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ON HASSE-SCHMIDT HIGHER DERIVATIONS
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Let & be a field of characteristic zero and let 4 be a commutative k-algebra.
A higher derivation D of A over k is a sequence

D= {Dor D, Dz» o}
of additive k-endomorphisms D,’s such that D, is the identity map of A4 and
D,(ab)= ﬁ D,,(a) D,_,(b) for every a, b A. This interesting notion of higher
m=0

derivations was introduced by H. Hasse and F.K. Schmidt in [1].

In this paper we shall prove that a higher derivation D of 4 over k is re-
presented uniquely by a certain sequence of derivations of 4 over k.

Let n,7 be positive integers such that z>r. We shall denote by P, , the
set of ordered partitions of # into r-positive integers, i.e.,

Pn,r = {(nl: '”:nr)l glni =n,n; EN+} .

It is easily seen that the cardinality |P,,| of the set P,, is given by

P l_(n—l)
T \r—1)"

Proposition 1. Let D=(D,, D, D,, --*) be a higher derivation on A and let
3,(n>1) be defined by the equations

y o

S, = >3 (=)™ N D, D,, - D,
r

r=1 (n1, -+ n,)eP"’r
Then we have
(1) 8,(m=1,2, ) is a k-derivation ,

() D=1 3 5,8,

r=1 r! (ny, -+, ny) EPp,y r

Proof. (i) For n=1 we have 8,=D, which is clearly k-derivation.
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For n>2, and a, b& 4 we have

3,(ab) = D(ab)+ 3 (=™ D, D,--D
n ) n(ab) 2 2 ny n2'“ n'(ab)
r=2 7

(ny, -+, 1y) € Pnyy

n ” (__ 1)r+l
m=0 r=2 7 (ny, -+ ny) EPp,y 0<M;<H;
+ D, Dyy+..Dy (@) Dy Dy oDy (B)

= a3,(8)+8,(a) b+ 5 D(a) D, -n()

n __1 r+1
+HE S
r=2 r (ny, - ny) EPy,y 0Smi<n;
and at least one 0<";<#;

* Dy, Dy, Dyy (@) Dy oy Dy ey Dy (D)

Hence to prove the assertion it suffices to show that

wet L (— 1)+
YD, (@) D,-u0)+31 (ZD
me1 r=2 r (ny, s my) EPp,y O0KMi<h;

and at least one 0<™; <";

D, D,, D, (a) D, _p, D, _, (6)=0.

Let h(e,s) be the coefficients of D, D,,---D, (a) D, Dj,---D; (b) in the reduced
expression of the left hand side where /’s and j;’s are positive integers such that
L+ +L 4+ +j=n. Such a term can occur only if r=e, e+1, ---, e+s.
Hence if e>s>1 then it is seen without essential difficulty that we have

Hed=EEE (0 05)

The sum correspond to the case r=e, -+, r=e-}s respectively and (e—l—p ) is the
e

number of times one can select e number of m;s to be euqal to [’s and

setting the other p-number of m;’s to be zero, while ( ¢ ) is the number of

s—p
times one can select s—p numbers of (n;—m;)’s to be equal to the j’s.
Since

ar =)
Then we get

e, o) = DT 53 1y (e+£_1> (;I) '
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Setting s—p=g we obtain

b= I g (o) 1)

Hence A(e, s)=0 by [2, identity (35) p. 41]. Similarly &(e, s)=0 if s>e>1.
Hence §, is a k-derivation.
(i1) We use induction on #. For n=1 we have §,=D,. Since

D, = 8,,—]—2': (=1 > D, D,,--D, forn>2,

Va (ny, -y ny) EPn,r

and the induction assumption on z implies that

Dn,- = 2 ‘L E 8m’1 Sniz"'Bm's

=1 sl iy, nis) EPnj,s

for every 1<m;<n.

Hence after collecting similar terms we get

Dn: 8n+é by

=2 (ny, ++, ny) EPn,y

g( 1y = 1 s 5,8, .

_ P (my, -, mp)EP,,p (ml)!(mp)'__ ”y 2 r

On the other hand the coeflicient of X" (for every »>2) in the Taylor’s series
expansion of X=In[1+4(e*—1)] is

1 g (=1 1
rl =2 p mSmpeP,y (my)!--(m,)!

Hence

=31 = 5

ny ”2.
r=1 r! (ny, -+, ny) EPy,y

3, .

r

A higher derivation D={D,; n>0} is called iterative if it satisfies the con-

dition
Di Dj = (H.—]) -Di+j
]

for any pair of integers (7,7). Then we have the

Corollary. Let D be a higher derivation of A over k and {5,,n=1,2, ---}
be a corresponding sequence of derwations defined in Proposition 1. Then D is
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iterative if and only if 5,=0 for all n>2.

Proposition 2. Let {3,,8,, -} be a sequence of k-derivations on A and set

D,=3>— N 8,,8,,:0,, (n=>1).

r=1 7! () EPn,,
Then we have
(i) D= {Do =1d, D,, Dz: 0}

is a higher derivation, and

@ s,=xV"  »  p.p,.D,.
r=1 r

(n1, 1) EPn,r me
Proof. (i) The assertion is clear for n=1.
Next we show that D,,(ab)-—-ﬁ} D,(a) D,_,(b) for every a,bA and n>2.
m=0

For convenience let 85, satnds for the identity mapping and &, sands for §,,.
Then we have

Dy(ab)=31 = 8,8,5, (ab)

r=1 r! (ny, -+, ny) EPp,y

=1
r=1 y! (n,-,n)EPy,, 0<¢<1
8y 85z 85r(a) 8,771 8,7 %2+ 8, (b)
LI |
= aDn(b)+Dn(a) * b+2 —
r=2 r! (ny, -+, ny) EPp,, 0<¢i<1

such that
10+t <P -1

8;*...82(11) . 8’111_‘1. . '8,1,’—2’(b)

- . " 1 (tts
== aDn(b)+Dﬂ(a) b+§ (I,S)%Prﬂ (t+s)! ( t )

(mY, oo g, By, ony 1) € P ths
8y Oy e+ O (@) * 8y, 8y,-+-8,,(D) .
Note that <Ht—8> is the number of ways of selecting ¢ number of ¢;’s equal to
one in the expression
851 852--85r(a) « 8,718,728, °"(b) where r=t+s.

On the other hand we have
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ﬁ_}o D,(a) D,_(b) = aD,(b)+D,(a)b

+3[EL 3 ss0.@)

=1 t! (my, M) EPmy

<”—m “1— 2 31, 312' "81,(17)):,

$=1 X! 1y 5 8s) EPp-m,s

— aD,(b)+-Dy(a) - b+3] 1

7=z (t,s)eP,;2 tls!

(my, -+, mt, 1y, -+, Is) EPrp,t+s

Oy Oy Oy (@) + 8y, 8y,+-8,,(D) .

. 1 t—l—s) 1 S
Since ij—‘s)T< : )= g Ve have D, (ab) = = D, (a)D,_,(b)

(i) Since D={D,, D,, D,, ---,} is a higher derivation we can associate to
D a sequence of derivations {87, 83, ---} by Proposition 1(i). From Proposition
1(ii) it follows that

D,=8+3 L X 88,8

=2 7l (ny, -, ny) EPy,y

On the other hand

Dn == 8”+é_1_ 2 8:118”2"'871

=z 7l (ny, -+, ny) EPn,, r

by definition of D,. Since §;=D,=38{ we get easily §,=9; by induction on =.
The following theorem follows from Propositions 1 and 2.

Theorem. There is a one tc one correspondence between the set of ordered
sequences of k-derivations on A and the set of higher derivations on A in such a way
if {5,: n=>0, 8, identity, 8, is a k-derivation} and the higher derivation D=
{D,: n>0} correspond, then

Dn= é’l— 2 8;11 8”2"'8"

»=1 rl (n,-n)ePu, 4

and

i r+1
5, =5 D S} DD, D,
r=1

r  (mon)EPa,
for every n>1 and Dy=3,.
Corollary. Let Dy, be the set of all higher derivations on A. Let D,E<
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D, correspond respectively to the sequences {8,,: n>0} and {5,,: n>0} of k-
derivations on A. Then D,y is a Lie algebra with respect to the operations oD+
E=L and [D, E1=G where a €k and L is the higher derivation corresponding to
the sequence {5,, e, ,+39,,: n>1} and G is the higher derivation corresponding to
‘the sequence {8, [81,4, 02,n] =814 83n—82,n O1.: N1} respectively.

Proof. It follows easily from the fact that the set of k-derivations on A4
is a Lie algebra.
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