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Abstract

We introduce a six-variable polynomial invariant of Niebrzydowski tribrackets analogous to
quandle, rack and biquandle polynomials. Using the subtribrackets of a tribracket, we addi-
tionally define subtribracket polynomials and establish a sufficient condition for isomorphic
subtribrackets to have the same polynomial regardless of their embedding in the ambient tri-
bracket. As an application, we enhance the tribracket counting invariant of knots and links
using subtribracket polynomials and provide examples to demonstrate that this enhancement is
proper.

1. Introduction

In [6], a two-variable polynomial invariant of finite quandles known as the quandle poly-
nomial was introduced. It was generalized to the case of biquandles in [7] and racks in
[3]. As an application, subquandle polynomials and their analogues were applied to define
enhancements of the various counting invariants of knots and links associated to quandles,
biquandles and racks.

Sets with ternary operations known as knot-theoretic ternary quasigroups were intro-
duced in [10] and used to define knot and link invariants. Subsequent work in [11] presented
a homology theory for these structures, which was used to enhance their associated counting
invariants.

In several recent papers, the first listed author and collaborators have studied and gener-
alized the knot-theoretic ternary quasigroup structure, also called Niebrzydowski tribrack-
ets, and defined new enhanced invariants of knots and related structures. In [5], tribracket
counting invariants were enhanced with module structures analogous to rack and quandle
modules; in [9], virtual tribrackets extended tribracket coloring invariants to virtual knots
and links, while in [4], Niebrzydowski algebras extended tribracket colorings to trivalent
spatial graphs and handlebody-links. More recently, in [8], a general theory of multi-
tribrackets extended tribracket colorings to various types of generalized knot theories, and
in [1] tribracket-brackets analogous to biquandle brackets were defined.

In this paper we introduce a notion of tribracket polynomial analogous to the quandle
polynomial from [6]. This polynomial can be conceptualized as quantifying the way in
which trivial actions of pairs of elements on other elements are distributed throughout the
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algebraic structure, in contrast with the trivial action being concentrated in the identity ele-
ment of a group. As an application, we define subtribracket polynomial enhancements of the
tribracket counting invariant. The paper is organized as follows. In Section 2 we review the
basics of tribracket theory. In Section 3 we define tribracket polynomials and compute some
examples. In Section 4 we apply the subtribracket polynomial construction to enhance the
tribracket counting invariant for oriented classical knots and links. We conclude in Section
5 with some questions and directions for future work.

2. Niebrzydowski tribrackets

DeriniTion 1. Let X be a set. A (horizontal) Niebrzydowski tribracket structure on X, also
called a knot-theoretic ternary quasigroup structureon X,isamap [, , ] : X XX XX = X
satisfying the conditions

e For every a, b, c € X there are unique x, y, z € X such that
la,b,x] =¢, [a,y,b]=c and [z,a,b]=c

and
e Forevery a,b,c,d € X we have

[e,la, b, cl,[a,c,d]] = [b,la,b,cl,a,b,d]] = [d,la,b,d],[a,c,d]].
ExampLE 1. Let G be any group. Then the operation
[a,b,c] = ba'c
defines a tribracket structure known as the Dehn tribracket of G.

ExampLE 2. Let X be any module over the two-variable Laurent polynomial ring
Z[r*!, s*]. Then the operation

[a,b,c] =th+ sc —tsa

defines a tribracket operation known as an Alexander tribracket.

ExampLE 3. Let X = {1,2,...,n}. We can specify a tribracket structure on X with an
operation 3-tensor, i.e. an ordered n-tuple of n X n matrices where the element in matrix i
row j column £ is [i, j, k]. For instance, the reader can verify that the operation 3-tensor

2 31 31 2 1 23
1 2 31,12 3 1({,[3 1 2
31 2 1 23 2 31

satisfies the tribracket axioms and hence defines a Niebrzydowski tribracket structure on the
set X ={1,2,3}.

DeriNtTION 2. A subtribracket 1s a subset S C X of a tribracket and is itself a tribracket
under the restriction of [, , ] to S.

We note that any subset S of a finite tribracket X which is closed under the tribracket
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operation is a subtribracket:

e First, the ternary quasigroup conditions are equivalent to the condition that rows,
columns and sets of entries in the same position in each matrix do not contain any
repeated elements, and removal of some elements cannot introduce such repeats;

e Secondly, for all a, b, ¢, d € S the condition

[c.[a,b,cl,[a,c,d]] = [b,[a,b,cl,[a,b,d]] = [d,[a,b,d],[a,c,d]]
is already satisfied in X and removal of elements does not affect this property in S.

ExampLE 4. In the tribracket structure on X = {1, 2, 3} specified by the 3-tensor

1 3 2 213 3 21
21 3,03 2 1,1 3 2]f,
3 21 1 3 2 213

the singleton sets {1}, {2} and {3} each form proper subtribrackets, while in the tribracket
structure specified by

1 3 2 3 21 2 1 3

32 1,021 31(,]3 21

2 1 3 1 3 2 1 3 2
the only proper subtribracket is {1}.

DEriniTioN 3. A map f : X — Y between tribrackets is a tribracket homomorphism if for
all a, b, c € X we have

Lf(@), f(), f(0)] = f(la,b,c)).

DermniTion 4. Let f @ X — Y be a tribracket homomorphism. The subtribracket of Y
generated by the elements f(x) for all x € X is called the image of f, denoted Im(f).

The tribracket axioms are motivated by the Reidemeister moves of knot theory. The idea
is to assign an element of X to each region in the planar complement of an oriented knot or
link diagram D with the colors related as depicted in Fig. 1:

Fig.1.

Such an assignment is called an X-coloring of D.

Then the Niebrzydowski tribracket axioms are the conditions required to ensure that for
each X-coloring on one side of a move, there is a unique corresponding X-coloring on the
other side of the move which is unchanged outside the move’s neighborhood. In particular,
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we have:

Theorem 1. Let X be a finite Niebrzydowski tribracket and let L be an oriented link with
diagram D. The cardinality of the set C(D,X) of X-colorings of D is an integer-valued
invariant of L, known as the tribracket counting invariant, denoted ®% (L.

ExampLE 5. Let us consider the Hopf link with tribracket X = {1, 2, 3} specified by

31 2
1 2 3 02 3 1
31 2 1 23

X-colorings are solutions (x, y, z, w) such that [x, y, z] = w = [x, z, y] as shown in Fig. 2:

Fig.2.

The reader can verify that the Hopf link has nine such colorings. However, the unlink of two
components has three non-interacting regions, which yield twenty-seven colorings. Hence,
the Hopf link is distinguished from the unlink by the tribracket counting invariant for the
specified tribracket X.

3. Tribracket polynomials

We can now state our main new definition.

DeriniTion 5. Let X be a finite Niebrzydowski tribracket. For each i € K, let

11(7) be the number of elements j € X such that [i, j, j] =

c1(7) be the number of elements j € X such that [j, 7, j] = i,
r1(7) be the number of elements j € X such that [j, j,i] = i,

(i) be the number of elements j € X such that [i, j, j] = J,
¢,(i) be the number of elements j € X such that [, i, j] = j, and
r>(i) be the number of elements j € X such that [, j,i] = j.

Then the tribracket polynomial of X is the polynomial
#(X) = Z x1Dy1® Zri(@) O yea(i)y ),
ieX

ExampLE 6. Let us compute the tribracket polynomial of the Niebrzydowski tribracket
structure on the set X = {1, 2, 3} specified by the operation 3-tensor
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2 31 31 2 1
1 2 31,12 3 14,3
31 2 1 23 2

Starting with the element 1 € X, we note that

W = N

3
2
1

the equation [1, x, x] = 1 has no solutions,

the equation [x, 1, x] = 1 has one solution, namely x = 2,
the equation [x, x, 1] = 1 has no solutions,
[ ]
[ ]

the equation [1, x, x] = x has one solution, namely x = 2,

the equation [x, 1, x] = x has one solution, namely x = 3, and

the equation [x, x, 1] = x has one solution, namely x = 2.

Thus, the element x = 1 contributes x°y'z%u'v'w! = yuvw to the polynomial ¢. Repeating

for 2,3 € X, we obtain tribracket polynomial ¢(X) = 3yuvw.

Proposition 2. If f : X — Y is an isomorphism of tribrackets, then ¢(X) = ¢(Y).

Proof. It suffices to show that each of the exponent variables [, (i), ¢1(i), r1 (i), [>(7), c2(i),
r2(i) used to construct the tribracket polynomial are unchanged by isomorphism f, mean-
ing that the tribracket polynomials for the isomorphic tribrackets will be the same. Let’s
demonstrate that the first of these variables (/;(i)) has the same value for tribrackets X and
Y. Without loss of generality, this approach can be applied to the remaining five variables.
Recall that in X, /,(i) counts the number of elements j € X such that [i, j, j] = i. Apply-
ing the definition of a tribracket homomorphism (Definition 3), our tribracket isomorphism
maps this expression to f(j) € y such that [f(i), f(j), f(j)] = f(@@). Every element in X is
replaced by its image in Y. We know there are as many elements j € X as elements f(j) € Y
because f is an isomorphism. As a result, /;(i) will have the same values for the tribracket
polynomials for X and Y. The same argument can be extended for the remaining tribracket
polynomial exponent variables. m|

ExampLE 7. We computed the tribracket polynomials for all tribracket structures with up
to n = 5 elements; the results are collected in the below table.

n | ¢(X)

1| uvwxyz

2 2uvwx2y2z2, 2uvw

3

3 | Buvwxy*, 3uwwxyz?, Suvwxlyz, wodwdxyz + 2xyz, 3uvwz, 3uvwy, uvwx

4 | duvw, 4uvwx4y4zz, 4uuwx2y212, 4uvwxy, duvwz?, 4uuwx2y4z4, 4uvwx4y2Z4,

4uvwxyz4, 4uvwx2y4z2, 4uvwx4y2z2, 4uva222, 4uvwx*72, 4uva2, 4uvwx?,

duvwx’y*7*, duowx’y?, duvwxty*z*

Svwxyz + 4wxyz, Suvwz, Suvwy, Suvwxy,

Suvwxyz’, Suvwxyz, Suvwx, Suvwx’yz>, Suvwxy’z

5| Suvwxy’z, uvw’ xyz + 4uvxyz, u
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DermniTioN 6. Let § € X be a subtribracket. Then the subtribracket polynomial ¢(S C X)
of S with respect to X is the sum

pScX) = Z xll(i)yCl(i)Zrl (@ 2D 2@ ra(d)
i€S

of the contributions of the elements of S to the tribracket polynomial.

ExampLE 8. The subtribracket S = {1} of the tribracket structure on X = {1, 2, 3} specified
by the 3-tensor

1 3 2 3 21 213
32 1 (,]2 1 3(,[3 21
2 13 1 3 2 1 3 2

has subtribracket polynomial ¢(S C X) = xyzu’v’w?.

The subtribracket polynomial of a subtribracket is not in general determined by the iso-
morphism class of the subtribracket, but carries information about the way the subtribracket
is embedded in the ambient tribracket. In this way, the subtribracket polynomial is already
essentially knot-theoretic. However, there is a class of tribrackets in which isomorphic sub-
tribrackets all have the same subtribracket polynomial:

DerintTion 7. A tribracket is homogeneous if every element contributes the same mono-
mial to the tribracket polynomial.

Proposition 3. Any two subtribrackets of a homogeneous tribracket with the same cardi-
nality have the same subtribracket polynomial.

Proof. Since every element has the same contribution, the polynomial is determined by

the number of contributions, i.e. by the number of elements in the subtribracket. O

In particular we note that in Example 8, all tribrackets are homogeneous for n = 1,2, 4,
whereas for n = 3,5 there are non-homogeneous tribrackets.

4. Subtribracket polynomial enhancement

As an application, we will now define a new link invariant analogous to the subquandle
polynomial invariant defined in [6].

DeriniTion 8. Let X be a finite tribracket and L an oriented classical link. The subtri-
bracket polynomial enhancement of the tribracket counting invariant ®x(L) of L with respect
to X is the multiset

Pimex (L) = {p(Im(f) € X) | f € C(L, X)}

of subtribracket polynomials of the image subtribrackets over the set of tribracket colorings
of L by X.

By construction, we have our main result:
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Proposition 4. Let X be a finite tribracket. If two links L and L' are ambient isotopic,
then @ppcx(L) = Oex(L).

ExampLE 9. Our python computations reveal that though the links L7a3 and L7a7 shown

Fig.3.

in Fig. 3

both have ®%(L) = 64 colorings by the tribracket structure on X = {1,2, 3,4} given by the
3-tensor

1 2 3 4 4 3 21 341 2 21 4 3
4 3 21 1 2 3 4 21 4 3 341 2
341 201214311 234(143271]|/
21 4 3 341 2 4 3 21 1 2 3 4

they are distinguished by their subtribracket polynomials with

Ornex(L7a3) = (4 X uwwx’y’z", 48 x duvwx’y’z, 12 X 2uowx’y’z")

and
Dpnex(L7aT) = {4 x wowx’y?z*, 28 x 2uvwx’y?z*, 32 x 4uvwx*y*z*).

In particular, this example shows that @,y is not determined by CI)% and hence is a proper
enhancement.

ExampLE 10. The subtribracket polynomial can distinguish single-component knots with
the same counting invariant as well. Our python computations show that the granny knot
31#3, and the 6, knot both have 2916 colorings by the Alexander tribracket Z;g with t = 5
and s = 13. However, they are distinguished by their subtribracket polynomials, as

Opnex(31#31) = {324 X 3uvwy?z5, 972 x 6uvwx"3y*2® + 12uvwy’2°,
972 x 3uvwx'8y?2° + 6uvwy?z°®, 324 x 6uvwy*z®, 6 x uvwx'¥y*2,
156 X 3uvwx'3?2°, 156 x 6uvwx'3y?2°, 6 x 2uvwx'8y*z°)
while
Orncx(67) = {108 x 3uva2z6, 1296 x 3uvwx18y2z6 + 6uva2Z6,

1296 x 6uvwx'3y2z8 + 12uvwy?z®, 108 x 6uvwy’z®, 6 x uvwx'3y2°,
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48 x 3uvwx'¥y?28, 48 x 6uvwx'8y?z°, 6 x 2uvwx'¥y*28).

ExampLe 11. Links that share an Alexander polynomial can also be distinguished by
their subtribracket polynomials. Consider the pair of links L.11n404 and L.11n406 shown in
Fig. 4:

]

BE

ST GO

L11n404 L11n406
Fig.4.

Although they both have a trivial Alexander polynomial, our subtribracket polynomial
enhancement is able to differentiate them. Under the tribracket structure on X = 1,2,3,4,5
specified by the tensor

1 3 25 4 543 21 4 2513 21 4 35
543 21 1 325 4 1 3 25 4 35142
4 25 1 3,1 325 4,3 514 2]|,]5 43 21|/,
21 4 35 35142 54 3 21 4 2513
351 42 4 251 3 21 4 35 1 32 5 4
35142
4 2513
21 4 35
1 325 4
543 21

our python computations reveal that they have different subtribracket polynomials:
Drnex(L11n404) = {1 x uvwsxyz, 624 % uvaxyz + 4 X uvxyz},
whereas
Opnex(L11n406) = {1 x uvwsxyz, 124 x uvwsxyz + 4 X uvxyz}.

This same tribracket structure also distinguishes two orientations of the same link, de-
noted L10n9{0} and L.10n9{1}, as shown in Fig. 5.

Both orientations result in the same multivariable Alexander polynomial, 1 —#; —#, + t11>.
Python code computed the link L10n9{0}’s subtribracket polynomials as

Dncx(L10n9{0}) = {1 x uvwsxyz, 124 x uvwsxyz + 4 X uvxyz},
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Oy (5
whv

L10n9{0} L10n9{1}
Fig.5.

while the associated polynomials for L10n9{1} are
Opnex(L10n9{1}) = {1 x uvwsxyz, 24 % uvwsxyz + 4 X uvxyz).

In particular, these examples show that the subtribracket polynomial invariant (and in-
deed the tribracket counting invariant) are not determined by the multivariable Alexander
polynomial and are sensitive to orientation.

ExampiE 12. Using our python code, we computed the subtribracket polynomial invari-
ant for a choice of orientation for each of the prime links with up to seven crossings in the
Thistlethwaite link table at the Knot Atlas [2]. These invariant values were calculated with
respect to the Alexander tribracket structure on X = Zg with parameters r = 3 and s = 5.
The results are collected in the below table.

L | Oyyex(L)
L2al | {8 x uvwx8y2z4, 24 x 2uvwx8y2z4, 32 % 4uvwx8y2z4, 64 % 8uvwx8yzz4}
Ldal | {8 x uvwx8y224, 24 x 2uvwx8yzz4, 96 x 4uvwx8yzz4, 128 x 8uvwx8yzz4}
L5al | {8 x uvwx8y2z4, 24 x 2uvwx8yzz4, 96 x 4uvwx8yzz4, 384 x 8uvwx8yzz4}

L6al 8y2z*

L6a2
L6a3
L6a4

8 X uvwx8y224, 24 X 2uvwx®y-z7", 96 X 4uvwx8yzz4, 128 x 8uvwx8yzz4}

24 24 x 2uvwx8yzz4, 32 % 4uvwx8y2z4, 64 x 8uvwx8y2z4}

8 X uowxBy*z*, 24 x 2uvwxy?z*, 32 x 4uvwxdy?zt, 64 x SuvwxBy*z*)

824}

{
{
{
{
{8 x uwwxdy
{
{8 x uvwxBy?z*, 56 x 2uvwx¥y?z*, 448 x 4uvwxdy?z*, 512 x Suvwx®y’z
L6a5 | {8 x uvwxPy?z*, 56 x 2uvwxPy?z*, 64 x duvwxPy?z*, 128 x Suvwx¥y*z*)
Lonl | {8 X uvwxBy?z*, 56 X 2uvwx®y?z*, 64 X duvwx®y?z*, 128 X Suvwxdy>z*)
L7al | {8 x uvwx¥y?z*, 24 x 2uvwx3y?z*, 96 x duvwx®y>z*, 384 x Suvwx3y?z*)
{
{
{
{
{
{
{
{

L7a2 | {8 X uvwx®y?z*, 24 x 2uvwx®y?z*, 96 x duvwx¥y?z*, 128 x Suvwx®y?z*}
L7a3

L7a4
L7a5
L7a6
L7a7
Linl
LTn2

8 X uvwx¥y?z*, 24 x 2uvwx3y*z*, 96 x duvwxPy?7*, 384 x Suvwxdy*z*)

8 X uvwxBy?z*, 24 x 2uvwx¥y*z*, 96 x 4uvwxby?z*, 384 x Suvwxdy*z*)

8 X uvwx®y?z*, 24 x 2uvwx®y?z*, 32 x 4uvwxdy?z*, 64 x SuvwxBy*z*)

8 X uvwx®y?z*, 24 x 2uvwx¥y?z*, 32 x 4uvwxPy’t, 64 x Suvwxdy?z*)

8 X uvwx8y2z4, 56 x 2uvwx8yzz4, 64 x 4uvwx8yzz4, 128 x 8uvwx8yzz4}

8 x uvwx¥y’z*, 24 x 2uvwx3y*z*, 96 x duvwxPy*z*, 128 x Suvwxdy?z*)

8 X uvwx¥y’z*, 24 x 2uvwxBy*z*, 96 x duvwxPy?z*, 384 x Suvwxdy*z*)
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5. Questions

We conclude with some open questions for future research.

e To what extent is the algebraic structure of a tribracket determined by its tribracket
polynomial?

e What conditions on a polynomial make it a tribracket polynomial? That is, what
conditions on a six-variable polynomial p are individually necessary and jointly
sufficient for the existence of a tribracket X such that p = ¢(x)?

e Does the geometry of the algebraic variety in C® determined by a tribracket polyno-
mial or subtribracket polynomial carry any special significance?

e Compared with the case of quandles with their 2-dimensional operation tables, the
3-dimensional operation tensors of tribrackets present a greater variety of options
for defining tribracket polynomials. We have made one such choice here, but others
are possible and might be of interest to explore.
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