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Abstract
Our purpose of this paper is to derive Strichartz estimates for solutions of magnetic
Schrodinger, wave and Klein—Gordon equations in exterior to the star-shaped obstacle. For its
proof we need the smoothing estimates for solutions of perturbed equations and the Strichartz
estimates for solutions of free equations. Moreover as an application of them, we shall in-
vestigate the scattering theory for these equations with a power type nonlinearity in suitable
space.

1. Strichartz estimates

Strichartz estimates are one of the standard tool in the study of linear and nonlinear evo-
lution equations. They are initiated by the fundamental paper of Strichartz [24]. After him,
many authors extended them to some equations with variable coefficients. D’Ancona &
Fanelli [9] (see also [8], [10]) have treated the magnetic potentials in whole space. On the
other hand, in exterior domains, Ivanovici [12] proved the corresponding Strichartz esti-
mates for free Schrodinger equations. Smith & Sogge studied them for free wave equation
in odd dimension (see [23]), and Burq and Metcalfe extended to higher dimension n > 4
(see [3, 15]). Recently the Strichartz estimates for Schrodinger, Klein—-Gordon and wave
equations with potential are treated in Mochizuki & Murai [20]. Our goal in this section is
to extend the above results to the case of more general potentials.

To be more precisely, throughout this paper let 2 be an exterior domain in R” (n > 2)
with smooth boundary 0Q such that R"\ Q is star-shaped with respect to the origin. The case
Q) = R" is not excluded when n > 3. In case n = 2, we fix rp > 0 satisfying Qc {x;|x] >
rp}. Consider in Q the following Schrédinger, wave (m = 0) and Klein—Gordon (m > 0)
equations:

(1.1) iOu=Lu+G(x,t), x€Q, t+0,

(1.2) Pu+Lu+mu=G(x,1, xeQ, t+0
with Dirichlet boundary condition

(1.3) ulx,t)=0, xe€dQ, teR.

2020 Mathematics Subject Classification. Primary 58J45; Secondary 35B40.



352 S. MuraAl

Here L = —Ap + c(x), A, is the magnetic Laplacian

Ab = Vb . Vb = Z{a/ + lbj(x)}z, aj

= (9xj
bj(x) and c(x) are real-valued C !_functions of x € Q. b(x) = (b1(x),- -, b,(x)) represents a
magnetic potential. Thus, the magnetic field is defined by its rotation V X b(x) = (0;bi(x) —

Ok j(%)) j<i-

Let Ap be the Dirichlet Laplacian. We can define (~Ap)*/? via the functional calculus
of selfadjoint operators for s > 0 and H () is a domain of (=Ap)*’?. Thus by duality and
interpolation argument we define H},(Q2) for s € R. Similarly, define the inhomogeneous
space H},(Q), s € R as a domain of (-Ap + 1)*/2. In this paper, we simply write L’ LY(Q) =
LP(R.; LY(Q)) for R, = [0, ) and R_ = (=00, 0].

To achieve our purpose we will employ the following strategy: the equation (1.1) or (1.2)
with G = 0 is rewritten to the evolution equation:

i0;u = Au.

Decomposing the operator A into the free part and the perturbed part, that is, writing A =
Ao + W, the solution u(f) = e~ f is represented as an integral equation:

!
(1.4) u(t) = e Mof f e" MWty dr
0

by Duhamel’s principle. Hence, we shall concentrate to estimate each term of the right hand
side of (1.4). To do so, we need the Strichartz estimates for the free solutions e~ f and the
smoothing estimates for the perturbed solutions e~ f. Moreover as an immediately conse-
quence of the estimate for this solution, we can also get the estimate for the inhomogeneous
term G(x, 1) by TT*-argument treated in Ginibre & Velo [11].

In the following we denote r = |x| and

[r] = r, [n-2] = n-2, when n > 3,
| (1 +log(r/ro)), S when n = 2.

We prepare two elementary lemmas.
Lemma 1.1. Letn > 2 and —1 <y < 1. Assume that b(x) and c(x) satisfy
(1.5) (o)l < olrl™!,  =6lr] ™ < c(x) < Clr] ™

for some 6 > O sufficiently small and C > 0. Then ||\/Zyg||L2(Q) =~ [|[V=Ap”gll12(q). Moreover
the inhomogeneous version also holds.

Proof. When y = 1, we have
IVLgII72 ) = (Y + ib())g, (Y + ib(x)g) 12() + ()9 9120
= V9120 + 2Im(b - Vg, 9)12) + (1B + g, )20

where (-, );2(q) 1s an inner-product of L*(Q). Applying assumption (1.5) and the Hardy
inequality
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[n—2]? 2 f 2
dx < Vugl“ d
A lgl” dx < Q| bgl” dx

with b = 0 (which is proved by Mochizuki [17] for n > 3 and Mochizuki & Nakazawa [22]
for n = 2) to the second and third terms, we obtain

(1.6)

(b V9. 9z < fg IVgllbligl dx < 81Vl -

(P + g9 = [ WPlgP dx+ [ cgP dx < CITglEs
Q Q

Summarizing these inequalities, we have |[VLgll2q) < ClIVgll2. On the other hand,
proceeding as for the upper bound, we estimate from below as follows:

||\/Zg||i2(g) > ”Vg”%}(g) + ZIm(b : Vg’ g)LZ(Q) + (Cg’ g)LZ(Q)
2

for 6 small enough. This with the fact |[Vgl|2q) = IV=Apgll 12 proves the case of y = 1.
By duality, we have for y = —1. Finally we use the interpolation argument to get the required
equivalence for —1 <y < 1.

It is clear that the inhomogeneous version holds by the same argument. m|

Furthermore, to estimate the integral term, the following lemma is useful.

Lemma 1.2 (Christ & Kiselev [5]). Let —oc0 < a < b < co. Given two Banach spaces X,
Y and a bounded linear operator

b
Th= f K(t, h(t)dr
from LP((a, b); X) to LP((a, b); Y), then its truncated version
!
Sh = f K, th(t)dr

is also bounded on the same spaces, provided 1 < p < p < oo.

Note that thanks to this lemma, to prove the following type inequality

!
f e CONE(DY dr

0

< C||F||Ln’y/>
Lry

it is enough to estimate the integral

‘f e CONE(DY dr
0

In our previous paper [20] the smoothing estimates for ¢ " and ¢~*VE** are proved
under the smallness assumption on the rotation of b(x) and the negative part cy(x) of c¢(x) as
follows:

Lry

—itL

(1.7) IV X b(x)], lco(x)] < elr] 2,
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where € > 0 is a small constant. Moreover, using them, the Strichartz estimates for the

solution with b = 0 were proved along the strategy mentioned above. However, in the
present case the coefficient b(x) makes the argument more complicate. Actually, our method
requires to regard the terms relating to b(x) as a perturbation of —A, and so we need the
smoothing estimates in Hj(Q) and another smallness assumption on b(x) itself like (1.5)
from Lemma 1.1 to derive the Strichartz estimates. To avoid this overlap condition, in
this paper changing the proof of the smoothing estimates in [20] to that without (1.7), we
simplify the assumption on b(x) (see the proof of Proposition 1.3).

1.1. Schrédinger equations. Throughout this section we put &(r) = (1 + [r])~' and al-
ways assume that the coefficients b(x) and c(x) = co(x) + c1(x) satisfy

(AS1) IO, IV - b(x) + DO + co(x)] < g0(r)?,
ci(x) = o(r™) (r - ), ¢(x) 20, d{re;(x)} <0,

where gy > 0 is a small constant and 9, = d/0dr.
Let us derive the smoothing estimate for solution e~ f which is a crucial tool for the
proof of Strichartz estimate.

Proposition 1.3. Let n > 2. Assume (AS1). Then the following estimate holds.
€€ flli2r20) + |I§e""LfIIL2HD% o < Clfllze
Proof. The desired estimate follows from the same argument as in [20] (see also [17],
[18]). The following lemma is available.

Lemma 1.4 ([13, 18]). Let H be a Hilbert space and let (A — 2)™" for z € C\ R be
the resolvent of selfadjoint operator A in H. Suppose that A is a densely defined, closed
operator from H to another Hilbert space H,. Assume that there exists C > 0 such that

sup A(A = 27  A%gll, < Cliglyy,, g € D(AY).
7¢R

Then we have for each f € H,
I Ae™™ f17.,, < 2CNA115;.
First we need to prove the inequality:
(1.8) (1 + VIDIEL = 2 gl + VL = 2 glliz) < CIE iz

for the resolvent (L —z)~! of L, z € C\ R under our assumption (similar inequality is already
proved by Mochizuki & Murai [20] under the smallness condition on the rotation of b(x)
instead of it on b(x) itself like (AS1)). To do so, we represent the operator L as

L=-A+A-V+By+ B
with
A=-2ib, By=-iV-b+|b*+co, B =ci,
and use the following identity.

(L-2)""=Rp, ) (I+(A-V+ByRs (2)",
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where Rp,(z) = (-Ap + By — z)~!. Note that the assumption (AS1) implies
AL, |Bo| < £0&%, B1 >0, 0,(rB;) <0.

Here for the resolvent Rp, (z) the following inequality is proved in [20] under the assumption
(AS1) on Bj and the star-shapedness of R” \ Q:

(1.9) (1+ \/H)HfRBI @9llz2@) + IEVRE, (Dgll12) < C||§7lg||L2(Q)-

Hence if the operator é~'(I + (A - V + Bo)Rp, (z))'& exists and bounded in L*(Q), then the
same type inequality as above holds for the resolvent (L —z)~!. Since (AS1), using (1.9), we
have

€71 (A - V + Bo)Rg, ()12
< €7 max{|Al, |Bol}llz=) (IEVRB, @9l + lI€RB, (2gll12 ()
< eollé ' gllrz-

Thus, if &y is sufficiently small we can invert / + (A -V + By)Rp, (z) by a Neumann series and
get

1€ (I + (A -V + Bo)R3, ()" gllz < ClIE " gllz -

As soon as the inequality (1.8) is proved, we can obtain the desired estimate for the first term
by Lemma 1.4 with A = &, A = Land H = H; = L*(Q). On the other hand (1.8) shows

(1.10) IEL =2 gl @
< NEL = 2) " gllz + IVEL = 2) ' glliz) + 1EVL - 2 ' gll2
< CliE " gl

where we used the fact |V¢| < C£. By duality, we also have

(L.11) IEL =27 gll2@) < ClIE ' Glla 10
Then interpolating these inequalities (1.10) and (1.11), we obtain

L-2! <Cle! :

llE(L - 2) gIIHé(Q) lig gIIH;%(Q)

Thus, it follows from Lemma 1.4 with A = (=Ap + 1)/, A = Land H = H, = L*(Q), the
desired estimate for the second term can be obtained. O

Next we shall treat the Strichartz estimates. In addition to (AS1), we further assume the
following condition.

(AS2) £ %ei(x) € LY(Q).
Noting that this together with (AS1) implies
E2AL¥(Q), &2BeL™(Q), B=By+B,.

In the following exponent pairs (p, ¢) and (p, §) always satisfy the relation:

n n 2 n

(1.12) 2<pp<oo, =+

2_ n
p g 2 p g 2
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The main result in this section is the following.

Theorem 1.5. Let n > 2. Assume (AS1)—(AS2) and that R" \ Q is a strictly convex
obstacle. Then for the solution u of (1.1) with (1.3) and the initial data u(0) = f the following
estimate holds.

(1.13) llullzr Loy + llull o r2) < Ci (||f||L2(Q) + IIGllLﬁ'w(m)-

Proof. The solution u is represented as the integral form:

!
u@ty=ef—i | e ILG(r) dr.
0

Hence it is enough to derive the inequality:

(1.14) le™™ fllrraey + le™™ fllier2) < Cllfll2)-

Indeed, the first term can be estimated by (1.14) directly. Using (1.14) again and the dual

inequality
’ f () dr
0
of (1.14), we have

‘ f e OILG(r) dr
0

Finally we can apply Lemma 1.2 to get the desired estimate. Thus in the following we shall
concentrate to prove (1.14). The estimate of the second term is an immediate consequence
of the unitarity of e, To estimate the first term, we write

< CllAlly 17 )
L2(Q)

< C‘ f eG(r)dr
0

< ClGl 7 17 @)

LPLI(Q) L2(Q)

Lv=-Av+V-(Av) =V -Av+ Bv := —Av + Wi(v) + Wa(v)

with W (v) = V - (Av) and W5(v) = =V - Av + Bv. Then the solution v = e~"'L f is represented
as the integral form:

o(t) = ™ f — g f t A (W () + Wa(v)) dr.
0

It is enough to estimate each term of the right hand side of this integral equation. The first
term can be estimated by the inequality:

(1.15) €™ fllzr Loy < Cllfll2

which is proved by Ivanovici [12] under the condition that R" \ Q is strictly convex. As to
the second term, thanks to Lemma 1.2 it is enough to estimate the following integral.

f ) TR (W () + Wa(v)) dr.

0
Using the inequality (1.15) and applying the dual inequality of Proposition 1.3:

’ f e ™ p(r) dr

-1
0 <Cle'nll,
to the term for W;(v), we have

H2(Q)

L2(Q)
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‘ f MW () dr sc‘ f e TAOW (v) dT
0 LPL1(QY) 0 L2(QY)
<ClE'w .
<Cl¢ 1(v)||L2H;%(Q)
Note that
EWV (A =V TAn) - A-VE .
Then using the fact ||V - f_iIH;%(Q) < llﬁ'Hé © with ﬁag = 0, we have
-1 -1 ~1
V(A <€A +]A-V .
i€ ( v)IILZH;%(Q) <& ””Lzyé(m A - V& vllLZH;%(Q)

Here note that |V&2| < C£72 and |V - A| < C|B|, it follows from the assumption on A and B
that

||§_2AU||H}J(Q)

< |IVE 2 Aullr ) + 1€V - Avllzi) + I€72A - Vo2 + 1€ Avll 20
< C{I€ Bl ol + 1Al (IVoll 2@ + Il 2]

< Cllollg ()

and

2 2
1Al 2 ) < €7 Allz=@llVllz2) < Cllvllr2@)-

Then interpolating these inequalities, we get

-1
||§ AU”H%(Q) < Cva”Hly)(Q)

for 0 <y < 1. Using this inequality with y = 1/2 and Proposition 1.3, we get

-1
Av 1 < Clév 1 <C .
e Al < Q1 < Cllflla

On the other hand, since |[V&™!| < Cf‘l[r]_% and |V([r]'2£VEY)| < C[r]™", we have by
using the Hardy inequality (1.6) with b =0
Ir12EVE gl g < IIV12EVE gl + IF12EVE - Vgl
HIr12EVE gllizoy

< C||9||H},(Q)

and
1126V glliz) < Cllglliz-
Hence by the interpolation and the duality argument show
IV glly ) < CUE T 2 gl Oy <L,

This inequality with y = 1/2 implies

1
A-VE 1 < ClE A2 A 1.
4 VEtl < Ol A,y



358 S. Murat
Moreover using the dual of Hardy inequality:
1
rI zv <|lvl| 1
I el < 0l

(which is proved by interpolating (1.6) with b = 0 and the trivial one |[v][;2q) < Cllvllz2q))
and Proposition 1.3 again, we obtain

—1p,g-4 —1 -2
1€~ [r]2 Avl| 1= IE™ Avll 22 ) < €7 All=@llévllzz @) < Cllfllz2)-
L2H,?(Q)
These inequalities give
-1
Wi 1 <C .
llE™" Wi( )IILZHD;(Q) 1 Nl2 @

On the other hand the dual of Proposition 1.3:

‘ f e ™ (7 dr
0

shows that the term for W,(v) can be estimated as
LPLa(Q)

‘ f MWL (v) dr
0
< CllE*Bll=@llévllrzrz0) < Cllfllz)-

Thus, summarizing the above argument, the desired estimate is now proved. m|

-1
< CllE hllero)
L*(Q)

< ClE'Wo)ll 220

1.2. Wave equations. Throughout this section let ¢ = ¢(r) > 0 be a smooth function of
r> 0and let u = u(r) > 0 be a smooth L!(R,) function of r > 0 satisfying

(1.16) f(r) <0, @) <2u(ru(r).
In the wave case, we always assume that the coefficients b(x) and c(x) = co(x) + c1(x) satisty
(AW1) bl HIV - b(x) + [bOP + co(x)] < ou(r),

c1(0) =o(r™") (r > 00), c1(x) 20, ddp(r)ci(x)} <0,

where gy > 0 is a small constant.
Let us first state the smoothing estimate.

Proposition 1.6. Let n > 3. Assume (AW1) and (1.5). Then the following estimate holds
Jor0<y<1.

—irVL . .
Ve ™™ fllzay ) < Clliflgy -

Proof. In this proof we simply write d,u = u, where u is a solution of (1.2) with G = 0
and also rewrite the equation as

(1.17) uy — Au+ A -Vu+ Bou + Bju =0,

where A, By and B, are same as Schrodinger case. Then the assumption (AW1) is also
rewritten as

Al < eoit,  |Bol < &or'u, By 20, 0,(pB;)<0.
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Multiplying by ¢ (fc -Vu + %ﬁ) (¥ = x/r) on each term in (1.17) and take a real part, we
have

1
(1.18) OX+5V-Y+Z=0,

where we put

— -1
X = ¢Re (u,)% Vu+ u,ﬁ),
2r

— n-1 -1y
Y = To(—lul? + [Vul? + Biul?) — 2¢ReVu (x Vi + ”2 ﬁ) + fc(gonz—) ul?,
r r

~Dn-3
Z= (% - tp') {IVu|2 Jeevap 4 @ D3 4):;1 )|u|2}

n—1
4r

— a-1
+ ¢Re {(A-Vu+Bou) ()?-Vu+ ”2r ﬁ)}

1 / 144 1
*5¢ (lu,* + |Vul?) — ¢ |ul* - 56,<¢Bl>|u|2

Integrating (1.18) over Q X [s, ¢], we have

(1.19) fX(t)dx—fX(s)dx+lftf Y(T)’VdeT+fth(T)dxdT=0,
Q Q 2 Js Jaa s JO

where v = v(x) is the outer normal vector at x € 9Q2. We now estimate the integrals of X and
Y in (1.19). Let (r) = for u(o)do. It follows from the Hardy inequality (1.6) and Young

inequality, we have
‘ f X(t)dx
Q

Here by Lemma 1.1 the integral of the right hand side is equivalent to

(9 + ) a
Q

and this integral is conserved in time by the energy conservation low. Hence, we have

fX(T) dx
Q

for any 7 € R. As to Y, the boundary condition and assumption on the star-shapedness of
R™\ Q assure that the integral in Y(7) - v can be neglected, since

< Cllilss,) [ (1o + 9f) d
Q

(1.20)

< C(IVu(O)I72 g + 16O )

(1.21) f Y(1)-vdS = f (& - V)(~lu)> + v - Vul*) = 20(% - v)lv - Vu*} dS
Q. Q.

=- f Q& - V)(luel* +1v - Vul*) dS = 0.
oQ

Hence it follows from (1.19)—(1.21) that

!
fs fQ Z(r) dxdr < C([Vu(O)l17. 0, + (O3 ) -
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Finally as to Z, since the assumption (AW1), the term for B; can be neglected, and the term
for A and By can be estimated by Young inequality and the boundedness of ¢(r)

(1.22)

-1
¢Re {(A - Vi + Bou) (x Vi + "2 ﬁ)}
r
< Ceo (VP + Epulvul + L 1u)
r I
—2)?
< Cey (mvmz 4 ﬂww).
4r

Applying the weighted Hardy inequality:

f (n_2)2 ) t 5
(1.23) f f p——|uf? dxdr < f f V()| dxdr
K Q 4r K Q

' 2 M= 1 2
< uVul” —u |ul”| dxdt
s Q 2r

which is proved in Mochizuki [16] under (1.16) to the second term of the right hand side in
(1.22), we have
)

!
I
! 2 = 1 2
< Cg w\Vul|® — ' ——1ul” | dxdr.
s O 2}"

Since ¢(r) > ru(r) = r¢’(r) and |X - Vu| < |Vu], the integral of Z can be estimated if & is
sufficiently small as

! ! _ 1
f f Z(t)dxdr > C f f {,u(lule +VuP) - ﬂ'”—|u|2} dxdr.
s Q K Q 2r

Thus, the above argument shows the inequality:

n—1
2r

dxdr

¢Re {(A - Vu + Byu) (fc -Vu +

! n—1
(1.24) f f {u(|uf|2 + [Vul) — 2—|u|2} dxdr < C (IVu(O)|72 q, + It (O)22 ) -
s Q r

To derive the desired estimate, we focus on the first term of the left hand side and choose
(u(0), u,(0)) = (0, ) or = (VL™ £,0) in (1.24) to obtain

||\/ﬁCOS(f\/Z)f||L2L2(Q) < Clfllzwy, lIWp Sin(f\/z)f”LZU(Q) < Cllfll2)-

These inequalities imply the case of y = 0. Furthermore we put u = e=iVL fin (1.24). Then
the argument of (1.23) reads us to the case of v = 1. Hence the desired estimate is now
proved by the interpolation. O

In the following, we put u(r) = (1+r)~'=°, § > 0. In order to state the result for Strichartz
estimate, we further assume the following condition.
(AW2) ru(r)'ei(x) € L2 (Q).
This together with (AW1) implies
u'AeL®(Q), ru'BeL™(Q), B=B+B.
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And let the exponents p, g, p, ¢ and k always satisfy the following relations.

2 n-1 n-1 2 n-1 n-1
(1.25) d<pp<oo, gl M7 LT
P q 2 p q 2
1
D k=—+2_»
2 / q/

Remark that the final equality of (1.25) makes the relations of the exponents p, ¢, p, § more

restrictive as the following.
1 1 1 1 2 2 1
(1.26) — e =———= L 2<p2ntD
P p 4§ q n+l n—3

Our main result in this section is as follows.

1 n
— 4 — =
P q

Theorem 1.7. Let n > 3. Assume (AW1)—-(AW?2) and that R" \ Q is a strictly convex
obstacle. Then for the solution u of (1.2) with (1.3) and the initial data (u(0),d,u(0)) =
(f1, f2) the following estimate holds.

lledll Lo Loy + ||u||LmH’[<)(Q) + ||6tu||L°°Hg1(Q) <G (Hfl”Hg(Q) + ||f2||Hg1(Q) + ||G||L1‘7’Lq’(g))-
Proof. The solution u is represented as the integral form:
sin(rVL " sin{(t — 7)VL
u(t) = cos(tVL) fi + sin(VL) I f {(—TW_}G(T) d.
VL 0 VL
In order to estimate the each term of the right hand side, it suffices to derive the inequalities:

(1.27) IIe‘MfIILwH;)(m < Cllf s (-

(1.28) ™ fllpr oy < CILF N5 -

The case of G = 0 obviously follows from these inequalities and Lemma 1.1. In fact, we
have

lletll 2 £ ) + 105l L s 1 )

M H + “—\/Z sin(t\/Z) fi+ cos(tVL) 1>
VL L2HE(Q)

< C(Ifillzggen + VL™ Pl ey + VLAl + 1ol )
< C (WAl + 1l @)

Moreover

cos(t\/Z) f1+

L2Hy5 Q)

sin(rVL)

\/Z fz LPLi(Q)
<C (1 illis ey + VL™ folls )
<C (Il + 1Al 1) -

As to the integral term, using (1.27) and (1.28), we have

cos(t\/Z) f1+

ullrra@) =
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oo ,=ilt-T)VL oo ,=i(t-T)VL
——Gdr ——-Gdr
0 VL L) 0 VL LoHS(©)
- f e VLG gr <C ‘ f ™G dr
0 LYH5'(Q) 0 ()
Here we used Lemma 1.1. On the other hand, by duality (1.28) implies
. 1 1 1
f e”\/zh("') dr < Clhllpy 7 @) K= n(i - t) - =
0 HF () ) p
Now choosing k — 1 = —k which is equivalent to the final equality in the relations (1.25) and
using Lemma 1.2, these inequalities show
1 e—i(t—T)\/i t e—i(t—'r)\/z
—Gdr —Gdr
o VL LPLUQ) o VL LOHS(Q)
f
+ f e VLG dr < ClGllpy 17 @)
0 LHS Q)

Summarizing the above argument, the desired estimate can be obtained. Hence we shall
concentrate to prove the inequalities (1.27) and (1.28).

The first inequality (1.27) is an immediately consequence of the unitarity of e~ "VL and
Lemma 1.1. Indeed, we have

”e—it\/z‘f”Lwa)(Q) ~ ||\/Zke—il\/zf||LooL2(Q)
= ™™V fll-r2 < IVL fll = Wl -
Next let us prove the second inequality (1.28). We need the following lemma.

Lemma 1.8 (Smith & Sogge [23], Burq [3], Metcalfe [15]). Let n > 3. Assume that
R™\ Q is a strictly convex obstacle. Then

—it\-A
e fllsracy < Clllizgien

v=e VL f satisfies the following problem.

v — Av = —Wo,
v(0) = f, 0,(0) = —iVLf,
Vo = 0,
where
W=A-V+B.

By Duhamel’s principle the solution v is represented as follows.
V-A
" o} Wudr.

sin(t\/—AD)\/— f’ sin{(f —
2 VNV DN
V=Ap 4 0 V=Ap

The first and second terms can be estimated by Lemma 1.8 and Lemma 1.1. In fact, we have

v(t) = cos(ty—Ap)f —i
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HDK( )

VAo

As to the third term, using Lemma 1.8 and the dual of the inequality from Proposition 1.6

withb = ¢ =0:

we have for0 <k <1
fw e it=DV=Ap
——— Wodr

0 V—AD
Now it is enough to prove the inequality:

-1 _ .
IRY/7 WUIILsz—n(Q) < C”f“Hg(Q)

for k = 0, 1. Then interpolating these inequalities, we can get the desired estimate. Since
the assumptions (AW1) and (AW?2) we have

sin(tV—Ap)
VoA F - i2MENTAD) g
cos(ty—=Ap)f —i A Lf

< C[||f||f1,g(g) +
L)

f ¢V p(r) dr
0

-1
S CINEThllzgy @)
HY'(Q)

|

f VoW dr
0

< ClVE Wollp2 10y
H ' (@)

LPLa(Q)

VB Woll22) < max{ll Allis, e rBllis)} (IWEVll2 2@ + INE vlew) -
Applying the inequality (1.23) to the second term and using the inequality (1.24), we obtain
Ve Woll2p2q) < Cllf g -

This implies the case of k = 1. If k = 0, write
Wuv=V-(Av)—V-Av+ Bu,
and hence
VI "Wo =V - (\u'Av) - A -V o - i '(V- A - B
It follows from the fact ||V - fll i@ S I ﬁILZ(Q) for ﬁag = 0 that
IV - (\/ﬁ_lAU)”LZHBI(Q) < Ve Avllz20-
Noting [Vy/u~!| < Cr~'yjz~! and |V - A| < C|B, we have by Hardy inequality

A - VE ol 20 < Clr Vi Al o) < CINE Aullzz),

IV~ (V- A = B)llpgz ) < ClIVET Bl 212 0)-
Hence using the assumptions (AW1) and (AW?2), we can estimate

VI Woll2gz. 1o

< C (Vi Avlior2) + INE rBll 212

< C max{||u™" All s I~ rBlls@ NIVl )-

Finally using Proposition 1.6 with y = 0, we get the case of « = 0.
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Thus summarizing the above argument, we obtain (1.28) and the proof of Theorem 1.7 is
now finished. O

1.3. Klein-Gordon equations. Throughout this section we put &(r) = (1 + [r])~!. In the
Klein—Gordon case, we always assume that the coefficients b(x) and c(x) satisfy (AS1) and
(AS2) from Schrodinger case. Let the exponents p, g, p, ¢ and « always satisfy the following
relations.

2 2
(129) 2<Paﬁ£°°, _+E=E’ t+g:Ea
p q9 2 p g 2
1 3n 3n 1+3n )
—_ —:——K:~— — — 2.
p 29 4 P2

Remark that the final equality makes the relations for p, ¢, p, § more restrictive as the
following.

I 1 1 1 1

(1.30) —=—+=, —=-
pPopr 2 7 q

The main result in this section is the following.

+ -, 2<p<oo.

S| =

Theorem 1.9. Let n > 2. Assume (AS1) and (AS2). Then for the solution u of (1.2) with
(1.3) and the initial data (u(0), 0,u(0)) = (f1, f>) the following estimate holds.

lellzoracey + Nl s @y + 100l g1 0y < Cs (I fillzscey + ANl o) + Gl 1 ) -

We first prepare the Strichartz estimate for the free solutions which is proved in Mochizuki
& Murai [20].

Lemma 1.10 (Mochizuki & Murai [20]). Let n > 2. Then the following estimate holds.

— — 2
lle N2 £l oy < CllFllaa

@-

In the Klein—Gordon case, the weighted energy method used in the proof of Proposition
1.6 does not work well, and it is difficult to obtain the same type estimate as Proposition
1.6. For this reason we need to employ the another strategy. Let us first derive the estimate
for the solution with ¢ = 0 . So we prepare the following smoothing estimate treated in
Mochizuki & Murai [21].

Lemma 1.11. Let n > 2. Assume (AS1) and (1.5). Then the following estimate holds for
0<y<L

—it\ = Ap+m?
||€:e ltmf||L2H£(Q) < C“f”HZ,(Q)

Proof. The proof is based on the following estimate proved in Mochizuki & Murai [21].

WEVbupllz2r2i) + mlléusllzrz ) + 1€0usll 2122
< C(IVsfillz + milfill ey + 1 All2@)

where R"” \ Q is star-shaped with respect to the origin and u; is the solution of (1.2) with
¢ = G = 0 (In [21], this inequality is proved by using (1.8) under the smallness condition
on the rotation of . Hence similar to the proof of (1.8), this assumption can be replaced



STRICHARTZ ESTIMATE FOR MAGNETIC EQUATIONS 365
with our one). Similar to the wave case, choosing (fi, ) = (f,0) or = (0, \V—=A, + m2f), we
obtain

—7 \,—A 2 i —A, 2
1Ee™ N2 fllareq) + 1EVRe ™ V™ fllr212q) < CILf Mg

(O
This shows the case of v = 1. Furthermore we can choose (f1, ;) = (0, f) or =
(V—Ap + m2~! £,0) to obtain

6 cos(tv=2p + m?) flliziz) < Cliflliz.  IEsinGy=2p +m?) fllzze < Cliflle.

These inequalities imply the case of y = 0. Thus the assertion follows from the interpolation
argument. O

The following proposition can be obtained.

Proposition 1.12. Under the same conditions as Theorem 1.9 the following estimate
holds.

—itN[—A 2
le™ N2 fllrray < Cllfllag,

(@-

Proof. It can be proved by the similar line of the proof of Theorem 1.7. vj, = ¢ #V -2+ £
satisfies the following problem.

(9,21117 — Avp + mPv, = —Wup,

vp(0) = f, Owp(0) = —in/—=A, + m?f,

Uploa = 0,
where
W ==2ib-V, —iV-b— b

By Duhamel’s principle the solution v, is represented as

on(1) = cos(—Ap ) f — SN +mY) e

\/—AD + m2
B ft sin{(t — T)\=Ap + m?}
0 \/—AD + m?

As to the first and second terms, it suffices to apply Lemma 1.10 and Lemma 1.1. Using
Lemma 1.10 again and the dual inequality of Lemma 1.11 with » = 0, we have for the
integral term

Wuoy, dr.

00 e—i(t—‘r)\/—A[ﬁmz
0 \V=Ap + m?
This norm can be estimated by using the assumption on b(x) and Lemma 1.11 as follows.

1™ Woplli2r0
<[ b - Vo, + V- by + 0P 0p)l21200)

< max(lEbllz=(. €72V - b+ 6P~} (1€ s0sll2 20 + I€0pll 22200

Wu, dt < CIE Wopll2ps 10

LPLa(Q)
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< Cliflla -
Similarly we can write
Woy, = =2iV - (bvy) + iV - buy, + |b]*vp
to get

1€ Wopllap1)
<7 bogllierzey + 117V b+ 1BP )l
< max{[lE b=, €72V - b + )l lévsllz 2
< Clifllxe)-
Here we used the fact [VE€™!| < C&7! in the first step. Interpolating the above inequalities,

we obtain the estimate for the integral term and then conclude the proof of Proposition 1.12.
O

Proof of Theorem 1.9. Similar to the wave case, it is enough to prove the following
inequalities.

(1.31) lle™™E fllpom @) < Clif Il @),
(1.32) lle™™ " Fllp 1) < Cllf i -

The inequality (1.31) follows from the unitarity of ¢~*V£* and Lemma 1.1. On the other

—itVL+m?

hand, v = e f satisfies the problem

0?0 — Apv + m*v = —cu,
v(0) = f,  9w(0) = —iVL+m*f,

Vo = 0,

and is represented as

(133)  o(t) = cos(tN—A, + m2)f — iSini;_i mz) VL +m2f

) ff sin((c = DV=A, + )
0 \V-A, + m? ‘

Proposition 1.12 and the dual inequality of Lemma 1.11 give

0o ,=i(t=T)Y —Ap+m? 0o >
e — f elT \' —Ap+m cv dT
0 N-Ap+m? 0

since k < 1. It follows from the assumption on c(x) and the smoothing estimate

NI
€e™ 5 fllzra) < Cllifllze)

which can be obtained along the same argument in [20] based on the inequality (1.8) that

cvdr < C‘ < C||§_1CU||L2L2(Q)

LPLI(Q) LX(Q)

1 2
€™ collrer2) < 1€ “cll=@ll€vllzzrz@) < Clifllzz@) < Cllfllas @)
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since k > 0. Summarizing the above inequalities, we obtain

f’ sin{(7 — V=4, + m2) .
cvar
0 VA, + m?

We can apply this inequality and Proposition 1.12 to each term of (1.33) to obtain (1.32),
and thus Theorem 1.9 is now proved. |

< Cllf e -
L©)

2. Application to nonlinear problem
Consider in Q the Schrodinger, wave and Klein—Gordon equations:

2.1 i0u = Lu + G(u),

(2.2) afu + Lu+m*u + G(u) = 0,

with a linear or a nonlinear term G depending on the solution. L satisfies the assumptions
from Theorem 1.5, 1.7 or 1.9. As an application of the Strichartz estimates, we shall inves-
tigate the global existence and scattering theory for the solution of the above equations with
boundary condition (1.3). Roughly speaking, our purpose in this section is to prove that the
solution u(f) behaves like the corresponding free (G = 0) solution u*(¢) to the problem:

10,u* = Lu*, afui + Lu* + m*u* =0,
(2.3) u(0) = f*, or (*(0), 0,u(0)) = (f, £,)s
u*laq =0, utlaq =0

when the time tends to infinity, and hence the scattering operator can be defined in an ap-
propriate space.
The equations (2.1) and (2.2) with the initial data f are rewritten as an integral equation:

2.4) ult) =T f + f K@ —1)G(u(r)) dr,
0
where
[ ik,
rns= { S i + K)o,

—je L,
K@) =1 sin(tVL + m?)
VL +m?
We will consider the solution to (2.4) in the following space. Denote H = L*(Q)
(Schrédinger), H5(Q) x Hi 1 (Q) (wave) or Hs(Q) x HY(Q) (Klein—-Gordon). We set

(Schrodinger)

, (wave or Klein—Gordon)

Yr = {ue Ly H 0 LELAQ); lully, = llullzsr + lullz o) < K}

where L’; = LP(0,T). When the wave case, u € H means that u € HE(Q)’ ou € H}()‘I(Q)
and its norm is defined by

lleellze == ||M||HE(Q) + ||5t”||H;;‘(Q)'
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When Klein—Gordon case we should replace the homogeneous Sobolev space with the in-
homogeneous one. K > 0 is a constant depending on the initial data which will be defined
later. Denote Y7 with 7 = oo by Y.
To show our result, we impose the following hypothesis on the nonlinearity.
(H) G(0) =0 and for uy,u, € Y7

IG(u1) — G| < CyT (I + Nl Dl = wally,

L2 17 (Q)

where @ > 1, 0 = 6(p, p,a,n) > 0.
Main result in this section is as follows.

Theorem 2.1. Under the hypothesis (H), the following assertions hold.

(1) When 0 > 0 for any initial data f € H, there exists T > 0 and a unique local solution
uof (2.4)in Yr.

(i) When 0 = 0, if we restrict as C4K* " <« 1, then, there exists a unique global solution
u of (2.4). Moreover, for any f € H as above there exists the scattering data f* € H such
that the corresponding solution u* (t) of (2.3) satisfies

lu(t) — u* @)llze — 0

ast — oco. Conversely, if f~ € H is sufficiently small and u™(t) is a corresponding solution
of (2.3), then there exists a solution of (2.4) satisfies

llu(®) = u”(Oll — 0

ast — —oo. Thus, the scattering operator S : f~ — f* is well-defined in a neighborhood of
the origin in H.

Proof. We construct the contraction map in Y7. Put

!
Olul(r) =T@)f + f K(t - 1)G(u(1)) dr.
0
Using Theorem 1.5, 1.7 or 1.9, we have

IDLullly, < é(nan + ||G<u)||L¢'Lq,(Q)), C=C.,CorCy
and applying (H) to the second term of the right hand side, we obtain
(2.5) I0Le]lly, < Cllfllz + CCaT K,
Similarly, we have
(2.6) [®[ur] = @uzllly, < 2CC4T K" luy — wolly,, w1, uz € Yr.
Choosing K = 2C||f|ly and T? < 1/(4CC4K*""), we obtain

1
2.7 [D[ullly, < K, [|®[u1] = Puz]lly, < 5””1 — uslly,

which imply the existence of the unique local solution in Y7 via the well-known fixed point
argument.

(i) In this case it should be restricted that 4CC,K*~' < 1 with same K as above. Then we
obtain (2.7) for any 7. Thus the same argument as (i) shows the unique global existence of
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the solution. The asymptotic behavior follows from this result. In fact, for given small data
f~ € H let u™(¢) be the solution of (2.1) or (2.2) with G = 0. Then there exists the solution
u(t) of the form

u(®) =u () + f Kt -1)G)dr,

(&)

and since the solution u is global in Y, Theorem 1.5, 1.7 or 1.9 and (H) show

f K@t -1)Gu)dr

[s+]

< €||G(M)IIU7'L@’(Q) < CCyllully < oo.
LM

Hence we have
() — u”(@Dllzx — O

as t — —oo. Similarly if u(f) is the solution with small data f € H, then there exists a
solution u* () with data f* € H satisfies

llu(®) = u™ (Dll — 0

as t — oo. This concludes the proof of Theorem 2.1. |

We will give an example for the nonlinearity satisfying our hypothesis (H) in the next
subsections.

2.1. Nonlinear Schrodinger equation. Let V(x, ) be a time-dependent complex func-
tion belonging to L}.1°(Q) where
n
20
For this function we set a nonlinear term as G(u) = V(x, 1)|u|* 'u. The local solution exists
when the power « satisfies

0<

S

1
< -<1-
v

’

D=

4 1
28) 1SQ31+_(1____),

while the global result is proved if and only if the endpoint case. To explain this fact, we
need to prove that the above G satisfies our hypothesis (H) which is shown in the following
lemma.

Lemma 2.2. Let G satisfy (2.8). Then for uy, up € Y the following inequality holds.

T -1 -1
GG = Gl < CVTFH7 (Il g + ezl ) = 2l

Proof. We shall prove only the case of p = p and § = q. More general case can be proved
along the similar line. Using Holder inequality we have

—1 —1
IVl " ur = Viwo ™ ol 1 )

—1 -1
sc(uwun” e, o 4NVl
LI LT2(Q) L?

u—u P .
quz(m)” 1 = w2llz2 o)
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Hence it suffices to estimate the term ||V]u|*"!|| . Using Holder inequality again,
L

L a
£ L2 (Q)
we have
a-1 a—1
4 ”L;’%Lq%(g) < WVl @™ e o)
with
2 1 1 2 1 1
(2.9) 1-Z=l4, 1-Z=-4
p v a q p b
Here choosing
(2.10) p>2ala—1), g=bla-1),
we obtain
a-1 l—a—ﬂ—% a—1
”V|I/£| ”L;’%LLI%(Q) <T » ||V||L;U(Q)||u||Lqu(Q)

which implies the desired inequality. The conditions (2.9) and (2.10) together with the
admissibility (1.12) imply
4 1
a§1+—(1———£).

n v 2p

This corresponds to the condition # > 0, and hence we obtain the global solution and the
scattering results when the equality holds in the above inequality. O

Remark 1. According to this lemma, when @ = 1, that is, (2.1) is a linear equation
with time-dependent potential, the global behavior and scattering occurs under the smallness
condition

1 n

2C1HIV <l, —-=1-—.

V@ y 2

This is the same result of Mochizuki & Motai [19] which is treated the case of b = ¢ = 0
and Q = R".

RemMark 2. In the case when V is a constant, b = ¢ = 0 and Q = R”, there are so many
results (see [7] for details). Focusing on that relating to the Strichartz estimates in an exterior
domain, we refer to Blair & Smith & Sogge [2], Burq & Gérard & Tzvetkov [4], Cassano &
D’ Ancona [6] and the references therein. Especially the magnetic potential is treated in [6]

under the assumption that the Strichartz estimate for e~*L are valid.

2.2. Nonlinear wave equation. Let V(x,7) be a time-dependent complex function be-
longing to L} 1£(QQ) where (n + 1)/2 < p,v < oo and
~ 1) +4 - 1(n-3
(n-1) - n=-Dn=3)  ,
v p

(2.11)

We set G(u) = V(x, )|u|* 'u. For this term the following situations are considerable: when
a =1, then G(u) = V(x, t)u, that is, (2.2) is a linear equation with time-dependent potential.
In this case it can be easily checked that the relation (1.26) and Holder inequality give
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21
Vi, = Vuy|| STV, wn ey = 2]l 22 Log)-

Ly L7 (Q) LT (@)

This implies the hypothesis (H), and then the local existence result can be proved by the
previous argument. Moreover if we impose the smallness condition

(2.12) 2C2HV”L%L%(Q) <1

instead of that for the initial data, then the global result can be also proved.
On the other hand when a # 1, we restrict v # (n + 1)/2, p # (n + 1)/2. The local
existence of the solution for (2.2) can be proved under the condition:

4n-1) n+1
2.13) 1+ -
213 (n—1)2+4( 2p)<“
4 1 n-1 An — 1 1
<minil+ polon=ly 4o D e
n—1 y 2p n-172-4 2p
n+1
n-3 ) Y n+1
<
dn—1) K= (T _n=1y2m-1D
% 20

Moreover in addition to (2.11) we restrict
n-3 n-1 2
>

(2.14) > - .
2v 20 n+1

Then the global existence and scattering results can be obtained under the condition:

4n—-1) (1 1 n)

(2.15) 1+i(1—1—”_1)<a<1+

n-1 v 20 )7 n2-2n-1\ 2v 2p
n+1
if v el
Sy L n-1 2(n—1)
% 20

Here to keep the consistency of the inequalities (2.13) and (2.15) the restrictions (2.11) and
(2.14) are needed. Remark that when V is a complex constant, we put v = p = oo and the
conditions (2.13) and (2.15) are rewritten as

(n+1)? n+3 . n-73 1
— _<ac< if <K< =,
n-1)2%+4 n—1 2(n—1) 2
n+3< <n2+2n—5 " 1< - n+1

—_— 1 p— —’
n—1- Y21 2= 2m-

respectively. These conditions coincide with those of the case of Q = R” (see Lindblad &
Sogge [14]). For the case when QQ # R" and « = 1, we refer to [1] and references therein.

Now let us prove that G(u) with (2.13) or (2.15) satisfies our hypothesis (H) in the fol-
lowing lemmas.

Lemma 2.3. Let G satisfy (2.13). Then for uy, uy € Wy the following inequality holds.
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(216) ”G(ul) - G(MZ)HLI;'Lq'(Q)

(“ulllLl’Lq(Q) + ||u2”LI’Lq(Q)) ”ul - u2”L£Lq(Q)-

Proof. Noticing the relation (1.26), the Holder inequality gives

-1 —1
V]| g = Vo™ us|

17 (@)
V0| owa F IV e Uy —u .
(II Jea |*] L) IV ]| "] 5 lluy = o]l 22 Lo
Hence, it is enough to estimate the term ||V|u|*~ "l % w1 - Choosing
LT Q)
v(in+1 n+1
@.17) pr 0D (i g2 22Dy,
2v—-n—-1 20-n-1
we can get by Holder inequality again
1 1 L_L__
IV s ) < IV @™ s g S T35 Wl ol g

LT(Q) v n=1 1 2p=n- I(Q)

This proves the inequality (2.16). Eliminating p and ¢ from (2.17), we obtain

4 | 1 n-1
n—1 v 20 )

Here note that the global result can be obtained if the equality holds. On the other hand, the
second equality of (2.17) together with the restriction by the admissibility (1.26) gives

4n—1 —
1+ (1) 1_n+1 <a<l+ 4n—1) 1_n+1.
n—12+4 2p (n—-12%-4 20

Moreover, the parameter « is represented as
n+1 n+1 1
K= 1= e
4 ( 2p )a/—l

by the second equality of (2.17) and (1.25). Thus, summarizing the above inequalities, the
condition (2.13) can be obtained. ]

a<l+

Lemma 2.4. Let G satisfy (2.15). Then the following inequality holds for 0 < 8 < a — 1.

(2.18) G (u1) - G(”Z)”Lﬁ’m’(g)
a—p-1 a—S-1
< C'V (HMIHLMHK (Q)llul ||LPL‘1(Q) + ||u2||ch1HK (Q)HMZH/ZZPLLI(Q)) Ilul - u2||Ll’L‘1(Q)-
Proof. Similar to the case of the previous lemma, it suffices to estimate the term
IVIue | L2 o) Using the Gagliardo—Nirenberg inequality, we obtain for0 < S < a —1

LT

1 a—p-1
L N e
where

(2.19) -=-=

=(1—5)(a—ﬁ—1)+§.
n q
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Finally applying Sobolev embedding
(2.20) HE5(Q) € Li5(Q)

to the first term, we obtain

Bl

a—1
||V|M| ||L"'5—1L% L‘X’HB(Q)

o < Vlzwall @

which implies the inequality (2.18). It follows from (2.19) and the admissibility (1.25) that
we have for @ and 8

a/—l( 2 n+1 ):ﬁ(a—_l—z+l+l).

n n—l_v(n—l)

Substituting this to 0 < 8 < a — 1, we obtain

4 1 n-1
2.21) a>1+——[1---"="7)
n—1 % 20

Moreover, (2.19) with (1.25) shows

=142 @—i—i)

n— 2k
Substituting this to (2.21) and using the restriction by (1.26), the relation (2.15) can be
obtained. |

2.3. Nonlinear Klein—-Gordon equation. Let V(x,f) be a time-dependent complex func-
tion belonging to L} 1F(Q), 2 < v < oo, n < p < oo and we set G(u) = V(x, Ol 'u. Similar
to the wave case, when a = 1 the hypothesis (H) follows from (1.30) and Holder inequality,
and hence the global behavior can be obtained under the smallness condition

(222) 2C3||V||L2L”(Q) < 1

When a # 1 we set v # 2, p # n, and the local result holds under
2 4 1 2

223) 1+2(1-2)<a<min{t+2(1---2) 1+ -z
n P n v 2p n-—2 0

if 0 <k < min

The global one also holds under

n(l — %)
1 n v

4 2
224) 1+ f1-2-Dca<t+—[1-1) it —X Y <<
n v 2p n-2 0 4(1 1 n)

with the restriction
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When V is a constant, we put v = p = oo and then the conditions (2.23) and (2.24) are
rewritten as follows:

2 4
l+—-<a<minsl+ —, " if 0<K<min{ﬁ,1},
n nn-2 4

4 n n
1+-< if —
n_a/<n—2 ! 4

For this nonlinearity the following inequalities can be obtained.

<k<l.

Lemma 2.5. Let G(u) = V(x, t)|u|“_lu. Then we have

(2.25) 116w = Gl gy < CvTT7 (||u1||Lqu(Q) * ||u2||Lqu(Q)) et = w2l oo,

when G satisfies (2.23), and for0 < < a -1

(2.26) [IG(u1) — G(”Z)”Lﬁ’Lﬁ’(Q)
< Cy (Il + 2l 2 ) s =
when G satisfies (2.24).
Proof. Noticing the relation (1.30), the Holder inequality gives
NG (i) — G(”Z)”LI;_'LQ/(Q) < C(||V|M1|a_l||L§Ln(Q) + ||V|M2|Q_l||L§L"(Q)) lluy = w2l paor)-

Choosing
2
2.27) p>—L@-1, g=—"L(@-1
yv—-2 po—n

which together with (1.29) is equivalent to the condition (2.23), we have by Holder inequal-
ity

||V|M|a ||L2Ln(Q) < T2 17 ”V”LVU’(Q)HMHLPLq(Q)

This implies the inequality (2.25).
On the other hand, Gagliardo—Nirenberg inequality shows

™0, 2 gy < Wl
for 0 <8 < a — 1 where
R e
This condition together with (1.29) imply (2.24). Finally using Sobolev embedding
(2.28) HY(Q) € L (Q),
we obtain

— —p-1
VIt i@y < IVl sl -
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Thus, the inequality (2.26) holds. m|
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