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Abstract

The gauge/gravity correspondence is the duality between gauge theories and field the-
ories on curved spacetime in one higher dimension. It has been studied as a crucial
key to defining a quantum gravity. Despite its importance, a way to find a gravita-
tional system dual to a given quantum field theory is not well understood. Particularly
important quantum field theories are those with Yang-Mills sectors, including QCD,
whose large Nc and strong coupling limit are believed to give a classical gravity dual.
This class of gravity dual is called “holographic QCD”. Although we are still lacking in
how to construct the dual beyond the large Nc limit, inspired by such a class of corre-
spondences, methodologies to describe QCD phenomena with field theories on curved
background have been explored. Among them, the AdS/QCD models are field theo-
ries on asymptotic AdS spacetime which breaks conformal symmetry to describe the
low energy physics of QCD. As a further development of the methodologies, improved
holographic QCD is based on the five-dimensional Einstein-dilaton system with a non-
trivial dilaton potential. Once a model of IHQCD is completely determined, we expect
to learn fruitful lessons for how we can construct a gravity dual to a given quantum field
theory, in which a clue of a quantum gravity is hidden. So phenomenological approach
is an interesting and important direction for studying holographic QCD.

Since a holographic QCD model should be consistent with QCD, the construction
of the model can be regarded as derivation of the appropriate model from experimental
data. Previous works construct simple models with a few parameters, which are fixed
from as many values as the parameters from the experimental data, but simple models
are limited to show the agreement with the data far from the inputs. So, it is important
to establish the way constructing a more complicated model.

To tackle such problem, we explore the data-driven framework to construct holo-
graphic QCD models. Our strategy consists of two steps in the construction.

The first step is the derivation of an AdS/QCD model, where bulk gravitational
fields are treated as background ones. We proposed a deep learning method to build
an AdS/QCD model from the data of hadron spectra. A large ambiguity is allowed for
the bulk gravitational field with which QCD observables are holographically calculated.
I adopt the experimentally measured spectra of ρ and a2 mesons as training data and
perform supervised machine learning which determines concretely a metric and a dilaton
field in the setup of the AdS/QCD model. The deep learning architecture is based on the



AdS/DL correspondence where the deep neural network is identified with the emergent
bulk spacetime.

The second step is derivation of an explicit form of the dilaton potential in improved
holographic QCD from the above background fields obtained in the first step. We
conduct the derivation with the ρ meson spectrum case and chiral condensate case,
respectively. The former case is associated with a zero-temperature metric, and the
latter data comes from the lattice calculation. Requiring that the gravitational fields
are a solution to the Einstein-dilaton action derives the corresponding dilaton potential
backward.

These derivations are the first example of the data-driven construction of IHQCD.
In addition, these procedure enables us to obtain the metric and dilaton fields as the
solutions to the Einstein equation. This ensures that the deep learning proposal is a
consistent gravity. Furthermore, we find that the resulting dilaton potential satisfies
the requirements normally imposed for IHQCD, and that the holographic Wilson loop
for the derived model exhibits quark confinement at zero temperature. We show the
usefulness of the model with the prediction at finite temperature that the string breaking
distance is found to be consistent with another lattice QCD data.
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1 Introduction
Over the past decades, gauge/gravity duality has been one of the most important
subjects in theoretical physics. The duality gave the novel perspective to the study
of quantum gravity and strongly coupled system. The most influential study of the
gauge/gravity duality is referred to as AdS/CFT correspondence [1]. The fact that the
D-brane can be described theoretically from two different perspectives is at the heart of
the AdS/CFT correspondence conjectured in 1997 [1], by Maldacena. This conjecture
provides a mapping between supersymmetric, strongly coupled large Nc gauge theories
and weakly coupled supergravity theories in one higher dimensional spacetime. This
gauge theory is just the simplest 3+1 -dimensional theory that appears on the world
volume of the most basic D3 brane configuration; given Nc D3 branes coinciding in a
certain location, one can realize a SU(Nc) gauge theory in the low energy limit. The
quantum field theory is an N = 4 large Nc SU(Nc) gauge theory. The β functions have
been shown to vanish to all orders in perturbation theory and are conformal even after
quantization. Nc must be large because a very large number of D3 branes is needed
to ensure that the supergravity approximate the string theory safely. Many nontrivial
tests have been found for this original case and the correspondence conjectured with
other D-branes, and no evidence to deny the conjecture have been reported.

Particularly important quantum field theories are those with Yang-Mills sectors,
including QCD, whose large Nc and strong coupling limit are believed to give a classical
gravity dual. This class of gravity dual is called “holographic QCD”. Although we are
still lacking in how to construct the dual beyond the limit, inspired by such class
of correspondence, methodologies to describe QCD phenomena with field theories on
curved background have been explored. Among them, the AdS/QCD models are field
theories on phenomenological modifications of the AdS spacetime making conformal
symmetry of the bulk broken to describe the physics of hadrons and QCD. As a further
development of the methodologies, improved holographic QCD is based on the five
dimensional Einstein-dilaton system with a non-trivial dilaton potential. Once a model
of IHQCD is completely determined, it is believed to learn fruitful lessons related to
how we can construct a gravity dual to a given quantum field theory, in which a clue
of a quantum gravity is hidden. So phenomenological approach, also called bottom-up
approach, is an interesting and important direction in which one studies holographic
QCD.

The string theory “top-down” construction does not solve the problem, because it
merely provides examples as a pair of a gravity and a QFT at the same time. Many
excellent works provided a pair in which the QFT side resembles a given target QFT.
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A lot of effort has been put to seek for a gravity dual of QCD, as QCD is the renowned,
and realistic QFT among all.

It should be emphasized that once a classical gravity system is given, the dual QFT
quantities can be easily calculated by the AdS/CFT dictionary. The problem is how
we can go backwards: for a given QFT correlators, how we can get the gravity system.
To solve this kind of inverse problems, we need special techniques. A strongly coupled
QFT consists of a vast amount of data, such as n-point correlators for infinite kinds of
local/non-local gauge invariant operators. Furthermore, QCD is a part of the Standard
Model for which a lot of experimental data is available. To this end, machine learning
method may help us. If there exists a gravity dual of QCD which is simple enough with
a finite number of parameters, the features of the data of QCD needs to be efficiently
extracted, by solving the AdS/CFT backwards. Deep learning [2, 3, 4] which technically
advanced these years may shed light on the fatal problem of the AdS/CFT.

In Ref. [5], deep learning was applied to determine an emergent gravity metric from a
given data of a QFT. The dictionary used was for a one-point function of an operator in
the QFT, corresponding to a bulk field value in the dual gravity system. In Ref. [6], the
method was applied to lattice QCD data of a chiral condensate, to find a metric of the
gravity system dual to QCD. Based on the success of this method working for one-point
functions, in this paper we make one more step toward realistic QCD. We use hadronic
two-point functions, i.e. the hadron spectra which are measured in experiments.

The most well-observed quantities in experiments for QCD are hadron spectra
and hadron couplings. The best framework to test the deep learning method is the
AdS/QCD [7, 8, 9], a bottom-up construction of phenomenological gravity models based
on symmetries and the dictionary. It is known that the simple AdS/QCD framework
can host lots of QCD quantities including hadron spectra. Here, again, the conventional
methods in the AdS/QCD are first to come up with a gravity model to calculate the
QCD quantities from the model and then to compare those with experimental data. If
the quantity does not match well, one throws away the gravity model and try again
with a different gravity model. The gravity model has a large arbitrariness, and in
addition the dictionary is non-local, so solving the inverse problem is challenging. This
is the reason why the deep learning method can help finding the gravity dual of QCD.

The AdS/DL correspondence in Ref. [5] was invented due to the similarity between
the deep neural network (DNN) and bulk gravity system.1 In the training, weights
of the neural network are trained and determined by machine, which is regarded as

1For a detailed relation, see Ref. [10]. An early study on the similarity between the AdS/CFT and
the DL is in Ref. [11]. See Refs. [12, 13] for related essays. A continuum limit of the deep layers was
studied in a different context [14].
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an emergence of the spacetime, as the differential equation on the discretized gravity
spacetime is regarded as a propagation of information on the deep neural network, with
the depth direction identified with the AdS radial direction.

The goal of this paper is to construct a gravity model from spectral data, and
specifically, with the soft wall model in mind, we aim to identify the background field
B(z) of the model as unknown by deep learning.

The organization of this dissertation is as follows. We begin in section 2 with a
brief description of basic facts and previous research, including a short summary of
gauge/gravity duality, example of holographic QCD models and idea of deep learning
application to the holographic modeling. In section 3 we describe the concrete example
of construction of a holographic model in the way of deep learning. We consider the
vector meson sector along with the soft wall model [9] and the five-dimensional geometry
is constructed with mass spectrum of low-level excitation of ρ meson. This section is
based on our publication [15]. We show the first attempt to get the properties of the
metric and the dilaton field by considering the higher spin meson sector construction
with mass spectrum of a2 meson and some comments for the subtle point about this
attempt in section 3.2. In section 4 we consider the Einstein-dilaton system with an
undetermined dilaton potential, which is derived from the geometry constructed in
the previous section. This derivation includes the process to solve Einstein equations
for the metric and the dilaton field. The calculation of holographic Wilson loop with
the resultant metric describes quark confinement as the linear behavior of the quark-
antiquark potential. This section is based on our publication [16]. In section 5 we
derive the dilaton potential from the lattice data of the chiral condensate as a function
of the quark mass. Contrast to the previous section, the black hole ansatz for the
metric is employed reflecting that the lattice data is the observables in the non-zero
temperature. Our model describes the confinement again and the predicted QCD-string
breaking distance shows the good agreement with the lattice calculation. This section
is based on our publication [17]. We conclude the thesis with some future direction in
section 6.

6



2 Basics

2.1 Basics of gauge/gravity duality
The gauge/gravity duality comes from the open/closed string perspective of the string
theory on N D-branes. Open string perspective reduces to the Yang-Mills theory with
superconformal symmetry, in which the coupling gYM is a parameter, while closed
string perspective yields the string theory on AdS5 × S5, in which the string coupling
gs, squared string length α′ and AdS radius L are parameters. The duality between
these two effective theories leads the AdS/CFT dictionary;

g2YM = 2πgs, g2YMN = L4/α′2. (2.1)

Since the two theories are equivalent, it is expected that there is a relation between
the physical quantities as well the AdS/CFT dictionary (2.1). Of particular impor-
tance in the gauge-gravity correspondence is the one-to-one correspondence, called the
field/operator correspondence, between the field on the gravity theory side and the
(gauge-invariant) operator on the gauge theory side. The relation for the generating
functionals that follows from the field/operator correspondence is called the GKP-
Witten relation, which provides a prescription for obtaining the correlation functions
of the gauge theory in the gravity theory side calculation [18, 19].

It is important to note that the AdS spacetime is bounded. The field/operator
correspondence is derived from the behavior of the fields near the boundary. The
gravity theory side is often referred to as “bulk” because it is surrounded by such a
boundary. The field on the gravity theory side is accordingly called the bulk field.

To show the concrete form of the field/operator correspondence, we use a simple
example of a d + 1-dimensional scalar field and discuss how the scalar operator of the
corresponding d-dimensional theory appears in concrete form. In addition, we will
discuss the relation between the generating functionals of gauge and gravity theories
derived from the correspondence.

The action for bulk scalar field on AdSd+1 spacetime up to quadratic term is

S =
C

2

∫
dd+1x

√
−g
(
−1

2
(∂ϕ)2 − 1

2
m2ϕ2

)
. (2.2)

Introducing Poincaré coordinate metric for AdSd+1 spacetime

ds2 =
L2

z2

(
dz2 + ηµνdx

µdxν
)

(z > 0), (2.3)
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the equation of motion for scalar field is

− 1√
−g

∂µ
√
−ggµν∂νϕ(x, z) +m2ϕ(x, z) = 0. (2.4)

To see asymptotic behavior of ϕ near the boundary, let us take ϕ as a polynomial ϕ = zλ

and compute λ for z ∼ 0. (
−zd+1∂zz

−(d+1)z2∂z +m2
)
zλ = 0 (2.5)(

−λ(λ− d)

L2
+m2

)
zλ = 0. (2.6)

One can say λ is either one of the solutions of this differential equation ∆±,

∆± =
d

2
±

√(
d

2

)2

+m2L2. (2.7)

Therefore, the asymptotic solution for the equation of motion (2.4) can be written as

ϕ(z → 0, x) ∼ α(x)z∆− + β(x)z∆+ + · · · . (2.8)

The first term is the non-normalizable mode making the action (2.2) diverse, while the
second term is normalizable mode. non-normalizable mode α(x) defines the boundary
condition on z = 0 as

α(x) = lim
z→0

ϕ(x, z)z−∆− . (2.9)

Since ϕ is a scalar, conformal dimension is 0. By dimensional analysis, α and β has
conformal dimension ∆−, ∆+ respectively.

We see the example for scalar bulk field, more generally, there are relationships for
vector or other representation. When we have bulk p-form field, the generalized formula
is

(∆− p)(∆− p− d) = m2L2. (2.10)

This equation gives us the relationship between the dimension of the operator and the
mass of the bulk field, so that when we have an operator to consider on the gauge
theory side, we can immediately determine the mass of the bulk field.

The equivalence between gravity theory and gauge theory can also be said to be
the coincidence of their partition functions. We saw that the bulk normalizable modes
correspond to the source on the gauge theory side above but let us consider the partition
function when the source is included in the gauge theory.
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Supposed that we have a gauge invariant operator O∆(x) introduced by source J(x).
The whole action of gouge theory side is Sgauge −

∫
ddxJ(x)O∆(x) then its partition

function is

Z[J(x, t)] = e−W [J(x)] =

〈∫
ddxJ(x)O∆(x)

〉
gauge

(2.11)

where W [J ] is a generating functional.
On the other hand, the saddle point approximation is valid in gravity theory side

when the large N and λ limit is taken,

Zgravity = exp (Sgravity[ϕ]). (2.12)

Therefore, the generating function in (2.11) can be identified to on-shell action of Sgravity.
ϕ denotes the bulk field then the boundary condition (2.9) should be imposed. Finally,
we get the following formula for the generating functional is following.

W [J(x)] = Sgravity

∣∣∣∣
limz→0 (ϕ(x,z)zδ−d)=J(x)

. (2.13)

In this way, we have obtained the formula to evaluate the correlation functions of a
gauge theory by a classical gravity theory. It should be noted that the large λ limit is
taken. In other words, the GKP-Witten formula provides a method to calculate the cor-
relation functions of strongly coupled gauge theories to which perturbation calculations
cannot be applied.

2.2 Basics of AdS/QCD
In the previous section, we saw that the GKP-Witten relation can be used to obtain
the correlation function of the CFT by replacing it with the gravity theory side of
the calculation. Thus, the gauge-gravity correspondence is one tool to study strongly
coupled gauge theories. Therefore, it is a natural attempt to replace the strongly
coupled gauge theory, QCD, with the calculation of gravity theory. Such an attempt is
called holographic QCD.

However, the problem in discussing the duality of QCD based on the D-brane con-
sideration as discussed in section 2.1 is that the gauge theory has large Nc color degrees
of freedom instead of Nc = 3.

Nevertheless, it can also describe dynamics characteristic of QCD and other non-
commutative gauge theories, such as chiral symmetry and confinement properties. For
example, the addition of Nf D-branes as probes can introduce flavors into Large Nc
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gauge theories to describe quarks in their fundamental representation [20, 21]. The
mesons treated in this context show similar behavior to QCD [22, 23].

On the other hand, there are approaches that are not based on the low-energy
picture of D-branes but use a phenomenologically determined five-dimensional gravity
model based on the assumption that a dual gravity theory exists for QCD. Among
which, the AdS/QCD model [7, 8, 9] is to provide a simple phenomenological model
in 5-dimensional curved spacetime which describes desired sectors of QCD effectively.
The 5-dimensional Lagrangian is built under the guide of the AdS/CFT dictionary.
For example, to compute hadron mass spectra, one introduces fields propagating in a
5-dimensional curved spacetime which are dual to the hadrons of concern. One of the
most popular models of AdS/QCD is so-called soft-wall models given in Ref. [9] where,
rather than using a brute cut-off of the 5-dimensional geometry as in the inaugural
work [7, 8], one introduces a 5-dimensional dilaton field to realize a smooth wall to
confine fields in the curved geometry, which enables discussions on a part of the QCD
Regge trajectories.

For a five-dimensional model, consider an effective theory that includes a field corre-
sponding to the physical quantity you wish to consider on the QCD side. If the operator
is known, the field to be included in five-dimensional model can be determined from
the field/operator correspondence. In the case of chiral dynamics with quarks, we can
consider a theory that includes chiral condensation, a scalar field corresponding to chi-
ral current, and a gauge field. The masses of the fields are determined from the (2.10)
as follows, respectively.

Chiral condensation q̄q : m2 = ∆(∆− 4) = −3, (2.14)
current q̄γµq : m2 = (∆− 1)(∆− 3) = 0. (2.15)

The symmetry from flavor SU(Nf )L, SU(Nf )R is realize as the local symmetry.
In AdS/QCD, gravity is more concerned with whether the model yields result con-

sistent with QCD than whether it is a solution to a supergravity theory. In this sense,
it is a bottom-up approach. As a way of taking the space-time of the bulk, for example

• Hard wall model [7]
A cutoff is considered in the dynamic radial direction with respect to AdS5 space-
time.

• Soft wall model [9]
A model that considers AdS5 space-time plus non-trivial dilaton.
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The hard wall model was the first AdS/QCD model. Soon after, the soft wall model
was proposed to reproduce the spectra of mesons that could not be reproduced by the
hard wall model.

In this section, we will review the method for calculating the spectrum of a meson
using these two models as examples. From now on, the Greek letters µ, ν, · · · = 0, 1, 2, 3

as the subscripts of Lorentz will represent the directions of 4-dimensional space-time
on the field theory side, and the capital alphabet M,N, · · · = 0, 1, 2, 3, 4 represent
the directions of five-dimensional space-time in bulk theory. If we focus only on the
direction, V4 may be denoted by Vz, etc. In this chapter, for simplicity, we will take
units such that the AdS radius L is 1.

Generically, any AdS/QCD model is given in the following manner. First, one as-
sumes the existence of an effective theory which is holographically dual to QCD via the
AdS/CFT correspondence. Next, based on the well-known dictionary of the AdS/CFT,
one writes the 5-dimensional bulk action of the theory, with ingredients necessary to
reproduce a QCD sector of one’s concern. For example, for flavor symmetry, one intro-
duces corresponding gauge symmetry in the bulk theory. The associated gauge bosons
in 5 dimensions correspond to the flavor current operators in QCD, which are nothing
but the vector mesons. The gauge bosons are in a 5-dimensional curved spacetime
whose gravity metric and bulk dilaton field are prearranged.

2.2.1 Hard wall model

The hard wall model is a model that introduces a cutoff in five-dimensional AdS space-
time.

ds2 =
1

z2
(
dz2 + ηµνdx

µdxν
)
, 0 < z ≤ z0 (2.16)

The cutoff Z0 breaks the scale invariance of the AdS spacetime. It is known that
such a spacetime with a cutoff also appears in the low-energy picture of D-branes. The
scale of the cutoff is considered to correspond to the mass gap due to confinement on
the gauge theory side, and it is natural to consider such a spacetime as an AdS/QCD
model.

As a theory on such a background spacetime, let us consider an effective theory
describing the dynamics of pseudo scalar, vector, and axial vector mesons.

The pseudo scalar, pion, appears as Nambu-Goldstone bosons when the chiral sym-
metry is spontaneously broken by the vacuum expectation value of the chiral conden-
sate. The bulk field corresponding to the chiral condensation is a scalar field with mass
m2 = −3, as we saw in (2.14). Let X(z, x) denote this. Following the treatment of
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chiral perturbation theory, let this X(z, x) be

X(z, x) = X0(z)e
2iπ(x). (2.17)

The field πa(x) corresponding to the pion appears when the resulting chiral symmetry
is broken. In fact, the X0(z) part of the asymptotic behavior is the same for the chiral
condensate Σ and its source, the quark mass M

X0 ∼Mz + Σz3 (2.18)

is expected from (2.8).
As vectors and axial vectors, we introduce dual massless vector fields in the chiral

symmetry currents ψ̄LγψL, ψ̄RγψR.
Summing up the above, the effective action we wish to consider can be written as

follows.

I = −
∫
d4x

∫ z0

0

dz
√
−gTr

[
|DX|+ 3|X|2 + 1

4g25

(
F 2
L + F 2

R

)]
(2.19)

Let X be a matrix and transform as a bifundamental representation of U(1)L × U(1)R

gauge symmetry.

DµX = ∂µX − iALµX − iXARµ (2.20)

In the boundary condition (2.18) for X, diagonalizing for simplicity M = mq1l,σ =

σ1l, there are four parameters for this model: mq, σ, z0, g5. It has been reported that by
tuning these four parameters, the [7] was able to predict the seven physical quantities
shown in Table 2.1 with an error of about 10%.

Observables Experimental Observed (MeV) Predicted (MeV)
mπ 139.6 ± 0.0004 141
mρ 775.8 ± 0.5 832
ma1 1230 ± 40 1220
fπ 92.4 ± 0.35 84.0
F

1
2
ρ 345 ± 8 353

F
1
2
a1 433 ± 13 440

gρππ 6.03 ± 0.07 5.29

Table 2.1: Comparison of the physical quantities of the meson fitted by the hard wall
model with its experimental observations. All values are taken from [7].
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Among these predictions, we will make calculations especially for the spectra of ρ
mesons, which are vector mesons.

(2.19) of vector sector

V M =
AMR + AML

2
. (2.21)

We shall express this in the following way. The leading contribution of the spectrum
can be calculated from the kinetic terms of this V .

Ivector = − 1

4g25

∫ z0

0

dzd4x
√
−g
(
∂[M VN ]

)2 (2.22)

where only one flavor is considered here using flavor symmetry for simplicity.
The condition for fixing gauge

V z = 0, ∂µV
µ = 0 (2.23)

is imposed then

Ivector = − 1

4g25

∫ z0

0

dzd4x
√
−ggzzηµν

(
∂zVµ∂zVν + 2Vµ∂

2Vν
)
, (2.24)

= − 1

4g25

∫ z0

0

dzd4x
1

z

(
∂zVµ∂zV

µ + 2Vµ∂
2V µ

)
. (2.25)

Now we want to find the equation of motion in z direction, but for simplicity, we assume
only y direction component is non-zero KK expansion

Vy = v(z)e−ik·x. (2.26)

The equation of motion is

d

dz

(
1

z

d

dz
v(z)

)
− k2

z
v(z) = 0 (2.27)

which becomes where

v(z) =
√
zψ(z). (2.28)

Using ψ(z) defined by the following equation of the form of the Schröodinger equation

− d2

dz2
ψ(z) +

3

4z2
ψ(z) = −k2ψ(z) (2.29)

The normalizable mode that this equation has corresponds to the operator of the meson,
and −k2 can be interpreted as its mass spectrum. And since the normalizable mode
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has solutions only for discrete values of −k2 = m2
n, we know that the meson spectrum

is discrete. Since the potential term vanishes at z → ∞, if we denote the excited levels
by a positive integer n, the behavior of the spectrum m2

n at n≫ 1 is

m2
n ∼ n2 (2.30)

On the other hand, in the meson spectra observed in hadron experiments, it is known
that the square of the mass is rather linear with respect to n. The following soft wall
model solves this contradiction.

2.2.2 Soft wall model

The linearity of the spectra of the excited states of the meson is called the Regge locus;
the Regge locus appears in the data from hadron experiments, where the square of the
mass increases linearly with respect to the excited level and spin. (Figure2.1). Below
we review the soft wall model, a model that reproduces this well.

0 1 2 3 4 5
S

0

1

2

3

4

5

m
2  [

Ge
V2 ]

0 1 2 3 4 5
n

0

1

2

3

4

m
2  [

Ge
V2 ]

Figure 2.1: Left: Spectrum of a meson as observed by the Hadron experiment. The
horizontal axis represents the spin of the meson, and the vertical axis is the mass
squared. The plot is made using the central value of the observation and is based on
[24]. The linearity of the mass squared m2 with respect to spin is confirmed. Right:
Plot of rho-meson spectra. Linearity with respect to the excited level n can also be
confirmed.

In the soft wall model, we consider a dilaton field Φ(z) in addition to the gravity
field gµν(z) as a background field. We assume that the dilaton field is not constant but
depends on the five-dimensional radial coordinate z and increases with z2. By using
such a dilaton field, instead of introducing a cutoff in spacetime, we introduce a smooth
wall in spacetime [9]. Since there is no cutoff, the metric is a five-dimensional AdS
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spacetime.

gMNdx
MdxN = e2A(z)

(
dz2 + ηµνdx

µdxν
)

(2.31)

=
1

z2
(
dz2 + ηµνdx

µdxν
)

(2.32)

The function A(z) = − log z is introduced here because, as we will see later, only
the linear combination of Φ(z) and A(z) works for deriving the spectrum. Also, the
spacetime is AdS, but scale symmetry is broken by the dilaton field.

Let us calculate the spectrum of the ρ meson as in the hard wall model, and we will
use the same gauge fixing condition as in the hard wall model, (2.23), to write down
the effective action of the bulk field.

Ivector = − 1

4g25

∫
dzd4xe−Φ

√
−g(FMN)

2 (2.33)

= − 1

4g25

∫
dzd4x

√
−ge−Φgzzgµν

(
∂zVµ∂zVν − 2Vµ∂

2Vν
)

(2.34)

= − 1

4g25

∫
dzd4xeA−Φ

(
∂zVµ∂zV

µ − 2Vµ∂
2V µ

)
. (2.35)

However, again, for simplicity, only one flavor is considered here, using flavor sym-
metry. Also, the function B is defined as

B(z) ≡ Φ(z)− A(z) = z2 + log z (2.36)

The equation of motion derived from this action under the KK expansion (2.26) is
as follows.

d

dz

(
e−B(z) d

dz
v(z)

)
+m2e−Bv(z) = 0 (2.37)

Furthermore, instead of finding vn directly, replace

vn = eB/2ψn (2.38)

the equation still returns to the form of the Schr”odinger equation.[
− d2

dz2
+ V (z)

]
ψn = m2

nψn (2.39)

The potential term is

V (z) =
B′2

4
− B′′

2
= z2 +

3

4z2
. (2.40)
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The analytic solution for (2.39) is known; using Laguerre polynomial Lmn to write
down the solution

ψn(z) =

√
2n!

(n+ 1)!
e−z

2/2z
3
2L1

n(z
2). (2.41)

The eigenvalue for this solution is

m2
n = 4(n+ 1). (2.42)

This is just the same spectrum as the Regge trajectory.
The linear spectrum was obtained, after all, because the model was based on the

reasoning of the quantum mechanical system of harmonic oscillators. As a result of
fixing the dilaton field at z2, the potential (2.40) of the equation giving the spectrum is
effectively consistent with the harmonic oscillator system in a sufficiently large region
of z.

2.2.3 Higer spin meson

By considering a soft wall model involving mesons with general spin, linearity with
respect to the spin can also be derived [9]. When considering mesons of spin S, the
bulk field is a (fully symmetric) tensor field of rank S. Relevant terms in the action of
higher spin soft wall model are

I =
1

2

∫
dx5

√
−geΦ

[
∇NϕM1...MS

∇NϕM1...MS +M2(z)ϕM1...MS
ϕM1...MS

]
, (2.43)

where M2 is the mass of the bulk field. Adopting ϕz··· = 0 as the gauge fixing condition
and using the rescaled field ϕ... = e2(S−1)A(z)ϕ̃..., this action is attributed to the massless
form.

I =
1

2

∫
dx5e5A−Φ

[
e4(S−1)Ae−2A(1+S)∂N ϕ̃µ1...µS∂N ϕ̃µ1...µS

]
. (2.44)

Thus, the equation of motion for ϕ̃ can also be written in the form of the Schr”odinger
equation for (2.39), as in the ρ meson. However, the spin dependence appears in the
function B(z) as follows.

B(z) = Φ(z)− (2S − 1)A(z) (2.45)

and the potential term in (2.39) is

VS(z) = z2 + 2(S − 1) +
S2 − 1

4

z2
. (2.46)
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Since the second term is a constant shift with respect to the potential, it is ultimately
included in the energy eigenvalues of (2.39) and has S-dependence as a spectrum. In
fact, the Schr”odinger equation in the present case can also be solved rigorously, and
the spectrum of the meson of spin S is obtained

mn,S = 4(n+ S). (2.47)

We will use this spin dependence of B(z) to identify the spacetime metric and dilaton
field separately later. Namely, once B is determined for both S = 1, 2 then metric and
dilaton are derived respectively.

A = (BS=1 −BS=2)/2 (2.48)
Φ = (3BS=1 −BS=2)/2 (2.49)

2.3 Basics of deep learning
We would like to end the section reviewing basic contents with machine learning.
T.M.Mitchel, the author of ”Machine Learning”, give the definition for a machine learn-
ing algorithm as

“A computer program is said to learn from experience E with respect to some class
of tasks T and performance measure P , if its performance at tasks in T , as measured
by P , improves with experience E.”

The simplest learning is linear regression. Let x,y be d-dimensional real vectors.
As a model to give output y for input x, a linear model

y = ax+ b. (2.50)

In order to optimize the two parameters a, b let us define a function and θ be a series
of parameters of that function

y = F (x; θ). (2.51)

and optimize θ.
Deep learning is one of the most successive frameworks of machine learning. By

combining a model with ‘depth’ and an algorithm to optimize it, a model with high
expressive power can be learned. The framework used in this dissertation uses a model
called a neural network (Abbreviated as NN).

y = σ
(
W (N)σ

(
W (N−1)σ

(
· · ·σ

(
W (1)x⃗

))))
. (2.52)
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where N is a natural number, W (l) is a orthogonal matrix, and σ is a suitable nonlinear
function σ : Rn → Rn. Briefly, in this model, linear transformations by W and nonlinear
transformations by σ are alternately applied to the input. one set of linear and nonlinear
transformations is called a layer, and a model consisting of multiple layers is called a
deep neural network (DNN). Deep Neural Network (DNN).

Learning algorithms using NNs can be broadly classified into three categories: su-
pervised learning, unsupervised learning, and reinforcement learning. In supervised
learning, the parameters of the model are adjusted with the aim that the output y

of the model is closer for the input x to the known correct data y′. As the distance
between y and y′ we define

E(y′ − y) =
d∑
i

1

d

∣∣y′i − yi
(
x;W (l)

)∣∣ (2.53)

Then the optimization of the parameters of the supervised learning model is achieved
by minimizing this function E.

Such a measure is called a loss function, and in particular, a function E of the form
(2.53) is called an L1 loss function. The gradient descent method described below is
often used for parameter optimization; the

If the parameters of the DNN are Wt, and Et is the result of calculating the loss
function by finding the output of the DNN, then

Wt−1 = Wt − η
∂Et
∂Wt

(2.54)

The parameters are updated by where η is usually a small positive real number and is
called the learning rate. By repeating this update, the parameters are adjusted little
by little so that ∂Et

∂Wt
becomes zero.

The gradient descent method is a simple method, but loss functions are generally
multivariate functions, and many minimum points are expected to exist. If ideal data
are available, finding the minimum point will most likely improve the performance of
the model, but sometimes the parameters stop updating at a minimum point that is not
the minimum point. To avoid such a situation, parameters such as the learning rate, the
number of layers in the DNN, and the size of the W matrix (= number of parameters
per layer twin) must be appropriately adjusted by humans in advance. These values are
called hyperparameters. Another method often used is to add a regularization term to
the loss function that imposes arbitrary restrictions on the learning parameters, thereby
changing the shape of the function and avoiding a minimum point.

18



3 Constructing background field in AdS/QCD model
from meson spectrum

In this section, we upgrade the deep neural network given in Refs. [5, 6] to accommodate
hadron two-point functions as a supervised learning and use the experimental data of
the mass of ρ mesons and a2 mesons at zero temperature as the training data. The
neural network is a discretized bulk action of the AdS/QCD model [7, 8, 9], with the
metric and the dilaton fields identified as the network weights. With some physically
reasonable regularization, the supervised learning of the neural network is successful,
ending up with smooth profiles of the gravity metric and the dilaton configuration in 5
spacetime dimensions, as the trained weight parameters of the neural network. Namely,
the inverse problem of finding the gravity system for a given hadron spectra is solved
by the deep learning. Using the obtained metric and dilaton, we can predict excited
hadron masses which were not used as the training data.

The advantage of the deep learning method is that it can provide a systematic ap-
proach to determine the gravity dual from a given dataset of the QFT correlators, which
even generalizes for prediction. Using the data analysis methods of deep learning [25],
we may hope to combine all possible information of QCD as the training data to dis-
cover a proper gravity dual. For that, various QCD requirements studied in improved
holographic QCD [26, 27] will help.

Let us focus on the vector meson sector in a AdS/QCD model. The gravity side is
the 5-dimensional effective action of a U(1) gauge theory

Ivector = − 1

4g25

∫
dzd4xe−Φ(z)

√
−gFMNF

MN , (3.1)

where FMN is the field strength of the 5-dimensional massless gauge field VM(z, xµ),
and g5 is the gauge coupling constant. The indices M,N represent those of the 5-
dimensional spacetime, while the directions along the 4 dimensions associated with QCD
are denoted as µ, ν. The emergent 5-th direction is parameterized by the coordinate z
(≥ 0). Everything is made dimensionless by using the AdS radius L.

The theory is in a curved spacetime. The soft wall models include the gravity metric
gMN(z) and the dilaton field Φ(z) as the background fields. In particular, the dilaton
field is essential in the spectral analyses in Ref. [9]. The metric is written with a single
function A(z) without losing its generality,

gMNdx
MdxN = e2A(z)

(
dz2 + ηµνdx

µdxν
)
, (3.2)

because QCD is in an infinitely extended flat Lorentzian spacetime, at zero temperature.
For the use of the AdS/CFT correspondence, it is assumed that the curved spacetime
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is asymptotically AdS: A(z) ∼ − log z near the AdS boundary z = 0, where the unit
L = 1 is used.

Following Ref. [9], we choose a gauge V z = 0, ∂µV
µ = 0. Using the plane wave basis

for the 4 dimensions, we consider a solution of the form

V µ(z, xµ) = v(z)cµe−ikx , (3.3)

with a mass-shell condition −k2 = m2 for the 4-dimensional mass m. Then we obtain
the following equation which the coefficient function v(z) should satisfy,

d

dz

(
e−B(z) d

dz
v(z)

)
+m2e−B(z)v(z) = 0 . (3.4)

Here we have defined the combination

B(z) ≡ Φ(z)− A(z) . (3.5)

In the AdS/CFT dictionary, for the current operator of QCD to be excited, the
corresponding modes in the gravity side need to be normalizable. The differential
equation (3.4) has normalizable solutions only for discrete values of the mass m = mn

(n = 0, 1, 2, · · · ). Therefore, these discrete values mn are interpreted as the vector
meson spectrum.

Figure 3.1: In the ordinary AdS/QCD modeling, one prepares the background metric
and dilaton fields (A(z) and Φ(z)) and then calculates the QCD observables (the hadron
mass mn). The judgement of whether the chosen background is appropriate is checked
after matching the calculated observables with experimental data. On the other hand,
our AdS/DL approach solves backward.

So, summarizing the procedures, once the explicit form of the metric function A(z)
and the dilaton profile Φ(z) is given, one can calculate the normalizable solutions of
(3.4) to obtain the vector meson mass spectra. See Fig. 3.1 for the illustration. In
Ref. [9] the following functions are used,

A(z) = − log z , Φ(z) = z2 . (3.6)
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This ansatz is simple enough since A(z) = − log z means that the whole 5-dimensional
spacetime is AdS5, and Φ(z) = z2 was adopted to produce the asymptotic Regge
behavior in the hadron spectra.

One can also calculate the spectra of higher spin mesons from the 5-dimensional
model. A spin-S meson is dual to a rank-S symmetric tensor field [28]. By the proce-
dures similar to those of the vector meson case, the z-dependent part of the bulk tensor
field obeys the same equation as (3.4) with a different definition of B(z);

B(z) = Φ(z)− (2S − 1)A(z). (3.7)

One understands that the spin dependence of the meson spectra is encoded in the
background bulk field profiles.

Now, one can see that the difficulty of the AdS/QCD model building is in solving
inversely the duality: the direction of the standard procedures is only from the gravity
to QCD quantities. One needs the explicit metric and the dilaton which are not known
a priori.2

On the other hand, we aim at “optimizing” the model by experimental data. More
concretely, we determine the model background B(z) by using deep learning of the
training data of hadron masses. See Fig. 3.1. In addition, using the spin dependence
of the definition of B(z) in (3.7), we can obtain the spacetime metric and the dilaton
separately: the machine finds different B(z)’s from the data for the mesons with S = 1

and S = 2 respectively, then the metric and the dilaton are obtained as

A(z) = (BS=1 −BS=2)/2 , (3.8)
Φ(z) = (3BS=1 −BS=2)/2 . (3.9)

Using these, one can calculate other QCD observables as a prediction of the deter-
mined model. Our proposal offers a new data-driven approach to the AdS/QCD model
building.

3.1 Neural network for AdS/QCD
In this section we construct our neural network. According to the concept of the
AdS/DL correspondence [5], we present a deep neural network architecture optimizing

2One can of course resort to Einstein dilaton equations of motion assumed, to constrain possible
profiles of the metric and the dilaton fields, see Refs. [26, 27]. A partial list of the obstacles are (i)
dilaton potential allows arbitrariness, (ii) since QCD is N = 3 quantum gravity corrections such as
higher derivatives in curvatures may exist, and (iii) string theory effective action is too restrictive at
tree level while generic quantum gravity corrections are unknown.
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Figure 3.2: Neural network representation of (3.12). The layer depth direction (hor-
izontal direction in this figure) corresponds to the emergent radial direction of the
5-dimensional spacetime. The input is on the left, the output is on the right. Only
the thick lines are trainable weights, corresponding to the bulk background field B′(z).
The binary classification layer at the output is not shown in this figure, for simplicity.

a generic soft-wall AdS/QCD model. The optimization is conducted under a supervised
deep learning, with respect to the QCD experimental data, where the meson spectrum
m in (3.4) is treated as the input data.

The implementation can be divided into three steps. First, we translate the equation
of motion (EOM) of the bulk field into a deep neural network. The network itself is
regarded as a spacetime, and the metric on the discretized spacetime corresponds to
trainable weight parameters in the neural network. The next step is to arrange the input
and the output layers for a binary classification. The input data is the vector meson
spectrum data, and the output data is related to the normalizability condition of the
solution of the bulk field equation. The remaining step is technical for the training to
be successful: fixing hyperparameters and introducing a regularization. We must adjust
the value of the hyperparameters such as the discretization spacing and the number of
layers. We also need a regularization which come from physical requirements such as
smoothness of the spacetime. In the following, in each subsection we explain the three
steps described above.

3.1.1 Deep neural network

We prepare a deep neural network where trainable weight parameters are identified with
the configuration of the gravity/dilaton fields of the holographic model. We identify the
radial propagation (3.4) of the bulk vector field from z to z+∆z with the propagation
of the information on the neural network from one layer to another.

We introduce a conjugate momentum field

π(z) ≡ ∂

∂z
v(z) (3.10)
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to reduce (3.4) to a set of first order differential equations, one of which is

0 =
∂

∂z

(
e−B(z)π(z)

)
+m2e−B(z)v(z)

= e−B(z)
[
−B′(z)π(z) + π′(z) +m2v(z)

]
. (3.11)

Then we discretize the z coordinate in (3.10) and (3.11) with a spacing ∆z, π(z +∆z) = π(z) + ∆z (B′(z)π(z)−m2v(z))

v(z +∆z) = v(z) + ∆z π(z)
(3.12)

The derivatives acting on the vector field π and v are replaced by the difference, and
we leave the form B′(z) ≡ ∂B/∂z as it is.

With this (3.12), let us make a neural network representation of the bulk field
equation. The propagation equation (3.12) tells us that the values of (π, v) at z = N∆z

with an integer N can be computed from the initial values of (π, v) at z = ∆z and m,
when a background B′(z) is given. Namely, the output of the system is given by the
input and B′(z), (

π(N∆z)

v(N∆z)

)
= F

(
π(∆z), v(∆z),m;B′(z)

)
. (3.13)

Recall that in a generic feedforward deep neural network (DNN) the unit values at the
final layer are calculated by the unit values at the initial layer with a given trainable
weights. The concept of the AdS/DL correspondence is based on this similarity [5].
Following that, we find the dictionary between the bulk field equation and the neural
network as shown in TABLE 3.1.

EOM DNN
z layer label

B′(z) weights
π(z), v(z),m units

F architecture

Table 3.1: The relationship of between the EOM (3.11) and the DNN. Here m is z-
independent in (3.11), so it corresponds to a unit of a fixed value.

Equation (3.13) is nothing but the deep neural network itself, with the layer depth
direction identified as the emergent radial direction z. See FIG. 3.2. The AdS boundary
z = 0 is identified with the input layer, while the deep infrared region of the emergent
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space z = ∞ is the output layer. Generically, neural network weights are matrix-valued
trainable parameters, while our weights include only B′(z) as the trainable parameters.
This means that our neural network is sparse, and most of weight components are put
to 0 or some fixed value.

As we mentioned, the 5-dimensional spacetime is asymptotically AdS5 near z = 0,
so we can determine the values of (π, v) at the initial layer z = ∆z, based on their
behavior in the AdS. Using the asymptotic solution of (3.4) with the AdS metric (and
assuming that the dilaton vanishes there), we find

π(∆z) = 2S(∆z)2S−1 , v(∆z) = (∆z)2S . (3.14)

See App. A.1 for the derivation. The overall proportionality magnitude of v and π is
ignored since the EOM (3.4) is linear in v(z). See FIG. 3.2 for the whole schematic
view of our neural network.

3.1.2 Dataset for binary classification

The next step is to prepare training dataset for our supervised leaning. Since we want
to extract possible features from the experimental data of the meson spectrum, we may
simply use the value of the spectrum as our input. Then, what should the output data
be? In view of (3.13), the output data is the values of the vector field at z = ∞.
Depending on whether the mode v(z) is normalizable or not, the values of v(z) at large
z vanish or diverges. It needs to be normalizable only when we have the correct value
of the input mass m. In this way, we can arrange the neural network as a binary
classification problem, by putting a discrimination label to the input mass.

More concretely, as the input data we prepare a set of random real numbers (the
mass). The range of the generated random numbers include the experimentally mea-
sured values of the meson mass. If the random number is close to (far from) the
experimental values in the real spectrum, it is named as a positive (negative) data. In
the training data, the output value as the label for the positive (negative) data should
be 0 (1), which is the discrimination label. Therefore, we give our neural network a
task to classify the input real numbers: a meson mass classifier.

Since we expect the final output to be 0 or 1, we introduce an additional layer
there. This layer outputs 0 or 1 according to whether the value of v(N∆z) satisfies the
following normalizability condition or not,

v(N∆z)e−B(N∆z)/2 ≤ ϵ . (3.15)

24



For this, we arrange as the final layer a smeared box function of the width ϵ, with no
weight multiplication.3 And as for the loss function, we simply adopt L1 loss.

3.1.3 Hyperparameters and regularization

For the machine learning to work, we must tune the hyperparameters in the architecture,
and we need to introduce regularization terms to the loss function.

Our hyperparameters are, the number of layers N , and the discretization spacing
∆z which appears in the fixed weights of the neural network,4 and the discrimination
threshold ϵ in (3.15) in the classification layer. In fact, these are closely related to each
other from a physical viewpoint, as follows.

First, N and ∆z give the location z = N∆z at which whether the vector field v(z)

behaves as a normalizable function or not is verified. The threshold for the discrim-
ination is ϵ. Although in principle we have ϵ → 0 for N → ∞, for our numerical
calculations we need a finite N . In addition, even though the analytic solution goes to
0 at z → ∞, due to the discretization error of the differential equation (3.4) the value
at z = N∆z could deviate from 0. So, for the network to work properly even with
the discretization effect, we need to tune ϵ such that it also allows the deviation. In
practice, we fix these hyperparameters by using the analytic solutions in the famous
soft wall model of Ref. [9], see App. A.2 for the details.

The regularization which should be added to the loss function is introduced by the
following three reasons. The first one is the spacetime interpretability. The obtained
set of weights is interpreted as B(z), which is the dilaton field and the metric field.
They need to be a smooth function of z, otherwise there is no physical interpretation
[5, 6]. Second, as in (3.14), for the AdS/CFT to work, we impose the asymptotic AdS
condition, which constrains the form of B(z) near the initial layer, the boundary z = 0.
The third reason is the soft wall. For (3.4) of the vector field to have normalizable
solutions,5 the background field needs to have an infrared wall. This is also related to
the technical trainability of the neural network, and to the choice of the random initial

3Here, π also needs to be normalizable for a positive data, but in our implementation we do not
look at it. This is because π is expected not to converge well at large z, due to discretization errors.

4There is an option to treat ∆z as additional trainable parameters. This ∆z could even depend on
z. This training of the z-dependent spacing ∆z appears to be a quantum gravity, which is intriguing,
and we leave the optimization of the spacing in AdS/DL to a future problem.

5The EOM (3.4) can be rewritten in the form of a Schrödinger equation (see Ref. [9]), and the
potential of the Schrödinger equation depends only on derivatives of B(z). In the model of Ref. [9]
the background (3.6) corresponds to a harmonic oscillator potential at large z, which is the “wall” of
a confining geometry. We introduce a regularization so that the machine can find a similar behavior.
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configurations of B′(z) before the training.
Therefore, we introduce the following three kinds of regularization terms:

• B(z) is a smooth function of z.

• B(z) is asymptotically AdS at small z.

• B(z) has a “wall” at large z.

For concrete functional forms of these regularizations in the loss function, see App. A.3.

3.2 Optimization by the data of meson spectrum
In this section, we determine the background of the AdS/QCD model (3.1) by training
our neural network with the dataset of the meson spectrum. We have two numerical
experiments. The first one is a test case to check whether our deep learning can actually
reproduce the soft wall model (3.6) of Ref. [9] from the data which is generated by the
model with (3.6) in advance. We confirm that our architecture can learn the model
successfully. The second numerical experiment is the optimization of the model by deep
learning with the experimental data of the meson spectrum. The machine finds a metric
function A(z) and a dilaton profile Φ(z) which are consistent with the experimental
data. We discuss physical implication of the determined AdS/QCD model.

3.2.1 Reproduction test

Since the implementation of our neural network is totally based on the generic soft
wall model, as a first check of whether our architecture works properly, we perform
a reproduction test of the model of Ref. [9] with (3.6). First, we prepare the mass
spectra calculated by the model with (3.6). Then, using only that set of data, we train
our neural network to find B′(z). Then we compare the function B′(z) which machine
determined, and the function (3.6). If we confirm that they are similar enough, then
we claim that our architecture works and the model of Ref. [9] is reproduced.

For the dataset of m2, we generate a set of real numbers in the range [0, 10). This
range includes the first two levels of the spectrum, since the meson masses calculated
by the model of Ref. [9] is m2

n = 4(n+1) with n = 0, 1, 2, · · · (see Fig. 3(a)). Note that
the widths of the region of the positive data (the blue dots in Fig. 3(a)) are chosen by
hand, which are hyperparameters.

In FIG. 3.4, we show the result of our deep learning with N = 20, ∆z = 0.2,
ϵ = 0.25, and 20 times of the repetition of the training. The result shows that the soft
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(a)

(b)
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Figure 3.3: Visualization of the positive/negative datasets we use. Blue/orange points
represent positive/negative data. The data (a) is for the spectrum m2 of the model of
Ref. [9] used in section 3.2.1, and the data (b) and (c) are for the spectra m/L of the
ρ meson and for a2 meson used in section 3.2.2, respectively.

wall model of Ref. [9] is reproduced well, qualitatively. Although we introduce some
physical regularizations such as the asymptotic AdS condition and the wall condition,
it is worth noted that only a part of the meson spectra is used for training the model.
Hence, we claim that our deep learning architecture works for the meson spectrum as
the input data. And in particular, the AdS/DL paradigm is shown to be helpful to
construct effective AdS/QCD models.

3.2.2 Model determined by experimental data

Finally, we come to the actual aim of the deep learning method: the determination of
the metric/dilaton functions by the experimental data of the meson spectra. We use
the spectra of the ρ meson (S = 1) and the a2 meson (S = 2). Combining the results
of these two, we can obtain Φ(z) and A(z) separately, as shown in (3.7).

The experimental data of the tower of the ρ meson spectrum [24] is given as ρ(770),
ρ(1450), ρ(1700), · · · , and we use only the first two levels, since it is expected by the
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Figure 3.4: The trained result of the reproduction test, B(z). The trained 20 functions
B′(z) (for 20 trainings) are averaged, then discretely integrated over z to get B(z),
plotted with 2σ error bars. Blue curve represents the model of Ref. [9], B(z) = log z+z2

given in (3.6).

analysis of the model of Ref. [9] that the discretization errors are difficult to be han-
dled for higher excitations. As for the a2 meson, a2(1320), a2(1700) are reported as
the established poles [24]. We generate the input data with these values and design
our neural network. (See FIg. 3(b) and Fig. 3(c) for the generated input data, and
TABLE 3.2 for the hyperparameters of the architecture. For details of the hyperpa-
rameters, the initial weights, and the dataset generation, see App. A.2, App. A.4, and
App. A.5, respectively.)

meson ∆z N ϵ mass (GeV) num. of input data
ρ 0.2 20 0.25 0.77, 1.45 pos:2000/neg:2000
a2 0.05 80 0.25 1.32, 1.70 pos:3000/neg:3000

Table 3.2: Hyperparameters and dataset we use. The values of the mass spectra are
taken from Ref. [24].

In the implementation of the dimensionfull quantities (such as the masses) into the
numerical experiment, we normalized everything appearing in (3.4) in the unit of the
AdS radius L. It is actually the unique dimensionfull parameter in the simple AdS/QCD
model (3.1). The input values in Fig. 3(b) and Fig. 3(c) are multiplied by L when they
are used in the training. The value of L can be chosen arbitrarily, and here we choose
it in such a way that the mass of the lowest ρ meson (0.77GeV) is equal to the mass of
the ground state (m2

n = 4(n+1)) of the model of Ref. [9] in the unit of L, for simplicity.
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Figure 3.5: The trained result of B′(z), for (a) ρ meson and for (b) a2 meson. The
training is repeated twenty times and five times, respectively. The average values over
the iteration are plotted. The error bars represent 2σ.

6 This results in L =
√

4/0.772 ∼ 2.6GeV−1 as the unit of length.
We repeat the training of the neural networks with those dataset, twenty times for

the ρ meson and five times for the a2 meson, separately. The network is optimized, and
the emergent B′(z)s are obtained, which are shown in FIG. 3.5.

To obtain the metric and the dilaton, we calculate B(z) by a discretized integration

B(z = n∆z) =
n∑
k=1

B′(k∆z)∆z + C . (3.16)

We set the integration constant C such that B(∆z) = log∆z because B(z) should
behave as an asymptotically AdS spacetime, A(z) ≃ − log z by the assumption. From
this integral we compute the metric profile function A(z) and the dilaton profile function
Φ(z). They are shown in FIG. 3.6 and FIG. 3.7.

The emergent metric A(z) for the near-boundary region 0 < z ≤ 2.0 can be consis-
tently fit with a function

A(z) = − log z + a1(z−0.2) + a2(z−0.2)2 + a3(z−0.2)3 , (3.17)

with a1 = 0.849, a2 = −0.496, and a3 = −0.433. The first term (− log z) is for the
AdS5 spacetime, and the corrections are obtained as above. The fitting Taylor series

6Our neural network given in FIG. 3.2 is constructed based on the equation of motion for the
model of Ref. [9], which includes no dimensionfull quantity, while we confirm this conducts the training
successfully as shown in the reproduction test. To adopt the same architecture for the training with
the hadron data, we normalize the mass spectra by L. The value of L, which we choose so that the
scale of input value is as large as one of reproduction test case, can be also important for the training
to be successful.
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Figure 3.6: (a) Emergent metric function A(z) with the statistical error bars. (b)
Enlarged figure near the boundary, z ∼ 0. The solid line is the fitting function (3.17).
The dashed line is − log(z) which is the AdS spacetime.

for the deviation from the AdS is in the power of (z − 0.2) where z = ∆z = 0.2 is the
location of the initial layer. 7
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Figure 3.7: Emergent dilaton profile. The solid line is a fit (3.18), and the dashed line
is Φ = z2 of the model [9].

The emergent dilaton profile is plotted in Fig. 3.7. The obtained points with the
error bars can be fit well with a linear function,

Φ(z) = ϕ1(z − 0.2) (3.18)
7The IR parts of FIG. 3.2.2 and FIG. 3.7 are not so reliable compared to the UV parts of them,

simply because the meson wave functions are suppressed at the IR region and so less sensitive to the
background metric and the dilaton. The obtained IR behavior could depend on our hyperparameters
and regularization.
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with a constant ϕ1 = 1.43. As one can see in Fig. 3.7, our deep learning has found a
linear dilaton profile, rather than the z2 behavior which was originally anticipated in
Ref. [9]. The linear dilaton is a popular background in string theory as the world sheet
theory is solvable, and it is interesting that it shows up in the machine learning.8

3.2.3 Physical properties of the emergent spacetime

With the optimized emergent metric and dilaton functions, we can even try to make
a prediction. We calculate the mass of the next-higher level excitation of the ρ meson
and the a2 meson. Numerically calculating the eigenvalue of (3.4) with our emergent
B(z), we summarize the result in TABLE 3.3.

Meson Model prediction Experiment
(GeV) (GeV)

ρ 1.52 1.70
a2 2.44 -

Table 3.3: Comparison of the experimentally measured spectra of the third-lowest ex-
citation of ρ and a2 [24], with our prediction from the optimized AdS/QCD model on
the emergent background.

In the middle column of TABLE 3.3, the calculated mass of the third-lowest ex-
citation of each meson is shown. As for the ρ meson, our optimized model predicts
the mass which is compared with the experimental data within 10 percent error. Our
prediction of the a2 meson mass will be confirmed in future experiment, as there is no
established value in experiments at present.

Our prediction accompanies a caution, as our architecture is based on various hyper-
parameters and discretization errors, as well as the fact that we only use the lowest and
the second-lowest meson masses as the training data. A change in widths introduced
in the positive/negative data in FIG. 3.3 may cause unsuccessful trainings. One of the
deficits of deep learning in general is unknown relations between hyperparameters and
generalization, and any prediction is with such a caution. Nevertheless, we find that
our prediction is still reasonable, which is encouraging.

Finally, let us discuss the physical property of the emergent metric (3.17) and the
dilaton (3.18). Using these, we find an effective volume element √

−ge−Φ which is in
8In the context of holographic QCD the exact linearity may cause a problem of continuous glueball

spectra [26]. Since we have not assumed a bulk gravity action which is necessary to argue the glueball
spectra, we leave this issue for our future problem.
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the action (3.1). Since the radial z-dependence of the volume element reflects physical
properties of the geometry, we plot a logarithm of our optimized effective volume ele-
ment 5A−Φ in FIG. 3.8. In the figure, for a comparison, we plot the dashed line which
is 5A− Φ of the model of Ref. [9].

We notice that when z is increased and goes to the infrared, our volume element
gradually deviates in the positive direction once, compared to the AdS spacetime of
Ref. [9]. This can be also seen from the fact that the first correction a1 in (3.17) is
positive, meaning that the AdS spacetime is deformed toward a slower warping. One
possible interpretation is that this is a tendency toward a confining geometry, which
is consistent with that the non-supersymmetric QCD is a confining theory at zero
temperature.

Then, with a further increasing of z, our effective volume element goes below the
AdS line. The resultant bump of the volume element as a function of z resembles
the machine-learned geometry of the AdS/DL model for the lattice data of the QCD
chiral condensate [6], where at the finite temperature the emergent geometry consists
of both the confining wall and the black hole horizon. Our geometry is trained with
experimental meson spectra, while the one in Ref. [6] is with different QCD observables.
Finding a unique geometry consistent with more QCD observables is a challenging
problem.

0.5 1.5
z

-10

-5

5

10

5A -Φ

Figure 3.8: The logarithm of the volume element with the dilaton, log[√−ge−Φ] =

5A− Φ. The dashed line is that of Ref. [9], 5A− Φ = −5 log z − z2.

We would like to make comments to the machine learning calculation. In our work,
we have used only low-lying spectra of hadrons among the vast QCD spectral data,
because of the following three reasons: First, the AdS/QCD approach is expected to be
valid only at the strong coupling limit of QCD, i.e. in the low energy limit, thus only
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low-lying modes of light hadrons can be used with trust; Second, the experimental data
of spectra of the higher excited hadrons may suffer from large decay widths while the
linear AdS/QCD model do not describe the decay; Third, once the data of the higher
modes is included, the training in the machine learning architecture used above does
not work well. It would be interesting to explore a path to accommodate the spectra of
the higher mesons and their decay widths. However, our concern is that the results of
the a2 meson training did not capture the characteristics of the data well: the training
result could largely depend on the regularization imposed on the neural network. Thus,
in this work we have decided to use only the result of the training with the spectrum
of ρ meson, thus only a single B′(z), and we will reveal the profiles of the dilaton field
and the metric by the further study described in following section.
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4 Deriving dilaton potential in improved holographic
QCD I

We present a method to derive the dilaton potential from the QCD observable data. We
use the profiles of the background gravitational fields determined so that the bulk probe
field fluctuation can reproduce the QCD observable data. The profiles are regarded as
a solution of the Einstein equations. This requirement derives the dilaton potential
backwards. As for the gravitational field profiles determined from the data, we can use
the results using machine learning [15]. It is important that the dilaton potential can
be derived in a data-driven manner.

In the machine learning calculation [15], the zero-temperature holographic model is
characterized by two background fields, the metric and dilaton fields, and their prop-
erties are determined by the consistency with the meson spectrum. The line element is
parametrized as

ds2 = e2A(z)
(
dz2 + ηµνdx

µdxν
)
. (4.1)

In this soft wall model, a useful combination of A(z) and the dilaton field Φ(z) is

B(z) ≡ Φ(z)− A(z). (4.2)

The vector meson spectrum is calculated by solving the equation of motion of a bulk
probe massless vector field. Therefore, determining the optimized model for given meson
spectra is a kind of inverse problems, and thus algorithms based on neural networks
are useful with spectral data as their input. Once the vector field equation is written
down in a discrete form, one can translate the components of the equation into the
components of the neural network, especially the background fields into the network
weights [5]. Here the weight is a quantity that can be optimized in training the neural
network. In the present case, because the vector field equation includes the background
fields only in the form of B′(z), this B′(z) is identified to weights. As a result of the
machine learning with the ρ meson spectrum as the training data, the explicit profile
of B′(z) is determined [15].

The purpose of this section is to derive a dilaton potential by this B′(z) profile.
The method is as follows. First, we write down the equations of motion including the
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dilaton potential. Since we are assuming a zero-temperature system as the spacetime,
the gravitational field has only one degree of freedom. Together with the dilaton’s
degree of freedom, the Einstein-dilaton system has two degrees of freedom, so we can
obtain two independent equations of motion. Since the dilaton potential is undecided,
we first need to eliminate it from these two equations. Then we use the B′(z) profile
to reduce that equation to that of the dilaton only and solve it to obtain Φ(z). We
substitute it into the equation including the potential, and finally derive the dilaton
potential V (Φ).

At the end of this section, we investigate the physics described by the derived
Einstein-dilaton system in the following two perspectives: the asymptotic form of the
obtained potential and the holographic Wilson loop that can be calculated from the
derived model.

4.1 Derivation of dilaton potential
We are going to study an Einstein-dilaton system in the five-dimensional spacetime with
an undetermined dilaton potential. In this section, we determine the dilaton potential
V (Φ) so that the B′(z) profile given by the data of hadron spectra is a solution of
the Einstein equations. In addition, we would like to investigate the IR asymptotic
behavior of the dilaton potential in comparison to the standard IHQCD potential. We
also find that the resultant metric function indicates that the QCD confinement can be
described by the derived holographic model.

In a minimal approach of IHQCD, one starts with a five-dimensional Einstein-
Hilbert action accompanying a dilaton sector. This includes a five-dimensional metric
gMN , which is dual to the stress tensor operator in QCD, and the dilaton field Φ, which
is associated with the gluon composite operator. The Einstein frame action is

S = c

∫
d5x

√
g
(
R− 4

3
gMN∂MΦ∂NΦ + V (Φ)

)
. (4.3)

The overall constant c is the gravitational constant which is irrelevant in our work. In
the standard holographic model building, the dilaton potential V (Φ) is provided so that
the resultant system or the geometry reproduces known properties in QCD. Specifically,
the behavior of the potential at a large Φ region is known to be important to reproduce
the Regge behavior of the glueball spectrum. According to [26, 27], when Φ is large
V (Φ) should take the form up to an overall factor
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V (Φ) ∼ e2QΦΦP (4.4)

with P = 1/2 and Q = 2/3.
We assume a five-dimensional asymptotically AdS spacetime as in the standard

AdS/QCD approach. Since we are going to explore the system whose solution is a
given explicit function B(z) in (4.2), we should use the same gauge as that used in [15]:

ds2 = e2A(z)−
4
3
Φ(z)
(
dz2 + ηµνdx

µdxν
)
. (4.5)

Note that this is the Einstein frame metric, equal to string frame metric (4.5) times
e−4Φ/3. The coordinate z is the direction transverse to the spacetime of the boundary,
and everything is made dimensionless in the unit of the AdS radius L. As for the
warp factor A(z), we shall impose the following two conditions according to [15]. First,
the UV cutoff is put at z = zc ≡ 0.2 then the bulk region is restricted to z ≥ zc

in the following calculations. Second, as the asymptotic AdS condition, we shall set
A(z) = − log z at z = zc.

In the gauge (4.5), the Einstein equations for (4.3) consist of two independent equa-
tions:

 6A′′ + 6A′2 − 8A′Φ′ − 4Φ′′ + 4Φ′2 − e2A−
4
3
ΦV = 0

12A′2 − 16A′Φ′ + 4Φ′2 − e2A−
4
3
ΦV = 0.

(4.6)

Here we use primes to denote a derivative with respect to z. We should notice that
one can derive one more equation of motion by variation of the action with respect to
Φ, though it turns out to be unnecessary because it is not independent. Note that we
have only two degrees of freedom in the present model due to the metric assumption of
(4.5).

Our goal is to find a dilaton potential V as a function of Φ. For some given configu-
ration of A or Φ, one might determine the dilaton potential as a functional of Φ. In our
case, since we have the numerical information about B′(z), we compute the potential
V (z) numerically and investigate the dependence on Φ by drawing V against Φ with z
treated as a parameter.
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p 0 1 2 3 4 5
ap 8.702 -22.928 24.504 -9.726 1.670 -0.102

Table 4.1: List of coefficients for the polynomials in (4.7)

More precisely the numerical information is the value of B′(z) ≡ Φ′(z) − A′(z) at
each discrete point on the z axis. In order to proceed, we fit those values to a smooth
function. The simplest choice is a polynomial. The fifth order polynomial fits those
values well,

B′(z) =
5∑
p=0

apz
p (4.7)

with the coefficients shown in TAB. 4.1.
Eliminating the unknown potential V from (4.6) and using (4.2), we obtain a dif-

ferential equation for the dilaton field:

Φ′′ = −Φ′2 − 2B′Φ′ + 3B′2 + 3B′′. (4.8)

Since this is a non-linear equation, we carry out a numerical method for solving this
equation. Here we simply integrate the equation step by step from the UV cutoff. The
initial condition for Φ′ should be Φ′(zc) = 0 because it was employed in [15]. On the
other hand, the initial condition for Φ is arbitrary. So, we name Φc ≡ Φ(zc) and treat
it as a free parameter below.9

We would like to mention how we calculate B = Φ − A. Obviously B can be
obtained by integrating B′(z), but a subtle point is its integration constant. To ensure
B(zc) = Φ(zc)− A(zc), we define B(z) as

B(z) ≡
∫ z

zc

B′(z̃)dz̃ + Φc + log(zc), (4.9)

where A(zc) is set to − log(zc) by the asymptotic AdS condition.
9In the standard IHQCD the dilaton goes to minus infinity (λ = eΦ → 0) at the UV boundary

while we introduce the UV cutoff at z = zc. To get the precise UV behavior we must investigate B(z)

more rigorously.
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Finally, we evaluate the dilaton potential. From (4.6) and B′(z) = Φ′(z) − A′(z),
the potential can be written as follows:

V = 4e−
2
3
Φ+2B

(
−2B′Φ′ + 3B′2). (4.10)

Combining this with (4.7) and Φ(z) obtained from (4.8) leads to find V (z). Then, by
plotting V against Φ with z being a parameter, we finally obtain V (Φ). Its plot is
shown in FIG. 4.1.

Potential fitting for the comparison between our obtained potential and various
AdS/QCD models, here we provide a smooth analytic fitting the whole obtained plot.
To make the fitting independent of Φc, we use

Ṽ ≡ e−4Φc/3V, X ≡ Φ− Φc. (4.11)

Obviously, Ṽ (X) = V (Φ) for Φc = 0 which is used in FIG. 4.1. Since we see that the
growth of the obtained potential is mostly linear in the log plot, we can approximate its
behavior with an exponential function. One candidate which can simultaneously also
fit the part close to X = 0 is

Ṽ = 12 cosh (γX). (4.12)

and the best-fit value of the parameter is γ = 1.433. Interestingly, such a dilaton
potential was used in [29] which provide the prediction to QCD quantities from an
Einstein-dilaton system. 10

Let us compare the derived potential with the one used in the IHQCD, (4.4). We
shall perform a non-linear regression of V (Φ) with (4.4) and evaluate the values of

10As pointed out in [29], when one chooses the single hyperbolic cosine potential and considers the
propagation of the dilaton field, γ is bounded by the Breitenlohner-Freedman (BF) bound [30, 31]
because the dilaton mass depends only on γ. Unfortunately, for our best-fit value of γ in the case of
(4.12), the dilaton mass breaks the bound. This motivates us to incorporate additional terms to avoid
this problem, and one of the possible modifications is

Ṽ = 12 cosh (1.430X)− 16.778 X2 + 5.943 X4. (4.13)

This also fits our numerical data well, while satisfies the BF bound.
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Figure 4.1: Plot of V (Φ) in a log scale. The dashed line and dotted line represents
(4.12) and (4.13) individually. One can see that the exponential dependence on Φ is
dominant at large Φ.

(P,Q). The subtle point is that V (Φ) has an ambiguity coming from Φc. When Φc

changes V (Φ) varies by some overall constant. Due to this ambiguity, the values of
(P,Q) depend on Φc. So we calculate (P,Q) for various initial values. The result
when fitting V to (4.4) in the range 1.4 ≤ z ≤ 2 is shown in FIG. 4.2.11 There are
200 points representing the values (P,Q) with 200 independent Φc’s. This plot shows
there exists a pair of (P,Q) which almost equals (1/2, 2/3). The point is located at
P = 0.50, Q = 0.67 and the corresponding value of Φc is -1.43.

Before ending this section, we study in detail the metric of the obtained model. In
the way to calculate the dilaton potential, we have solved Einstein equation (4.3) with
respect to the dilaton field. So now we are ready to find the spacetime metric itself
instead of the combination B(z). One can compute it by substituting the solution Φ(z)

of (4.8) into the definition of B(z). The result for Φc = 0 is shown in FIG. 4.3.
It is remarkable that the string frame metric has a valley. As is well known, such

a metric profile gives a confinement potential of the holographic Wilson loop [32, 33],
and we shall study the Wilson loop in the next section. On the other hand, the Ein-
stein frame metric does not have such a minimum. So the minimum is due to the
dilaton field. Interestingly, this Einstein frame metric qualitatively matches that of the
pure AdS metric. This result shows that the strange valley seen in the metric can be
gravitationally consistent, as the phenomenon due to the frame difference.

11Having chosen this region is because 1) Φ needs to be large enough and 2) the deep learning result
is reliable.
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Figure 4.2: The values of (P,Q). We use 200 initial values which divide [-2,0] into
equal intervals. Each blue point corresponds to the result of regression with each of the
initial values. As the initial value grows, P tends to increase and Q decreases.

For any future use of our numerical results, we express the numerically obtained
metric as a continuous function. Because we assume that the metric becomes the pure
AdS spacetime at z → 0, we fit the plot with a function including a 1/z2 term. As
we compared our potential with IHQCD potential, we focus on the region z < 2. One
example of our fit results is

gzz(z) =
1

z2
+ 1.917z2. (4.14)

This appears to approximate well the valley around the bottom z ∼ 1.

4.2 Holographic Wilson loop
Once the dilaton potential in the IHQCD action is determined, one can perform holo-
graphic calculation of some QCD quantities from the action. In this section we calculate
a holographic Wilson loop [32, 33] for the bulk spacetime metric in FIG. 4.3.

Let us consider a static fundamental string which hangs down from the boundary
of the spacetime and lies in the bulk. Defining z0 as the deepest point of the string in
the direction of z, the quark-antiquark potential E and the quark-antiquark distance d
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Figure 4.3: The metric obtained by solving (4.6) for our given B(z). The
string frame metric means exp(2A(z)) and the Einstein frame metric corresponds to
exp
(
2A(z)− 4

3
Φ(z)

)
. In this figure Φc is set to 0 just to make it easier to compare

them. The dashed line represents (4.14).

are computed by the following integrals:

2πα′E(z0) = 2

∫ z0

0

gzz(z)

(√
gzz(z)2

gzz(z)2 − gzz(z0)2
− 1

)
dz

− 2

∫ ∞

z0

gzz(z)dz, (4.15)

d(z0) = 2

∫ z0

0

√
gzz(z0)2

gzz(z)2 − gzz(z0)2
dz. (4.16)

Here α′ is the Regge slope parameter, and the gauge (4.1) is assumed. After eliminating
z0 from these two integrals, one can finally obtain E(d), the quark potential.

The result for the determined holographic model FIG. 4.3 is shown in FIG. 4.4. The
linear behavior appears, as is expected from the shape of the string frame metric in
FIG. 4.3. The dashed line illustrates that the long-range part of calculated potential
is almost linear.12 We observe that the bulk reconstructed from the ρ meson spectrum
describes the quark confinement.

Subsequently let us investigate the nonlinear part. To this end, we subtract the
linear part from E(d) and fit the remaining, defined as Ẽ(d), by three kinds of simple

12To evaluate the gradient of this part is interesting because it is interpreted as a QCD string tension
in the context of the sting flux tube model of hadrons, but this is out of the scope of this paper due
to the unknown constant α′.
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functions. The best-fit results of each function are shown in FIG.4.5 along with Ẽ(d).
We employ 1/d, 1/dσ, exp(σd) as the model functions, among which the last one is found
to be the best to approximate the nonlinear behavior.13

Regarding the nonlinear part of the generic quark potential at large d, it is known
that the leading correction following the linear part is order 1/d, which is referred to
as the Lüscher term [35]. This behavior has been checked with the quark potential
computed in lattice simulation [36]. 14 In contrast, our result does not show the
dependence of 1/d as seen in FIG. 4.5. This is still fine because the Lüscher term
is provided by a quantum fluctuation of the probe flux QCD string and thus of a
fundamental string in the holographic perspective [39] while we treat the probe string
with no fluctuation so far. In this sense Lüscher term should not appear in our study,
and our result is consistent with QCD.

Figure 4.4: Quark-antiquark potential 2πα′E(d) calculated with the string frame
metric in FIG. 4.3. Horizontal axis d is measured in the unit of the AdS radius L =

0.51[fm][15].

13The exponential suppression coincides with the result reported in the popular top-down models
[34] where other behavior was also studied.

14Early results in the comparison between the lattice result and the AdS/QCD model approach
without quantum fluctuation are found in [37, 38].
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Figure 4.5: E(d) is plotted with its linear contribution subtracted (blue points). We
fit it by ξ1/d (solid line), ξ2/dσ2 (dotted) and ξ3 exp(σ3d) (dashed) where ξi and σi are
fitting parameters.
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5 Deriving dilaton potential in improved holographic
QCD II

In this section, we study the non-zero temperature case to see whether this data-driven
modeling of machine-learning holographic QCD works in more generic situations. We
find the dilaton potential of the bulk action, for the metric found in [6]. This metric is
holographically consistent with the lattice QCD data of chiral condensate as a function
of the quark mass. The solver is the neural ordinary differential equations (neural
ODE) [40], a machine learning technology suitable for continuous systems rather than
discretized systems. The gravity equations at non-zero temperature has less symmetries:
the metric has two independent components to be determined (on the other hand,
the zero-temperature metric has only one component to be determined). Thus, the
determination of the bulk action by its solution is even more nontrivial. We completely
demonstrate that it is possible, and derive the dilaton potential in the bulk, only by
using the explicit form of the metric solution.

With the obtained bulk action, we can compute the Wilson loop as a prediction of
the holographic model. The model predicts that the string breaking distance at the
temperature T = 208 [MeV] is dcW ∼ 0.5 [fm]. This prediction turns out to be consis-
tent with various lattice QCD simulation results, which shows a nontrivial consistency
and the predictive power of the machine-learning holographic model and the AdS/DL
correspondence.

The organization of this section is as follows. In section 5.1, we briefly review the
results obtained in [6] for finding the metric from the chiral condensate data. We rerun
the neural ODE with the metric ansatz dedicated to the improved holographic QCD. In
section 5.2 we use the metric to derive the dilaton potential. We analyze the asymptotic
behavior of the dilaton potential. In section 5.3 we calculate the holographic Wilson
loop of the machine-learned model for our prediction and find that it agrees with various
other lattice QCD results. Related to this section, Appendix A.6 is dedicated for the
neural ODE training details, and Appendix 5.4 is for the symmetric property of the
fields in our model.

5.1 New results for emergent metric in AdS/DL
The bulk geometry of the holographic QCD describing the dual of the chiral condensate
was obtained numerically in [6] by the use of the machine learning. The scheme was
based on the AdS/DL correspondence [5]. This was refined in [41] in which, instead
of using deep neural networks composed of piles of layers, the neural ODE [40] was
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employed which enabled the use of continuous layers, i.e. continuous bulk geometries
in the AdS/CFT.

In this section, we report new results which improve the bulk geometries previously
obtained in [41]. The major improvement is about the following three respects.

The first improvement is about the spatial range of the bulk geometry. Originally
in [41] the reconstructed geometry by the neural ODE was in the range 0.1 ≤ η ≤ 1 in
the unit L = 1 where L is the AdS radius, and here we extend the range to the region
0.01 ≤ η ≤ 1. With this, the region near the horizon of the black hole in the bulk
geometry is better approximated, as the black hole horizon sits at η = 0.

The second improvement is about the prior knowledge about the metric function.
The neural ODE uses a functional ansatz for the neural network weights which are bulk
metric function h(η) in our case. Here h(η) is defined as, introducing a dilaton Φ,

h(η) ≡ ∂η log
(√

fg3e−Φ
)
, (5.1)

in terms of a bulk metric in the string frame

ds2sf = −f(η)dt2 + dη2 + g(η)ds2R3 , (5.2)

with the 3-D flat space metric ds2R3 . The metric (5.2) is assumed to interpolate AdS
vacuum in the limit of η = ∞ with the AdS radius L,

lim
η→∞

∂η log f(η) = lim
η→∞

∂η log g(η) =
2

L
(5.3)

and the black hole (BH) horizon fixed at η = 0 as

lim
η→0

η ∂η log f(η) = 2, lim
η→0

∂η log g(η) = 0. (5.4)

As for the machine learning applied to the emergent metric, we employ the following
ansatz for h(η),

h(η) = hnODE(η) ≡ 1

η
+ b1η + b3η

3 + b5η
5. (5.5)

The first term is the singularity due to the black hole horizon, which is determined
automatically for generic horizons with non-zero temperature. The remaining terms
give our ansatz for the bulk geometry, where b1, b3 and b5 are the coefficients which are
trained in the neural ODE. Note that here we have only terms with odd powers in η,
while in the work [41] all possible powers in the Taylor expansion were included. The
reason of the current restriction of the powers is that in the Einstein dilaton system only
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mq[GeV] ⟨q̄q⟩[(GeV)3]

0.00067 0.0063
0.0013 0.012
0.0027 0.021
0.0054 0.038
0.011 0.068
0.022 0.10

Table 5.1: Chiral condensate as a function of quark mass [42], at the temperature
T = 0.208 [GeV], converted to physical units [6].

Trial L [GeV−1] λ b1 b3 b5

#1 3.660 0.004868 −3.449 6.517 −1.242

#2 3.613 0.005587 −3.317 6.478 −1.547

Table 5.2: Trained results by the neural ODE.

the odd powers are allowed since the system has a certain Z2 parity. See Appendix 5.4
for the derivation of the restriction.

The third improvement is on the regularization. We select the form of the regular-
ization suitable for the Einstein-dilaton system, see Appendix A.6 for the details.

With these three improvements, we recapitulate the procedures provided in [41] to
obtain the metric. Table 5.1 is the lattice QCD data which we use as the training
data. It is the data of the chiral condensate ⟨q̄q⟩[(GeV)3] as a function of the quark
mass mq[GeV] at the temperature T = 0.208 GeV, obtained by the RBC-Bielefeld
collaboration [42]. The network architecture and the holographic model are exactly
the same as that of [41], except for the improvement described above. In Table 5.2 we
list two successfully trained results of the neural ODE. The trained metric function is
quite close to what was obtained previously in [41, 6]. Note that for each of these trials
in Table 5.2 we slightly vary the value of the regularization coefficients, therefore the
difference among the trials is not the statistical error.15

In the following, we are going to use the trained metric (5.5) with the coefficients
given in Table 5.2, for the derivation of the dilaton potential in the dilaton-Einstein
system in the holographic QCD.

15For the definition of the regularization and the details of the neural network architecture, see
Appendix A.6.
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5.2 Emergence of dilaton potential
In this section, we determine all the components of the metric and the dilaton potential
from the metric combination h(η) defined in (5.1) whose explicit form was provided by
the lattice data of the chiral condensate by the neural ODE in the previous section.

We shall determine the metric components such that these boundary conditions are
satisfied for the consistency of the AdS/CFT correspondence.

5.2.1 Einstein-Dilaton model

Continuing from the previous section, we consider the five-dimensional Einstein-dilaton
model

S5 =
1

2κ5

∫
d5x

√
−g
(
R− 4

3
(∂Φ)2 + VD(Φ)

)
, (5.6)

with an unknown dilaton potential VD(Φ)16 which is assumed to be smooth. The metric
(5.2) and the dilaton are supposed to be produced as a solution of this system. In the
following, let us consider how to determine the explicit dilaton potential VD(Φ) with
which the equations of motion of (5.6) is solved with the emergent h(η).

The introduced dilaton field Φ satisfies the boundary conditions

lim
η→0

Φ = Φ0, lim
η→∞

Φ = Φ∞ ≡ 0, (5.7)

with a certain positive-definite value Φ0. In addition, Φ(η) is expected to be a mono-
tonically decreasing function,17

∂ηΦ(η) < 0 for η > 0, (5.8)

and thus, there is a one-to-one mapping between the coordinate η and dilaton Φ: η ∈
R≥0 ↔ Φ = Φ(η) ∈ (0,Φ0] as usually is in the AdS/CFT correspondence.

Let us derive the equations of motion of the system. Due to the existence of dilaton,
we need to distinguish the metric in the string frame and that in the Einstein frame.
We parameterize the metric in the Einstein frame as

ds2Ef = −fEfdt2 + ρ(η)2dη2 + gEfdxmdx
m, (5.9)

fEf = fe−
4
3
Φ = exp

(
1

2
(ψ(η) + 3χ(η))

)
, (5.10)

gEf = ge−
4
3
Φ = exp

(
1

2
(ψ(η)− χ(η))

)
. (5.11)

16Note that the sign of the potential is reversed from the normal one here so that VD will be positive
almost everywhere. This follows the convention of previous studies.

17We guess that any oscillating Φ(η) background implies instability of the system against large
fluctuations of Φ and must be prohibited.
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Two metrics (5.2), (5.9) are related via a Weyl transformation, ds2Ef = e−
4
3
Φds2sf . Then

we find that the equations of motion for ψ, χ, Φ and ρ result in, respectively,

0 =2∂ηv + v2 + w2 +
4

3
∂ηΦ v +

16

9
(∂ηΦ)

2 − 4

3
VDe

− 4
3
Φ, (5.12)

0 = ∂ηw + vw +
2

3
∂ηΦw, (5.13)

0 = ∂2ηΦ + v ∂ηΦ +
2

3
(∂ηΦ)

2 +
3

8

∂VD
∂Φ

e−
4
3
Φ, (5.14)

0 = e
4
3
Φ

(
−3

4
v2 +

3

4
w2 +

4

3
(∂ηΦ)

2

)
+ VD, (5.15)

where we introduced v ≡ ∂ηψ,w ≡ ∂ηχ, and chose a gauge ρ = e−
2
3
Φ. The reason

for the field redefinition (5.10) and (5.11) is that the resultant equations of motion are
simpler and diagonalized.

We note here that the four equations of motion are not independent. In fact, one
of them can be derived from the other three. Below, we briefly discuss the reason for
that. Instead of introducing Eq.(5.9), let us write the metric in the Einstein frame as

ds2Ef = −fEfdt2 + ρ2dξ2 + gEfdxmdx
m, (5.16)

where an introduced coordinate ξ is related to η with a certain one-to-one mapping,
satisfying

dξ = ρ−1e−
2
3
Φdη. (5.17)

By substituting metric (5.16) to anction (5.6) and omitting surface terms, we obtain
the following reduced action per unit four-dimensional volume

Srd =

∫
dξ eψ

{
−1

ρ
K + ρVD

}
, (5.18)

K = −3

4
(∂ξψ)

2 +
3

4
(∂ξχ)

2 +
4

3
(∂ξΦ)

2. (5.19)

Here ρ is regarded as an einbein of this one-dimensional model and e.o.m of ρ gives

0 =
δSrd

δρ
=

1

ρ2
K + VD, (5.20)

which is usually regarded as a constraint. By taking this constraint into account,
an arbitrary solution of e.o.ms of this reduced model automatically satisfies those for
the original five-dimensional model.18 General coordinate transformation invariance

18Thanks to symmetries which the ansatz posses, all components of the Einstein equation can be
written by linear combinations of those for the reduced action as

δS5

δgtt
∝ δSrd

δfEf
,

δS5

δgηη
∝ 1

2ρ

δSrd

δρ
,

δS5

δgmn
∝ δmn

3

δSrd

δgEf
. (5.21)
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guarantees the following identity

ρ ∂ξ

(
δSrd

δρ

)
=

∑
X=ψ,χ,Φ

∂ξX
δSrd

δX
. (5.22)

Therefore, for nontrivial configurations, one of three equations for ψ, χ,Φ is automati-
cally satisfied if the others and the constraint are solved.

Let us obtain the consistent and independent set of equations of motion. By elimi-
nating the potential VD from Eq.(5.12) using Eq.(5.15), we obtain a simpler equation

0 = ∂ηv + w2 +
2

3
∂ηΦv +

16

9
(∂ηΦ)

2. (5.23)

We can choose Eqs.(5.15), (5.13) and (5.23) as independent equations, and if all of them
are solved, Eq.(5.14) is automatically solved as is mentioned above.

In order to solve the three equations systematically, we massage the set of equations
further. Since the potential VD appears only in Eq.(5.15) within those three equations,
Eq.(5.15) can be regarded as an equation which implicitly determines the unknown VD
if the one-to-one mapping (5.8) holds. Since h(η) defined in Eq.(5.1) is calculated in
terms of v(η) as

h(η) = v(η) +
5

3
∂ηΦ(η), (5.24)

using this h(η), ∂ηΦ(η) in Eqs.(5.13) and (5.23) can be eliminated and we obtain

0 =∂ηv + w2 +
6

25
(v − h)

(
v − 8

3
h

)
, (5.25)

0 =∂ηw +
1

5
(3v + 2h)w. (5.26)

When a metric function h(η) is given, therefore, these two equations are used to de-
termine the two functions v(η), w(η). The field v and w need to satisfy the boundary
conditions

lim
η→0

ηv = 1, lim
η→0

ηw = 1, (5.27)

lim
η→∞

v =
4

L
, lim

η→∞
w = 0. (5.28)

Thus, in summary, our strategy to derive the dilaton potential is as follows. The
input is the function h(η) which the neural ODE determined explicitly. First, we solve
Eqs.(5.25) and (5.26) under the boundary conditions (5.27) and (5.28), then second,
we obtain Φ(η) by integrating Eq.(5.24), and finally we obtain the dilaton potential VD
by using Eq.(5.15).
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As a side remark, note that if we set Φ(η) = Φ0 = 0, the system reduces to one for
the pure Einstein gravity and the exact solution for v, w is given by, with VD = 12/L2,

v(η) = vE(η) ≡
4

L
coth

4η

L
, (5.29)

w(η) = wE(η) ≡
4

L
csch

4η

L
. (5.30)

In this paper Φ(η) takes a non-trivial configuration with Φ0 > 0.

5.2.2 Asymptotics and extrapolation of h(η)

In section5.1, hnODE(η) was numerically determined but it covers the limited region
0.01 < η < 1 and it is technically hard to extend this region, whereas a solution of
v, w may critically depend on the boundary conditions (5.27) and (5.28). Therefore, we
have to seriously consider an asymptotic behavior of h(η) and need to extrapolate the
trained h(η) with using an appropriate extrapolation function. In this subsection, we
study the asymptotic regions of the spacetime: η ∼ 0 and η ∼ ∞.

5.2.3 Near horizon behavior at η ∼ 0

Focusing only on the mathematical aspects of this system of equations for v, w, the
function h can be arbitrarily imputed there, but as discussed bellow, some reasonable
accompanying assumptions lead to several properties that the function must have.

At first, by assuming the smoothness of VD(Φ) around the point Φ = Φ0 corre-
sponding to the horizon η = 0 we can consider (Laurent series) expansions of v, w and
h around η = 0 and define Z2 parities of those functions. All of the equations and the
boundary conditions allow us to set v(η), w(η) and ∂ηΦ(η) to all odd functions, and
in fact, it can be shown that they must be so. See Appendix.5.4. That is, they are
expanded as

v(η) =
1

η
+

∞∑
n=1

a(v)n η2n−1, w(η) =
1

η
+

∞∑
n=1

a(w)n η2n−1,

Φ(η) =Φ0 +
∞∑
n=1

a(Φ)
n η2n, (5.31)

and especially, h(η) must be expanded as

h(η) =
1

η
+

∞∑
n=1

b2n−1η
2n−1, (5.32)
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as we have already used in Eq.(5.5).19 Using the equations of motion, their first terms
are related with each other as

a
(v)
1 = 2ch + c̃h, a

(w)
1 = −ch + c̃h,

a
(Φ)
1 = −9

4
c̃h, b1 = 2ch −

13

2
c̃h, (5.34)

where ch and c̃h are defined as

ch =
2

9
VD(Φ0)e

− 4
3
Φ0 ,

c̃h =
1

24

∂VD
∂Φ

(Φ0)e
− 4

3
Φ0 . (5.35)

This means that if the functional forms of VD(Φ) had been given, the coefficients would
have been controlled only by the initial value Φ0 without introducing any other free
parameters. However, we are going backwards: we solve the equations of motion for
the given h(η) and derive VD. In the following subsection, what we will do technically
is to solve the Eqs.(5.25) and (5.26) by a numerical shooting with varying ch. Another
parameter c̃h will be determined automatically by the last equation in Eq.(5.34).

5.2.4 Asymptotic AdS behavior at η ∼ ∞

Next, let us look at the asymptotic AdS region of the spacetime. The neural ODE
provides h(η) only in the region η < L, thus we need to find an appropriate extrapolation
function of h(η) for the region η > L. For this, we study the analytic behavior of the
fields in the asymptotic AdS region.

The assumption of the AdS vacuum in the limit of η = ∞ requires that the potential
VD behaves around the origin Φ = 0 as

VD(0) =
12

L2
,

∂VD
∂Φ

(0) = 0. (5.36)

19If we expect the potential to behave as VD ∼ Λe2QΦΦP for large Φ with certain constants Q,P

and Λ, and the value Φ0 is also sufficiently large like O(10) even in the finite temperature, then b1 is
also expected to be

b1 ∼ −13

24

(
Q− 32

39
+

P

2Φ0

)
Λe2(Q− 2

3 )Φ0ΦP
0 . (5.33)

According to [], they have been predicted Q = 2/3, P = 1/2 and thus, this prediction indicates b1 > 0,
whereas its magnitude is smaller than O(10) with using Λ = O(10). On the other hand, if Q ∼ 2

√
2/3,

b1 should take a negative value of much larger magnitude. Thus, the sign of b1 has a lot to do with
our expectations.
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Here, we just assume20 that the dilaton mass mΦ around the vacuum satisfies

m2
Φ ≡ −3

8

∂2VD
∂Φ2

(0) > 0. (5.37)

Around this vacuum, Φ and w behave as

Φ ∼ c+Φ e
−p+η, w ∼ cw

L
e−4 η

L , (5.38)

and then, v behaves as

v ∼ 4

L
− 8c+Φ

3L
e−p+η +

c2w
8L
e−8 η

L , (5.39)

with constants c+Φ, cw. Here p+ is given by

p± ≡ 1

L

(
2±

√
4 +m2

ΦL
2

)
∈ R. (5.40)

Therefore, h(η) obtained in Eq.(5.24) must behave as

h(η) ∼ hex(η) ≡ 4

L

(
1−Bhe

−pη) (5.41)

with certain constants21 Bh, p. Under the assumption of m2
Φ ≥ 0, p is given as p =

min{p+, 8/L} and takes a value in the narrow region22

4

L
< p ≤ 8

L
. (5.44)

After these analytical observations, we find that it is natural to extrapolate the
trained h(η) = hnODE(η) in Eq.(5.5) to a region for large η by using hex(η) given in

20Note that the BF bound m2
Φ ≥ −4/L2 for the stability of the AdS vacuum is weaker than this con-

dition. Intuitively, if 0 ≥ m2
Φ ≥ −4/L2, then long-range interaction by dilaton distorts the asymptotic

AdS spacetime to the extent that it becomes an obstacle for training h(η).
21The coefficient Bh controls the whole functional form of h(η). In fact, when h(η) has a valley in

its profile, Bh must be positive. This is realized when m2
Φ is not so large,

Bh =
8 + 5p+L

12
c+Φ > 0, for 0 < m2

Φ <
32

L2
, (5.42)

because the assumption (5.8) requires c+Φ > 0. On the other hand, for m2
Φ > 32/L2, Bh is negative as

Bh = −c2w/32 < 0 with p = 8/L.
22If we consider the case with 0 > m2

Φ ≥ −4/L2, p is given by p = p− and thus satisfies

0 < p ≤ 2

L
, (5.43)

since Φ behaves as Φ ∼ c−Φe
−p−η. In this case, there are technical difficulties to train the function h(η)

from the data in Table 5.1.
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Trial p Bh

#1 7.582 575.5

#2 5.330 71.51

Table 5.3: The values of (p,Bh) determined to be smoothly connected to the neural
ODE results.

Eq.(5.41) as

h(η) =

{
hnODE(η) for η < 1

hex(η) for η ≥ 1
(5.45)

in the unit L = 1, where two parameters p,Bh are set by requiring the smoothness of
h(η) at η = 1 as

hnODE(1) = hex(1), ∂ηh
nODE(1) = ∂ηh

ex(1). (5.46)

Note that we have to check if p satisfies 4 < p ≤ 8. In fact, many trained hnODE(η)

with poor initial conditions have violated this with deriving too large p and been re-
jected. Therefore we need to include regularizations for the neural ODE training, see
Appendix.A.6. Finally, with hnODE(η) given in Table 5.2, we obtain reasonable data
for hex(η). We list it in Table 5.3.

We show the profiles of h(η) for trial #1 and trial #2 as thick solid lines in Fig.5.1.
One can see that there appears a deep valley in its profile. On the other hand, in
the Einstein gravity case, hE is explicitly given as h(η) = hE(η) ≡ vE(η) with vE(η)

in Eq.(5.29), and is also plotted in Fig.5.1 where there is no valley in this case. The
resulting h(η) with the neural ODE is, therefore, qualitatively different from that in
the Einstein gravity case.

5.2.5 Deriving VD(Φ) from h(η)

Here we are ready to calculate the unknown potential VD(Φ) numerically from the
trained h(η) with the extrapolation (5.45). This needs a numerical integration of the
equations of motion by the shooting method regarding the unknown coefficient ch, as
is explained below.

Let us solve Eqs.(5.25) and (5.26) with this given h(η) to obtain v(η), w(η) for
η ∈ [ηir, ηuv] in the unit L = 1. To be more precise, we take ηir = 10−5 as a near-horizon
cut-off and ηuv = 5 as the asymptotic AdS cut-off, and apply the shooting method by
integrating the equations from η = ηir to η = ηuv. At η = ηir, according to Eq.(5.34),
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h=hE with Φ=0

neural ODE trial #1

neural ODE trial #2

0.0 0.5 1.0 1.5 2.0
η

2

4

6

8
h(η)

Figure 5.1: Fully extrapolated profiles of h(η). Trial #1 and trial #2 are shown, in
the unit L = 1. Differences between trial #1 and trial #2 become apparent in areas
where the extrapolations have been used. The pure Einstein gravity case hE(η), shown
with the dashed line, has no valley.

we take the initial values of v, w as

v(ηir) =
1
ηir

+ 1
13
(30ch − 2b1) ηir, (5.47)

w(ηir) =
1
ηir

− 1
13
(9ch + 2b1) ηir, (5.48)

where b1 is a given parameter appearing in the expansion of h(η) and ch is regarded as a
free parameter since its value is unknown. After integrating the differential equations,
for large η with h ∼ 4, the value v = h ∼ 4 turns out to be a saddle point since
Eq.(5.25) reduces to be ∂ηv ∼ 8

5
(v − 4), whereas w ∼ 0 is automatically satisfied since

w = 0 is an attractor as long as 3v + 2h > 0. Therefore we must adjust the value of ch
precisely so that v can satisfy

v(ηuv) = h(ηuv) ∼ 4. (5.49)

This is the numerical shooting. We start with some O(1) value of ch and start vary-
ing the value until the equation v(ηuv) = 4 is attained. The procedure determines
v(η), w(η) numerically as plotted in Fig.5.2. These two v, w are positive definite.23

23From Eqs.(5.23) and (5.13) and the boundary conditions (5.28), inequalities can be derived as

v >
4

L
e−

2
3Φ, w > 0. (5.50)
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The numerically searched value of ch is

ch =

{
3.373 (Trial #1)
3.135 (Tiral #2).

(5.51)

vE=hE

wE

h

v

w

0 1 2 3 4 5
η

2

4

6

8

v,w

Figure 5.2: Figures of the functions v, w determined by the integration, for trial #2.

After this procedure, thus, we can calculate the value of dilaton by using Eq.(5.24)
,

Φ(η) =
3

5

∫ ηuv

η

dη′(v(η′)− h(η′)), (5.52)

and the value of the potential at η,

VD(Φ(η)) =
3

4
e

4
3
Φ

(
v2 − w2 − 16

25
(v − h)2

)
, (5.53)

by using Eq.(5.15). By combining them, finally we obtain a parametric representation of
the potential VD(Φ) for Φ ∈ [0,Φ0] as plotted in Fig.5.3. This concludes the complete
determination of the bulk action by the QCD data of the chiral condensate, in the
data-driven manner.

Let us study the obtained dilaton potential and discuss its physical implications.
First, observe that, in Fig.5.3, each profile has a shallow valley.24 The resulting po-
tential for trial #2 is approximated by the following polynomial except in the vicinity

24This is an inevitable consequence of the requirement to be m2
Φ > 0.
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Figure 5.3: Profiles of VD(Φ). The top panel shows the whole shape of the potential.
The bottom panel is the one magnified for the vicinity of the origin.

of the origin of Φ corresponding to η > 1,

Vfit(Φ) =12− 38.5534Φ2 + 190.104Φ3

− 366.759Φ4 + 429.313Φ5 − 280.434Φ6

+ 100.092Φ7 − 14.7622Φ8 (5.54)

as shown by the dashed line in Fig.5.3. Here, we imposed condition (5.36), but did not
force the polynomial to fit the resulting data near the origin, as the influence of the
manual extrapolation should be dominant there.

We look at the large Φ behavior of the potential in more details. The exponent of
the resulting potential for a domain [Φ(0.5),Φ(ηir)] ∼ [0.85, 1.5], that is, for relatively
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large Φ, can be approximated by exponential functions as,

d

dΦ
log VD(Φ) ∼1.20 +

3.60

Φ
− 2.45

Φ2
. (5.55)

as seen in Fig.5.4. The large Φ behavior of the dilaton potential in the IHQCD is closely

trial #1

trial #2

1.19+
3.41

Φ
-
2.20

Φ2

1.20+
3.60

Φ
-
2.45

Φ2

2.5

ⅆ

ⅆΦ
log(Vfit(Φ))

0.4 0.6 0.8 1.0 1.2 1.4
Φ

-0.5

0.5

1.0

1.5

2.0

2.5

ⅆ

ⅆΦ
log(VD(Φ))

Figure 5.4: Profiles of d
dΦ

log VD(Φ), to extract the large Φ behavior of the dilaton
potential VD.

related to the hadron spectra. According to [26, 27], when Φ is sufficiently large, the
Regge behavior of the glueball spectra leads to

d

dΦ
log VD(Φ) ∼ 2Q+

P

Φ
(5.56)

with Q = 2/3 and P = 1/2. We may say that our value Q is close to this, and the
order of our value P is consistent with this.25

5.3 Prediction: Wilson Loop
Since we have obtained the hull bulk action, via the AdS/CFT dictionary we can
compute various QCD quantities as a prediction of the holographic model. Here, as
one of the basic predictions, we calculate the holographic Wilson loop, i.e. the quark-
antiquark potential, and compare it with the lattice QCD results.

25Note that Φ0 = Φ(ηir) ∼ 1.5 is not large, so the precise comparison needs more study. For example,
it would be interesting to derive the glueball spectra using our dilaton potential.
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5.3.1 Temperature and metric

The calculation of the holographic Wilson loop needs the metric f, g in the string frame,
which are given by

f = e
ψ+3χ

2
+ 4

3
Φ, g = e

ψ−χ
2

+ 4
3
Φ. (5.57)

Note that in the previous section we have determined only v = ∂ηψ and w = ∂ηχ, so
to get the metric components, we need the integration:

ψ(η) =−
∫ ∞

η

dη′
(
v(η′)− 4

L

)
+

4η

L
+ 4δT , (5.58)

χ(η) =−
∫ ∞

η

dη′w(η′). (5.59)

Here, when we make the integration, we are careful about the integration constant.
The second equation (5.59) does not have the integration constant since we have the
boundary condition χ(∞) = 0 which follows from the fact that the metric goes asymp-
totically to the pure AdS metric: f/g → 1 as η → ∞. The first equation (5.58) has a
nontrivial integration constant δT , which actually includes the temperature dependence
of the metric. This constant needs to be determined such that the Hawking temperature
T appearing in the standard formula

f ∼ (2πTη)2 for η ∼ 0 (5.60)

is equal to the temperature of the QCD chiral condensate data which we used for the
machine learning, T = 208[MeV]. Since the equation (5.60) deals with the coefficient of
η2 which is difficult to treat, let us introduce a function

F (η) ≡ ψ + 3χ

4
+

2

3
Φ− log

(
tanh

η

L

)
− η

L
, (5.61)

which behaves at the two asymptotics as non-zero constants,

F (η) ∼

{
δT for η ≫ L

log(2πTL) for η ∼ 0.
(5.62)

Then using the integral expression

log
(
tanh

η

L

)
= −

∫ ∞

η

dη′
2

L
csch

2η′

L
, (5.63)

we find

F (η) = δT +
2

3
Φ−

∫ ∞

η

dη′
(
v+3w

4
− 2

L
csch

2η′

L
− 1

L

)
. (5.64)
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Trial TL Φ0 δT dcW[fm] T ′
W[GeV2]

#1 0.761 1.4782 -0.216 0.543 0.32
#2 0.751 1.4718 -0.231 0.527 0.35

Table 5.4: Various resultant data.

Therefore, using the expression for F (0) = log(2πTL), we need to determine the inte-
gration constant δT as

δT =δref + log(2πTL), (5.65)

δref ≡
∫ ∞

0

dη

(
v + 3w

4
− 2

L
csch

2η

L
− 1

L

)
− 2

3
Φ0. (5.66)

Using this formula, we can completely determine the metric components. Note that in
reality we need to replace the integration region (0,∞) by (ηir, ηuv) for our numerical
purpose. The resulting data are summarized in Table 5.4.

In Fig.5.5, we plot profiles of f, g for tiral #2 with taking δT = 0 for simplicity,
comparing them with those, f = fE, g = gE calculated in the pure Einstein gravity
case.

Note that in this dissertation we have assumed m2
Φ > 0 which means Φ = 0 is a

top of a mountain in a sign-flipped potential. With this assumption, the dilaton profile
is determined uniquely, so there will not be any temperature dependence. Basically
this is because the profile of the dilaton and the initial value Φ0 are uniquely fixed
such that the radial “motion” of the dilaton, which starts at Φ0 at “time” η = 0, has
to stop at the top of the sign-flipped dilaton potential hill at “ time” η = ∞. Then
the solutions of v(η), w(η),Φ(η) are uniquely determined by giving an initial value Φ0

(see Eq. (5.34)), and thus the chiral condensate does not depend on the temperature.
Note that the explicit temperature dependence in the metric appears only as a common
overall coefficient e2δT of f, g, as

(f, g) = (f, g)
∣∣∣
δT=0

e2δT = (f, g)
∣∣∣
T=Tref

×
(
T

Tref

)2

, (5.67)

with Tref ≡ e−δref/2πL. This overall factor is just the integration constant and does
not appear in the expression of h(η) which determines the chiral condensate. In this
dissertation we have assumed m2

Φ > 0, otherwise the strategy we have taken here does
not work well technically. On the other hand, if we have adopted the case m2

Φ ≤ 0, Φ0

could to be a continuous moduli of the solution and the temperature dependence can
be encoded in Φ0.
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Figure 5.5: Log plot for the metric components f and g for trial #2, and their
comparison with the pure Einstein gravity case fE and gE. We took δT = 0, L = 1 for
simplicity.

5.3.2 Holographic Wilson loop

Let us place a quark and an antiquark on the AdS boundary, keeping the quark-
antiquark separation distance dW, and consider a string hanging between them, of
which the midpoint at η = η0 is the deepest point of the string in the radial η direction.
According to [32, 33], the distance dW is given in terms of η0 as

dW = 2

∫ ∞

η0

dη√
g(η)

√
f(η0)g(η0)

f(η)g(η)− f(η0)g(η0)
, (5.68)

which is plotted in Fig.5.6, using the training results #1 and #2.
The quark-antiquark potential VW is calculated as

2πα′VW = 2

∫ ∞

η0

dη
√
f(η)

(√
f(η)g(η)

f(η)g(η)−f(η0)g(η0)
− 1

)

−2

∫ η0

0

dη
√
f(η), (5.69)

where the infinite energy of parallel two straight strings hanging from the AdS boundary
to the endpoint at the horizon has been subtracted from the potential to make this
expression finite. Since the string configuration is determined such that the free energy
of the string is minimized, the connected string with VW > 0 is not realized. If VW > 0,
the configuration of the two parallel straight strings is realized. The latter means the
Debye screening of the quarks.
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Figure 5.6: Profiles of dW(η0) with L = 1. Here δT = 0 is formally taken for simplicity.

By combining the above two, we obtain a parametric representation of the function
VW(dW) as is plotted in Fig.5.7. The multivalued potential stems from the existence

Einstein gravity (Φ=0)
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Figure 5.7: Profiles of VW(dW) in the Physical units.

of two solutions for dW(η0) in (5.68), see Fig.5.6. The upper branch is never realized,
so one needs to look at only the lower branch in Fig.5.7. In addition, there is another
configuration which is just a set of the straight parallel strings, giving VW = 0. Thus,
in Fig.5.7, once the lower branch goes above the dW axis, it is not realized and replaced
by the line VW = 0.

These dW and VW in the physical unit are obtained by the following formulas

dW =dW

∣∣∣
L=1,δT=0

× e−δref

2πT
, (5.70)

2πα′

L2
VW =2πα′VW

∣∣∣
L=1,δT=0

× 2πTeδref , (5.71)
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and information of eδT = 2πTLeδref is easily restored.26

Let us look at the short-distance and long-distance behavior of the obtained quark-
antiquark potential. First, as for the short-distance behavior at small dW which corre-
sponds to η0 ≫ L, we find

2πα′

L2
VW =− C2

W

dW
+ const., (5.72)

where we have used

dW =
e−δref

2πT
× CW e

− η0
L , CW ≡ (2π)

3
2

Γ(1
4
)2
. (5.73)

This 1/dW behavior is typical of conformal field theories, reflecting the fact that the
string is in the pure AdS geometry. In fact, one can check that the quark potential
is almost identical to that in the case of the pure Einstein gravity, see Fig. 5.7 and in
particular the gray solid line in Fig.5.6. Note that the dimensionless coefficient 2πα′L−2

is not the parameter of the model, so the overall normalization of the quark-antiquark
potential cannot be predicted in this model.

The long-distance behavior of the quark-antiquark potential differs significantly from
the case of Einstein gravity. In fact, ours possesses the confining linear potential,27

VW ∼ TW(dW − dcW) (5.74)

with constants TW and dcW, as seen in Fig.5.7 and Fig.5.8. Therefore, the system
develops the quark confinement. For trial#2, the string breaking scale dcW determined28

as an intersection with VW = 0, is

dcW =0.587× e−δref

2πT
= 2.67[GeV−1] = 0.527[fm]. (5.76)

This breaking distance is the physical prediction of the model.
Comparing Fig.5.5 and Fig.5.6, we find that this appearance of the linear potential

is due to the existence of the plateau of the metric
√
fg in Fig.5.5. Such a plateau does

26For instance, δref = − log
(
2
√
2
)

in the Einstein gravity case with Φ0 = 0.
27The subleading term is theoretically proven to dump exponentially. See section 3.3 in [34] for the

proof.
28We observe that the tension TW is

T ′
W ≡ 2πα′

L2
TW ∼ 7.2× (2πTeδref )2

∼ 0.35 [GeV2] = 1.8 [GeV · fm−1]. (5.75)

Note that this is not the physical quantity as one needs the prefactor 2πα′/L2 to compare it with the
actual string tension in QCD.
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not appear in that for the Einstein gravity case. Note that Eq.(5.68) and Eq.(5.69) are
defined for η0 so that f(η)g(η) is a monotonically increasing function for all η > η0 and
the plateau immediately causes large value of dW and VW. We can extract this large
contribution from VW using that in dW by rewriting Eq.(5.69) as,

2πα′VW =
√
f(η0)g(η0) dW

− 2

∫ ∞

η0

dη

(√
f(η)−

√
f(η)− f(η0)g(η0)

g(η)

)

− 2

∫ η0

0

dη
√
f(η). (5.77)

In this formula, only values of VW and dW drastically changes in the plateau and as a
result we observe an almost linear potential there. We can read the tension TW from
this expression as

T ′
W =

2πα′

L2
TW ∼

√
f(η0)g(η0)

L2
, (5.78)

which take an almost fixed value for η0 in the plateau. In fact, we find that this formula
is consistent with Eq.(5.75) and Fig.5.5.
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Figure 5.8: Log-log plot of ∂VW
∂dW

(dW) for trial #2 in the physical units.

Finally, in Fig.5.9 we compare our results with those of the lattice calculation [43],
adjusting the origin and the scale of the vertical axis. The lattice data shows that the
string breaking distance at T ∼ 200 [MeV] is estimated as d ∼ 0.5 [fm], which is in
good agreement with our prediction dcW given in (5.76). This agreement ensures the
validity of the present model of the emergent dilaton potential.
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Figure 5.9: Comparison between the lattice data [43] (black and grey symbols) and our
result for trial #2 (red dots and a red straight line) for the quark antiquark potential.
The vertical axis is the potential, and the horizontal axis is the quark separation. The
realized holographic potential is the lowest one among all the red dots and the red line
at each value of the quark distance. To plot our result, we choose the value of α′ such
that the long distance behavior of our model fits that of the lattice data, to find that
our fitting value is L2/2πα′ = 0.7. In addition, since our model is for T = 208 [MeV],
we set the zero of our potential as 0.4 [GeV] in the lattice data plot, which is the red
line.

5.4 Z2 parity of functions
Even if the dilaton potential is unknown, an assumption that the potential is smooth
leads to a certain Z2 parity in the solution of v, w and Φ as the followings. Let us
consider power series expansions of v, w and Φ around η = 0,

v(η) = vodd(η) + αvη
n + · · · ,

w(η) = wodd(η) + αwη
n′
+ · · · ,

Φ(η) = Φeven(η) + αΦη
n′′+1 + · · · , (5.79)

where vodd(η), wodd(η) are odd functions with respect to η and Φeven(η) is even, and the
rest of terms in the r.h.s are assumed to be not so, and n, n′, n′′ ̸∈ 2Z+1 are assumed to
give the smallest powers within them, satisfying n, n′, n′′ > −1. By substituting these
to the equations (5.12),(5.13) and (5.14) and taking an expansion around η = 0, we
find that contributions coming from only vodd, wodd and Φeven give expansions of even
powers. And thus focusing on the lowest order terms in the equations such that their
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order are not even, those contributions must give the linearized equations for the terms
αvη

n, αwη
n′ and αΦη

n′′+1 that are independent of the other contributions as,

0 =2(n+1)αvη
n−1 + 2αwη

n′−1 +
4

3
(n′′+1)αΦη

n′′−1 + · · · (5.80)

0 =(n′+1)αwη
n′−1 + αvη

n−1 +
2

3
(n′′+1)αΦη

n′′−1 + · · · (5.81)

0 =(n′′ + 1)2αΦη
n′′−1 + 2a

(Φ)
1 αvη

n+1 + · · · (5.82)

with using the leading terms of vodd, wodd,Φeven as background fields,

vodd(η) ∼
1

η
, wodd(η) ∼

1

η
, Φeven(η) ∼ Φ0 + a

(Φ)
1 η2. (5.83)

If {αv, αw, αΦ} are assumed to be non-trivial, the first two equations requires n = n′ =

n′′ and αv, αw ∝ αΦ, whereas the last equation requires that αΦ vanishes and that is,
αv = αw = αΦ = 0. This inconsistency shows that v(η), w(η) must be odd functions
and Φ(η) are even. That is, f, g and Φ have formally the following Z2 properties,

f(−η) = f(η), g(−η) = g(η), Φ(−η) = Φ(η), (5.84)

although we do not consider the inside of the BH horizon for η < 0. Especially, h(η)
must be an odd function

h(−η) = −h(η). (5.85)
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6 Conclusion and discussion
To conclude my dissertation, I would like to summarize our results and discuss further
research.

In section 3, we have proposed a deep learning architecture to discover an AdS/QCD
model from a given experimental data of meson mass spectra. The neural network depth
direction is identified with the emergent radial direction z of the 5-dimensional model.
The model is a soft-wall model based on Ref. [9], with the unknown metric function
A(z) of the curved geometry and the unknown dilaton profile Φ(z). We have identified
those profiles with weights of the deep neural network (FIG. 3.2). By the supervised
training with the lowest and the second lowest ρ and a2 meson mass values as the
training data, our machine has found optimized profiles of the geometry A(z) and the
dilaton Φ(z) (FIGs. 3.6 and 3.7). Therefore, the deep learning, based on the concept of
AdS/DL [5, 6], can derive an effective AdS/QCD model from QCD experimental data.

With the emergent geometry and the dilaton profile, we have calculated the excited
meson masses. This prediction has turned out to be reasonable, although it should
not be taken seriously, as the architecture has various regularization and discretization
errors. Nevertheless, the training to obtain the emergent geometry is worthwhile in a
larger perspective. This framework may open a whole scheme of determining a better
holographic model by a vast amount of data of QCD. As we have emphasized in section
1, QFT has an infinite number of data, which are spectra and scattering amplitudes,
equivalent to n-point correlators of an infinite kinds of gauge invariant operators. Find-
ing better holographic models is equivalent to the feature extraction of QCD, which
may help revealing the hidden mechanism of how the AdS/CFT correspondence works.

Related to that, the similarity between the holographic dictionary and the deep
neural network architecture may have some physical origin, and such a standpoint may
provide a new way to investigate two subjects which appear distantly related: quantum
gravity and data science. In the growing subject (see Ref. [44] for a recent summary of
data science application to string theory), the idea of equating a holographic spacetime
with neural network [5, 11, 6, 45, 10, 46, 47] may be intertwined with machine learning
string landscapes initiated by Refs. [48, 49, 50, 51]. Discovering a complete gravity dual
of QCD is a challenging problem, and various data-scientific methods applied to string
theory may help for it.

In section 4 we have derived a new dilaton potential for IHQCD based on the gravi-
tational duals machine-learned from the meson spectrum. The Einstein equations (4.6)
are for the zero-temperature metric (4.5) and they include the dilaton potential V (Φ) to
be determined. We have solved them by using the information of the machine-learned
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B′(z) obtained in [15] as a constraint on the equations then have determined the ex-
plicit form of V (Φ). Its analytic form is well-fit by a cosh function, while interestingly
the cosh form is the potential used to reproduce the equation of state of QCD in [29].
Subsequently we have shown that the dilaton potential satisfies the asymptotic condi-
tion (4.4) with (P,Q) = (1/2, 2/3) which is of the standard functional form for dilaton
potentials employed in IHQCD. This asymptotic condition was determined phenomeno-
logically for the glueball spectrum [26, 27], so it is surprising that the potential derived
from the vector meson spectrum has turned out to satisfy the condition. Thus, as a
sequence of processes, we have been able to construct a reasonable IHQCD model in a
data-driven way.

Here we may make a comment on the fitting scheme of the obtained values of (P,Q)
in the derived dilaton potential. We have found that P and Q depend on Φc despite the
trivial dependence as shown in (4.10). This happens because our fitting procedure only
see a restricted region in z. The fit model (4.4) includes powers in Φ. Then when the
region of Φ for fit shifts by changing Φc, the best fit parameters except for the overall
constant also vary. This is a systematic issue to be improved and would be resolved if
the bulk gravity can be more precisely reconstructed beyond z = 4. We may leave this
as a future study.

Following the derivation of the IHQCD model, we have calculated the Wilson loop,
a QCD quantity, as a concrete prediction of the holographic model. In this model, the
metric has a structure with a valley in the bulk, where the probe string is expected
to be stuck. The conventional calculation of the holographic Wilson loop has led to
the quark-antiquark potential linear in the long-range region. For the nonlinear part of
the potential, we have found that it is approximated by an exponential function. The
origin of this behavior needs further study, but one explanation is by [52] in which it
is shown that the leading nonlinearity of the holographic Wilson loop faster than 1/d

always results in the valley, as is consistent with our emergent bulk metric in FIG. 4.3.
In this dissertation, we have treated only the Wilson loop as an observable of the

boundary theory, but IHQCD can make predictions for various thermodynamic quan-
tities once the dilaton potential is given. Thus, by comparing our model with lattice
QCD calculations, we may be able to find a better agreement on the thermodynamic
quantities than the existing models. We also have the advantage of being able to solve
the equations again to derive a holographic model at finite temperature and calculate
hydrodynamic observables describing the QGP phase. Furthermore, if a large number
of various kinds of QCD data can derive a consistent dilaton potential, it leads to a
construction of IHQCD models that describe QCD at various energy scales simultane-
ously. We will describe some models using different training QCD data in our future
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work [17], and hope that the combination of the holographic machine learning of quan-
tum field theory data [11, 5, 6, 47, 10, 46, 53, 15, 41, 54] and further improvement of
holographic QCD models will lift the final vail of “the gravity dual of QCD.”

In section5 we have derived the dilaton potential (Fig. 5.3) in improved holographic
QCD, from the lattice data of the chiral condensate as a function of the quark mass.
First, we have improved the neural ODE provided in [41] for obtaining the bulk metric
from the chiral condensate data. Then requiring that the emergent machine-learned
metric is a solution of the bulk equations of motion of an Einstein-dilaton system, we
have derived the dilaton potential uniquely. This completes the bulk reconstruction
program.

The result of the neural ODE fixes only a certain combination of the metric com-
ponents. However, requiring that they solve the equations of motion, we can constrain
the dilaton potential in the bulk action and in fact can derive it. This determines all
the metric component and the dilaton profile uniquely, at the same time. We have
used the determined metric to calculate a holographic Wilson loop, and have obtained
a prediction of the QCD-string breaking distance d ∼ 0.5 [fm] at our temperature value
T = 208 [MeV] (see (5.76)). This value is almost identical to what is known in lattice
simulations (see Fig. 5.9).

We should confess that it was unexpected that the string breaking distance took the
right value in our model, because the confinement and Debye screening of the quarks
is not directly related to the behavior of the chiral condensate in QCD. In fact, in the
previous estimate of the string breaking distance by the machine-learned metric [6],
the estimated value is quite different from our value. There are two reasons for that.
First, in [6] a guess for a certain component of the metric was used, while in our present
work we have derived all the components of the metric by requiring that they should be
derived from a single Einstein-dilaton system. Another reason is that we have improved
the machine learning to refine the metric. So we conclude that the guess of the metric
component in [6] was too naive, and once the bulk system is specified the prediction of
the string breaking distance goes quite well.

Let us discuss a subtle and remaining issue of the model. In this work we considered
only the data at T = 208 [MeV] and in the future work it is desirable to include
all lattice data at various values of the temperature, to find a unique and consistent
bulk action from which all the data is reproduced. Unfortunately, this appears to be
difficult, as follows. If the dilaton potential VD does not explicitly have a temperature
dependence, we may calculate h(η) from the Einstein-dilaton system with the potential
VD(Φ), and then we will find that h(η) has no temperature dependence at all. This
contradicts the temperature dependence of the chiral condensate. Therefore, to find the
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consistent model for any temperature, we may need to loosen our assumptions used in
this dissertation (such as m2

Φ > 0), or we may need to consider more general bulk action
with more terms. Other possibility would be to take into account the back reaction of
the probe scalar field for the chiral condensate. These kinds of the generalized models
deserve a detailed study.

At this stage, we have the dilaton potential obtained by independent procedure;
derived from the lattice data of the chiral condensate in section 4 and the one obtained
in section 5 with the data of the hadron spectra. They are expected to be consistent
with each other. Let us make a brief comparison between these two dilaton potential.
In fact, our dilaton potential is defined in the range of 0 ≤ Φ ≤ 1.5 while the dilaton
potential in [16] is in 0 ≤ Φ ≤ O(20). The latter is insensitive to the detailed region
near the origin. So, naively we can combine these two dilaton potentials to form a
consistent single dilaton potential. This unified Einstein-dilaton system can recover
both of the chiral condensate at the finite temperature and the ρ-meson spectra at zero-
temperature. This is a qualitative statement, and still needs a detailed confirmation.
For example, our obtained AdS radius L ∼ 3.6 [GeV−1] = 0.71 [fm] at T = 0.208 [GeV]
is slightly different from the value L ∼ 0.51 [fm] at T = 0 obtained in [16].

Since the data-driven holographic modeling is now possible as we have demonstrated
in this dissertation and in [16], we would be ready to explore a unified holographic QCD
model which reproduces all the physical observables of QCD. For this task, we need
to compare various inversely-solved holographic models, as we have briefly tried above.
Since QCD has infinite amount of data, the unification may need more machinery of
deep learning.

Once a unified holographic QCD model is constructed, the most interesting direction
is to investigate how we obtained the unified model from the string theory. The unified
model is a junction of top-down approach and bottom-up approach. The data-driven
construction of the unified model means that bottom-up approach is completed and thus
the ultimate goal of top-down approach is defined. This may some clues to formulate the
gauge/gravity duality more generally, including quantum corrections in supergravity or
string theory.
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A Supplement for deep learning to build our AdS/QCD
model

In this appendix we provide details of our deep learning architecture. Our Python
code for the machine learning is written on the basis of the code used in Ref. [6].
The latter code is available at github 29 and we revise the forward function and the
regularization terms of the code. In addition, the preparation of the input data shown
in Fig. 3.3 is necessary. In the following, we provide details about the input layer, the
hyperparameters, the loss function and the regularizations, the initial weights, and the
dataset generation.

A.1 Input values at the initial layer
At the end of Sec. 3.1.1, we substitute the initial layer for units v, π with the asymptotic
solution of a typical soft wall model as in (3.14), while the unit m2 receives its value
from the input data. We derive (3.14) in the following.

As mentioned, we assume that our model background is asymptotically AdS5. This
means that A(z) ∼ − log z and Φ(z) vanishes at z ∼ 0. Then the function B(z) defined
in (3.7) is approximated by (2S − 1) log z. Hence the bulk field equation (3.4) reduces
near the AdS boundary z ∼ 0 to

∂z

(
1

z2S−1
∂zv

)
+m2 1

z2S−1
v = 0 . (A.1)

Assuming a power-law configuration v ∼ zα, then the equation above reduces to

α(α− 2S)zα−1−2S +m2zα+1−2S = 0 , (A.2)

which forces us to choose α = 0, 2S. We can write a general solution as

v = a+ bz2S . (A.3)

According to the AdS/CFT dictionary, the non-normalizable part a corresponds to a
source in the boundary theory and the normalizable part b corresponds to the expecta-
tion value of an operator associated with the source. Since we are interested in hadron
spectra without the source, we set a = 0, and moreover we can choose b = 1 due to the

29The Python code of Ref. [6] is available at https://github.com/AkinoriTanaka-phys/DL_
holographicQCD and we would like to thank Akinori Tanaka and Akio Tomiya for it.
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linearity of equation (A.1). Therefore we estimate the behavior of v near the boundary
as

v ∼ z2S (z ∼ 0) (A.4)

which also derives π ∼ 2Sz2S−1, that is (3.14).

A.2 Hyperparameters
As we described briefly in Sec. 3.1.3, our hyperparametersN,∆z, ϵ in our neural network
are fixed by carefully looking at discretization errors. Here we describe how to choose
the value of the hyperparameters. We choose ∆z first, then determine the others.
For the evaluation of the discretization errors, we need some analytic solutions for
comparison, and we adopt the fluctuation solutions of Ref. [9].

FIg. A.1 shows the lowest solution v0(z) of the equation of motion of bulk field,
which is v(z) with m = mn=0 of the model [9]. Both the analytic solution and the
numerical solution are plotted. The numerical solution is obtained by Euler method
with width ∆z = 0.2. As mentioned in Sec. 3.1.3, we have to look at the location where
the solution converges, and also at the difference between the analytic solution and the
numerical solution.

First, the plot shows that the analytic v0 almost touches the z axis around z = 4.
This suggests to set N = 20 in order to discriminate the normalizability of solution.
Next, the numerical solution approaches 0.2, not 0, due to the discretization error. So
we have to choose ϵ greater than 0.2. From the analysis above, we set these hyperpa-
rameters to the values shown in TABLE 3.3.

Of course, we may choose a smaller ∆z and a larger N . However, the discretization
error does not change so much, while a larger N makes the computation too heavy
because the neural network becomes deeper.

A.3 Loss function and regularization
The total loss function we use is

E ′ = E +
∑
i

pi , (A.5)

where E is an L1 loss function, which is commonly used in binary classification. De-
noting y′ as the output of the neural network and y as the output part of the training
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Figure A.1: The ground sate solution of (3.4) with the model background given in
Ref. [9] (B(z) = z2+log z), solved analytically (yellow line) and numerically (blue line).
The blue line interpolates the plots of the numerical solution.

data, then the loss function is made of the L1 distance y′ − y,

E(y′ − y) =
1

d

d∑
i

|y′i − yi| . (A.6)

Here i labels the data and d is the number of the data.
The output of our neural network takes a binary value 0 or 1, which is transformed

from the unit value of v at the Nth layer by its normalizability condition. This trans-
formation is given by a smeared box (step) function which was also used in Ref. [6].
For more details, see the function named “t” in the code of Ref. [6].

The loss function (A.5) contains a sum of pi’s, which are the regularizations. Ex-
plicitly, they have the following form:

p1 =
∑N

l=1 c1,l
(
2S−1
l∆z

−B′(l))2
p2 =

∑N
l=1 c2,l

(
B′(l) −B′(l−1)

)2
p3 =

∑N
l=1 c3,l

(
B′(l) − 2B′(l−1) +B′(l−2)

)2
p4 =

∑N
l=1 c4,l relu

(
B′(l−1) −B′(l) + δ

)
(A.7)

Here B′(l) denotes the weight at l-th layer, or equivalently B′(l∆z). And the coefficient
constant ci,l determines how their constraints are effective as the regularization. There
are four kinds of regularizations, pi (i = 1, 2, 3, 4). In the following we explain each in
detail.
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p1 is the regularization to require that the emergent background is asymptotically
AdS. Note that S is spin of meson whose mass spectrum we use as the input, and this
factor comes from (3.7). Since this constraint is only for the boundary region of the
5-dimensional geometry, we turn it on only at the first few layers. We set most of c1,l
to 0. When we train the network with the ρ meson spectrum, we use the following
coefficients:

{c1,l} = {0.001, 0.0001, 0.0001, 0, · · · , 0} . (A.8)

p2 and p3 are the regularizations to require that the emergent background is a
smooth geometry. This constraint is necessary to be imposed over all the layers layer
but the first few. So, in the ρ meson case, we impose p2 regularization on the 4th layer
and deeper layers. For p3, after some tuning, we find that it is enough to impose it
from the 7th layer. The coefficients used in the ρ meson training is shown below.

{c2,l} = {0, 0, 0, 0.00001, 0.00001, 0.00001, 0.0001, · · · } ,
{c3,l} = {0, 0, 0, 0, 0, 0, 0.0001, · · · } . (A.9)

p4 is the regularization to require that the weight B′(z) is a monotonously increasing
function. “relu” is a built-in function of machine learning package, which is defined as

relu(x) =

 0 for x ≤ 0

x for x > 0
(A.10)

Hence, if B′ decreases along two layers, this regularization provide a positive loss. A
small constant δ plays a roll to require that B′ should increase at least by δ. A nonzero
small δ is necessary to train the a2 meson data in our case. The p4 regularization is
to require that B(z) should provide the “wall”-like behavior not to have a continuum
spectra. For that, we need this p4 regularization at the large z region, otherwise the
model allows some unexpected continuous spectrum at a larger mass. The coefficient
used in the ρ meson training is the same as that of p3,

{c4,l} = {0, 0, 0, 0, 0, 0, 0.01, · · · } . (A.11)

All the coefficients above is for the ρ meson training. For the a2 meson training, we
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choose the coefficients as follows:

c1,1 = 0.01 ,

c1,i = 0.001 (i = 2, · · · , 8) ,
c3,i = 0.01 (i = 9, · · · , 12) ,
c3,j = 0.005 (j = 13, · · · , 21) ,
c3,k = 0.001 (k = 22, · · · , 80) ,
c4,i = 10 (i = 61, · · · , 80) , (A.12)

and the other components are put to zero.

A.4 Initial weight
For a successful training, we need to control the initial values of the weights to some
extent. In the ρ meson training, we initially sample the values of the weights at the l-th
layer from the normal distribution whose mean is 1 + 0.5l with the standard deviation
0.3l when we initialize the neural network. In the a2 meson training, we initially sample
them from the normal distribution whose mean is 3/(0.5l + 0.05) + 0.05l − 7 with the
standard deviation 10.

A.5 Training dataset
Here we present our Python code to generate the dataset given in Fig. 3(b) and Fig. 3(c).
Our training trials observe that the success of the training depends on the range of
the positive data values and also the local density of data points, which is presented
explicitly in the following codes for the ρ meson and for the a2 meson.

A.6 Metrics trained by neural ODE
In this appendix, we describe the regularization methods and the training methods
of our neural ODE in more details. The numerical data of the trained function h is
described in Table 5.2 with the definition (5.5).

In Fig. A.2, we show our numerical results of the neural ODE. As the figure shows,
the fit functions h(η) reproduces the lattice QCD data well.

Let us describe our regularization method of the neural ODE. As mentioned in [41],
the merit of the neural ODE is that there is no need of the smoothing regularization
which was employed in the original AdS/DL research [5, 6] to regard deep neural net-
works to be spacetimes. However, still we need some regularization to make sure that
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Figure A.2: The training results of the neural ODE. (a) and (b) are for our successful
trial #1 and #2, respectively. In each figure, the left panel shows how the QCD lattice
data (shown green) is successfully reproduced by the model (orange + green). Red lines
are the original central points of the lattice QCD data. The right panel in each figure
shows the trained metric function h(η̃) where η̃ ≡ 1− η (the region for the training is
0 ≤ η ≤ 1 in the unit L = 1). At η̃ = 1, the black hole horizon exists, while η̃ = 0 is
supposed to be the AdS asymptotic region, thus approaches to h = 4.

the asymptotic region of the function h should approach the constant h = 4 so that the
spacetime is asymptotically AdS5. Furthermore, since we employ Einstein-dilaton sys-
tem for the holographic QCD, the emergent metric needs to approach h = 4 in a specific
manner. When the asymptotic behavior is approximated by h(η) ≃ 4− 4Bh exp[−p η],
the Einstein-dilaton system requires 4 < p ≤ 8 (see (5.44)).

To satisfy these two kinds of the requirement, we put the following regularization
terms in the loss function L of the neural ODE:

Lh ≡ c1(h(1)− 4)2 + c2

(
h′(1)

h(1)− 4
+ 4

)2

(A.13)

where c1 and c2 are some positive numbers called regularization coefficients which are
hyperparameters of the machine learning. The first term brings the trained metric
function at η = 1 closer to the AdS value h = 4, and the second term brings the
exponent p closer to the value p = 4 which is the central value of the allowed region for
p in the Einstein-dilaton system.

During the training, we have to tune the initial conditions and the magnitude of the
regularization for the training to be successful. The training architecture other than the
regularizations is identical to that employed in [41]. Our successful training is obtained
by the following procedure. First, we choose the initial conditions as follows:

L = 1.0, λ = 0.3,

b1 = −4.10, b3 = 7.00, b5 = 0.00 . (A.14)

These values for b1, b3 and b5 are suggested from the functional form of h of the training
results given in [41, 6]. We choose c1 = 0.01 and c2 = 0.0000027 (we tune the maximum
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value of c2 for the training to be successful). Then after 10000 epochs of the training,
we reach

L = 3.349, λ = 0.008769,

b1 = −3.819, b3 = 6.657, b5 = −0.4160 . (A.15)

We use this data as another initial condition for the training with c1 = 0.01 and
c2 = 0.001, and after 30000 epochs, we obtain the training result #1 given in Table 5.2.
Finally, using the result #1 as an initial condition, we make a training with c1 = 0.01

and c2 = 0.003 for 10000 epochs to find the training result #2 given in Table 5.2.
In summary, the difference between the results #1 and #2 is the strength of the

second term in the regularization (A.13). The training result #2 has a value of Bh

closer to p = 4, while both of #1 and #2 have the values of p in the consistency range
4 < p ≤ 8.

As for the training, we also note here that we checked if the resulting Φ(η) is
monotonically decreasing function, as already declared in Eq.(5.8). Or equivalently,

v(η) > h(η) for ∀η, (A.16)

otherwise, VD(Φ) turns out to be a multi-valued function unless something miraculous
happens. With a given trained metric h(η), Inequality(A.16) is the second obstacle after
Inequality(5.44) that the trained h(η) has to overcome. In fact, before the modifications
described in Sec.5.1, many trained data for h(η) with poor initial conditions, or a rough
calculation accuracy caused multi-valued dilaton potential and were rejected.
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