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Chapter 1

Introduction

Throughout this thesis, we write ∂0 := ∂t = ∂/∂t, ∂k := ∂/∂xk for 1 ≤ k ≤
d, and the d’Alembertian as □c := ∂2t −c2∆ with a positive constant c. This
constant c is called the propagation speed. We simply write □1 as □.

The (free) wave equation □cu = 0 and the (free) Klein-Gordon equation
(□c +m2)u = 0 with m > 0 are two typical examples of hyperbolic partial
differential equations. In this thesis, we consider two types of systems of
semilinear hyperbolic equations involving the wave equations.

The first one is a coupled system of nonlinear wave and Klein-Gordon
equations. To give details, for any N > 0, we assume

mj > 0 for 1 ≤ j ≤ N0 and mj = 0 for N0 + 1 ≤ j ≤ N (1.1)

with someN0 ∈ {0, 1, . . . , N}. Let u = (uj)1≤j≤N be an RN -valued unknown
function of (t, x) ∈ (0,∞)× Rd. We write u = (v, w) with

v = (vj)1≤j≤N0 = (uj)1≤j≤N0 , w = (wj)N0+1≤j≤N = (uj)N0+1≤j≤N . (1.2)

When N0 = 0 (resp. N0 = N), (1.1) and (1.2) are understood as mj = 0
and wj = uj (resp. mj > 0 and vj = uj) for 1 ≤ j ≤ N . We call vj the
Klein-Gordon component, and wj as the wave component. Now we would
like to present the first coupled system:

(□+m2
j )uj = Fj(v, ∂u) in (0,∞)× Rd, 1 ≤ j ≤ N, (1.3)

where ∂u = (∂au)0≤a≤d. The reason why Fj depends on (v, ∂v) and ∂w but
not on w itself will be described later in this chapter. We always suppose
that F = (Fj)1≤j≤N , and each Fj is a homogeneous polynomial of degree p
in its arguments.

The second one is a system of semilinear wave equations with multiple
propagation speeds:

□cIu
I = F I(∂u) in (0,∞)× Rd, 1 ≤ I ≤ P, (1.4)
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where u = (uI)1≤I≤P , u
I = (uIj )1≤j≤NI , N1 + · · ·+NP = N , and

0 < c1 < c2 < · · · < cP . (1.5)

We put F = (F I)1≤I≤P , and each component of F I is supposed to be a
homogeneous polynomial of degree p in its arguments.

We are interested in the Cauchy problem of the above two types of sys-
tems with small, smooth and compactly supported initial data. Therefore,
we prescribe the initial condition by

u(0, x) = εf(x), ∂tu(0, x) = εg(x), x ∈ Rd, (1.6)

where f, g are C∞
0 -functions and ε is a small positive parameter.

The system (1.3) with N0 = 0, and the system (1.4) with P = 1 and
c1 = 1 are none other than a system of semilinear wave equations with a
single propagation speed 1, that is

□u = F (∂u), (t, x) ∈ (0,∞)× Rd, (1.7)

where u = (uj)1≤j≤N is an RN -valued unknown, and each component of
F is a homogeneous polynomial of degree p in its arguments. We firstly
summarize the known results for this simpler system. It is well known that
this system has a unique local solution in C∞([0, T )×Rd) with some T > 0
for each C∞

0 -data. The lifespan is the supremum of such existence time T
for the solution u. The solution u is called the global solution if its lifespan
is equal to ∞. If we consider the initial condition (1.6), then it is known
that the lifespan becomes longer as ε becomes smaller. However, no matter
how small ε is, the lifespan for the case F (∂u) = (∂tu)

(d+1)/(d−1) stays finite
for d = 2, 3 unless f = g = 0 (see [11, 22]). Now a natural question arises:
When does a global solution exist for small initial data? The properties of
the solutions to the free wave equation □u+ = 0 provide a clue to solving
this question. A solution u+ to □u+ = 0 is called a free solution in the
sequel. A free solution u+ with compactly supported data enjoys a decay
estimate

|∂αu+(t, x)| ≤ Cε(1 + t+ |x|)−(d−1)/2
(
1 +

∣∣t− |x|
∣∣)−|α|−(d−1)/2

for any multi-index α = (α0, α1, . . . , αd), where ∂
α = ∂α0

0 ∂α1
1 · · · ∂αd

d . Fur-
thermore, by the energy identity, we also have

∥∂u+(t)∥L2 = ∥∂u+(0)∥L2 <∞,

where

∥ϕ(t)∥L2 =

(∫
Rd

|ϕ(t, x)|2 dx
)1/2
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for a function ϕ = ϕ(t, x). Another clue is the energy inequality for the
inhomogeneous wave equation □u(t, x) = Φ(t, x), that is

∥∂u(t)∥L2 ≤ ∥∂u(0)∥L2 +

∫ t

0
∥Φ(τ)∥L2 dτ, t ∈ [0, T ).

If we consider the nonlinear case (1.7), the integrability of ∥F (∂u)(t)∥L2 on
(0,∞) is an important factor. Indeed, when the initial data is small enough,
we may expect the solution u of (1.7) to behave similarly to the free solution
u+. Then, we can get

∥F (∂u)(t)∥L2 ≤ C sup
x∈Rd

|∂u(t, x)|p−1∥∂u(t)∥L2 ≤ C(1 + t)−(p−1)(d−1)/2.

Hence we may expect that there exists a unique global solution to (1.7) if
(p − 1)(d − 1)/2 > 1. This expectation was resolved by Klainerman [42] in
the following way: If d ≥ 2 and p is an integer with

(p− 1)(d− 1)/2 > 1, (1.8)

then the small data global existence (which we refer as SDGE in what fol-
lows) holds for (1.7) with (1.6); namely, for any f, g ∈ C∞

0 (Rd), there is a
positive constant ε0 such that the Cauchy problem (1.7) with (1.6) admits
a unique classical global solution u ∈ C∞([0,∞) × Rd

)
for any ε ∈ (0, ε0].

Note that (1.8) is satisfied for any p ≥ 2 when d ≥ 4. (1.8) is also satisfied
for p ≥ 3 when d = 3, and for p ≥ 4 when d = 2; however it is violated for
(d, p) = (3, 2) and (d, p) = (2, 3) as we have (p− 1)(d− 1)/2 = 1. These are
critical cases, as (p − 1)(d − 1)/2 = 1 is equivalent to p = (d + 1)/(d − 1),
and SDGE fails for F = (∂tu)

(d+1)/(d−1) for d = 2, 3, as we have mentioned
before.

We are interested in these critical cases, and we always assume

(d, p) = (3, 2) or (2, 3) (1.9)

from now on. Concerning SDGE for the critical cases, Klainerman showed
SDGE for (d, p) = (3, 2) under a certain condition called the null condition
in [44] (see also Christodoulou [9]). Its counterpart for the case (d, p) = (2, 3)
was developed by Godin [11] and Hoshiga [16]. We do not go into details,
but the null condition for the subcritical case (d, p) = (2, 2) was also studied
by Alinhac [3]. To explain the null condition precisely, we write

F (∂u) = F (∂tu, ∂1u, . . . , ∂du),

and define the reduced nonlinearity F red by

F red(ω, Y ) := F (−Y, ω1Y, . . . , ωdY )
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for ω = (ω1, . . . , ωd) ∈ Sd−1 and Y = (Yj)1≤j≤N ∈ RN , where Sd−1 denotes
the unit (d − 1)-sphere. In this notation, the null condition in [11, 44] is
given by

F red(ω, Y ) = 0, ω ∈ Sd−1, Y ∈ RN . (1.10)

Roughly speaking, the null condition guarantees that the critical nonlinear
terms with the slowest decay disappear. It is also known that global solutions
with small data under the null condition are asymptotically free; namely, for
a global solution u, there is a free solution u+ such that we have

lim
t→∞

∥∂u(t)− ∂u+(t)∥L2 = 0.

We can also see that the difference between the initial data for u+ and that
for u is of order εp for small ε.

On the other hand, the following simple example{
□u1 = −(∂tu2)

3,

□u2 = 0,
(t, x) ∈ (0,∞)× R2,

shows that the null condition is not a sufficient condition for SDGE, since
SDGE apparently holds for this system, but the null condition is violated.
Therefore, in order to be able to understand such a system, Lindblad-
Rodnianski [52] introduced the weak null condition for the three space di-
mensional case (but we can formulate a corresponding condition also for
the two space dimensional case in a similar fashion), and conjectured that
SDGE would be established under the weak null condition (see Chapter 2
for details). However, this conjecture has not yet been proved. Therefore,
sufficient conditions for SDGE, being related to but stronger than the weak
null condition, and yet weaker than the null condition, are widely studied.
Such conditions were introduced by Alinhac [4], Katayama [29], Katayama-
Matoba-Sunagawa [37] in three space dimensions, and by Hoshiga [19],
Katayama [27], Katayama-Murotani-Sunagawa [39], Katayama-Matsumura-
Sunagawa [38] and Kubo [48] in two space dimensions.

Here we present the conditions introduced in [37] and [38]. These condi-
tions can be unified to one condition, which we call the KMS condition after
the initials of the authors: There is H = H(ω) ∈ C(Sd−1;SN

+ ) such that

⟨Y,H(ω)F red(ω, Y )⟩RN ≥ 0, ω ∈ Sd−1, Y ∈ RN ,

where SN
+ is the set of real symmetric positive-definite matrices of size N×N

and ⟨·, ·⟩RN denotes the standard inner product in RN . It is trivial to see
that the null condition implies the KMS condition. The KMS condition is
a generalization of the Agemi condition, which was proposed by Agemi in
the 1990s for single wave equations in two space dimensions, to three space
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dimensions or systems. The KMS condition implies SDGE, and it is known
that there are various asymptotic behaviors to occur, differently from the
case of the null condition: Some solutions are asymptotically free, and the
others are not. Even if the solution is asymptotically free, the asymptotic
data can be away from the original data, and decay of the energy may also
occur for some nonlinearity. See Katayama [32, 33], Nishii-Sunagawa [54]
and Nishii-Sunagawa-Terashita [55] for the details.

Now we turn our attention to (1.3). Before proceeding to the general
case, we would like to mention another special casse of N0 = N ; in this
case, (1.3) is exactly a system of semilinear Klein-Gordon equations, and
we would like to recall some known results. Thanks to the mass term m2

j ,
solutions to the free Klein-Gordon equation have faster decay than those to
the free wave equation in a neighborhood of the light cone |x| = t. In fact,
the uniform decay rate for the solutions of the Klein-Gordon equation is
(1+ t)−d/2; however, differently from the case of wave equations, there is no
gain of decay away from the light cone. Moreover, the mass term enables the
energy inequality to control the L2-norm of the solution as well as that of
its derivatives (this is the reason why we allow the nonlinearity F to depend
on v itself but not on w itself in (1.3)). Indeed, if we define

∥u(t)∥E,m :=

(
m2

2
∥u(t)∥2L2 +

1

2
∥∂u(t)∥2L2

)1/2

,

then the energy inequality for the linear Klein-Gordon equation

(□+m2)u(t, x) = Φ(t, x)

can be written in the form

∥u(t)∥E,m ≤ ∥u(0)∥E,m +

∫ t

0
∥Φ(τ)∥L2 dτ.

The critical pairs (d, p) = (3, 2) and (d, p) = (2, 3) for the wave equations
are super-critical for the Klein-Gordon equations because the uniform decay
rate is −d/2 and we have (p − 1)d/2 > 1 for these pairs. Indeed, it is
known that SDGE holds for these cases without any further restriction.
See Klainerman [43] and Shatah [57] for the three space dimensional case,
and Ozawa-Tsutaya-Tsutsumi [56] and Simon-Taflin [59] for the two space
dimensional case.

Now, we would like to recall the previous research about the case where
the system (1.3) is actually a coupled system of nonlinear wave and Klein-
Gordon equations (namely, the case 1 ≤ N0 ≤ N − 1). Since this coupled
system contains the wave equations, some additional condition like the null
condition is of course necessary to obtain SDGE when (d, p) = (3, 2) or
(d, p) = (2, 3). The difficulty in treating the null condition for this coupled
system is that fewer vector fields can be used than the case where the system
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involves the wave equations alone. More precisely, Klainerman [44] proved
SDGE for systems of nonlinear wave equations satisfying the null condition
by the so-called vector field method. To be more precise, Klainerman used
the vector fields

S = t∂t + x · ∇, Lk = xk∂t − t∂k, Ωkl = xk∂l − xl∂k

for 1 ≤ k, l ≤ d, as well as the standard differentiation ∂a for 0 ≤ a ≤ d. S is
called the scaling operator, and Lk is called the Lorentz boost. Let [A,B] =
AB − BA be the commutator for operators A and B. An important point
is that we have a commutative property [□, Lk] = [□,Ωkl] = [□, ∂a] = 0,
and that S is “almost” commutable with □ in the sense that [□, S] = 2□,
so that we have □(Su) = (S+2)□u, on whose right-hand side S is replaced
by S +2, but this causes no serious problem. Klainerman used these vector
fields to obtain a weighted L1-L∞ decay estimate for the wave equations,
and to obtain an enhanced decay estimate for the nonlinearity satisfying the
null condition. For the Klein-Gordon equations, the vector fields Lk,Ωkl and
∂a still commute with □+m2 for m > 0, but the scaling operator S is not
“almost” commutable with □ +m2, as [□ +m2, S] = 2□. Klainerman [43]
developed the vector field method without S for the Klein-Gordon equations.
Therefore, in order to treat the coupled system of wave and Klein-Gordon
equations, our task is to establish a vector field method without S for the
wave equations.

For the three space dimensional case, a pioneering work was done by
Georgiev [12]. He introduced the strong null condition

F red(ω, Y ) = 0, ω ∈ R3, Y ∈ RN

(notice that ω ∈ S2 in the null condition for d = 3 is replaced by ω ∈ R3

here), and showed SDGE under the strong null condition by developing
a weighted L2-L∞ decay estimate for wave equations which only requires
Lk,Ωkl, and ∂a, as well as a corresponding estimate for the Klein-Gordon
equations, and an enhanced decay estimate without S for the nonlinearity
satisfying the strong null condition. Note that the result in [12] is quite
weaker than the previous results for the wave and Klein-Gordon equations
if we put N0 = 0 or N0 = N . Later, the required condition was extremely
relaxed by Katayama [28]. To explain his condition, we introduce some

notations: Let F
(w)
j (∂w) be the nonlinear terms consisting of all the terms

depending only on ∂w in Fj , and we set F
(w)
W := (F

(w)
j )N0+1≤j≤N . F

(w)
W

stands for the interaction between wave components in the wave equations
above. Writing

F
(w)
W (∂w) = F

(w)
W (∂tw, ∂1w, . . . , ∂dw),

we define the reduced nonlinearity for this system by

F red
W (ω, Y ) := F

(w)
W (−Y, ω1Y, . . . , ωdY ) (1.11)
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for ω = (ω1, . . . , ωd) ∈ Sd−1 and Y ∈ RN1 with N1 = N −N0. In [28], SDGE

for (d, p) = (3, 2) was proved by only assuming the null condition for F
(w)
W ,

that is

F red
W (ω, Y ) = 0, ω ∈ Sd−1, Y ∈ RN1 (1.12)

(if N1 = N , (1.12) coincides with (1.10)). Katayama used the weighted L∞-
L∞ estimates for the wave equations, which only require Ωkl and ∂a; he also

obtained an enhanced decay estimate for F
(w)
W satisfying the null condition

without S by considering (t − |x|)∂a instead of S (this idea comes from
the multiple-speed case which will be explained below); in order to treat

F
(w)
j for 1 ≤ j ≤ N0, the interaction between the wave components in the

nonlinearity for the Klein-Gordon components, some kind of transformation
was used to eliminate them. We also refer the reader to LeFloch-Ma [51] for
an alternative proof, where the hyperboloidal foliation method is used. The
counterpart of [28] for (d, p) = (2, 3) was obtained by Aiguchi [2].

We finally review what is known about the systems (1.4) of semilinear
wave equations with multiple propagation speeds. In this case, as above,
fewer vector fields are available than the single speed case (1.7). This time,
the Lorentz boosts Lk are troublesome. Ωkl and ∂a commute with □c for any
c > 0, and the scaling operator S is “almost” commutable with □c in the
sense that [□c, S] = 2□c; however Lk commutes with □c only when c = 1.
More precisely, a suitable Lorentz boost for □c is xk∂t + ct∂k, but it does
not commute with □c′ if c

′ ̸= c. Therefore, when considering this system,
we have to exclude the Lorentz boosts Lk.

The multiple-speed version of the null condition in two and three space
dimensions were introduced by Hoshiga-Kubo [20] and Yokoyama [62], re-
spectively, and they proved SDGE under this null condition. Roughly
speaking, the interactions between components with different speeds are
relatively small, as they propagate in different speeds and each component
decays faster in a region away from the corresponding light cone. Hence the
multiple-speed version of the null condition is a restriction on interactions
between the components with the same speed: Let ∗F I(∂uI) be the nonlin-
ear terms consisting of all the terms depending only on ∂uI in F I , and we
write

∗F I(∂uI) = ∗F I(∂tu
I , ∂1u

I , . . . , ∂du
I).

∗F I stands for the interactions between the components with the same speed.
We also define the reduced nonlinearity F I,red by

F I,red(ω, Y I) := ∗F I(−cIY I , ω1Y
I , . . . , ωdY

I) (1.13)

for ω = (ω1, . . . , ωd) ∈ Sd−1 and Y I = (Y I
j )1≤j≤NI ∈ RNI

. In above nota-
tions, the multiple-speed version of the null condition can be expressed in
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the form

F I,red(ω, Y I) = 0, ω ∈ Sd−1, Y I ∈ RNI
, 1 ≤ I ≤ P (1.14)

(observe that if P = 1 and c1 = 1, then (1.14) is nothing but the null
condition(1.10)). They proved SDGE by developing weighted L∞-L∞ decay
estimates which only require Ωkl and ∂a; they also succeeded to obtain
an enhanced decay estimate without the Lorentz boosts for ∗F I satisfying
the null condition, by considering (t − |x|)∂a instead of the Lorentz boosts
(these vector field method without Lk motivates that without S in [28]).
See Sideris-Tu [58], Sogge [60] and Hidano [14] for the alternative proof for
(d, p) = (3, 2), where different kinds of the decay estimates are used; see
Katayama [30] for the asymptotic behavior of global solutions.

Our aim in this thesis is to relax the sufficient conditions for SDGE in
the cases of (1.3) and (1.4), in a similar manner to the case of the wave equa-
tions where weaker sufficient conditions than the null condition are known.
To be more precise, we will introduce conditions for the system (1.3) and
(1.4), which correspond to the KMS condition for (1.7), and prove SDGE
under these conditions. This is non-trivial because the scaling operator and
the Lorentz boosts are essentially used in [37, 38] to treat the KMS condi-
tion. This challenge is successful for the two space dimensional case, but
only partially resolved for the three space dimensional case due to technical
problems. In other words, additional conditions are needed for SDGE to
be valid in the three space dimensional case. We will also obtain results on
the asymptotic behavior under our conditions, subject to certain additional
conditions.

Remark 1. In this chapter, we have assumed that the nonlinear terms are
homogeneous polynomials of degree p, but in most cases, we can easily add
nonlinear terms of higher order than p. We also assumed that the nonlinear
terms do not depend on the unknown functions of the wave equation itself (u
for (1.7), w for (1.3), and each uI for (1.4)), but there are many results that
allow them to do so. We refer readers to Katayama [23, 24, 32] and Zha [63]
for the wave equations with a single speed, Katayama [25, 26], Katayama-
Yokoyama [40], Kubota-Yokoyama [50] and Metcalfe-Nakamura-Sogge [53]
for the multiple-speed case, and Katayama [31] for the wave-Klein-Gordon
case.

Remark 2. The question naturally arises as to what happens to systems of
wave and Klein-Gordon equations with multiple speeds; however, even sys-
tems of Klein-Gordon equations with multiple speeds are quite challenging
problems, and only few results are known. See Germain [10] for example.
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Chapter 2

Main Results

In this chapter, we introduce the KMS conditions for the wave-Klein-Gordon
case (1.3) and multiple-speed case (1.4) in two and three space dimensions,
and present the main results under these conditions.

Recall that (d, p) is equal to (2, 3) or (3, 2), where d is the space dimen-
sion, and p is the degree of the nonlinear terms. Recall also the S+

N is the
set of real symmetric positive-definite matrices of size N × N , and ⟨·, ·⟩RN

denotes the standard inner product in RN .

The SDGE part.

We firstly consider the wave-Klein-Gordon case (1.3). For this system, we
always suppose (1.1), and each Fj = Fj(v, ∂u) is assumed to be a homo-
geneous polynomial of degree p in its arguments. The following is our first
condition.

Definition 2.1 (The KMS condition for the wave-Klein-Gordon case). We
say that the KMS condition for (1.3) is satisfied if there is H = H(ω) ∈
C(Sd−1;SN1

+ ) such that

⟨Y,H(ω)F red
W (ω, Y )⟩RN1 ≥ 0, ω ∈ Sd−1, Y ∈ RN1 , (2.1)

where the reduced nonlinearity F red
W (ω, Y ) is given by (1.11).

Observe that this condition is weaker than the null condition (1.12) for

F
(w)
W . Now we are in a position to state our main results for (1.3). The first

was obtained for the two space dimensional case.

Theorem 2.1. Let (d, p) = (2, 3). We suppose that the KMS condition
for (1.3) is satisfied. Then, for any f, g ∈ C∞

0 (R2;RN ), we can take a
positive constant ε0 such that there is a global smooth solution u = (v, w) in
[0,∞)× R2 to the Cauchy problem (1.3) with (1.6) for any ε ∈ (0, ε0].
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Example 1. For u = (v, w) with N = 2 and N0 = N1 = 1, we consider a
system {

(2+m2)v = F1(v, ∂u),

2w = F2(v, ∂u),
(2.2)

in (0,∞) × R2, where m > 0, F1 and F2 are homogeneous polynomials of
degree 3 in their arguments, and

F
(w)
2 (∂w) = −c(∂aw)2(∂tw) + (∂tw){(∂tw)2 − (∂1w)

2 − (∂2w)
2}

for some c ≥ 0 and a = 0, 1, 2. As F
(w)
W (∂w) = F

(w)
2 (∂w) and Y = Y2, we

have

F red
W (ω, Y ) = cω2

aY
3.

The null condition (1.12) for F
(w)
2 is violated unless c = 0; however the KMS

condition is satisfied with H(ω) being the identity matrix, as we have

⟨Y, F red
W (ω, Y )⟩R = cω2

aY
4 ≥ 0, ω ∈ S1, Y (= Y2) ∈ R

for any c ≥ 0.

The next theorem is the three space dimensional version of the above the-
orem; however, as mentioned in the introduction, this case has not been com-
pletely resolved, and at the present time an additional condition is needed.
This is due to a lack of sufficient decay of the solution around the t-axis.
See Subsection 5.1 below for discussions.

Theorem 2.2. Let (d, p) = (3, 2). We suppose that the KMS condition for
(1.3), and the following condition are fulfilled:

(A1) F = F (v, ∂u) is independent of ∂tw; in other words, F = F (v, ∂v, ∂xw)
with ∂xw = (∂kw)1≤k≤3.

Then, for any f, g ∈ C∞
0 (R3;RN ), we can take a positive constant ε0 such

that there is a global smooth solution u = (v, w) in [0,∞)×R3 to the Cauchy
problem (1.3) with (1.6) for any ε ∈ (0, ε0].

Remark 3. (1) In three space dimension, (2.1) is equivalent to

⟨Y,H(ω)F red
W (ω, Y )⟩RN1 = 0, ω ∈ S2, Y ∈ RN1 . (2.3)

Indeed, since p = 2, the left-hand side of (2.1) is cubic in Y , and we get

−⟨Y,H(ω)F red
W (ω, Y )⟩RN1 = ⟨−Y,H(ω)F red

W (ω,−Y )⟩RN1 ≥ 0,

which, together with (2.1), implies (2.3).
(2) Investigating the proof of the Theorem 2.2, we can add any nonlinearity
of order 3 that depends not only on v, ∂v, ∂xw, but also on ∂tw (see Remark
11 below).
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Because of the additional assumption (A1), the above theorem is not an
extension of the previous result in [28]; however the following example shows
that Theorem 2.2 can cover some systems to which the previous result in
[28] is not applicable.

Example 2. Let v(= v1), w2, w3 be a real valued unknowns, and we consider
a system

(□+ 1)v = F1(v, ∂v, ∂xw),

□w2 = (∂1w2)(∂2w3) +

3∑
k,l=1

Qkl(w2, w3) + vG2(v, ∂v, ∂xw),

□w3 = −(∂1w2)(∂2w2) + vG3(v, ∂v, ∂xw)

(2.4)

in (0,∞) × R3, where w = (w2, w3), F1 is a homogeneous polynomial of
degree 2 in its argument, and G1, G2 are homogeneous polynomials of degree
1, while Qkl(ϕ, ψ) is given by

Qkl(ϕ, ψ) = (∂kϕ)(∂lψ)− (∂lϕ)(∂kψ). (2.5)

In this case, F red
W (ω, Y ) = (ω1ω2Y2Y3,−ω1ω2Y

2
2 ) for ω = (ω1, ω2, ω3) ∈ S2

and Y = (Y2, Y3) ∈ R2. (A1) is apparently satisfied. Since

⟨Y, F red
W (ω, Y )⟩R2 = Y2(ω1ω2Y2Y3)− Y3(ω1ω2Y

2
2 ) = 0,

the KMS condition is satisfied with H being the identity matrix. However,
the null condition is not satisfied as F red

W (ω, Y ) ̸≡ (0, 0).

Next, we consider the multiple-speed case (1.4). We always assume (1.5),
and each component of F I(∂u) is supposed to be a homogeneous polynomial
of degree p in its arguments. The following is our second condition.

Definition 2.2 (The KMS condition for the multiple-speed case). We say
that the KMS condition for (1.4) is satisfied if, for each 1 ≤ I ≤ P , there is

HI = HI(ω) ∈ C(Sd−1;SNI

+ ) such that

⟨Y I ,HI(ω)F I,red(ω, Y I)⟩RNI ≥ 0, ω ∈ Sd−1, Y I ∈ RNI
, (2.6)

where the reduced nonlinearity F I,red(ω, Y I) is defined by (1.13).

Observe that this condition is weaker than (1.14), the multiple-speed
version of the null condition.

As above, we first present the result for the two space dimensional case.

Theorem 2.3. Let (d, p) = (2, 3). If the KMS condition for (1.4) is sat-
isfied, then for any f, g ∈ C∞

0 (R2;RN ), there is a positive constant ε0 such
that the Cauchy problem (1.4) with (1.6) admits a unique global solution
u ∈ C∞([0,∞)× R2;RN ), provided that ε ∈ (0, ε0].
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Example 3. We write ϕ =
∑′

(J,K,L) ̸=(I,I,I)
(∂au

J
j )(∂bu

K
k )(∂cu

L
l ), if there

are some constants CJjKkLl
abc such that

ϕ =
∑

(J,K,L) ̸=(I,I,I)

∑
j,k,l

∑
a,b,c

CJjKkLl
abc (∂au

J
j )(∂bu

K
k )(∂cu

L
l ).

For the sake of readability, we write uI as u(I) here. Let c1 and c2 be
different positive constants. Let u = (u(1), u(2)) with an R2-valued unknown

u(1) = (u
(1)
1 , u

(1)
2 ) and a real-valued unknown u(2) = u

(2)
1 . We consider a

semilinear system

□c1u
(1)
1 =

∑
a,b

Cab(∂au
(1)
1 )2(∂bu

(1)
2 ) +

∑′

(J,K,L) ̸=(1,1,1)

(∂au
J
j )(∂bu

K
k )(∂cu

L
l ),

□c1u
(1)
2 = −

∑
a,b

Cab(∂au
(1)
1 )2(∂bu

(1)
1 ) +

∑′

(J,K,L) ̸=(1,1,1)

(∂au
J
j )(∂bu

K
k )(∂cu

L
l ),

□c2u
(2) = −(∂tu

(2))3 + (∂tu
(2))Qc2

0 (u(2), u(2))

+
∑′

(J,K,L) ̸=(2,2,2)

(∂au
J
j )(∂bu

K
k )(∂cu

L
l ),

in (0,∞)× R2, where Cab are constants and Qc
0(ϕ, ψ) is given by

Qc
0(ϕ, ψ) = (∂tϕ)(∂tψ)− c2

d∑
k=1

(∂kϕ)(∂kψ). (2.7)

We suppose that∑
a,b

Cabω
2
aωb ̸≡ 0, ω = (ω1, ω2) ∈ S1 with ω0 = −c1. (2.8)

Then, all the assumptions in Theorem 2.3 are fulfilled for this system, but
the null condition fails to hold, since we have

F 1,red
(
ω, Y (1)

)
= F 1,red

(
ω, Y

(1)
1 , Y

(1)
2

)
=
∑
a,b

Cabω
2
aωb

(
(Y

(1)
1 )2Y

(1)
2

−(Y
(1)
1 )3

)

with ω0 = −c1, and F 2,red
(
ω, Y (2)

)
=
(
c2Y

(2)
)3
. Notice that we have

⟨Y (1), F 1,red⟩R2 and ⟨Y (2), F 2,red⟩R = (c2)
3(Y (2))4 ≥ 0.

The theorem below was obtained for the three space dimensional case; as
in Theorem 2.2, it requires an additional condition at present time, because
of a lack of sufficient decay around the t-axis.

Theorem 2.4. Let (d, p) = (3, 2). If the KMS condition for (1.4) and

14



(A2) F depends only on ∂tu, namely F = F (∂tu)

are satisfied, then for any f, g ∈ C∞
0 (R3;RN ), there is a positive constant

ε0 such that the Cauchy problem (1.4) with (1.6) admits a unique global
solution u ∈ C∞([0,∞)× R3;RN ), provided that ε ∈ (0, ε0].

Remark 4. (1) As before, in three space dimensions, (2.6) is equivalent to

⟨Y I ,HI(ω)F I,red(ω, Y I)⟩RNI = 0, ω ∈ S2, Y ∈ RNI
. (2.9)

(2) We can add any nonlinearity of order 3 that depends not only on ∂tu,
but also on ∂xu = (∂ku)1≤k≤3.

Because of the additional condition (A2), Theorem 2.4 is not an exten-
sion of the previous result in [62], but, as the next example shows, it can
cover a certain system which cannot be treated in the previous result.

Example 4. As before, we write u(I) for uI with I = 1, 2 here. Let c1 and
c2 be different positive constants. Let u(1) be a real-valued unknown, and

u(2) = (u
(2)
1 , u

(2)
2 ) be an R2-valued unknown. We consider a system

□c1u
(1) = (∂tu

(1))(A1∂tu
(2)
1 +A2∂tu

(2)
2 ) +G(1)(∂tu

(2)),

□c2u
(2)
1 = (∂tu

(2)
1 )(∂tu

(2)
2 ) +G

(2)
1 (∂tu

(1)),

□c2u
(2)
2 = −(∂tu

(2)
1 )2 +G

(2)
2 (∂tu

(1))

(2.10)

in (0,∞)×R3, where u = (u(1), u(2)) = (u(1), u
(2)
1 , u

(2)
2 ), A1, A2 are constants,

and G(1), G
(2)
1 , G

(2)
2 are homogeneous polynomials of degree 2 in their argu-

ments. For this system, (A2) is trivially satisfied. As F 1,red(ω, Y (1)) =

0, F 2,red(ω, Y (2)) =
(
Y

(2)
1 Y

(2)
2 ,−

(
Y

(2)
1

)2)
, we have

Y (1)F 1,red = ⟨Y (2), F 2,red⟩R2 = 0,

and the KMS condition is satisfied; however, the null condition is violated
as F 2,red ̸≡ 0.

The asymptotic behavior part.

For z ∈ Rn with a natural number n, we use the notation ⟨z⟩ =
√
1 + |z|2.

⟨z⟩ is equivalent to 1+ |z|, that is to say C−1⟨z⟩ ≤ 1+ |z| ≤ C⟨z⟩ for z ∈ Rn

with some positive constant C. We use the following O-notation in the
sequel: Let E be a set, and ϕ = ϕ(z), ψ = ψ(z), and η = η(z) be functions
of z ∈ E. We write

ϕ(z) = ψ(z) +O(η(z)), z ∈ E,
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if there is a universal positive constant C such that we have

|ϕ(z)− ψ(z)| ≤ C|η(z)|, z ∈ E.

We refer to the above constant C as the constant associated with O.
To describe the asymptotic behavior of solutions to (1.3) and (1.4) in a

unified way, we introduce some notations: Let n be an integer, ϕ = ϕ(t, x)
be an Rn-valued function of (t, x) ∈ (0,∞) × Rd, and let Ψ = Ψ(∂u) be
an Rn-valued function whose components are homogeneous polynomials of
degree p in its arguments. Let c > 0. Writing Ψ(∂ϕ) = Ψ(∂tϕ, ∂1ϕ, . . . , ∂dϕ),
we define

Ψred(ω, Y ) = Ψred(ω, Y ; c) = Ψ(−cY, ω1Y, . . . , ωdY ), ω ∈ Sd−1, Y ∈ Rn.

We suppose that there is H = H(ω) ∈ C(Sd−1;S+
n ) such that

⟨Y,H(ω)Ψred(ω, Y )⟩Rn ≥ 0, ω ∈ Sd−1, Y ∈ Rn. (2.11)

Given an Rn-valued function ψ = ψ(σ, ω), we write A = A[c,Ψ;ψ](t, σ, ω)
for the unique solution to the Cauchy problem

∂tA(t, σ, ω) = − 1

2c2t
Ψred

(
ω,A(t, σ, ω); c

)
(2.12)

for (t, σ, ω) ∈ (1,∞)× R× Sd−1 with the initial condition

A(1, σ, ω) = ψ(σ, ω), (σ, ω) ∈ R× Sd−1. (2.13)

Under the condition (2.11), the Cauchy problem (2.12)–(2.13), which can be
viewed as an ODE system with parameters (σ, ω), admits a unique global
solution. Indeed, we have

∂t⟨A,HA⟩Rn = 2⟨A,H∂tA⟩Rn = − 1

c2t
⟨A,HΨred(ω,A)⟩Rn ≤ 0,

which leads to an a priori estimate |A(t, σ, ω)|2 ≤ C|ψ(σ, ω)|2, because there
is a positive constant C0 such that

1

C0
|Y |2 ≤ ⟨Y,H(ω)Y ⟩Rn ≤ C0|Y |2, ω ∈ Sd−1, Y ∈ Rn.

When we consider (1.3), the system (2.12) with

c = 1, n = N1, ϕ = w, Ψ(∂w) = F
(w)
W (∂w)

(and thus Ψred(ω, Y ) = F red
W (ω, Y )) is called the reduced system associated

with (1.3), and we define

A[ψ](t, σ, ω) = A[1, F
(w)
W ;ψ](t, σ, ω). (2.14)
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On the other hand, when (1.4) is considered, the systems (2.12) with

c = cI , n = N I , ϕ = uI , Ψ(∂uI) = ∗F I(∂uI)

(and thus Ψred(ω, Y ) = F I,red(ω, Y )) for 1 ≤ I ≤ P are called the reduced
systems associated with (1.4), and we put

AI [ψ](t, σ, ω) = A[cI ,
∗F I ;ψ](t, σ, ω), 1 ≤ I ≤ P. (2.15)

Observe that, in both cases, the KMS condition ensures (2.11). As we will
see later, the reduced system plays an important role in the derivation of
the asymptotic behavior, as well as in the proof of SDGE.

Remark 5. As for the system (1.7) of semilinear wave equations with the
single speed 1, its reduced system is (2.12) with c = 1, n = N,ϕ = u and
Ψ(∂u) = F (∂u). We say that the weak null condition is satisfied for (1.7) if
there is a global solution to the reduced system (2.12) for small initial data
ψ decaying sufficiently fast as |σ| → ∞. The above observation shows the
the KMS condition implies the weak null condition.

Using the above notation, we first state a result for (1.3).

Theorem 2.5. Let (d, p) is equal to (2, 3) or (3, 2), and suppose that the
KMS condition for (1.3) holds; we also assume (A1) when (d, p) = (3, 2).
Let κ be a small positive number and u = (v, w) be the global solution to
(1.3) with (1.6). Let f, g ∈ C∞

0 (Rd;RN ), and ε be sufficiently small. Then
we have the following:

(1) The Klein-Gordon component v is asymptotically free; namely there
is the asymptotic data

(φ+, ψ+) =
(
(φ+

j ), (ψ
+
j )
)
∈ H1(Rd;RN0)× L2(Rd;RN0)

such that

lim
t→∞

(
∥v(t)− v+(t)∥H1(Rd) + ∥∂tv(t)− ∂tv

+(t)∥L2(Rd)

)
= 0,

where v+ = (v+j )1≤j≤N0 satisfies (□ + m2
j )v

+
j = 0 with (v+j , ∂tv

+
j )(0) =

(φ+
j , ψ

+
j ) for 1 ≤ j ≤ N0. Moreover, we have

(φ+
j , ψ

+
j ) = ε(fj , gj) +O(εp) in H1 × L2.

(2) When (d, p) = (2, 3), we assume either of the following conditions
(B1) or (B2) in addition:

(B1) ⟨Y,H(ω)F red
W (ω, Y )⟩RN1 = 0, (ω, Y ) ∈ S1 × RN1.

(B2) N1 = 1,
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where H is from the KMS condition. Then there is a function

ψ ∈ L∞(R× Sd−1;RN1) ∩ L2(R× Sd−1;RN1),

which depends on f, g, ε, but is independent of the choice of κ, such that the
wave component w enjoys

r
d−1
2 ∂aw(t, x) = ωaA[ψ](t, r − t, ω) +O

(
ε⟨t+ r⟩

κ−1
2 ⟨t− r⟩

κ−1
2

)
(2.16)

for 0 ≤ a ≤ d, where A[ψ](t, σ, ω) is given by (2.14), r = |x|, ω = x/|x|, and
ω0 = −1. Moreover, we have

ψ(σ, ω) = O(ε⟨σ⟩κ−1).

The asymptotic behavior for the system (1.4) is quite similar to that for
the wave component w in (1.3) above.

Theorem 2.6. Let (d, p) is equal to (2, 3) or (3, 2). We assume the KMS
condition for (1.4); (A2) is also assumed when (d, p) = (3, 2). Let κ be a
small positive number. When (d, p) = (2, 3), we assume one of the following
conditions (B1’) or (B2’) for each fixed I = 1, . . . , P in addition:

(B1’) We have

⟨Y I ,HI(ω)F I,red(ω, Y I)⟩RNI = 0, (ω, Y I) ∈ S1 × RNI
,

where HI is from (2.6).

(B2’) The size N I of uI is equal to 1; in other words, we have uI(t, x) ∈ R.

Then, for any f, g ∈ C∞
0 (Rd;RN ) and sufficiently small ε, there is a

function ψ = (ψ1, . . . , ψP ) ∈ L∞(R× Sd−1;RN ) ∩ L2(R× Sd−1;RN ), which
is independent of the choice of κ, such that we have

r
d−1
2 ∂au

I(t, x) = ωaA
I [ψI ](t, r − cIt, ω)

+O
(
ε⟨t+ r⟩

κ−1
2 ⟨r − cIt⟩

κ−1
2

) (2.17)

for 0 ≤ a ≤ d, where AI [ψ](t, σ, ω) is given by (2.15), r = |x|, ω = x/|x|,
and ω0 = −cI . Moreover, we have

ψI(σ, ω) = O
(
ε⟨σ⟩κ−1

)
.

Remark 6. (1) In two theorems above, the conditions (A1) and (A2) for
(d, p) = (3, 2) is not directly used in their proof; but we need them to ensure
the existence of global solutions with the desired decay estimates.

(2) The reason why (B1) or (B2) (resp. (B1’) or (B2’)) are not necessary
for (d, p) = (3, 2) in Theorem 2.5 (resp. Theorem 2.6) is that the KMS
condition for (1.3) (resp. (1.4)) implies (B1) (resp. (B1’)), as mentioned
before. We believe that these additional assumptions for (d, p) = (2, 3) can
be removed, but this is an open problem.
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As we will see in the examples below, a key feature here is that the main
part A (resp. AI) of the asymptotic behavior for w in (1.3) (resp. uI in
(1.4)) can be determined by a separated system (2.12), and the influence of
v (resp. uJ with J ̸= I) appears only in the initial condition (2.13). This
enables us to apply the arguments in the previous works like [32] for analysis
of further properties of the asymptotic behavior. For each component uIi of
the solution u to (1.4), other kind of the asymptotic behavior can occur, but
the following two are typical:

(I) The component uIi is asymptotically free, and its asymptotic data is
close to the original data for small ε. To be more precise, there is a
free solutionϕ+ to □cIΦ

+ = 0 such that

lim
t→∞

∥∂uIi (t)− ∂ϕ+(t)∥L2 = 0,

and, for the asymptotic data
(
ϕ+(0), ∂tϕ

+(0)
)
, we have(

ϕ+(0), ∂tϕ
+(0)

)
=
(
uIi (0), ∂tu

I
i (0)

)
+O(εp) in H1 × L2.

(II) The energy for uIi vanishes as t → ∞, namely ∥∂uIi (t)∥L2 → 0 as
t→ ∞, despite the choice of the initial data.

Remark 7. Type (II)-behavior can be also understood that uIi is asymptot-
ically free, but the asymptotic data is always (0, 0). Therefore it is a special
case of another situation: uIi is asymptotically free, but the asymptotic data
is far from the original data in the sense that their difference is not of o(ε)
as ε→ 0, where o denotes Landau’s little-o.

We can similarly formulate the cases (I) and (II) for a component wi of
the solution u = (v, w) with replacing cI by 1.

Example 5. We start with the case which involves the two typical sit-
uations. Theorem 2.6 can be applied to the system in Example 3. In-
deed, (B1) is satisfied for I = 1, while we have (B2) for I = 2. Hence
there is ψ = (ψ1, ψ2) such that the main part of ∂au

I(t, x) is given by
ωaA

I [ψI ](t, r − cIt, ω) with ω0 = −cI . As before, u1, u2, A1, A2 are writ-
ten as u(1), u(2), A(1), A(2), respectively. Suppose that we have (2.8). The

reduced system for A(1) = (A
(1)
1 , A

(1)
2 ) is

∂t

(
A

(1)
1

A
(1)
2

)
= − 1

2c21t

∑
a,b

Cabω
2
aωb

((
A

(1)
1

)2
A

(1)
2

−
(
A

(1)
1

)3
)
.

Observe that the right-hand side vanishes when A
(1)
1 = 0. Therefore, for ω

satisfying
∑

a,bCabω
2
aωb ̸= 0, we can show that A

(1)
1 (t, σ, ω) → 0 as t → ∞,
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while A
(1)
2 (t, σ, ω) converge to some function of (σ, ω) as t → ∞ by investi-

gating the reduced system above. A system of (single-speed) semilinear wave
equations with just the same reduced system was considered in [33], and ap-

plying the argument there, we can show that u
(1)
1 has Type (II)-behavior,

while u
(1)
2 has Type (I)-behavior.

The reduced equation for A(2) is

∂tA
(2) = − 1

2c22t

(
c2A

(2)
)3
.

This can be explicitly solved, and we see that A(2)(t, σ, ω) → 0 as t → ∞:
Following the argument in [39], we can show that u(2) has Type (II)-behavior.

Theorem 2.6 can be also applied to the system in Example 4 in three
space dimensions. It is easy to see that A(1) is independent of t, as F 1,red ≡ 0,
and we can show that u(1) has Type (I)-behavior. As for u(2), similarly to

the above, we can show that A
(2)
1 (t, σ, ω) → 0 as t → ∞, and A

(2)
2 (t, σ, ω)

tends to a function of (σ, ω) as t → ∞. A similar reduced system can be

found in [37], and using the argument there, we see that u
(2)
1 and u

(2)
2 has

Type (II)- and Type (I)-behavior, respectively.

Example 6. We turn our attention to the examples of (1.3). Theorem
2.5 can be applicable to systems in Examples 1 and 2. In both cases, the
Klein-Gordon component v is asymptotically free, and nothing interesting
happens. Hence we restrict our attention to the wave component w. For
Example 1, the reduced system is

∂tA = −ω
2
a

2t
A3.

As before, unless ωa = 0, we see that A → 0 as t → ∞, and we can show
that this w has Type (II)-behavior. We do not go into details, but we can
also apply the argument in [55] to obtain the decay rate of the energy. As
for Example 2, the reduced system is

∂t

(
A2

A3

)
= −ω1ω2

2t

(
A2A3

−A2
2

)
,

and using the argument in [37], we see that the wave components w2 and
w3 have Type (II)- and Type (I)-behavior, respectively.

The rest of this thesis is organized as follows; In Chapter 3, we give some
preliminaries. We also discuss the profile system related to the KMS condi-
tion, and show that the asymptotic behavior is given by the reduced system;
we also introduce a technical transformation for the Klein-Gordon compo-
nents. The key estimates for the wave equations and the proof of Theorems
2.1 and 2.3, as well as the two space dimensional parts of Theorems 2.5 and
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2.6 will be given in Chapter 4. We will show the three space dimensional
results in Chapter 5. At there, we also discuss different versions of decay
estimates of solutions to wave equations in connection with the additional
assumptions (A1) and (A2).

21



Chapter 3

Preliminaries

In this chapter, unless otherwise stated, for x ∈ Rd, we write r = |x| and
ω = x/|x|, so that x = rω. In the polar coordinates (r, ω), we have

∂r =
d∑

k=1

ωk∂k.

3.1 The vector field method

Following Klainerman [44], we introduce vector fields

S = t∂t + x · ∇x = t∂t +
d∑

j=1

xj∂j ,

Lk = t∂k + xk∂t, 1 ≤ k ≤ d,

Ωkl = xk∂l − xl∂k, 1 ≤ k, l ≤ d.

We put L = (Lk)1≤k≤d and Ω = (Ωkl)1≤k<l≤d. Let [A,B] = AB − BA for
linear operators A and B. Recall that we have [□+m2, Lk] = [□+m2,Ωkl] =
[□+m2, ∂a] = 0 for 1 ≤ k, l ≤ d, 0 ≤ a ≤ d, and m ≥ 0. Hence these vector
fields Lk,Ωkl, and ∂a are compatible with wave and Klein-Gordon equations
since [□+m2, S] = 2□, as mentioned in the introduction. We put

LΓ = (LΓa)1≤a≤d0 = ((Lk)1≤k≤d, (Ωkl)1≤k<l≤d.(∂a)0≤a≤d),

where d0 = (d2 + 3d+ 2)/2.
Similarly, we have [□c, S] = 2□c, [□c,Ωkl] = [□c, ∂a] = 0 for 1 ≤ k, l ≤

d, 0 ≤ a ≤ d, and c > 0. Since these vector fields S, Ωkl, and ∂a are
commutable or “almost” commutable with □c, they are compatible with
the multiple-speed case. On the other hand, [□c, Lk] = 2(1 − c2)∂t∂k for
c ̸= 1 has no good property. We set

SΓ = (SΓa)1≤a≤d1 = (S, (Ωkl)1≤k<l≤d.(∂a)0≤a≤d),
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where d1 = (d2 + d+ 4)/2.
For two sets Γ, Ξ of vector fields, we symbolically write [Γ,Ξ] = Ξ, if

[A,B] can be written as a linear combination of the vector fields in Ξ for
any A ∈ Γ and B ∈ Ξ. Then one can check that

[LΓ, LΓ] = LΓ, [LΓ, ∂] = ∂, [SΓ, SΓ] = SΓ, [SΓ, ∂] = ∂. (3.1)

For a set Γ = (Γ1, . . . ,Γm) of vector fields and a multi-index α = (α1, . . . , αm),
we put

Γα = Γα1
1 · · ·Γαm

m .

For a smooth function ϕ = ϕ(t, x) and a non-negative integer s, we set

|ϕ(t, x)|Γ,s =
∑
|α|≤s

|Γαϕ(t, x)|, ∥ϕ(t)∥Γ,s = ∥|ϕ(t, ·)|Γ,s∥L2(Rd). (3.2)

For c > 0 and a positive integer s, we put

[ϕ(t, x)]Γ,c,s = |ϕ(t, x)|Γ,s + ⟨ct− r⟩|∂ϕ(t, x)|Γ,s−1. (3.3)

As we will see below, this quantity plays an important role in the modi-
fication of the arguments in the previous works.

The following Sobolev type inequality will be used to combine decay
estimates with the energy estimates (see Klainerman [45] for the proof):

Lemma 3.1. There exists a positive constant C such that

sup
x∈Rd

⟨x⟩
d−1
2 |φ(x)| ≤ C

∑
|α|+|β|≤[d/2]+1

∥∂αxΩβφ∥L2(Rd) (3.4)

for any φ ∈ C∞
0 (Rd).

In the previous works [37, 38], the full set of vector fields, including the
scaling operator S and the Lorentz boosts Lk, was used to take advantage
of the KMS condition. We must modify the arguments because only the
restricted sets LΓ or SΓ can be used for our systems (1.3) and (1.4). We
start with some notations and basic estimates.

Let 0 < T ≤ ∞ and R > 0. Given 0 < b1 ≤ b2, we define

Λb1,b2
T,R :=

{
(t, x) ∈ [0, T )× Rd; b1 ≤

b1t

2
≤ r ≤ b2t+R

}
. (3.5)

Note that t, ⟨t⟩, r, ⟨r⟩, t+ r, and ⟨t+ r⟩ are equivalent to each other in Λb1,b2
T,R ,

where we say that two functions f(t, r) and g(t, r) are equivalent if we have
C−1f(t, r) ≤ g(t, r) ≤ Cf(t, r) with some universal positive constant C.
Throughout this section, we suppose that

b1 ≤ c ≤ b2

and either of the following two holds:
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(a) Γ = LΓ and c = 1,

or

(b) Γ = SΓ.

If we put σc = r − ct, then (t, rω) ∈ Λb1,b2
T,R is equivalent to (t, σc, ω) ∈

Lc
T,R, where

Lc
T,R = Lc;b1,b2

T,R :=
{
(t, σ, ω) ∈ [2, T )× R× Sd−1;

−
(
c− b1

2

)
t ≤ σ ≤ (b2 − c)t+R

}
.

(3.6)

Lc
T,R can be also written as

Lc
T,R = {(t, σ, ω) ∈ [2, T )× Σc × Sd−1; t ≥ tc0(σ)}, (3.7)

where Σc = R for b1 ≤ c < b2, Σ
b2 = (−∞, R], and

tc0(σ) = tc0(σ; b1, b2, R)

:=


− 2

2c− b1
σ, σ < −(2c− b1),

2, −(2c− b1) ≤ σ ≤ 2(b2 − c) +R,
σ −R

b2 − c
, σ > 2(b2 − c) +R.

(3.8)

Observe that, by (3.8), there is a positive constant C such that

C−1⟨σ⟩ ≤ tc0(σ) ≤ ⟨σ⟩, σ ∈ Σc. (3.9)

We define

∂±,c = ∂t ± c∂r, Dc = − 1

2c
∂−,c =

1

2

(
∂r −

1

c
∂t

)
. (3.10)

We write ∂± = ∂±,1 = ∂t ± ∂r and D = D1 = (∂r − ∂t)/2.

Lemma 3.2. There is a positive constant C such that

|∂+,cϕ(t, x)| ≤ C⟨t+ r⟩−1[ϕ(t, x)]Γ,c,1, (t, x) ∈ Λb1,b2
T,R

for a smooth function ϕ on [0, T )×Rd, where [ϕ(t, x)]Γ,c,1 is given by (3.3).

Proof. The following identities show the desired result immediately, as t+ r
is equivalent to ⟨t+ r⟩ in Λb1,b2

T,R ;

∂+ =
1

t+ r

(
2

d∑
k=1

ωkLk + (t− r)(∂t − ∂r)

)
, (3.11)

∂+,c =
(c+ 1)S + (r − ct)(∂t − ∂r)

t+ r
. (3.12)
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Observe that Lk and S appear only in (3.11) and (3.12), respectively. Hence
we can use (3.11) when (a) above is assumed, and (3.12) when (b) above is
assumed.

Remark 8. Compared to previous works [37, 38], we need ⟨r − ct⟩|∂ϕ| to
compensate the lack of the scaling operator or the Lorentz boosts.

Lemma 3.3. For a smooth function ϕ, we have

∂aϕ(t, x) = ωaDcϕ(t, x) +O
(
⟨t+ r⟩−1[ϕ(t, x)]Γ,c,1

)
, (3.13)

r
d−1
2 ∂aϕ(t, x) = ωaDc

(
r

d−1
2 ϕ(t, x)

)
+O

(
⟨t+ r⟩

d−3
2 [ϕ(t, x)]Γ,c,1

)
(3.14)

for (t, x) ∈ Λb1,b2
T,R and 0 ≤ a ≤ d, where ω0 = −c, and a constant associated

with O is independent of T .

Proof. Let (t, x) ∈ Λb1,b2
T,R . In polar coordinates, we have

∂kϕ = ωk∂rϕ−
d∑

l=1

ωl

r
Ωklϕ = ωk∂rϕ+O

(
⟨t+ r⟩−1|Γϕ|

)
(3.15)

for 1 ≤ k ≤ d. By Lemma 3.2, we get

∂tϕ =
1

2
(∂+,cϕ+ ∂−,cϕ) = −cDcϕ+O

(
⟨t+ r⟩−1[ϕ]Γ,c,1

)
,

∂rϕ =
1

2c
(∂+,cϕ− ∂−,cϕ) = Dcϕ+O

(
⟨t+ r⟩−1[ϕ]Γ,c,1

)
.

To sum up, we obtain (3.13). Observing that

r
d−1
2 Dcϕ = Dc(r

d−1
2 ϕ) +O(r

d−3
2 |ϕ|),

we get (3.14) from (3.13).

3.2 Profile systems

To describe the arguments for the wave component w of (1.3), and for
each uI of (1.4) in a unified way, we consider the following system of wave
equations

□cϕ = Ψ(∂ϕ) + Θ(t, x), (t, x) ∈ (0, T )× Rd, (3.16)

where ϕ is an Rn-valued function, each component of Ψ is a homogeneous
polynomial of degree p in its argument, and Θ is a function which is supposed
to decay faster than Ψ(∂ϕ). We assume that (d, p) is equal to (3, 2) or (2, 3)
in the sequel. Recall that we have (p− 1)(d− 1)/2 = 1. We consider one of
the following settings:
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(WKG) ϕ = w, Ψ = F
(w)
W , Θ = FW(v, ∂u)− F

(w)
W (∂w), n = N1(= N −N0),

c = b1 = b2 = 1, Γ = LΓ

with F
(w)
W (∂w) being given in the introduction and

FW(v, ∂u) =
(
Fj(v, ∂u)

)
N0+1≤j≤N

,

or

(MSW) ϕ = uI , Ψ = ∗F I , Θ = F I(∂u)−∗F I(∂uI), n = N I , c = cI , b1 = c1,
b2 = cP , Γ = SΓ

with 1 ≤ I ≤ P and ∗F I(∂uI) being given in the introduction.
Writing Ψ(∂ϕ) = Ψ(∂tϕ, ∂1ϕ, . . . , ∂dϕ), we define

Ψred(ω, Y ) = Ψ(−cY, ω1Y, . . . , ωdY ).

Observe that Ψred(ω, Y ) = F red
W (ω, Y ) under (WKG), and Ψred(ω, Y ) =

F I,red(ω, Y ) under (MSW), where F red
W and F I,red are defined by (1.11) and

(1.13), respectively. Therefore the KMS conditions for (1.3) and (1.4) can
be expressed in the following way: There is H ∈ C(Sd−1;S+

n ) such that

⟨Y,H(ω)Ψred(ω, Y )⟩Rn ≥ 0, ω ∈ Sd−1, Y ∈ Rn. (3.17)

We refer to this condition as the KMS condition for (3.16).
Now we start our discussion for (3.16). Writing the d’Alembertian in the

polar coordinate, we have

r
d−1
2 □cϕ = ∂+,c∂−,c

(
r

d−1
2 ϕ
)
− c2r

d−5
2

(
∆ωϕ− (d− 1)(d− 3)

4
ϕ

)
, (3.18)

where ∆ω =
∑

1≤k<l≤dΩ
2
kl, and ∂±,c is defined in (3.10).

For a solution ϕ to (3.16) in [0, T )× Rd, we define

Φ(t, x) = Dc

(
r

d−1
2 ϕ(t, x)

)
, (t, x) ∈ (0, T )× Rd, (3.19)

where Dc is defined by (3.10). Recall the definitions (3.3) and (3.5) for [·]Γ,c,s
and Λb1,b2

T,R , respectively. Since ⟨t + r⟩ and t are equivalent to each other in

Λb1,b2
T,R , (3.14) can be written as

r
d−1
2 ∂aϕ = ωaΦ+O

(
t
d−3
2 [ϕ]Γ,c,1

)
in Λb1,b2

T,R (3.20)

for 0 ≤ a ≤ d, where ω0 = −c. By (3.19), it is easy to see that there is a
positive constant C, independent of T , such that

|Φ(t, x)| ≤ Ct
d−1
2 ⟨r − ct⟩−1[ϕ]Γ,c,1, (t, x) ∈ Λb1,b2

T,R . (3.21)
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Recall the definition (3.6) or (3.7) for Lc
T,R = Lc;b1,b2

T,R . For a smooth
function ψ = ψ(t, x), we define Tc[ψ] by

Tc[ψ](t, σ, ω) = ψ(t, rω)|r=ct+σ, (t, σ, ω) ∈ Lc
T,R,

so that we have

∂tTc[ψ](t, σ, ω) = Tc[∂+,cψ](t, σ, ω). (3.22)

It is apparent that we have

ψ(t, x) = ψ(t, rω) = Tc[ψ](t, r − ct, ω), (t, x) ∈ Λb1,b2
T,R .

For simplicity of exposition, we sometimes use the following ∗-notation for
Tc:

ψ∗ = ψ∗c(t, σ, ω) = Tc[ψ](t, σ, ω), (t, σ, ω) ∈ Lc
T,R (3.23)

for a function ψ = ψ(t, x) in Λb1,b2
T,R , where we use ψ∗ when there is no fear

of confusion. In what follows, for functions F ,G defined in Lc
T,R and a

function h = h(t, x) in Λb1,b2
T,R , we write

F = G +Oc(h)

if there is a positive constant C such that

|(F − G )(t, σ, ω)| ≤ C|Tc[h](t, σ, ω)|, (t, σ, ω) ∈ Lc
T,R.

By (3.18), (3.19) and (3.22), we immediately obtain the following lemma
for Φ∗ = Tc[Φ] (recall that Dc = −(2c)−1∂−,c).

Lemma 3.4. It holds that

∂tΦ
∗ = − 1

2c
Tc[r

d−1
2 □cϕ] +Oc(t

d−5
2 |ϕ|Γ,2).

The next lemma reveals the meaning of the reduced nonlinearity Ψred.

Lemma 3.5.

Tc

[
r

d−1
2 Ψ(∂ϕ)

]
=

1

ct
Ψred(ω,Φ∗) +Oc

(
t
d−3
2 ⟨ct− r⟩−(p−1)[ϕ(t, x)]pΓ,c,1

)
.

Proof. Let (t, x) ∈ Λb1,b2
T,R . Since Ψ is a homogeneous function of degree p

and (p− 1)(d− 1)/2 = 1, we get

r
d−1
2 Ψ(∂ϕ) = r

(d−1)(1−p)
2 Ψ(r

d−1
2 ∂ϕ) =

1

r
Ψ(r

d−1
2 ∂ϕ).
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It is easy to see that

1

r
Ψ(r

d−1
2 ∂ϕ) =

( 1

ct
+
ct− r

ctr

)
Ψ(r

d−1
2 ∂ϕ)

=
1

ct
Ψ(r

d−1
2 ∂ϕ) +O

(
t−2+

p(d−1)
2 ⟨ct− r⟩|∂ϕ|p

)
=

1

ct
Ψ(r

d−1
2 ∂ϕ) +O

(
t
d−3
2 ⟨ct− r⟩1−p[ϕ]pΓ,c,1

)
.

Recalling the definition of Ψred, and using the mean value theorem, we obtain∣∣∣∣ 1ctΨ(r
d−1
2 ∂ϕ)− 1

ct
Ψred(ω,Φ)

∣∣∣∣
=

1

ct

∣∣∣Ψ(r
d−1
2 ∂0ϕ, . . . , r

d−1
2 ∂dϕ)−Ψ(ω0Φ, . . . , ωdΦ)

∣∣∣
≤ Ct−1(|r

d−1
2 ∂ϕ|+ |ϕ|)p−1

n∑
a=0

|r
d−1
2 ∂aϕ− ωaΦ|.

By (3.20) and (3.21), we obtain

1

ct
Ψ(r

d−1
2 ∂ϕ) =

1

ct
Ψred(ω,Φ) +O

(
t−1+

(d−1)(p−1)
2

+ d−3
2 ⟨ct− r⟩−(p−1)[ϕ]pΓ,c,1

)
=

1

ct
Ψred(ω,Φ) +O

(
t
d−3
2 ⟨ct− r⟩−(p−1)[ϕ]pΓ,c,1

)
.

Gathering the above estimates, we obtain the desired result, since

Tc[Ψ
red(ω,Φ)] = Ψred(ω,Φ∗).

This completes the proof.

By (3.16), the next lemma is an immediate consequence of the lemma
above.

Lemma 3.6. We have

Tc[r
d−1
2 □cϕ] =

1

ct
Ψred(ω,Φ∗) +Oc

(
R̃
)
,

where
R̃ = t

d−3
2 ⟨ct− r⟩−(p−1)[ϕ(t, x)]pΓ,c,1 + t

d−1
2 |Θ(t, x)|.

By Lemmas 3.4 and 3.6, we find

∂tΦ
∗ = − 1

2c2t
Ψred(ω,Φ∗) +Oc(R), (3.24)

where

R = t
d−5
2 |ϕ(t, x)|Γ,2 + t

d−3
2 ⟨ct− r⟩−(p−1)[ϕ(t, x)]pΓ,c,1 + t

d−1
2 |Θ(t, x)|. (3.25)
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We call (3.24) the profile system, and it plays an important role to obtain
a priori estimates for ∂ϕ. If we neglect the error term R, and replace Φ∗

with A, we obtain the reduced system

∂tA = − 1

2c2t
Ψred(ω,A). (3.26)

As was seen in Theorems 2.5 and 2.6, the reduced system is useful to describe
the asymptotic behavior of global solution ϕ (see the next section for the
detailed discussion).

The following lemma shows that how the KMS condition and (3.24) are
used to estimate ∂ϕ.

Lemma 3.7. Suppose that the KMS condition for (3.16) is satisfied. Then
there is a positive constant C, which is independent of T , such that

r
d−1
2 |∂ϕ(t, x)| ≤C

(
|Φ∗(tc0(σc), σc, ω)|+

∫ t

tc0(σc)
Tc[R](τ, σc, ω)dτ

)
+ Ct

d−3
2 [ϕ(t, x)]Γ,c,1

in Λb1,b2
T,R , where σc = r − ct.

Proof. Because of (3.14), we only need to estimate Φ∗(t, σc, ω). Let H be
from (3.17). As H is positive-definite and continuous on a compact set Sd−1,
there is a positive constant C such that

1

C
|Y |2 ≤ ⟨Y,H(ω)Y ⟩Rn ≤ C|Y |2, Y ∈ Rn. (3.27)

Since H is real-symmetric, it follows from (3.24) that

∂t⟨Φ∗,H(ω)Φ∗⟩Rn = 2⟨Φ∗,H(ω)∂tΦ
∗⟩Rn

= − 1

c2t
⟨Φ∗,H(ω)Ψred(ω,Φ∗)⟩Rn +O(Tc[R]|Φ∗|)

for (t, σ, ω) ∈ Lc
T,R. Now the KMS condition implies

∂t⟨Φ∗,HΦ∗⟩Rn ≤ CTc[R]|Φ∗| in Lc
T,R.

Using (3.27), we obtain

|Φ∗(t, σc, ω)| ≤ C|Φ∗(tc0(σc), σc, ω)|+ C

∫ t

tc0(σc)
Tc[R](τ, σc, ω)dτ.

This completes the proof.
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We are going to obtain a similar expression to (3.24) for generalized
derivatives of higher order. We can only obtain rather rough estimates, as
the structure in the KMS condition is almost broken by differentiation.

For a multi-index α of an arbitrary size, we set Γ̃α = LΓα when Γ = LΓ,
and Γ̃α = (SΓ1 + 2)α1SΓα2

2 · · · SΓαd1
d1

when Γ = SΓ, so that we have

□c(Γ
αϕ) = Γ̃α

(
Ψ(∂ϕ)

)
+ Γ̃αΘ

(recall the SΓ1 = S and [□c, S] = 2□c). For a multi-index α, we put

Φ(α)(t, x) = Dc

(
r

d−1
2 Γαϕ(t, x)

)
, (t, x) ∈ (0, T )× Rd.

Let (t, x) ∈ Λb1,b2
T,R . Then similarly to (3.20), we have

r
d−1
2 ∂aΓ

αϕ = ωaΦ
(α) +O

(
t
d−3
2 [ϕ]Γ,c,|α|+1

)
, (3.28)

as well as ∣∣∣Φ(α)
∣∣∣ ≤ C

(
t
d−1
2 ⟨r − ct⟩−1[ϕ]Γ,c,|α|+1

)
. (3.29)

Recall the ∗-notation in (3.23), and let Φ(α)∗ = Tc[Φ
(α)]. Similarly to Lemma

3.4, we have

∂tΦ
(α)∗ = − 1

2c
Tc[r

d−1
2 □cΓ

αϕ] +Oc(t
d−5
2 |ϕ|Γ,|α|+2).

We suppose that |α| ≥ 1 from now on. It is easy to see that

r
d−1
2 □cΓ

αϕ = r
d−1
2 Γ̃α(□cϕ) = r

d−1
2 Γ̃α{Ψ(∂ϕ)}+O

(
R̃(α)

)
(3.30)

with
R̃(α) = t

d−1
2 |Θ(t, x)|Γ,|α|.

By the commutative relationship (3.1), (3.13) and (3.14), we get

ctr
1
2 Γ̃α{(∂aϕj)(∂bϕk)(∂cϕl)}

= ctr
1
2 (∂aΓ

αϕj)(∂bϕk)(∂cϕl) + ctr
1
2 (∂aϕj)(∂bΓ

αϕk)(∂cϕl)

+ ctr
1
2 (∂aϕj)(∂bϕk)(∂cΓ

αϕl) +O(tr
1
2 |∂ϕ|3Γ,|α|−1)

= (r
1
2∂aΓ

αϕj)(r
1
2∂bϕk)(r

1
2∂cϕl) + (r

1
2∂aϕj)(r

1
2∂bΓ

αϕk)(r
1
2∂cϕl)

+ (r
1
2∂aϕj)(r

1
2∂bϕk)(r

1
2∂cΓ

αϕl)

+O
(
r

1
2 ⟨ct− r⟩−2[ϕ]3Γ,c,|α|+1 + tr

1
2 |∂ϕ|3Γ,|α|−1

)
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for d = 2. It follows from (3.20), (3.21), (3.28) and (3.29) that∣∣∣(r 1
2∂aΓ

αϕj)(r
1
2∂bϕk)(r

1
2∂cϕl)− ωaωbωcΦ

(α)
j ΦkΦl

∣∣∣
≤
(
|r

1
2∂ϕ|+ |r

1
2∂Γαϕ|+ |Φ|+ |Φ(α)|

)2
×
(
|r

1
2∂aΓ

αϕj − ωaΦ
(α)
j |+ |r

1
2∂bϕk − ωbΦk|+ |r

1
2∂cϕl − ωbΦl|

)
≤ Ct

1
2 ⟨r − ct⟩−2[ϕ]3Γ,c,|α|+1.

Going a similar way, we end up with

ctr
1
2 Γ̃α{(∂aϕj)(∂bϕk)(∂cϕl)}

= ωaωbωc

(
Φ
(α)
j ΦkΦl +ΦjΦ

(α)
k Φl +ΦjΦkΦ

(α)
l

)
+O(t

1
2 ⟨ct− r⟩−2[ϕ]3Γ,c,|α|+1 + t

3
2 |∂ϕ|3Γ,|α|−1),

For d = 3, just in the same manner, we obtain

ctrΓ̃α{(∂aϕj)(∂bϕk)}
= ctr(∂aΓ

αϕj)(∂bϕk) + ctr(∂aϕj)(∂bΓ
αϕk) +O(tr|∂ϕ|2Γ,|α|−1)

= (r∂aΓ
αϕj)(r∂bϕk) + (r∂aϕj)(r∂bΓ

αϕk)

+O
(
r⟨ct− r⟩−1[ϕ]2Γ,c,|α|+1 + tr|∂ϕ|2Γ,|α|−1

)
= ωaωb

(
Φ
(α)
j Φk +ΦjΦ

(α)
k

)
+O

(
t⟨ct− r⟩−1[ϕ]2Γ,c,|α|+1 + t2|∂ϕ|2Γ,|α|−1

)
Since Ψ is a linear combination of (∂aϕj)(∂bϕk)(∂cϕl) (resp. (∂aϕj)(∂bϕk))
when (d, p) = (2, 3) (resp. (d, p) = (3, 2)), we obtain

Tc[r
d−1
2 Γ̃α{Ψ(∂ϕ)}] = G(ω,Φ∗)

ct
Φ(α)∗

+Oc(t
d−3
2 ⟨ct− r⟩−(p−1)[ϕ]pΓ,c,|α|+1 + t

d−1
2 |∂ϕ|pΓ,|α|−1),

(3.31)

where

G(ω, Y ) = (∂Yk
Ψred

j (ω, Y ))1≤j,k≤n. (3.32)

Finally, for 1 ≤ |α| ≤ s, we obtain the following by (3.30) and (3.31):

∂tΦ
(α)∗ = − 1

2c2t
G(ω,Φ∗)Φ(α)∗ +Oc

(
R(α)

)
(3.33)

where

R(α) = t
d−1
2 |∂ϕ|pΓ,|α|−1 + t

d−5
2 |ϕ|Γ,|α|+2

+ t
d−3
2 ⟨ct− r⟩−(p−1)[ϕ]pΓ,c,|α|+1 + t

d−1
2 |Θ|Γ,|α|. (3.34)
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We put R(α) = R when |α| = 0. For a real matrix M of size n× n, we
define

∥M∥ = sup
Y ∈Rn,|Y |=1

|MY |.

Lemma 3.8. Supposed that the KMS condition for Ψ is satisfied. If we
have

∥G
(
ω,Φ∗(t, σ, ω)

)
∥ ≤ 2c2C0ε

p−1

for (t, σ, ω) ∈ Lc
T,R with a positive constant C0, then we have

r
d−1
2 |∂ϕ(t, x)|Γ,s ≤ C

∑
|α|≤s

(
t

tc0(σc)

)C0εp−1

|Φ(α)∗(tc0(σc), σc, ω)|

+ C
∑
|α|≤s

∫ t

tc0(σc)

(
t

τ

)C0εp−1

|Tc[R(α)](τ, σc, ω)|dτ

+ Ct
d−3
2 [ϕ(t, x)]Γ,c,s+1

for s ≥ 1 in Λb1,b2
T,R , where σc = r − ct.

Proof. In view of (3.14) and Lemma 3.7, our task is to estimate

Φ(α)∗(t, σc, ω)

for 1 ≤ |α| ≤ s. It follows from (3.33) that

∂t|Φ(α)∗|2 = 2⟨Φ(α)∗, ∂tΦ
(α)∗⟩Rn

≤ 1

c2t
∥G(ω,Φ∗)∥ |Φ(α)∗|2 + C |Φ(α)∗| |R(α)∗|

≤ 2C0ε
p−1

t
|Φ(α)∗|2 + C|Φ(α)∗| |R(α)∗|.

Therefore we get

∂t

{
t−2C0εp−1∣∣Φ(α)∗∣∣2} ≤ Ct−2C0εp−1∣∣Φ(α)∗∣∣ ∣∣R(α)∗∣∣, (t, σ, ω) ∈ Lc

T,R,

from which we easily see that Φ(α)∗ has the desired bound.

3.3 ODE lemmas for the asymptotic behavior

We continue our investigation of (3.16) satisfying the KMS condition, and

would like to obtain the asymptotic behavior of r
d−1
2 ∂aϕ in Λb1,b2

T,R , especially
when T = ∞. In view of (3.14), our task is to investigate the asymptotic
behavior of the solution Φ∗ to the profile system (3.24). For this purpose,
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we would like to approximate Φ∗ for large t by a solution A to the re-
duced system (3.26) with appropriately chosen data, under some additional
assumptions if necessary.

To continue our discussion, we repeat our aim again with equations being
explicitly given. Let Φ∗ satisfy

∂tΦ
∗ = − 1

2c2t
Ψred(ω,Φ∗) + η in Lc

∞,R (3.35)

with η(t, σ, ω) = Oc(R), where Lc
∞,R = Lc;b1,b2

∞,R be given by (3.6) or (3.7),
and R is given by (3.25). We suppose that the KMS condition is satisfied:
There is H ∈ C(Sd−1;S+

n ) such that

⟨Y,H(ω)Ψred(ω, Y )⟩Rn ≥ 0, ω ∈ Sd−1, Y ∈ Rn. (3.36)

Let A = A(t, σ, ω) satisfies

∂tA = − 1

2c2t
Ψred(ω, Y ), in (1,∞)× Σc × Sd−1 (3.37)

with

A(1, σ, ω) = ψ(σ, ω), (σ, ω) ∈ Σc × Sd−1, (3.38)

where Σc = R when b1 ≤ c < b2, and Σc = (−∞, R] when c = b2. Assuming
certain assumption on R and some additional condition on Ψred if neces-
sary, we would like to find ψ such that A approximates Φ∗ as t → ∞. In
correspondence to the conditions (B1) and (B2) in Theorem 2.5, or (B1’)
and (B2’) in Theorem 2.6, we will consider two situations.

Firstly we assume that (3.36) is replaced by

⟨Y,H(ω)Ψred(ω, Y )⟩Rn = 0, ω ∈ Sd−1, Y ∈ Rn. (3.39)

As we have seen, this is nothing but the KMS condition when (d, p) = (3, 2);
however this is a stronger restriction when (d, p) = (2, 3), and corresponds
to (B1) or (B1’). Since H = H(ω) is real-symmetric and positive-definite
for each ω ∈ Sd−1, there are a real-symmetric and positive-definite matrix√

H(ω) and its inverse. We write H
1
2 (ω) and H− 1

2 (ω) for
√
H(ω) and its

inverse, respectively. Then it turns out that H± 1
2 ∈ C(Sd−1;S+

n ), and there
is a positive constant C such that∥∥∥H± 1

2 (ω)
∥∥∥ ≤ C, ω ∈ Sd−1. (3.40)

We put

Φ⋆(t, σ, ω) = H
1
2 (ω)Φ∗(t, σ, ω),

Ψ⋆(ω, Y ) = H
1
2 (ω)Ψred

(
ω,H− 1

2 (ω)Y
)
.
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Then we have

∂tΦ
⋆ = − 1

2c2t
Ψ⋆(ω,Φ⋆) +H

1
2 (ω)η. (3.41)

Note that we have H
1
2 η = Oc(R) because of (3.40). Moreover, (3.39) implies

⟨Y,Ψ⋆(ω, Y )⟩Rn = ⟨Y,H
1
2 (ω)Ψred

(
ω,H− 1

2 (ω)Y
)
⟩Rn

= ⟨H− 1
2 (ω)Y,H(ω)Ψred

(
ω,H− 1

2 (ω)Y ⟩Rn = 0

for ω ∈ Sd−1 and Y ∈ Rn. In other words, (3.39) holds for (3.41) with the
corresponding H being the identity matrix. Consider the reduced system
for (3.41):

∂tA
⋆ = − 1

2c2t
Ψ⋆(ω,A⋆) (3.42)

with
A⋆(1, σ, ω) = ψ⋆(σ, ω).

If we put ψ(σ, ω) = H− 1
2 (ω)ψ⋆(σ, ω), and A = H− 1

2A⋆, then it is easy to see
that A solves (3.37)–(3.38). Moreover, by (3.40), we obtain

|Φ∗(t, σ, ω)−A(t, σ, ω)| =
∣∣∣H− 1

2 (ω)
(
Φ⋆(t, σ, ω)−A⋆(t, σ, ω)

)∣∣∣
≤ C |Φ⋆(t, σ, ω)−A⋆(t, σ, ω)| .

Therefore, If A⋆ approximates Φ⋆ for large t, then A approximates Φ∗. In
conclusion, we found that we may assume H(ω) is the identity matrix for
our aim. Hence we can use the following:

Lemma 3.9 ([32, Lemma 10.22]). Let P (ω, Y ) be an Rn-valued function
whose components are homogeneous polynomials of degree p with bounded
coefficients depending on ω ∈ Sd−1. If we have

⟨Y, P (ω, Y )⟩Rn = 0, (ω, Y ) ∈ Sd−1 × Rn,

then there is an n × n-matrix-valued function Q = Q(ω, Y ), whose com-
ponents are homogeneous polynomials of degree p − 1 in Y with bounded
coefficients depending on ω, such that

tQ(ω, Y ) = −Q(ω, Y )

and
P (ω, Y ) = Q(ω, Y )Y, (ω, Y ) ∈ Sd−1 × Rn,

where tQ is the transpose of Q.
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Motivated by this structure, we consider the following system for an Rn-
valued unknown w, since σ and ω in (3.35) can be considered as parameters:w′(t) =

1

t
Q
(
w(t)

)
w(t) + J(t), t > t0,

w(t0) = ξ
(3.43)

with some t0 ≥ 1, where Q = Q(Y ) is an n × n-matrix-valued function,
whose components are homogeneous polynomials of degree p− 1 in Y , and
satisfies tQ(Y ) = −Q(Y ), while J ∈ C([t0,∞);Rn) ∩ L1([t0,∞);Rn).

We write w+[ξ+] for a unique global solution w+ to(w+)′(t) =
1

t
Q
(
w+(t)

)
w+(t), t > 1,

w+(1) = ξ+.
(3.44)

To obtain the asymptotic behavior for (3.43), we use the following lemma,
which is a slight modification of [32, Proposition 10.21].

Lemma 3.10. Let ρ > 0. Suppose that∫ ∞

t
|J(τ)|dτ ≤ C0

ρ
t−ρ, t ≥ t0, (3.45)

∥Q(Y )−Q(Z)∥ ≤ D0

(
|Y |+ |Z|

2

)p−2

|Y − Z|, Y, Z ∈ Rn

with some positive constants C0 and D0. Suppose also that

|ξ|+ C0t
−ρ
0

ρ
≤ E0.

If D0E
p−1
0 < ρ, then there is ξ+ ∈ Rn with |ξ+| ≤ E0 such that

|w(t)− w+[ξ+](t)| ≤ C0

ρ−D0E
p−1
0

t−ρ, t ≥ t0.

Proof. This lemma with (3.45) replaced by

|J(t)| ≤ C0t
−1−ρ, t ≥ t0 (3.46)

is proved in Proposition 10.21 of [32]; however, as (3.46) is only used to
obtain (3.45) in its proof, this lemma can be proved by the same proof.

Secondly we consider the case n = 1. Since the general KMS condition
for (d, p) = (3, 2) is covered by the previous case, we may assume (d, p) =
(2, 3) here. Then this case corresponds to (B2) or (B2’). Since n = 1 and
p = 3, Ψred has the form

Ψred(ω, Y ) = P (ω)Y 3,
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where P is a polynomial in ω of at most degree 3. Then the KMS condition
can be written as

⟨Y,H(ω)Ψred(ω, Y )⟩R = H(ω)P (ω)Y 4 ≥ 0, ω ∈ S1, Y ∈ R.

As H is a positive and continuous function on the compact set S1, this is
equivalent to

P (ω) ≥ 0, ω ∈ S1.

Motivated by this, we considerz′(t) = −K
2t
z(t)3 + J(t), t ≥ t0,

z(t0) = z0,
(3.47)

where z is a real-valued unknown, K ≥ 0, and J ∈ C
(
[t0,∞)

)
∩L1

(
[t0,∞)

)
.

Given z+0 ∈ R, we write z+[z+0 ] for a unique global solution z+ to(z+)′(t) = −K
2t
z+(t)3, t ≥ 1,

z+(1) = z+0 .
(3.48)

We will use the following modification of [32, Lemma 10.25] (see also
[39]).

Lemma 3.11. Let 0 ≤ K < K0 with some positive constant K0, and let
ρ > 0. Suppose that we can take positive constants ν, c0, and E0, as well as
parameters σ ∈ R and ε > 0, such that∫ ∞

t
τ θ|J(τ)|dτ ≤ E0ε⟨σ⟩−ν

ρ− θ
t−ρ+θ, t ≥ t0, 0 < θ ≪ 1, (3.49)

|z0| ≤ E0ε⟨σ⟩−ρ−ν , (3.50)

c−1
0 ⟨σ⟩ < t0 < c0⟨σ⟩. (3.51)

Then, for 0 < θ ≪ 1, there are positive constants ε1 = ε1(K0, E0, c0, ρ) and
C0 = C0(K0, E0, c0, ρ, θ) such that, for any ε ∈ (0, ε1], there is z+0 ∈ R being
independent of θ and satisfying

|z(t)− z+[z+0 ](t)| ≤ C0εt
−ρ+θ⟨σ⟩−ν−θ, t ≥ t0,

|z+0 | ≤ C0ε⟨σ⟩−ρ−ν .

Proof. Similarly to the above, this lemma with (3.49) replaced by

|J(τ)| ≤ E0ε⟨σ⟩−δt−1−ρ (3.52)

was proved in [32, Lemma 10.25], where (3.52) is only used to obtain (3.49).
Hence this lemma is also valid by the same proof.
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Finally, using Lemmas 3.10 and 3.11, we obtain the following:

Lemma 3.12. Let ϕ be a solution to (3.16) satisfying

ϕ(t, x) = 0, t > 0, |x| ≥ b2t+R,

and R be given by (3.25). We suppose that we have

r
d−1
2 [ϕ(t, x)]Γ,c,1 ≤ C⟨t+ r⟩λ⟨ct− r⟩−µ, (t, x) ∈ [0,∞)× Rd,

where λ > 0 and µ ≥ 0. We also suppose that∫ ∞

t
τ θ |Tc[R](τ, σ, ω)| dτ ≤ Cεt−ρ+θ⟨σ⟩−ν , (t, σ, ω) ∈ Lc;b1,b2

∞,R

for 0 ≤ θ ≪ 1, where ν and ρ are positive numbers.
We assume that either of the following two conditions holds:

(i) (3.39) is satisfied.

(ii) (d, p) = (2, 3) and n = 1.

If λ− 1 ≤ −ρ and λ− 1− µ ≤ −ρ− ν, then, for 0 < θ ≪ 1 and sufficiently
small ε, there is

ψ ∈ L∞(R× Sd−1;Rn) ∩ L2(R× Sd−1;Rn),

which is independent of θ, such that

r
d−1
2 ∂aϕ(t, x) = ωaA[ψ](t, r − ct, ω) +O

(
ε⟨t+ r⟩−ρ+θ⟨ct− r⟩−ν−θ

)
for (t, x) ∈ [0,∞) × Rd with |x| ≤ b2t + R, where ω0 = −c, A[ψ] is the
solution to (3.37)–(3.38). Moreover

ψ(σ, ω) = O
(
⟨σ⟩−ρ−ν

)
, σ ∈ R, ω ∈ Sd−1.

If (i) is satisfied, we can also choose θ = 0.

Proof. For a while, we suppose that (t, x) ∈ Λb1,b2
∞,R . Note that t, r, ⟨t + r⟩

are equivalent to each other. Since ⟨r − ct⟩ ≤ C⟨t + r⟩, by (3.20) and the
definition of Φ∗, we get∣∣∣r d−1

2 ∂aϕ(t, x)− ωaΦ
∗(t, r − ct, ω)

∣∣∣ ≤ Ct
d−3
2 [ϕ(t, x)]Γ,c,1

≤ C⟨t+ r⟩λ−1⟨ct− r⟩−µ

≤ C⟨t+ r⟩−ρ+θ⟨ct− r⟩−ν−θ.

Hence our task is to show that there is some ψ such that

Φ∗(t, σ, ω) = A[ψ](t, σ, ω) +O
(
εt−ρ+θ⟨σ⟩−ν−θ

)
in Lc

∞,R.
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Let tc0(σ) be given by (3.8). In view of (3.9) and (3.21), we get∣∣Φ∗(tc0(σ), σ, ω)∣∣ ≤ Cε⟨σ⟩λ−µ−1 ≤ Cε⟨σ⟩−ρ−ν . (3.53)

Firstly we consider the case of (i). As we have observed, we may assume
that H(ω) is the identity matrix, and applying Lemma 3.9, we see that
there is an anti-symmetric-matrix-valued function Q = Q(ω, Y ) such that
Ψred(ω, Y ) = Q(ω, Y )Y , and each component of Q is a homogeneous poly-
nomial of degree p−1 with bounded coefficients depending on ω. Therefore,
there is a positive constant C such that

∥Q(ω, Y )−Q(ω,Z)∥ ≤ C

(
|Y |+ |Z|

2

)p−2

|Y − Z|, Y, Z ∈ Rn.

By the assumption, we have∫ ∞

t
Tc[R](τ, σ, ω)dτ ≤ Cε⟨σ⟩−ν

ρ
t−ρ, t ≥ tc0(σ).

By (3.53) and (3.9), we get∣∣Φ∗(tc0(σ), σ, ω)∣∣+ Cε⟨σ⟩−ν

ρ

(
tc0(σ)

)−ρ ≤ Cε⟨σ⟩−ρ−ν .

Hence, if ε is sufficiently small, then for arbitrarily fixed (σ, ω), we can apply
Lemma 3.10 with w(t) = Φ∗(t, σ, ω), J(t) = η(t, σ, ω) = Oc

(
R
)
,Q(Y ) =

Q(ω, Y ), ξ = Φ∗(tc0(σ), σ, ω) and t0 = tc0(σ) to conclude that there is ψ =
ψ(σ, ω) and a positive constant C, which is independent of (σ, ω), such that

|Φ∗(t, σ, ω)− [ψ](σ, ω)| ≤ Cε⟨σ⟩−νt−ρ ≤ Cεt−ρ+θ⟨σ⟩−ν−θ

for (t, σ, ω) ∈ Lc
∞,R. This is the desired result. We also have

ψ(σ, ω) = O(ε⟨σ⟩−ρ−ν), (σ, ω) ∈ Σc × Sd−1.

Recall that Σc = R for b1 ≤ c < b2 and Σc = (−∞, R] for c = b2. Hence,
when c = b2, we define

ψ(σ, ω) = 0, (σ, ω) ∈ (R,∞)× Sd−1,

so that ψ is defined on R× Sd−1.
Secondly, we consider the case of (ii). In this case, as we have observed,

Ψred(ω, Y ) = P (ω)Y 3. As P is a polynomial of at most degree 3, there is a
positive constant C such that

|P (ω)| ≤ C, ω ∈ Sd−1.

In view of (3.9), (3.53) and the assumption on R, we can apply Lemma 3.11
with w(t) = Φ∗(t, σ, ω), S = P (ω)/c, J(t) = η(t, σ, ω), t0 = tc0(σ) and z0 =
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Φ∗(tc0(σ), σ, ω), for arbitrarily fixed (σ, ω) and sufficiently small ε, to show
the existence of ψ = ψ(σ, ω) such that

|Φ∗(t, σ, ω)−A[ψ](t, σ, ω)| ≤ Cεt−ρ+θ⟨σ⟩−ν−θ, (t, σ, ω) ∈ Lc
∞,R,

ψ(σ, ω) = O
(
ε⟨σ⟩−ρ−ν

)
, (σ, ω) ∈ Σc × Sd−1,

which are the desired results. As above, we define ψ(σ, ω) = 0 for (σ, ω) ∈
(R,∞)× Sd−1 when c = b2.

Now we assume that (t, x) ∈
(
[0,∞)×Rd

)
\Λb1,b2

∞,R . Then we have t < 2,
or r < b1t/2 or r ≥ b2t+R. As b1 ≤ c ≤ b2,

Let t < 2 or r < b1t/2. Then we have |ct− r| ≥ C⟨t+ r⟩. Hence we get

r
d−1
2 |∂au(t, x)| ≤ Cεr

d−1
2 ⟨ct− r⟩−1[ϕ(t, x)]Γ,c,1 ≤ Cε⟨t+ r⟩λ−µ−1

≤ Cε⟨t+ r⟩−ρ−ν ≤ Cε⟨t+ r⟩−ρ+θ⟨ct− r⟩−ν−θ,

|A[ψ](t, r − ct, ω)| ≤ C|ψ(r − ct, ω)| ≤ Cε⟨r − ct⟩−ρ−ν

≤ Cε⟨t+ r⟩−ρ−ν ≤ Cε⟨t+ r⟩−ρ+θ⟨ct− r⟩−ν−θ,

which yield the desired result.
Finally, let r > b2t+R. Then ∂aϕ(t, x) = 0 by the assumption. If c = b2,

then ψ(r − ct, ω) = 0 by the definition, which leads to A(t, σ, ω) = 0. On
the other hand, if b1 ≤ c < b2, we have ⟨ct − r⟩ ≥ C⟨t + r⟩, and going the
same way as above, we get |A[ψ](t, σ, ω)| ≤ Cε⟨t+ r⟩−ρ+θ⟨ct− r⟩−ν−θ. This
completes the proof.

3.4 Decay estimates and a transformation for the
Klein-Gordon equations

In this section, we consider a decay estimate and some transformation for
the Klein-Gordon equations. We always assume Γ = LΓ and c = 1 in this
section. Therefore we abbreviate | · |Γ,s, ∥ · ∥Γ,s, and [·]Γ,c,s as | · |s, ∥ · ∥s, and
[·]s, respectively.

First we describe a known decay result for solutions to linear Klein-
Gordon equations

(2+m2)v(t, x) = Φ(t, x), (t, x) ∈ (0,∞)× Rd (3.54)

with m > 0. We use the decay estimate in Georgiev [13]; however, since
we are working in the situation of compactly supported data, the statement
can be simplified as follows.

Lemma 3.13. Suppose that 0 < T ≤ ∞ and R > 0. Let v be a smooth
solution to (3.54). We assume that v(0, ·) is supported on a ball

{x ∈ Rd; |x| ≤ R},
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and that Φ(t, x) = 0 for all (t, x) ∈ [0, T ) × Rd satisfying |x| ≥ t + R. For
any positive constant ρ ̸= 1, there exists a positive constant C = C(m, ρ,R),
being independent of T , such that

⟨t+ |x|⟩
d
2 |v(t, x)| ≤ C∥v(0)∥5 + Ct(1−ρ)+ sup

τ∈[0,t]
⟨τ⟩ρ∥Φ(τ)∥4 (3.55)

for (t, x) ∈ (0, T )× Rd, where a+ = max{a, 0} for a ∈ R.

Proof. Let {χj}j∈Z≥0

(
⊂ C∞

0 (R)
)
be a partition of unity on [0,∞) satisfying

suppχj ⊂ [2j−1, 2j+1] for j ≥ 1 and suppχ0 ∩ [0,∞) ⊂ [0, 2). Then it is
proved in [13] that

⟨t+ |x|⟩|v(t, x)|
d
2 ≤ C

∞∑
j=0

∑
|α|≤5

∥∥∥⟨·⟩ d
2χj(| · |)Γαv(0, ·)

∥∥∥
L2

+ C
∞∑
j=0

∑
|α|≤4

sup
τ∈[0,t]

χj(τ)
∥∥⟨τ + | · |⟩ΓαΦ(τ, ·)

∥∥
L2

without any support condition on v(0) and Φ. It is easy to see that the first
term on the right-hand side is bounded by C∥v(0)∥5 if v(0) is supported on
the ball of radius R. Let ∥Φ(t)∥4 ≤M0⟨t⟩−ρ with M0 > 0. Then, in view of
the support condition for Φ, we see that the second term is bounded by

CM0

∞∑
j=0

sup
τ∈[0,t]

χj(τ)⟨τ⟩1−ρ ≤ CM0⟨t⟩(1−ρ)+

because we have χj(τ)⟨τ⟩1−ρ ≤ C2j(1−ρ).

Among the nonlinear terms in FK = (Fj)1≤j≤N0 for the Klein-Gordon

components, F
(w)
K = (F

(w)
j )1≤j≤N0 has the slowest decay. To treat it in the

decay estimate for the Klein-Gordon components, we use the transformation
in Tsutsumi [61]. The idea of this transformation can go back to Kosecki [46].
We would like to summarize the argument here.

Q0(ϕ, ψ) = Q1
0(ϕ, ψ) = (∂tϕ)(∂tψ) − (∇xϕ) · (∇xψ) (cf. (2.7)) is one of

the null forms introduced in [44] to characterize the null condition. A key
feature of the null forms is their faster decay. Indeed, we have the following:

Lemma 3.14. For any non-negative integer s, there is a positive constant
C such that

|Q0(λj , λk)(t, x)|s ≤ C⟨t+ r⟩−1
(
[λ(t, x)][s/2]+1|∂λ(t, x)|s

+ |∂λ(t, x)|[s/2][λ(t, x)]s+1

)
for t > 0, x ∈ Rd, a smooth function λ = (λj)1≤j≤n and 1 ≤ j, k ≤ n.
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Proof. This estimate in three space dimensions was proved in [28], but the
proof is also valid in two space dimensions with an apparent modification.
Here we give an outline of the proof. Because ΓαQ0(λj , λk) can be written
as a linear combination of Q0(Γ

βλj ,Γ
γλk) with |β| + |γ| ≤ |α| (see [32] for

instance), it suffices to prove

|Q0(ϕ, ψ)| ≤ ⟨t+ r⟩−1
(
[ϕ]1|∂ψ|+ |∂ϕ|[ψ]1

)
.

If 0 ≤ t ≤ 2 or r ≤ t/2, then we have ⟨t+ r⟩ ≤ C⟨t− r⟩. Hence we get

|Q0(ϕ, ψ)| ≤ C|∂ϕ||∂ψ| ≤ C⟨t+ r⟩−1⟨t− r⟩|∂ϕ||∂ψ| ≤ C⟨t+ r⟩−1[ϕ]1|∂ψ|.

On the other hand, when 1 ≤ t/2 ≤ r, (3.13) implies

|(∂aϕ)(∂bψ)− (ωaDϕ)(ωbDψ)| ≤ C⟨t+ r⟩−1
(
[ϕ]1|∂ψ|+ |∂ϕ|[ψ]1

)
,

where D = D1 = (∂r − ∂t)/2, and ω0 = −1. From this we find

Q0(ϕ, ψ) = (ω2
0 − |ω|2)(Dϕ)(Dψ) +O

(
⟨t+ r⟩−1([ϕ]1|∂ψ|+ |∂ϕ][ψ]1)

)
= O

(
⟨t+ r⟩−1([ϕ]1|∂ψ|+ |∂ϕ][ψ]1)

)
,

since ω2
0 − |ω|2 = 0. This completes the proof.

Now we return our attention to the transformation. For N0 + 1 ≤
k, l,m ≤ N , direct calculations yield

□
(
(∂awk)(∂bwl)(∂cwm)

)
= (∂a□wk)(∂bwl)(∂cwm) + (∂awk)(∂b□wl)(∂cwm) + (∂awk)(∂bwl)(∂c□wm)

+ 2(∂awk)Q0(∂bwl, ∂cwm) + 2(∂bwl)Q0(∂cwm, ∂awk)

+ 2(∂cwm)Q0(∂awk, ∂bwl),

and

□
(
(∂awk)(∂bwl)

)
= (∂a□wk)(∂bwl) + (∂awk)(∂b□wl) + 2Q0(∂awk, ∂bwl).

Using that ∂a2wk = ∂a
(
Fk(v, ∂u)

)
, and also applying Lemma 3.14 to esti-

mate Q0, we obtain∣∣□((∂awk)(∂bwl)(∂cwm)
)∣∣

s
≤ C|(v, ∂u)|4[(s+1)/2]|(v, ∂u)|s+1

+ C⟨t+ r⟩−1[w]s+1|∂w|2s (3.56)

and ∣∣□((∂awk)(∂bwl)
)∣∣

s
≤ C|(v, ∂u)|2[(s+1)/2]|(v, ∂u)|s+1

+ C⟨t+ r⟩−1[w]s+1|∂w|s (3.57)

for non-negative integer s. Recalling that |∂w|s ≤ ⟨t− r⟩−1[w]s+1, (3.56) for
(d, p) = (2, 3) and (3.57) for (d, p) = (3, 2) yields∣∣□F (w)

j (∂w)
∣∣
s
≤ C

∣∣(v, ∂u)∣∣2p−2

[(s+1)/2]
|(v, ∂u)|s+1

+ C⟨t+ r⟩−1⟨t− r⟩−(p−2)[w]p−1
s+1|∂w|s. (3.58)
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Lemma 3.15. Let 1 ≤ j ≤ N0. We put

ṽj := vj −m−2
j F

(w)
j (∂w).

Then, for any non-negative integer s, we have

|(□+m2
j )ṽj −

(
Fj(v, ∂u)− F

(w)
j (∂w)

)
|s

≤ C|(v, ∂u)|2p−2
[(s+1)/2]|(v, ∂u)|s+1 + C⟨t+ r⟩−1⟨t− r⟩−(p−2)[w]p−1

s+1|∂w|s.

Proof. As the definition of ṽj yields

(□+m2
j )ṽj =

(
Fj(v, ∂u)− F

(w)
j (∂w)

)
−m−2

j □
(
F

(w)
j

)
,

this lemma is an immediate consequence of (3.58).

For the asymptotic behavior of vj , we have the following.

Lemma 3.16. Let ṽj be defined as in Lemma 3.15. If∥∥(□+m2
j )ṽj(t)

∥∥
L2 ≤ Cεp(1 + t)−ρ

with some ρ > 1, and

lim
t→∞

∥∥∥F (w)
j (∂w)(t)

∥∥∥
1
= 0,

then vj is asymptotically free, and its asymptotic data (φ+
j , ψ

+
j ) satisfies

(φ+
j , ψ

+
j ) = ε(fj , gj) +O(εp) in H1 × L2.

Proof. Let j be fixed. In this proof, we consider

∥ϕ∥2H1 = m2
j∥ϕ∥2L2 + ∥∇xϕ∥2L2 ,

which is an equivalent norm to the standard Sobolev norm. Let S(t) be the
solution operator to the free Klein-Gordon equation

(□+m2
j )ϕ = 0,

that is to say that S(t)
(
ϕ(0), ∂tϕ(0)

)
=
(
ϕ(t), ∂tϕ(t)

)
. Then S(t) is a unitary

operator on H1 × L2.
Let ṽj be defined as in Lemma 3.15. We put φ̃j = ṽj(0) and ψ̃j = ∂tṽj(0).

Then we have (
φ̃j , ψ̃j

)
= ε(fj , gj) +O(εp) in H1 × L2.

Writing F̃j = (□+m2
j )ṽj , we obtain

(
ṽj(t), ∂tṽj(t)

)
= Sj(t)

(
φ̃j , ψ̃j

)
+

∫ t

0
Sj(t− τ)

(
0, F̃j(τ)

)
dτ.
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By the assumption,

(φ+
j , ψ

+
j ) =

(
φ̃j , ψ̃j

)
+

∫ ∞

0
S(−τ)

(
0, F̃j(τ)

)
dτ

is well-defined, because the assumption implies∫ ∞

0

∥∥∥S(−τ)(0, F̃j(τ)
)∥∥∥

H1×L2
dτ =

∫ ∞

0

∥∥∥F̃j(τ)
∥∥∥
L2
dτ

≤ Cεp
∫ ∞

0
(1 + τ)−ρdτ ≤ Cεp.

This also leads to

(φ+
j , ψ

+
j ) = ε(fj , gj) +O(εp) in H1 × L2.

It follows that∥∥∥(ṽj(t), ∂tṽj(t))− S(t)
(
φ+
j , ψ

+
j

)∥∥∥
H1×L2

≤
∫ ∞

t

∥∥∥S(t− τ)
(
0, F̃j(τ)

)∥∥∥
H1×L2

dτ =

∫ ∞

t

∥∥∥F̃j(τ)
∥∥∥
L2
dτ

≤ Cεp(1 + t)1−ρ → 0, t→ ∞.

By the assumption,∥∥(vj(t), ∂tvj(t))− (ṽj(t), ∂tṽj(t))∥∥H1×L2 ≤ C
∥∥∥F (w)

j (∂w)(t)
∥∥∥
1
→ 0

as t→ ∞. To sum up, we obtain∥∥∥(vj(t), ∂tvj(t))− S(t)
(
φ+
j , ψ

+
j

)∥∥∥
H1×L2

→ 0, t→ ∞.

This completes the proof.
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Chapter 4

Two space dimensional case

4.1 Key decay estimates for the wave equations

In this chapter, we will prove our theorems for the two space dimensional
case. To begin with, we describe known decay results for solutions to linear
wave equations

□cw(t, x) = Ψ(t, x), (t, x) ∈ (0,∞)× R2,

w(0, x) = w0(x), (∂tw)(0, x) = w1(x), x ∈ R2
(4.1)

with c > 0. We use the weighted L∞-L∞ estimates in Hoshiga-Kubo [21]
and Kubo [49]. The first pair consists of decay estimates of solutions and
their derivatives to the homogeneous wave equation (namely the case where
Ψ = 0 in (0,∞)× R2).

Lemma 4.1. Let w be a smooth solution to (4.1) with Ψ = 0. Suppose that
µ > 0. For any

(
w0, w1

)
∈ C∞(R2)× C∞(R2), it holds that

⟨t+ r⟩1/2⟨r − ct⟩1/2|w(t, x)| ≤ CA2+µ,0[w0, w1],

⟨t+ r⟩1/2⟨r − ct⟩3/2|∂w(t, x)| ≤ CA3+µ,1[w0, w1]
(4.2)

for (t, x) ∈ [0, T )× R2, where we put

Aρ,s[w0, w1] :=
∑

|α|+|β|≤s

∑
|γ|≤1

∥⟨·⟩ρ∂α+γ
x Ωβw0∥L∞(R2) + ∥⟨·⟩ρ∂αxΩβw1∥L∞(R2)

 .

The second pair is for the inhomogeneous wave equation with zero initial
data (namely the case where w0(x) = w1(x) = 0 for all x ∈ R2). To state
decay estimates, we introduce some notation. Let n be an arbitrary natural
number, and c1, . . . , cn be given positive constants. For κ, µ > 0 and a
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non-negative integer s, we define

Bκ,µ,s[Φ](t, x) = sup
0≤τ<t

sup
|y−x|≤t−τ

⟨y⟩1/2⟨τ + |y|⟩1+κW−(τ, |y|)1+µ

×
∑

|α|+|β|≤s

|∂αΩβΦ(τ, y)|,

where

W−(t, r) = W−(t, r; c
1, . . . , cn) := min{⟨r⟩, ⟨r − c1t⟩, . . . , ⟨r − cnt⟩}. (4.3)

Lemma 4.2. Let w be a smooth solution to (4.1) with initial data w0 =
w1 = 0. Suppose that ξ ≥ 0, 0 < ζ < 1/2 and η > 0. Then there exists a
positive constant C = C(ξ, ζ, η) such that

⟨t+ |x|⟩1/2−ξ⟨r − ct⟩ζ |w(t, x)| ≤ CBζ−ξ,η,0[Ψ](t, x), (4.4)

⟨t+ |x|⟩−ξ⟨x⟩1/2⟨r − ct⟩1+ζ |∂w(t, x)| ≤ CBζ+η−ξ,0,1[Ψ](t, x) (4.5)

for (t, x) ∈ [0, T )× R2.

Remark 9. (1) In [49, Lemmas 4.2 and A.3], the above lemma is proved
for the case ξ = 0. However, using the fact that ⟨τ + |y|⟩ξ ≤ ⟨t + |x|⟩ξ for
(τ, y) satisfying 0 ≤ τ < t and |y − x| ≤ t − τ , we can easily show the case
where ξ > 0.

(2) For the multiple-speed case (1.4), let us call the nonlinear terms
in F I(∂u) − ∗F I(∂uI) non-resonant terms. In [20], additional decay esti-
mates with different weights are used to estimate non-resonant terms like
(∂au

J
i )(∂bu

J
j )(∂cu

J
l ) with J ̸= I in F I . In our proof, we do not need any ad-

ditional decay estimate, and all types of the non-resonant terms are treated
in a unified and intuitive way.

To obtain a decay estimate for a general solution to (4.1), we write w =
ŵ0 + ŵ1, where ŵ0 is a solution to 2ŵ0 = 0 with (ŵ0, ∂tŵ

0)(0) = (w0, w1),
and ŵ1 is a solution to 2ŵ1 = Ψ with (ŵ1, ∂tŵ

1)(0) = (0, 0). Then we can
apply Lemmas 4.1 and 4.2 to ŵ0 and ŵ1, respectively, to obtain a decay
estimate for w.

We conclude this section with the following elementary lemma, which
will be used in the proof of our theorems.

Lemma 4.3. Let ρ ≥ 0 and ν > 1. There is a positive constant C such that

I(t, σ) :=
∫ ∞

t
τ−ρ⟨cτ − σ⟩−νdτ ≤ Ct−ρ

for t ≥ 1 and σ ∈ R.

Proof. By a simple change of variable, we obtain

I(t, σ) ≤ t−ρ

∫ ∞

t
⟨cτ − σ⟩−νdτ ≤ 1

c
t−ρ

∫ ∞

−∞
⟨τ⟩−νdτ ≤ Ct−ρ.

This completes the proof.
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4.2 Proof of SDGE

In this chapter, as well as in the next chapter for the three space dimensional
case, we always assume

f(x) = g(x) = 0, |x| ≥ R (4.6)

in the initial condition (1.6), where R is a positive constant. Then, by the
finite speed of propagation, we have

u(t, x) = 0, |x| ≥ t+R, 0 ≤ t < T (4.7)

for a solution u to (1.3)–(1.6) on [0, T ) × Rd. Similarly, for a solution u =
(uI)1≤I≤P to (1.4)–(1.6) with (1.5), we have

uI(t, x) = 0, |x| ≥ cP t+R, 0 ≤ t < T (4.8)

for 1 ≤ I ≤ P (note that (4.8) is not necessary true if |x| ≥ cIt+R).

4.2.1 Proof of Theorem 2.1

Recall the definitions in Section 3.1. Throughout this subsection, we put
Γ = LΓ, and we simply write | · |s, ∥ · ∥s, [·]s, and T [·] for | · |Γ,s, ∥ · ∥Γ,s,
[·]Γ,1,s, and T1[·], respectively. We put

ΛT,R = Λ1,1
T,R, LT,R = L1

T,R = L1;1.1
T,R

and
t0(σ) = t10(σ; 1, 1, R) = max{⟨r⟩, ⟨t− r⟩}, σ ≤ R.

We also set W−(t, r) = W−(t, r; 1) = min{⟨r⟩, ⟨t− r⟩}.

Notations and the goal

For a smooth solution u = (v, w) to the Cauchy problem (1.3) with (1.6) on
[0, T )× R2, we define

E(T ) := sup
(t,x)∈[0,T )×R2

⟨r⟩
1
2 ⟨t− r⟩1−κ

(
|∂w(t, x)|+ ⟨t+ r⟩−ρ|∂w(t, x)|K

)
+ sup

(t,x)∈[0,T )×R2

⟨t+ r⟩|v(t, x)|K+1, (4.9)

where ρ and κ are small positive constants to be fixed later, and K is a fixed
positive integer with K ≥ 9. ρ is assumed to be so small compared to κ.

For the proof of Theorem 2.1, it suffices to show the following: If we
choose appropriate κ and ρ, then for any large numberM , there is a positive
number ε0 = ε0(M), being independent of T , such that E(T ) ≤Mε implies
E(T ) ≤ Mε/2 for ε ∈ (0, ε0]. Indeed, this property and the bootstrap
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argument lead to a priori estimates of u for sufficiently small ε, and we
have the global existence.

We assume E(T ) ≤Mε from now on. In the following arguments, M(≥
1) is sufficiently large, and ε is supposed to be so small that Mε ≤M2ε ≤ 1.

By (4.9), we have

|
(
v(t, x), ∂u(t, x)

)
| ≤ CMε⟨t+ r⟩−

1
2W−(t, r)

− 1
2 , (4.10)

|
(
v(t, x), ∂u(t, x)

)
|K ≤ CMε⟨t+ r⟩ρ−

1
2W−(t, r)

− 1
2
−ρ (4.11)

for (t, x) ∈ [0, T )× R2, since there is a positive constant C such that

C−1⟨t+ r⟩W−(t, r) ≤ ⟨r⟩⟨t− r⟩ ≤ C⟨t+ r⟩W−(t, r)

for (t, x) ∈ [0, T )× R2.

Energy estimates for wave and Klein-Gordon components.

Recall the definitions of |ϕ(t, x)|s and ∥ϕ(t)∥s for a smooth function ϕ and
a non-negative integer s. For simplicity of exposition, we set |ϕ(t, x)|−1 and
∥ϕ(t)∥−1 to be zero in what follows. Let 0 ≤ s ≤ 2K + 1. By the Leibniz
formula, (4.10) and (4.11), we obtain

|F (v, ∂u)|s ≤ C
(
|(v, ∂u)|2|(v, ∂u)|s + |(v, ∂u)|2[s/2]|(v, ∂u)|s−1

)
≤ CM2ε2

(
(1 + t)−1|(v, ∂u)|s + (1 + t)2ρ−1|(v, ∂u)|s−1

)
, (4.12)

since we have [s/2] ≤ K for 0 ≤ s ≤ 2K + 1. Because of (3.1), we get

∥(v, ∂u)(t)∥s ≤ C

(
∥(v, ∂u)(0)∥s +

∫ t

0

∥∥F ((v, ∂u)(τ))∥∥
s
dτ

)
≤ Cε+ CM2ε2

∫ t

0
(1 + τ)−1∥(v, ∂u)∥s dτ

+ CM2ε2
∫ t

0
(1 + τ)2ρ−1∥(v, ∂u)(τ)∥s−1 dτ, (4.13)

where the constant C can be chosen independently of s.
It follows from (4.13) with s = 0 and the Gronwall lemma that

∥(v, ∂u)(t)∥0 ≤ Cε(1 + t)CM2ε2 .

Similarly, applying the Gronwall lemma to (4.13), we can inductively show

∥(v, ∂u)(t)∥s ≤ Cε(1 + t)CM2ε2+2sρ (4.14)

for 0 ≤ s ≤ 2K + 1. Especially, we have

⟨t⟩2ρ∥(v, ∂u)(t)∥2K + ∥(v, ∂u)(t)∥2K+1 ≤ Cε⟨t⟩δ, (4.15)
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where
δ = 4(K + 1)ρ,

provided that ε is small enough to satisfy CM2ε2 ≤ 2ρ.

Remark 10. We can also add any nonlinearity of order greater than 4 to
the nonlinear term F . Indeed, in order to do so, we need to add

|(v, ∂u)|2[s/2]|(v, ∂u)|s

in the first line of the estimate (4.12), but its second line stays valid, and
the conclusion of this step is true. We can also easily modify the estimates
below in the rest of the proof.

Rough decay estimates for wave and Klein-Gordon components.

By (4.10), (4.11), (4.12)T and (4.15), we obtain

||F (v, ∂u)(t)||2K ≤ CM2ε2⟨t⟩2ρ−1∥(v, ∂u)∥2K ≤ CM2ε2⟨t⟩δ−1.

It follows from Lemma 3.13 that

⟨t+ r⟩|v(t, x)|2K−3 ≤ Cε+ CM2ε2⟨t⟩δ ≤ Cε⟨t⟩δ. (4.16)

By (4.11) and (4.15), together with Lemma 3.1, we get

⟨r⟩
1
2 |FW(v, ∂u)|2K−1 ≤ C⟨r⟩

1
2 |(v, ∂u)|2K |(v, ∂u)|2K−1

≤ C|(v, ∂u)|2K∥(v, ∂u)∥2K+1

≤ CM2ε3⟨t+ r⟩δ+2ρ−1W−(t, r)
−2ρ−1, (4.17)

where FW = (Fj)N0+1≤j≤N . As (4.17) implies

1∑
s=0

∑
|α|≤2K−1−s

Bρ+ρ−(4ρ+δ),ρ,s[Γ
αFW](t, x) ≤ CM2ε3 ≤ Cε,

it follows from Lemmas 4.1 and 4.2 with ξ = 4ρ+ δ and ζ = η = ρ that

|w(t, x)|2K−1 ≤ Cε⟨t+ r⟩(4ρ+δ)− 1
2 ⟨t− r⟩−ρ, (4.18)

|∂w(t, x)|2K−2 ≤ Cε⟨t+ r⟩4ρ+δ⟨r⟩−
1
2 ⟨t− r⟩−1−ρ. (4.19)

Hence we get

[w]2K−1 ≤ Cε⟨t+ r⟩δ′⟨r⟩−
1
2 ⟨t− r⟩−ρ, (4.20)

where
δ′ = 4ρ+ δ = 4(K + 2)ρ.
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Note that (4.16) and (4.19) yield

|(v, ∂u)(t, x)|2K−4 ≤ Cε⟨t+ r⟩δ′⟨r⟩−
1
2 ⟨t− r⟩−

1
2
−4ρ. (4.21)

We set Λc
T,R =

(
[0, T ) × R2

)
\ΛT,R. If r > t + R, we have ∂w(t, x) = 0.

On the other hand, when t < 2 or t > 2r, we have ⟨t + r⟩ ≤ C⟨t − r⟩ with
some universal positive constant C. Therefore (4.19) leads to

|∂w(t, x)|2K−2 ≤ Cε⟨r⟩−1/2⟨t− r⟩(3ρ+δ)−1 ≤ Cε⟨r⟩−
1
2 ⟨t− r⟩κ−1

for (t, x) ∈ Λc
T,R, as ρ is sufficiently small to satisfy 3ρ+ δ = (4K +7)ρ < κ.

Therefore we get

sup
(t,x)∈Λc

T,R

⟨r⟩
1
2 ⟨t− r⟩1−κ|∂w(t, x)|2K−2 ≤ Cε. (4.22)

Better decay estimates for the wave components.

Let (t, x) ∈ ΛT,R, and σ = r − t in the rest of this step. Then we have
(t, σ, ω) ∈ LT,R. Recall that t, r and ⟨t+ r⟩ are equivalent to each other in
ΛT,R. We apply the arguments in Section 3.2 with

ϕ = w, c = 1,Ψ = F
(w)
W ,Θ = FW(v, ∂u)− F

(w)
W (∂w)

in (3.16) (cf. (WKG) in Section 3.2). Then Φ and Φ(α) in Section 3.2 are

Φ(t, x) = D
(
r

1
2w(t, x)

)
, Φ(α)(t, x) = D

(
r

1
2Γαw(t, x)

)
with D = (∂r−∂t)/2. Let |α| = s ≤ 2K−4. By (4.18) and (4.20), we obtain

T [t−
3
2 |w|s+2] = O(εtδ

′−2⟨σ⟩−ρ), (4.23)

T [t−
1
2 [w]3s+1] = O(ε3t3δ

′−2⟨σ⟩−3ρ). (4.24)

By the definition of F
(w)
j (∂w), each term in Θ = FW(v, ∂u)− F

(w)
W (∂w) has

at least one factor like ∂αvk with |α| ≤ 1. Therefore, by (4.16) and (4.21),
we get

T [t
1
2 |Θ|s] ≤ CT

[
t
1
2 |(v, ∂u)|2s|v|s+1

]
≤ Cε3t3δ

′− 3
2 ⟨σ⟩−8ρ−1. (4.25)

Let R be given by (3.25). For 0 ≤ θ ≪ 1, we obtain∫ ∞

t
τ θT [R](τ, σ, ω) dτ ≤ Cε3tθ+3δ′−1⟨σ⟩−3ρ + Cεtθ+δ′−1⟨σ⟩−ρ

+ Cε3tθ+3δ′− 1
2 ⟨σ⟩−8ρ−1

≤ Cεtθ+
κ
4
− 1

2 ⟨σ⟩
3κ
4
− 1

2 , (4.26)
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provided that ρ is small enough to satisfy

3δ′ = 12(K + 2)ρ <
κ

4
.

Especially, with the help of (3.9), we have∫ ∞

t0(σ)
T [R](τ, σ, ω) dτ ≤ Cε⟨σ⟩κ−1. (4.27)

Recall the ∗-notation in (3.23). By (4.20), we get

t−
1
2 [w(t, x)]2K−1 ≤ Cεtδ

′−1⟨σ⟩−ρ ≤ Cε⟨σ⟩κ−1. (4.28)

By (3.21) and (3.29), we also obtain

|Φ∗(t, σ, ω)|, |Φ(α)∗(t, σ, ω)| ≤ CT
[
t
1
2 ⟨t− r⟩−1[w]2K−4

]
≤ Cεtδ

′⟨σ⟩−ρ−1. (4.29)

Especially, we have∣∣Φ∗(t0(σ), σ, ω)∣∣, ∣∣Φ(α)∗(t0(σ), σ, ω)| ≤ Cε⟨σ⟩δ′−1−ρ ≤ Cε⟨σ⟩κ−1. (4.30)

It follows from Lemma 3.7, (4.27), (4.28) and (4.30) that

sup
(t,x)∈ΛT,R

⟨r⟩
1
2 ⟨t− r⟩1−κ|∂w(t, x)| ≤ Cε. (4.31)

From (4.29), we get |Φ∗(t, σ, ω)| ≤ Cε, which implies∥∥G(ω,Φ∗(t, σ, ω)
)∥∥ ≤ 2C0ε

2

with some positive constant C0, where G(ω, Y ) is given by (3.32). Let R(α)

be given by (3.34). Similarly to (4.27) we obtain

∑
|α|≤s

∫ t

t0(σ)

(
t

τ

)C0ε2

|T [R(α)](τ, σ, ω)|dτ

≤ CtC0ε2
∫ t

t0(σ)
τ−C0ε2−1

(
τ

1
2 T [|∂w|s−1](t, σ, ω)

)3
dτ

+ CεtC0ε2⟨σ⟩κ−1.

(4.32)

It follows from Lemma 3.8, (4.28), (4.30), and (4.32) that

t
1
2 |∂w(t, x)|s ≤ CtC0ε2

∫ t

t0(σ)
τ−C0ε2−1

(
τ

1
2 T [|∂w|s−1](t, σ, ω)

)3
dτ

+ CεtC0ε2⟨σ⟩κ−1.
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By induction, we can show that

t
1
2 |∂w(t, x)|s ≤ Cεt3

s−1C0ε2⟨t− r⟩κ−1

for 1 ≤ s ≤ 2K − 4. If ε is sufficiently small to satisfy

32K−5C0ε
2 ≤ ρ,

we obtain

sup
(t,x)∈ΛT,R

t−ρ⟨r⟩
1
2 ⟨t− r⟩1−κ|∂w(t, x)|2K−4 ≤ Cε. (4.33)

Better decay estimates for the Klein-Gordon components.

We will make use of Lemma 3.15 to improve decay estimates for the Klein-
Gordon components. Let (t, x) ∈ [0, T )× R2. For 1 ≤ j ≤ N0, we put

ṽj = vj −m−2
j F

(w)
j (∂w).

Since, as before, each term in Fj(v, ∂u)−F (w)
j (∂w) has at least one factor

of the form ∂αvk with |α| ≤ 1, it follows from (4.11) and (4.16) that

|Fj(v, ∂u)− F
(w)
j (∂w)|2K−4 ≤ C|v|2K−3|(v, ∂u)|K−2|(v, ∂u)|2K−4

≤ CMε2⟨t⟩δ+ρ− 3
2 |(v, ∂u)|2K−4.

Hence, by (4.15), we obtain

∥Fj(v, ∂u)− F
(w)
j (∂u)∥2K−4 ≤ CMε2⟨t⟩δ−

3
2 ⟨t⟩ρ∥(v, ∂u)∥2K−4

≤ CMε3⟨t⟩2δ−
3
2 . (4.34)

From (4.11) and (4.15), we also have∥∥|(v, ∂u)|4K−2|(v, ∂u)|2K−3

∥∥
L2 ≤ CM4ε5⟨t⟩δ+2ρ−2.

By (4.20) and (4.15), we obtain∥∥⟨t⟩−1⟨t− | · |⟩−1[w]22K−3|∂w|2K−4

∥∥
L2 ≤ Cε2⟨t⟩2δ′−2∥∂w∥2K−4

≤ Cε3⟨t⟩3δ′−2.

Gathering the above estimates, we see from Lemma 3.15 that

∥(2+m2
j )ṽj∥2K−4 ≤ CMε3⟨t⟩−1−ρ ≤ Cε⟨t⟩−1−ρ. (4.35)

Lemma 3.13 implies

⟨t+ r⟩|ṽ(t, x)|2K−8 ≤ Cε. (4.36)
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By (4.11) and (4.19), we have

|v(t, x)− ṽ(t, x)|2K−8 ≤ C
∣∣∣F (w)

K (∂w)(t, x)
∣∣∣
2K−8

≤ CM2ε3⟨t+ r⟩2ρ+δ′− 3
2

≤ Cε⟨t+ r⟩−1.

Therefore we obtain

⟨t+ r⟩|v(t, x)|2K−8 ≤ Cε. (4.37)

Conclusion.

Because K + 1 ≤ 2K − 8 and K ≤ 2K − 4 for K ≥ 9, from (4.22), (4.31),
(4.33) and (4.37), we find that there is a positive constant C0 and ε0 = ε0(M)
such that we have

E(T ) ≤ C0ε

for ε ∈ (0, ε0]. If M is sufficiently large to satisfy M ≥ 2C0, then we have
E(T ) ≤Mε/2 for ε ∈ (0, ε0], as desired. This completes the proof.

4.2.2 Proof of Theorem 2.3

In this subsection, we put Γ = SΓ, and we simply write | · |s, ∥ · ∥s, and TI [·]
for | · |Γ,s, ∥ · ∥Γ,s, and TcI [·], respectively. We also write

[ϕ(t, x)]I,s := [ϕ(t, x)]Γ,cI ,s = |ϕ(t, x)|Γ,s + ⟨cIt− r⟩|∂ϕ(t, x)|Γ,s−1

for a smooth function ϕ and an integer s ≥ 1. We put

ΛT,R = Λc1,cP
T,R ,LI

T,R = LcI
T,R = LcI ;c1,cP

T,R ,

and
tI0(σ) = tcI0 (σ; c1, cP , R).

We also set

W−(t, r) = W−(t, r; c1, . . . , cP ) = min{⟨r⟩, ⟨r − c1t⟩, . . . , ⟨r − cP t⟩}.

Then we have

⟨r⟩−1⟨cIt− r⟩−1 ≤ C⟨t+ r⟩−1W−(t, r)
−1, (t, x) ∈ [0,∞)× R2, 1 ≤ I ≤ P.
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Notations and the goal

The proof is quite similar to that for Theorem 2.1, and we concentrate on
different points. Let u = (uI)1≤I≤P ∈ C∞([0, T )× R2;RN ) be a solution to
(1.4) with (1.6), where N = N1 + · · ·+NP .

Let M be sufficiently large, and ε be sufficiently small compared to M .
Our goal is, as before, to show that E(T ) ≤ Mε implies E(T ) ≤ Mε/2,
where

E(T ) = sup
(t,x)∈[0,T )×R2

P∑
I=1

⟨r⟩
1
2 ⟨r − cIt⟩1−κ

{
|∂uI(t, x)|+ ⟨t+ r⟩−ρ|∂uI(t, x)|K

}
(4.38)

with large K ≥ 3, 0 < κ < 1/4 and a sufficiently small positive number ρ
compared to κ.

The energy estimates.

Let 0 ≤ s ≤ 2K + 1. Because of the Leibniz rule, we have

|F (∂u)|s ≤ C(|∂u|2|∂u|s + |∂u|2K |∂u|s−1)

≤ CM2ε2⟨t⟩−1|∂u|s + CM2ε2⟨t⟩2ρ−1|∂u|s−1,

where we put |ϕ|−1 = 0 for a smooth function ϕ. Proceeding as before, we
get

∥∂u∥2K+1 ≤ Cε⟨t⟩δ (4.39)

with δ = 4(K+1)ρ, provided that ε is small enough to satisfy CM2ε2 ≤ 2ρ.

Rough decay estimates.

It follows from Lemma 3.1 and (4.39) that

|∂u(t, x)|2K−1 ≤ Cε⟨t⟩δ⟨r⟩−
1
2 .

From this we get

⟨r⟩
1
2 |F (∂u)|2K−1 ≤ C⟨r⟩

1
2 |∂u|2K |∂u|2K−1

≤ CM2ε3⟨t+ r⟩2ρ+δ−1W−(t, x)
2κ−2,

(4.40)

which leads to

Bρ−(4ρ+δ)+ρ,1−2κ,2K−1[F
I(∂u)](t) ≤ CM2ε3 ≤ Cε.

Then, we have

⟨t+ r⟩
1
2
−δ′⟨r − cIt⟩ρ|uI(t, x)|2K−1 ≤ Cε, (4.41)

⟨t+ r⟩−δ′⟨r⟩
1
2 ⟨r − cIt⟩1+ρ|∂uI(t, x)|2K−2 ≤ Cε (4.42)
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for 1 ≤ I ≤ P , similarly to (4.18) and (4.19), where

δ′ = 4ρ+ δ = 4(K + 2)ρ.

It follows from (4.41) and (4.42) that

[uI(t, x)]I,2K−1 ≤ Cε⟨t+ r⟩δ′⟨r⟩−
1
2 ⟨cIt− r⟩−ρ. (4.43)

Let Λc
T,R =

(
[0,∞) × R2

)
\ ΛT,R. Then we have t < 2, c1t > 2r or

r > cP t+R in Λc
T,R. If t < 2 or 2r ≤ c1t(≤ cIT ), we have ⟨t+r⟩ ≤ C⟨cIt−r⟩

for 1 ≤ I ≤ P . The same is true for 1 ≤ I < P when r > cP t+ R, because
cP is strictly greater than cI . On the other hand, if I = P and r > cP t+R,
then ∂uI(t, x) = 0 by (4.8). Therefore (4.42) leads to

|∂uI(t, x)|K ≤ |∂uI(t, x)|2K−3

≤ Cε⟨r⟩−
1
2 ⟨t+ r⟩ρ+δ′−1 ≤ Cε⟨r⟩−

1
2 ⟨r − cIt⟩κ−1

for (t, x) ∈ Λc
T,R, as K ≥ 2 and ρ+ δ′ = (4K +9)ρ ≤ κ for sufficiently small

ρ. In other words, we have

⟨r⟩
1
2 ⟨r − cIt⟩1−κ|∂uI(t, x)|K ≤ Cε, (t, x) ∈ Λc

T,R. (4.44)

Better decay estimates.

Let (t, x) ∈ ΛT,R in this step. Recall that t, r and ⟨t+ r⟩ are equivalent to
each other in ΛT,R. We put

σI := σcI = r − cIt.

Then we have (t, σI , ω) ∈ LI
T,R. For each I ∈ {1, . . . , P}, we apply the

arguments in Section 3.2 with

ϕ = uI , c = cI ,Ψ = ∗F I ,Θ = F I(∂u)− ∗F I(∂uI)

in (3.16) (cf. (MSW) in Section 3.2). In this case, we have

Φ(t, x) = DcI

(
r

1
2uI(t, x)

)
, Φ(α)(t, x) = DcI

(
r

1
2ΓαuI(t, x)

)
for |α| ≤ K. We use the ∗-notation with ∗ = ∗cI . Then by (4.43), we have

t−
1
2 [uI(t, x)]I,K+1 ≤ Cεtδ

′−1⟨σI⟩−ρ ≤ Cε⟨σI⟩κ−1 (4.45)

and

|Φ∗(t, σI , ω)|, |Φ(α)∗(t, σI , ω)| ≤ Cεtδ
′⟨σI⟩−1−ρ. (4.46)
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Especially we have

|Φ∗(tI0(σI), σI , ω)|, |Φ(α)∗(tI0(σI), σI , ω)| ≤ Cε⟨σI⟩δ
′−1−ρ ≤ Cε⟨σI⟩κ−1,

(4.47)

provided that ρ is small enough to satisfy δ′ − ρ = (4K + 7)ρ ≤ κ.
It follows from (4.41) and (4.43) that

TI [t
− 3

2 |uI |K+2](t, σI , ω) = O(εtδ
′−2⟨σI⟩−ρ), (4.48)

TI [t
− 1

2 [uI ]3I,K+1](t, σI , ω) = O(ε3t3δ
′−2⟨σI⟩−3ρ). (4.49)

We set

WI
−(t, x) = min

0≤J≤P ;J ̸=I
⟨r − cJ t⟩ (4.50)

with c0 = 0. Note that we have

TI [WI
−](t, σI , ω) = min

0≤J≤P ;J ̸=I
⟨(cJ − cI)t− σI⟩.

By the definition of ∗F I(∂uI), we see that Θ = F I(∂u)−∗F I(∂uI) is a linear
combination of (∂au

J
j )(∂bu

J ′
k )(∂cu

J ′′
l ) with (J, J ′, J ′′) ̸= (I, I, I). Since (4.42)

yields

t
1
2

∑
(J,J ′,J ′′) ̸=(I,I,I)

|∂uJ |K |∂uJ ′ |K |∂uJ ′′ |K ≤ Cε3t3δ
′−1WI

−(t, x)
−1−ρ,

we obtain

t
1
2 |Θ(t, x)|K ≤ Cε3t3δ

′−1WI
−(t, x)

−1−ρ. (4.51)

Let R be given by (3.25). Using Lemma 4.3 for the estimate of the

integral of TI [t
1
2Θ](t, σI , ω), we obtain∫ ∞

t
τ θTI [R](τ, σI , ω) dτ ≤ Cεtθ+δ′−1⟨σI⟩−ρ + Cε3tθ+3δ′−1⟨σI⟩−3ρ

+ Cε3tθ+3δ′−1

≤ Cεtθ+
κ
4
− 1

2 ⟨σI⟩
3κ
4
− 1

2 (4.52)

for 0 ≤ θ ≪ 1 and |α| ≤ K, provided that ρ is small enough to satisfy

4δ′ = 16(K + 2)ρ <
κ

4
.

Especially, we have∫ ∞

tI0(σI)
TI [R](τ, σI , ω) dτ ≤ Cε⟨σI⟩κ−1. (4.53)
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It follows from Lemma 3.7, (4.45), (4.47) and (4.53) that

|∂uI(t, x)| ≤ Cε⟨r⟩−
1
2 ⟨r − cIt⟩κ−1, (t, x) ∈ ΛT,R. (4.54)

Let G(ω, Y ) be given by (3.32). Then (4.46) leads to∥∥G(ω,Φ∗(t, σI , ω)
)∥∥ ≤ 2c2IC0ε

2

for some C0 > 0. Let 1 ≤ s ≤ K and R(α) be given by (3.34). Similarly to
(4.53), we obtain

∑
|α|≤s

∫ t

tI0(σ)

(
t

τ

)C0ε2

|TI [R(α)](τ, σI , ω)|dτ

≤ CtC0ε2
∫ t

tI0(σ)
τ−C0ε2−1|τ

1
2 TI [|∂uI |s−1](τ, σI , ω)|3dτ

+ CεtC0ε3⟨σI⟩κ−1.

(4.55)

It follows from Lemma 3.8, (4.45), (4.47), and (4.55) that

t1/2|∂uI(t, x)|s ≤ CtC0ε2
∫ t

tI0(σ)
τ−C0ε2−1|τ

1
2 TI [|∂uI |s−1](τ, σI , ω)|3dτ

+ CεtC0ε3⟨σI⟩κ−1.

By induction, we can show that

t1/2|∂uI(t, x)|s ≤ Cεt3
s−1C0ε2⟨σI⟩κ−1.

Especially we have

|∂uI(t, x)|K ≤ Cε⟨t+ r⟩ρ⟨r⟩−
1
2 ⟨r − cIt⟩κ−1, (t, x) ∈ ΛT,R, (4.56)

provided that ε is small enough to satisfy 3K−1C0ε
2 ≤ ρ.

Conclusion.

From (4.44), (4.54) and (4.56), there are C∗ > 0, which is independent of
(M, ε, T ), and ε1 = ε1(M) > 0 such that we have

E(T ) ≤ C∗ε

for 0 < ε ≤ ε1(M). If M ≥ 2C∗ =: M0, we obtain E(T ) ≤ Mε/2. This
completes the proof.
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4.3 Proof of the asymptotic behavior

In this section, we will prove the two space dimensional part of Theorems 2.5
and 2.6. For f, g ∈ C∞

0 and sufficiently small ε, (1.3) (resp. (1.4)) with (1.6)
admits a global classical solution u = (v, w) (resp. u = (uI)1≤I≤P ) by
Theorem 2.1 (resp. Theorem 2.3). By its proof, we find that E(∞) ≤ Mε
with some M > 0, where E is given by (4.9) (resp. (4.38)), and we find that
all the estimates in the proof of Theorem 2.1 (resp. Theorem 2.3) are valid
with T = ∞.

4.3.1 Proof of Theorem 2.5

We use the same notation as in the proof of Theorem 2.1. Firstly we consider
the Klein-Gordon component. By E(∞) ≤Mε and (4.15), we get∥∥∥F (w)

j (∂w)(t)
∥∥∥
1
≤ CM2ε3t2ρ+δ−1 → 0, t→ ∞.

Hence, with the help of (4.35), Lemma 3.16 implies the desired result for
the Klein-Gordon component v.

Secondly we consider the wave component. By (4.20), we have

r
1
2 [w(t, x)]1 ≤ Cε⟨t+ r⟩δ′⟨t− r⟩−ρ, (t, x) ∈ [0,∞)× R2. (4.57)

By (4.26), we have∫ ∞

t
τ θT [R](τ, σ, ω)dτ ≤ Cεtθ+

κ
4
− 1

2 ⟨σ⟩
3κ
4
− 1

2 , (t, σ, ω) ∈ L∞,R = L1;1,1
∞,R

(4.58)

for 0 ≤ θ ≪ 1. If we choose sufficiently small ρ, compared to κ, we have

δ′ − 1 ≤ κ

4
− 1

2
, δ′ − 1− ρ ≤

(
κ

4
− 1

2

)
+

(
3κ

4
− 1

2

)
= κ− 1. (4.59)

By (4.57), (4.58) and (4.59), as well as (4.7) and the conditions (B1) or
(B2) for (d, p) = (2, 3) in the assumption of Theorem 2.5, we see that all the
assumptions in Lemma 3.12 are fulfilled and the lemma implies the desired
results for the wave component w, by choosing θ = κ/4. This completes the
proof.

4.3.2 Proof of Theorem 2.6

We use the same notation as in the proof of Theorem 2.3. We fix I =
1, . . . , P . From (4.43), we get

r
1
2 [uI(t, x)]I,1 ≤ Cε⟨t+ r⟩δ′⟨cIt− r⟩−ρ, (t, x) ∈ [0,∞)× R2. (4.60)
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We can write (4.52) as∫ ∞

t
τ θTI [R](τ, σI , ω) dτ ≤ Cεtθ+

κ
4
− 1

2 ⟨σI⟩
3κ
4
− 1

2 , 0 ≤ θ ≪ 1 (4.61)

for (t, σ, ω) ∈ LI
∞,R = LcI ;c1,cP

∞,R . Observe that (4.60) and (4.61) correspond
to (4.57) and (4.58), respectively. We also have (4.8), which corresponds
to (4.7). Therefore, proceeding as above, we obtain the desired results by
Lemma 3.12. This completes the proof.
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Chapter 5

Three space dimensional case

5.1 Key decay estimates for the wave equations

In this chapter, we will prove our theorems for the three space dimensional
case. As in Section 4.1, we firstly summarize known decay results for solu-
tions to linear wave equations

□cw(t, x) = Ψ(t, x), (t, x) ∈ (0,∞)× R3,

w(0, x) = w0(x), (∂tw)(0, x) = w1(x), x ∈ R3
(5.1)

with c > 0. We employ the weighted L∞-L∞ estimates in Asakura [5] and
Yokoyama [62] (see also [32] and Kubota-Yokoyama [50] for the expression
below).

To state the weighted L∞-L∞ estimates, we define

Xκ(t, x) =

log

(
1 +

⟨t+ r⟩
⟨t− r⟩

)
, if κ = 1,

1, if κ > 1.

Let c1, . . . , cn be given positive constants, and let W−(t, r) be given by (4.3).
The first one is a decay estimate of the solutions to the homogeneous

wave equation.

Lemma 5.1. Let c > 0, and w be a smooth solution to (5.1) with Ψ = 0.
For θ > 0 and κ ≥ 1, there is a positive constant C such that

⟨t+ r⟩1−θ⟨ct− r⟩κ−1|w(t, x)| ≤ CXκ(ct, x)A†
κ−θ[w0, w1]

for (t, x) ∈ [0,∞)× R3, where we set

A†
ρ[w0, w1] := sup

x∈R3

⟨r⟩ρ
(
⟨r⟩|w0(x)|∂x,1 + r|w1(x)|

)
. (5.2)
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The second pair is for the inhomogeneous wave equation with zero data.
To describe decay estimates, we introduce some notation. Let Γ be a set of
vector fields. For κ ∈ R, 0 < µ < 1, a non-negative integer s and a smooth
function Ψ = Ψ(t, x), we set

BΓ,†
κ, µ, s[Ψ](t) := sup

(τ,x)∈[0,t)×R3

r⟨τ + r⟩κ+µW−(τ, x)
1−µ|Ψ(τ, x)|Γ,s (5.3)

for t ≥ 0. We write B†
κ,µ,0[Ψ](t) for BΓ,†

κ,µ,0[Ψ](t) as the choice of Γ makes no
difference.

Lemma 5.2. Let c > 0, 0 < T ≤ ∞, and w be a smooth solution to (5.1)
with w(0) = (∂tw)(0) = 0. For ξ ≥ 0, ζ ≥ 1, and 0 < η < 1, there is a
positive constant C, being independent of T , such that

⟨t+ r⟩1−ξ⟨ct− r⟩ζ−1|w(t, x)| ≤ Xζ(ct, x)B†
ζ−ξ, η, 0[Ψ](t), (5.4)

⟨t+ r⟩−ξ⟨r⟩⟨ct− r⟩ζ |∂w(t, x)| ≤ CB(Ω,∂),†
ζ−ξ, η, 1[Ψ](t) (5.5)

for (t, x) ∈ (0, T )× R3, where (Ω, ∂) = (Ω23,Ω31,Ω12, ∂0, ∂1, ∂2, ∂3).

In the rest of this section, we introduce different versions of decay es-
timates for derivatives of solutions to wave equations. To begin with, let
us explain our motivation, which is closely related to the difficulty in our
problems (1.3) and (1.4) in three space dimensions. Let Γ be the full set
of our vector fields, including S and Lk, in d space dimensions. Then it is
known that we have

⟨t− r⟩|∂ϕ(t, x)| ≤ C|ϕ(t, x)|Γ,1 (5.6)

for any smooth function ϕ on Rd (see [32] for instance). Therefore, if we
have the estimate

|w(t, x)|Γ,s+1 ≤ Cε⟨t+ r⟩ρ−
d−1
2

with some 0 < ρ≪ 1, we also obtain

|∂w(t, x)|Γ,s ≤ Cε⟨t+ r⟩ρ−
d−1
2 ⟨t− r⟩−1.

Especially, in a region close to the t-axis, say r < t/2, we have the estimate

|∂w(t, x)|Γ,s ≤ Cε⟨t+ r⟩ρ−1− d−1
2 . This fact is effectively used for the study

of (1.7) in [37, 38], in combination with decay estimates coming from the
profile system in a region away from the t-axis.

On the other hand, in our restricted sets LΓ or SΓ, (5.6) is unavailable,
and if we use (5.5) when d = 3 and (4.5) when d = 2 to obtain decay
estimates for ∂w, we can only expect an estimate like

|∂w(t, x)|Γ,s ≤ Cε⟨t+ r⟩ρ⟨r⟩−
d−1
2 ⟨ct− r⟩−1
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for u with the propagation speed c, where Γ = LΓ or Γ = SΓ. This estimate

only gives a weaker result |∂w(t, x)|Γ,s ≤ Cε⟨t+r⟩ρ−1⟨r⟩−
d−1
2 near the t-axis.

As we have done in the previous chapter, this causes no serious problem when
d = 2, because ρ−1 is relatively small compared to −(d−1)/2 = −1/2, and

we can show |∂w(t, x)|Γ,s ≤ Cε⟨t⟩−
d−1
2 (or even a faster decay estimate) near

the t-axis (see (4.42) and (4.44)). However , when d = 3, we only obtain a
bound Cε⟨t⟩ρ−1 on the t-axis, that is insufficient as ρ−1 > −1 = −(d−1)/2.

To turn around this difficulty, we assume the additional conditions (A1)
or (A2) in Theorems 2.2 and 2.4, and we will use the following decay esti-
mates for x-derivatives when Γ = LΓ and t-derivatives when Γ = SΓ. Recall
the definition (5.3).

Proposition 5.1. Let c > 0, 0 < T ≤ ∞ and w be a smooth solution to
(5.1) with w(0) = (∂tw)(0) = 0. Let ξ ≥ 0, ζ ≥ 1, and 0 < η < 1.

(1) If c = 1, then there is a positive constant C, being independent of T ,
such that we have

⟨t+ r⟩1−ξ⟨t− r⟩ζ |∂xw(t, x)| ≤ CB
LΓ,†
ζ−ξ,η,1[Ψ](t), (t, x) ∈ (0, T )× R3.

(2) For c > 0, there is a positive constant C, being independent of T , such
that we have

⟨t+ r⟩1−ξ⟨ct− r⟩ζ |∂tw(t, x)| ≤ CB
SΓ,†
ζ−ξ,η,1[Ψ](t), (t, x) ∈ (0, T )× R3.

Proof. If r > t/2 or t < 1, then we have ⟨r⟩−1 ≤ C⟨t + r⟩−1, and the two
estimates above are immediate consequences of (5.5). Hence we suppose
that r ≤ t/2 and t ≥ 1 from now on. Note that we have ⟨t + r⟩−1 ≤ Ct−1

then.
First we prove (1). Let 1 ≤ k ≤ 3. Then we have

t∂kw = Lkw − xk∂tw. (5.7)

We get □(Lkw) = LkΨ, and

(Lkw)(0, x) = (t∂kw(t, x) + xk∂tw(t, x))|t=0 = 0,

(∂tLkw)(0, x) =
(
∂kw(t, x) + t∂k∂tw(t, x) + xk∂

2
tw(t, x)

)
|t=0 = xkΨ(0, x).

From the definitions (5.2) and (5.3), we obtain

A†
ζ−ξ[0, xkΨ(0)] ≤ sup

x∈R3

r⟨r⟩ζ−ξ+η⟨r⟩1−η|Ψ(t, x)| ≤ B
LΓ,†
ζ−ξ,η,1[Ψ](t),

B(Ω,∂),†
ζ−ξ,η,0[LkΨ](t) ≤ CB

LΓ,†
ζ−ξ,η,1[Ψ](t).
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Since Xζ(t, x) ≤ C for r < t/2 and ζ ≥ 1, Lemma 5.1 and (5.4) yield

|Lkw(t, x)| ≤ C⟨t+ r⟩ξ−1⟨t− r⟩1−ζB
LΓ,†
ζ−ξ,η,1[Ψ](t) (5.8)

≤ C⟨t+ r⟩ξ⟨t− r⟩−ζB
LΓ,†
ζ−ξ,η,1[Ψ](t).

It apparently follows from (5.5) that

|xk∂tw(t, x)| ≤ C⟨t+ r⟩ξ⟨t− r⟩−ζB
LΓ,†
ζ−ξ,η,1[Ψ](t). (5.9)

By (5.7), (5.8) and (5.9), we obtain

⟨t+ r⟩|∂xw(t, x)| ≤ Ct|∂xw(t, x)| ≤ C⟨t+ r⟩ξ⟨t− r⟩−ζB
LΓ,†
ζ−ξ,η,1[Ψ](t),

which shows (1) for r ≤ t/2 and t ≥ 1.
To prove (2), we use

t∂tw = Sw − x · ∇xw, (5.10)

instead of (5.7). We have □c(Sw) = (S + 2)Ψ, and

(Sw)(0, x) = (t∂tw(t, x) + x · ∇xw(t, x))|t=0 = 0,

(∂tSw)(0, x) = (∂tw(t, x) + t∂2tw(t, x) + x · ∇x(∂tw)(t, x))|t=0 = 0.

The rest of the proof is similar to the above. This completes the proof.

5.2 Proof of SDGE

As in Section 4.2, we always suppose that f(x) = g(x) = 0 for all |x| ≥ R
in (1.6) (cf. (4.6)). Then, we have (4.7) and (4.8).

The proof goes a similar way to the two space dimensional case, but even
if we set aside the additional assumptions (A1) and (A2), we still need one
more step in the decay estimates for solutions to wave equations in three
space dimensions.

5.2.1 Proof of Theorem 2.2

We use the same notation as in the proof of Theorem 2.1. For the sake of
readability, we describe the notation again: We put Γ = LΓ, and we simply
write | · |s, ∥·∥s, [·]s, and T [·] for | · |Γ,s, ∥·∥Γ,s, [·]Γ,1,s, and T1[·], respectively.
We also put

ΛT,R = Λ1,1
T,R, LT,R = L1

T,R = L1;1.1
T,R

and
t0(σ) = t10(σ; 1, 1, R) = max{⟨r⟩, ⟨t− r⟩}, σ ≤ R.

We also set W−(t, r) = W−(t, r; 1) = min{⟨r⟩, ⟨t− r⟩}.
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Notations and the goal.

For a smooth solution u = (v, w) to the Cauchy problem (1.3) with (1.6) on
[0, T )× R3, we define

E(T ) = sup
(t,x)∈[0,T )×R3

(
⟨t+ r⟩3/2|v(t, x)|K+1 + ⟨t+ r⟩⟨t− r⟩1−ρ|∂xw(t, x)|

)
+ sup

(t,x)∈[0,T )×R3

⟨t+ r⟩−ρ⟨r⟩⟨t− r⟩|∂w(t, x)|K , (5.11)

where K ≥ 12 is a positive integer, and ρ is a sufficiently small positive
number.

We suppose that E(T ) ≤Mε with some large M . We also suppose that
ε is relatively small compared to M . Then we have∣∣(v(t, x), ∂v(t, x), ∂xw(t, x))∣∣ ≤ CMε⟨t+ r⟩−1⟨t− r⟩−

1
2 , (5.12)∣∣(v(t, x), ∂u(t, x))∣∣

K
≤ CMε⟨t+ r⟩ρ−1W−(t, r)

−ρ− 1
2 . (5.13)

As before, our goal is to obtain E(T ) ≤Mε/2.

The energy estimates.

Let 0 ≤ s ≤ 2K + 1. We put |ϕ(t, x)|−1 = ∥ϕ(t)∥−1 = 0 for any smooth
function ϕ. By the Leibniz formula and the condition (A1), we obtain from
(5.12) and (5.13) that

|F (v, ∂v, ∂xw)|s ≤ C
(
|(v, ∂v, ∂xw)| |(v, ∂u)|s + |(v, ∂u)|[s/2] |(v, ∂u)|s−1

)
≤ CMε(1 + t)−1 |(v, ∂u)|s + CMε(1 + t)ρ−1 |(v, ∂u)|s−1 ,

(5.14)

since we have [s/2] ≤ K for 0 ≤ s ≤ 2K+1. The standard energy inequalities
for the Klein-Gordon and wave equations yield

∥(v, ∂u)(t)∥s ≤ Cε+ CMε

∫ t

0
(1 + τ)−1(∥(v, ∂u)(τ)∥s) dτ

+ CMε

∫ t

0
(1 + τ)ρ−1(∥(v, ∂u)(τ)∥s−1) dτ.

Using the Gronwall lemma, we obtain

∥(v, ∂u)(t)∥s ≤ Cε(1 + t)CMε+sρ

by mathematical induction in s. Then we have

⟨t⟩ρ∥(v, ∂u)(t)∥2K + ∥(v, ∂u)(t)∥2K+1 ≤ Cε⟨t⟩δ, (5.15)

where
δ = 2(K + 1)ρ,

provided that ε is small enough to satisfy CMε ≤ ρ. Note that we can
assume δ to be sufficiently small by choosing small ρ.
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Remark 11. (5.14) is the only point where we explicit use the assump-
tion (A1). If we assume that F has also higher-order nonlinear terms
F c(v, ∂u), depending also on ∂tu and satisfying F (v, ∂u) = O

(
|v|3 + |∂u|3

)
near (v, ∂u) = (0, 0), then

|F c(v, ∂u)|s ≤ C|(v, ∂u)|2[s/2]|(v, ∂u)|s
≤ CM2ε2(1 + t)2ρ−2|(v, ∂u)|s
≤ CMε(1 + t)−1|(v, ∂u)|s,

and (5.14) remains true. Consequently, all the estimates in this step are
valid. Contribution by F c in the sequel can be easily treated.

Rough decay estimates.

Using Lemma 3.1 , we obtain from (5.15) that

|∂w(t, x)|2K−1 ≤ Cε⟨r⟩−1⟨t⟩δ. (5.16)

By (5.14) and (5.15), we get

∥F (v, ∂u)∥2K+1 ≤ CMε2⟨t⟩δ−1 ≤ Cε⟨t⟩δ−1.

Hence, it follows from Lemma 3.13, we obtain

|v(t, x)|2K−3 ≤ Cε⟨t+ r⟩δ−
3
2 . (5.17)

Let s ≤ 2K − 4. By (5.16) and (5.17), we get

⟨r⟩|F (v, ∂u)|s ≤ C⟨r⟩(|v|K+1|v|2K−3 + |v|K+1|∂w|s + |∂w|K |v|2K−3)

+ C⟨r⟩|∂w|K |∂w|2K−4 (5.18)

≤ CMε2⟨t+ r⟩δ+ρ−1W−(t, r)
−1 + CMε⟨t+ r⟩−

3
2 ⟨r⟩|∂w|s.

If we use (5.16) again to estimate the last term, we obtain

⟨r⟩|F (v, ∂u)|2K−4 ≤ CMε2⟨t+ r⟩δ+ρ−1W−(t, r)
−ρ− 1

2 ,

which yields
BΓ,†
1−( 1

2
+δ), 1

2
−ρ,2K−4

[F ](t) ≤ CMε2 ≤ Cε.

It follows from (5.5) with ξ = (1/2) + δ, ζ = 1 and η = (1/2)− ρ that

|∂w(t, x)|2K−5 ≤ Cε⟨t+ r⟩δ+
1
2 ⟨r⟩−1⟨t− r⟩−1. (5.19)

By (5.18) and (5.19) we get

⟨r⟩|F (v, ∂u)|2K−5 ≤ CMε2⟨t+ r⟩δ+ρ−1W−(t, r)
−1.
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Since we have

BΓ,†
1+ρ−(δ+3ρ),ρ,2K−5[F ](t) ≤ CMε2 ≤ Cε,

(5.4) and (5.5) with ξ = δ + 3ρ, ζ = 1 + ρ and η = ρ, lead to

|w(t, x)|2K−5 ≤ Cε⟨t+ r⟩δ+3ρ−1⟨t− r⟩−ρ ≤ Cε⟨t+ r⟩2δ−1, (5.20)

|∂w(t, x)|2K−6 ≤ Cε⟨t+ r⟩δ+3ρ⟨r⟩−1⟨t− r⟩−1−ρ (5.21)

≤ Cε⟨t+ r⟩2δ⟨r⟩−1⟨t− r⟩−1.

Better estimates for the Klein-Gordon components.

We will make use of Lemma 3.15 to obtain the better decay estimates for
the Klein-Gordon components. We put

ṽj = vj −m−2
j F

(w)
j (∂w).

Since, as before, each term in Fj(v, ∂v, ∂w) − F
(w)
j (∂w) has at least one

factor of the form ∂αvk with |α| ≤ 1, it follows from (5.13) and (5.17) that

|Fj(v, ∂u)− F
(w)
j (∂w)|2K−6 ≤ C|v|2K−5|(v, ∂u)|2K−6

≤ Cε⟨t⟩δ−
3
2 |(v, ∂u)|2K−6

Hence, by (5.15), We obtain

∥Fj(v, ∂u)− F
(w)
j (∂w)∥2K−6 ≤ C∥|v|2K−5∥L∞∥(v, ∂u)∥2K−6

≤ Cε2(1 + t)2δ−
3
2

From (5.13) and (5.15), we also have

∥|(v, ∂u)|2K−2|(v, ∂u)|2K−5∥L2 ≤ CM2ε3(1 + t)2ρ+δ−2.

It follows from (5.20) and (5.21) that

∥⟨t+ | · |⟩−1[w]2K−5|∂w|2K−6∥L2

≤ Cε2
(∫ t+R

0
|⟨t+ r⟩4δ−1⟨r⟩−2⟨t− r⟩−1|2r2dr

) 1
2

≤ Cε2(1 + t)4δ−2.

Gathering the above estimates, we see from Lemma 3.15 that

∥(□+m2
j )ṽj∥2K−6 ≤ Cε2(1 + t)2δ−

3
2 , (5.22)

which, together with Lemma 3.13, implies

|ṽ(t, x)|2K−10 ≤ Cε⟨t+ r⟩−
3
2 .
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Since (5.21) implies

|v(t, x)− ṽ(t, x)|2K−10 ≤ |F (w)
K (∂w)|2K−10 ≤ C|∂w|22K−10

≤ Cε2⟨t+ r⟩4δ−2

≤ Cε⟨t+ r⟩−
3
2 ,

we obtain

|v(t, x)|2K−10 ≤ Cε⟨t+ r⟩−
3
2 . (5.23)

Better decay estimates for the wave components.

Let (t, x) ∈ ΛT,R, and σ = r − t for a while. Then we have (t, σ, ω) ∈ LT,R.
Recall that t, r and ⟨t + r⟩ are equivalent to each other in ΛT,R. We apply
the arguments in Section 3.2 with

ϕ = w, c = 1, Ψ = F
(w)
W , Θ = FW(v, ∂u)− F

(w)
W (∂w)

in (3.16) (cf. (WKG) in Section 3.2). Then Φ and Φ(α) in Section 3.2 are

Φ(t, x) = D
(
rw(t, x)

)
, Φ(α)(t, x) = D

(
rΓαw(t, x)

)
.

with D = (∂r − ∂t)/2. By (5.20) and (5.21), we get

[w(t, x)]2K−5 ≤ Cε⟨t+ r⟩2δ−1. (5.24)

Let s ≤ 2K − 11. By the definition of F
(w)
W (∂w), each term in Θ =

FW(v, ∂u)−F
(w)
W (∂w) has at least one factor like ∂αvk with |α| ≤ 1. There-

fore, we obtain from (5.23) that

T [r|Θ|s] ≤ CT [r|v|2K−10(|v|2K−10 + |∂w|s)]

≤ C
(
ε2t−2 + εt−

1
2 T [|∂w|s]

)
.

(5.25)

By (5.20) and (5.24), we obtain

T
[
⟨t− r⟩−1[w(t, x)]22K−10

]
= O

(
ε2t4δ−2⟨σ⟩−1

)
, (5.26)

T
[
t−1|w(t, x)|2K−9

]
= O

(
εt2δ−2

)
. (5.27)

Let R be given by (3.25). Recall that t0(σ) is equivalent to ⟨σ⟩ (cf. (3.9)).
Gathering the above estimates, (5.25), (5.26) and (5.27), with the help of
(3.9), we get from (5.21) that∫ ∞

t0(σ)
T [R](τ, σ, ω) dτ ≤ Cε⟨σ⟩2δ−1. (5.28)
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Recall the ∗-notation (3.23). By (3.21) and (3.29), we also obtain

|Φ∗(t, σ, ω)|, |Φ(α)∗(t, σ, ω)| ≤ CT
[
t⟨t− r⟩−1[w]2K−10

]
≤ Cεt2δ⟨σ⟩−1. (5.29)

Especially, we have∣∣Φ∗(t0(σ), σ, ω)∣∣ , ∣∣Φ(α)∗(t0(σ), σ, ω)∣∣ ≤ Cεt0(σ)
2δ⟨σ⟩−1

≤ Cε⟨σ⟩2δ−1. (5.30)

It follows from Lemma 3.7, (5.24), (5.28) and (5.30) that

r|∂w(t, x)| ≤ Cε⟨t− r⟩2δ−1. (5.31)

From (5.29), we get |Φ∗(t, σ, ω)| ≤ Cε, which implies

∥G
(
ω,Φ∗(t, σ, ω)

)
∥ ≤ 2C0ε

with some positive constant C0, where G(ω, Y ) is given by (3.32). Let R(α)

be given by (3.34). Similarly to (5.28) we obtain

∑
|α|≤s

∫ t

t0(σ)

(
t

τ

)C0ε

|T [R(α)](τ, σ, ω)|dτ

≤ CtC0ε

∫ t

t0(σ)
τ−C0ε−1

(
τT [|∂w|s−1](t, σ, ω)

)2
dτ

+ CεtC0ε⟨σ⟩2δ−1.

(5.32)

It follows from Lemma 3.8, (5.24), (5.30), and (5.32) that

t|∂w(t, x)|s ≤ CtC0ε

∫ t

t0(σ)
τ−C0ε−1

(
τT [|∂w|s−1](t, σ, ω)

)2
dτ

+ CεtC0ε⟨σ⟩2δ−1.

By induction, we can show that

t|∂w(t, x)|s ≤ Cεt2
s−1C0ε⟨t− r⟩2δ−1.

for 1 ≤ s ≤ 2K − 11. Especially, if we choose sufficiently small ε, we have

t|∂w(t, x)|2K−11 ≤ Cεtν⟨t− r⟩2δ−1 (5.33)

with ν = ρ/4.
From here, we consider (t, x) ∈ [0, T ) × R3. If r ≥ t + R, then we

have w(t, x) = 0. On the other hand, if t < 2 or t > 2r, then we have
⟨t+ r⟩ ≤ C⟨t− r⟩. Therefore, by (5.21), we get

|∂w(t, x)|2K−11 ≤ Cε⟨r⟩−1⟨t− r⟩2δ−1, (t, x) ∈ Λc
T,R.
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Combining this estimate in Λc
T,R with the estimate (5.33) in ΛT,R, we get

|∂w(t, x)|2K−11 ≤ C⟨t+ r⟩ν⟨r⟩−1⟨t− r⟩2δ−1, (t, x) ∈ [0, T )× R3. (5.34)

We use (5.23) and (5.34) to obtain

⟨r⟩|F (v, ∂u)|2K−11 ≤ C⟨r⟩(|v|22K−10 + |∂w|22K−11) (5.35)

≤ Cε2
(
⟨t+ r⟩−2 + ⟨t+ r⟩2ν⟨r⟩−1⟨t− r⟩4δ−2

)
≤ Cε2⟨t+ r⟩2ν−1W−(t, r)

−1−2ν .

Since we have BΓ,†
(1+ν)−4ν,ν,2K−11[F (v, ∂u)] ≤ Cε2, Lemmas 5.1 and 5.2 with

ξ = 4ν, ζ = 1 + ν and η = ν, lead to

|w(t, x)|2K−11 ≤ Cε⟨t+ r⟩ρ−1⟨t− r⟩−ν , (5.36)

|∂w(t, x)|2K−12 ≤ Cε⟨t+ r⟩ρ⟨r⟩−1⟨t− r⟩−1−ν , (5.37)

as ν = ρ/4. It also follows from Proposition 5.1 that

|∂xw(t, x)| ≤ Cε⟨t+ r⟩ρ−1⟨t− r⟩−1−ν , (5.38)

which implies

|∂xw(t, x)| ≤ Cε⟨t+ r⟩−1⟨t− r⟩ρ−1−ν , (t, x) ∈ Λc
T,R. (5.39)

Now we return to the argument using the profile system again. Let
(t, x) ∈ ΛT,R in the rest of this step. (5.36) and (5.37) yield

[w(t, x)]1 ≤ Cε⟨t+ r⟩ρ−1, (5.40)

and

|Φ∗(t0(σ), σ, ω)| ≤ Cε⟨σ⟩ρ−1. (5.41)

Using also (5.25), we obtain

|R(t, x)| ≤ ⟨t− r⟩−1[w]21 + t−1[w]2 + t|Θ| ≤ Cεtρ−
3
2 ⟨t− r⟩−

1
2 ,

which leads to∫ ∞

t
τ θT [R](τ, σ, ω) dτ ≤ Cερ+θ− 1

2 ⟨σ⟩−
1
2 , t ≥ t0(σ) (5.42)

for 0 ≤ θ ≪ 1. Especially, we have∫ ∞

t0(σ)
T [R](τ, σ, ω) dτ ≤ Cε⟨σ⟩ρ−1. (5.43)

It follows from (5.40), (5.41), (5.43) and Lemma 3.7 that

t|∂w(t, x)| ≤ Cε⟨t− r⟩ρ−1, (t, x) ∈ ΛT,R,

which combined with (5.39), implies

|∂xw(t, x)| ≤ Cε⟨t+ r⟩−1⟨t− r⟩ρ−1, (t, x) ∈ [0, T )× R3. (5.44)
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Conclusion.

Because K +1 ≤ 2K − 10 and K ≤ 2K − 12 for K ≥ 12, from (5.23), (5.37)
and (5.44), we get

E(T ) ≤ C0ε

with a positive constant C0, provided the ε is sufficiently small. If M is
sufficiently large to satisfy M ≥ 2C0, we obtain the desired result E(T ) ≤
Mε/2. This completes the proof.

5.2.2 Proof of Theorem 2.4

We use the same notation as in the proof of Theorem 2.3. For the sake of
readability, we describe the notation again: We put Γ = SΓ, and we simply
write | · |s, ∥ · ∥s and TI [·] for | · |Γ,s, ∥ · ∥Γ,s and TcI [·], respectively. We also
write

[ϕ(t, x)]I,s := [ϕ(t, x)]Γ,cI ,s = |ϕ(t, x)|Γ,s + ⟨cIt− r⟩|∂ϕ(t, x)|Γ,s−1

for a smooth function ϕ and an integer s ≥ 1. We put

ΛT,R = Λc1,cP
T,R , LI

T,R = LcI
T,R = LcI ;c1,cP

T,R ,

and
tI0(σ) = tcI0 (σ; c1, cP , R).

We also set

W−(t, r) = W−(t, r; c1, . . . , cP ) = min
{
⟨r⟩, ⟨r − c1t⟩, . . . , ⟨r − cP t⟩

}
.

Then we have

⟨r⟩−1⟨cIt− r⟩−1 ≤ C⟨r+ r⟩−1W−(t, r)
−1, (t, x) ∈ [0,∞)×R3, 1 ≤ I ≤ P.

Notations and the goal.

The proof is quite similar to that for Theorem 2.2, and we concentrate on
different points. Let u = (uI)1≤I≤P ∈ C∞([0, T )×R3;RN

)
be a solution to

(1.4) with (1.6), where N = N1 + · · ·+NP .
Let M be sufficiently large, and ε be sufficiently small compared to M .

Our goal is, as before, to show that E(T ) ≤ Mε implies E(T ) ≤ Mε/2,
where

E(T ) = sup
(t,x)∈[0,T )×R3

P∑
I=1

⟨t+ r⟩⟨cIt− r⟩1−ρ|∂tuI(t, x)|

+ sup
(t,x)∈[0,T )×R3

P∑
I=1

⟨t+ r⟩−ρ⟨r⟩⟨cIt− r⟩|∂uI(t, x)|K

(5.45)

with a large integer K ≥ 4 and a sufficiently small positive number ρ.
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The energy estimates and rough decay estimates.

Using the condition (A2), we get

|F (∂tu)|s ≤ C|∂tu||∂u|s + |∂u|K |∂u|s−1

≤ CMε
(
(1 + t)−1|∂u|s + (1 + t)ρ−1|∂u|s−1

)
for s ≤ 2K−1, where we put |ϕ|−1 = 0 for a smooth function ϕ. Proceeding
as before, we get

∥∂u(t)∥2K+1 ≤ Cε⟨t⟩δ (5.46)

with δ = 2(K + 1)ρ, provided that ε is small enough to satisfy CMε ≤ ρ.
Using lemma 3.1 and (5.46), we obtain

|∂u(t, x)|2K−1 ≤ Cε⟨t⟩δ⟨r⟩−1.

From this we get

⟨r⟩|F (∂u)|2K−1 ≤ C⟨r⟩|∂u|K |∂u|2K−1 ≤ CMε2⟨t+ r⟩δ+ρ−1W−(t, r)
−1,

which leads to

|uI(t, x)|2K−1 ≤ Cε⟨t+ r⟩2δ−1, (5.47)

|∂uI(t, x)|2K−2 ≤ Cε⟨t+ r⟩2δ⟨r⟩−1⟨cIt− r⟩−1 (5.48)

for 1 ≤ I ≤ P , similarly to (5.20) and (5.21).

Better decay estimates.

For a while, we suppose (t, x) ∈ ΛT,R. Recall that t, r and ⟨t + r⟩ are
equivalent to each other in ΛT,R. We put

σI := σcI = r − cIt.

Then we have (t, σI , ω) ∈ LI
T,R. For each I ∈ {1, . . . , P}, we apply the

arguments in Section 3.2 with

ϕ = uI , c = cI , Ψ = ∗F I , Θ− F I(∂u)− ∗F I(∂uI)

in (3.16) (cf. (MSW) in Section 3.2). In this case, we have

Φ(t, x) = DcI

(
ruI(t, x)

)
, Φ(α)(t, x) = DcI

(
rΓαuI(t, x)

)
, |α| ≤ 2K − 3.

We use the ∗-notation with ∗ = ∗cI . By (5.47) and (5.48), we get

[uI(t, x)]I,2K−1 ≤ Cε⟨t+ r⟩2δ−1, (5.49)
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which, together with (5.47), implies

TI

[
⟨cIt− r⟩−1[uI(t, x)]2I,2K−2 + t−1|uI(t, x)|2K−1

]
= O

(
εt2δ−

3
2 ⟨σI⟩−

1
2

)
.

(5.50)

It follows from (5.49) that

|Φ∗(t, σI , ω)|, |Φ(α)∗(t, σI , ω)| ≤ Cεt2δ⟨σI⟩−1. (5.51)

Especially we have

|Φ∗(tI0(σI), σI , ω)|, |Φ(α)∗(tI0(σI), σI , ω)| ≤ Cε⟨σI⟩2δ−1. (5.52)

As before, we put
WI

−(t, x) = min
0≤J≤P ;J ̸=I

⟨r − cJ t⟩

with c0 = 0. By the definition of ∗F I(∂uI), we see that Θ = F I(∂u) −
∗F I(∂uI) is a linear combination of (∂au

J
j )(∂bu

J ′
k ) with (J, J ′) ̸= (I, I). For

s ≤ 2K − 2, since (5.48) yields

TI

[
t

∑
(J,J ′) ̸=(I,I)

|∂uJ |s|∂uJ
′ |s
]
≤ Cε2⟨t+ r⟩4δ−1WI

−(t, r)
−1W−(t, r)

−1

≤ Cε2t5δ−1WI
−(t, r)

−1−δ,

we obtain

t|Θ(t, x)|s ≤ Cε2t5δ−1WI
−(t, r)

−1−δ. (5.53)

Let R be given by (3.25). Using Lemma 4.3 for the estimate of the integral
of TI [tΘ](t, σI , ω), we obtain∫ ∞

tI0(σI)
TI [R](τ, σI , ω) dτ ≤ Cε⟨σI⟩5δ−1. (5.54)

It follows from Lemma 3.7, (5.49), (5.52) and (5.54) that

t|∂uI(t, x)| ≤ Cε⟨cIt− r⟩5δ−1, (5.55)

in place of (5.31).
Let G(ω, Y ) be given by (3.32). Then (5.51) leads to

∥G
(
ω,Φ∗(t, σI , ω)

)
∥ ≤ 2c2IC0ε

for some C0 > 0. Let 1 ≤ s ≤ 2K−3 and R(α) be given by (3.34). Similarly
to (5.54), we obtain∑

|α|≤s

∫ t

tI0(σ)

(
t

τ

)C0ε

|TI [R(α)](τ, σI , ω)| dτ

≤ CtC0ε

∫ t

tI0(σ)
τ−C0ε−1

(
τTI [|∂uI |s−1](τ, σI , ω)

)2
dτ

+ CεtC0ε⟨σI⟩5δ−1.

(5.56)
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It follows from Lemma 3.8, (5.49), (5.52) and (5.56) that

t|∂uI(t, x)|s ≤ CtC0ε

∫ t

tI0(σ)
τ−C0ε−1

(
τTI [|∂uI |s−1](τ, σI , ω)

)2
dτ

+ CεtC0ε⟨σI⟩5δ−1.

By induction, we can show that

t|∂uI(t, x)|2K−3 ≤ Cεtν⟨cIt− r⟩5δ−1 (5.57)

with ν = ρ/8, in place of (5.33), provided the ε is sufficiently small. Here
we have chosen smaller ν than before for the later purpose.

Combining (5.48) in Λc
T,R, and (5.57) in ΛT,R, we obtain

|∂uI(t, x)|2K−3 ≤ Cε⟨t+ r⟩ν⟨r⟩−1⟨cIt− r⟩5δ−1, (t, x) ∈ [0, T )× R3,
(5.58)

which yields

⟨r⟩|F (∂u)|2K−3 ≤ Cε2⟨t+ r⟩2ν−1W−(t, r)
10δ−2

≤ Cε2⟨t+ r⟩
ρ
2
−1−2νW−(t, r)

ν−1,

as ν = ρ/8. Since BΓ,†
(1+ν)− ρ

2
,ν,2K−3

[F (∂u)] ≤ Cε2, in correspondence with

(5.36), (5.37), and (5.38), we obtain

|uI(t, x)|2K−3 ≤ Cε⟨t+ r⟩
ρ
2
−1⟨cIt− r⟩−ν , (5.59)

|∂uI(t, x)|2K−4 ≤ Cε⟨t+ r⟩
ρ
2 ⟨r⟩−1⟨cIt− r⟩−1−ν , (5.60)

as well as

|∂tuI(t, x)|2K−4 ≤ Cε⟨t+ r⟩
ρ
2
−1⟨cIt− r⟩−1−ν (5.61)

for (t, x) ∈ [0, T )× R3.
Now we return to the argument using the profile system again. Let

(t, x) ∈ ΛT,R. From (5.59) and (5.60), we obtain

[uI(t, x)]I,1 ≤ Cε⟨t+ r⟩
ρ
2
−1⟨cIt− r⟩−ν , (5.62)∣∣Φ∗(tI0(σI), σI , ω)∣∣ ≤ Cε⟨σI⟩

ρ
2
−1−ν , (5.63)

and

TI

[
⟨cIt− r⟩−1[uI(t, x)]2I,2 + t−1|uI(t, x)|1

]
≤ Cεt

ρ
2
− 3

2 ⟨σI⟩−
1
2 . (5.64)

It follows from (5.60) that

TI

[
t

∑
(J,J ′) ̸=(I,I)

|∂uJ ||∂uJ ′ |
]
≤ Cε2tρ−1WI

−(t, r)
−1−ν ,
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which yields

t|Θ(t, x)| ≤ Cε2tρ−1WI
−(t, r)

−1−ν . (5.65)

Similarly to (5.54), we obtain∫ ∞

t
τ θTI [R](τ, σ, ω) dτ ≤ Cεt

ρ−1
2

+θ⟨σI⟩−
1
2 + Cεtρ−1θ

≤ Cεt
ρ−1
2

+θ⟨σI⟩
ρ−1
2 , t ≥ tI0(σI) (5.66)

for 0 ≤ θ ≪ 1. Especially we have∫ ∞

tI0(σI)
TI [R](τ, σ, ω)dτ ≤ Cε⟨σI⟩ρ−1. (5.67)

From (5.62), (5.63), (5.67) and Lemma 3.7 we obtain

t|∂uI(t, x)| ≤ Cε⟨cIt− r⟩ρ−1, (t, x) ∈ ΛT,R. (5.68)

Combining (5.61) in Λc
T,R and (5.68) in ΛT,R, we obtain

|∂tu(t, x)| ≤ Cε⟨t+ r⟩−1⟨cIt− r⟩ρ−1, (t, x) ∈ [0, T )× R3. (5.69)

Finally, we obtain the desired result E(T ) ≤ Mε/2 from (5.60) and
(5.69), provided that M is sufficiently large and ε is sufficiently small. This
completes the proof.

5.3 Proof of the asymptotic behavior

In this section, we will prove the three space dimensional part of the Theo-
rems 2.5 and 2.6. For f, g ∈ C∞

0 and sufficiently small ε, (1.3) (resp. (1.4))
with (1.6) admits a global classical solution u = (v, w) (resp. u = (uI)1≤I≤P )
by Theorem 2.2 (resp. Theorem 2.4). By its proof, we find that E(∞) ≤Mε
with some M > 0, where E is given by (5.11) (resp. (5.45)), and we find
that all the estimates in the proof of Theorem 2.2 (resp. Theorem 2.4) are
valid with T = ∞.

We will apply Lemma 3.12 to obtain the asymptotic behavior of solutions
to wave equations. Note that (3.39) is satisfied for the applications below,
because of the KMS conditions for (d, p) = (3, 2). Hence we can take θ = 0
in our applications below.

5.3.1 Proof of Theorem 2.5

We use the same notations as in the proof of Theorem 2.2. Firsrly we
consider the Klein-Gordon component. By E(∞) ≤Mε and (5.15), we get∥∥∥F (w)

j (∂w)(t)
∥∥∥
1
≤ CMε2tδ−1, t→ ∞.
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Hence, with the help of (5.22), Lemma 3.16 implies the desired result for
the Klein-Gordon component v.

Secondly we consider the wave component. Given 0 < κ ≪ 1, we take
ρ = κ/2. Then (5.40) and (5.42) imply

r[w(t, x)]1 ≤ Cε⟨t+ r⟩
κ
2 , (t, x) ∈ [0,∞)× R3,∫ ∞

t
τ θT [R](τ, σ, ω) dτ ≤ Cεt

κ−1
2

+θ⟨σ⟩−
1
2

≤ Cεt
κ−1
2

+θ⟨σ⟩
κ−1
2 , (t, σ, ω) ∈ L1;1,1

∞,R, 0 ≤ θ ≪ 1.

Apparently we have

κ

2
− 1 ≤ κ− 1

2
− 1

2
,

κ

2
− 1 ≤ κ− 1

2
+
κ− 1

2
. (5.70)

Therefore, recalling (4.7), we can apply Lemma 3.12 with θ = 0 to show the
desired results. This completes the proof.

5.3.2 Proof of Theorem 2.6

We use the same notation as in the proof of Theorem 2.4. We fix I =
1, . . . , P . Given 0 < κ≪ 1, we choose ρ = κ this time. Then it follow from
(5.62) and (5.66) that

r[uI(t, x)]I,1 ≤ Cε⟨t+ r⟩
κ
2 , (t, x) ∈ [0,∞)× R3,∫ ∞

t
τ θT [R](τ, σ, ω) dτ ≤ Cεt

κ−1
2

+θ⟨σ⟩
κ−1
2 , (t, σ, ω) ∈ L1;c1,cP

∞,R , 0 ≤ θ ≪ 1.

Since we have (4.8), we can apply Lemma 3.12 with θ = 0 to obtain the
desired results as above. This completes the proof.
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