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Abstract

Quantum many-body systems generate elegant and exotic physical phenomena,
which always ask us the elementary principles of phenomena that emerged in many-
body systems. Although it is difficult to understand all structures of quantum many-
body systems, much has steadily become clear through both theoretical and experi-
mental work. In the last two decades, topological systems have been the main topics
of quantum many-body systems. Topological systems are characterized by topolog-
ical numbers that could be defined by bulk symmetries. This topological number
does not change without closing the energy gap. Thus, topological systems could
be realized robust against local perturbations. Moreover, these systems have ex-
otic quasiparticle excitations which obey unconventional quantum statistics different
from bosons and fermions. For these statistics, a state gets an overall phase factor
that takes any value. In being named after this exotic property, these quasiparti-
cles are called anyon. In the case where the state is degenerate, this phase factor
will become a matrix, which implies that the final state depends on the exchange
order of anyons. These anyons (statistics) are called non-Abelian anyons (statistics).
One candidate of non-Abelian anyons is a Majorana quasiparticle that emerged in
fractional Hall states, topological superconductors, and Kitaev materials. Recent
experimental works support the presence of Majorana quasiparticles. In addition,
to catch the tail of Majorana quasiparticles, there are some crucial issues, such as
realizing the Majorana many-body problem, seeking other exotic quasiparticles in
topological materials, and implementing topological quantum computation.

Now, the classification of topological phases is generalized to non-Hermitian sys-
tems. Some of these phases can be adiabatically deformed into topological phases of
Hermitian systems, while there are some topological phases that cannot be deformed
into that. The latter topological phases are called non-Hermitian topological phases,
and these phases show phenomena specific to non-Hermite systems.

In this thesis, we explore physics that emerged from the collaboration of the Majo-
rana many-body systems and non-Hermitian characters. A non-Hermitian character
would enrich the phase diagrams of the Majorana many-body systems and then lead



to the development of the non-Abelian anyons. We propose non-Hermitian Majo-
rana interacting systems that can be the platform of Yang-Lee anyons. Yang-Lee
anyons are described by the non-unitary conformal field theory with the central
charge ¢ = —22/5 and might have the potential for simulating non-equilibrium dy-
namics of open quantum systems. Moreover, we present a scheme for fusion, mea-
surement, and braiding in our designed systems.
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Chapter 1. Introduction

Chapter 1

Introduction

Statistics play an essential role as Holy Grail in quantum physics. Classical
particles are always distinguishable, and then we can track the shadow of them
at all times. For quantum physics, we, of course, can experimentally detect the
position of a particle through a spatially extended wave function. However, this
wave function of particles would overlap, even if their peaks are not at identical
positions. It is impossible to define distinguishable particles in a basic process,
which means the indistinguishability of particles. Thus, these consequences make us
adopt the notion of statistical physics, considering the indistinguishable particles.
In three spatial dimensions, particles generally come into two conventional species:
bosons and fermions. Bosons satisfy the Bose-Einstein statistics, and fermions do the
Fermi-Dirac statistics. These properties of particles can be obtained from the results
through experiments, which is well known as the elementary principle of modern
physics, such as superconductivity, quantum electrodynamics, and so on.

In two spatial dimensions, the wave functions of particles satisfy the non-trivial
statistics to realize the notion of anyons. Anyons are exotic particles that obey un-
conventional quantum statistics different from fermions and bosons [1], and emerge
as fractionalized quasiparticles in topological phases of two-dimensional systems
such as fractional quantum Hall (FQH) states [2, 3, 4], topological superconduc-
tors (T'SC) [5, 6], and quantum spin liquids (QSL) [7]. In the last two decades, the
application of anyons to fault-tolerant quantum computation, which is referred to as
topological quantum computation [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20,
21, 22, 23, 24, 25|, has been extensively studied. In this scheme, information is stored
as topological charges of anyons in a non-local way and is protected from environ-
mental perturbations. Quantum gates necessary for computation are implemented
via the exchange of spatial positions (braiding) of anyons. In particular, non-Abelian
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anyons for which the braiding operations are non-commutative unitary operations
acting on a topologically degenerate ground state of many anyon systems are quite
useful for the realization of universal topological quantum computation [7, 10]. One
possible candidate of non-Abelian anyons for this purpose is a Majorana bound state
of a topological superconductor [6, 11, 12, 13, 14, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34]. Moreover, Majorana many-body systems have rich
phase diagrams. Recent studies proposed that strongly correlated Majorana systems
can exhibit novel phenomena, such as emergent spacetime supersymmetry, topologi-
cal order, quantum chaos, and black holes. [35, 36, 37, 38, 39, 40]. Another possible
candidate of non-Abelian anyons is the Fibonacci anyon [8, 41]. This anyon can be de-
scribed by the Wess-Zumino-Witten Conformal Field Theory with the central charge
¢ = 14/5 and enable us to realize universal topological quantum computation. These
are several systems with Fibonacci anyons: the Read-Rezayi FQH state [42, 43],
superconductor-FQH junction systems [44], a septuplt-layer topological supercon-
ductor [37], and a Rydberg atom gas [45]. We easily find that topological phases
contribute significantly to condensed matter physics. Recently, topological phases
in non-equilibrium open systems have attracted a great deal of attention. These
systems are effectively described by the non-Hermitian Hamiltonian [46]. Recent
studies reveal phenomena specific to non-Hermitian systems [47, 48, 49]. Moreover,
the fundamental principle of symmetry in non-Hermitian topological phases is well
established [50].

Fibonacci anyon has the potential of universal topological quantum computation.
However, it is challenging to realize these proposed systems experimentally. In this
thesis, we propose and design the non-Hermitian Majorana systems that can be re-
alized as the Yang-Lee model. The Yang-Lee model is the transverse Ising model
under an imaginary magnetic field ¢h and possesses the parity-time P7 symmetry.
Also, this model has the exotic quasiparticle, called Yang-Lee anyon, at the critical
point where it shows the PT symmetry breaking. Yang-Lee anyons are described
by the nonunitary conformal field theory with the central charge ¢ = —22/5, and
are nonunitary counterparts of Fibonacci anyons, obeying the same fusion rule but
exhibiting nonunitary non-Abelian braiding statistics. We consider a topological su-
perconductor junction system coupled with dissipative electron baths, which realizes
a non-Hermitian interacting Majorana system. On the basis of this scenario, we
present a scheme for the fusion, measurement, and braiding of Yang-Lee anyons in
our proposed setup. This thesis is structured as follows:

e In Chap.2, we briefly introduce the elementary notion of Abelian
and non-Abelian anyons. In particular, non-Abelian anyons obey
unconventional quantum statistics that the operator of exchanging



Chapter 1. Introduction

anyons is not commutative. Also, these features apply to quantum
computation that can encode information non-locally. Generally,
the mathematical aspect is described by the fusion tensor category,
which is not easily accessible to standard physicists. Thus, we focus
on three non-Abelian anyons: Ising anyons, Fibonacci anyons, and
Yang-Lee anyons.

e In Chap.3, we overview the conformal field theory(CFT). CFT is an
effective theory to identify systems with anyons. In CFT, systems
possess conformal symmetry with Lorentz invariance and local scale
invariance. This theory would describe critical phenomena well and
give us the universality class of systems. In particular, we discuss the
specific models corresponding to Ising anyons and Yang-Lee anyons.

e In Chap.4, we propose non-Hermitian Majorana systems that can
enrich phase diagrams of Majorana systems and lead to realizing the
features of Majorana quasiparticles. Our designed system is 1D TSC
junction systems coupling with electron baths and can be realized
as the Yang-Lee model in spin systems. By controlling coupling
constants between TSCs and electron baths, this system can host the
Yang-Lee anyons at critical points. Also, we numerically estimate
the Yang-Lee criticality against a single Majorana hopping term that
would be an inevitable term.

e In Chap.5, we summarize this thesis on non-Hermitian Majorana
systems.
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Chapter 2

Introduction to Abelian and
Non-Abelian Anyons

Anyons are exotic particles that obey unconventional quantum statistics different
from bosons and fermions[1]. In particular, non-Abelian anyons have the potential
for the application of fault-tolerant quantum computation. Braiding operations,
exchanging of two anyons, can construct quantum gates, which are topologically
protected from local perturbations.

Majorana bound states in T'SC is the candidate of non-Abelian anyons. However,
the braiding operators of Majorana bound states are not sufficient for the construc-
tion of universal quantum gates. More promising candidates are Fibonacci anyons,
which enable us to realize universal topological quantum computation only via topo-
logically protected braiding manipulations [10, 41, 51, 52]. Recent studies proposed
condensed matter systems where Fibonacci anyons appear; the Read-Rezayi FQH
state [42, 43], superconductor-FQH junction systems[44], a septuple-layer topologi-
cal superconductor [37], and a Rydberg atom gas [45]. Also, there is a close cousin
of Fibonacci anyon realizable in a non-Hermitian quantum system, and this non-
Abelian anyon is called Yang-Lee anyon [53, 54]. Yang-Lee anyons obey the same
fusion algebra as Fibonacci anyons and might have computational power comparable
to Fibonacci anyons.

2.1 Abelian and Non-Abelian Anyons

First of all, we would like to discuss the Abelian and non-Abelian statistics. These
statistics only appear in the two dimensions, which can be easily realized through a
loop of one moving particle around another particle. Also, we introduce the char-
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2.1. Abelian and Non-Abelian Anyons

acteristic features of anyons, such as the fusion rule, F-symbol, and R-matrix. The
braiding operators are derived from these features. Next, we would like to discuss
examples of non-Abelian anyons. We briefly introduce the explicit form of the fu-
sion rule, F-symbol, and R-matrix. Also, we discuss the candidate systems hosting
non-Abelian anyons, such as topological superconductors.

2.1.1 Abelian and Non-Abelian Statistics

Abelian and non-Abelian statistics can be easily realized through the schematic of
a loop of one moving particle around another particle [55]. Fig. 2.1 shows the loop

Figure 2.1: Schematic of exchanging particles in two and three dimensions.

of two and three dimensions. Let us consider the wave function ¢ (C;) depending
on the path C;. As seen in Fig. 2.1(a), there are three paths C;(i = 1,2,3) in three
dimensions, and we can deform one path to other paths continuously. This result
implies that these paths are the topologically same path, which means that the wave
functions ¢(C;) in three dimensions satisfy

w(Cl) = w(cﬂ = w(Cs)- 1)

(2.
Also, twice the exchange of two particles is equivalent to the loop in Fig.2.1(a)
Thus, the overall phase factor ¥ of an exchange of two particles satisfies €29 = 1
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(a) (b)

time

b
N
X

Figure 2.2: Schematic of Braiding

This phase factor has two type : ¢ = 0 (bosonic statistics) and ¢ = 7 (fermionic
statistics).

For two dimensions, statistics come into four species: bosons, fermions, Abelian
anyons, and non-Abelian anyons. As seen in Fig. 2.1(b), there are two paths C;(i =
1,2) in two dimensions, and we can not continuously deform the path C}(Cs) to the
path C5(C1) respectively. This result implies that the two paths are topologically
distinct. Thus, it is possible that the overall phase factor e takes any value. This
exotic particle with any phase factor is called an anyon[l]. Moreover, we would
like to consider the degenerate case. In this case, the overall phase factor would
be more complicated and become a matrix. Generally, a matrix does not commute
each other (non-Abelian), which means that the final state depends on the exchange
order (Fig. 2.2). These exotic statistics are called non-Abelian statistics and are well
known as the Braid group in mathematics, and then the exchange operator is called
a Braiding operator.

The braiding rules for Abelian (non-Abelian) statistics are derived from three
important factors; the fusion rule, the F-symbol, and the R-matrix. The fusion
rule means the process that multiplying two anyons can construct other anyons in
Fig. 2.3(a) and then is the basic notion of understanding the physics of anyons. The
F-symbol is a matrix for the transformation between different fusion bases, which
is expressed as shown in Fig. 2.3(b). The braidings of two anyons are described by
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(A a b (b)ya bec a b c

— pab
— R \j//
C C
Figure 2.3: (a) Diagrammatic expression of the fusion rule. a,b,c,... denote a state

with an anyon. (b) Diagrammatic expression of the F-symbol. (c) Diagrammatic
expression of the R-matrix.

the R-matrix R, which transposes two anyons a and b fusing into an anyon c. The
diagrammatic expression of the R-matrix is shown in Fig. 2.3(c). Also, this matrix
is obtained from the topological spin, which describes the phase change arising from
the braiding of two anyons, combined with the hexagon equation satisfied by the
F-symbol and the R-matrix.

In general, the fusion rule is given by

axb=>Y Nye, (2.2)

where a,b, c are particles and N¢, is an non-negative integer. For Abelian anyons,
there is one type anyon ¢ with Ng = 1 and all other ¢ with Ng = 0. The toric
code model is an example of Abelian anyons [56]. In this model, there are four type
particles I, e, m, €, where I means the vacuum, and the fusion rules are as follows

exe=IL mxm=1I, exe=1,

exXm=e exe=m, mxe=e, (2.3)
and then these anyons obey the Abelian statistics.
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Chapter 2. Introduction to Abelian and Non-Abelian Anyons

2.1.2 Topological Quantum Computation

Let us talk about the application of anyons, such as topological quantum com-
putation. Quasiparticles in topological systems satisfy the characteristic features of
anyons. Topological systems have these origins in the fractional quantum hall effect
and denote the topological insulator, topological superconductor, topological super-
fluid, and Kitaev materials. Also, these systems are classified with the topological
number, take an integer value, determined by bulk symmetries such as time-reversal
symmetry, particle-hole symmetry, chiral symmetry, and so on [57]. In general, this
topological number does not change without closing the energy gap. Thus, topo-
logical systems can be realized robust against local perturbations. For the systems
with the non-zero topological number, these systems can host the zero-energy quasi-
particles at the interface, which is called bulk-edge correspondence [58]. Of course,
these quasiparticles have taken over the nature of topological systems and then are
topologically protected from local perturbations.

Topological quantum computation is the quantum computation in which we can
encode information to anyonic qubits non-locally [8]. As mentioned above sentence,
anyons can be realized as quasiparticles in topological systems. Thus, this qubit is
robust against local perturbations and does not, in principle, cause errors. Also,
quantum gates can be composed of braiding operations, which implies that the final
state only depends on the order of braiding operations. However, for some non-
Abelian anyons, the braiding operations can not construct the universal quantum
gates while these qubits are sufficiently robust against local perturbations. In this
case, it is necessary to introduce a non-topological operation, the observation of
anyon charge, for the construction of universal quantum gates, and the universal
quantum gates are implemented as a combination of braiding operations and non-
topological operations. These quantum gates would cause errors. Thus, we need to
seek reasonable non-Abelian anyons or to construct the non-topological operation
with sufficiently small errors.

In next section, we introduce an example of non-Abelian anyons and the im-
plementation of topological quantum computation: to construct g-bit and qunatum
gates.

2.2 Examples of Non-Abelian Anyons
Obviously, non-Abelian statistics are more complicated than Abelian statistics.

Let us discuss three anyons as examples of non-Abelian anyons, such as Ising anyons,
Fibonacci anyons, and Yang-Lee anyons. Ising anyons would be the most famous



2.2. Examples of Non-Abelian Anyons

examples of non-Abelian anyons.

2.2.1 Ising Anyons

First of all, we would like to discuss the Ising anyons. There are three particle
types: the vacuum I, the non-Abelian anyon ¢, and fermion . The fusion rules are
given by

oxo=1+4+vY, cxp=o0, pxp=1 (2.4)

The first fusion rule implies that ¢ anyon is its own antiparticle, and the fusion
of two ¢ anyons means that these anyons would annihilate or the creation of the
fermion 1. The second fusion rule means that o anyon can absorb the fermion
without changing its anyonic charge. An anyonic charge specifies whether a particle
is equivalent to the vacuum, the boson, the fermion, and the anyon. We can only
observe the fermion parity, the parity of the total fermion number because the fusion
of two fermions 1) is to be the vacuum.
The explicit forms of F-symbol and R-matrix are given by

o _ L oo _ —in/8
F;'oa \/§ (1 1> s R (& (O Z) y (25)

where the basis of these matrix is spanned by the states |I) , [¢)). These explicit forms
can be obtained by the pentagon and hexagon indentities [59]. The pentagon identity
represents two distinct fusion processes of four anyons with a fixed final state. Also,
the hexagon identity represents two distinct fusion processes of three anyons with a
fixed final state. From the R-matrix, we found that a fermion 1 gains an additional
phase 7/2 compared to the vacuum state. Braiding is the exchange of two anyons o,
and then this operation does not change the fermion parity of the system. Thus, the
application of the quantum computation requires four anyons ¢ that can construct
the four states |I) @ |I), |¢) @ [I),|I) @ |[¢) , [¢) @ |¢).

Let us consider the topological superconducting systems as an example of the
application to topological quantum computation. Majorana bound states 7 satisfy
the features of Ising anyons and that of Majorana fermion, which is a self-Hermitian
particle [60, 61]. Majorana bound states would emerge at defects in topological
superconductors (T'SC) such as the core of vortices and edges [62, 63]. Recent studies
have revealed that Majorana bound states can be induced in several systems: s-
wave superconductors with Rashba spin-orbit coupling [64, 65, 66], superconducting
nanowires [31, 33], Fu-Kane model [67], and iron-based superconductor Fe(Se,Te) [68,
69].

10



Chapter 2. Introduction to Abelian and Non-Abelian Anyons

We would like to discuss the topological quantum computation (TQC) of Ma-
jorana bound states. The implementation of universal quantum computation needs
some sets of quantum gates; phase gate S, Hadamard gate H, T-gate (7/8 gate),
and CNOT gate. CNOT gate is only a two-qubit gate. Braidings of Majorana
bound states can implement phase gate S, Hadamard gate H, and CNOT gate,
while T-gate can not realize as the braiding of them. To implement T-gate, we need
non-topological operations where Majorana bound states are moved closer to or far
away from each other. This operation, however, involves errors that violate advan-
tages such as topological quantum computation. Recent studies of these systems
focus on the implementation of universal quantum computation [11, 70].

Now, we consider the systems hosting 2N Majorana bound states ;. Majorana
bound states v; satisfy following conditions

vi =9k v =1{%}=0.

First of all, we would like to construct the Hilbert space. We can define a non-local
complex fermion v; as 1; = (y;-1 + i72;)/2, the number operator n; as

1 ,
o=y = 50 ). 20

which leads to a total degeneracy 2V. This degeneracy is called a topological de-
generacy and can not be split by local perturbations. Moreover, in superconducting
systems, the fermion parity P,

P =[] i1 (2.7)

J

must be conserved, which implies that this degeneracy is reduced to 2¥~! for each
parity sector. In general, under the Braiding of v; and ~;, Majorana bound states
7i,7; would transform as v; — 7;, 7; — —7; since the fermon parity P is conserved.
Thus, the explicit forms of the Braiding can be defined as

T 1
B;; = exp [—Z’Yﬁj] = E (1 — i) - (2.8)

We would like to construct some quantum gates by using braidings of Majorana
bound states. An important property is that three Majorana bound states i, 72, 73

constitute the Pauli matrices as

—iMYe = 04, —iY2Y3 = Oy, —1Y371 = Oy (2.9)

11



2.2. Examples of Non-Abelian Anyons

From this relation, some one-qubit quantum gates can be described by braiding
operations as

Phase gate S: S = By, = e~ '1 <(1) (Z)) : (2.10)
Hadamard gate H: H — (Bys)*Byy — — (1 1 (2.11)
adamard gate ri: = 2,3 3,1 = \/5 1 —1)° .

NOT gate: NOT = (By3)* = —i (2 (1]) : (2.12)

Next, we consider two Majorana qubits. CNOT gate can be described by Majorana
bound states v, as

_ (T 0\ (H 0\ /I 0\ /H" 0
o=y o) = (0 1) 0 o) (5 )

i H 0 LT HT 0
- <0 H) exp [_2171727576] By 2Bs6 ( 0 HT) . (2.13)

To realize exp [—i%"}/l")/g")/g,")/d , we need to the ancillary Majorana bound states ~g, Y10
and prepare the state |p) satisfying 1910 |¢) = 0 [11, 12]. Acting this operation on
the preparing state |p), we obtain

LT
exp [—2171727576] |p) = 2B1o 6112114 |) = 2Bg 1012112 |¢) (2.14)

where we define projection operations 13,111 as I3 = (1 F ive70),[I1 = $(1 +

71Y2Y579). Thus, the operation exp [—&71727576] can be realized as the measure-
ment of —ivsy9 and —v1727579 and braiding Bios. Finally, we construct T-gate
which is a non-topologically protected operation. Let us consider the target state,
|Y) = a]0)+ 5 |1), and the ancillary state, |¢) = \%(|0>+ei% |1)). T-gate is composed
of two steps: (i) acting CNOT gate on the state 1)) @ |¢) and (ii) the measurement
of the ancillary state |¢). If we measured |1) on step (ii), we should apply the phase
gate to the target state. Step (i) is

@10 gar w50 ® ()T + =M e ET o)+ 15

Step (ii) is the measurement of the ancillary state |¢) in Eq. (2.15). If |¢) = |0),
the state would be \/Lﬁ(oz |0) + €5 3]1)) ® |0), which implement T-gate. On the other

12



Chapter 2. Introduction to Abelian and Non-Abelian Anyons

hand, if |p) = |1), the state would be %(ei%a |0)+5]1))®]|1) and then acting phase
gate on this state we implement T-gate:

_(¢Fa —(a]0) +¢F
S(eial0) + 8 @) —— s+ i) 9|y, (216)

The key point of T-gate is preparing the ancillary state as \%(|0> +¢€'7[1)). First of

all, we consider the state |p) = \/L§(|O> + |1)). To prepare the state, we operate the
non-topological operation in which Majorana bound states are moved closer to each
other. This non-topological operation is bringing 7, and 7, closer for a time ¢ = £,
which implies that the state can acquire the dynamical phase factor e~ where we
consider the effective Hamiltonian H = iey;ys = —e0,:

—ietoy

V2

After this operation, we need to return v; and  to the original positions:

e

|ho) — €7 Juho) =

(10) +11)) . (2.17)

iz

e 's

V2

We have introduced the theoretical framework of quantum computation using
Majorana bound states. At the end of Ising anyons, we would like to introduce
the numerical studies of braiding Majorana bound states. Let us consider twice the
exchange of v and ~3. If we set the initial state as |00), the time-evolved state were
as follows

(10) +€'i |1)) . (2.18)

00) — % (100) = 111) 5= =i 11). (2.19)

These consequences imply that Majorana bound states obey the non-Abelian statis-
tics, and the Braiding operations might correspond to quantum gates. We have
numerically simulated this result, as seen in Fig. 2.4 [71]. Fig. 2.4 (c) shows the
transition of the quasiparticle states under braiding Majorana bound states. These
numerical results imply that twice braiding (¢ = 27T) causes the transition of the
quasiparticle states: —F; — +FEy, —Fy — +F;. Thus, this braiding operation is the

unitary transformation of the encoded state |00) to |11) = ﬁl Eﬁi 2, 100).
1

!There are some references for the Majorana braiding dynamics [72, 73, 74, 75].
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2.2. Examples of Non-Abelian Anyons

(C) Q_Ez. _Elo +E1 \)+E2
Phase ® Phase ®
-2m T 0 T 2m 1—27r - 0 T 2m
{
0.8 0.8 !
— . f
=06 =06 f
5 ; S J
a%0.4 0.4 \ |
0.2 I 0.2 /
{
0 0 L
0 T/2 T 2I/3 2T 0 T/2 T 2T/3 2T
Time ¢t Time ¢t

Figure 2.4: (a) Schematic of a trijunction hosting a single Majorana quasiparticle.
Each superconducting island has a different phase, ¢ = 0, +27/3, and the intersection
is regarded as a phase singularity. (b) Schematic of the two-dimensional network of
trijunctions. The braiding of Majorana bound states v is implemented by rotating
the phase ¢ from 0 to 27. (c) Projection of the time-evoluting state |1 (t)) onto the
encoded state |pg,), where E; means the quasiparticle spectra. Twice braiding (t =
2T') causes the transition of the quasiparticle states: —FE; — +FEsy, —Fy — +F;. This
result implies that twice braiding operation is equal to the unitary transformation of
the encoded state |00) to |11) = ﬁLEQﬁiEl |00).
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Chapter 2. Introduction to Abelian and Non-Abelian Anyons

2.2.2 Fibonacci Anyons

Next, we would like to discuss the Fibonacci anyons that are more promising for
implementing the universal topological quantum computation [8, 41, 51, 76]. There
are two particle types I, 7 in this anyonic system. The fusion rules are as follows

TxT=I0+4+T. (2.20)

The explicit forms of F-symbol and R-matrix for Fibonacci anyons are given by

i -1 -1/2 . eisT 0
F’TT’T = (Q?—l/Z ?(ﬁ_l) 7R = ( 0 _eigﬂ) 5 (221)

where ¢ = (1 ++/5)/2 is the golden mean [77]. Here, the F-symbol acts on the two-
dimensional space spanned by the trivial vacuum state I and the non-trivial state
with a Fibonacci anyon 7. Now, we consider the three state |0) , |1) and |N') depicted

0) = I((s.0)5 o)) = Co_o>, o, = TKT{T

T 'TT T

1) = (o, 0)r o)) = oo, o, = X{

T ';7: T

N) = [(0. ) 0)) = e, &, = X{
I

Figure 2.5: The three state |0),|1),|N) of three Fibonacci anyons e.

in Fig. 2.5 [8]. The two states |0) and |1) are utilized as qubits for the application
of quantum computation. The state |N) is a non-computation state. Also, Fig. 2.6
shows the two basic braiding operations oy and oy. The matrix for the braiding
operations oy, 09 are given by

e 5" 0 0
ploy) = 0 —e 5™ 0 : (2.22)
0 0 —e 7
e—i%gbfl _ie—iﬁqsfl/Z 0
plon) = | —ieihg2 g 0o . (2.23)
0 0 —e 5T
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U
N
e @ O G

Figure 2.6: Schematic of the braiding operations o1, 0

Any braiding processes of Fibonacci anyons are built from the elementary braiding
01, 02, and then the unitary operations are achieved by the combination of p(o) and
p(02).

Fibonacci anyons can be described by Z3 parafermion theory, and Z3 parafermion
is realized with a coset model SU(2);/U(1) that is equiverent to SU(2); Wess-
Zumino-Witten model [78, 79]. Z3 parafermion implies that fermions ¢ in this theory
satisfy ¢ x ¢ x » = 1. Thus, Z; parafermion means that fermions v fuse together
to the trivial vacuum state if the number of fermions is a multiple of k. In Zj
parafermion theory, there are six particles I, 1,15, 01, 09,€. The particle € is the
non-Abelian anyon and then is emerged from fusing o; with ;. Of course, this
anynon e satisfies the Fibonacci fusion rule € x € = [+ €. This system physically can
be realized as v = 12/5 FQHE state [42, 80].

2.2.3 Yang-Lee Anyons

There is a close cousin of Fibonacci anyon realizable in a non-Hermitian quantum
system, which is referred to as Yang-Lee anyons [53, 54]. Yang-Lee anyons obey
the same fusion algebra as Fibonacci anyons, which suggests that they may have
computational power comparable to Fibonacci anyons. However, Yang-Lee anyons
obey non-unitary non-Abelian statistics; i.e. the non-Abelian braidings of Yang-
Lee anyon are non-unitary because of the non-unitary character of the underlying
Conformal Field Theory. Although this feature is not suitable for the application
of unitary quantum computation, it may be utilized for the construction of non-
unitary quantum gates. Non-unitary quantum computation has been studied in
connection with the measurement-based quantum computation [81, 82, 83, 84]. The
systematic realization of non-unitary quantum gates may be useful for simulating
the non-unitary time-evolution of open quantum systems in a controllable way.
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Chapter 2. Introduction to Abelian and Non-Abelian Anyons

The F-symbol for Yang-Lee anyons can be derived from that for Fibonacci anyons
by changing ¢ — —1/¢ with ¢ = (1 + v/5)/2, which corresponds to the Galois
conjugation [53, 54],

F= <Z_\/% Zﬁ) | (2.24)

Here, the F-symbol acts on the two-dimensional space spanned by the trivial vacuum
state and the non-trivial state with a Yang-Lee anyon 7. Note that Eq. (2.24) is a
non-unitary matrix, in accordance with the non-unitary CF'T for the Yang-Lee edge
singularity, in contrast to Fibonacci anyons for which the F-symbol is unitary.

We, here, conjecture that the topological spin of the Yang-Lee anyons is equal
to the conformal spin of the non-trivial chiral primary field hy o = —1/5. Then, the
R-matrix for Yang-Lee anyons is given by,

i%w O
R™= (€ o 2.25
(5 %) 229

Egs. (2.24) and (2.25) are the bases for the braiding rule, i.e. the non-Abelian
statistics of Yang-Lee anyons. Following the case of Fibonacci anyons [10, 41, 51],
we consider the three state |0), |1), and |N) depicted in Fig. 2.5. The matrix for the
braiding operations o1, oo are given by

iy

eis™ 0
plo)=1| 0 €35 0 |, (2.26)
0 0 €%
gbe’%’r ivoe s 0
p(o2) = | i/Pe 5 ) 0 1]. (2.27)
0

0

Any braiding processes of Yang-Lee anyons are achieved by the combination of p(o)
and p(o9). It is noted that p(os) is non-unitary. Thus, non-Abelian braidings of
Yang-Lee anyons give rise to non-unitary transformations on the qubit states. This
property can be utilized for the construction of non-unitary quantum circuits [81,
82, 83, 84], which may be useful for simulating dissipative quantum dynamics in a
controllable way.
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Chapter 3. Introduction to Conformal Field Theory

Chapter 3

Introduction to Conformal Field
Theory

In this chapter, we briefly introduce Conformal Field Theory (CFT)[85]. * This
theory is extremely successful for critical phenomena in two dimensions and gives
us remarkable results [88, 89, 90]. Generally, the renormalization group method is
a powerful tool to access the critical phenomenon and gives us a description to un-
derstand the universality of a quantum many-body system [91], but this method
does not say what physics on the fixed point follows. It leads to the construction of
a theory that rigorously describes the physics on the critical point. The Zamolod-
chikov c-theorem is a famous example that characterizes critical phenomenon in two
dimensions [92]. This theorem says that at a fixed point, a physical value is equal to
the central charge c of the CFT. Thus, the CFT can describe the physics at a critical
point.

In the previous chapter, we discussed the basic nature of anyons. Anyons phys-
ically can be realized as fractionalized quasiparticles in two-dimensional topological
phases. In general, low-energy effective field theories of topological phases can be
described by 241 Topological Quantum Field Theory (TQFT), Chern-Simons gauge
theory [93]. On the other hand, edge states of these systems can be described by
1+ 1 CFT, Wess-Zumino-Witten model [4, 42]. Thus, the CFT can identify systems
with anyons.

3.1 Conformal Invariance and Virasoro Algebra

"'We recommend Ref.[86, 87] as a modern textbook to explain CFT.
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3.1. Conformal Invariance and Virasoro Algebra

3.1.1 Conformal transformation in D dimensions

We would like to discuss the general ideas of conformal transformation in a field
theory. Let us consider a local field theory in D(= d + 1) dimensional spacetime.
For d = 3, the flat metric tensor g, is given by

-1 0 0 0
0 1 00
Guv = N = 0 01 0] (31)
0 0 01
then the line element ds? introduces as follows
d
ds® = Z guvdatdx”, (3.2)

p,v=0

where ¢ = 0,1, 2,3 are the time and space componets and x* stands for the 4-vector
x# = (ct,x). Throughout the rest of this thesis, we will use Einstein’s convention.
Thus, we can rewrite Eq.(3.2) as

ds* = g, dz"dz”. (3.3)
Under a change of coordinates x* — z'#, the change of the metric tensor is

PP ox® 0z
e = G4 (8) = S0 (0). (3.4)

First, we consider that the metric tensor does not change under a change of coordi-
nates. Under an infinitesimal transformation, z# — 2'# = z* — €, the metric tensor
transforms as

g,LW — g:;,y = g,ul/ + 8/1,61/ + 81/6;1,- (35)
From the constraint, g}’w = guw, We require that
Ouey + Ove, = 0. (3.6)

Furthermore, acting 0, on Eq. (3.6), we obtain the important condition 0,0,¢, = 0,
which implies that ¢, is given by a form €, = a, + b,,2", where the tensor b,, is
an anti-symmetric tensor: b,, = —b,,. The form of € implies that the first term a,
corresponds to the translational transformation and the second term b,,x" does to
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Chapter 3. Introduction to Conformal Field Theory

the rotational transformation. Here, we consider an infinitesimal transformation of
a scalar field ¢(z). Under this transformation, a scalar field ¢(x) change as

¢(x) = ¢'(z) = ¢(z) + " Gag(), (3.7)

where we introduce a generator G, which transforms ¢(z) to other fields. Also,
a scalar field satisfies ¢'(2') = ¢(z), which gives a transformational form at a-
coordinates as

¢(z) = ¢'(x) = ¢'(z' + €) = d(x +¢)
= ¢(x) + €00 (x). (3.8)

Therefore, we get the translational and rotational generators as follows,
P, = —id,, L,, =i(x,0, —x,0,). (3.9)

Also, this transformation is called the Poincaré transformation.
Next, we introduce the conformal transformation, which leaves the metric tensor
up to a local scale change as,

I (€) = 9, (2') = M) gpu (). (3.10)

Obviously, if the scale factor is A(x) = 1, the consequences bring us back to the above
discussion. Let us consider that the scale factor A depends on x. Here, we introduce
two vector fields V“l, VMQ. Under the conformal transformation, the magnitude and
angle of these vector fields change. The angle

g#yVIMVQV
VIVIFIv2P

defined by these vector fields, is invariant under the conformal transformation (an
example case is shown in Fig.3.1). We consider the change of the metric tensor under
an infinitesimal transformation. For the conformal transformation, we require that,

(3.11)

a,uﬁu + aufu = f(x)n;w; (312)
where f(z) = (2/D)0,e". Eq. (3.12) gives us the partial differential equation

(00”0, + (D —2)0,0,) f(x) = 0. (3.13)
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3.1. Conformal Invariance and Virasoro Algebra

Figure 3.1: Schematic of conformal transformation. A local angle is invariant under
conformal transformation.

The solution of this partial differential equation is f(z) = a + (,2*, which implies
€y = ay + bux” 4 ¢l (3.14)

where the tensor c,,, satisfies ¢, = cu,. The conformal transformation contains
the translational and the rotational transformation. Obviously, the first term of e
corresponds to the translational transformation. For the second term of €, Eq. (3.12)
imposes

2
b + by = 51)”,)77,”. (3.15)

Let us consider the symmetric and anti-symmetric parts of the tensor b,,. The
anti-symmetric part of b,,x"” corresponds to the rotational transformation, and the
symmetric part v°,z,, does to the scale transformation because the symmetric part
is proportional to the metric tensor 7),,. For the third term of €, Eq. (3.12) imposes

1, 1, 1,
Cuvp = _EC oullvp + EC U + EC opuv- (316)

The third term c,,,2"2” is called the special conformal transformation. Under the
special conformal transformation, the position z* change as

2 1
t — o't =2t — E(x”cam,)x“ + 5|x|2c"w. (3.17)
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Chapter 3. Introduction to Conformal Field Theory

Therefore, the conformal transformation consists of the translational, rotational,
scale, and special conformal transformation The generators of scale and special con-
formal transformation can define as,

D= —iz"d,,  K,=—i(2z,2"0, — |z[°d,). (3.18)

For a finite transformation, the conformal transformation is given by

ot =gt —at, (3.19)

' = A2, (3.20)

™ = Az, (3.21)
1 BH|p|?

= St Bl (3.22)

1+ 2Bvz, + | Bt

In particular, since we focus on 141 dimensional systems, we restrict our discussion
to two-dimensional CFT.

3.1.2 Two dimensional CFT

For the discussion on the two-dimensional case, it is useful to replace the real
coordinates (2%, z!) with a complex variable z and its conjugate z as

0 izt (3.23)

2z =% + izl zZ=x
From Eq. (3.12), we cloud easily find that €(€) only depends on the complex variable
2(Z). Let us consider the conformal transformation z — 2/ = z — €(2),Z —» Z’ =
Z —€(%), and then expand €(z),€(Z) with the form of Laurant series,

() == > e w@z)=- > ezt (3.24)
The generators of €(z) and €(Z) can be defined as,
0 - = 0
l, = —2""0 = —z”“%, I, =—2""0 = —Z"H%. (3.25)
These generators obey this algebra,
Ly ] = (0 —m)lim, (I, L] = (0 — M)y (3.26)
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3.1. Conformal Invariance and Virasoro Algebra

Eq. (3.25) implies that the two-dimensional conformal transformation consists of infi-
nite generators. 2 The case of n = —1,0, 1 is globally defined in the Riemann sphere,
which implies that these generators correspond to the generators of the conformal
transformation

P,:ly=-0,l_1=-0,

Lt i(lg — 1) = —i(20 — 20),
D:ly+1ly=—20—Zz0,

K, il = —220,T, = —3%3.

The algebra composed of the above generators is called the global conformal algebra.
An elementary field in CFT is the primary field ¢(z,Z) which transforms as,

o(z,z) = ¢(2,7) = <%)h (%)h(b(z,z), (3.27)

under an arbitrary transformation (z,%) — (2/,%'). This parameters (h, h) are called
conformal weight. Also, we can define the quasi primary field which transforms as,
Eq. (3.27) under the global conformal transformation. * Under the infinitesimal
transformation, z — 2’ = z — ¢(2), a primary field O(z, %) changes as

O(z,2) = O'(2,2) = O(2,%) + [h(9e(2)) + €(2)0 + h (9€(z)) +€(2)] O(z,(zg.%)

This consequence can be regarded as the definition of a primary field O(z,z).

One of the most valuable features of two-dimensional CFT is that holomorphic
and anti-holomorphic parts always are independent. Furthermore, the global confor-
mal transformation uniquely gives the coordinate dependence of a two point corre-
lation function as

Oh1,haOF, T
__2h1
w|™

(01(2,2) 2 (w, W)) =

(3.29)

|z — w™|z —

Next, we would like to discuss the role of the energy-momentum tensor T*,
in CFT. The energy-momentum tensor is closely related to the symmetry and the

2In D(> 2) dimensions, the conformal transformation consists of finite generators P,L,,D K,.
3In CFT, there are some fields that are quasi primary fields but not primary fields. For example,
an energy-momentum tensor T*#, is one of quasi primary fields.
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Chapter 3. Introduction to Conformal Field Theory

conserved quantity of a system. % In field theories, the energy-momentum tensor
T*, can be defined as an invariant current under the translational transformation. °
Let us consider the action,

S = /dtL = /ddx£(¢, 0,9), (3.31)

where L is the lagrangian density of a system. For this case, the energy-momentum
tensor can be defined as,

oL
T, = = 8,6 — "L, 3.32
50,9)° (3.32)

where we can write the current j# under the scale transformation as T#,z”. The
invariant of this current j# implies that the energy-momentum tensor 7%, must be
traceless 7", = 0. Through the rest discussion, we replace T*, with

= —27T,,, T = —21T%. (3.33)

From the Ward-Takahashi identity, we get the correlation functions with the energy-
momentum tensor satisfying,

<T(z)01"'0">:,2(2_12j%+ﬁ> (O1---0,) + ..., (3.34)
<T<E)010n> :Z(E—lzjaigj—i_(?—hﬁ) <010n>+, (335)

where O,, is primary fields and . . . is the holomorphic function that has no divergence
at z = z;(Z = Z;). This equation implies that the energy-momentum tensor 7, is
the quasi primary field with the conformal weight (h, h) = (2,0).

4In quantum field theories, Ward-Takahashi identity is an important identity for the discussion
on the symmetry of a system [94, 95]. This identity implies that a current is invariant at the position
without a field ¢(z).

5For an arbitrary transformation, the current is defined as,

) oL
Ja(z) = WGG¢ — T as (3.30)

which satisfies 0,,j%q(x) = 0 and that the action S is invariant up to the surface term €*9,J",.
The current j*, is called the Noether currents [96].
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Now, we introduce the operator product expansion (OPE) that a product of two
fields can be expanded as

010, =Y Chy(z,w)0,(w), (3.36)

where fields O, form a complete system. The OPE of T'(2)T'(w) is

c/2 2T (w) 0T (w)
(z —w)? i (z —w)? * z—w

T(2)T(w) ~ : (3.37)

where c is called central charge and a number that reflects the universality class of
the CFT. In unitary field theories, this charge is a non-negative value. Also, the
central charge ¢ shows the number of degrees of freedom in a system. For example,
this charge ¢ of N free boson systems is equal to N, and that of N free fermion
systems is N/2. Under an infinitesimal transformation ,z — 2’ = z — €(z), the
energy-momentum tensor 7'(z) changes as

T(z) = T'(2) =T(z) + (20e(2) + €(2)0)T(2) + 1—02(836(2))T(Z). (3.38)

Also, under a finite transformation, the energy-momentum tensor changes as
() = (& 2 <T(z) ~ S z}) (3.39)
BRNCE PR '
where the symbol {; } is called Schwarzian derivative and is defined as

L, P(2) 3 [0%(2) 2
{2 = 02(z) 2 (82”(2)) ' (3.40)

For the anti-holomorphic part T(Z), the above equations only require replacing ¢ — €.
In general, the central charge ¢ and ¢ could be different, then CFT is chiral. The
modular invariance imposes that the two central charges ¢,¢ must be equal [97].
6 This invariance is usually required. Chiral systems are the edge states of the

6The partition function Z, as a function of 7, of a system is invariant under the following
transformation:

1
T = =, T—=T1+1, (3.41)

T

which implies that this system possesses modular symmetry.
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fractional quantum Hall system, topological superconductor, topological superfluid,
and so on. Also, the central charge is an example of a quantum anomaly. Quan-
tum anomaly is an additional term that is induced by a coordinate transformation
or gauge transformation. This anomaly implies that a symmetry that survives in
the classical theories is broken due to a quantum anomaly in the quantum theo-
ries. In classical field theories, the central charge c is absent, which means that the
energy-momentum tensor 7'(z) homogeneous transforms under a finite transforma-
tion. Thus, the central charge ¢, confromal anomaly, is a quantum effect that breaks
the homogeneous transformation.

Physical Meaning of the Centaral Charge ¢

The central charge means the quantum effect that smoothly violates the conformal
symmetry. Also, the central charge ¢ plays a crucial role as the universal finite-size
correction of the ground state energy Eg,, [88, 89]. Let us consider the conformal
transformation, z — w = u 4+ v = % In z, which is a mapping from the infinite flat
plane to the cylinder. In this case, the energy-momentum tensor, T, = T(v) +T(v),
means the density of the energy flow. From the Schwarzian derivative, the energy-
momentum tensor 7T yields the following equation

o\ > 9 c
T(w) = (T) (z T(z) — ﬂ> . (3.42)
Thus, the Hamiltonian is given by

1
27

" / 7o) + T(0)] dz = 2 (Lo + To) - =<, (3.43)

l )

g

This result implies that the ground state energy Fq is —%7,

is defined as Lg |[0) = Ly [0) = 0.

where the ground state

3.1.3 Virasoro Algebra and Hilbert Space

Let us consider the Hilbert space in two-dimensional CFTs. We would like to
switch from the path integral formalism to the operator formalism to discuss the
Hilbert space. In the path integral formalism, the order of fields ¢ does not have any
meaning, while in the operator formalism, the order is not negligible. We adopt the
radial quantization with time. This quantization is the method that maps from the
cylinder to the complex plane in Fig. 3.2. The relation between the cylinder and the
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Figure 3.2: Schematic of mapping from the cylinder to the complex plane

complex plane is given by
z = exp(t + iz), Z = exp(t —ix). (3.44)

In the operator formalism, the initial state is the state at z = 0(t — —o0), and then
the final state is the state at z — oco(t — o0). Now we define the initial state |O)
with a field O(z,%) acting on the vacuum state as,
|O) = lim O(z,%)10), (3.45)
2,2—0
where the vacuum state |0) means the state that expresses the absence of a field

at z = 0. Similarly, we can define the final state (O] with acting a field O on the
vacuum state as,

(O] = lim 222°" (0| O(z, 2), (3.46)

2,200

where we switch the coordinates z — w = 1/z. 7 Since we can define the final state
as the hermitian conjugate of the initial state, the hermitian conjugate of a field
O(z,Z%) can be introduced as

(O0(z,2) =2722720(1/7,1/2). (3.48)

"We need to map the coordinates where the state with ¢ — oo corresponds to the state at w = 0.
Under this transformation w — z, a field O’(w,w) transforms as,

O’ (w,w) = <:Z;>h (ii)h(’)(z,z) = (=1)"thz2h 20 (2 7). (3.47)
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Generally, a primary (quasi-primary) field ¢(z, Z) with the conformal weight (h, h)
can be expressed as,

$z7) = Y 2 E e, (3.49)
1 n+h—1 1 —m+h—1 —=
Onm = o dzz 5 dzz o(z,2), (3.50)

using a mode expansion. The Noether current under the conformal transformation
is related to the energy-momentum tensor 7*,, which implies that the mode op-
erators for the energy-momentum tensor T*, are the generators of the conformal
transformation on the Hilbert space in two-dimensional CFT. The generators Iy, [,
(Eq.(3.25)) are the generators of the conformal transformation on the spacetime. We

expand the energy-momentum tensor 7#, based on Eq.(3.50) as follows

T(z)= Y #" 2L, T@E@= Y z"L, (3.51)
L= ddeam'T(z),  To= — & az= T () (3.52)
" 2w ’ " 2mi ‘ '

The generators Ly, L,, satisfy the following commutation relation:

C
[Ln, L] = (n —m) Ly + En(n2 — 1)6n1m.o0, (3.53)
L. Tl = (n — )T + %n(nQ — 1)drsmo, (3.54)
(Lo L] = 0. (3.55)

and is called the Virasoro generator, then this algebra is called the Virasoro algebra.
8 For n = —1,0, 1, Virasoro algebra corresponds to the global conformal algebra.
Furthermore, the generator of the scale transformation Lg + Lo means the Hamilto-
nian in the radial quantization, which implies that the analysis of spectra in a system
is equal to that of conformal weights. The global conformal algebra would satisfy
the following algebra

s b] = (1 — M)l (3.56)

We would like to add a central extension term to this algebra. In mathematics,
this procedure is called Lie algebra extension. Central means that this term always

8From the Ward-Takahashi identity and the OPE, we can obtain the Virasoro algebra.
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commutes with all operators. In general, the Lie algebra extension of this algebra
can be given by

[Lny, L] = (n —m) Lyt + Crm, (3.57)

where ¢, ,,, is center and satisfies ¢, , = —¢p . On the global conformal algebra, a
non-trivial central extension term is only 5n(n* — 1)d,1mo. * Thus, the Virasoro
algebra is unique to the Lie algebra extension of the global conformal algebra.

The energy-momentum tensor 7'(z) is well-defined in the Riemann sphere, which
implies that there is no singularity at z = 0. This consequence imposes an important
constraint as

L, |0) = n> -1, (3.59)
O|L,=0 n<l. (3.60)

Also, the Virasoro generators L satisfy L = L_,. Therefore, the vacuum state is
invariant under the global conformal transformation:

L |0) = (0| L, = 0 (n = 0, £1). (3.61)

Conformal Tower

The initial state with a primary field O(z,%) acting on the vacuum state is

h.h) = lim O(z,%)]0), (3.62)

2,2—0

where the conformal weight of the primary field O(z,%) is (h,h). This initial state
is called a primary state. The primary state is the eigenstate of the operator Lo, Lg:

h,ﬁ>={0 n>0 I

L, !
h|hB)Y  n=0

— 0 n>0
h,h>:{mhﬁ> o (3.63)

9From the Jacobi identity, we obtain
(n—m)cinem + (M —Depmr + (= n)em 140 = 0. (3.58)

For the replacement of the operator, L,, — Ly, + ¢y, Cnm — Cnm — (N — 1) Chgm, 1—“’271(712 —1)0n+m.0
is only non-vanishing term.
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10 These conditions can be regarded as the definition of the primary state and are
called Primary conditions. For the final state, we can define the primary state as,

(h,h| = lim z*"z*" (0| O(z,%), (3.65)

2,Z2—00

while the primary conditions are,

— 0 n >0 — = 0 n >0
L_, = — L_,=<9—-, — . .
(h,h| L, {Wl’h! g (AL {hwh} I (3.66)

Let us discuss how to introduce general states by the primary state. The basic
idea of constructing general states is the same as for the angular momentum case.
In the angular momentum case, the eigenstates satisfy the following condition,

Sl m)y =mljim),  Tlim)=3G+1)]jm), (3.67)

where j > 0, the operators J* satisfy [J, J7] = i€;;.J* and the operator J can be
defined as J = J'J'. ' We can also define the ladder operators as J* = J' 4 i.J2,
which implies that states with J* acting on the state |j, m) are,

JE|j,m) o |j,m £ 1). (3.68)

Therefore, acting on the ladder operators J* to the states |j,m) can construct the
states that the eigenvalue of J? only differs by 41, but that of 7 is the same value.
Now, let us focus on the state |7, 7). From the features of the ladder operators J*, we
obtain J* |7,7) = 0. '* This consequence implies that acting on J* to |j,7) cannot
construct other states, while acting on J~ to |j, j) can construct other states as,

(Y™ 14, 5) o< g,m) (3.69)

where j and m satisfy the following inequality: —j <m < j. 13

0From the OPE, we obtain

Ly,

hR) = 74 & 1) |n ) = {0 n>0 (3.64)

h|hB) =0

, and the anti-holomorphic case shows the same result.

"Tn the Lie algebra, the eigenstates of the angular momentum are the highest weight states of
the suy algebra.

L2From JF¥J* = J — J3J3 F J3, acting on J~JV to |, ) gives J~J T |5,5) = 0.

13We require that squared norms of J* |, m) are non-negative.
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3.1. Conformal Invariance and Virasoro Algebra

We apply the argument above to the primary state. To simplify the later discus-
sion, we would like to focus on the holomorphic part. For the anti-holomorphic part,
the same discussion is valid. From the primary condition (3.63), we found that the
Virasoro operators L, (n > 0) correspond to the operator J*, while L_,(n > 0) do
the operator J—. Thus, acting on L_,(n > 0) to the primary state can construct
other states. In general, these states can be given by

Ly oLy, |h) 1<n; <+ <ny. (3.70)

These states, of course, are the eigenstate with the eigenvalue h + N of the operator
Lo where N = 224:1 ny, and are called descendant states. The integer N means the
level of the descendant states. The descendant state L_, |O) can be regarded as the
vacuum state, at w = 0, with the following field,

O-"(w) = 7{ d=(z — w)"T(2)O(w). (3.71)

27

This field is called a descendant field. ** Furthermore, we easily obtain the general
form of the level N descendant field from the OPE.
The number of the descendant states p(N) analytically are known as,

e N1 27 + 3¢+ . 3.72
Hnll—q Zp +q+2¢° +3¢° + (3.72)

Tab. 3.1 shows examples of the descendant states. This family of the descendant

Level N descendant state p(N)
0 |h) 1
1 L_1|h) 1
2 Lalh), L1L_1|h) 2
3 LW .LaLo|h).LaLL k)| 3

Table 3.1: Examples of the descendant states

states is called a Conformal Family(Tower) (Fig. 3.3) or Verma module. Notably, the
conformal family forms a subspace of the Hilbert space. Thus, acting the Virasoro
operators, the states of a conformal family can not violate the states of another
conformal family.

Mn particular, the energy-momentum tensor 7'(z) is the level 2 descendant field for the trivial
field L.
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Chapter 3. Introduction to Conformal Field Theory

PY Level O

- e Level 1
® ® Level 2

® ® ® Level 3

Figure 3.3: Schematic of a Conformal Tower

3.1.4 Minimal Model

Generally, all states of a conformal tower transfer each other, which implies that the
representation of the Virasoro algebra is an irreducible representation. However, in
the model with specific conformal weight, this algebra is reducible. This irreducible
representation is called a degenerate representation. The character of a minimal
model is that descendant states could satisfy the primary condition. These states
are orthogonal to other states of a minimal model and have zero-norm, and are called
a Singular Vector or Null vector.

For the level 1 descendant states, a singular vector is the vacuum state |0). For
the level 2 descendant states, a singular vector would be given by

IX) = (L_y+aL_1L_y)|h). (3.73)

We should find a conformal weight h and a variable a satisfying the primary condition.
The primary condition is L, [x) =0 (n > 0), Lo |x) = (h+2) |x). From the primary
condition, we obtain

Li|y) = [3+ 2a(2h + 1) L_y |h) = 0, (3.74)
Ly |x) = <4h + g + 6ha> Ih) = 0. (3.75)

Thus, if
a:—ﬁ, h:1—16<5—ci \/(1—0)(25—c)>, (3.76)

the descendant state is a singular vector. At the higher level, we can obtain a singular
vector similarly.
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3.1. Conformal Invariance and Virasoro Algebra

We have studied the Hilbert space for CF'T, but it is non-trivial whether a con-
formal family is unitary. Now, unitarity means that the inner product of all states
is definitely non-negative. '° At level 2, there are two descendant states, which
implies that we need to check the inner product for all combinations. This problem
is equivalent to the determination of the following matrix,

(B AL AL 1 |B) (A L InL s |R)
Ma(c, h) = ( (W LoaL 1L 1 |h)  (h| Lol s |h)

4h(2h+1)  6h
B ( (6h ) 4h-+c/2>' (8:77)

Since this matrix Ms(c, h) is a hermitian matrix, the unitary condition is that the
eigenvalues of Ms(c, h) are non-negative. Thus, the determinant of Ms(c, h) is non-
negative. If det{Ms(c,h)} = 0, the conformal weights as a function of the central
charge are

M@zﬂk%(5—ciyﬁl—dﬁ5—@). (3.78)

These consequences correspond to the conformal weight of the above singular vectors.
Thus, the determinant of the matrix Ms(c, h) sufficiently informs us of unitarity and
singular vectors. At level N, the analysis of the determinant of the matrix My (c, h)
is usually challenging, but Kac gave a rigorous expression for the determinant as,

det{My(c,h)} =ay ] (b= hes(c)P™), (3.79)

r,s>1,rs<N

where ayy is a positive constant [98, 99, 100]. The central charge ¢ and the conformal
weight h, s(c) are given by,

1 =

mzw—6<n+%>,mgm:: %ﬂ—nn+@2—nl}—%&&—n. (3.80)

n

In particular, for n = ¢/p(p > q) and p, ¢ are prime integers of each other, the central
charge ¢ and the conformal weight h, s(c) become

—_ )2 _ 2 _ )2
6(p —q) . (pr—gs)” —(p—q) ’ (3.81)
pq 4pq

c=1-

'5In general, unitarity for CFT requires that the central charge ¢ and the conformal weight h
must be positive.
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Chapter 3. Introduction to Conformal Field Theory

where 1 < r < ¢,1 < s < p. This model is called a Minimal Model M, , [85].
Notably, the conformal family of the degenerate representation is closed with respect
to the Fusion Rule

ri+ro—1 s1+s2—1
Oy X Oy sy = > > O, (3.82)
n=1+|r1—ra|, m=1+|s1—s2/,

n+ri+ro=1 mod 2 m+s1+s2=1 mod 2

where O, is the primary field with the conformal weight h, . '® Hereafter, we would
like to introduce some examples of the minimal model M,, ,.

Ising Model

Let us consider the Ising model on 2D lattice without a magnetic field. The
Hamiltonian is given by

J J
H = —E%:O'Z‘O'j = —§zi:€i, (383)

where o; is the Ising spin variable at site ¢ which can take one of two possible values
+1 and ¢; is the energy density defined as ¢; = > ;0i0;. At the critical point T, the
two point correlation functions of both 0;0; and €;¢; is known as

1 1

<O'Z'O'j> ~ m, <€i€j> ~ W’ (384)
where 7; ; is the distance between site ¢ and site j [101, 102, 103]. There are two
scaling operators o, ¢ in the critical Ising model. The operator ¢ means the spin
operator that corresponds to a continuum version of the Ising spin variables o;, and
the operator € means the energy operator that corresponds to a continuum version
of the interaction energy variables o;0;,1. Thus, the above two point correlation
functions are equal to the two point correlation functions of both o(z,%) and €(z, Z).
The scaling dimensions of o, € are A, = 1/8, A, = 1.

On the other hand, primary fields of the minimal model M, 3 are

trivial field 1 hl,l == h273 = 0,
non-trivial field ¢ hy o = hyo = 1—16, (3.85)

non-trivial field €  hg; = hy3 =

N[ =

16The fusion rule can be derived from Belavin-Polyakov-Zamolodchikov equations for the corre-
lation function of primary fields.
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3.1. Conformal Invariance and Virasoro Algebra

Also, the fusion rule is given by
oc=1+¢ oc=¢ e=1 (3.86)

In CFT, a scaling dimension is defined as A = h + h. Thus, the scaling dimensions
of o,e are A, = 1/8, A, = 1. The minimal model M, 3 describes the critical Ising
model on 2D lattice. There are other examples of the minimal model M, ,: Mj5 4
is the tricritical Ising model [104], M5 is the three-state Potts model [105], and
Mpi1,(p > 3) is the RSOS model [106, 107].

Yang-Lee Singularity

Yang-Lee model Hy is the transverse 1D Ising model with a pure imaginary
magnetic field ih:

L
MHyr=—Y [JS;8;, +TS7 +ihS;] (3.87)

j=1
where 7% is the spin 1/2 operator at site j, and L is the system size. The parti-

tion function of this model could be zero on the complex plane of physical parame-
ters. These zeros are called Yang-Lee zeros, and could characterize the phase transi-
tion [108, 109]. Fig. 3.4 is the schematic of the distribution of the Yang-Lee zeros. The

TN T
NPRRNPARNDY,

T>T, T="T. T<T,.

Figure 3.4: Distribution of the zeros of the partition function as a function of tem-
perature 7.

magnetization of this model exhibits singular behavior with a negative exponent close
to the critical magnetic field h. and then this non-unitary critical behavior is called a
Yang-Lee edge singularity. From the renormalization group method, the component
o of the magnetization is —1/6 in thermodynamic limit [110]. Also, this non-unitary
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Chapter 3. Introduction to Conformal Field Theory

critical phenomenon can be described by the non-unitary CFT [111]. This non-
unitarity model is the minimal model M54 with the central charge ¢ = —22/5 and
the conformal weight h = —1/5. For p = 5,¢q = 2, there are two primary fields,

trivial field I h171 = h174 = O, (3 88)
non-trivial field 7 Ay = hy3 = —1. '
Also, the fusion rule is given by
TxT=1+T. (3.89)

The CFT description of the Yang-Lee edge singularity in the 2D Ising model with an
imaginary magnetic field was confirmed by numerical studies [112, 113]. The exper-
imental observation of the Yang-Lee zeros was achieved by measuring the quantum
coherence of a probe spin coupled to an Ising spin bath [114, 115].

(d) 1 ©) 1 M 1

0.5 0.5 0.5
N ~N N
g0 i El
-0.5 -0.5 -0.5

-1 -1 -1

-1 0 1 -1 0 1 —1 0 1
Rel[z] Re[z] Relz]

Figure 3.5: Observation of Yang-Lee zeros [115]. The red crosses mean the obser-
vation data measured from the zeros of probe spin coherence, and the blue circles
mean the theoretical predictions of the Yang-Lee zeros. The temperature of each
datais (d)T = 300K, (e)T.sr = 15J/8, and (f)T.rr = 9J/40, where J is the coupling
strength of the bath and the effective temperature 7,y is scaled by J.

3.2 Renomalization group and CFT

The traditional studies for the critical phenomenon are based on soluble mod-
els [116, 117], scaling hypothesis [118, 119, 120], and the renormalization group(RG) [91].
However, it is worth constructing the theory to explain the physics of critical points.
In Sec.3.1, we gave some examples of the minimal model to describe the specific crit-
ical phenomenon. Generally, it is non-trivial whether CF'T can explain the physics
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3.2. Renomalization group and CFT

at critical points. In 1986, Zamolodchikov proposed the theorem, referred to as
Zamolodchikov c-theorem: a physical quantity, at a fixed point, is equal to the cen-
tral charge ¢ of the CFT in 2D [92].

In this section, we would like to discuss the relationship between RG and CFT.
First of all, we briefly introduce the essence of RG for the description of critical
phenomena. At critical points, the correlation length & of a system diverges, which
implies that the system gets an additional symmetry: scale invariance. From the
point of view of scale invariance, Zamolodchikov studied the relationship between
scale invariance and conformal invariance. His theorem implies that the two-point
correlation function of the energy-momentum tensor at a fixed point could be con-
sistent with the result of CFT.

3.2.1 Renomalization Group

At critical points, the correlation length £ is infinite, and then we must focus on
long-distance physics. The key of RG is to analyze the contribution of this system
by integrating out the short distance.

In path integral form, we can represent the partition function as

Z = / Depe 5, (3.90)

where an action S is a function of a filed ¢. We define the symbol [ Dy¢ as integrat-
ing up to a specific cutoff A in momentum space. Then the symbol [ D*$ means
integrating from the cutoff A to high-momentum. We could rewrite the system as

7 = / Dad / DA pe 5l = / Dppe a9l (3.91)
where we defined an effective action Sx[¢],
e~ 5all = / DA pe=5191, (3.92)

Generally, physical quantities, such as correlation functions, depend on the cutoff
A in the path integral form. RG requires that these consequences do not occur by
locally transforming the action S[¢]:

Z = / Dppe a0 = / Dy pe il (3.93)
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Chapter 3. Introduction to Conformal Field Theory

where this transformation Sy[¢] — Sj[¢] is called Renormalzation group(RG) trans-
formation. Notably, for any system, it is non-trivial whether a suitable RG transfor-
mation could be found. 7

Let us discuss the relationship between RG and critical phenomenon. First, we
would like to introduce the RG equation. This equation describes coupling constants
¢* to cancel the contribution from changing the cutoff A. Now, we consider the action

S

S = —/dD:EgiOi(x), (3.94)
where O;(z) means a local operator, ¢° is coupling constant. From the requirement
of RG, the RG equation cloud be given by

g

T = ). (395)

where f8'(¢') is called the RG beta function. This equation means that the RG
beta function 5°(g*) can be derived from the RG transformation. The system at
critical points has scale invariance, which implies that the RG transformation does
not induce non-trivial results. Thus, at critical points, we can require that the RG
beta functions of non-trivial scalar fields, with a non-trivial coupling constant ¢,
vanish: 37(¢?) = 0. The zeros of the beta function g/ are called a fized-point of the
RG.

Next, we focus on RG transformation in the vicinity of this fixed point and then
linearize the RG beta function as

Bi(g’) = —€'(¢’ — g1). (3.96)

Using the eigevectors ¢ with the eigenvalues \; of £';, we rewrite the action S as
[ dPzg""O';(x), where the scaling dimension of O0’;(z) is A;(= D — \;). Moreover,
from the RG equation, we obtain

g =gl o AR (3.97)

The features of the field O';(z) with the scaling dimension A; are the following. (1)
If A; > 0, as the cutoff A decreases, the operator O’;(z) drives away from critical
points. In this case, the filed O’;(x) is called a relevant operator. Thus, to access

17 Also, we could interpret RG as coarse graining with respect to integral out the high-wavelength
region in the path integral form.
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3.2. Renomalization group and CFT

critical points, we have to control external parameters. '® (2) If A; < 0, as the
cutoff A decreases, the operator O’;(x) would become a negligible operator and is
called a urrelevant operator. Thus, this case does not require controlling external
parameters and can then reach fixed points by RG transformation. (3) If A; =0, as
the cutoff A decreases, the operator O’;(z) does note change and is called a marginal
operator. To estimate these effects, we have to calculate a high-order term. Fig. 3.6
is an example of the RG transformation flow.

AN

l Fixed point
1
1
1
1
1
1
1

Figure 3.6: Schematic of the RG transformation flow

3.2.2 Zamolodchikov c-theorem

From the RG transformation, we found that the fixed point gives pieces of infor-
mation on critical phenomena. Now, we would like to discuss how the physics at a
fixed point corresponds to CFT in two dimensions. The later discussion proceeds on
the method of Zamolodchikov. The current conservation law under the translational
transformation is

IT(2,%) + i@@(z,%) —0,  OT(s7)+ ié@@,z) 0, (3.98)

8For Cuire transition, these external parameters correspond to temperature and magnetic field.
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where © can be defined as © = T*, and the conformal weight of © is (h, h) = (1,1).
9 Let us consider the two point correlation functions,

F(2z)

(T'(=2)T(0,0)) = ——, (3.99)
(T(2,2)0(0,0)) = (B(:2)T(0,0)) = % (3.100)
©(=90(0.0)) = L, (3.101)
Also, Zamolodchikov proposed the follovjinzg C-function,
C(r) = 2F(r) + G(r) — SH(r), (3.102)

8

where 7 = log(2Z). At fixed points, the system possesses the scale invariance, which
leads to ©(z,Z) = 0 and that this current 7'(z,Z) become a holomorphic current.
Thus, the two point correlation function of the energy-momentum tensor 7 is

_¢r

(T(2)T(0)) = (3.103)

T
z
For two-dimensional CFT, the two point correlation function of the energy-momentum
tensor 7T is

(T'(2)T(0)) = 6/2/—42. (3.104)
These results imply that the C'-function at fixed points is equal to the central charge
c. We found that a system with scale invariance can be described by CFT at fixed
points. Generally, systems with scale invariance always possess conformal invari-
ance [121]. However, the generalization of the Zamolodchikov c-theorem turns out
to be challenging work and requires concepts from entanglement entropy [122, 123,
124, 125].

3.3 Cardy-Calabrese formula for Entanglement En-
tropy

Recently, it has been recognized that physics is deeply related to quantum infor-
mation theory, such as the concept of entanglement entropy [126, 127, 128]. In a

YGenerally, a field theory can be defined in a manifold. In this case, the traceless condition is
not valid. Thus, © is a finite value.
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3.3. Cardy-Calabrese formula for Entanglement Entropy

quantum system in the state [¢,,) with probability p,(> 0), the density matrix p of
this system can be defined as,

P= polthn) (Pl (3.105)

where ) p, = 1. Generally, quantum states are classified into two species: pure
state and mixed state. For the pure state [1;),

1 n=1
n = , 3.106
P {O otherwise ( )

and then the density matrix p,, is given by p, = |,) (¢,,|. On the other hand, when
a density matrix cannot be described as the above form, quantum states correspond
to mixed states. In quantum systems, the von Neumann entropy S(p) is defined as

S(p) = —Tr[pln(p)], (3.107)

where p is a density matrix of quantum systems. This entropy measures the amount
of randomness or uncertainty in quantum systems. Obviously, for the pure state
|thn), the von Neumann entropy S(p,) is equal to zero. For the later discussion, we
assume that the quantum state |¢) is the pure state.

Next, we would like to discuss quantum entanglement. For a quantum mixed
bipartite state |¢4 p) in Fig. 3.7, the quantum state is separate only if it can be
described as the following form,

[Wan) =Y Voa|ei) @ [6F) . (3.108)

On the other hand, when the quantum state cannot be described as the above form,
it is entangled. The entanglement entropy E4 of a subsystem A is the amount
measuring the entanglement between a subsystem A and B, and then is defined as,

Es = S(Trg[pasl)s (3.109)

where pap = |ap) (¥ap| and the symbol of Trg[-] menas the partial trace of
subsystem B. Obviously, an entanglement entropy satisfies £4 = Fp.

In general, the entanglement entropy F is the incremental function of a subsystem
size L and spatial dimensions d:

E(L) ~ L% (3.110)
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A

0A=0B
B

Figure 3.7: Schematic of the subsystem A and B. 0A means the boundary of the
subsystem A.

This consequence is called Area Law and is valid under the condition where the
correlation length & of systems is smaller than the system size L [129]. However,
this law is violated in one-dimensional critical systems and systems with Fermi sur-
face [130, 131], and then the entanglement entropy is given by

E(L)~L* 'InL. (3.111)

In particular, for one-dimensional critical systems, the entanglement entropy is given
by the following formula,

L TN L , -
B(L) =45 In [gjavsm ( NL)] +c / Periodic Boundary, (3.112)
¢In [E sin (%)] + g+ ¢ Open Boundary,

where ¢ is constant, but non-universal and ¢ is the boundary entropy [126, 127,
132, 133]. Also, this formula is called a Cardy-Calabrese formula. We can determine
the universality class of systems from the coefficient of entanglement entropy. Thus,
the standard method for investigating the universality class is to extract the central
charge from the entanglement entropy(Fig. 3.8). In non-Hermitian systems, we only
replace the centarl charge ¢ with the effective centarl charge cop: cef = ¢ — 12(h +
h) [135]. However, a naive application of this approach to non-Hermitian systems
occasionally leads to some difficulty in numerics [136, 137, 138] as will be discussed
in Sec. 4.1.
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B B B B
oL Y
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0 0.2 04 0.6
L/N

Figure 3.8: Finite size scaling of the entanglement entropy obeying the Cardy-
Calabrese formula in antiferromagnetic XXZ chain model [134]. The CFT prediction

is that the central charge of this system is equal to ¢ = 1, and then the entanglement
entropy is E(L) = $log [sin 72| + o under the periodic boundary condition(black
line). From the DMRG, a = 0.7305.
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Chapter 4

non-Hermitian Majorana Systems

In this chapter, we propose a scheme based on a 1D superconductor junction
system that realizes the Yang-Lee edge criticality. Our system consists of topologi-
cal superconducting nanowires coupled with a semiconductor that plays the role of
dissipative electron bath. There are Majorana bound states at open ends of 1D topo-
logical superconductors. The coupling with electron baths gives rise to the damping
of fermion parity for two Majorana bound states, resulting in a non-Hermitian term
of the effective Hamiltonian. By using the correspondence between Majorana oper-
ators and spin operators, we can map this non-Hermitian Majorana system to the
1D Ising model with an imaginary magnetic field for the Yang-Lee edge singularity.

As mentioned above, this critical state is not topologically protected and not
suitable for application to topological quantum computation. However, our pro-
posal has some advantages. In the case of the Read-Rezayi FQH state [42, 43] and
superconductor-FQH junction systems [44], in addition to Fibonacci anyons, there
are several different types of quasiparticles which are described by the Z3 parafermion
CFT, and it is quite nontrivial how to detect experimentally the topological charge
of Fibonacci anyons, discriminating the Fibonacci anyons from other particles. In
contrast, in the Yang-Lee edge criticality, there is only one type of a nontrivial parti-
cle corresponding to a Yang-Lee anyon, and the field operator for a Yang-Lee anyon
is nothing but the scaling limit of the spin magnetization of the non-Hermitian Ising
model, which is given by the fermion parity of Majorana bound states in the topo-
logical superconductor nanowire system. Thus, the detection and manipulation of
Yang-Lee anyons in the nanowire system are more feasible than Fibonacci anyons in
the Z3 parafermion system.
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4.1 Yang-Lee model

4.1.1 P7T symmetry
We briefly discuss the features of the Yang-Lee model

L
My =— Y [JSiS:,, +TSF +ihS;]. (4.1)

J=1

This model possesses the remarkable symmetry, PT-symmetry, which imposes a
typical constraint on the spectrum. To understand this feature, we would like to
introduce the parity operator P = —ie™" and the time reversal operator 7' = KO,
where S* = Zle S7, K is the complex conjugation operator, and ©, is a unitary
operator. Usually, we select the unitary operator © as the identity operator I. Let
us see the role of these operators. The parity operator P would flip all spins on the
yz-plane as

and the time reversal operator 1" would only change the y-direction of them as
T : (57,50, 57) = (5%, — 57, 7). (4.3)

Thus, the Yang-Lee model Hyy, is PT invariant, [PT,Hyr] = 0, and is pseudo-
hermitian for the parity operator P

Hi = P 'HyLP. (4.4)

From the eigenvalue spectrum theory [46, 139], for systems with pseudo-hermitian,
all eigenvalues are real or complex conjugate pairs. Now, let us consider the right
eigenstates [1,) with the eigenvalue €,: Hyr |¢n) = €n|dn). b Acting on the PT
operator, we obtain Hyy,(PT |¢,)) = €:(PT |¢p,)). When the eigenstate |¢,,) is PT
invariant, (PT |¢,)) < |¢n), €, should be real value. On the other hand, breaking the
PT invariant requires that eigenvalues are complex conjugate pairs. Thus, breaking
this symmetry corresponds to the phase transition from real to complex.

'In non-Hermitian systems, a biorthogonal basis is much more consistent in calculating expec-
tation values of physical quantities [140, 141].
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To see this drastic change in the spectra, we would like to numerically diagonalize
the Yang-Lee model by the exact diagonalization method. For L = 2, the explicit
form of Hyr, is written as

2+2h T T 0
1 r -4 0 T
= — 2
HyL 5 I _% I (4'5)

The previous study gave the rigorous form of eigenvalues in P77 symmetric phase [142].
As seen Fig. 4.1, the drastic change of spectra occurs by breaking the P7T symmetry

(a) (L A) =(2,0.5) (b) (LN = (2,0.5)

Re(E)
Im(E)

Figure 4.1: The ground state energy (n = 1) and the first excited energy (n = 2) as
a function of magnetic field h.

at the critical magnetic field h = h., where we define the parameter A as A = J/2I.
Fig. 4.2 shows the phase diagram of the Yang-Lee model Hyy, [113]. The blue area
corresponds to the PT-symmetric phase with the real spectra, and the orange area
does the PT-broken phase with the complex conjugate pairs spectra. The black line
is the critical magnetic field h. as a function of the parameter A\, and the system
shows the Yang-Lee criticality with the central charge ¢ = —22/5 on this line.

4.1.2 Non-unitary Behabvior

From the RG method, the magnetization of the Yang-Lee model exhibits a singular
behavior with a negative exponent in the vicinity of the critical magnetic field h,.
We can easily check results to imply this consequence. Notably, we found that the
magnetization of the first excited state is the opposite value of the magnetization
of the ground state. From the CFT, the ground state could host the non-Abelian
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Figure 4.2: The phase diagram of the Yang-Lee model Hyry..

anyon 7, and the first excited state could host the trivial vacuum state. Thus, the
observation of the magnetization is a strong signature of the non-Abelian anyon 7.
A biorthogonal basis is given by

H [ pn) = B |n) , (0ul H = En (pal (4.6)

where |¢,) ((¢n|) is a right (left) eigenstate satisfying (pn|¢m) = 0nm. Also, the
observation value of an arbitrary operator O could be defined as

<O>n = <90n‘OA’¢n> . (4.7)

Fig. 4.3 shows the magnetization (S*) = (©,|5%|¢,) as a funciton of the magnetic
field h, where S* = Zle S%. The point where the energy gap is closed corresponds
to the singularity of the magnetization (S#), . This divergent behavior of the magne-
tization implies the signal of the Yang-Lee edge singularity with a negative exponent.
This singularity is an example of non-unitary critical phenomena.

To justify the negative exponent of the magnetization, we numerically calculate
the dependence of the system size L. From the phase diagram of the Yang-Lee model
Hyr, we found that the critical magnetic field h.(A) strongly depends on the system
size L for A ~ 1.0. On the other hand, for A ~ 0.01, the critical magnetic field h.(\)
is insensitive to change in the system size L. Fig. 4.4(a)-(d) shows the energy gap
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state and the first excited state for A = 0.9,0.011 under the periodic boundary

condition.
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between the ground state and the first excited state for A = 0.9,0.011 under the
periodic boundary condition as the change of the system size L. For A = 0.9, the
points where the real part of the gap is closed, strongly depend on the system size
L. For A = 0.011, however, these points are insensitive to change in the system size
L. In a finite system, A ~ 0.01 is a reasonable scope to numerically calculate the
critical behavior.

(a) (L, A) = (10, 0.011) (b) A=0.011
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Figure 4.5: (a) The magnetization (S%), plotted as a function of h. The blue line
n = 1 (orange line n = 2) corresponds to the ground state (first excited state) in
PT-symmetric phase. In the P7T-broken phase, the ground state has a negative
imaginary part of the spectrum, while the first excited state has a positive imaginary
part of that. In these numerical calculations, the maximum value of |(S*) |is 13.49
for n =1,2 at h = 0.9105, which implies the divergent behavior of (S*) at h = h,.
The dashed line is the real part of the energy gap A (b) The exponent o(1/L)
versus 1/L. The fitting function is the liner function o + §/L with a = —0.196 and
5= —1.748.

Fig. 4.5(a) shows the magnetization (5%), for A = 0.011 plotted as a funciton of
h. From the RG method, the negative exponent is theoretically given by o = —1/6.
Let us check the negative exponet of the magnetization (S%) by fitting the field-
dependence (S?%), ~ (h — h.)?. Fig. 4.5(b) shows the exponet of (S?), as a function
of 1/L. From the intercept of Fig. 4.5(b), we found that o ~ —0.196. A finite-size
effect often induces this mismatch between numerical and theoretical results. 2 The
ground state on the critical line would host the Yang-Lee anyon, and the first excited
state is a trivial vacuum state. It is noted that the magnetization for the ground
state and for the first excited state show opposite signs. This feature is a complete
advantage to detecting the ground state with the Yang-Lee anyons.

2For the exact diagonalization method, a finite-size effect is an unavoidable problem.
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4.2 non-Hermitian Majorana Systems

In the last section(Sec. 4.1), we have briefly discussed the features of the Yang-Lee
model Hyy,. The Yang-Lee model Hyy, possesses the PT symmetry, which imposes
that the spectra of this model are real or complex conjugate pairs. It also is noted
that the magnetization for the ground state and for the first excited state show
opposite signs.

First of all, we would like to transform the Yang-Lee model My, to the Majorana
interacting model. We denote the Majorana fields for the remaining three Majorana
bound states as 77, vj’-’, and 5. These three Majorana fields constitute an s = 1 /2
spin operator [143],

T i b_.c Yy i c.a z i a b
Sj = _5'737]7 Sj = _5'73'%‘7 Sj = _5'7]‘/7]‘7 (4.8)
where these Majorana fields satisfy the anti-commutation relation and (”y}")T =5
The Yang-Lee model Hyy, in the Majorana reperesentation could be written as

a a h a F . C
Z TU G+ 5 D+ 5 D i (4.9)
J J

The first term is the four-Majorana interaction term, the second term is the damping
term of fermion-parity ify;fy;?, and the final term is the hybridization term between
7]1? and 5.

Next, We would like to present a scheme for realizing the Yang-Lee model in
heterostructure electron systems. Our designed system is constructed from TSC
nanowires coupled with metallic substrates, which play the role of electron baths, as
shown in Fig. 4.6. The key idea here is that the coupling with electron baths gives
rise to a non-Hermitian term associated with dissipations.

Our designed system consists of coupled units, each of which is composed of two
TSC nanowires and a nanoscale metallic substrate. In each unit, there are four
Majorana bound states at the open edges of the two TSC nanowires. We assume
that one of them is sufficiently away from the other three, and its effect is negligible.
3 The Majorana bound states ’yjl? and ~5 are coupled via the tunneling term,

1
Fw = —I'S7, (4.10)

ey =

3Majorana bound state hybridization between neighboring Majorana bound states lifts the de-
generacy from zero energy to finite value[144, 145].
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Figure 4.6: Yang-Lee anyon system constructed from Majorana bound states.

which simulates the Zeeman interaction due to a transverse magnetic field.

Furthermore, the Majorana bound states ;' and ’y}’ are coupled to electrons in a
nanoscale metallic substrate which plays the role of a dissipative electron bath. The
coupling Hamiltonian is given by,

H; = Z WViw (C;rw + Cko) v+ Z kaaj (C;rw - Cko) ’Y?
k,o

k,o
+ ) ChoChoCh (4.11)
k,o

where ¢} _(c,) is a creation (an annihilation) operator of electrons with momentum

k, spin ¢ in the metallic substrate, €, is its energy band, and Vk‘f,l;
amplitudes between Majorana bound states 77, 'y;? and the electron bath. To obtain
an effective non-Hermitian term corresponding to the imaginary magnetic field of the
Yang-Lee model, we switch to the imaginary-time path integral formulation. Since
Eq.(4.11) is quadratic in electron fields ¢l _(c,,), we can integrate out these fields

exactly. Then, we arrive at

are the tunneling

2 Z kacrjfy.?GO(gna k)zvk?;y]/y;7 (412)
k,o
where Go(en, k) = ignigk is the unperturbed Green function of electrons in the

metallic substrate with ¢, the fermionic Matsubara frequency. We apply the analytic
continuation of the Matsubara frequency ic,, — £+ with § an infinitesimal quantity,
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and note Gy(en, k) — P [ 1 ] — imd(e — €y), where the symbol P [#] means the

E—€ko
principal value.

Assuming that k-dependence of Vkag’l;. is weak and that the Fermi energy of the
substrate is sufficiently large, and the density of states of electrons in the sub-
strate is constant, which justifies the approximation, Zk’o — ffooo deg,, we have
> ko ViniVitojPe=o— & 0. Then, we end up with the effective Hamiltonian Heg with
the damping of fermion parity eigenstate:

Hetrj ~ 277}17? Z Vk%j kaaj5(ﬂ — €ho)
k.o
= —ihS;, (4.13)

where h = dn Y5, Ve Vi 5(1u — €x), and p is the Fermi level of the metallic sub-
strate. * Eq. (4.13) is indeed non-Hermitian and simulates the Zeeman interaction
between an imaginary magnetic field and the z-component of the spin.

We, furthermore, introduce the tunneling term between Majorana bound states

in neighboring units,’y?(b) and 'yjibl) :

Mo = > [ita¥i7 0 + 570700 - (4.14)
J

As shown below, this term generates the Ising interaction between neighboring spins
expressed by Majorana fields. We deal with H4,, as a perturbation to the eigenstates
of the Hamiltonian of the decoupled Majorana units Hy = Zj [Hest j + Hr;]. The
eigen energies of each Majorana unit are given by EL = j:%\/ ['2 — h2. A key assump-
tion in the following analysis is that the hopping amplitudes of H;,, are much smaller
than |EL|, which justifies the perturbative treatment. We consider the correction to
the Hamiltonian due to the second order perturbation, P”Htunﬁ’}-[tunp where Ejy
is the eigenenergy of H, in the ground state, P is the projection to the ground state.
The intermediate state is the excited state of Hy. The single-Majorana tunneling
process induced by Hi,, results in the change of the energy 2E,. The first order
correction due to Hiyn is suppressed for ¢,, < 2. As a result, the second order
perturbation with respect to Hiun leads to a four-body interaction among Majorana

4This result is not unusual. One of the examples is an f-electron in itinerant electrons. From
the hybridization between f-electron and itinerant electrons, the pole of the Green’s function of
f-electron are complex. The real part means energy, and the imaginary part yields a broadening of
the spectrum of f-electron.
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bound states, which simulates the Ising interaction,
Z et = —J 3 S35, (4.15)
J

where J ~ t,t,/E..

We present the details of the derivation of the four-Majorana interaction term
Eq.(4.15). The eigen energies of the unperturbed non-hermite Hamiltonian for the
J-th Majorana unite, Heg ; + Hr j, are 4. The corresponding right eigenstates are

9, r+) = ux[0) + 04 (1), (4.16)
where
1 th 1 ih
=)= (1-— == (1+— 4.17
for the eigenenergy E.,, and u_ = —v,, v_ = u, for the eigenenergy E_, and |0)

and |1) are, respectively, the eigenstates of the fermion occupation number w;-wj =
5(1 + iriry?) for w;-z/}j = 0 and 1. Here, ¢; = (7% +i7?)/2. Similarly, the left
eigenstates are,

<¢j,L,i| = U+ <O’ + vy <1’ . (418)

These states constitute a biorthogonal system, satisfying (@, 1 s|¢;rs) = 055 with
s,8' =+, —, and completeness:) .. _[djrs) (¢)Ls| = 1.

With the use of the biorthogonal basis, we carry out the second-order pertur-
bative expansion in Hy,, Eq.(4.14). For clarity, we, here, would focus on the term
iaYj Vi +itb’y§-’7§?+1 which acts on the j-th and j+1-th sites. We can define the right
and left eigenstates of the unperturbed Hamiltonian for these two sites, respectively,
as |Prs) = [Drs;) @ |@j+1,Rs4) and (Prs| = (D)L.s;] ® (@jt1,L,5,4,]- Exploiting
the relations, v*[0) = |1), v*|1) = |0), 4*|0) = i|1), and +* |1) = —i|0), we obtain
the second-order perturbation correction to the ground state |¢pg ),

taly
2E

2t oty e
A Y OR ) = Sg S5 or-) (4.19)

which leads to the four-Majorana interaction term Eq.(4.15), and hence, the Ising
interaction of the Yang-Lee model. It is noted that the second-order corrections of
the order O(t2) and O(t}) give just constant terms.
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Collecting all the terms, we obtain the Majorana Hamiltonian equivalent to the
Yang-Lee model,

Jabab h abF - b.c
Far = 3 S50 5 D g 20
j j

J

= Hyr. (4.20)

The above argument implies that J is much smaller than the other energy scales,
J < /1% — h? <T. According to the phase diagram of the Yang-Lee model shown
in Fig. 4.2, in the case of A < 1, the criticality appears for A ~ I'. Thus, the
Yang-Lee edge criticality for this parameter region can be realized for the interacting
Majorana fermion system (4.20). For the feasibility of this scenario, it is crucial
to suppress the single-Majorana hopping processes in Eq. (4.14). In the following
chapter, we examine the stability of the Yang-Lee edge criticality with the central
charge ¢ = —22/5 against this perturbation (4.14).

Before closing this section, we mention whether the tunnel term (4.14) affects
the PT symmetry of the Yang-Lee model or not. We define the P symmetry and
T symmetry operations of Majorana fields at the j-site, which are consistent with
those of spin operators as follows:

P = (D7 vy = (—1)’*%?, 7 = (17,
T+ A= (17 A = (=190, A5 = (=1,
i — —i. (4.21)

Actually, according to these transformation rules, the Majorana Hamiltonian Hyp
preserves the P7T symmetry. Also, the tunnel term (4.14) is indeed invariant under
the PT symmetry operation obtained from Eq. (4.21). Thus, the perturbations
arising from the tunnel term (4.14) do not break the PT symmetry of the Yang-Lee
model.

4.3 Non-unitary non-Abelian statistics

The non-Abelian anyon statistics are detected by the braiding, fusion, and mea-
surement of anyons. We, here, discuss how to implement these operations of Yang-Lee
anyons in our Majorana-based system. Generally, braidings of anyons are achieved
for chiral fields of CFTs. However, our system is not chiral, but a purely 1D system,
which consists of both holomorphic and anti-holomorphic parts of non-trivial fields,
if the periodic boundary condition is imposed. Then, the phase changes of these two
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parts arising from a braiding operation cancel with each other resulting in trivial
braidings only, unless one can manipulate these two parts independently, which is
not the case in the Yang-Lee Ising model. However, on the other hand, in the case of
open boundary condition, all the primary fields are expressed only by the holomor-
phic part, and the finite size energy spectrum is given by £ = Ey+ 7 (hy 2 +n) where
Ejy is the ground state energy. Thus, 7 is regarded as a chiral field with a conformal
spin equal to exp(—imh; ) = exp(in/5). We conjecture that the non-trivial field 7,
in this case, obeys the rule described by the F-symbol (2.24) and the R-matrix (2.25)
in Sec. 2.2. On the basis of this argument, we consider an array of open chains of the
Yang-Lee model, which are constructed by using the scheme presented in Sec. 4.1. In
Fig. 4.7, we show the schematic of the fusion process. The chains are connected with
each other through trivial chains, which are also constructed in the same scheme, but
gate potentials are tuned to make them in a trivial insulating phase. By controlling
the gate potentials, one can change the trivial chains into a topological state support-
ing Majorana bound states. Then, two Yang-Lee chains connected via a trivial chain
can be turned into a single Yang-Lee chain, which realizes the fusion of non-trivial
Yang-Lee particles.

The detection of the topological charge of a Yang-Lee anyon can be carried out
by the measurement of the "magnetization” S* of the Yang-Lee chain system. As
seen in Sec. 4.1, the sign of (S?) is different between the non-trivial ground state with
an anyon 7 and the trivial vacuum state (the first excited state). This difference can
be utilized for the detection of the state with 7. Furthermore, the magnetization
exhibits a divergent behavior near the critical point, as shown in Fig. 4.5 because of
the non-unitary feature. This unique behavior may also be useful for experimental
detection. The magnetization S, = %%% in our Majorana-based system is nothing
but a fermion parity, and thus, can be measured by the two-terminal conductance
measurement [24].

We, finally, comment on how to carry out the braiding operations of Yang-Lee
anyons. We consider two different approaches. The first one is the physical trans-
fer of the Yang-Lee anyon state with the use of gate potential control, as proposed
for the case of Ising anyons in topological superconductor nanowire systems [146].
By changing trivial regions into a topological state, and vice versa, the region of
the Yang-Lee edge criticality can be transferred to other regions(Fig. 4.8). Using
Y-shape junctions, as considered in Ref. [146], we can achieve the transposition of
two separated Yang-Lee regions The second approach is to use measurement-based
braiding. The measurement-based braiding was considered before for general anyon
systems [147], and also for Majorana systems [148]. The basic idea is to exploit
quantum teleportation induced by projective measurements of topological charges.
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Figure 4.7: Schematics of a fusion process. Two non-Hermitian Majorana systems are
connected with each other through a trivial chain. By controlling the gate potential,
this trivial chain can host Majorana bound states. Thus, two Yang-Lee chains can
be fused into a single Yang-Lee chain.
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Figure 4.8: Schematics of a braiding process. By controlling the gate potentials,
the region of the Yang-Lee edge criticality can be transferred to other regions, as
proposed for the case of Majorana qubits.
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Following Ref. [147], we apply a sequence of projective measurements of the topo-
logical charge, using the above-mentioned procedure, until we obtain desired results,
which leads to the transfer of the state with an anyon. Applying this measurement-
based transfer to two anyons, one can realize the braiding of them.

4.4 Numerical results

In this section, We would like to discuss the stability of the Yang-Lee edge critical-
ity against the single-Majorana hopping term (4.14) via numerical simulations. The
universality class is characterized by the central charge ¢ = —22/5 and the scaling
dimension A = —2/5 of the primary field 7. A standard method for the calcula-
tion of the central charge is to extract it from the prefactor of the entanglement
entropy [126, 127, 135, 136, 137, 138]. However, a naive application of this approach
to non-Hermitian systems occasionally leads to some difficulty in numerics. In this
thesis, numerical results were obtained by exact diagonalization. We expect it to be
accurate enough to evaluate the central charge ¢ and scaling dimensions A from the
energy spectrums. ° Thus, we exploit the finite-size scaling method combined with
the numerical exact diagonalization.

4.4.1 Yang-Lee edge criticality

We, first, check the Yang-Lee Edge criticality without the Majorana hopping term.
There are two methods to estimate the universality class of the system directly. One
of them is to extract the central charge ¢ from the coefficient of the entanglement
entropy. Recently, this method is well known as a standard method for the estimation
of the universality class. We only calculate the ground state of the system, without
doing other spectra and excited states.

On the other hand, another method is to extract the central charge from the
coefficient of spectra of the system. From the finite-size scaling, we could extract
the central charge from the coefficient of the ground state energy per size E,s/L.
However, this coefficient includes the velocity of the low-energy excitation. Thus, we
have to calculate the energy of some excited states.

5There are several numerical methods, such as Time-Evolving Block Decimation, Density Matrix
Renormalization Group, and Multi-scale Entanglement Renormalization Ansatz, which need to be
adapted to our system when discussing the thermodynamic limit, which is an unavoidable challenge
when observing the signal of Yang-Lee anyon. Our recent study can estimate the exponent of the
magnetization in thermodynamic limit [149].
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Entanglement Entropy

We examine the Cardy-Calabrese formula for entanglement entropy in the case of
the Yang-Lee edge criticality. For the unitary case, the Cardy-Calabrese formula is
quite successful for obtaining the central charge [126, 127]. In the case of non-unitary
CFTs, it was conjectured that the central charge in the prefactor of the entanglement
entropy S(L) for the system size L is replaced with an effective central charge,

or. L
S(L) = % log = +0(1) (4.22)

where € is a non-universal ultraviolet cut-off [135, 137, 138]. Here, the periodic
boundary condition is imposed.

For the Yang-Lee model, the effective central charge was numerically examined
by using Eq. (4.22) [136]. In the previous study [136], the entanglement entropy was
calculated for the parameter A = 0.9. On the other hand, we used much smaller
values of the parameter A ~ 0.01 to ensure the stability of numerical calculations
against the change of the system size, which is necessary for the numerical calcula-
tions in the case of the interacting Majorana model. Also, our construction of the
Yang-Lee system with Majorana bound states is applicable for small A. For this
parameter region, the non-Hermitian term, i.e. the imaginary magnetic field, domi-
nates over the Ising interaction term, leading to the situation that the deviation from
the Cardy-Calabrese formula for the non-unitary case is serious if the system size is
not large enough.

To demonstrate this, we calculate the entanglement entropy for the non-Hermitian
system by using the biorthogonal basis. That is, the density matrix p is defined as
p = |p) (@], where |p) ((#]) is the right (left) eigenvector of the non-Hermitian Hamil-
tonian. Then, we divide the system into two parts, i.e. system A and system B. The
entanglement entropy of subsystem A is S4 = Tr[palog pa] where p4 is the reduced
density matrix of system A by tracing out system B: py = Trg[p|. In Fig. 4.9,
we show the calculated results of the real part of the entanglement entropy. From
Fig. 4.9 (b), we estimate the effective central charge c.rf ~ 0.889, which is inconsis-
tent with the theoretical prediction c.fy = 0.4. This slow convergence is due to the
logarithmic dependence on the system size (4.22).

To obtain the correct value of the central charge for this non-Hermitian term
dominated region, we need to carry out calculations for much larger system sizes,
which require high numerical costs. The result indicates that the numerical calcu-
lations of the entanglement entropy for non-Hermitian systems require much larger
system sizes than hermitian systems, when non-Hermitian terms are predominant.
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Figure 4.9: (a) Entanglement Entropy in the vicinity of the Yang-Lee critical point.
(b) Entanglement Entropy for L = 18. The fitting function is § log [% sin (%l)} + 5
with o = 0.889 and g = 1.711.
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Because of this reason, we exploit the finite size scaling method for the calculation
of the central charge in the next section.

Finite Size Scaling

We present the details of the method for numerical calculation. It is noted that the
Yang-Lee edge criticality corresponds to an exceptional point of the non-Hermitian
Hamiltonian, and thus, we need to handle numerical diagonalization in the vicinity
of the critical point with special care. We can easily estimate the critical magnetic
field h. from the drastic change of energy spectra at h,..

For finite size scaling and Virasoro operator L,,, L,,, Hamiltonian at criticality is,
for the periodic boundary condition (P.B.C.), given by
H=el— ot 2%“ (Lo + To) , (4.23)
where ¢, is the energy density, L is the system size, ¢ is the central charge of the
system, and v is the velocity of the low-energy excitation [88]. The non-unitary CFT
for the Yang-Lee edge singularity is the minimal model Mj5 5 with the central charge
¢ = —22/5 and the scaling dimension A = —2/5 for the only one non-trivial field,
For p = 5,q = 2, there are two primary fields:

(4.24)

trivial field 1 hig=hia =0,
non-trivial field 7 hyo = hy 3= —1/5,

and then anti-holomorphic parts could be defined similarly. Thus, the energy spectra
of the Yang-Lee model at criticality are, for P.B.C., given by

i . m 2mv _

E'(n,m) = ¢ L 6L¢ + 7 (n+n), (4.25)
o\ TV 2mv _

E (TL, n) = €0L 6—LCeff + T(n + Tl), (426)

, where we define the scaling dimension A: A = hy o + 51,2 and the effective central
charge co: cog = ¢ — 12A. Thus, the physical ground state |gs) is the primary
state |h,h) with the conformal weights (h, h) = (—1/5,—1/5), and the energy level
E7(0,0). The first excited state |Ist) is the trivial primary state |0,0) with the
conformal weights (0,0) and the energy level Eﬁ(O, 0). Alos, the second excited state
|2nd) is the level 1 descendant state of the ground state |gs) expressed as,

|2nd) ~ L_; |gs) or L_;|gs). (4.27)
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The energy levels of the second excited state are given by E7(1,0) and E7(0,1).
From the energy spectrum obtained by using exact diagonalization, we obtain the
central charge ¢, the scaling dimension A and the velocity v.

We check that the critical behavior predicted from the CF'T is actually realized
at the numerically determined h. as shown below. As seen in Fig. 4.2, the numerical
values of h.(\) are not sensitive to the change of the system size L for A ~ 0.01. On
the other hand, h. strongly depends on the system size for larger values of A, e.g.,
~ 1.0. For the non-Hermitian interacting Majorana model given in Sec. 4.2, there is
redundant degeneracy 2%/2 because of the Majorana representation [143], and thus,
the Hilbert space is much larger than the case of the Yang-Lee spin model, which
makes it difficult to carry out numerical calculations for large system sizes. Because
of this reason, we select the parameter J corresponding to A ~ 0.01 with I' = 1, for
which the dependence of h. on L is weak.

We, first, determine h. numerically from the behavior of the first excited energy
gap A;. In Fig. 4.4(c)(d), we show the energy gap A; for A = 0.011. From this figure,
we see that the critical magnetic field h.()) is around h = 0.910 for this parameter.
For 8 < L < 18, the real and imaginary parts of A; exhibit drastic changes, which
indicates the P7 symmetry breaking around h = 0.910.

We, next, check for the criticality of the Yang-Lee model as a function of a
magnetic field h. We define the function F'(h) :

_ Elst(h) — EgS(h)
 Eana(h) — Egs(h)

F(h) + A, (4.28)
where Fg, Eig, and Fanq are, respectively, the energy levels for the ground state,
the first excited state, and the second excited state. The function F'(h) must be zero
on the Yang-Lee Edge criticality, and is useful for identifying the critical point. In
Fig.4.10, we plot the function F(h) for 0.9 < h < 0.910. From this figure, we can
expect that the region in the vicinity of A = 0.910 is on the Yang-Lee Edge criticality.

We, further, examine the universality class of criticality by using the finite size
scaling method. The finite size energy spectra of the Yang-Lee CFT are given by
Egs. (4.25)-(4.26). The first step is to fit the spectra with the function form,

(4.29)

and obtain the velocity v from the relation 27v = boyg — bas. The second step
is to calculate the central charge ¢ by substituting the velocity v into —6bg /7.
The final step is to estimate the scaling dimension A by using the above results
for bong = 2mv — mucex/6. In Fig. 4.11, we show the fitting of numerical data
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Figure 4.11: The energy levels of the ground state, the first excited state, and the
second excited state for A = 0.011. Fit.1 is a fitting function obtained from data for
L = 18,16, 14. Fit.2 is obtained from data for 12 < L < 18, and Fit.3 is obtained by
using all of them.
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A=0.011 & A A =0.008 c A
Fit 1 —4.5889 | —0.4050 Fit 1 —4.4859 | —0.4278
Fit 2 —4.5909 | —0.4072 Fit 2 —4.5186 | —0.4272
Fit 3 —4.6054 | —0.4106 Fit 3 —4.5522 | —0.4264

Table 4.1: Central charge ¢ and scaling dimension A. Yang-Lee edge criticality has
the central charge ¢ = —4.4 and the scaling dimension A = —0.4. Fit.1 is a fitting
function obtained from data for L = 18,16, 14. Fit.2 is that for 12 < L < 18, and
Fit.3 is obtained by using all of these data.

of the energy spectra to the function (4.29). The numerical data well satisfy
the finite size energy spectra in Egs. (4.25)-(4.26), implying that the criticality
is described by the Yang-Lee edge CFT. As a result, we set the parameters as
(A, h) = (0.011,0.910), (0.008,0.927). From the finite-size scaling and fitting method,
we numerically estimate the central charge and the conformal weight (Tab. 4.1). Nu-
merical results imply that the universality class of the criticality for these parameters
coincides with the Yang-Lee edge singularity.

4.4.2 Stability of the Yang-Lee edge criticality

In the last section, we numerically estimated the universality class of the Yang-
Lee model Hyy, in the spin system. These results show the Yang-Lee edge criticality
with the central charge ¢ = —22/5 and the scaling dimension A = —2/5. Our
designed non-Hermitian Majorana systems would be valid in the case where the
single-Majorana hopping processes are sufficiently smaller than other parameters.

First of all, we examine the effect of the single-Majorana hopping processes
against the Yang-Lee model. Let us consider the following Hamiltonian in Majo-
rana representation,

Htotal - HMF + %i\/IF (430)
S aboa A= ab. I e

Hup = Y TN S et + 3 S ity (4.31)

Hur = Y [ty + it ] (4.32)

J

For t = 0, each state is redundant degeneracy 2%/2. In Sec. 4.2, we mentioned that
the single-Majorana hopping processes Hj;r do not break the P7T symmetry of the
Yang-Lee model. However, the single-Majorana hopping processes can flip the local
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fermion parity between j-site and j + 1-site: |---,0,1,---) = |---,1,0,---). Thus,
this hopping process could split the degeneracy states. Moreover, Fig. 4.12 shows the
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Figure 4.12: Numerical data of critical magnetic field h. for A = 0.011 as a function
of t/J. The orange line is the fitting line. Numerical data show that the single-
Majorana hopping processes can shift the critical magnetic field A..

phase diagram of the Hamiltonian H;oa. As seen in Fig. 4.12, the single-Majorana
hopping processes Hjp can shift the critical magnetic field h..

In Fig. 4.13, we show the central charge ¢ and the scaling dimension A versus
the amplitude of the Majorana hopping term. It is found that the Yang-Lee edge
criticality is stable up to t/J ~ 107* The results indicate that the criticality is
stable as long as the Majorana hopping term is sufficiently suppressed.
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Figure 4.13: Central charge ¢ and scaling dimension A of the nontrivial primary
field for the non-Hermitian Majorana system with the single Majorana hopping term
Hyr + Hiun plotted as a function of the hopping amplitude ¢/.J. The blue line is the
case of A = 0.011, and the red line is that of A = 0.008.
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Chapter 5

Summary

In this thesis, we design the platform for Yang-Lee anyons which are non-unitary
counterparts of Fibonacci anyons, obeying the same fusion rule. Our proposed sys-
tem is a non-Hermitian interacting Majorana system constructed from the 1D TSC
junctions coupled with dissipative electron baths, which can simulate the Yang-Lee
edge criticality. The coupling with electron baths gives rise to the damping of fermion
parity in a superconducting nanowire, which plays the role of an imaginary magnetic
field in terms of spin representation. On the other hand, the setup based on Majo-
rana quasiparticles means that the observation of Yang-Lee anyon is a direct probe
of Majorana quasiparticles. To stabilize the Yang-Lee edge criticality, it is important
to suppress single-Majorana hopping processes in the junction system, which do not
exist in the Yang-Lee spin model. We can decrease these undesirable processes by
tuning system parameters. We also present the scheme for the braiding, fusion, and
detection of Yang-Lee anyons in our TSC junction system.

In the Yang-Lee edge criticality, which is described by the non-unitary CFT with
the central charge ¢ = —22/5, the ground state is the non-trivial state corresponding
to a Yang-Lee anyon, while the first excited state is a trivial vacuum. Because of the
non-unitary character of the CFT, the non-Abelian braiding operator of Yang-Lee
anyons is non-unitary, leading to non-unitary non-Abelian statistics. Although it is
not suitable for application to unitary quantum computation, it may be utilized for
simulating non-unitary quantum dynamics in a controllable way. Our study suggests
that non-Hermitian Majorana many-body systems embrace rich physics inherent in
open quantum systems and can be realized by exploiting topological superconductor
junction systems in a feasible and controllable way. It is an interesting future issue to
explore for further exotic phases emerging from non-Hermitian Majorana many-body
systems.
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