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Abstract

Point cloud alignment plays an important role in computation vision and related �elds such
as robotics and computer graphics. Given a source point cloud and a target one, point cloud
alignment aims at recovering the rigid spatial transformation between them to make their
poses as similar as possible. After the alignment procedure, the estimated transformation
can straightforwardly help to solve the fundamental pose estimation problem encountered
in various applications such as autonomous driving and 3D reconstruction. Moreover, the
aligned point clouds appear to be an ideal data format for varying high-level recognition
tasks such as object classi�cation and detection.

Given the importance of point cloud alignment, various solution methods have been
developed in the past decades. Despite such decade-long studies, we realize that there still
exist some fundamental problems that are shared by distinct existing algorithms, preventing
the alignment accuracy from being further improved. Consequently, the advances of the
down-streaming pose estimation and recognition tasks are also hindered. Motivated by this
fact, in this thesis, we present detailed analyses and solution methods to mitigate such shared
problems, hoping to push the pose estimation and recognition accuracy one step further.

In Chapter 2, we tackle the problem that the relations between the existing geometric
and probabilistic alignment algorithms developed for pose estimation are not well studied.
These two types of approaches are dominant in solving the point cloud alignment problem
but have been developed independently so far, making their respective merits not sharable.
As a solution, we present a uni�ed framework by leveraging the knowledge from information
geometry to explain them. Our uni�ed explanation makes the respective merits of these two
classes of algorithms mutually commutable, leading to more accurate alignment and pose
estimation results.

In Chapter 3, we simultaneously solve two problems that existing alignment algorithms
may present infeasible point-wise correspondences and suffer from outliers, diminishing
the pose estimation accuracy. While the recently raised research topic of shuf�ed linear
regression can perfectly solve the infeasible estimation problem, it still cannot effectively
handle outliers in point clouds. As a solution, we present a generalized version of the
shuf�ed linear regression problem. Our proposal can not only theoretically guarantee that



viii

the estimations are always feasible, but also introduces effective robust estimation tools to
reject outliers. Various applications show the effectiveness of our proposal.

In Chapter 4, we analyze in detail the ambiguity problem of principal component anal-
ysis when applied to intra-category alignment, which is a popular pro-processing step in
deep learning-based point cloud recognition tasks. We show that its associated number
of ambiguities is not suf�ciently recognized in existing works. Moreover, we empirically
�nd that suf�cient identi�cation of the ambiguities can lead to conspicuous performance
improvements on varying recognition tasks, and such improvements are particularly visible
on challenging real-world point clouds.
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Chapter 1

Introduction

Point cloud refers to a set of discrete points in Euclidean space that is unordered and
unstructured. Owing to such a property, point cloud naturally appears to be a �exible tool to
digitalize the 3D world surrounding us. Moreover, owing to the fact that many off-the-shelf
3D perception sensors and devices, such as stereo cameras, structured light systems, and
various time-of-�ight sensors, will directly generate point cloud when operating, point cloud
is broadly employed by applications coming from distinct �elds. For example, in autonomous
driving [23, 89] and robotics [77, 69], vehicles and robots are commonly equipped with depth-
perception sensors to help to locate their positions and detect occlusions in the surroundings.
Also, in the 3D reconstruction task in computer vision [168, 71], point cloud is employed
as one of the dominant representations to describe and visualize the reconstructed shapes.
Furthermore, even in other �elds such as medicine [108, 97], devices such as CT and MRI
can generate point clouds to aid medical diagnosis and surgery.

Given the power and broad applications of point cloud, there however exists a fundamental
problem when using it. Speci�cally, point clouds are usually obtained in different poses
since the sensors employed for data acquisition are commonly placed at different positions
with different orientations. Therefore, to facilitate the down-steaming tasks, it is required to
estimate the relative poses between the point clouds and align them accordingly.

One technique to solve the aforementioned different-pose problem is point cloud align-
ment [61]. Formally speaking, as shown in Fig. 1.1, given two point clouds where one is
the source and the other is the target, point cloud alignment aims at �nding a rigid spatial
transformation, with which we desire to rotate and translate the source point cloud to make
its pose as similar as possible w.r.t. the target one. After this alignment procedure, the
estimated spatial transformation, representing the relative poses of the two point clouds,
can be directly used to compute the absolute poses of the two point clouds in the same
coordinate system, and hence solving the pose estimation problem encountered in various
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Fig. 1.1 An introduction of the concept and applications of point cloud alignment, where
we desire to recover the rigid spatial transformationT between the source and target point
clouds. After alignment, the estimatedT and the two aligned point clouds can bene�t the
pose estimation and recognition tasks, respectively.

applications such as autonomous driving and 3D reconstruction [89, 168]. On the other
hand, the two aligned point clouds themselves also serve as the ideal data format for many
machine learning-based high-level point cloud recognition tasks such as object classi�cation
and scene understanding [52].

It is noteworthy that the study range of point cloud is not limited to the 3D Euclidean
space. Rather, a point cloud can also be extracted from sources with varying dimensions.
For example, as shown in Fig. 1.2, aligning point clouds formulated by pixel coordinates of
images leads to the image registration task where the rigid spatial transformation changes to
a homography mapping. Also, In shape matching, the two point clouds are formulated by
vertex-wise high-dimensional features extracted from meshes, and the rigid spatial transfor-
mation also changes to a high-dimensional orthogonal transformation.

1.1 Motivation
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Fig. 1.2 Different tasks require aligning varying kinds of point clouds. Top left: Aligning
3D Euclidean point clouds for 3D reconstruction. Bottom left: Aligning 2D Euclidean point
clouds for 2D pose estimation. Top right: Aligning image pixels for homography estimation.
Bottom right: Aligning mesh features for shape matching.

Due to its importance, point cloud alignment has already been studied for decades, and many
representative solution methods [100, 44, 159, 123, 5] are proposed and widely deployed.
Despite such �ourishing, we realize that there still exist some problems broadly shared by
existing point cloud alignment algorithms, and thus preventing them from achieving more
accurate alignment results.

This thesis focuses on increasing the point cloud alignment accuracy by solving some
of such shared problems. From many existing problems requiring to solve, we concentrate
on three fundamental ones that lie at the bottom level of applications. Brie�y, we �rst study
existing alignment algorithms designed for pose estimation and tackle the problem that
their relations are unclear. As a solution, we explain a majority of them as repeating the
matching-and-pose-estimation process. Then, given the conclusion that many alignment
algorithms require to conduct the matching process, we �x a �aw shared by commonly used
matching strategies. Finally, we generalize the study range to intra-category alignment, where
we present a suf�cient analysis of the ambiguity problem encountered therein. Respective
details of the three problems are presented in the following.
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Fig. 1.3 De�nition of intra-category alignment. Different from point cloud alignment for
pose estimation purposes. Intra-category alignment aims at aligning point clouds of the same
category to conceptually the same poses. For example, we desire all the chairs to stand on
the same plane and face toward the same direction.

Independent development of existing works Despite the fact that numerous point cloud
alignment algorithms for pose estimation have been proposed in the past decades, most of
these existing works can be recognized as either a geometric method or a probabilistic one
depending on how they parameterize the point clouds. Speci�cally, while the geometric
methods parameterize point clouds as what they appears to be,i.e., a set of points in the
Euclidean space represented by their coordinate values, the probabilistic counterparts map
each individual point to a component distribution and hence treat the entire point cloud as
a mixture distribution. While these two categories of methods respectively possess merits
in explicitly constructing point-wise correspondences and enabling the usages of varying
distributions to handle noise, they have been developed quite independently so far with
vaguely studied relations w.r.t. each other. As a result, we currently cannot develop an
algorithm to merge the advantages of both the geometric and the probabilistic methods.

Failure to jointly reject outliers & maintain isometric matching As mentioned above,
most geometric alignment methods for pose estimation require establishing the point-wise
correspondences between the two input point clouds, and the nearest-neighbor (NN)-based
strategy [5] is a popular tool to achieve it. However, such a matching strategy has two main
limitations and accordingly diminishes alignment accuracy. Speci�cally, �rst, the NN-based
strategy lacks effective treatments to identify and reject outliers. Second, per the work�ow
of NN searching, it may map two distinct points to the same target, and hence violating the
isometric mapping property of the rigid spatial transformation. While these two problems can
be solved isolatedly by involving robust estimation techniques and permutational constraints,
how to solve them simultaneously remains an open problem.
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Insuf�ciently identi�ed number of ambiguities in intra-category alignment Point cloud
alignment is commonly conducted in an intra-category manner de�ned in Fig. 1.3 when it
is applied to aid high-level recognition tasks, and the principal component analysis (PCA)
algorithm is a popular tool to achieve such alignment. However, we �nd that the number of
ambiguities associated with PCA is not suf�ciently counted in existing works. As a result,
recognition algorithms such as various neural network-based ones cannot demonstrate their
full ability.

1.2 Thesis organization

In this thesis, we aim at analyzing and solving the three commonly-shared problems men-
tioned above. We organize the thesis to anchor the development timeline of the point cloud
alignment techniques. The details of each remainder chapter are described in the following.

Chapter 2: Uni�ed framework for point cloud alignment This chapter presents a uni�ed
framework to explain the two dominant yet independently developed classes of existing
point cloud alignment algorithms: the geometric methods and the probabilistic ones, making
them to be able to mutually bene�t from each other. Based on information geometry, which
studies statistics by treating probabilistic distributions as points from a special manifold, we
derive that the existing geometric and probabilistic alignment methods can be considered
as conducting the same operations on different spaces associated with different metrics.
Moreover, in order to put the uni�ed framework into practice, we also present a novel
bandwidth estimation strategy using intrinsically contained hints to map Euclidean points
to probabilistic distributions, which appears to be a good substitution for the broadly used
heuristic method of deterministic annealing. Finally, a case study of symmetric registration is
conducted to demonstrate that, owing to our uni�cation explanation, we can always combine
the advantages of both geometric and probabilistic alignment methods to improve alignment
accuracy.

Chapter 3: Aligning with robust permutational constraint This chapter studies a
general regression formulation abstracted from the geometric point cloud alignment problem,
i.e., shuf�ed linear regression, aiming to avoid infeasible solutions encountered in existing
alignment formulations. Brie�y speaking, shuf�ed linear regression requires estimating
a regression variable (i.e., the spatial transformation in point cloud alignment), and the
permutational correspondences between the covariates and responses (i.e., the point-wise
correspondences in point cloud alignment) simultaneously in a linear regression form. While
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the existing solution methods assume the underlying ground-truth correspondences to be
an ideal bijection, such an assumption barely holds in point cloud alignment since the
data unavoidably contains outliers and partial overlaps. To mitigate such a limitation, we
generalize the formulation of shuf�ed linear regression to a broader range of conditions where
only a part of the data should correspond and propose a simple yet effective optimization
algorithm. In order to offer a better understanding of our proposal, we also provide detailed
theoretical studies w.r.t. the formulation itself and the convergence of the optimization
algorithm. Broad experiments validate the effectiveness of our proposal in improving
alignment accuracy.

Chapter 4: Intra-category alignment for recognition purpose This chapter studies the
ambiguity problem encountered in principal component analysis (PCA) when it is applied
for aligning point clouds in an intra-category manner, which is broadly employed as a data
pre-processing step in deep learning-based point cloud recognition tasks. We analyze to show
that PCA introduces two types of ambiguities: sign ambiguities and order ambiguities, and
some existing works have mis-identi�ed the number of the former ambiguities and directly
overlooked the latter ones, and hence making the recognition performance substandard.
Moreover, in order to effectively handle the ambiguities, we present a simple disambiguation
module that can be plugged into most existing neural networks. Experiments show that our
suf�cient identi�cation of the ambiguities can help to conspicuously improve the accuracy of
recognition tasks such as object classi�cation and part segmentation even compared with
existing works that developed complicated network structures, and such improvement is
particularly signi�cant on real-world point clouds.

Chapter 5: Conclusion and discussion This chapter concludes the thesis by summarizing
the theories and algorithms developed in the previous chapters and discussing future works
in point cloud alignment for higher accuracy and ef�ciency.

1.3 Summary of contributions

The main contributions of this thesis can be summarized as follows.

� We present a uni�ed framework by leveraging the concept of information geometry
to explain the existing geometric and probabilistic point cloud alignment algorithms,
enabling them to be mutually bene�cial. We also come up with a novel bandwidth
estimation strategy to map Euclidean points to component distributions using the
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intrinsic hints provided by the objective function, which appears to be a reasonable
substitution of the commonly used heuristic deterministic annealing.

� We generalize the formulation of the shuf�ed linear regression problem abstracted
from point cloud alignment, making it capable of handling outliers. To optimize
our formulated objective function, we also come up with a simple yet effective opti-
mization algorithm. Moreover, detailed theoretical analyses, including the effective
recovery condition, the NP-hardness, and the convergence property of the optimization
algorithm, are presented to help to achieve a deeper understanding.

� We present a detailed study of the ambiguity problem of PCA in intra-category align-
ment. We show that some ambiguities resulting from PCA have been either mis-used
or overlooked by existing works, and the recognition accuracy can be conspicuously
improved provided that the ambiguities is suf�ciently identi�ed. A simple plug-and-use
module for disambiguation is also introduced to facilitate existing neural networks
designed for point cloud analysis.





Chapter 2

Toward a uni�ed framework for point
cloud alignment

Point cloud alignment plays a critical role in computer vision and related �elds. Early
methods considered alignment as a purely geometric problem, providing various choices
for rejecting outliers, and probabilistic methods were later introduced to handle different
types of noise. However, the two classes have developed independently, without sharing
much in common. In this chapter, we leverage the concept of information geometry to
theoretically unify the two classes by interpreting them as operations in different spaces
associated with distinct metrics. Based on the uni�cation, we also develop methods to deal
with long-standing problems of uncertainty: anisotropic noise and bandwidth estimation. The
resulting method possesses solid theoretical foundations as well as intuitive interpretation.
Experiments demonstrate the effectiveness of the proposed method on both synthetic and
real-world data under various settings.

2.1 Introduction

Point cloud alignment is popularly encountered in application such as 3D reconstruction,
shape retrieval, medical imaging, and robotics. It is formulated as �nding the optimal spatial
transformationT = f R; tg, whereR is the rotation andt is the translation, between two point
cloudsA = f a1;a2; : : : ;amg andB = f b1;b2; : : : ;bng. The problem has been approached
with different perspectives in the existing methods. The story began from the geometric
algorithms, such as Iterative Closest Point (ICP) [10], followed by other counterparts based
on statistics [100, 66], graph matching [166], feature correspondence [50], and deep learn-
ing [36]. Since a vast majority of alignment tasks take geometric and probabilistic approaches,
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in this work, we focus on these two classes. While probabilistic methods excel at coping
with various types of noise, geometric ones provide more choices in rejecting large outliers.
These two approaches possess their own advantages, yet their independent evolutions have
prevented them from bene�ting each other.

The dif�culty of alignment lies in the unknown correspondences betweenb j andai . As
pioneering approaches, geometric algorithms such as Iterative Closest Point (ICP) [10] �rst
proposed to tackle this problem by alternating between establishing correspondences and
optimizing the spatial transformationT. Other methods based on statistics [100, 66], graph
matching [166], feature correspondence [50], and deep learning [36] were later introduced
to address various challenges. In this work, we focus on the geometric and probabilistic
approaches since they are used by a vast majority of alignment tasks.

While probabilistic methods excel at coping with various types of noise, geometric ones
provide more choices in various conditions due to their explicit handling of correspondences.
Despite the maturity of these methods, there still exist some long-standing problems. First,
the two classes of methods evolved independently. As a result, the relationship between the
two classes is unclear, preventing them from sharing techniques for mutual bene�t. Second,
existing probabilistic alignment methods lack effective strategies to estimate bandwidths of
probabilistic distributions, and heavily depend on empirical tuning without any theoretical
justi�cations [47]. Consequently, their performance is hindered from further enhancement.

In this work, we develop a uni�ed framework as well as a novel bandwidth estimation
strategy to tackle the aforementioned problems. For uni�cation, we show that the relation
between geometric and probabilistic alignment algorithms can be explained from an informa-
tion geometric perspective, where both geometric and probabilistic approaches are regarded
as conducting the same operation but in different spaces. For bandwidth estimation, we show
that the objective function developed for alignment intrinsically serves as a guidance for
estimating bandwidths; hence we do not need to tune them empirically. We summarize our
contributions as follows:

� A theoretical uni�cation that bridges the geometric and probabilistic alignment ap-
proaches for mutual bene�t.

� A bandwidth estimation strategy with theoretical and practical advantages over existing
approaches.

It is noteworthy that there already exist some attempts to bridge the geometric approaches
with the probabilistic ones via expectation-maximization (EM) [47, 65]. However, the fact
that the underlying metric of the EM algorithm is the Kullback-Leibler divergence (KL-
divergence) prevents these works from explaining other divergence-minimization-based
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Table 2.1 Summary of geometric and probabilistic alignment algorithms

Problem Formulation Optimization Milestone

Geometric Orthogonal Procrustes problem
w/ unknown assignment Alternating optimization ICP [10]

Probabilistic Distribution-�tting of
MM/KDE Expectation maximization CPD [100]

Probabilistic Divergence-minimization
between MM/KDE Gradient descent GMMReg [66]

* MM: mixture model, KDE: kernel density estimation

methods [58, 146]. As a result, such a uni�cation cannot be generalized to all the cases. On
the other hand, our explanation suits all cases well without exception.

2.2 Related works

Geometric and probabilistic methods possess their respective merits in solving the point
cloud alignment problem. Speci�cally, owing to the explicit handling of correspondences,
geometric methods are more �exible in tasks such as symmetric alignment and outlier
rejection. On the other hand, probabilistic ones are more accurate under conditions such
as point-wise varying noises or clustering-based alignment. We summarize their common
objectives in Table 2.1, where MM and KDE respectively stand for mixture model (a.k.a.,
mixture family distribution) and kernel density estimation.

Geometric approaches for alignment By formulating the objective as the orthogonal
Procrustes problem [46] with unknown correspondences, ICP [10] leads the development of
geometric approaches for point cloud alignment. Some variants of it present alternatives on
establishing correspondences. For example, EM-ICP [47] relaxes the binary correspondence
rule to soft assignment to deal with inaccurate initialization. Goldet al. [45] convert
the soft assignment matrix into a doubly stochastic one to allow symmetric alignment.
Trimmed-ICP [25] robusti�es the standard ICP algorithm by trimming out probable mis-
correspondences. There also exist other extensions that study global optimization and
ef�ciency. For instance, Yanget al. [159] propose a Branch-and-Bound search strategy to
guarantee global optimization. Greenspan and Yurick [48] use the approximated k-d tree
for reducing the computational cost of matching. The point-to-plane [84, 24] and plane-to-
plane [123] variants substitute the point-to-point correspondence for faster convergence and
symmetric alignment.
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probabilistic approaches for alignment Unlike the geometric methods that represent a
point cloud as a group of points in the Euclidean space, the probabilistic methods use a
representation based on mixture family distributions to better handle noise. For example,
Myronenkoet al. [100] consider one point cloud as a GMM and another one as samples
drawn from it. Consequently, it casts the alignment problem to a semi-parametric estimation
one that can be solved via the Expectation-Maximization algorithm. Another thread of work
�ts distributions to two point clouds, whose optimal transformation are found by minimizing
the divergence between them. In speci�c, Jian and Vemuri [65] recommend minimizing the
L2-divergence between GMMs. Other distributions and divergences are also explored, such as
Student’st-distribution [170], hybrid mixture model [97], Jensen�Shannon divergence [146]
and Cauchy�Schwarz divergence [58], just to name a few.

Uncertainty estimation strategies Covariance and bandwidth are parameters that emerge
in probabilistic methods for mapping point clouds to distributions. Some of the previous
works estimate the covariance with clustering techniques [11, 19, 132] or via sensor mod-
eling [90], and keep it unchanged during alignment. Others decide to set the covariance
as a free shrinkage parameter to perform global-to-local matching [29], which is realized
by either a multiplier [47] or deterministic annealing [66, 29, 167]. In contrast with these
empirical solutions, we analyze in detail the differences between covariance and bandwidth,
and present a simple but effective approach to updating the bandwidth.

Attempts to unify geometric and probabilistic approaches There already exists literature
that attempts to unify geometric and probabilistic approaches. For example, Granger and
Pennec [47] interpret ICP as minimizing the sum of Mahalanobis distances between Gaussian
distributions. Jian and Vemuri [65] explain ICP as an approximation of minimizing KL-
divergence between two GMMs. Segalet al. [123] use maximum likelihood estimation
(MLE) to maximize the sum of probabilities of distances between paired points, which
actually leads to the same conclusion drawn by [65] but from a different perspective. The
main difference between these existing works and our proposal is that, while they treat ICP
as a particular case of their respective objective functions without referring to its variants,
we provide thorough theoretical explanations to unify geometric and probabilistic methods
without any exception.
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2.3 A uni�ed framework of geometric and probabilistic
approaches

In this section, we present the details of our uni�ed explanation of the existing geometric and
probabilistic point cloud alignment approaches. We also provide a detailed analysis of the
two unique geometric methods,i.e., the point-to-plane and the plane-to-plane ICP algorithms,
whose problem formulations cannot be directly explained by our uni�ed framework.

2.3.1 Uni�cation of generic geometric and probabilistic approaches

Our work is inspired by the theory of information geometry [3]. It studies statistics with
geometric tools by considering distributions as points on Riemannian manifolds, where
Fisher information is a natural choice of metric. Before unifying geometric and probabilistic
approaches, we �rst need to bridge the distribution-�tting and divergence-minimization
methods within the probabilistic class.

Lemma 1. Maximizing likelihood is equivalent to minimizing KL-divergence:

argmax
q

P(x;q) = argmin
q

KL(P(x;q?) jP(x;q)) ;

whereq is the estimated parameter andq? is the ground-truth one.

While Lemma 1 broadly raises in literature [148], we present a proof here to make this
thesis self-contained.

Proof. Given a ground-truth distributionP(x;q � ) and an estimated oneP(x;q), minimizing
the KL-divergence between them can be equivalently written as

KL(P(x;q � ) jP(x;q)) =
Z

P(x;q � ) log
�

P(x;q � )
P(x;q)

�
dx

=
Z

P(x;q � ) log(P(x;q � )) �
Z

P(x;q � ) log(P(x;q)) :
(2.1)

Since the �rst term on the right side is a constant w.r.t.q, minimizing the KL-divergence
leads to

min
q

KL(P(x;q � ) jP(x;q)) = max
q

Z
P(x;q � ) log(P(x;q))

= max
q

EP(x;q � ) [log(P(x;q))]

= max
q

lim
n! ¥

1
N å log(P(xi ;q)) ;

(2.2)



14 Toward a uni�ed framework for point cloud alignment

wherexi are samples drawn from the ground-truth distribution log(P(x;q � )) .
One the other hand, we can write MLE into

max
q Õ (P(xi ;q)) = max

q
log(P (P(xi ;q)))

= max
q

å log(P(xi ;q)) :
(2.3)

Since Eq.(2.3)and Eq.(2.2)are the same up to a scalar, we can conclude that MLE is the
same as minimization of the KL-divergence.

Per Corollary 1, the objective function of distribution-�tting alignment methods can be
rewritten as minimizing divergence:

argmax
T

Õ P
�
b j ;A;T;q

�
� argmin

T
KL(P(B;qb) jP(A;T;qa)) ; (2.4)

whereP(A;T;qa) = å a iP(ai ;T;qai) andP(B;qb) = å b jP
�
b j ;qb j

�
are MMs constructed

from point cloudsA andB. We hereafter denote them asP(A) = å a iP(ai) andP(B) =
å b jP

�
b j

�
for notational simplicity. Now, all the probabilistic methods can be seen as a

divergence-minimization problem, which lays the foundation for our uni�cation.
KL-divergence is not the only choice for formulating the objective function. In fact, as

employed by numerous related works [65, 58, 146], there are many off-the-shelf divergences
for selection. However, not all of them are suitable for the alignment problem. As a naive
rule, we desire the selected divergence to be invariant when the points are encoded in different
ways. Speci�cally, given a mappingh, we want the divergenceD to satisfy

D (PjQ) = D (h(P) jh(Q)) : (2.5)

Equation(2.5)directly leads to the theory off -divergence, which contains a group of famous
divergences such as KL-divergence, total variation, and all of thea -divergences. We present
its formal de�nition in Lemma 2.

Lemma 2. The f -divergence:

D f (PjQ) ,
Z

W
p f

�
q
p

�
dm;

is an invariant measurement, wherem is the reference distribution satisfyingp = dP
dm and

q = dQ
dm, and f is a smooth convex function. It is convex w.r.t. both P and Q.
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A detailed introduction together with proof of Lemma 2 can be found inP54-P65of [3].
Although thef -divergence is a reasonable choice to formulate the objective function, it is
seldom analytically computable when the incorporated distributions are MMs. Therefore, we
need to �nd a solvable upper bound for optimization purposes.

Given two MMs written in the form ofP = å M
i a iPi andQ = å N

j b jQ j , wherePi andQ j

are the respective component distributions ofP andQ, anda i andb j are their weights; we
can treat them as having the same number of components

8
><

>:

P = å MN
i a i;nPi;n

Q = å MN
j b j;mQ j;m

;

where

8
>>>>>>>>>>><

>>>>>>>>>>>:

a i;1 = � � � = a i;n = a i
N

b j;1 = � � � = b j;m = b j
M

Pi;1 = � � � = Pi;n = Pi

Q j;1 = � � � = Q j;m = Q j

:

(2.6)

Owing to its convexity, we can de�ne an upper bound of thef -divergenceD f (PjQ) in the
summation form via Jensen’s inequality [117]

D f (PjQ) = D f

 
M;N

å
i;n

a i;nPi;nj
M;N

å
j;m

b j;mQ j;m

!

6
M;N;M;N

å
i;n; j;m

D f
�
a i;nPi;njb j;mQ j;m

�
:

(2.7)

Moreover, since MMs are invariant to permutation of indices, we can always tighten the
upper bounds in the form of

D f (PjQ) 6
M;N;M;N

å
i;n; j;m

D f
�
a i;nPi;njbs(i)Qs(i)

�

6
M;N;M;N

å
i;n; j;m

pi j D f
�
a i;nPi;njb j;mQ j;m

�

=
M;N;M;N

å
i;n; j;m

pi j D f

�
a i

N
Pi;nj

b j

M
Q j;m

�
;

(2.8)
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Algorithm 1: The uni�ed algorithm for point cloud alignment
Input: point cloudsA andB, initial transformationT
While not converged:

� Step 1: Find a mappinge : R3 ! M (or R3) for
each pointai andb j under currentT.

� Step 2: Establish correspondences onM (or R3)
under currentT.

� Step 3: Minimize the sum of divergences (or
Euclidean distances) w.r.t.T.

Output: Estimated transformationT

wherebs(i)Qs(i) denotes the nearest component ofQ w.r.t. a i;nPj;m, andpi j is a weight
coef�cient s.t. å j pi j = 1.

Moreover, since points within each point cloud are equally weighted, the MMs generated
by the two point clouds obeya i = b j = 1

M . Therefore, by applying Eq.(2.8)to the alignment
problem, the objective function can be written as

J =
M;N;M;N

å
i;n; j;m

pi j D f

�
1

MN
P(ai) j

1
NM

P
�
b j

� �
: (2.9)

Moreover, according to the invariance property of thef -divergence, we can equally scale
each component distribution byMN without changing the objective function. Consequently,
the above equation is simpli�ed to

J =
M;N

å
i; j

pi j D f
�
P(ai) jP

�
b j

��
: (2.10)

Recalling that the objective functions of ICP in its generalized form (i.e., soft assignment) is
written as

J = å pi j


 T � ai � b j



 2
2 ; (2.11)

we can see that it is very similar to Eq.(2.10), except that the Euclidean distance is replaced
by the f -divergence. In order to present a more comprehensive understanding of what
probabilistic methods actually do, we introduce another property of thef -divergence shown
in Lemma 3.

Lemma 3. The f -divergence naturally introduces geometric structures toP andQ, where
�sher information metric (FIM) is the associated Riemannian metric. Also, we can always
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(b) Probabilistic

Fig. 2.1 A conceptual illustration of how geometric and probabilistic methods work. While
geometric approaches operate on the Euclidean space with euclidean distance as the metric,
probabilistic algorithms work on the probabilistic manifold with the associated Fisher infor-
mation metric.

use a convex functionf satisfyingf (1) = 0, f 0(1) = 0 and f 00(1) = 1 to formulate a standard
f -divergence.

Lemma 3 in fact leads to the theory of information geometry [3], which studies statistics
with geometric tools by treating distributions as points on a Riemannian manifoldM . Since
existing works mainly treated Lemma 3 as a corollary without any detailed proof, we present
a proof of it in the following.

Proof. Given two neighboring pointsP(x;q) andP(x;q + dq) (hereafter denoted asP(q)
andP(q + dq) for notational simplicity) onM , we can obtain the local form of thef -
divergence:

D f (P(q) jP(q + dq)) =
Z

P(q) f
�

P(q + dq)
P(q)

�
: (2.12)

By expanding the termf (�) with Taylor expansion to the2nd order and using the properties
f (1) = 0, f 0(1) = 0 and f 00(1) = 1, Eq. (2.12) can be rewritten into
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D f =
Z
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�
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�
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�
+
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�
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1
2
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P(q)
¶ logP(q)

¶q
¶ logP(q)

¶q

�
dq

=
1
2

gi j dq idq j ;

(2.13)

where Einstein Summation form is used andgi j =
R

P(q) ¶ logP(q)
¶qi

¶ logP(q)
¶qj

is exactly the
FIM.

Since the last line of Eq.(2.13)is a general notation for distance, we can also express the
euclidean distance in the same form by changinggi j to the Kronecker-delta. Therefore, we
can now express the objective functions of both probabilistic and geometric methods in the
uni�ed form of

J =
pk
2

gk
i j dq i

kdq j
k ; (2.14)

wherek denotes the indices of pairs of points; andgi j encodes distinct metrics for probabilistic
and geometric methods.

With this uni�ed objective function, we can conclude that the two classes of algorithms,
in fact, conduct the same operations in different spaces associated with different metrics.
Speci�cally, as illustrated in Fig. 2.1, same as the classical ICP algorithm and its variants,
both geometric and probabilistic methods can be interpreted as iterating between matching
and pose estimation until convergence, but just in distinct spaces.

One merit of the uni�ed explanation is that, we are freed from having to select between
geometric and probabilistic alignment algorithms. That is, we can always develop an
algorithm that imitates ICP and its variants on handling correspondences while keeping the
algorithm probabilistic to handle noise. We summarize the uni�ed algorithm in Algorithm 1,
wheree is an endomorphism (R3 ! R3) for geometric methods and a homomorphism
(R3 ! M ) for probabilistic counterparts.

It is noteworthy thatf -divergence does not exclude the others from consideration. For
example, we consider the case of a GMM with isotropic noise. In such a condition, an
objective function based onL2-divergence [65] is in fact equivalent to an upper bound of the
symmetrized KL-divergence-based one in terms of optimizingT, although it belongs to the
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Bregman family. However, whether such a loose upper bound (same weight between any
pairs of points) is enough for achieving accurate estimations is another story.

2.3.2 Uni�cation of point-to-plane and plane-to-plane methods

Different from many other variants of ICP, the point-to-plane [84] algorithm developed for
faster convergence and the plane-to-plane [123] one for symmetric alignment do not share
the same geometric intuitions of ICP. Therefore, in this section, we show how to interpret
them under our uni�ed framework.

The point-to-plane method is introduced as minimizing the sum of differences along
surface normals. The objective function is in the form of

J (T) = å



 nT

s(i)
�
T � ai � bs(i)

� 



2

2
; (2.15)

wherebs(i) denotes the nearest point toai, andns(i) is the surface normal atbs(i). On the
other hand, the plane-to-plane approach �ts Gaussian distributions on both point clouds
and maximizes the likelihood of the residualsbs(i) � T � ai w.r.t. T, which leads to the the
following objective function

J (T) = å
�
bs(i) � T � ai

� T
�

SSSbs(i) + RSSSai R
T
� � 1 �

bs(i) � T � ai
�

; (2.16)

whereSSSai andSSSbs(i) are the bandwidths determined by the spans of surface normals at points
ai andbs(i) . Furthermore, if we assumeSSSai = 0 holds for allai , Eq.(2.16)can be rewritten as

J (T) = å
�
bs(i) � T � ai

� T SSS� 1
bs(i)

�
bs(i) � T � ai

�
:

= å



 h T

s(i)
�
T � ai � bs(i)

� 



2

2
:

(2.17)

The equality of Eq.(2.15)and Eq.(2.17)demonstrates the relations between point-to-plane
and plan-to-plane approaches. In fact, as analyzed by the plane-to-plane method itself [123],
the point-to-plane algorithm can be treated as one of its instance.

Due to the same formulation of objective functions of the two methods, we hereafter only
discuss how Eq.(2.16)is related to our framework. Speci�cally, we can easily obtain the
objective of the plane-to-plane algorithm by replacing thef -divergence in our uni�cation
with the Mahalanobis distance [95], which belongs to the Bregman family, and the normals
serve as a guidance for bandwidth estimation.
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2.4 Bandwidth estimation using an intrinsically contained
hint

The aforementioned Algorithm 1 is abstract, and we need to concretize the mappinge :
R3 ! M therein to make it practically usable. Fortunately, the aforementionedf -divergence
intrinsically contains a hint for doing so. To maintain consistency with other alignment
literature, and without loss of generality, we hereafter assume that all the points within a
given point cloud are contaminated by the same isotropic Gaussian noise.

Since the expectation of each Gaussian distribution can be naturally determined as the
point position in the Euclidean space, the only remaining problem related to the mapping
pertains to the covariancesSSSa andSSSb. In the case of clustering-based approaches [11, 132],
they are easy to estimate and can be treated as known parameters. However, in general cases,
the mapping is considered as a bijection, which leads to the bandwidth estimation problem
of KDE.

Empirically, the bandwidth of a general KDE can be estimated beforehand and �xed
with rule-of-thumb methods [126]. However, in the context of the alignment problem, a
dynamically updated one would be more suitable since the relative position of two point
clouds varies according to the transformationT.

The heuristic method of deterministic annealing is a popular tool for setting the band-
widthsSSSa andSSSb [66, 65, 58]. Its philosophy is based on the asymptotic behaviors as studied
by Chuiet al. [29]. In detail,SSSa andSSSb control the correspondencepi j between point clouds.
The correspondences are vague whenSSSa andSSSb are large, and become asymptotically binary
when they approach0. Therefore, in order to take advantage of both soft assignment and
binary correspondences to avoid local minima and obtain accurate alignment, deterministic
annealing gradually decreasesSSSa andSSSb from large initial values until convergence. Al-
though promising performances have been observed, we hesitate to do so since bandwidth
estimation is an independent problem in statistics with more effective solutions.

In this work, we claim that the objective function developed for alignment intrinsically
acts as a guidance for dynamically setting the bandwidths. Speci�cally, it reminds us of the
bandwidth estimation technique based on risk functions [116], where the optimal bandwidth
is the one that minimizes a risk functionL w.r.t. the ground-truth distribution [49].

Remark 1. A risk functionL is de�ned as the expectation of a lossf : L = E [ f ]. Applying
to bandwidth estimation of KDE, the optimal bandwidth of a KDEp can be retrieved by
minimizing E[ f (p;q)], where q is the underlying ground-truth distribution for reference.
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According to Remark 1, thef -divergence naturally formulates one risk function in the
form of D f = Ep

h
f
�

q
p

�i
. Therefore, if we alternately �x the pointP(ai) or P

�
b j

�
as the

reference, thef -divergence also serves as an objective function for estimating the bandwidth
of the other one.

If the reference distributionq is the ground-truth, a plausible bandwidth of the variable
distributionp would be the one that minimizes the difference between them. However, for
the alignment problem, sinceq is just temporarily �xed, directly tuningp towards it would
unavoidably introduce large variance for smoothing purposes. This problem is known as the
bias-variance-tradeoff, where we want to reduce the redundancy of each distribution while
keeping it similar to the �ground-truth.� As a solution, we employ the minimizing entropy
criterion proposed by Jianget al. [68] as a solution. Speci�cally, we can limit the variance
of a KDE by adding a regularization term of its entropy, which leads to our �nal objective
function:

J (T;SSSa;SSSb) = å pi j D f
�
P(ai) jP

�
b j

��

+ l 1H (P(A)) + l 2H (P(B)) ;
(2.18)

whereH (�) is the entropy, andl 1 andl 2 are the regularization parameters. As commonly
used in other alignment algorithms, Eq.(2.18)can be facilely minimized via alternating
optimization, which update the transformationT, the bandwidthsSSS and the correspondences
p alternately.

2.5 How uni�cation helps mutual bene�t: A case study

Based on the aforementioned uni�cation, we can always design an algorithm that takes
advantage of both probabilistic and geometric methods, namely, an algorithm based on
divergence-minimization with explicitly maintained correspondences. In this section, we
take the symmetric alignment task as an example to demonstrate its effectiveness.

2.5.1 Problem formulation

Assuming that the two point cloudsA andB consist of a similar amount of points and no
preliminary information of the alignment order (A ! B or B ! A) is given, symmetric align-
ment aims at alleviating the effects of alignment order on the �nal results. That is, we want
A ! B andB ! A to return the same estimation of transformations and correspondences.

This problem is easy to solve for geometric methods. For example, as used in [45, 30,
160], it is a common practice to convert the aforementioned soft assignment matrixp to
an (asymptotic) doubly stochastic one in each iteration. In detail, the property of doubly
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Algorithm 2: A probabilistic method for symmetric alignment
Input: point cloudsA andB, initial transformationT, and initial scales of the

isotropic covariance matricessa andsb
While not converged:

� Step 1: Calculate a soft assignment matrixp under currentT, sa, andsb

� Step 2: Mapp into a doubly stochastic matrix

� Step 3: UpdateT, sa, andsb by minimizing Eq. (2.18) with currentp

stochastic matrices that each row and column sums to 1 helps to ignore the normalization
axis of p, hence the alignment order is perfectly balanced. On the other hand, despite
their superiority on handling noises, dealing with symmetric registration is a weakness
of existing probabilistic methods. In detail, the �A as model andB as data� principle of
distribution-�tting-based methods [100, 97] naturally requires a pre-de�ned alignment order.
For the methods based on divergence-minimization, although we can rely on some symmetric
divergences [146, 58], there still lacks a uni�ed solution when using general divergences.

On the other hand, our uni�cation helps the statistical algorithms to realize symmetric
registration. In detail, if we treat each component distribution as a point onM , we can
naturally follow the geometric methods and convert the assignment matrixp to doubly
stochastic in each iteration. The only difference is that, while geometric methods use the
Euclidean distance, the probabilistic ones must replace it with a divergence. Therefore, by
further combining with our bandwidth estimation strategy mentioned in Chapter 2.4, we can
obtain an algorithm for symmetric alignment summarized in Algorithm 2.

2.5.2 Experiments

We conduct experiments to show how our uni�cation can combine the merits of geometric and
probabilistic methods to further improve the alignment accuracy. We select four candidate
methods for comparison: ICP [10], RPM [45], CPD [100], and SVR [19]. Among them, ICP
solves the alignment problem in a pure geometric manner. RPM converts the correspondences
of ICP to doubly stochastic to realize symmetric alignment. CPD and SVR represent the
distribution-�tting and divergence-minimization-based probabilistic approaches, respectively.
Regarding the implementations used in the experiments, ICP and RPM are implemented by
ourselves, CPD is provided by the authors, and SVR is from theProbRegPython library1.
For all of the following experiments, we assume that the datasets are not under extreme

1ProbReg: http://probreg.readthedocs.io/, last accessed on Friday 30th December, 2022
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Fig. 2.2 Examples of the synthetic point clouds we used.

conditions (i.e., severe outliers, low overlaps, or signi�cant distinction between numbers
of points) since they commonly require additional modi�cation by extending the4 base
approaches with other techniques[25, 107, 171, 87].

We use the symmetrized KL-divergence to specify thef -divergence for maintaining
symmetry. Also, in order to demonstrate that the tools developed for geometric methods
can be directly applied to probabilistic ones, we follow RPM [47] and use softmax for
soft assignment and Sinkhorn iteration [127] for converting the assignment matrixp to
doubly stochastic. For each pair of point clouds in both synthetic and realistic datasets,
we conduct the alignment from bothA ! B andB ! A. We useR� Err =



 I � RT
gtResti




F ,

t� Err =


 testi� tgt




2 andT� Err =



 I � T� 1
estiTgt




F as the respective error metrics for rota-

tion, translation and transformation. For parameter setup, the regularization coef�cients for
bias-variance-tradeoff in our method are set tol 1 = l 2 = 50. The annealing parameter is set
to 0.95 for RPM and 0.9 for SVR, with which we observe better performances. For CPD,
the weight of uniform distribution is set to 0.1. The maximum iteration is set to 100 for all
the algorithms except SVR, which is set to 10 for its slow clustering procedure. In fact, we
observe that once the SVR algorithm succeeds, the number of iterations shows minor effects
on its �nal accuracy.

The experiments hereafter are arranged in the following manner:

� Chapters 2.5.3 and 2.5.4 compare different methods using synthetic and real-world
point clouds, respectively.

� Chapter 2.5.5 explores the tolerance level of different methods w.r.t. varying noise and
outlier levels.

� Chapter 2.5.6 reports the elapsed time.
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Table 2.2 Errors on the synthetic data (both rotational and transformational errors are in
1e� 2 scale).

Mean Median

R err t err T err R err t err T err
ICP 39.49 6.93e-4 39.49 2.91 6.71e-4 2.91

RPM 4.92 7.04e-4 4.93 4.29 6.96e-4 4.29
CPD 1.67 3.30e-4 1.67 1.32 3.24e-4 1.32
SVR 11.73 6.02e-4 11.73 4.21 4.08e-4 4.21
Ours 0.93 3.73e-4 0.93 0.96 3.56e-4 0.96

2.5.3 Test on synthetic data

We �rst test how different algorithms perform on synthetic point clouds. Since noises
unavoidably exist in the real world, we follow existing works and add noises to the data to
simulate real-world degradations. For the speci�c experimental setup, we base the tests on
the bunny and the dragon point clouds given in [31, 28], and a teddy from Free3D2. These
point clouds are all down-sampled to around1000points for a reasonable runtime. We add
isotropic Gaussian noises with standard deviationSSS = 0:0015I andSSS = 0:0025I , as well as
10%of outliers to the two point clouds respectively. An example pair of data is presented
in Fig. 2.2. The alignment is repeated20 times on each pair of point clouds. For each trial,
a random ground-truth rotationR drawn from Euler angles in the range of(0� ;60� ) along
each axis, and a random translation is used. The results are shown in Table 2.2. By unifying
probabilistic modeling and geometric corresponding, together with our proposed bandwidth
estimation strategy, we can champion both the rotational and the overall transformational
estimations, although it performs negligibly inferior to CPD on estimating the translations.

2.5.4 Test on real-world data

We also conduct experiments on a laser scan dataset to study real-world performance. In
detail, we base the tests on the �rst10 scans of the ETH Hauptgebaude dataset [109]. An
example data is presented in Fig. 2.3. This dataset is challenging as it consists of repetitive
patterns and partial overlaps. Since some of the original ground-truth rotations are either
extremely large that none of the candidates can give reasonable estimations, we manually
reset the rotations to the range of(0� ;60� ) in Euler angles along each axis. We also change
the weight of the uniform distribution of CPD to0 as we found it barely succeeds with other
numbers. Again, each point cloud is down-sampled to around1000. The results are shown

2Free3D: http://www.free3d.com, last accessed on Friday 30th December, 2022
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Fig. 2.3 An example of the ETH Hauptgebaude dataset. Some points are cropped for better
visualization.

Table 2.3 Errors on the laser scan data.

Mean Median

R err t err T err R err t err T err
ICP 2.11e-2 0.61 0.61 1.90e-2 0.55 0.61

RPM 5.06e-2 0.11 0.11 4.65e-2 0.11 0.11
CPD 2.08e-2 0.15 0.15 1.93e-2 0.15 0.15
SVR 6.69e-2 0.48 0.49 4.21e-2 0.36 0.49
Ours 1.66e-2 0.12 0.12 1.56e-2 0.12 0.12

in Table 2.3. As can be seen, our method outperforms all the others on estimating rotations.
For translational and transformational errors, although RPM presents slightly better results,
the relative differences between them and ours are small.

2.5.5 Test with varying levels of noise & ratios of outlier

We test the robustness of Algorithm 2 w.r.t. different ratios of outliers and levels of noises. For
experimental setup, we use the aforementioned bunny point cloud and �x the ground-truth
rotation to30� in Euler angles. For outliers, we use the10ratios uniformly distributed within
5%to 50%. For noises, we vary the covariances of Gaussian noise from1e� 3I to 5e� 3I
with a step size of5e� 4I . We repeat the experiment10 times with each ratio and each level.
The mean errors are plotted in Figs. 2.4 and 2.5. For the case of different levels of noise, our
proposal in general performs better than CPD. For the case of distinct ratios of outliers, our
method can stably present higher accuracy compared with the others.

2.5.6 Elapsed time of different methods

In this experiment, only ICP, RPM, CPD, and our proposals are considered since all of them
are implemented with C++. All the trials are carried ou on a desktop with an Intel i9-9900K
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Fig. 2.4 Alignment accuracy w.r.t. varying levels of noises.

Fig. 2.5 Alignment accuracy w.r.t. varying ratios of outliers.

CPU and 32GB RAM. The values are retrieved from the synthetic experiments mentioned
above. We record the time on all of the4 datasets and their averages are treated as the �nal
values. The results are shown in Table 2.4. Combining geometric and probabilistic algorithm
will not signi�cantly enhance the elapsed time.
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Table 2.4 Average elapsed time records on the synthetic datasets (second).

ICP RPM CPD Ours

Avg. elapsed time 0.09 4.13 59.06 7.18

Fig. 2.6 Comparison of the alignment accuracy w.r.t. different annealing parameters. The
orange line is achieved by �xing the tradeoff parameters tol 1 = l 2 = 50.

2.6 Performance of the proposed strategy for bandwidth
estimation

In this section, we study the performance of our proposed bandwidth estimation strategy.
For experimental setup, we use the aforementioned synthetic bunny point cloud with a �xed
ground-truth rotation of(30� ;30� ;30� ) in Euler angles and a random translation. The noises,
outliers, and other control variables are maintained the same as mentioned above. All the tests
are again based on Algorithm 2 for its good performance, although our uni�ed explanation is
applicable to general approaches based on divergence minimization.

2.6.1 Comparisons of alignment accuracy between deterministic an-
nealing and our proposal

We study the relative performance between the commonly used deterministic annealing
technique and our proposal to show the superiority of our bandwidth estimation strategy.
Speci�cally, given initial bandwidths, the deterministic annealing technique multiplies it
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Fig. 2.7 Alignment accuracy w.r.t. different tradeoff parametersl 1 andl 2.

with a shrinkage coef�cients after each iteration. In our implementation, we observe that
the alignment performances become signi�cantly unstable whens is within the range of
(0:9;0:95), and it hardly succeeds whens 2 (0;0:9). Therefore, we limits to be drawn
from (0:95;1) to make the comparison meaningful. The results are reported in Fig. 2.6.
It is conspicuous that the performance of deterministic annealing is not stable as minor
changes ons led to conspicuous shifts in the estimated results. Moreover, its accuracy is still
signi�cantly inferior to our strategy.

2.6.2 Stability of our proposal w.r.t. different trade-off weight l

As the only free parameters in our proposal, it is meaningful to study how differentl 1 and
l 2 for bias-variance-tradeoff can affect the performance. We again simply assumel 1 and
l 2 to share the same value:l 1 = l 2 = l . For testing purposes, we uniformly pick20 trials
with l 2 [1;60]. The �nal errors are summarized in the histograms presented in Fig. 2.7.
As can be seen, our bandwidth estimation strategy is stable w.r.t. varyingl within a broad
tuning range. In detail, the apparent dominant error suggests that a large scope of different
l can eventually lead the algorithm to the same estimation. Moreover, compared to the
performance of the deterministic annealing mentioned above, the difference between the best
and worst estimations of our proposal is only in 10� 3 magnitude.
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2.7 Discussion and conclusion

In this work, we present a uni�ed framework for understanding how geometric and probabilis-
tic point cloud alignment algorithms work. We show that they can be explained as conducting
the same operations in different spaces based on the theory of information geometry. We
also derive a bandwidth estimation strategy for general probabilistic algorithms based on
divergence minimization, which is shown to be a promising substitution of the existing
heuristic method, both theoretically and practically. Also, by taking the symmetric alignment
task as an example, we show how our uni�cation effectively combines the strengths of both
classes, and various experiments demonstrate its effectiveness.

For future works, for practical purposes, one may combine the probabilistic alignment
methods with other geometric ones to deal with cases such as partial overlapping, sparse-to-
dense alignment and multiple alignment. As another direction of future works, it is interesting
to explore how to theoretically select a suitablef -divergence for the alignment problem,
which remains an open problem in information science. Also, one may consider about how
to design ef�cient data structures for nearest-neighbor search among distributions, which
would play an important role in accelerating the geometric-probabilistic approaches.





Chapter 3

Point cloud alignment with robust
permutational constraint

Given the conclusion in Chapter 2 that a majority of point cloud alignment methods, in
fact, work by repeating the matching-and-pose-estimation process, in this chapter, we aim
to address a �aw that commonly raises in the matching process.I.e., existing matching
strategies cannot simultaneously maintain the feasibility of estimation and robustness w.r.t.
outliers. To this end, we propose a generalized version of the shuf�ed linear regression
problem, which we callgeneralized shuf�ed linear regression(GSLR).

As a variant of ordinary linear regression, (G)SLR requires estimating not only the
regression variable, but also the permutational correspondences between the covariates and
responses. While existing SLR formulations require the underlying ground-truth correspon-
dences to be an ideal bijection such that all pieces of data should match, such a requirement
barely holds in real-world applications due to the existence of either missing data or outliers.
On the other hand, our GSLR formulation covers a broader range of conditions where only a
part of the data should correspond.

In this chapter, besides introducing the detailed formulation of GSLR, we also study
its effective recovery condition and NP-hardness. Moreover, we present a simple yet effec-
tive optimization algorithm for deriving the solution. Its global convergence property and
convergence rate are also analyzed in detail. Distinct tasks validate the effectiveness of our
proposed formulation and the solution method.
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3.1 Introduction

Linear regression is a powerful tool for various tasks in computer vision. In the least squares
form, its objective function is written as

min
x2X

kAx � bk2 ; (3.1)

whereA 2 Rn� d (n � d) andb 2 Rn respectively stand for the collections of covariates and
responses,x 2 X � Rd is the regression variable, andk�k denotes the Euclidean norm.

Besides the regression variablex, there are cases where the correspondences betweenA
andb are also unknown. For example, in computer vision tasks such as point cloud align-
ment, shape matching, perspective-n-points, and image alignment, the regression variablex
stands for the rigid spatial transformation, spectral mapping, camera projection, and image
transformation matrices, respectively. In these cases, correspondences among points, vertices,
or pixels are often unknown. Similar situations also appear in other �elds, such as data
de-anonymization [101] in data science, artifacts dating [42] in archaeology, and sampling
with jitter [106] in signal processing.

All these issues have motivated a variant of linear regression recently, namely, the
least squares-basedshuf�ed linear regression(SLR) problem [106, 163]. Its goal lies in
simultaneously recovering both the correspondences between data and the regression variable
x. Formally, the objective function of SLR is

min
P2P � ; x2X

kPAx � bk2 ; (3.2)

whereP is ann-dimensional square permutation matrix from the discrete and �nite setP �

satisfying 8
><

>:

P1= 1
PT1 = 1

Pi j 2 f 0;1g
; (3.3)

where1 is the all-one vector, andPi j denotes thei j th entry ofP. Intuitively, Constraints (3.3)
bring some plausible properties on the relations between each covariateA i and responseb j :

� Pi j 2 f 0;1g ensuresA i andb j are either absolutely matched or completely isolated
from each other.

� P1= PT1 = 1 ensures the bijectivity betweenA andb alongside the aforementioned
binary property.
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This vanilla SLR formulation demands exactly the same cardinalities off A ig andf b jg, and
all of them to be inliers. However, such requirements are seldom satis�ed in practice due to
missing data and outliers. For these reasons, the applicability of SLR to real-world tasks is
limited.

In this work, we propose a generalized version of SLR: GSLR. In contrast to SLR that
requires the underlying ground-truth correspondences to beall-to-all, GSLR can also handle
partial-to-all andpartial-to-partial cases by constraining the rank of the permutation matrix.
Our contributions are summarized as follows:

� We present GSLR, a generalized formulation of SLR. By modifying the conventional
permutational constraint to be rank de�cient, GSLR is applicable to practical situations
where the correspondences should be partial-to-partial (or all). Its effective recovery
condition and computational complexity are also analyzed in detail.

� We propose a simple yet effective optimization algorithm to solve the formulated
GSLR problem. Its convergence property is also analyzed in detail, appearing to the
global convergent with a sub-linear convergence rate.

� We demonstrate how GSLR can bene�t computer vision tasks such as point cloud
alignment and isometric shape matching in achieving state-of-the-art accuracies.

3.2 Related works

We �rst review the prior-arts and applications related to (G)SLR. Relevant techniques and
other permutation-constrained problems are also discussed.

3.2.1 Shuf�ed linear regression

Some pioneering works of SLR focus on theoretical analyses of the problem. For example,
Unnikrishnanet al. [140] prove that for a given set of covariatesA 2 Rn� d, n � 2d is
necessary for obtaining a unique solution of the regression variablex in noiseless cases.
Pananjadyet al. [106] further extend this condition to noisy data and show that the SLR
problem is NP-hard when the regression variable is not a scalar. Tsakiris and Peng [138]
establish a theory of homomorphic sensing, which generalizes SLR to any �nite sets of
linear transformations over vector subspaces. There also exists a work [60] that provides
theoretical guidance on the design of algorithms to globally optimize SLR. However, they
are still impractical due to theO

�
nd�

computational complexity.
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Other literature focuses on practically solving the SLR problem. For example, Abidet
al. [1, 2] establish a Monte-Carlo expectation-maximization framework by treating corre-
spondences as the hidden parameter. Zhanget al. [163] reformulate Objective (3.2) by
eliminatingx with a maximum likelihood criterion and propose a framework based on the
alternating direction method of multipliers (ADMM) for optimization. There also exist some
works that focus on solving simpli�ed versions of Objective (3.2). For example, Ashwinet
al. [105] estimatePAx as a whole and pose it as a denoising problem. Slawski and Ben-
David [128] assume only a small amount of data is disordered, and propose to model the
sparsely-shuf�ed property viaL1-norm. Based on the same assumption, they later suggest
rejecting the mismatched ones as outliers via robust estimation [129].

We are not the �rst to generalize SLR to deal with outliers. There already exist some works
that assume the ground-truth matching to be partial-to-all. For example, Haghighatshoar and
Caire [53] propose to �nd the correspondences via dynamic programming. Elhamiet al. [37]
apply a brute-force strategy over the permutation matrix. Tsakiris and Peng [138] propose a
branch-and-bound strategy over the regression variable. Contrary to these works, our GSLR
formulation can additionally deal with partial-to-partial cases.

The work most similar to ours is presented by Nejatbakhsh and Varol [102], which also
attempts to generalize SLR to partial-to-partial cases. However, it does not propose a formal
objective function and instead optimizes using a random sample consensus (RANSAC)-type
method by sampling generalized permutations. In contrast, our proposed objective function
enables deterministic optimization, which is more ef�cient for omitting to sample from the
space whose size grows exponentially w.r.t. the number of data. Another work targeting at
point cloud alignment [82] also realizes partial-to-partial permutational matching. However,
it does not contain the binary constraint, and relies on the concavity of their particular
objective function to achieve this. In contrast, our proposed GSLR formulation requires the
binary constraint as an essential one, and hence applicable to different scenarios regardless
of their concavities.

3.2.2 Similar problems in applications

Although it is only recently that SLR was formally formulated, the problem itself has already
existed in various applications. For example, the rigid point cloud alignment problem, which
aims at recovering the spatial transformation with unknown point-wise correspondences,
can perfectly �t in the GSLR formulation. However, existing approaches, such as iterative
closet point (ICP) [5] and its variants, are infeasible algorithms for the (G)SLR problem. In
detail, as shown in Fig. 3.1, their NN-based matching strategy may either link a point to
multiple queries or leave it unmatched, which consequently violates the one-to-one matching
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Fig. 3.1 Different strategies for correspondences estimation. GT is short for ground truth.
The NN-based method may violate the one-to-one policy by either assigning one point to
multiple queries or leaving points unmatched, and SLR cannot reject outliers.

constraint. As we will show in Chapter 3.5, it is this violation that prevents them from
achieving stably accurate results.

Some works propose to strengthen the one-to-one correspondence property to solve the
aforementioned problem. For example, Jianget al. [67] constrain every row of the assignment
matrix to sum to one. Both Jinget al. [119] and Szymon [121] propose to symmetrize the
alignment process. Goldet al. [45] convert the assignment matrix to a doubly stochastic one
to balance the weights of correspondences. However, contrary to our GSLR formulation,
these attempts still cannot guarantee strict one-to-one correspondences.

There also exist works that encode permutational constraints into the problem formu-
lation. For example, Li and Hartley [78] formulate the alignment problem into SLR by
assuming no outliers or missing data. Vestneret al. [142] cast the shape matching problem
into a rectangular linear assignment problem by maximizing kernel densities in product
spaces, though its generalizability is still limited for assuming partial-to-all ground-truth
correspondences. Marqueset al. [91] and Sto�i·c et al. [131] show that the permutational
matching between some given feature vectors and a prescribed subspace can be determined
via convex optimization, bene�ting 3D-2D matching tasks.

3.2.3 Robust estimation

Maximum consensus [26] is a popular tool for achieving robust estimation.E.g., the
RANSAC-type algorithms [41, 27] propose to repeat sampling a small subset of data to �t
the model until it can characterize a majority of the data under a certain tolerance. There
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also exists some works [75, 74, 18] that replace the non-deterministic sampling strategies of
RANSAC-type algorithms with deterministic ones, making the cardinalities of the consensus
sets increase ef�ciently.

Another class of algorithms for robust estimation is M-estimators [33]. Such methods
propose to identify outliers with pre-de�ned criteria, with which the suspected outliers are
either down-weighted (e.g., the Huber loss [62]) or completely rejected (e.g., the trimming
operator [157]). In this work, we employ the Huber-skip M-estimator [56] for outlier rejection
as it can perfectly preserve the binary constraint of the generalized permutation matrices.

There are two typical criteria to assess the abilities of a robust estimator, namely, the
breakdown point and the (statistical) ef�ciency [120]. Speci�cally, the breakdown point
demonstrates the proportion of outliers an estimator can tolerate before providing an incorrect
result. It is theoretically upper-bounded by0:5 since a robust estimation problem, with no
prior knowledge of the outliers, should asymptotically have no fewer inliers than outliers to
become valid. The ef�ciency, calculated as the ratio of the theoretically minimal variance
provided by the Cramer-Rao bound w.r.t. the actual one of the estimator, represents the
quality of an estimator.

3.2.4 Other permutation-constrained problems

Permutation frequently appears in combinatorial optimization problems. For example,
the permutation synchronization problem in computer vision aims at synchronizing the
correspondences across multiple sets of objects [104, 92, 12]. Beside permutation itself,
some problems require additional constraints to be satis�ed. For example, the N-queen
puzzle [9] requires every (sub-)diagonal line of the solution to sum to no more than1.
The traveling salesman problem [73] expects every city to be visited only once. Another
problem demanding permutational constraint is the quadratic assignment problem (QAP,e.g.,
second-order graph matching), and there also exist some approaches to robustifying it. For
example, both Wanget al. [147] and Maciel and Costeira [88] limit the number of matches to
a designated number, which inspires our GSLR formulation. Jiaet al. [64] propose to reject
outliers in QAP via sparse optimization. Fioriet al. [40] present a sparse coding framework
for robust graph matching. However, in contrast to QAP, (G)SLR additionally requires to
estimate the regression variablex. Thus, converting (G)SLR to QAP is hardly possible unless
the optimalx can be explicitly expressed byA, b, andP [163]. E.g., whenx 2 Rd, we can
eliminatex from SLR per the relationx =

�
ATPTPA

� � 1ATPTb.
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3.3 Formulation of GSLR

We �rst present the formal objective function of the GSLR problem. Its effective recovery
condition and computational complexity are then analyzed.

3.3.1 Objective function

Given the dataA 2 Rm� d andb 2 Rn, a plausible routine of robust estimation is to set zero
weights to outlier pairs. For the GSLR problem, we propose to achieve this by reformu-
lating the constraints on the generalized permutation matrixP 2 Rn� m since it can directly
characterize whether a matched pair should be rejected as an outlier.

Let us �rst explore the properties thatP should satisfy. Apart from the binary and one-to-
one matching properties inherited from the square and full-rank counterpart, we also desire it
to be capable of characterizing outliers. That is,

� P ji = 1 if A i andb j should match, otherwise 0.

� P ji = 0 if eitherA i or b j is an outlier.

� å i Pi j ; å j Pi j 2 f 0;1g to guarantee that eachA i andb j can have at most one correspon-
dence.

These requirements imply that 8
><

>:

P1 � 1
PT1 � 1

Pi j 2 f 0;1g
; (3.4)

However, Constraints (3.4) are not well-established for optimization since the minimum
objective value is anchored to0 with the associated trivial solutionP = 0. Therefore, other
constraints are required to guarantee the existence of matches.

A simple yet effective solution is to manually specify the number of matches [147, 88].
In detail, we introduce a positive integerk and forcerank(P) = k, indicating that there must
exactly existk matches. Consequently, the set of thek-ranked generalized permutation
matrices is

Pk = f P : P1 � 1;PT1 � 1;Pi j 2 f 0;1g;

rank(P) = kg:
(3.5)

Equation(3.5) implies thatPk is discrete and �nite, and degenerates to the set of full-rank
square permutationsP � whenk = m= n.

Now we are ready to introduce the objective function of GSLR. Beside using the permu-
tationP to reorderA to matchb as conducted in Objective (3.2), GSLR additionally requires
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to reject outliers fromb. Therefore, we formulate the GSLR problem as

min
P; x2X



 PAx � PPTb


 2 ;

s:t: P1 � 1; PT1 � 1; Pi j 2 f 0;1g; rank(P) = k:
(3.6)

In Objective (3.6),PPT forms a binary diagonal matrix to identify outliers fromb while
maintaining the relative order of its elements unchanged, and theP operating onA simul-
taneously rejects outliers fromA and reorders it to matchb. In case GSLR degenerates to
SLR, Objectives (3.6) and (3.2) coincide sincePPT becomes an identity matrix.

3.3.2 Effective recovery condition

There are some conditions to satisfy to guarantee a meaningful GSLR problem. Speci�cally,
we desire Objective (3.6) to be able to provide a correct and unique estimation ofx.

For the capability of estimating correctly, as mentioned in Chapter 3.2.3, since a valid
robust estimation problem requires there to be no fewer inliers than outliers, the number of
inliersk should satisfy

k �
min(m;n)

2
: (3.7)

For the unique recovery property, we claim that our GSLR formulation can perfectly �t
in the homomorphic sensing [138] framework, from which the unique recovery condition for
the all-to-all and partial-to-all SLR problems can also be derived. Speci�cally, we introduce
the following corollary by combining and instantiating Theorem 1 and Proposition 3 of [138]:

Corollary 1 (Unique recovery condition). Given thed-dimensional regression variablex, a
suf�cient condition for GSLR to uniquely recover it is k� 2d.

More details of Corollary 1 can be found in Chapter 3.3.4. Furthermore, by combining
it with Constraint (3.7), we can conclude the effective recovery conditions of our GSLR
formulation as

k 2
�
max

�
2d;

min(m;n)
2

�
;min(m;n)

�
: (3.8)

3.3.3 NP-hardness

It is straightforward to reduce from SLR to prove the NP-hardness of generic GSLR problems.
However, since SLR is a P problem whenx is a scalar [106, 60], such a proof becomes
invalid, making the complexity of GSLR unknown for this particular case. Therefore, in this
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Fig. 3.2 Graphs constructed from the GSLR data. Vertices are labeled by the elementsA i
andb j , and edges are labeled by the sum of their respective adjacent vertices.

work, we base our analysis on the well-known NP-complete subgraph matching problem [86]
and demonstrate that GSLR is NP-hard regardless of the dimension ofx.

To facilitate the proof, we start from introducing the following subproblem of GSLR:

Problem 1 (A subproblem of GSLR). Solving the GSLR problem where onlyA contains
outliers:

PAx = b; s:t: P1= 1;PT1 � 1;P 2 f 0;1g:

Remark 2 (Trivial reduction from Problem 1 to GSLR). Since the reduction from Problem 1
to Objective (3.6) is simply the identity mapping, the latter one is NP-hard as long as the
former one is.

Let us also remark the de�nition of the labeled subgraph matching problem:

Problem 2 (Labeled subgraph matching). Given two vertex and edge-labeled graphsG =
(V;E) andH = ( V0;E0), can we �nd a subgraph�G= ( �V; �E) of G that isomorphically matches
H? That is, can we �nd a�G and a bijective mapping f: �V ! V0; �E ! E0such that

f
� �E( �v1; �v2)

�
= E0

( f ( �v1); f ( �v2)) (3.9)

holds for any �E( �v1; �v2) 2 �E and E0
( f ( �v1); f ( �v2)) 2 E0?
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Now we are ready to demonstrate the NP-hardness of Problem 1 by reducing it from
Problem 2. The reduction method is presented in Proposition 1 and its proof is given in
Chapter 3.3.4.

Proposition 1 (Problem 2 can reduce to Problem 1). Given data(A;b), Problem 1 can be
reduced from Problem 2 via constructing the graphsG andH in the following manner (see
Fig. 3.2 for illustration):

� G : Vi = A i ; Ei j = A i + A j ,

� H : V0
i = bi ; E0

i j = bi + b j .

An ef�cient algorithm for noiseless GSLR

The NP-hardness of GSLR does not mean all its instances are infeasible to solve. For
example, for thenoiseless but outlier-contaminatedGSLR problem wherex 2 Rd:

PAx = b; s:t: P1 � 1;PT1 � 1;P 2 f 0;1g; rank(P) = k; (3.10)

we can design an ef�cient algorithm by searching over all possiblex. Speci�cally, since the
equality in Eq.(3.10)strictly holds true, we know that the underlying ground-truthxgt must
fall in the setS consisting of all possible solutions generated by all possible combinations of
A i andb j :

S =
�

Af 1;:::;dg=bf 1;:::;dg : Af 1;:::;dg � A;bf 1;:::;dg � b
	

: (3.11)

whereAf 1;:::;dg andbf 1;:::;dg ared-element subsets ofA andb, respectively, andAf 1;:::;dg=bf 1;:::;dg

denotes the solution of the linear equationAf 1;:::;dgx = bf 1;:::;dg in terms ofx. Therefore,
we can facilely pass through all possiblex 2 S and take the one that preservesk matches
betweenA i andb j . Algorithm 3 summarizes the entire procedure.

For the computational complexity of Algorithm 3, passing through all possiblex 2 S is
of complexityO

�
Cd

mCd
n
�
, and computing the set intersection for eachx is O (n) (assuming

m � n). Therefore, the overall computational complexity of Algorithm 3 isO
�
nCd

mCd
n
�
.

3.3.4 Proofs of corollaries, propositions, and lemmas in Chapters 3.3.2
and 3.3.3

We here present the proofs of the corollaries, propositions, and lemmas in the derivation of
the unique recover condition and the NP-hardness mentioned above.
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Algorithm 3: An ef�cient exhaustive search algorithm for noiseless but outlier-
contaminated GSLR

Input: A 2 Rm� d, b 2 Rn

� GenerateS as de�ned in Eq. (3.11).

� Compute the number of consensus w.r.t. everyx 2 S :
#consensusx = #

�
f A ixg \ f b jg

	
.

� Set �x to x where#consensusx = k and �P to the corresponding matches whereA ix and
b j coincide.

Output: �x, �P

Derivation of Corollary 1

Given a generic linear subspaceV � Rm of dimensiond (hereafter denoted asdim(V) = d),
and a �nite set of endomorphismsT of Rm, homomorphic sensing [138] presents the unique
recovery condition inV underT . That is,8v1;v2 2 V ; t 1; t 2 2 T , when cant 1 (v1) = t 2 (v2)
imply v1 = v2.

For self-containment, let us �rst remark Theorem 1 and Proposition 3 of [138], which
can be jointly described by the following corollary:

Corollary 2 (Unique recovery condition of homomorphic sensing). Assuming that8t 2
T ; rank(t ) � 2d, then, we have unique recovery inV underT as long as

dim(V) � Q t 1;t 2; 8t 1; t 2 2 T ; (3.12)

whereQt 1;t 2 is an intermediate technical term dependent tot 1 and t 2 such that, in case
p1;p2 2 P � are full-rank square permutation matrices, we have

Qrp 1;rp 2 �
rank(r )

2
; 8p1;p2 2 P � ; (3.13)

wherer denotes a coordinate projection matrix.

To apply Corollary 2 to GSLR, we shall considerAx as a whole for somed-dimensional
x and setV = f Ax : x 2 X g . Since linear mapping does not increase dimension, we have
dim(V) � d. Furthermore, by settingT = Pk and ther in Eq.(3.13)to the projections that
map fromP � to Pk, we obtain

Qt 1;t 2 �
rank(r )

2
=

k
2

; 8t 1; t 2 2 Pk: (3.14)
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Using Eq.(3.14)as a lower bound for Eq.(3.12), we can immediately recognizek � 2d as a
suf�cient condition for unique recovery.

Proof of Proposition 1

Proof of Proposition 1.Since the bijectivity will always be satis�ed as long as Problem 2 is
solved, we here show that if there exists anf to solve Problem 2 that takes the graphsG and
H de�ned in Proposition 1 as inputs, then thisf is a linear mapping from a subset ofA to b.
Speci�cally, sincedom( f ) is a �nitely discrete set, anf that solves Problem 2 would be a
continuous mapping. Furthermore, assuming that vertices are mapped in the form ofA i to bi

andA j to b j , we have

f
�
A i + A j

�
| {z }

edge in �G

= bi + b j| {z }
edge inH

= f (A i) + f
�
A j

�
| {z }

vertices inH

(3.15)

always holds w.r.t. the preimage ofb, indicating that f is additive. By combining the
continuity and the additivity we can obtain thatf is a linear mapping [93].

3.4 Optimization of GSLR

In this section, we present a simple yet effective algorithm to feasibly solve the GSLR
problem. Its convergence properties are also analyzed in detail.

3.4.1 A simple optimization algorithm

Unlike some existing problems that care little about the recovered correspondences, such as
point cloud alignment, (G)SLR considers the permutational constraint an essential condition
to satisfy, leading to dif�culties of twofold: First, the combinatorial property over the
generalized permutationP makes the objective non-smooth. Second, the number of matches
k is hard to determine. As a solution, we propose to seek bene�ts from the speci�c properties
of GSLR to make the sub-problem of estimatingP under a �xed regression variablex globally
solvable. For clari�cation, we �rst introduce the optimization framework by temporarily
assumingk as given, and provide the method for determiningk.

Solving GSLR with known k

Our proposal is based on a pivotal observation that slight reformulation of the objective
function of GSLR would makeP globally optimizable within each iteration. Speci�cally,
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Algorithm 4: The optimization algorithm for GSLR
Input: A 2 Rm� d, b 2 Rn

Initialization: x = x0 2 X
while not convergeddo

� CalculatePt by solving the standard LAP
with kt = min(m;n) andxt� 1.

� Compute residuals underPt andxt� 1 and
apply the Huber-skip estimator to getkt .

� Set �kt = min(kt ;kt� 1). Also make sure it is
within the range shown in Eq. (3.8).

� Calculate �Pt by solving thek-LAP with the
updatedkt andxt� 1.

� Get xt 2 X by solving the weighted linear
regression problem under�Pt .

Output: x , P

owing to the permutational property ofP, we can equivalently rewrite Objective (3.6) into

min
P2Pk; x2X

m;n

å
i; j

P ji


 A ix � b j



 2 : (3.16)

Applying alternative optimization to Objective (3.16) and treating the correspondences
P ji as known, updatingx leads to a weighted linear least square problem, which can be
globally solved in many cases. On the other hand, ifx is �xed, the objective function for
updatingP is in the form of

min
P2Pk

m;n

å
i; j

Di j P ji ; (3.17)

whereD =


 A ix � b j



 2 is the cost matrix.
In cases where the number of correspondences satis�esk = min(m;n), Objective (3.17)

denotes a standard linear assignment problem (LAP) globally optimizable via off-the-shelf
approaches such as the Hungarian algorithm [72]. This problem remains solvable even ifk
makesP rank-de�cient. Speci�cally, Objective (3.17) forms ak-cardinality LAP (k-LAP) in
such cases, which can be transformed into a standard one via padding the cost matrix and
thus also solvable by off-the-shelf LAP solvers [144]. Therefore, alternating between solving
thek-LAP and the weighted least square can facilely address the GSLR problem.
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Characterizing k as an M-estimator

The number of matchesk characterizes the ability of GSLR in rejecting outliers. A naive
strategy is to �x its value by manual speci�cation, which is akin to the trimming operator
that discards a speci�c proportion of data. Although such a technique has been broadly
applied in various applications [25, 147], we hesitate to use it for its well-studied limitation
on simultaneously maintaining a high breakdown point and high ef�ciency. That is, although
a breakdown point of0:5 can be facilely achieved by ignoring50%of the data, the associated
statistical ef�ciency would only be7%[34], representing a large variance in the estimated
result.

In this work, we employ another M-estimator to determinek on the �y, namely, the
Huber-skip estimator [56]. Apart from maintaining the necessary properties of a binaryP and
an integerk, it also achieves signi�cantly higher ef�ciency while maintaining a breakdown
point of 0:5. Speci�cally, given some data(r1; r2; : : : ; rn), it rejectsr i that violates

����
r i � median(r)

MAD (r)

���� � threshold; (3.18)

whereMAD is the median absolute deviation. The smaller the threshold is, the more data is
rejected.

To embed the Huber-skip estimator into the aforementioned optimization framework, we
directly follow the formulation of the trimming operator [59] and computek as the number
of pairs whose residuals satisfy Eq. (3.18). However, such a naive formulation would break
the monotonicity of the alternative optimization scheme and make its convergence non-
guaranteed. Therefore, we set�kt = min(kt� 1;kt) in thet th iteration to ensure convergence.
Algorithm 4 summarizes the entire procedure of our proposed algorithm.

Computational complexity

We analyze the space and time complexities of Algorithm 4 under the assumption that
#f A1; : : : ;Amg � #f b1; : : : ;bng (i.e., m � n) without loss of generality. Speci�cally, the space
complexity follows the size of the cost matrix, which isO (mn). When cast to thek-LAP, it
changes toO (n(m+ n � k)) to suit the Hungarian algorithm. For the time complexity in each
iteration, the Hungarian algorithm isO

�
n(m+ n � k)2

�
. The Huber-skipping procedure

requires sorting and traversing operations; hence the complexity isO (nlogn). As for the
linear regression step, it depends on the feasible spaceX and thus varies from case to case.
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3.4.2 Convergence analyses

Our proposed Algorithm 4 is globally convergent with sub-linear convergence rate. Since
Objective (3.6) is non-smooth, throughout this section, we denote the critical points in the
scene of the limiting-subdifferential [79]. Moreover, we create the following hypotheses on
the setX of the regression variablex:

8
<

:
H1: X � Rd is compact and sub-analytic.

H2: Objective (3.6) isC1-smooth onX .
(H)

Remark 3 (Aforementioned Hypotheses are broadly satis�ed). Hypotheses H are rather
weak and satis�ed by most applications that admit to the GSLR formulation. For example, the
(special) orthogonal groups that frequently appear in geometric computer vision can satisfy
both conditions. For the spaceRd, despite not being compact by itself, we can reasonably
assume thatx lies in a closed interval ofRd since values that tend to in�nity are rarely
meaningful in practice. Moreover, the closed bounds also imply the sub-analyticity.

Notations

Throughout Chapters 3.4.2 and 3.4.2, for simplicity, we useP to denote the set of all the
generalized permutation matrices under all possible ranksk: P = Pk1 [ : : : [ Pki . We also
useZ = P � X to denote the feasible region, andJt = J(zt) = J(Pt ;xt) in the form of
Objective (3.6) to represent the energy value at theith step. Accordingly, the sequences
of updatedz and corresponding energy valueJ are written asf zt : t 2 Ng andf Jt : t 2 Ng,
respectively. Table 3.1 provides a summary for reference.

Global convergence

We establish the proof of the global convergence of Algorithm 4 upon the famous Zangwill’s
convergence theorem [162], which is de�ned as:

Theorem 1(Global convergence theorem). Let H be a set-valued mapping onS that, given
s1 2 S , generates a sequencef skg¥

k via iteratingsk+ 1 2 H (sk). Also let a solution setG� S
be given. Suppose that

1. The sequencef skg¥
k � S 0for S0� S is compact.

2. The set-valued mappingH is closed at all s2 S nG.

3. There exists a continuous functionY onS that
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Table 3.1 Notations in Chapter 3.4.2.

Notation Meaning

P The set of all generalized permutation
matrices with all possible ranks.

X The space of the regression variable.
P The generalized permutation matrix.
x The regression variable.
Z Z = P � X , the feasible space.
z z = ( P;x), a point within the feasible space.

J J = J(z) = J(P;x), the GSLR objective function
shown in Eqs 3.6 and 3.16.

Jt
Value ofJ at thet th iteration of Algorithm 4,

similar notation also applies toz.

f zt : t 2 Ng The entire sequence ofz generated by
Algorithm 4 until convergence.

� if s =2 G: Y (s0) < Y (s), 8s02 H (s).

� if s 2 G: Y (s0) � Y (s), 8s02 H (s).

Then the limit of any convergent subsequence off skg¥
k is in the solution setG. Furthermore,

limk! ¥ Y (sk) = Y (s?) holds for all limit points s?.

In the terminology of Theorem 1, an iterative algorithm can be described as a triplet
f Y ;H ;Gg. For GSLR, we can straightforwardly setY as Objective (3.6), andH : Z ! Z as
one iteration of Algorithm 4. Also, we can formulateGwith all the critical points:

G= f (P;x) 2 Z : P 2 argmin
P0

Y (P0;x) and

x 2 argmin
x0

Y (P;x0)g:

We claim that all the three conditions in Theorem 1 are satis�ed by the GSLR triplet
mentioned above, and thus it is globally convergent to a critical point. The detailed proofs
are presented in Chapter 3.4.3.

Convergence rate

Kurdyka-�ojasiewicz inequality (KL-inequality) is a powerful tool for studying the conver-
gence rates of non-convex optimization algorithms. When applied to alternative optimization,
existing works [155, 7, 15, 154] commonly change the standard update rule to a proximal one
to facilitate the analyses. In contrast to these works, to avoid complicating the easy-to-solve
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LAP in Algorithm 4 to an NP-hard QAP, we stick to using the standard update rule and seek
bene�ts purely from the properties of GSLR itself.

We present the following two propositions, which serve as the primary components to
apply the KL-inequality-based theorem of convergence rate. Their proofs can be found in
Chapter 3.4.3.

Proposition 2 (Properties of the GSLR problem). Under Hypotheses H, the following
properties of the GSLR objective function J hold true:

1. The gradient of J w.r.t.x (hereafter denoted asOxJ) is Lipschitz continuous.

2. J satis�es the KL-inequality w.r.t.Z .

Proposition 3(Bounded solution sequence). Under Proposition 2 and the global convergence
described in Chapter 3.4.2,8p � 1, the following equation holds true:

+ ¥

å
t= p

kzt+ 1 � ztk < + ¥ :

Given the two propositions mentioned above, we are ready to introduce the following
theorem of the convergence rate. This theorem is already well-studied by various works[155,
6, 7, 154], and we refer interested readers to the details therein.

Theorem 2 (Convergence rate based on KL-inequality). Given an objective function sat-
isfying the KL-inequality, and a solution sequence of it satisfying Proposition 3, then the
following statements in terms of the �ojasiewicz exponentq hold true:

1. If q = 0, f zt : t 2 Ng converges in �nite steps.

2. If q 2
�
0; 1

2
�
, f zt : t 2 Ng converges linearly.

3. if q 2
� 1

2;1
�
, f zt : t 2 Ng converges sub-linearly.

According to Propositions 2 and 3 and Theorem 2, given the fact thatq may vary from
case to case, we can conclude that Algorithm 4 is sub-linearly convergent in general.

3.4.3 Proofs of corollaries, propositions, and lemmas in Chapter 3.4.2

In this section, we present proofs of the corollaries, propositions, and lemmas raised in the
convergence analysis mentioned above.
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Proofs of the global convergence

We here show that the GSLR triplet mentioned in Chapter 3.4.2 satis�es all the conditions of
Theorem 1. For self-containment, we �rst remark the de�nition of closedness of set-valued
mapping:

De�nition 1 (Closedness of set-valued mapping [51]). The concept of closedness of set-
valued mappingF : U ! V generalizes the notion of continuity of point-to-point mappings:
F is closed at a point u2 U if

� uk ! u, where uk 2 U ,

� vk ! v, where v;vk 2 V ,

� vk 2 F (uk),

imply v2 F (u). Based on this,F is called closed if it is closed at any points ofU.

Now we are ready to introduce the proofs:

Proof of the compactness ofZ . SinceP is discrete and �nite,P is compact. SinceX is
compact per Hypotheses H and unions of compact sets are still compact,Z is compact.

Proof of the closedness ofH . For any(Pt ;xt), there exist somed1;d2 2 R+ that satisfy

8P0; P0! P := f P0: P02 N d1(Pt)g = f Ptg;

8x0; x0! x :=
��x0;xt

��
x < d2;

(3.19)

whereNd1(Pt) is the neighborhood ofPt . Therefore, we can derive the differences of mapped
x as

H (P0;x0) n H(Pt ;xt) = H (Pt ;xt) n H(P0;x0)

= H (Pt ;x0) n H(Pt ;xt)

= argmin
x2X

Y (Pt ;x) nargmin
x2X

Y (Pt ;x) = /0:
(3.20)

Since Eq.(3.20) implies that the cost matrix for thek-LAP generated by the regression
variablex 2 H (P;x) remains unchanged when the input ofH switches from(Pt ;xt) to
(P0;x0), so will the mapped permutationP. Therefore, we haveH (Pt ;xt) closed by further
joining Eqs. (3.19) and (3.20).
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Proof of the continuity and monotonicity ofY . For the continuity, since compositions of
continuous mappings are still continuous, we only need to prove the continuity off (P;x) =
PAx andg(P) = PPTb. Since the proof roadmap forf andg is similar, we only takef
as an example. Speci�cally, given the fact that such a function is a bilinear form over the
�nite-dimensional space(P;x), we only need to show that it is separately continuous w.r.t.
bothP andx. For proof, per Hypotheses H, we havef (x) = Ax continuous w.r.t.x 2 X .
SinceP is �nitely discrete, we also havef (P) = PA continuous w.r.t. anyP 2 P . Therefore,
we can obtain thatf (P;x) = PAx is continuous and hence so isY .

For the monotonicity, by conducting the linear regression step w.r.t.x we have

J(Pt ;xt+ 1) � J(Pt ;xt); (3.21)

where the equality holds if and only ifxt is a critical point. Furthermore, assuming there is a
temporary permutation matrixPtmp that randomly removeskt+ 1 � kt non-zero assignments
from Pt , since the cost matrixDi j =

�
A ix � b j

� 2 is non-negative, we can obtain that

J(Ptmp;xt+ 1) � J(Pt ;xt+ 1): (3.22)

SincePt+ 1 is a global optimum of the objective function w.r.t.P, and it preserves the same
number of inliers toPtmp, we can further derive that

J(Pt+ 1;xt+ 1) � J(Ptmp;xt+ 1); (3.23)

where the equality holds if and only ifPtmp is a critical point. Summarizing Eqs. (3.21)-(3.23)
leads to:

J(Pt+ 1;xt+ 1) � J(Ptmp;xt+ 1) � J(Pt ;xt): (3.24)

Therefore, we can conclude that Algorithm 4 is monotonically decreasing and the equality in
Eq. (3.24) holds if and only if(Pt ;xt) is already a critical point.

Proofs of the convergence rate

We here present the proofs of Propositions 2 and 3. Throughout the proofs provided hereafter,
apart from the notations described in Table 3.1, we also useC to denote a constant whose
value may vary from line to line.

To prove Proposition 2, due to the non-smoothness of our Objective (3.6), we following
the concept of the KL-inequality generalized to sub-analytic set [14]. Let us �rst remark the
de�nitions for self-containment:
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De�nition 2 (Kurdyka-�ojasiewicz inequality). Let f be a continuous sub-analytic function
(i.e., a function whose graph is a sub-analytic set) with closed domain that maps toR, and
flx 2 dom( f ) be a critical point, there exists a concave functionf (s) = Cs1� q with q 2 [0;1)
andC > 0 such that the following inequality holds for anyx within the neighborhood offlx
under the conventions00 = 1 and0=0 = ¥ =¥ = 0:

f 0( f (x) � f ( flx)) dis(0;¶ f (x)) � 1; (3.25)

wheredis(0;¶ f (x)) = inff kx?k : x? 2 ¶ f (x)g denotes the point-to-set distance.

De�nition 3 (Semi-X & sub-analytic sets). A subsetS of Rd is called semi-algebraic if every
x 2 Rd admits a neighborhoodN such that

S \N =
m\

i

n[

j

�
x 2 N : fi j (x) = 0;gi j (x) � 0

	
;

where fi j and gi j are polynomials and m;n < + ¥ .
A semi-analytic set generalizes the above de�nition by relaxingfi j andgi j to real analytic

functions.
A subsetS of Rd is called sub-analytic if everyx 2 Rd admits a neighborhoodN , and

there exists a bounded semi-analytic setY � Rd+ o such thatS \N is the projection fromY
to N :

S \N = p(Y);

wherep : Rd+ o ! Rd is the projection. In summary, sub-analytic set broadens the semi-
analytic one, and the semi-analytic set broadens the semi-algebraic one.

We also introduce the following lemma:

Lemma 4. The set of generalized permutation matricesP can be characterized by the
following polynomials:

P1 � 1 andPT1 � 1;

eT
i Dei

�
eT

i Dei � 1
�

= 0;8i 2 dnc;

eT
i Dej = 0;8i; j 2 dnc; i 6= j;

whereei is the one-hot vector with1 at positioni, D = f PPT , PTPg, anddnc is the set of
positive integers that are no greater than the size ofD.

Proof of Lemma 4.This lemma is an extension of the properties of the full-rank permutation
matrices, which states that a matrix is permutational if and only if it is orthogonal and doubly



3.4 Optimization of GSLR 51

stochastic [42]. The latter two equations imply that the diagonal entries ofD should be within
f 0;1g and the off-diagonal ones0. While the suf�ciency is guaranteed by the de�nition of
generalized permutation matrices, we here demonstrate that these polynomials are necessary
for a matrix to be permutational by forcingP to be binary. Speci�cally, assuming there is
a matrixP 2 P with entriesPip; : : : ;Piq 2 (0;1) with 1 � p < q � n in the ith row, then the
pqth entry ofD = PTP can be denoted as

Dpq = å
k

PT
pkPkq = å

k
PkpPkq 6= 0; (3.26)

which contradicts the requirement that the off-diagonal entries ofD should be0. D = PPT

follows the same proof.

Now we are ready to prove Proposition 2:

Proof of Proposition 2.The �rst property is a direct result of the fact that

OxJ = 2
�
ATPTPAx � PPTb

�

is a continuous linear mapping.
For the second property, from Lemma 4 we know thatP is semi-algebraic (hence sub-

analytic). Moreover, given the facts thatX is sub-analytic per the assumption, Objective (3.6)
is polynomial, and unions and intersections preserve sub-analyticity per De�nition 3; we
have the graph of Objective (3.6) sub-analytic. Joining the sub-analyticity together with the
continuity mentioned in Chapter 3.4.2 implies the KL-inequality.

To prove Proposition 3, we introduce the following two lemmas:

Lemma 5. Suppose that Hypotheses H are satis�ed, then for anyt th step of Algorithm 4, the
following equation holds true:

(OxJ(Pt ;xt) � OxJ(Pt� 1;xt);0) 2 ¶J(Pt ;xt):

Proof of Lemma 5.Per the alternative update rule of Algorithm 4 we have

0 = OxJ (Pt� 1;xt) ; (3.27)

0 2 ¶PJ (Pt ;xt) : (3.28)

From Eq. (3.27) we can obtain

OxJ (Pt ;xt) � OxJ (Pt� 1;xt) 2 ¶xJ (Pt ;xt) ; (3.29)
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which together with Eq. (3.28) concludes the proof.

Lemma 6. Suppose that Hypotheses H are satis�ed, then for anyt th step of Algorithm 4,
there exists C2 R+ such that the following equation holds true:

Jt � Jt+ 1 � Ckzt+ 1 � ztk2 :

Proof of Lemma 6.We base the proof on the quotient law of convergent sequences. In detail,
let us de�ne the sequences:

1. Sequence of difference between energy values:P = f Jt � Jt+ 1 : t 2 Ng.

2. Sequence of squared difference between solutions:Q =
n

kzt � zt+ 1k2 : t 2 N
o

.

3. Sequence of quotient:S=
n

Pt
Qt

: t 2 N
o

.

Per the compactness ofz and continuity ofJ, we know that bothz andJ are bounded.
Moreover, per the global convergences mentioned in Chapter 3.4.2, for anyt 2 N we have
Pt ;Qt � 0 andPt = 0 , Qt = 0. Therefore, with the convention00 = 1, for anys2 Swe have
s2 R+ , which implies that there always exist someC 2 R+ such that infS� C holds.

With Lemmas 5 and 6 in hand, we now can prove Proposition 3:

Proof of Proposition 3.According to Lemma 5 and the Lipschitz continuity ofOxJ, we have

dis(0;¶J(zt)) � kOxJ(Pt� 1;xt) � OxJ(Pt ;xt)k

� LkPt� 1 � Ptk � Lkzt� 1 � ztk ;
(3.30)

whereL 2 R+ is the Lipschitz constant.
Assuming the energy valueflJ at the critical point satis�esflJ = 0 without loss of generality,

combining Eq. (3.30) and Eq. (3.25) leads to

f 0(Jt) = f 0(Jt � flJ) �
1
L

kzt� 1 � ztk� 1 : (3.31)

On the other hand, by using the concavity off and Lemma 6, we can obtain

f (Jt) � f (Jt+ 1) � f 0(Jt) (Jt � Jt+ 1)

� Cf 0(Jt) kzt+ 1 � ztk2 :
(3.32)

Taking Eq. (3.31) into Eq. (3.32) yields

kzt� 1 � ztk �C(f (Jt) � f (Jt+ 1)) � kzt+ 1 � ztk2 : (3.33)
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Taking square root on both sides of Eq.(3.33)and applying the inequalitya2 + b2 � 2ab
result in

kzt� 1 � ztk+ C(f (Jt) � f (Jt+ 1)) � 2kzt+ 1 � ztk : (3.34)

Summing Eq. (3.34) on both sides fort 2 [p;+ ¥ ) leads to

+ ¥

å
t= p

kzt+ 1 � ztk �


 zp � zp� 1



 + Cf (Jp); (3.35)

SinceZ is compact as mentioned in Chapter 3.4.2, there exists aB such thatsupf


 zi � z j



 :
zi ;z j 2 Zg = B < + ¥ . Hence Eq. (3.35) yields

+ ¥

å
t= p

kzt+ 1 � ztk � Cf (Jp) + B < + ¥ ; (3.36)

which concludes the proof.

3.5 Experiments

We �rst compare GSLR to some existing SLR algorithms using the image alignment task.
Then, we explore how the GSLR formulation together with Algorithm 4 can bene�t point
cloud alignment and isometric shape matching. Finally, other experiments w.r.t. the properties
of GSLR is presented. As noted in Remark 3, all the problems mentioned hereafter satisfy
Hypotheses H, and thus are subject to the analyses presented above. For all the experiments,
we set the threshold mentioned in Eq.(3.18)to 3:5 as suggested in [56] unless explicitly
noted otherwise.

3.5.1 Comparing SLR to GSLR

Image alignment is an excellent example to demonstrate the differences between SLR and
GSLR since even a small portion of mismatches may extremely distort the results. Given a
pair of images portraying the same plane, or a non-planar scene subject to0 translation in
terms of the camera pose, homography describes the relation ofp0= a Hp, wherep0andp
are matched pixels on the two images in homogeneous coordinates,a is a scale factor, and
H is the homography matrix. Furthermore, if images are captured with long focal lengths,H
can be better modeled by af�ne transformations [57]. Since such a modeling implies that the
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