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Abstract: This paper considers several approximate operators used in a particle method based on a Voronoi
diagram. We introduce and study our approximate operators on gradient and Laplace operators. We derive
error estimates for these approximate operators by applying our weight functions. The key idea of deriving our
error estimates is to divide the integration region into a ring-shaped area and some areas. In the appendix, we
give an exemplary application of the main results of this paper.
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1 Introduction

We are interested in the error analysis of approximate operators for a moving particle semi-implicit method
(MPS). A moving particle semi-implicit method is a numerical method developed by Koshizuka and Oka [4].
They introduced approximate operators of gradient and Laplace operators based on a Voronoi diagram. Ishi-
jima and Kimura [3] considered the error on the approximate operators under assumptions on their weight
function. They applied the spherical symmetry of their weight function to derive their error estimates. Imoto
and Tagami [1, 2] modified the approximate operators introduced in [4], and studied the error on their approx-
imate operators. They derived their convergence rates of their error estimates with respect to influence radius
by using assumptions on their weight function.

This paper has three purposes. The first one is to generalize the approximate operators introduced in [1, 2, 4].
More precisely, this paper standardizes their approximate operators (see Definition 1.2 for details). The second
is to derive error estimates for our approximate operators. We use some properties of our weight functions
(Assumption 1.1) to study the error on our operators. The key idea of deriving our error estimates is to divide
the integration region into a ring-shaped area and some areas (see Sections 2—6 for details). The third is to give
an application of our main results (see Section A for details).

Let us first introduce notations. Let

x =1, x2),y = '(1,¥2), 2 = Y21, 22) € R

be the spatial variables, and let a = (a1, ay) € lN(z) be a multi-index, where Ny := IN U {0}. For each multi-index
a=(ay,ay),weset|al := ay + az, D = 6?16‘212,and a! = ay!az!,where 9; := 9/9x;, a]‘? :=1,and 0! := 1.For each
xeR% r, 2> 0,the symbols By, Br(X), B¢, and By ¢(x) are defined by
B ={yeR*: |yl <r},
Br(x)={yeR*: |x-y| <},
Bre={yeR*:e<lyl<r},
Bro(x)={yeR*:e<|y—x|<r}
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Note that B, = B, \ B,.Let U ¢ R" be adomain, and let U be the closure of U. For each smooth function f = f(x)
on U, we define

m = mgp =  IMNax i(T)»
||ﬂ|C ||ﬂ|c U) jel 2o m}lﬂa(U)

Az = Il = j|f(x)| dx,
U

fco = oy = maxlfix)l,
xeU
o = mcj(ﬁ) = Ilglig,qDaﬂcO(ﬁ):

-1y = IIXIIf(X)I dx,

U

- A @) = j|x|2|f(x)|2 dx.
U
Moreover, for each s € Rand g € Ll(Br,g(a)) for some a € R?, we define

lla-Fg@- Muw= | la-yrlga-yidy.
Bre(a)
The following notations are of particular importance in this study. Let @ ¢ R? be a bounded domain, and
let H be a positive constant. Throughout this paper, we fix Q and H. Define (see Figure 1)
Qu={xeR*:|x-y|<H yeQ}
Let N e Nand ay, a, ..., ay € Qg such that a; # a; if i # j. Write
Quu = {aily;.
Foreachi € {1,2,..., N}, we define (see Figure 1)
0i = {x € Qp : [x - a;| < |x - aj| for each aj € Qn g, j # i}.

In general, we call o; a Voronoi region and {ai}ﬁ , @ Voronoi diagram (see [5]). Since

N

QH=UEi and o;naj=0, i#],
i-1

N

L

we call g; a Voronoi cell and {o;};_, a Voronoi decomposition. Write

re = max max{|y - a;l}.
i€f{l,...,N} yea;

By definition, we see that g; C Era(ai). Throughout this paper, we assume that
re < H.
Let h > 0suchthatry < h < H.Letk € {1,..., N} be such that
ax € ox N Q.

Let § > 0 such that Bs(ax) c ox N Q (see Figure 1). Throughout this paper, we fix rg, h, k, and §. For each
X € Bs(ag), .

Rx,h):={ief{l,...,N}:0< |x-a <h},

Rx,h):={ief{l,...,N}:0 < |x-ail < h}\{k},
and foreachie {1,...,N},

Vi(x) = J 1dx.
GiNBp,s(x)
We assume that By, (x) ¢ Qg for each x € Bs(ax). We call h the radius of the interaction area or the influence
radius.
Next we introduce the assumptions on our weight functions and our approximate operators.
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Figure 1: Arrangement of particles and Voronoi diagram.

Assumption 1.1 (Weight functions). Let w € L®(IR?) n C(Bp,s). We call w a weight function if the following five
properties hold:
() For almost all x € R?,

w(x) = 0.

(ii) For almost all x € R?\ Bp.s,
w(x) = 0.
(iii) Thereis Ly, > 0 such that for all X,y € Bys,
(W) —wy)l < Lwlx -yl.
(iv) Thereis w € L'(8, h) such that for almost all x € By s,
w(x) = w(lx]).

(V) Thereis Cy > 0 such that for each x € Bs(ax),

Y [we-pdyzcn Y vioowe-a)=c
ieR(Gh) &, JER(x,h)

Remark that several radial functions are our weight functions. In fact, we set

IxI™,  x € Bps,

w(x) = S

0, X € R? \ Bn,s.,

for some m € Z. Since
IxI =yl = (IXI* = yI*)/(xX] + y]) < C(h, 8)Ix —y|  for X,y € Bps,

we easily check that w satisfies the properties of Assumption 1.1. Applying the spherically symmetric property
of our weight function, we derive our error estimates. See Sections 2-6 for details.
Definition 1.2 (Approximate operators). Let w be a weight function satisfying the properties of Assumption 1.1.
For each f € C(Qp), define the approximate operators as follows:
Yier@aon Vilaflayw(ax - ai)

Mnflax) =
f YjeRriapn Vila)w(ar - aj)
Fuflan) = zzl'eﬂz(ak,h) Vi(ak)f—(f;‘,z:g;f") re=ahw(ak - a;)
YjeR(ann Vilaw(ar - a;)
Rnflar) = _4Zieaz(ak,h) Vila){flax) - flaptw(ax - a;)
Yierapn Vilanlax - ajl>w(ax - a;)
: flax)-flai) .
Bnflar) = —4Ziem(a"’h) Vi@ T mgp W(ak - )

ZjeiR(ak,h) Vj(ak)W(ak - aj)
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Note that _ - 1
[Inflaw)l < fle, [Viflai)| < 46 |flco,

|Bnflan)| < 857 flo,  1Bnflar)] < 88 *flco.
The main results of this paper are as follows.

Theorem 1.3. Let w be a weight function satisfying the properties of Assumption 1.1. Then for each f € C*(Qp),

Iftak) - aflar)| < (R +1o)lfler + {2¢1(ak) + 2¢a(a)}flco.
Here
Iw(ax = )llL1(oi\Bs(a)
lw(ay - - )"Ll(Bh(ak)\Bs(ak)) '
7Ly gh?

ci(ag) :=

ca(ag) = .
Ilw(ak - L1 Br(a\or)

Theorem 1.4. Let w be a weight function satisfying the properties of Assumption 1.1. Assume that R(ay, Ah) + @
for some 0 < A < 1. Then for each f € C*(Qp),

~ 8r
IVt@) - Fnfla)] < hific: + {2 + der@n) + deaan) + 8cs(@}fler.
Here cq(ax), ca(ax) are the constants defined by Theorem 1.3, and

Iw(ak = L1 (Byery (@\ow)

c3(ag) :=
lw(ak = L1 By (an\ow)

Theorem 1.5. Let w be a weight function satisfying the properties of Assumption 1.1. Assume that R(ax, Ah) # 0
for some 0 < A < 1. Then for each f € C3(Qp),

7
16ft@) - Bflap)] < 24hlfles + {4 i@} fer
i=4

Here @) = lak = - 1w(ax = )lrio\Bsan) ( G|||ak - - lw(ak - -)||L1(Bh(ak>\Ba(ak>>)
lax — - Pw(ak — )l Baao\Bs(a) Max = - Pwlak = )l @y@oren
o) = ro llax = -w(ak = )l @@ ’
AR llak = - Pw(ak = i@y aoon
P Iw(ak = L1 Binery (@o\or) ’
lNax = - >w(ak — )l Buaon
c7(ax) = 2rghlw(ar - Iy @aonoy  LieRiah Vilak = ailw(ax - ai) ,
llak = - Pw(ak = )l @r@one Ljeraaon Vilak - ajl*wlak - aj)
(@) RLyreh? (1 +h Lier(a,h Vilak — ailw(ax - a;) )
lax - - Pw(ak - )l anon Yjer@en Viltk - g w(ai - a))

Theorem 1.6. Let w be a weight function satisfying the properties of Assumption 1.1. Assume that R(ay, Ah) + @
for some 0 < A < 1. Then for each f € C3(Qp),

[Aflak) — Gpflar)] < 24h|fics + {8cqo(ak) + 16¢c10(ak) + 16¢11(ax) + 4cia(ap)}flcr.

Here
_lwlak = -)/lak = - l21(0,\Bs(arn))
Co(ag) = ’
Iw(ak = )Lt (By(a\Bsan)
e Iw(ak - -)/lak = - 2@y (aona)
Ah Iw(ak = L1 Br@orow
@) Iw(ak = -)/lak = -1 B, (@\ow)
11\&k) .=
Iw(ak = LiBuanon
ALy 2rgh 2. Lieron Vi'aal
Cra(ag) = +(Ah +rg) + ’
lw(ak = L1 Buaonen A ZjEIR(ak,h) Viw(ax - a;)
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Remark 1.7. Now, we explain the application of our results to numerical analysis and simulation. In (MPS),
QNH = {ai}ﬁ ; denotes the distribution of the particles in the domain Q, a; denotes the position of a particle,
and N denotes the number of particles in Q. Using our approximate operators, we can study an approximate
equation of a fluid system; however, we need advanced techniques. From Theorems 1.3-1.6, we see that our
approximate operators become good approximations when the number of particles in Qp is sufficiently large
(see Corollary B).

In Section 2, we study some properties of our weight functions. We prove Theorem 1.3 in Section 3, Theorem 1.4
in Section 4, Theorem 1.5 in Section 5, and Theorem 1.6 in Section 6. In Section A, we give an application of the
main results of this paper.

2 Preliminaries

In this section, we recall the Taylor theorem and study some fundamental properties of our weight functions.

Lemma 2.1 (Taylor’s theorem). Let m ¢ N and f € Q). Then for each x, y € Qp,

DYf(x
f0) = f00 + T (4 0T 4 Ra [, ).
|
1<lalsm a
Here .
. a m+ 1 mnpa
Rmalflx,y) = Z y-x) - J(l - )™MDY(ty + (1 - t)x) dt.
|al=m+1 a 0
Moreover; for each x,y € Qg,
IRma [106Y)] < 20m + 1)|x = y[™ | flemon. @D
Proof. We only derive (2.1). To this end, we show that for each m € N,
D l' <2. @.2)
aimm @
A direct calculation gives
1 1 1
al "m0 tom TR
lal=1
z l—i+i+i—1+l+1—2
G2yl 2lor 102l 2 2 "

We now assume that m > 3. Let a = (a1, az) € lN(z) such that a; + a; = m. It is easy to check that

1 = L < (1)a1_1<1)a2_1 = (l)m_z whenever a;a; # 0,

al  alay! T \2 2 2
and that 1 1\m-1 ,1\m-2 1 1\m-2
ai<(z) =(3) " ma <)
Thus, we have 1 1\m-2
me
a=3)

Since m > 3 and }4_, 1 = m + 1, we find that
1 1\m-2
Z_ Gsmen(z) <2
|la]l=m

Therefore, we obtain (2.2).
Let us now derive (2.1). Fix m € N and f € C™*(Qp). Since ty + (1 -t)x e Qg for0<t<1land x,y € Qp,
we apply (2.2) to check that
IRm1 106 )] < 2(m + D)]x = y[™*flona.

Therefore, the lemma follows. O
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To derive basic properties of our weight function, we prepare the following lemma.
Lemma2.2. (i) Foreachie{l,...,N}andf € Ll(Bra(ai)),
IALio) < 1AL, (a))- (2.3)

(ii) Foreach x € Bs(ak) and g € LY(Bpyr, (X)),

Y gl < 181 Bapers NG 2.4
ieR(x,Ah)

(iii) For each x € Bs(ay) and0 < A < 1,

+T(AR + 1g)2. (2.5)

J Ly—ai|d <7rrgh

. IXx-aij| =~ A
leiR(x,h)Uith(X)

Proof. We first show (i). By the definition of ry, we find that y € B, (a;) if y € g;. Therefore, we see that for each
i=1,...,Nand f € L'(By,(a))),

[fmawvs | rma.

ai Bry(a)
This is (2.3). Next, we derive (2.4). Let x € Bs(ax) and g € Ll(BMJ,rﬂ (x)). By the definition of R(x, Ah), we find
that a; € Byp(x) if i € R(x, Ah). Therefore, we observe that

Y [smws | o

lER(AR Binsrg (X)\Ok

Finally, we prove (iii). Let i € R(x, h). Since i # k and x € gx N Q, we find that

sup ly - ail

<1 ifieR(x,h). (2.6)
yea; |X = ail

Letj € R(x, h) \ R(x, Ah). By definition, we see that

Ah < |x -aj| < h.

This shows that 1 1
—— < — ifj e R(x, h) \ R(x, Ah). 2.7
i S € R0OM\ R0 AR @7
Since
Z F; = Z Fj + Z F;,
ieR(x,h) JER(X,M\R(x,AR) ieR(x,Ah)

we use (2.4) to check that

y - ail Tg J J’
J Ix—aildys/lh Z 1dy + Z 1dy

ieR(x,h) ieR(x,h)\R(x,Ah) ieR(x,Ah) 0

0iNBp(X) 0iNBp(X)
< %‘m + (AR +1g)2.
Thus, we have (2.5). Therefore, the lemma follows. O

Lemma 2.3 (Properties of weight functions). Let w be a weight function satisfying the properties of Assump-
tion 1.1. Then the following six assertions hold:
(i) Foreachx € Bs(ax) andn € Z,

Ix— - "w(x - -) € L'(Bn,s(x)).

(ii) Foreachi=1,2,x € Bs(ay),andn € Z,

xi = y)lx = y"w(x -y)dy = 0. 2.8)
Bp,s(X)
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(iii) For each i,j = 1,2, x € Bs(ak), and n € Z,

1
J (Xi =y (X = yplx - y["w(x - y) dy = 7 Sifllix - AW = By s00)- (2.9)
Bp,s(x)

Here §;; denotes the Kronecker delta.
(iv) For each x € Bs(ay),

Y j wo-y)dy- Y Viow(x- | < nLyroh?. 210)
iGiR(X,h)gi ieR(x,h)

(v) Foreach x € Bs(ayx) and0 < A <1,

ZIGR oh) J = a|W(X y)dy < To N [w(x - ')llLl(B/lh+ra(X)\Uk)' (2.11)

ieRooh) L,j w(x -y)dy Ah o w(x = Il@reoner

(vi) Foreach x € Bs(ay) and0 <A <1,

Tg w(x —-)

le—ail wix-y) ” W(X— ) 0.12)
ek g Ix—a;] |x-y| Ix =« | NL'Banery O\oK) |x =+ L' @reoNew)” '
Proof. We first show (i). Using a change of variables, we see that
2m h
Wl = [ wadz= | [weordras.
Bn,s 06
This gives
¢ 1
J rw(r)dr = E"W"pwh’s). 2.13)
8
Fix x € Bs(ax) and n € Z. Using a change of variables with (2.13), we observe that
h
lx = - 1"w(x = i @,s00) = an 1w (r) dr < max{h", " wllLis,s) < +00. (2.14)
8

Therefore, we obtain (i).
Next, we prove (ii) and (iii). Fix i,j = 1, 2, x € Bs(ak), and n € Z. From (2.14), we have

h

j "+1‘<r)dr——|||x— TS -
)

Using a change of variables, we find that

h
(= yolx = yI"wx - y) dy = 0- | P dr -
Bp,s(x) P
By (2.14), we check that
Xi =y - yj)
(= 3005 - yplx-yI"wix-y) dy = | #I%ﬂ"”M%ﬁ dy
Bhya(X) Bh,S(X)
h
=msl-,J W) dr

S

1
= z5ij|||X— WX = By s00)-

Therefore, we have (ii) and (iii).
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Now, we show (iv). Since Bp(x) C Zieﬁ(){) h) giand w(x) = 0 for x € R? \ Eh,g, we use the Lipschitz continuity
of w to observe that the left-hand side of (2.10) equals

Z wx -—y) - wx - a;)} dy‘ <Lyl Z J 1dy < 7L, rsh?.
ieR(x,h) ieR(x,h)

aiNBp(x) g;NBp(x)

Thus, we have (2.10).
Finally, we prove (v) and (vi). Using (2.4), (2.6), and (2.7), we check that

ly - ail r
E J “wx —y)dy < =W = li@oonen + IWEX = LB, 00\ -
. [x — aj Ah

leﬂi(x,h)al.

This gives (2.11). Similarly, we see (2.12). Therefore, the lemma follows. O

3 Error estimate (I)

In this section, we study |f(ax) — il flak)| to prove Theorem 1.3. To this end, we introduce some notations. Let w
be a weight function satisfying the properties of Assumption 1.1. For each f € C°(Qp), we define

J-Bh,a(ak)f(y)w(ak —)’) dy

H ) bl
nflax) o
e ay oi ar — d
ﬁhf(ak) _ Zl R( ,h),[lf(Y)W( Kk y) ly
Zjeﬂt(ak,h) _[Gj w(ag - z) dz
ﬁhf(ak) — ZieiR(ak,h) Vi(ak)f(ai)w(ak _ ai)

Yjerianh) joj w(ag - z)dz
It is easy to check that |IIpf(ak)| < |f]co. Since

flaw) = Tnflar) = {fla) - Taflaw)} + {Inflar) - Tnfta} + (Taflar) - Tnflan)} + {Tnflan) - Tflan),
we now prove the following lemma.

Lemma 3.1. Foreach f € C'(Qp),

Iflak) — Mpflar)| < hiflct, (3.1
Iw(ak = )Li(o\Bsan)

i -1 <2 3.2
[Ipflak) — Opflak)| < W@ = o aenBatan (3.2)
Taflar) - Hnflan)] < rolfler + mLuroh” n (33)
AT = ERREOE= T T (ar = idnaoon ‘
5 _ Lyrsh?

Inflar) - TInft Towlo Neo. (3.4)

ar)l <
Iw(ak = LB\
Proof. We first show (3.1). Since

1
Wz (8,5 5

flax) = J flapw(ak -y)dy,

h,s(ak)

we use the mean-value theorem to see that

1
faw) - hfla) < — j faw) - f)lw(ax - y) dy < hifler.
Wiz (8,5 .

Therefore, we have (3.1).
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Secondly, we derive (3.2). From

wag-y)dy = J w(ax - ) dy,
Bns(ax) ieﬁ(ak’h)aith,S(ak)
we observe that
Acollw(ak = ri(oe\Bs(a)
Iw(ak = L Baa\Bs(an)

ITnflax) - Mnflax)] < 2

Therefore, we see (3.2).
Next, we prove (3.3). Since

[ owta-y) @y - vi@oaowiax - ay

= I {fy) — flap}w(ar -y) dy + J flapiw(ax -y) — w(ax — a;)} dy,

giNBp,s(ax) 0iNBh,s(ax)

we use the mean-value theorem and (2.10) to check that

_ . L yroh?
Taflax) - Tpflan)| < rolfler + - fco.
Iw(ak = LBy (a0
This is (3.3).
Finally, we show (3.4). By (2.10), we find that
. - 7Lyrgh?
[Ipflak) — Opflak)| < Iflco.
wfla wfla w(ak — L1 Braorer) Ne

Therefore, we have (3.4), and the lemma follows. O
Finally, we prove Theorem 1.3.

Proof of Theorem 1.3. Using Lemma 3.1, we prove Theorem 1.3. O

4 Error estimate (II)

In this section, we consider |Vf(ax) — Vpf(ax)| to prove Theorem 1.4. Let w be a weight function satisfying the
properties of Assumption 1.1. For each f € C° (Qp), we define

flar)-fy) ax-y
.[Bh,g(ak) Tax—yl Iak—ylw(ak_y)dy

IBM w(z) dz

(a)-fy) ax-—
Siena) Lo, ey sy w(@x - y) dy

ZJEJR(ak,h) fgj w(ax —z)dz

(a)-fla) ax—a;
Zieﬂ%(ak,h) o; L |¢§k_{1i| |Z§_Zi| w(ag —y) dy

DjeR(arh) foj w(ay - z)dz

Viflax) =2

bl

Vafla) =2

Viflax) =2

It is easy to check that
~ . 4
max{|Vpflap)l, [Viflapl, IVaflai)l} < 3|ﬂc°-
It is clear that
Vf(ax) - Vnflax) = {Vflar) — Vaflar)} + {Vaflar) - Vaflar)} + {Viflar) - Viflai)} + {Viflar) - Vifla)}.

The aim of this section is to prove the following two lemmas.
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Lemma 4.1. For each f € C2(Qp),
IVf(ak) - Vaflak)| < 4hiflc:. 4.1

Lemma 4.2. For each f € C1(Qp),

[w(ax - ')”Ll(ﬂk\Ba(ak))
Iw(ak = )L (By(a\Bsan)

IViflak) - Viflap)| < 4 cl, 4.2)

_ . ro W@k = Lt B, (@\Bsaw)
[Vrflak) — Vaflar)l < 8( — + 2 Act, 4.3)
wflai) = Vaflax (Ah Iw(ak = )L By(a\on) )ﬂc
. - 7Ly gh?
IViflar) - Viflax)| < 4 (4.49)
N =Vl < A o
First, we show Lemma 4.1. Then we prove Lemma 4.2.
Proof of Lemma 4.1. Fix f € C2(Qy). From the Taylor expansion, we have
Df(ax)
> %(ak -0 = {flai) - f»)} = Ra(fl(ax, ), 4.5)

lal=1

where y € By s(ax). Here
1

2
Relfiaey) = ¥ 0-an = [ DUty + (1 - e e
lal=2 0

Multiplying both sides of (4.5) by 2w(ax — y)(ax —y)/(lax —y|2||w||L1(Bh16)), and then integrating with respect
to y, we have

Py(ay) - Viflax) = Pa(ax). (4.6)
Here 2 Df(ax) ( )
ak ax —y
Pi(ag) i= ——— J ax —y)*~ w(ag - y)dy,
@) = o |a|2=1 PG i A GRS 2L
Bp,s(ax)
. 2 (ax-y)
Py(ak) i= Ra[fl(ax, y) yw(ak—y)ady.
WL (B,.4) lak -y
Bp,s(ax)
From (2.9), we see that
P1(ak) = Vflag). 4.7
By (2.1), we find that
|Py(ak)| < 4h|v|c:. (4.8)
Combining (4.6)—(4.8) gives (4.1). Therefore, the lemma follows. O

Proof of Lemma 4.2. Let f € C1(Qy). We first show (4.2). By the mean-value theorem, we see that
1 jf(ak)_f(Y) ai -y

w(ak — )1 (By(an)\Bs(ax)) lax -yl lax -yl

2 1Vfle) - Dufla) < -

w(ag -y) dy‘

Iw(ax = )ri(oy jf(ak) -fy) ax-y

Iw(ak = i@y IWilzis, s ieX @), lak -yl lax -yl

w(ag - y) dy

lw(ay - - )"Ll(Uk\Ba(ak))
~Iwlak = )L By(an\Bsan)

Therefore, we have (4.2). Note that
w(ak — i) = Iwlak = )lri(o\Bs(a)-

Next, we derive (4.3). A direct calculation gives

SITRf(@0) ~ Taflai)} = P(@q) + Pa(@q) + Ps(a) + Po(a) “9)
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Here

Yier(aon Jo, an) ~FON S (ks - ey wlax - y) dy
YjeR(axh) f w(ay —z)dz
Yieah) Jo, @) =)} mf;ﬁ;{) —w(ax -y)dy

LjeR(aph) I w(ak —z)dz

LieR(anh ), L0 (ay k=@ — e W@k -y) dy

Sje(aphy Jo, Wk = 2) dz

YieR(ah ), ﬂﬁ;ﬁ:ﬁﬁi) (a; -y)w(ax - y) dy

Zjeﬂz(ak,n) L,j w(ag —z)dz

P3(ay) =

3

Py(ay) =

’

Ps(ay) =

>

Pg(ay) =

Since
' B | lai -yl
lax -yl lax—ail! = lax - yllax - ail’

we use the mean-value theorem and (2.11) to check that

: Z R(ax,h W(ak y)dy
Z Py(ax) < 4lfler teR(aw.) -[ Iak aI
=3 Zjeﬂz(ak,h) faj w(ag —z)dz
w(ag - -
< 4(r_a+ lw(ak )"Ll(BAhwg(ak)\o'k)) N w10
Ah - lw(ak = )l @y @oren

From (4.9) and (4.10), we have (4.3).
Finally, we show (4.4). From (2.10), we see that

LT oh?|flc
Iw(ak = )z @p@oney

Viflax) - Vaflap)| < 2

N =

This is (4.4). Therefore, the lemma follows. O
Finally, we prove Theorem 1.4.

Proof of Theorem 1.4. Combining Lemmas 4.1 and 4.2 gives Theorem 1.4. O

5 Error estimate (III)

In this section, we estimate |Af(ax) — Ehf(ak)l to prove Theorem 1.5. Let w be a weight function satisfying the
properties of Assumption 1.1. For each f € C%(Qy), we define

'I.Bh,é(ak){f(ak) - fo)iw(ak - y) dy

A S ,
nflax) IBh Slzlzw(z) P
R YieR(aoh Jg flax) = fy)iw(ax - y) dy
Apflay) = -4 rawh | ‘ ;
YjeR(agh) ,[aj|ak -zl*w(ax - z)dz
. YieRaoh ) @) = fla)tw(ag - y) dy
Apfla) = - x| ’ .

Zjey(ak’h) fajlak - Z|2W(ak - Z) dZ
We see at once that

8
|Apflax)| < @Iﬂc0 < +00.

The proof of Theorem 1.5 makes use of the following two lemmas.
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Lemma 5.1. Foreach f € C3(Qp),
|Aflak) — Apflar)| < 24hflcs. (5.1)

Lemma5.2. Foreach f € C1(Qp),
|Anflak) - Anflan)] < 4ca(an)lficr, (5.2)
|Anflax) - Apflar)| < {4cs(ax) + 4cs(ai)}flc,
|Anflax) - Bpflar)| < {4cq(ax) + 4cs(@)}fic.

Here cy(ax), . .., cs(ak) are the constants defined by Theorem 1.5.

We first show Lemma 5.1. Then we prove Lemma 5.2.

Proof of Lemma 5.1. Fix f € C3(Qy). From the Taylor expansion, we have

D D
- ¥ W gy a0 - = Y PR @y s i@y, 63
|a|=2 ' |al=1 :
where y € By s(ax). Here
1
3
Ralfiawy) = Y - aws [A-0*Dfey + (- Daw d.

|al=3 "0

Multiplying both sides of (5.3) by —4w(ax - y)/I| - 1>w(-)]| Li(Bys)> and integrating with respect to y, we have

Q1(ax) — Apflax) = Q2(ax) + Q3(ax). (5.4)
Here
4 D*f(ax)
ag) = ————— —(ax - y)"w(ax -y) dy,
Q1(ax) TPy 2, a (ak - y)*w(ak -y) dy
Bp,s(ax)
4 D%(ax) «
ag) = ———— ——(ax - y)*w(ax - y) dy,
Q2(ax) I Pw(lz s, J s @ (a -y)'wlax -y)dy
Bns(ax)
4
ag) =——————— R a, ax —y)dy.
080 = i | Rl ywa-y) @y
Bp,s(ax)
Using (2.1), (2.8) and (2.9), we find that
Q1(ax) = Mfax), (5.5)
Q2(ak) =0, (5.6)
[Q3(ax)| < 24h|flcs. (5.7
Combining (5.4)-(5.7), we have (5.1). Therefore, the lemma follows. O

Proof of Lemma 5.2. Let f € C'(Qy). We first show (5.2). Since

lak -yl <rg

for y € gx, we use the mean-value theorem to see that

llax = -Iw(ax = )lzi(oe\Bs(ar)) (1 iy llax - - |w(ax - ')||L1(B;,(ak)\B5(ak)))

1 -
~|Anflak) = Apflag)| <
4 lak = - Pw(ak — )Lt @,@)\Bsan) 7 lak - - Pw(ak - i Byaonon

Using
- Y ey
ieR(ah)  ieR(axh)  ieR(ak,R\R(ax,Ah)
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we see that

YieR(agh) fc,i %Wk - ylw(ax - y) dy

lak - - Pw(ak = LBy a\on)

1~ .
Z|Ahf(ak) - Apflax)l < |flen

Iw(ax - ')I|L1(B/1h+rg(ak)\gk)

< rg llak - '|2W(ak = L1 Br(a\ox) Ao + 14
Ahllak - - 1Pw(ak — L1 Ba@ore)

A direct calculation shows that

lax - yl*w(ak - y) - lak - ail*w(ax - a))|

< {lax -yl + lak - ail}la; — ylw(ax - y) + lax — a;i*{w(ax - y) -

< 2rgh + Lyrgh?.
Using (5.8), we check that

3
nLyroh Ao

1. —
7/8nflai) - Anflan)] < —7

[lax w(ak — )1 Baia)\ow)

2rehllw(ak — ri@yao\on + TLwreh? Yiew(an Vilakx -

lak - - 1Pw(ak = LB a\on)

Max — - Pw(ak = n@uanc)  Ljeraon Vilak = ajl>wlax - a;)

Therefore, the lemma follows.
Finally, we prove Theorem 1.5.

Proof of Theorem 1.5. Using Lemmas 5.1 and 5.2, we prove Theorem 1.5.

6 Error estimate (IV)

(5.8)

In this section, we consider |Af(ax) — Gnf(ax)| to prove Theorem 1.6. Let w be a weight function satisfying the

properties of Assumption 1.1. For each f € C%(Qy), we define

flan-fy)
'[Bh,d(ak) IaI;—y|2 w(ak —y) dy
Onflag) = - ,
IBh’ w(z)dz
flan)-fy)
Onflay) = ZIER(“" h)f ST S wak -y) dy
2jeR(@h) f w(ay - z)dz
onflay) = ZIGR(“‘( h)j flal;) (j;(ﬁ w(ak —y) dy

YieR(an) Ja,» w(ax - z) dz
It is easy to check that
onftaw) < e < +oo.
Let us tackle the following two lemmas.

Lemma 6.1. For eachf € C3(Qp),
|Af(ak) — Opflak)| < 24h|flcs.

Lemma 6.2. For each f € C1(Qp),
[onflak) — Opflak)| < 8co(ar)lflct,

[Bnflar) - Onflar)| < 16{cio(ax) + c11(a)}lflcr,
[Onflar) — Spflar)| < 4cra(an)lflcr.

Here cq(ax), . . ., c12(ax) are the constants defined by Theorem 1.6.

6.1

(6.2)
(6.3)
(6.4)
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First, we show Lemma 6.1. Then we prove Lemma 6.2.

Proof of Lemma 6.1. Fix f € C*(Qp). Multiplying both sides of (5.3) by —4w(ax - y)/(lax —y|2||W||L1(B,,,5)), and

then integrating with respect to y, we have
O1(ax) — opflax) = Oz(ax) + Oz(ag). (6.5
Here D*f(ax) ( )e
ay) (ax -
O1(ax) = m I ol K ﬁw(ak -y)dy,
(Br.0) By,s(ax) lal=2 .
4 D%lay) (ax — y)“
0, (ax) = W J {1(, k) HW(ak -y)ady,
Bra) Bp,s(ax) lal=1 . x
Os(ag) := I - J Rs[fl(a y);w(a -y)dy
A Wl ) ST gy '
Bp,s(ax)
By (2.8) and (2.9), we find that
O1(ax) = Af(ax), (6.6)
O2(ax) = 0. (6.7)
Applying (2.1), we see that
|03(a)| < 24R|fics. 6.8)
Combining (6.5)-(6.8), we have (6.1). Therefore, the lemma follows. O

Proof of Lemma 6.2. Let f € C1(Qy). We first show (6.2). By the mean-value theorem, we see that

1 _ 1 flax) - fly)
~lonflax) - Bnflar)| < | w(ak ) |
4 nfla nflax lw(ak — )z By(a)\Bs(ax) 5 lax - yl? g
Ilw(ak = iy Jf(ak) -fy) w(ax - y) dy
”W(ak - )”Ll(Bh(ak)\O'k)”W"LI(B]M;) iER(ath)Gi |ak _ylz
lw(ak - -)/lax - ‘|"L1(crk\B5(ak))| )
Iw(ak = )llL1(By(a0\Bs(an) “
Therefore, we have (6.2).
Next, we derive (6.3). A direct calculation gives
1 _ .
Z{th(ak) — Opflax)} = O4(ax) + Os(ax) + Os(ax) + O7(ax). (6.9)
Here fla)-fly)
ag)—, 1 1
Ou(ar) Zieﬂz(ak,h) g; |‘§k_)/| (Iak—yl B |ak_ai|)W(ak -V dy
4 k ': )
Yjer(aoi Jo, Wlak - 2) dz
0s(a) YieR(ah ), —|a{(fﬁ|_a];({)ai|w(ak—y) dy
s(ag) =
Yjek(aniy Jo, W@k — 2) dz
flar)-flai) 1 1
Os(ar) 2ieR(arh) .fa,- ‘Tzk—yla (a1 ~ fa-ap W@ =) dy
6 '= b
Yjew(an Jo W@k - 2) dz
fla)—flai) 1 1
0-(ap) Zieﬂ%(ak,h) Jai cllt;(k—a:ll (Iak—yl B |ak—ai|)w(ak -y)dy
7(ag) = )
Yjek(aui) Jo, W@k = 2) dz
Since

| 1 1 |< lai - y|
lax -yl lax—aill = lax - yllax - a;l’
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we use the mean-value theorem and (2.12) to check that

y-ail wlax-y)
7 ZieR(ak,h) o; |lax—a;| |ak y| dy
Y 10p(ax)| < 4ifle
p=d YjeR(anh) fgj w(ax -y) dy
<rg e lnGianen | 1P IL @, @o\on
9 ct.
Ahlw(ak = i@uaney  Wlak = i @uaone

From (6.9) and (6.10), we have (6.3).
Finally, we derive (6.4). Using (2.5) and the mean-value theorem, we see that

7L (ngh +(Ah +15)% +

1. -
—|Opflak) - Onflak)| <
4 4 U lw(ax - A Zje:R(ak,h) V]W(ak - a]

I @y@oran
This is (6.4). Therefore, the lemma follows.
Finally, we prove Theorem 1.6.

Proof of Theorem 1.6. Using Lemmas 6.1 and 6.2, we prove Theorem 1.6.

A Appendix: Applications of main results

We state an application of the main results of this paper. We consider the following case:

1, xe€Bps,
w(x) = ) =
0, xeR*\Bpgs.

It is easy to check that L,, = 0 and that for each 0 < g < p,

w(ak = i@, @on\Bq @) = TP = 4%,

Iw(ak = -)/1ak = - 1B, (@)\By(ar) = 27T(P -q,
Mak = - 1w(ak = )18, (@)\By(ar) (P - ¢,
lax = - Pwiar = L@, @onsg @) = —(p .

In this section, we assume that § = rs/2 and

WX = i@uaove = W = i, s(a0)s
Yier(aph Vilak — ailw(ak - a;) _ lax — - Iw(akx = )1 (Br(a)\Bs(an)
Yierapn Vilak — ajl*wlax - @) llax = - Pw(ak = )L @uao\Bsa)

Suppose that there is C.. > 1 such that
h=C.rg.

Assume that R(ax, Ah) # 0 for some 0 < A < 1. Using Theorems 1.3-1.6 and
Izt (0\Bs(ax)) < ILi(B,, (@\Bs(an)»

we have the following corollary.

Corollary B. For each f € C3(Qp),

3/2
gl

8 +S(AC +1)%+1
AC, c2-1/4

Iftak) — Tpflar)l < (Carg + To)lfler +

V(@) - nflan)l < 4C.rolfle: + (o e,

YieR(ah) Vi |flkk aa|)
|ﬂcl .

(6.10)

(B.1)
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~ 1
IAf(ax) - Apflar)| < 24C.16lflcs + 3ro(Ct —1/16)

56C3 -7  C,(64C% -8) 16C3 -2
+ +
3(C% - 1/16) c:+1/4 AC,
32AC, +24 N 32 )lﬂ
1.
ro(CE—1/4)  AC.r4(C. +1/2)/7'€

x (8.+24C. + 1 + e,

I8f(ax) - Baflar)] < 24C.rolfles + (

Moreover; the following two assertions hold:
() Ifre =107 C, = 10*™, A = 107%™ for some m € N, then

= 1
Ifta) - Mnflaw)] < (10m 105,,,)|ﬂc 108m e flor,
IVflax) - Vnflap)l < 10m i lfle + 102m et (B.2)
|Af(ax) - Bpflax)] < 10’" |ﬂc t o= 10," 1A,
- 1
[Af(ar) - Bnflar)| < 10m Iﬂc + Jomzfler-

(i) Ifro=10"%C, =4, 1 =3, then
[ftax) - Mpflap)| < 20Iﬂc + Olﬂco,
IVflak) - Vrflax)| < gmcz +10Ifl¢r,
— 24
[Aflak) - Apflag)| < gm@ +300|f]c1,
_ 24
|Af(ax) — Opflax)| < glﬂﬁ +1000f]c1.

Proof of Corollary B. We only show (B.1) and (B.2). Fix f € C3(Qp).
We first show (B.1). Since L,, = 0, it follows from Theorem 1.4 to see that

8rg Iw(ak = L1 (o0\Bs(ar) Iw(ak — Lt (Bi.ry (@ron)
(ax) - Vnflar)| < 4h|flc: + +4 g (B.3)
V@) - Vaflan) < 4hifle: + {3 + 4 g 8 e Mooy
By the assumptions of Section A, we check that the right-hand side of (B.3) is greater than or equal to
An(ri - rk/4 AC, 2-ri/4
4C*ra|ﬂcz+( 8ry + ”(zr rs/4) +87T{( C 72'6:7”6)2 rg/ })lﬂCl
AC.rs  m(CErd —ri/4) (Cars —rs/4)
8 8(AC, + 12 +1
= 4C ro-|ﬂCZ + (AC + d_—j[)lﬂ cl.
Therefore, we obtain (B.1).
Next we show (B.2). A direct calculation shows that
AC.ry =4.10™m . 1075m =
*I g 10m
and that
8 . 8(AC, +1)2 +1 8 . 8(10%™ +1)2 +1
AC. c2-1/4  102m 108m —1/4
8 1 1
< 102m + 102m < 102m—1'
From (B.1), we have (B.2). Therefore, Corollary B is proved. O
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