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Introduction

One-dimensional local fields are complete locally compact fields. In algebraic
geometry, one-dimensional local fields appear as completions of fractional fields
of arithmetic curves. These one-dimensional local fields play important roles in
arithmetic geometry. In this thesis, we will study higher dimensional local fields.
Zero-dimensional local fields are finite fields and n-dimensional local fields are
complete discrete valuation fields whose residue fields are (n — 1)-dimensional
local fields. It is well-known that n-dimensional local fields are finite extensions

of
Fp((t1)) - ((tn)) or Qu{{t1}}. .- {{tr—1}}({Er41)) - - ((E0))-

Therefore, higher dimensional local fields appear as the completions of fractional
fields of arithmetic varieties at full flag subvarieties. Let X be a scheme over
Z of dimension n. A full flag subvarieties of X is a sequence of closed integral
subschemes of X

XoCcXiC---CX,=X

such that dim X; = 4.

K. Kato([K]) and I. Fesenko([F1]) constructed a class field theory on higher
dimensional local fields. So arithmetic properties of these fields are of interest.
In this thesis, we construct a measure theory on higher dimensional local fields.
Research of this area was initially constructed by Fesenko([F2]) , whose aim was
to Iwasawa-Tate theory to two-dimensional local fields.

In [F3], Fesenko constructed a theory of measures and integration over higher
dimensional local fields. For an n-dimensional local field F', Fesenko regarded
the valuation ring Op of rank n as a “compact subset”. Fesenko called a subset
of F which is either of form a 4+ t*Op or the empty set a distinguished subset,
and call the set difference J, 4;\ U ; Bj such that each A;, B; are distinguished
subsets a dd-set. The set of distinguished subsets becomes a totally ordered
set. Let f: FF — C be a function which is expressed as a countable linear
combination f =Y ¢;I4, with ¢; € C of characteristic functions 14, of mutually
disjoint dd-dets A;. Suppose the series > ¢;ur(A;) absolutely converges. Then
Fesenko proved that

[ @due(@) = ¥ cnr(4)

is well-defined in the sense that the right hand side does not depend on the
choice of ¢;, A;. By using this property, Fesenko established a higher dimensional
generalization of harmonic analysis including the theory of Fourier transform.
Further, in the last part of the paper [F3], Fesenko expected that there exists a
theory of measures and integration on generalized loop groups, for example, on
GL4(Qp((t2)) ... ((tn))). In the papers [KL] and [L], Kim and Lee considered
measures and convolutions on S Lo (Fy) where F is a two-dimensional local field.
We will extend Fesenko’s measures to these groups. Morrow and Waller already
established the theories of measures and integrations in [M2] and in [W]. In
[M1] and [M2], Morrow considered integration on GL4 over higher dimensional



local fields. To define a measure on a higher dimensional local field, Morrow
used a measure on a one-dimensional residue field. On the other hand, we
are also interested in higher dimensional information that is not reflected in
the structure of the residue fields. For example as Waller indicated, refined
countable additivities of measures needed for the study of higher zeta integral
has not been discussed in Morrow’s approach. His paper provides details for the
so-called lifting approach to the integral. Waller constructed a measure theory
on GLy(F') where F is a two-dimensional local field. He defined the volumes of
congruence subgroups of GLy(F'). For example, in his approach, one has

UG L (F, ((t))(t2))) (1 + 6785 M (Fo[[t1]] + t2Fq ((t1))[[t2]]))

C]3 4iy y4i
— q— ZlX 12
(¢>—-1)(g—1)

and
HGLa (Fy ((12))((t2))) (GL2(F[[t1]] + t2F 4 ((t1))[[t2]])) = 1.

Similar to Fesenko’s definition, Waller called a subset of the form gK for some
g € GLy(F) and some congruence subgroup K of the form K =1+ t*My(Op)
for some o € Z2, a distinguished subset. In his definition, measurable subsets
are not stable under some basic operations such as taking intersections and
conjugations. For any g € GLo(F) and any congruence subgroup K, a measure
of the subset gK¢g~! is not necessarily defined. Further since the family of
fundamental systems of distinguished subsets becomes a totally ordered set, the
operations of the intersections are rigid. In other words, the intersection of
two measurable subsets is one or the other. In our approach, an intersection of
measurable sets is not necessarily equal to any of the original measurable sets.
We overcome these problems in this thesis.

Now we outline the contents of this thesis.

In the first Section, we will define the family of measurable subsets of F™
by

Jgrm=U U T1@mm®).
s>mT:F°—F™,
rank(T)=m

Here J(F) is the set of measurable subsets of F' defined by Fesenko [F'3]. Further
denote by C2°(F™) the C(,)-module generated by the characteristic functions
of measurable subsets, we will construct the integration

Ipm: C°(F™) —>C(n);fH/Fm f(@) frupm(2).

Moreover Fubini’s theorem holds for this integral:

Theorem 0.1. For any f € C°(F™), we have

(x)d,upm(x):/F~--/Ff(ac1,...,xm)dup(x1)-~-d,up(xm).

Fm



On the other hand, we will not discuss non-linear changes of variables and
Fubini’s theorem is considered in by Morrow [M3]. So innovating Morrow’s
argument on our measure theory is left as a future work in progress.

In the next section, we will establish a measure theory on GL4(F). These
results are generalizations of Waller’s works. We will show the existence of
translation-invariant integration

Igryry: CF(GL4(F)) — Cipy.

Moreover we will consider the theory of measures and integration on standard
parabolic subgroups of GL4(F'). Measures on these groups are introduced in
[Moril]. As Morrow remarked in [M2], harmonic analysis on other groups than
GL4(F) is one of the concerns in this area. For any standard parabolic subgroup
P(F) of GL4(F), we will construct the left-invariant integration

Ip(py: C&(P(F)) — Cy)
and the right-invariant integration

These two functions are linked by a modular character 6p: P(F) — C(Xn).

Almost all of the contents of this thesis are based on [Mori2] and a part of
[Moril], which has been accepted for publication earlier.
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1 A measure on F™

Notations 1.1. (1) Let F be an n-dimensional local field and tq,..., t, its
system of local parameters. We denote by

vp: F— Z" U {0}

the valuation of rank n associated to ty,...,t,, where Z™ has the lexico-
graphic order. We denote by O the valuation ring of rank n, {x € F |
vp(z) > 0}.

(2) Let us write Ci,y = C((X2))...((Xn)). This is a field with n — 1 variables
added to C in order.

(3) For any multiple index o = (o, . .., 1) € Z™, we write t* = t7* - -t and
X =gy X5 X respectively. Here ¢ = char(Fy) is an order of the
last residue field of F. For any x € F, ||z|| = Xvr(x),



In this section, we will consider translation invariant measure and integration
on a vector space F'.

Definition 1.2. (1) We say that a subset of F' is measurable if it is of the form
a+t*Op for some a € F and o € Z™ is measurable and we let J(F') denote
the family of measurable subsets of F'.

(2) We denote by C°(F) the C(,,)-module generated by the characteristic func-
tions of measurable subsets of F.

The below proposition immediately follows from the properties of the mea-
surable subsets.

Proposition 1.3. For any measurable subset A = a + t*Op of F, we put
urp(A) = X*. Then

k k
Ip: CP(F) — Cpay; > cilla, — Y cipir(Ay)

i=1 i=1
is well-defined. Here each L4, is the characteristic function of A;.

The measure does depend on the choice of to,...,t,. For example, In two-
dimensional local field F' =T, ((t1))((t2)), the elements ¢1,t, = t1t2 also form a
system of local parameters. Then

a+ 7152 0p — (1/p)*r~*2 X5

becomes another measure on F'. This is the measure associated to the system
of local parameters ¢, t5.

Our measure theory on F' is a higher dimensional analogue of the measure
theory on a locally compact field.

Definition 1.4. We say that a subset A of F™ is measurable if we can take

a linear epimorphism T: F° — F™, ay,...,as € F and a1 ...,as € Z"™ such
that
ay + talOF
A=T :
as +t*OF
Let J(F™) denote the set of measurable subsets of F™. Then by definition, we
have
Jgrm =1 U 71@m®).
s>mT:F°—F™,
rank(T)=m
as sets.

Any linear epimorphism T': F'* — F™ induces the map

To: T(F®) — J(F™); A —> T(A).



Example 1.5. An example of measurable subset is

a_(11 a1+t 0p
o 0 1 as +t*20p
in F2. This does not belong to J(F)?. So J(F?) is strictly larger than J (F)2.

Remark 1.6. Forany A, B of J(F™), the set A4+ B = {a+b|a € A/b € B} lies
in J(F™). Indeed, letT: F° — F™ and S: F™ — F™ be linear epimorphisms
such that

a1 +t*Op by —l—t’@lOF
A=T ,B=S
as +t*Op bs + 7 Op
Then we have
a1 +t*0p
. as +t*0Of
A—l—B—(T‘S) b1+tﬂ10F
bs—i-tBSOF

So we can consider the additive map J(F™) x J(F™) — J(F™); (A4, B) —>
A+ B.

We will define the volumes of measurable subsets of F™.

Lemma 1.7. For any matric T € M, s(F) of rank m, there exist P €
GL,,(OF) and Q € GLs(OF) such that

t* 0 ... 0
PTQ = S
tem 0 ... 0
Then oy, ..., do not depend, up to permutations, on the choice of P, Q.

Proof. Let us write T' = (z;;). Then there exist ¢; and j; such that vp(z;,;,) =
min{vp(x;;)}. By multiplying some element P; € GL,,(Op) from the left and
by multiplying some element Q1 € GLs(Op) from the right, we may assume
that the (1,1) entry of P/T'Q)q is t** where oy = vp(2;,5,) and other entries in
the first column and row vanish. By induction m, we obtain the equality

e o --- 0
PTQ =



If there exist P, € GL,,(OF),Q1 € GLs(OF) and a1, ..., 0, P1,- .., Bm such
that a1 < ... < ap, 51 < ... < G, and

to 0O --- 0 b1 0O --- 0
Py Q1= . : :
ta'm 0 PN 0 tﬁm O - O
Let us write Py = (p;;). Then (pijt‘lﬂ'*ﬁi) € GL,,(Op). Suppose that a; < f;
for some i. Then for i < k < m and for 1 < ¢ <14, the (k,l)-entry of P; belongs
to the maximal ideal of Op. This implies that P; modulo the maximal ideal is
not an invertible matrix.
In particular, we have a standard Cartan decomposition
ton
GLn(F)= |J GLn(Or) GLm (Op).

a1 <-<am t&m

In the cases of n = 1, such decompositions are supported by the theory of affine
buildings. Geometric foundations for higher dimensional local fields are given in
our preprint [Moril], where the notation of “Babel building” is introduced and
studied. For the general linear group GLg(F) or other reductive groups over F,
a generalized version of Iwahori factorization holds. For example, we have

GL4(F)=BW,(A4-1)B

and W, (A4—1) bijectively corresponds to B\GL4(F)/B. Here
O} -+ Op

t10p - O;

N is the monomial subgroup and W,,(Aq—1) = N/BNN. There exists a natural
isomorphism W, (Ag—1) ~ W(Agq-1) X Z"(A4—1). Unlike the cases of n =
0,1, the Weyl group W,,(A4-1) is not a Coxeter group. The above Cartan
decomposition can be interpreted using the theory of Babel buildings as follows:

GL4(F) = GLa(Op)Z%o(Af_)GLa(OF)
where Aji'_l is a positive system of A;_1. Note that
Zh0(Ay ) = W(Ag1)\Wi(Aa—1)/W(As—1) = GLy(Or \GL4(F)/GL4(OF).

Let us go back to measure theory on F™.
Let T € My, s(F) be a matrix of rank m. Then we have

to 0 ... 0
PTQ = : : (1.1)
t*m 0 ... O
for some P € GL,,(Of) and Q € GL4(OF).



Definition 1.8. For any T € My, s(F') of rank m, let us choose P € GLpy(OF)
and GLs(OF) as in (1.1) and write vp(Det(T)) = a3 + -+ + . We call
i, - ..,y the singular exponents of T.

Lemma 1.9. For any T € M,, s(F), the followings hold.
(i) For any P € GL,,(F), we have vy (Det(PT)) = vp(Det(P))+vr(Det(T)).
(it) For any Q € GLs(Or), we have vp(Det(TQ)) = vp(Det(T)).

Proof. (i) If P belongs to GL,,(OF), the claim is trivial. By Lemma 1.7, we
assume that P = diag(t"*,...,t"™) for some 71, ...,vm € Z". By Lemma
1.7, there exists a matrix Q € GL4(Op) such that

x4 o+ Tim O - 0

TQ =

Tml *** Tmm 0 -+ 0

Then we have vy (Det(T')) = vp(Det(z;;)) and v (Det(PT)) = vp(Det(t a;5)).
Here the right hand sides of these two equalities are the valuations of the
usual determinants of square matrices. Therefore we obtain the result.

(ii) This is trivial.

Lemma 1.10. Let ay,...,as,01,...,0, be elements of Z™. For any linear
epimorphisms T: F* — F™ and S: F" — F™ such that we have

t*10p tﬁlOF
T : =5 :
t*Op tPrOp
as subsets of F™, we have

||Det(Tdiag(t®, . .., t%))|| = ||Det(Sdiag(t®,. .., t%))|l.

Proof. By replacing T and S with Tdiag(t®1,...,t%) and Sdiag(t’,..., %)
respectively, we assume that a; = -+ = ag = 81 = -+ 3 = 0. As matrices we
write S = (z;;) and T = (y;;). For any Q € GL,(OF), we have

Or Or

Hence, by multiplying T and S by elements of GLs(Of) and GL,.(OF) from the
right respectively, we may assume that all but one entries are 0 in the first rows



of T"and S. By assumption the two sets

Op fljl Cjy
D j=1 %25
S = . C1,...,¢ € O
Or -
D1 TmiCy
and
dy,
19) Y1k, Ok,
e > et Yordi
T = . dy,...,ds € Op
o :
o > et Yk

are equal. Thus we have vp(z1;,) = vr(y1k,). Let S and T' be the minor
matrices at (1, 1) and (1,%1) in S and T respectively. By induction on size, one
has vp(Det(S")) = vp(Det(T")). Therefore we obtain the equality

vp(Det(S)) = vp(z,,) + vp(Det(S))

=vp(yir, ) + UF(Det(Tl))
— up(Det(T))

The following proposition implies the existence and uniqueness of the mea-
sure on F'.

Proposition 1.11. Let us choose ¢ € C(,). For any measurable subset
a1 +t*Op

A=T :
as +1t*0Of

of F™, we define upm(A) to be c||Det(Tdiag(t*,...,t%))||. This is well-
defined.

Proof. By definition, we have
J(F™) = U U ToJ(F)®s
s>mT:F°—F™,
rank(T)=m
as sets. For any element (s,7T) € {(s,T) | s > m,T € My, ;(F)}, we define
ppm: T o J(F)® — (o7

to be
a; +t“ O
T : +— cf|Det(Tdiag(t™, ..., t*))||.
as + taSOF



Then by Lemma 1.10, this is well-defined and these maps can be glued to a
map from the whole J(F™). Therefore our claim is implied from the case of
m = 1.

Remark 1.12. Of course, we cannot claim the uniqueness of a measure unless
we fix the parameter system as in the case of m = 1.

‘We consider a measure
j(Fm) — (C(n)

in the case of ¢ =1 in the above proposition. This assumption is necessary for
us to use Fubini’s theorem.

As in the case of m = 1, we denote by CZ°(F™) the C(,)-module generated
by the characteristic functions of the measurable subsets of F. We will define
integration

Ipm: CSO(Fm) — (C(n).

Theorem 1.13. Let T': F°* — F™ be a linear epimorphism and pr: F™ —
F? any projection. Then for any A € J(F)®*, the image pr(T(A)) is a mea-
surable subset of F'Y and for any u € pr(T(A)), pr—'(u) N T(A) is measurable
as a subset of the fiber space F™~. Moreover, we have an equality

o (T(A)) = g (pr(T(A)) e —a(pr—" (u) N T(4).
Proof. Tt is clear that pr(7T(A)) is a measurable subset of F'?. Let us write

a1 +t**Op
A= :
as +1t*0f
By replacing T with T'diag(t~“,...,t~%), we assume that ay = -+ = a3 =0.

For any u € pr(T(A)), there exists u’ € prT(O%®) such that u = prT(ay,. .., as)+
u'. Then pr='(u) NT(A) = T(ay,...,as) +pr~ (u) NT(OL?). Therefore with-
out loss of generality, we assume that A = O%°. As a matrix we write T' = (z;;).
Then proT = (z;,;). Let B1,...,Bm be singular exponents of T' and v1,...,7v4
singular exponents of proT. Let us write u = (uq,...,u4). Then one has

2o T15¢4 o
-1 o . C1,...,Cs € Up,
pr (u)ﬁT(A)— : ’U,]C:Z.’L'ikjcj',k:l,...,d
> TmiiC

Sort the rows of matrix 7', we have a new matrix

Lipl te Liyd Lijd—1 ce Liys

j:v _ S U _ xidl e 'ridd xidd—l e xids
S |U Tig 11 " Tig ad | Tig_1d—1 - Tig 1s

Lip,1 te Ti,,d Lip,d—1 te T,y s

10



Here {ig_1,...,4m} is the complement of {i1,...,i4} in {1,...,m}. By assump-
tion, we can take P € GL4(OF) and Q € GLs(OF) such that
n 0 --- 0
P(S|U)Q = : :
e Qg ... 0

Swapping the coordinates appropriately, we can identify pr=!(u) N T(A) with
the set

(&1
C1y...,¢s € Op,
S U Cd U1 C1 Cd—1
S |U Cd—1 P : =PS : +PU :
: Ud Cd Cs
Cs
Note that Q € GLs(OF). Put
C1 C/l
=Q| |,
Cs Cl

the above set equals to

/ ’
’ Cl,...,CSGOF,

S| U 0.1 1 1
(str)e| | = dingen e |
d
(w)N

Y

U
c
s U

As a subset of pr=t(u) ~ Fm~94 pr—! T(A) is regarded as

)

v Uy 621—1
<7*> diag(tivl,...,ti’yd)P +Z/ C;i—lv"wc.; S OF
Ud C;,
where one has
Y | O ~
=TQ.
(517 - 1o

This is measurable in pr~'(u) ~ F™~4 and its volume is ||Det(Z)||. Moreover

since
diag(#,...,07) | 0\ _ P |0 Y |0
0 'z )\ YY1 Y|z )

by Lemma 1.9, we have UF(Det(Z/)) +7+vg =01+ + Bm. Thus we
obtain the consequence.

11



Proposition 1.14. We define Ir: CZ(F™) — C,) to be

k k
Ipn (Y aidla,) =Y aiprn(A;)
i=1 =1

Then Ipm is well-defined. In other words, if we have Y, ak_ 14, = Zf

j=1 ijB.w
then we have
Z aippn (A Z bjpupn (B

Proof. We apply Theorem 1.13 for d = 1. For any x € F, by assumption we
have the equality

4
Zalﬂ Sana, = D0k s,
j=1

C°(F™~1). By induction on m, we have

k ¢
Zai,upmfl(prfl(x) NA;)= ijMmel(prlil(.'I;) N Bj).
i=1 j=1

By varying = € F, we regard the both sides as functions of z € F. Integrating
with respect to x € F', we have

Zazﬂpm ZbJ/,LFm

For any f € C°(F™), we denote Ipm (f) by

f(@)dppm ().
F’"L
Corollary 1.15. For any f € C°(F™), we have
f@uen )= [ [ e pdupa@dnpao(o)
Fd Jpm—d

Fm

Proof. This follows from Theorem 1.13 and Proposition 1.14. By the linearity,
we may assume that f = I for some A € J(F™). For any x € F?, the function

fl@,=): F"% — Cryiy — fla,y)

is measurable by Theorem 1.13. Here when = € F'?¢ varies, the function

T — f(@,y)dppm-a(y)
F7n7d

12



belongs to C°(F?). Integrating with respect to x € F%, we have

f(z)dppm (2 / / f(@,y)dppa(z)dppm-a(y)
Fm Fd Jpm—d

by Proposition 1.14.

By the sequential discussion on m, we obtain the equality

flay, .o ) dppn (X1, Tm))

F?/ /fxl,...,xm>dup<x1>~--dup<xm>

for any f € C(F™).

This corollary is Fubini’s theorem on F™. In [M3], Morrow showed that for
any polynomial over O or any linear polynomial over F', its repeated integral
is independent of the order of integralation in his theory. On the other hand,
in §7 and §8 in [M3], Morrows gave some examples whose repeated integrals
depends on the order of integralation. We explained that all repeated integrals
of measurable functions are independent on the order of integralation. But we
have not verified that non-linear functions does not depend on the order of
integralation.

Recall the definition of absolute convergence of a series C(,) in [F3]. We
say that )¢, ¢; € C(,,) absolutely converges if the series ) res X1 Cj absolutely
converges in C,,_y) for all j.

Proposition 1.16. Let {A;};en be a family of countably many disjoint mea-
surable sets of F™ such that A = Jjoq A; € J(F™). If Y02 prm(4;) is an
absolutely convergent series in C,y then we have

prm(A) = ppm (A
=1

Remark 1.17. In [F3], Fesenko showed that pp is countably additive in a
refined sense. In [W], Waller showed that jgr,ry has the same property by
using the Fesenko’s result. We will prove the above proposition by the same way.

Proof. Since {A;};en are piecewise disjoint,

]IAZZHA,,
i=1

13



So we have

Fm
= / Z]IAl Ydppm (z)
o=y

Because the measure pr has countable additivity, this integral equals to

i/F.'./F]IAi('rh.“’mm)dMF(xl)”'d/’(’F(xm)-

By definition this is Y .o ppm (4;).

In his approach to higher measure theory given in [M1] and [M2], Morrow
did not show that their measure has countable additivity. So this result is an
advantage to [M1] and [M2].

Proposition 1.18. Forany A, B € J(F™), the intersection ANB is measurable
in F™ or empty.

Proof. Let us consider a linear isomorphism M : F?™ — F?™: (z,y) — (z,2—
y) and a projection pry: F?™ —3 F™; (x,7) — y. Then the intersection AN B
equals to pry '(0)N M (A, B) as a subset of the fiber space pry *(0) ~ F™. Hence
the claim follows from Theorem 1.13. Note that if 0 ¢ proM (A, B), AN B is
empty.

Corollary 1.19. For any fi1, fo € C°(F™), the product function fifa;x —
fi(x) fa(z) lies in C°(F™).

Proof. Indeed, for any measurable subsets A, B of F™, the product of 14 and
Ig is Ians.

Definition 1.20. We can define a convolution product CS°(F™) x CX(F™) —
C(F™) to be

fix fa(z) == 1Y) fa(z — y)dprn ().

Fm

Proposition 1.21. The convolution algebra C°(F™) is commutative, associa-
tive and does not have a unit element.

14



Proof. Since the measure on F™ is additive-invariant, one has

fix fa(z) = [1(y) fa(x — y)dppn(y)

Fm

= [ iz =2)fa(2)dprm(z)
Fm

= fax f1(z)
for any f1, fa € C°(F™). Let fi, fa, f3 be elements of C2°(F™). Then we have

(f1* f2) * f3(z) = /Fm f1 % fo(y) f3(@ — y)dppm (y)
- /m - f1(2) f2(y — 2) f3(x — y)dppm (2)dppn (y)
= /m - 1) fa(y — 2) f3(x — y)dppm (y)dppm (2)

- /F i) fa xSl = 2)dpren (2
= f1* (f2 *x f3)(x).

Suppose that there exists an element e € CS°(F™) such that e * f = f for any
f € CX(F™). Then we have

f@)= [ e) o~ y)durn (o).

Especially for the characteristic function f = I;aom,

1= /Om ()i (1),

The right side depends on «, so this is not possible.

2 A measure on GLi(F)

In this section, we will construct a measure and a theory of integration on
GL4(F) by using those on My(F) ~ F%".

Proposition 2.1. Let A be a measurable subset of My(F) and g € GLy4(F).
Then we have

Mn g (F) (QA) = MMd(F)(Ag) = ||det(9)\|dMMd(F)(A)-

Proof. Let us regard My(F) as a d*-dimensional vector space. Then the de-
terminant of the multiplication by ¢ from the left or right My(F) — My(F)
is det(g)?. Hence the proposition is immediately follows from Lemma 1.9 and
Proposition 1.11.

15



Lemma 2.2. For any elementi € 22, K; = 1+t'Mq(OF) is a normal subgroup
Of GLd(OF)

Proof. Indeed we have K; = Ker(GL4(Op) — GLq(Or/t'OF)).

Lemma 2.3. For any element g of GL4(F) andi € ZZ, there exists an element
J of Z such that we have g7 K ;g C K.

Proof. By Lemma 1.7, we can take g1,92 € GL4(OF) and ay,...,aq € Z"
such that g = gidiag(t®,...,t%)go. By Lemma 2.2, since g2 K;g, * = K; and
gflKjgl = Kj, it is sufficient to show the case of g = diag(t**,...,t*¢). Then
an index j € Z™ over max, 4(q, — o + 1) satisfies g1 K;g C K;.

Proposition 2.4. The group GL4(F) has a structure of a Hausdorff topological
group whose fundamental system of neighborhoods of 1 is given by {K; | i €

Z2}.

Proof. First, we will prove that the product GL4(F) x GLq(F) — GL4(F) is
continuous. For any =,y € GL4(F) and k € Z2,, we can take i,j € ZZ, such
that i > k and 2Kz~ C K}, by the above lemma. Since

KixK;y = K;(xK;jz~')zy C Ky,

the product GLy(F) x GLy(F) — GL4(F) is continuous. Next, let j* be an
element of ZZ such that x_lKj/x C K}, we have (Kj/x)_l = (x_lKj/:v)a:_l C
Kpx~1. Therefore the inverse involution on the group GL4(F) is continuous.
As the intersection of all K; is {1}, the group GL4(F) becomes a Hausdorff
topological group.

Definition 2.5. Let us consider a measure on GLq(F). We say that a C,-
valued function f on GL4(F') is measurable if the function

My(F) — Cpy;x — f(x)||det(z)]|

(vanishing on Mag(F)\GL4(F)) lies in C°(Mg(F)). We say that a subset A
of GL4(F) is measurable if its characteristic function is measurable. We define
J(GL4(F)) to be the set of measurable subsets of GLq(F) and C°(GLq(F)) to
be the C(y-module generated by {Ia | A € J(GLq(F))}.

For any f € C°(GL4(F)), we define I, () (f) to be

/ F(@)lldet ()|~ dping, () ().
Mg (F)

We also denote this by

/ f(@)dpgr r ().
GL4(F)
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Proposition 2.6. The integration

Iop,ry: CP(GLa(F)) — Crys f +— f(@)dpgr,r(x)
GL4(F)

is left and right GLq(F)-invariant.

Proof. Let f € C(GL4(F)). By the linearity, we may assume that the zero
extension to My(F) of

GL4(F) — Cy; f — f()||det(z)]|

is the characteristic function of some measurable subset A of My(F). By Propo-
sition 2.1, for any element g of GL4(F'), we have

dpinry(ry(29) = dpagy ey (g92) = [|det(g)]|*dpar,ry ().

Hence we have

[ fag)ldet(@)| dusrycr (@) = [ flag)|detlag)|~|det(s)[*dpas, ey o)
My(F) Mg (F)

:/’ £(zg)lldet (20|~ Adpuns, i) (29)
Mg (F)

= MMd(F)(A)

and

/ Flgo)lldet(@)]| ™ dpnr, (@) = / f(gz)l|det(g)[|~?||det ()| *drens, () ()
Ma(F) Ma(F)

=/’ £(g)|det(ga)||~Adpaar, ) ()
My(F)

= UMy (F) (A)
Thus

CF (@) — Copif = [ @@ i)
Mg
is left and right-invariant.

Remark 2.7. For any element A of J(GL4(F)), a set {vp(det(z)) | x € A} is
finite set. Indeed, by definition, we can take ay,...,a, € Cy and Ay, ..., A, €
J(My(F)) such that

[|det(z)]| =% = ZQZHA )(z € A).

Then the right hand side takes at most a finite number of values. In particular,
since there is no finite subgroup of Z™ other than 0, we have vp(det(K)) = 0
for any measurable subgroup K of GL4(F).
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Remark 2.8. The uniqueness up to a constant multiple of the left-right-invariant
integration
Igr,r): CZ(GLa(F)) — Cy

follows from that of the integration on My(F).

The family of measurable subgroups is much larger than the family of mea-
surable subgroups which are considered in [W]. For example, subgroup

1+t0p t*PH0p \ [ t° et
t=tP0p  1+t70p ) th y t=~
is not measurable in the sense of [W], however this subgroup has a measure in
this theory. ,
Since we define the measure gy, () by using the measure on F' 4 we can

prove that pgr,(r) is countably additive by the same argument as Proposition
1.16. This is a generalization of [W, Corollary 5.8].

Proposition 2.9. Let {A;}ien be a family of countably many disjoint measur-
able sets of GLq(F) such that A =\J;2 ) Ai € T(GLa(F)). If Y021 parar)(As)
is an absolutely convergent series in C ) then we have

peLa(r)(A) = g (As)
=1

Proof. See the proof of Proposition 1.16.

Let d = dy + -+ - 4+ d,- be a partition of d. Then the restriction to diagonal
blocks matrices

My(F) — [ [ Ma,(F)

is a linear epimorphism. The restriction of a measurable subset of GL4(F) to
[1;_; GLq4,(F) is measurable in [[;_; GLg,(F). So we have natural maps

T(CLuF) — 7 (H ClLa <F>>

i=1
and
CX(GLg(F)) — CF (H GdeF)) :
i=1
Here J ([T;_, GL4,(F)) is the set of measurable subsets of [[;_, GLg, (F)
and C° ([Ti_, GLq4,(F)) is the C(,-module generated by the characteristic

functions of the measurable subsets of [[;_, GLg, (F). When F is a one-dimensional
local field, it is well-known that we have an isomorphism

e (H GL, <F>> ~ @) € (GLa (F))
=1

i=1
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However when n > 1, we probably do not have such an isomorphism. We will
consider the repeated integral on the product space [[;_; GLg, (F).

Theorem 2.10. For any measurable function f € C ([[;_, GLq4,(F)), s =
L,...,r and x5 € GLq;(F) (j # s), the function

GLy4,(F) — Cys s — f(21,..., 26, .., 7;)

is an element of CS°(GLg,(F)). Moreover, the integration

/ o / fQ@1,.. ze)dpgr,, (r)(21) - dpcr,, (7)(Tr)
GLa, (F) GLa, (F)

on H:Zl GLgy,(F) does not depend on the order of integration.

Proof. By linearity, we may assume f = I, for some A € J ([]_; GLq,(F)).
The projection pry: [[;_, GLg4,(F) — GLg,(F) induces

pry .. J (ﬁ GLy, (F)) — J(GLy4 (F)).

By Corollary 1.15,
GLq4,(F) — Cy; s ¥ f(21,. .0, 26y, 1)

lies in C°(G Ly, (F)). Moreover, for any a € pry(A), pry 1(a) N A is measurable
in [[,, GLq,(F) and we have

BTy G507 (A) = s, Y OF(A)) T G (PF(0) 1 ).

Therefore
/ / [, en)dpugr,, () (21) - dugr,, r)(@r)
GLay(F)  JGLa, (F)

on [[;_, GL4,(F) does not depend on the order of integration.

This measure is, of course, also countably additive. By the above proposi-
tion, for any s = 1,...,7 and f € C>([[;_, GLq4,(F)), we have

IGL,iS(F): Cso <H GL@(F)) — C(C;O HGLdL(F)

i=1 its

For any substitution o € S,
Iapg,,(;m o o lara, () Cﬁ"(lj[l GLy,(F)) — Cy)
does not depend on o.
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Example 2.11. For the punctured unit disc D = {g € M4(OF) | det(g) # 0}
and a positive integer s € Z~q, we consider the integral

I(n) = /D det(9) [P dricez oo (9)-

For any o € 2%, we write Do = {g € D | vp(det(g)) = a}. Since we have

p= 1] Dm/D det(g)][*dg = X°*,

aezgo
as 1 Q18 ya2s ans
= Y xe= Y (e
ango (any..1)>0

When n = d = 2, this is an example considered in [W].

3 A measure on a parabolic subgroup

Let d = dy + --- + d, be a partition of d. let M(gdl """ "/(F) denote the block
upper matrix algebra associated to the partition d = d; + -+ + d.. Then
P(F)=GL4(F)N Médl"“’dr)(F) is a standard parabolic subgroup of GL4(F).
Let P = M N be a standard Levi decomposition. Then the Levi subgroup M (F')
is isomorphic to GLg4, (F) x -+ x GLg4, (F) and N is the unipotent radical of P.
In particular, so note that for any n € N, we have det(n) = 1.

Definition 3.1. We say a subset of P(F') is measurable if it is an intersection
of a measurable subset of GL4(F') and P(F). We denote by J(P(F)) the set of
measurable subsets of P(F).

We define C°(P(F)) to be the C(,)-module generated by {I4 | A € J(P(F))}.
We will construct a left P(F')-invariant C,)-linear map

Ipry = Ippy: CZ(P(F)) — Cipy.

Since the multiplication g = (g1,...,9,) € M(F) ~ [[GLg4,(F) by the left on
MMt (R s

g1 ayp - Qi giain -+ gi1Qip

g’l" a’l"f’ g’f’a’TT‘

for A is a measurable subset of P(F'), we have

— NI idj.
a0 1y (04) = LTIt 0<% gy (A)
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Let us put D(g) = [Tie, ldet(gl|*Zot for any g = (g1,...,,) € M(F).
Then we define Ip(py: CZ(P(F)) — C(,) to be

I ()= [ P D)™ i o (0),
d
where = (v1,...,7,) € M(F) and y € N(F). We will denote Ip(r(f) by

/ f(2)dppr(2).
P(F)

Proposition 3.2. The morphism Ippy: C&°(P(F)) — C¢,) is left P(F)-
mvariant.

Proof. Let m € M(F') and n € N(F). Let A\;f denote the function z ——
f(g~tx). Since (mn)~! =m~L(mn=tm=1), we have

We put 21 = m'z € M(F),y1 = (27 'mn"'m™a)y = a7 'n" o1y € N(F),
then (mn)~lzy = x1y;. Since

= Ipr)(f)

As a consequence, Ippy: CP°(P(F)) — Cy is left P(F)-invariant.

Remark 3.3. Let us put D,.(g) = [/, ||det(g:)||*">=>% foranyg = (g1,...,9,) €
M(F). Then we can prove that for any f € C°(P(F)),

r . —1
Ty () = /Myl)___mmf(my)Drm) Ay a0y (@)
is right P(F)-invariant as well as the above proposition.
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Remark 3.4. We defined the left invariant measure and the right invariant

.....

we can prove countable additivity of the left invariant measure and right invariant
measure of P(F).

Definition 3.5. We define a homomorphism ép: P(F) — (C(Xn) to be
Sp(ay) = Dp(z)Dy(x) "

for any x € M(F) and y € N(F). We call the homomorphism dp a modular
character of P(F).

Proposition 3.6. Under the above notations, we have

dppr)(2p) = dp(p)dppr)(2)-

Proof. By definition, we have

/ F(2)dpp (2) = 6p(p) / F(zp)dip (2)
P(F) P(F)

for any f € C°(P(F')). Hence we obtain the claim.

Example 3.7. Let f = g € CX(GLy(F)) be the characteristic function of
measurable subgroup
K’Y =1+ t’yMQ(OF)

and P is the standard Borel subgroup of GLs, that is, P is the upper triangular
subgroup. Then since

2 Y
P(F)ﬂK7:(1+t Or 10Or )

1+t70Fp

we have

/ Ip(r)nk, (2)dupr)(2) = X
P(F)

(")

- 1+t0p t* P10
1_ F F
eKyr™" = ( t—otB0R  14+470p

Further let us put

Then one has

) P(F)m.%'K f— ( 1+t70F ta_5+’yOF )
) o = .

1+t0F
So we have

Ip(mynk, (7 z2)dupp (2) = X737
P(F)

So we obtain §p(x) = X5,
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4 Future works

Convolution products

For any measurable sets A, B, we could not show whether AB = {ab | a €
Abe BH A7l = {a! | a € A} are measurable. So we still cannot define the
convolution product

C(GLa(F)) x CF(GLa(F)) — CF(GLa(F)).

If we can construct this product, we consider a higher dimensional generaliza-
tion of Hecke algebra H(GL4(F)). In the cases where F is a one-dimensional
local field, H(GL4(F)) has strong ties to representation theory of GL4(F). On
the other hand, for an n-dimensional local field F', representations of GL4(F')
are not yet well understood. In the future we will address this theme. For a
two-dimensional local field F, H(SLy(F')) was treated in [KL]. In their study,
Kim and Lee defined a convolution product of the spherical Hecke algebra of
H(SL2(F),SL2(OF)) by a combinatorial way. The main claim of [KL] is the
Satake isomorphism. They constructed the isomorphism

S: H(SLa(F), SLa(OF)) — H(T(F), T(0F))" V),

where T'(F) ~ F* is the diagonal torus of SLs(F'). We hope to find a more
natural definition of a convolution product than that given in [KL] in a combi-
natorial way and construct the Satake isomorphism over GLg(F).

Quotient measures on the flag varieties

Let G = GL4(F) and P be a standard parabolic subgroup of G. The Iwasawa
decomposition
G=KP

where K = GL4(Op) is proved in my preprint [Moril]. Now we would like to
construct a quotient measure on the flag varieties G/P. The natural method is
to use a measure on K. So we show that for any f € C°(G),

/G F(9)duc(g) = /K /P k) dup (0)durc (k).

The issue of this approach is that we do not know if P — C,y;p — f(pk) is
measurable on P when k € K is fixed.

These problems are caused by our measure theory on higher dimensional lo-
cal fields being exotic. Unlike measures on locally compact groups, our measure
does not have much flexibility in treating. In the future, a new measure theory
should be constructed in which a broader kind of sets are allowed as measurable
sets.
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