and
B19’ structures. The value of 1 (provided as listed in Table [Il) was varied
from -0.03 to 0.03 with a step size of 0.005, and the obtained values of F' was
interpolated using a quadratic function to calculate the second derivatives
required in equations () and (3]).

Table 1: Strain forms used for phonon calculation under QHA for B2 and B19’ structures.

€11 €22 €33 €23 €£€31 €12

B2

m n 0 0 0 0 0
12 n n 0 0 0 0
N3 0 0 0 »nn 0 0
B19’

m n 0 0 0 0 0
2 0 »n O 0 0 0
N3 0 0 »nn 0 0 0
N4 n n 0 0 0 0
15 n 0 n 0 0 0
M6 O n =n 0 0 0
N7 0 0 0 »n 0 0
78 0 0 0 0 »nn 0
s 0 0 0 0 0 7
Mo 0 n 0 Ui 0 0




B2

x3 [001]p;

x1[110]g; x5 [110]p,

Monoclinic angle

Figure 1: Atomic structures of B2 matrix and B19’ secondary phase. Both the structures
contain two Ti and two Ni atoms. The supercells used for the DFT calculation are shown
by black lines and the edge vectors (h1, ha, and hg) are shown as red, green, and blue
arrows, respectively. The monoclinic angle of the B19’ structure is also shown. The atomic
structures were visualized using OVITO software [37].



2.2. Results

The calculated n; (i = 1,2,3) vs. free energy plots at different temper-
atures are shown in Fig. [2l (Because of the large amount of data, we only
show the results for 7y, 72 and 73.) Using the second derivative of the fitting
quadratic curve, temperature-dependent elastic constants were calculated,
and the results are shown in Fig. Bl The values of CP2,, CB2,, and CE2, in
the conventional [100]gs — [010]g2 — [001]p2 coordinate system at 0 K for B2
case were 180, 152 and 50 GPa, respectively, which are consistent with those
reported in previous DFT calculations [8], [38]. Moreover, the corresponding
values at 300 K were 200, 152 and 71 GPa, respectively, which are similar to
previous experimental results of near-equiatomic TiNi alloys (150 to 200, 100
to 150, and 30 to 35 GPa, respectively; the large deviation in the value of
CP2, is acknowledged) [25]. The trends that CB2, and CE2, increase with an
increase in temperature and CP2, is almost independent of temperature are
also consistent with previous experimental observations [25]. The observed
elastic constants of the B19’ structure at 0 K also more or less agree with
previous DFT studies [20], B1l, 32], and their temperature dependence was
not as significant as that of B2. This suggests that the shape memory effect,
which is the instability of the heterogeneous B19’ phase at high tempera-
tures, is due to larger differences between the elastic constants of the B2 and
B19’ structures. Similar suggestions that elastic softening causes B2 to B19’
phase transformation have also been made from experimental observations
[4, 24].

The temperature-dependent eigenstrains were also calculated using phonon
analysis under QHA. The shift in the critical point of the fitting quadratic
curves in Fig. [ gives the thermal strain [39]; this is shown in Fig. @l The
gradient of the fitting linear line of the plot along a given direction gives
the coefficient of thermal expansion along that direction, and the calculated
values are 1.12 x 1075 for B2 and 2.68 x 107°, 1.65 x 107°, and 1.62 x 10~°
1/K for the B19’ structure along [110]gs, [110]ps, and [001]ps directions, re-
spectively. Using these coefficients, we derived the temperature-dependent
lattice constants and the edge vectors hy(T'), ho(T'), and h3(T') (see Fig. [
for reference) of the B2 and B19’ structures. These were then used to define
the supercell matrix H(T), i.e., H = [hy hs hs], for each structure. Using
the supercell matrices of the B2 and B19” structures (Hgz(T) and Hpyo/(T),

respectively), the eigenstrain of the B19’ phase (¢3'') was computed in the

ij



form of a Green strain as

6B19’ (T) _

ij

(J*T -1), (4)

| —

where JT = Hpg (Hp2) " denotes the deformation tensor [22]. The cal-
culated temperature-dependent eigenstrains are shown in Fig. Bl Herein, it
can be observed that the normal components of the eigenstrain increases with
an increase in temperature, which is due to different thermal expansions of
the B2 and B19’ structures. However, the increment is of the order of 1073
between 0 and 500 K, indicating that the effect of thermal expansion is not
significant.
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Figure 2: Result of phonon analysis under QHA: »; (i =1,2,3...) vs free energy plots for
B2 and B19’ atomic structures at 0, 100, 200, 300, 400 and 500 K. Note only 71, 12 and
N3 cases are shown representatively for B19’ structure. The curves are fitted quadratic
functions.
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Figure 3: Temperature vs. elastic constant plots for the B2 and B19’ atomic structures.
The elastic constants were generally defined in the [110]g2 — [110]g2 — [001]p2 coordinate
system in this study. For the B2 structure, the elastic constants defined in the conventional
[}00]132— [010]2—[001]p2 coordinate system, éP1211(:~ 6'52222 = 63?3%3) and 6'131222(: é1B1233 =

CB2.), are also shown for reference. Note C35,(= CP3, = CBE,) = CB2,.
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Figure 4: Temperature vs. thermal strain plots for the B2 and B19’ atomic structures.
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3. Eshelby’s ellipsoidal inclusion analysis

3.1. Methodology

The heterogeneously nucleated B19’ phase in the B2 matrix was elasti-
cally deformed from its original strain-free shape. In micromechanics, this
elastically deformed shape is described as the total strain (the original zero-
strain shape is defined as the shape of the matrix), whereas the eigenstrain
describes the original shape of the secondary phase [21]. We predicted the
morphology and total strains of the B19” phase by considering the B19’ phase
in the B2 matrix as an ellipsoidal inclusion [40}, 41]. The ellipsoid was defined
as z—i + j—% + Z—§ = 1, where q; is the half-axis of the ellipsoid along the three
orthlogonle directions. Considering that previous studies have suggested that
the B19” phase in the B2 matrix of TiNi alloys are disk-shaped [23)], [42-44],
we simply used (ay;ag;as) = (10/4/2;10/v/2;1). Then, the stable orienta-
tion of the B19’ phase with the minimum elastic energy increment AFE in
the B2 matrix was evaluated, and its total strains for this orientation were
calculated. Note that, although a V-shaped B19’ phase was also experimen-
tally observed [B], we did not consider such a shape owing to the limitation
of Eshelby’s ellipsoidal inclusion. Additionally, we did not include the in-
terfacial energy term between the B2 and B19’ structures in this study. As
the size of the B19’ phase in the B2 matrix is usually on the millimeter or
micrometer scale [4], we believe that the volume-dependent elastic energy is
dominant and the area-dependent interfacial energy is not significant for the
transformation.

For Eshelby’s ellipsoidal inclusion, generally, the total strain &;; is de-
scribed by the eigenstrain €,,, using the Einstein summation convention [21]
as:

€kl = Skimn€mn, (5)

where Sy, denotes the Eshelby tensor [40]. In this study, considering the
elastic anisotropy of the B2 structure [21], [45], Skimn is expressed as follows:

1 s [ o <5z£qup<&,5z7fg>+§k§qzvz,,(sl,£2,sg>>
S“m"‘swcpqm”/,ld@’/o D(E1 6, &) d9,  (6)

where

D(&1,62,63) = Pogr(CD366)(Congymén) (CREEE),
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and

1
Nkm (51, §2a 53) - §Pkstpmnr(cs]§'zzl€l§j) (Ot%avgufv%
correspond to the determinant and cofactor of K, = 2%n£l€n7 respectively.

P,, denotes the permutation tensor. By using (3 and 6, [&;&2; &3] can be
described as

\/ 1—(? cos 0

51 ai
52 = | \/1-¢2sin6
&3 &

as

The differences between the elastic constants of the B2 matrix and the B19’
phase can be considered using Eshelby’s equivalent inclusion theory [21), [41].
Fictitious strain €;; was calculated using the following equation:

Ellg? (Sklmngmn - E]]?llg ) = Cglzfl(sklmngmn - gk’l) (7)
Next, the total strain of the B19’ phase was calculated as £2'" = SkimnEmn

using Equation (B). Using 5519/7 the internal stress of the B19’ phase, oy;,

was calculated as
_ B2 (2B19  ~
Oij = Cijkl(gkl — €ki1)- (8)

Using these values, the elastic energy increment AFE due to the existence of
the B19” phase in the B2 matrix was described as

L gy
The change in the orientation of the B19” phase was considered by chang-
ing the coordinate system of the eigenstrains and elastic constants from the

original 1 — xa — x3 to ) — x4 — xf using the following rotation matrix
(22, 46):

cosycos¢p cosysing —siny
R;; = —sin¢ oS ¢ 0 : (10)
siny cos¢ sinYsing cosyY
In our model, the a% axis was perpendicular to the disk. By varying the
angles ¢ (0° < ¢ < 180°) and ¢ (0° < 1 < 180°), we detected the orientation
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with the minimum of AE as the stable morphology of the B19’ phase and
calculated its total strains é?jw/ for each temperature using the temperature-
dependent elastic constants and eigenstrains calculated earlier (see Figs.
and [l respectively). For further details of our atomistically informed Eshe-
bly’s ellipsoidal inclusion analysis and its fundamental physics, the reader is

referred to our previous studies and Mura’s micromechanics textbook [21H23].

3.2. Result

Figure [6] shows the AE maps as functions of ¢ and ¢ at 300 K. The
AFE(¢,) distribution is similar to that in our previous study without the
phonon effect [23]; AE was low in the region (60° < ¢ < 120°,140° < ¢ <
160°) and the minimum of AE was at (90°,150°): AE = 0.52 GJ/m?. We
confirmed that the AE(¢, 1) distribution is not sensitive to temperature, and
the region with low or minimum AFE does not vary with temperature. Note
that assuming the experimental habit plane as the disk plane in this study,
the habit plane of the B19’ phase, (249)g, [5 44] approximately corresponded
to the disk with an angle (¢,v) = (80°,150°), which is consistent with our
results.

The temperature vs. total strain of (¢,v) = (90°,150°) disk plots are
shown in Fig. [ Owing to the back stress from the B2 matrix, the total
strains were generally smaller than the eigenstrains, but, similar to the eigen-
strains, they increased with an increase in temperature. On the other hand,

. . A / A / . .
we believe that the decrease in é31% and £5}% components with an increase

in temperature and the larger magnitude of €3/ than B are due to the
increased dissimilarity of the elastic constants of the B2 and B19’ structures.
In fact, the decrease in £51? is consistent with the experimentally observed

thermal shrinkage of the B19” phase along the ¢ ([110]p2) direction [3].
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4. Temperature-dependent stability of heterogeneous B19’ phase
in B2 matrix

As has been mentioned previously, the heterogeneously nucleated B19’
phase is elastically deformed in the B2 matrix, and its shape is described by
the total strains shown in Fig. [[l To reproduce the atomic structure of the
elastically deformed B19’ phase, we changed the edge vectors of B19” super-
cell to a strained one using the calculated total strains, fixing the internal
coordinates [47]. Then, the internal coordinates were relaxed without chang-
ing the edge vectors to reduce the residual forces. Considering this strained
B19” atomic structure as an elastically deformed B19’ in B2 matrix, we calcu-
lated its free energy using DF'T calculations and phonon analysis. Comparing
the free energy with that of the stable B2 structure for each temperature,
which was obtained from the critical point of the strain vs. free energy curves
shown in Fig. 2 temperature-dependent stability of heterogeneous nucleated
B19’ phase was predicted.

Figure [§ shows the structures of the elastically deformed B19” at 300 K
and the strain-free B19’. Herein, it can be observed that the monoclinic an-
gle shifted from 102.1° (strain-free) to 99.3° (elastically deformed), which is
closer to the experimentally observed 97.8°; indicating that the modeled B19’
phase in near-equiatomic TiNi alloys was closer to experimentally observed
structure than that obtained using conventional DFT calculations [3]. The
temperature vs. free energy plots for the elastically deformed B19” and B2
structures are shown in Fig. [ (a). Herein, it can be observed that the free
energy of B19” phase was lower than that of B2 at low temperatures and
crossover occurred at 300 K. This agrees well with experimentally observed
Ms temperature of the B19’ phase [3H5], [19] 20]. To the best of our knowledge,
this is the first successful theoretical prediction of the phase transformation
temperature that tallies with experimental observations. Because the eigen-
strains of the B19’ structure were not sensitive to temperature (Fig. 5), we
concluded that the dissimilarity in the elastic constants of the B19" phase
and B2 matrix results in this crossover and, hence, the shape memory effect
of near-equiatomic TiNi alloy. Although a similar suggestion has already
been made from experimental observations [4, 24], this is the first study to
confirm that using a theoretical approach. Even though the free energy dif-
ference between the B2 and the elastically deformed B19’ structures may
seem small (Fig. [) (which is because of the small size of our simulation
cell (angstrom-scale)), this difference in realistic systems (micro-scale) can

19



become as large as 10° to 10'° eV at 400 K.

Additionally, the variation of E®°¢ and EP" with temperature are shown
in Fig. @I (b) and (c), respectively. From these figures, it can be concluded
that the phase stability at low temperatures (0250 K) is dominated by the
E®*® term, implying that the B19’ phase is stable in such a scenario. At
approximately 300 K, the EP' term becomes significant and stabilizes B2
matrix owing to the decrease in the difference of E°° between B2 and elasti-
cally deformed B19’. Beyond 300 K, E°¢ of the B2 structure becomes lower
than that of the elastically deformed B19’ structure, and the difference in
their PP values become negligible.

Elastically deformed B19’ at 300K

Monoclinicangle x3[001]g;

Strain-free B19’ %1 [110]52 ¥z [110]s;

§ 102.1°
-~

Figure 8: Atomic structures of elastically deformed B19’ structure at 300 K. The original
strain-free B19 structure (in Fig. [I) is also shown for the comparison.
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Figure 9: Temperature dependence of the free energies of B2 and elastically deformed B19’
structures: temperature vs (a) free energy F, (b) E™ and (c) EPP. The energies are
relative to that of the B2 structure at 0 K.
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5. Summary

In this study, we energetically predicted the temperature-dependent sta-
bility of the heterogeneous B19’ phase in B2 matrix for a near-equiatomic
TiNi alloy using DFT and phonon analysis informed Eshelby’s ellipsoidal
inclusion. The temperature-dependent eigenstrains and elastic constants
for Eshelby’s ellipsoidal inclusion were calculated using DFT and phonon
analyses under QHA. The stable orientation of the disk-shaped B19’ phase
in B2 matrix and its total strain were energetically evaluated with respect
to temperature using Eshelby’s ellipsoidal inclusion analysis. Using the to-
tal strains, the elastically deformed atomic structures of the heterogeneous
B19’ phase in B2 matrix were determined, and its temperature-dependent
free energy was calculated using DF'T and phonon analysis. Comparing the
temperature-dependent free energy of elastically deformed B19” and B2 struc-
tures, we successfully predicted that the phase transformation from the het-
erogeneous B19’ phase to B2 matrix occurs at 300 K, which is consistent
with the experimental Ms temperature of the B19’ phase. The temperature-
dependent difference in the elastic constants between the B19” phase and B2
matrix promotes the phase transformation, which is the origin of the shape
memory effect of near-equiatomic TiNi alloys.
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