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Abstract
Consider the Schrodinger operator with constant magnetic field and smooth potential V :
H(e) = H + V(ex,ey), H = D2 + (D, + ux)*, (x,y) € Qg, with Dirichlet boundary condi-
tions. Here Q; = H;?z J-aj.a j[ij . The spectral properties of two operators H and H(e¢) are
investigated. For € small enough, we study the effect of the slowly varying potential V(ex, ey).
In particular, we derive asymptotic trace formula and we give an asymptotic expansion in pow-
ers of € of the spectral shift function corresponding to (H(e), H).

1. Introduction

The Hamiltonian for a system of d interacting electrons confined along the x-direction
and free to move along the y-direction in the presence of magnetic and electric potentials is
given by

(1.1) H(e) :=

d
1

D} +(Dy, + pjx))* + V(ex, ey), D, = =0,,
Y i

j=1
where x = (x1,- -+ ,Xxg) € Ay 1= szl]—a,-,a,»[,y eRY p= (1, ,pa) with €, aj,u; > 0.

The potential V is assumed to be smooth and real-valued. The non-perturbed operator

d
H =D+ Dy +px? = ) D%+ (Dy, + )’
j=1
is defined on Hgd = {u € HX(Qy); ulag, = 0}, where H*(Q,) stands for the second order
Sobolev space on Q; = {(x,y) € R? x R?; —aj < xj < aj} = Ng X R?. The Fourier
transformation with respect to y reduces the spectral problem of H to an analysis of the
eigenvalues {e;(k)};°, depending on k = (ky, - - - , k4) of the operator

d
Ho(k) = D2+ (k + px)? = > D2+ (kj + )%,
j=1
on A, with Dirichlet boundary condition.
When the electron moves freely in both directions (i.e. a; = oo, H, = H on RZd), the
spectrum of H,, exhibits infinitely degenerate eigenvalues, the so called Landau levels. The
two-dimensional version of (1.1) is generally considered to serve as a minimal model for the
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integer quantum Hall, and has therefore been intensively investigated by physicists, see for
instance [19, 29].

When q; is finite, the spectrum of H is absolutely continuous, and coincides with [e((0),
+oo[. The points e;(0) are thresholds in o"(H), and tends to the Landau level when u or a;
is large enough (see Proposition 3.1). The application of the H(e) spectrum in the theory
means that we take into consideration important factors like finite size of the Hall system
and the presence of a crystal lattice or impurities, and so on, in it. If the scalar potential
V tends to zero as |y| — oo, the essential spectra of H(e) and H are the same, and discrete
eigenvalues with finite multiplicities can arise in | — oo, p(0)[. Moreover, it is reasonable
to expect that the electric field creates embedded eigenvalues and resonances on the second
sheet. The principal topic of this paper centers around the effect of the slowly varying
decaying perturbation V(ex, ey) on the non-perturbed operator H. Particular attention will
be paid to the asymptotic behavior of the spectrum near the thresholds e;(0).

The spectrum of the non-perturbed Hamiltonian H on a bounded domain Q c R? were
considered by many others. The asymptotic behavior of the bottom of the spectrum of H as
u tends to infinity has been treated for different geometry of Q (see [14] and the references
cited therein). When Q is the semi-infinite plane or the disk, the WKB approximations of the
energies and the eigenfunctions are obtained in [28]. For the counting function of the number
of eigenvalues of the two dimensional Schrodinger operator with magnetic field we refer to
[23, 27] and the monographs [14, 16]. The nature of the spectrum of the operator H(1) on
the half plane with Dirichlet boundary condition was studied in [2]. Other exciting spectral
properties of the 2D Schrodinger operator with crossed magnetic and electrical fields have
been investigated in [4, 6, 18, 22, 26].

In [5] (see also [6]), Mourre’s theory and the spectral shift function near the thresholds
ej(0) were considered when € = 1 and Q; =] — a,a[xR. In [8], the W.K.B approximation
method is used to study the dynamics and the bottom of the spectrum of the operator H(e)
on ;. This method cannot used to describe all the spectrum of H(e). On the other hand, the
multi-dimensional case (i.e., Qg with d > 1) is more complicated, since the thresholds e;(0)
are in general degenerates when d > 1. Here we present an unified approach and derive an
explicit formula for the counting and spectral shift functions corresponding to H and H(e).
Our goal is to give a rigorous way to recover the spectrum of H(e) on Qy, (d > 1) near any
energy level A, by studying systems of pseudo-differential operators which have a principal
symbol quite close to one of e;(eD,) + V(0, y) — z, where z is the spectral parameter and e (k)
is an eigenvalue of Hy(k).

The main results of this paper are briefly summarized here. Sections 2 and 3 are devoted
to the study of the non-perturbed operators Hy(k) and H. We collect in Theorem 2.1 and
Corollary 2.2 a few properties of the eigenvalues e;(k) and their corresponding eigenfunc-
tions ¥,(-, k). We introduce some type of “’density of states p”, related to H (see (2.14)),
and examine its regularity in Theorem 2.3. We show that ¢+ — p(¢) is analytic except at the
thresholds ¢;(0), and we give its asymptotic behavior near every point ¢;(0), j = 0,1,---.
In section 3, we study the asymptotic behavior of e;(k) when u tends to infinity. For k = 0,
j = 0 and u large enough, it is well known that ep(0)—1 ~ 47r‘%a2,u%e‘“2/‘ (see [3]). In Propo-
sition 3.1, we generalize this result for j € N and |k| << p. The proof uses the parabolic
cylinder functions.
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In sections 4-7, we study the perturbed operator H(e) when € is small enough. First, we
give a complete asymptotic expansion in powers of € of tr(¥ f(H(e))) where f € C;(R) and
¥ is a multiplication operator by a real integrable function ¥(y) € L'(R¢). In particular, we
obtain a Weyl type asymptotics with optimal remainder estimates of the counting function
of eigenvalues of H(e) in any closed interval in | — oo, ep(0)[. To investigate the effect of
the perturbation on the continuous spectrum of H, it is natural to study the spectral shift
function (SSF for short). When V vanishes as ||ly|| — oo (see (4.1)), the SSF &(u; €) related
to H(e) and H is well defined in the sense of distribution :

(1.2) u[f(H(€) - f(H)] = —(¢' (), f() = fRf(,u;f)f'(#)dﬂ, feCr®).

The function &£(u; €) is fixed up to a constant by the formula (1.2), and we normalize &(u; €)
so that £(u; ) = 0 for u < inf(o(H(e)). The spectral shift function may be considered
as a generalization of the eigenvalues counting function. It is one of important physical
quantities in scattering theory, and it plays an important role in the study of the location of
resonances in various scattering problems. We refer to [25] and references cited there for
comprehensive information on related subjects.

Under assumption (4.1), we give in Theorem 4.3 a complete asymptotic expansion in
powers of € of the left hand side of (1.2), and in Theorem 4.4, we establish a complete as-
ymptotic expansions in powers of € for £(u; €). The leading coefficients of these asymptotics
are expressed in terms of the density p and the potential V (see (4.6) and (4.11)).

Let us provide a broad outline of the proof. Spectral properties of the free operator H
follow from the direct integral decomposition (7.10). According to Theorem 2.1, we may
write

Ho(k) = " e;(k)m;(k),
=0
where 7;(kK)u(x) = (u(-),¥;(-,k))¥;(x, k) is the projection on ¥;(-,k). By (2.6) and (2.7),
the operators e;(D,) and 7 ;(D,) are well defined as pseudo-differential operators. Thus, for
instance, if V(x, y) = V(y) is independent on x then

H(e) = Hy(Dy) + V(ey) = Y [e(D,) + V(ey)| m/(D,).
20

Since V is bounded, and lim;_,, e;(k) = +oco uniformly with respect to k, it follows by an
elliptic argument that (e ;(D,) + V(ey) — ) is invertible for z in a bounded set and j > N, with
N large enough. This allows one to reduce the spectral study of H(e) on L?(Q) near z to the
study of a system of e-pseudo-differential operators on L*(R%), whose diagonal entries are
(ej(eDy) +V(y) —z), j=0,---,N (see Propositions 6.1-6.2). Now, the main results follow
from standard Theorems of functional calculus and micro-local analysis. When V depends
on x, we use the fact that x is confined in a box, we then treat for € small enough V(ex, ey)
as a perturbation of V(0, ey).

Notations : We shall employ the following standard notations. Given a complex function f;,
depending on a small positive parameter A, the relation f;, = O(h") means that there exist
Cy, hy > 0 such that |f;,| < Cyh" for all h €]0, hy[. The relation f;, = O(h™) means that, for
all N e N :=1{0,1,2,...}, we have f;, = O(h"). We write f;, ~ 230 a;h’ if, for each N € N,
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we have f;, — ZI;/:O ajhj = O, We adopt the notation N* := N\ {0}.

Let H be a Hilbert space. The scalar product in H will be denoted by (-,-). The set of
linear bounded operators from H; to H, is denoted by L(H,,H,) and L (H,) in the case
where H| = Ho.

2. The non-perturbed Hamiltonians Hy(k) and H

In this section we study the non-perturbed operator Hy(k) and H. In particular, we intro-
duce an integrated density of states, p, corresponding to H.
The operator H is unitarily equivalent to

2.1 FHF" = fﬁ Ho(k)dk,
Rd
where F is the partial Fourier transform with respect to y given by

1 .
(Fu)(x, k) = e fRd e—tyku(x, y)dy,

and
(2.2) Ho(k) = D + (k + ux)?,

is the operator defined on Hy, := {u € H*(A); ulga , = 0}. In what follows, we will consider
H, as a Hilbert space equipped with the standard scalar product of H*(A,).

We first consider the two dimensional case (i.e,d = 1, Q| =] —a, a[XR). From the Sturm-
Liouville theory (see [21]), it is well-known that Hy(k) has a simple discrete spectrum:
eo(k) < ej(k) < ---. The change of variable x — —x implies that e;(k) = ¢;(—k). Since
the eigenvalues are simple, an ordinary analytic perturbation theory shows that ¢;(k) (and
the corresponding eigenfunction) are analytic functions in & (see [20, 24]).

Theorem 2.1. The eigenvalue e (k) satisfies :

(2.3) ke'(k) >0 (k #0), and e}(O) =0, e}'(O) > 0.
Moreover, for every fixed j € N and any a, u > 0, the following properties hold :
(2.4) ej(k) = ej(0) + Y @k (k> 0),  aji >0,

=1
(2.5) ej(k) = k* = 2apk + v;2uk)* (1 + o(1)),  (k — +c0),

where 0 < vy < vy <--- <vj<--- are the eigenvalues of the operator D? + x on R*. The
normalized eigenfunctions ¥, (-, k) corresponding to e,(k) can be chosen real-valued and
analytic with respect to k satisfying :

2
(26)  VpeN, 3C,, such that fﬂ (00, (x. b)) dx < Cpo ¥ Bllp2(-ay = 1.

For all p € N, there exists C,, > 0 such that

2.7) 107 e,(k)] < Cp(1 + [k)*7.
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Proof. The assertion (2.3) is proved in [15] (see Theorem 2 in [15]). Formula (2.4)
follows from the fact that e (k) is an even real analytic function with e;.’(O) > 0.

To prove (2.5), consider the operator H(k) = D? + 2uxk + k*. Replacing x by t = u(x + a)
and rescaling ¢ — At/u (with A = (2uk)'/?) we transform H(k) into 2°G — 2auk + k*, where

G = D? +1t: L*([0,b]) — L*([0,b]), b =22a,

is the Airy operator with Dirichlet boundary condition. The general solution of the equation
D?u(t) + tu(t) = 0 can be written as a linear combination of the Airy functions :

u(t) = C,Ai(r) + C_Bi().

We recall that Bi(f) = Ai(e*™/*x). Using the fact that v(f) = u(f — v,) satisfies the equation
Gv = v,v, we deduce from the boundary conditions v(0) = v(b) = 0, the quantization

condition on the eiguenvalues v; of the operator G

Ai(v) = Bi( )Ai(—vj+b)

i(-v;) = Bi(—v;)) —/————.
Vi "V Bi(=v; + b)

Since the right-hand side of the above equality tends to zero as b tends to +oo, —v; are
approximated (when k — +o00) by the zeros of the Airy function Ai(x). Consequently, the
eigenvalues Ag(k) < A;(k) < --- of H(k) satisfies

(2.8) (k) = K = 2apk + v j(2uk)*P(1 + o(1))  (k — +c0).

Let A and B be self-adjoint operators that are bounded from below. We write A < B if and
only if D(B) ¢ D(A) and

(Au,u) < (Bu,u) Yu € D(B).
Using the above inequality and the fact that x € [—a, a], we obtain
Ho(k) - f*a® < H(k) = Ho(k) = 1x* < Ho(k),
which together with Theorem XIII.1 in [24] yields
ej(k) — p*a* < A;(k) < ej(k).

Thus (2.5) follows from (2.8) and the above inequality.
Next we prove (2.6). Let W,,(-, k) be the normalized real-valued analytic function corre-
sponding to e, (k). Since ¥, is real and ||¥,(-, k)|| = 1, it follows that

o “ 0
2.9 — | Y k)Pdx=0=2 | ¥,(x,k)—F,(x,k)dx.
(2.9) %) (x, k)"dx Ll (x )6k (x, k)dx
Put H (k) = Hy(k) — k?, and let T, be a simple closed contour around e, (k) — k> such that
dist([',,, o(H(k))) > C > 0 uniformly on k. Let I1,(k) be the orthogonal projection onto the

eigenspace spanned by ¥, (-, k), that is for u(x) € Ha,
1 _
(2.10) I, (Ku(x) = i f (H(k) = 2)7'dz = (u(-) , W (-, k) W (x, k).
F)l

From (2.9) we deduce that IL,(k)0,V,,(-,k) = 0. Combining this with the fact that
I, (b)Y, (-, k) = ¥, (-, k) and using (2.10) as well as the fact that 9, H (k) = 2ux, we get
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Q2.11) &Y, (x, k) = 0L,k (x, k) = 2_—7:1 fr (H(k) = 2" 2ux(H(k) — 2)" ' dz¥(x, k),

which yields
10 (-, DIl = ODIFu(, Ol = O(1).

We now proceed by induction using (2.11).
To prove (2.7), we differentiate the equality (Hy(k) — e,(k))¥,(:, k) = O with respect to k
we get

(20 + k) — ea(k))¥,(x, k) = (Ho(k) — ea(k) )34 W, (x, K).

Taking the product scalar of both sides of the above equality with ¥, (-, k) and using the self
adjointeness of Hy(k), as well as well as the fact that ¥, is real valued and normalized we
obtain the formula

(2.12) Oke,(k) =2 f xW,(x, k)2 dx + 2k,

which yields (2.7) for p = 1. For p > 2, we differentiate (2.12) and we use (2.6). m|

We return now to the general case d > 1. Let (e{ (kj))leN and (‘I’{ (xj’kj))leN be the
eigenvalues and eigenvectors of the operator Dij + (k; + w;x;)* given by Theorem 2.1. For
J=01,,Ja) € N and k = (k;, -+ ,kg) € R?, we denote

2.13)  eg(k) = ej (k) + -+ & (ko) Pyl k) = P (o k) X X (s k).
By Theorem 2.1, we have

Corollary 2.2. Fix d > 1. The spectrum of the operator Hy(k) on {u € H*(Ay); ulsa , =0}
is discrete and coincides with {e;(k);J € N?}. The family (¥(-, k)) Jend 1S an orthonormal
basis in L*(Ay).

According to Theorem 2.1, Corollary 2.2, and the theory of decomposable operators (see
Theorem XIII. 85 in [24]) the spectrum of the operator H = D)ZC + (D, + ux)?> with domain
Hgi is absolutely continuous, and given by

o(Hy =] | estk) = [eo(0), +ool.

JeNd keRd
The points e;(0) are thresholds in o(H). From now on we denote this set by
3= | e)(0) = o(Ho(0)).
JeNd

Forfye Z,welet S, :={J € N9 ¢;(0) = 15} and my, 1= #S;, be its multiplicity. In order to
formulate our results on the trace formula and the asymptotics of the spectral shift function,
we need to introduce the function p : R — R related to the non-perturbed H by

dk
214 =Y [

.
i Jieswsy 2m)

Obviously, p(#) = 0 for ¢ < e(0) = info(H). In an appendix, we shall prove that the function
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p(?) is analytic except near £. More precisely, we have

Theorem 2.3. The function p is analytic except at . Moreover, near any point ty =
e;(0) € X, there exists analytic functions f and g such that :

p(t) = f(t—to) + Y (& — to)g(NT — 1o),
for |t — to| small enough with

vol($4-1) y

V€S, drfdet(YC4D)

Here Y(t) is the Heaviside function and S°~" stands for the unit sphere in R,

g(t) ~t—0

Remark 2.4. Notice that the singularity and the behavior of p near e;(0) is similar to
those of the integrated density of states, py(t), of —A on R? near t = 0. We recall that

po(t) = (21)"vol(Bga(0, 1)) Y (1)t

3. Asymptotic behavior of eigenvalues of Hy(k) for u > 1.

In this section, we investigate the asymptotic behavior of the eigenvalues of Hy(k) when
u tend to infinity. Without any loss of generality we may assume that d = 1, (i.e, Q; =
[-a,a] X R). Ford > 1 we use (2.13). We set e;(k) and ¥;(k) as the j—th eigenvalue
and the j-th eigenfunction of Hy(k), respectively. In the following proposition we give the
asymptotic behavior of the eigenvalues e (k) when y tends to infinity.

Proposition 3.1. Fix j and a, we have :

2 (a@)zjﬁ

B et —uj+1) ~ ———L @RI cosh(2ak)
! uom N2
2i41 2 2
x 1+Mtanh(zak)+j(zj+1)(i) +0(k—2) ,
a ap Iz

uniformly for |k| < p.
Proof. Change of variable x — y — k/u transforms Hy(k) to
Hy(k) = D; + 1Y%, on Hi_gsk/park/u)s

and again employ the change of variable y — z/ (\/Z), we have Hy(k) is unitarily equivalent
to

v x2 v
(3.2) Ho(k) = 25 (Di + Z) conTic 2,

where
k
(3.3) Ze 1= A2U (a + —).
u

Hence the eigenvalue problem for Hy(k) can be reduced to the one for Hoy(k). Here let u,(x)
be the solution of the Weber’s equation
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2
(3.4) D+ - (v+ 1) 0, (x) = 0,

4 2

with boundary condition u,(z+) = u,(—z-) = 0. Then u,(x) can be written as a linear
combination of the parabolic cylinder functions D,(z) and D,(—z),

(3.5) uy(x) = A1Dy(x) + A2 Dy (=x).

We recall that
9v/2 e—zz /4

D,(z) = N= [F(V; 1)cos(wr/2)F1 (—g; )
1-v 3 z

+x/§zr(1 + g)sin(wr/z)Fl (T 5 5)] :

1
2,

STER

\S)

where F; is the confluent hypergeometric function. For large |z| > 1, we have

2 1 -
(3.6) D) = 1 [1 S e
and for z <« -1,
3.7) D,(2) = el [1 _ v(12—2 1 ]
z
V2r vi 2% /4 _—v—1 v+ D(v+2)
————e ez 14—+ ...
I'(-v) 272

By the boundary condition u,(z;) = u,(—z-) = 0, we obtain from (3.5) the conditions on the
energy spectrum :

(3.8) Dy(z:)Dy(z-) = Dy(=24+)Dy(-z-) = 0.
Since z. tends to infinity as u — oo, it follows from (3.6) and (3.7) that
Dy(e)Dy(z-) = €@ [1+ 0 + -+
and
Dy(—z)Dy(—z) = e @Dz v [1 + 0O + - ]

V2r

S AR R LR OO
2 .
+ %evmezz/4—13/4(Z+)V(Z_)—V—1 [1 + O(Z;z) + - ]
2
2 2
+ (F\(/__:)) eszrze(Z++zE)/4(Z+Z_)—v—l [1 + (9(1;2) T ] ]

By (3.8), we have
)T ) [T+ 06 + -
4 623/4—z3/4(z+)V(Z_)—V—1 [1 + @(Z;Z) + - ]

V27Z' P22
vmi (23 +2°)/4 —-v—1 -2 o =
+ —F(—v)e e N (zh20) [1 +0O(zy) + ] =0.
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This implies

\/2
- /2 2v+1 +/2 2v+1 -2 Vm 2
39 (e= + e 2N 110D+ | = - - [1+0a?+-].
Recall that,
I'l+2I'(-z) = - ,Vze C\ Z.
sm(nz)

Combining this with (3.9) we get

(3.10) (sze_zg/z + e /2) 1+o(L)) = \/geZm/i — 1F(l +n[1+0 1)
i 2 T 2i 2

+

Now we look for v = j + a;(u, k) for some fixed j, with «;(u, k) tends to zero when u tends
to infinity. As a first approximation, it follows from (3.10) that

(3.11) 2R 4 222 — \NDAT (1 + faj(u, k),

where we use
e2(j+a/j)7ri -1

V2ni
Thus by using (3.3) and (3.11),

a(u, )N2xL(1 + j)
K\2H! K\t
= (@)zﬂl (a + —) eHatkip? | (a - —) e Hakiu?
H M
i 2j+1 2j+1
2j+1 _ a2 g2 k _ k
— 2 a“u —k7/u 14+ — 2ak+ 1 - — 2ak
(ay2u) " e e ( - ) e i
2j+1
_ SALR T S ( 2j+1 )( k ) ~2ak 2j~1 2ak
= (a +(=D%"e
(o) > e )
2j+1
= (a@) J+ e R Iu

202j + Dk
ap

~ V2ra(u, k), as a;j(u, k) — 0.

X |2 cosh(2ak) +

k\ K2
sinh(2ak) + (2)(2j + 1) (—) cosh(2ak) + 0(—2) .
ay u
Consequently,
.
aj(u, V221 + j) =2 (aVZu) s eIk cosh(2ak)

2j+ Dk
a

X |1+

K\ K>
tanh(2ak) + j(2j + 1)(@) + o(l?)l.

Notice that, according to (2.2), (3.4) and the unitary equivalence of Hy(k) and Hy(k), the
eigenvalues of Hy(k) satisfy

1
ej(k) =2,u(]+ 5 +Cl’j(/,l,k)).

Summing up and using that I'(1 + j) = j! we obtain (3.1). |
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Remark 3.2. For j =0 and k =0, (3.1) were obtained in [3].

4. Perturbed Hamiltonian

Now, we investigate the effect of the slowly varying potential on the undisturbed operator
spectrum. First, we give a complete asymptotic expansion in powers of € of tr(Y f(H(¢)))
where f € C7’(R) and ¥ is an LI(RZ)—function. In particular, we obtain a Weyl type asymp-
totics with optimal remainder estimates of the counting function of eigenvalues of H(e)
below the essential spectra. Finally, we give a complete asymptotic expansion in powers of
€ of the spectral shift function corresponding to (H(€), H).

We suppose that V is smooth, and there exists 6 > 0 such that :

4.1 Va,B €N, 3Cop st sup,y [050V(x, )| < Caply)™.

By the Weyl criterion (see [17, 24]), if 6 > 0, the essential spectra of H and H(e) are the
same:

O-ess(H(E)) = O-ess(H) = O-(H) = [30(0)9 +0<)[,
First, we derive a local trace formula.

Theorem 4.1. Assume (4.1) with 6 > 0, and let ¥ be a smooth function such that 9,'¥ €
LI(RZ) Jorla| <2d+ 1. Then for all f € C3(R), the operator (Y f(H(¢))) is trace class and
the following asymptotics hold :

[se]

4.2) r (Pf(H(E)) ~ Y aze ™,
j=0
with
@3) ao = f fR G Opte = VIO,

Here f(H(€)) is the operator given by the spectral theorem and ¥ : L*(Qy) > u —
Y(y)u(x,y) € L*(Qy) is the multiplication operator:

Let N([a, b]; €) be the number of eigenvalues of H(¢) in [a, b] C] — o0, ep(0)[ counted with
their multiplicity.

Corollary 4.2. Assume that V tends to zero at infinity, and let f € C7(] — o0, e9(0)[; R).
We have

(4.4) tr(f(H(e))) ~ i;b €,

with j

4.5) by = - f . J'@p(t = VO, y)dydt.
In particular;

(4.6) lim [€'N((a, bl; )] = fR e = v©.9) - pta - v(0.9)dy.
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Theorem 4.3. Assume (4.1) with 6 > d. For f € C7(R) the operator f(H(€)) — f(H) is
trace class. Moreover, the following asymptotics holds

[ee]

@.7) w(f(H©) ~ fH) ~ Y e
=0
with
(4.8) co = fRd . ' ®)(p(t) = p(t — V(0,y))) dydt.

The above theorem, enables us to define the spectral shift function &(-, €) € D’'(R), related
to the operators H(e) and H (see (1.2)). Theorem 4.3 tel us that £(-, €) converges to f p(t) —
p(t — V(0,y))dy in the sense of distribution. Under a non-trapping condition, the following
result gives a pointwise asymptotic expansion in powers of € of &'(-; €).

Theorem 4.4. Fix A > ¢¢(0) with A ¢ {e1(0), e2(0), - - - }, and assume that
(4.9) k-Veijk)—y-V,V(©0,y) > c>0in {(y,k) € R*;e;(k) + V(0,y) = A}.

There exists n > 0 such that the following complete asymptotic expansion holds uniformly
ont€ll—n,A+nl:

[se]

(4.10) £(t,e)~ Y Kkine ™,
Jj=0
with
(4.11) Ko(2) = f(p'(t) —p' (1= V(0,y))dy.

Comments. Let us briefly examine the above results and their generalizations.

e By (2.3), assumption (4.9) is satisfied under the following condition :
-yV,V(0,y) > 0and - yV,V(0,y) >0, on{y € Rd; V(0,y) = 1 -¢;(0)}.

e All results above will remain true if we substitute H by Hy := H + W(x), where W
is defined for x € A,. In this case, the p distribution of the abovementioned results
is associated with operator Hy .

o If W # 0, the properties of the p distribution corresponding to the Hy operator will
change. Indeed, it depends on the critical point of the eigenvalues e (k) correspond-
ing to the operator Hy (k) = D? + (k + ux)* + W(x) on L*(A,) (see Appendix A). In
particular, the set of p singularities is not only the defined threshold X, but contains
the critical values of the e (k) eigenvalues. Note that statement (2.3) is generally not
true for W # 0. Critical value can occur for A = e (k) with A > infe;(k).

e Let u € D'(R) be the distribution on R defined by

W)= f | £V (0, 90) - £O)]dy, feCP®).

As in [10, 12], using Theorem 4.4 and the definition of resonances by the analytic
distortion method one prove that near any point ¢ € X + singsupp,(u) there are at
least O(e™“) resonances. Here singsupp,(u) denotes the analytic singular support of
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the distribution p.

5. Effective Hamiltonian

We need some basic result about pseudodifferential operators with operator-valued sym-
bol (see [11] and the references cited therein). We shall consider a family of Hilbert space
Ax, X = R¥ satisfying :

(5.1 Ax = Ay, VX, Y e R¥,
there exist N € N and C > 0 such that for all u € A and all X, Y € R* we have
(5.2) lullay < CX = Y)YV ]Jull 4, -

Notice that (5.1) means that only the norm of Ay depends on X, not on the space itself.
Let By be a second family with the same properties. We say that p € C®(R?*/; L(Ay, By))
belongs to the symbol class S°(R?; L( Ay, By)) if for every @ € N?? there exists C, such
that

(53) 10%pllccayse) < Car VX € R¥,

If p depends on a semi-classical parameter € and possibly on other parameters as well, we
require (5.3) to hold uniformly with respect to these parameters. For e-dependent symbols,
we say that p(y, k; €) has an asymptotic expansion in powers of € , and we write

P,k €) ~ Y pily, e in SUR™; L(Ay, By))
J

if for every N € N, e‘N‘l(p(y, k;e) — Zyzo Py, k)ef) e SUR*; L( Ay, By)).
We can then associate to p an e-pseudo-differential operator

dtdk
o
(2ne)?

Here we use the Weyl quantization. Similarly to the scalar case, the following results hold.

i t
p"(y, €Dy eu(y) = f f eﬂ”—’)"p(%,k; eu(r) € Ao.

Theorem 5.1. Let p € SO(R*?; L(Ax, Bx)) where Ax, By satisfy (5.1) and (5.2) then
p“(y, €Dy, €) is uniformly continuous from S(R?; Ao) into S(RY; By).

Theorem 5.2. Assume Ax = Ag and By = By for all X € R¥. If p € S’(R*?; L( Ao, By))
then p”(y, €D,; €) is bounded from L*(RY, Ap) into L* (R4, By).

Let Cx be a third Hilbert space which satisfies (5.1), (5.2).
Theorem 5.3. Let p € S'(R*; L(By, Cx)), q € S%(R*?; L(Ax, Bx)). Then
P’ (y,€eDy) o ¢"(y, eDy) = r'(y, €Dy; €),

where r is given by

1 ie .
(5.4) r.ki€) ~ ) S (F0(Dy: Dis Dis Do) Py g ey
=0 7
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5.1. Grushin problem: brief description. In this paragraph we recall the basic results
about Grushin problem. Let H, H, and Hj be three Hilbert spaces, and let P € L(H,, H3)
be self-adjoint. Assume that there exist R, € L(H,, H,) and R_ € L(H,, H3) such that the
following operator

P-z7z R_

P(z>=( PR

)2H1XH2—>H3XH2

is bijective for z € Q. Here Q is an open bounded set in C. Let

E(z) E.(2) )
E_(z) E(2)

be its inverse. We refer to the problem P(z) as a Grushin problem and the operator E.g(z)
is called effective Hamiltonian. Notice that, an effective Hamiltonian is a Hamiltonian that
acts in a reduced space and only describes a part of the eigenvalue spectrum of the true
Hamiltonian P. Morally, effective Hamiltonians are much simpler than the true Hamilton-
ian and hence their eigensystems can often be determined analytically or with little effort
numerically.

The following useful properties (relating the operator P and its effective Hamiltonian) are
consequences of the identities Eo P =land Po &€ = I:

&(2) =(

(5.5) (P — z) is invertible if and only if E.¢(z) is invertible,
(5.6) dimker(P — z) = dim ker(Ecg(2)),

(5.7) (P-2)7" = EQ) - E,QE4(QE-(2),

(5.8) Ef(z) = -R.(P-2)'R_.

The last two equalities hold for all 3z # 0. On the other hand, since z +— (P — z) is
holomorphic, it follows that the operators E(z), E+(z) and E.4(z) are also holomorphic in
z € Q. Moreover, we have

(5.9 0:Eefi(2) = E_(2)EL(2).

This identity comes from the fact that R. are independent of z.

6. Spectral Reduction to an e-pseudodifferential operator

Throughout this section we assume that V is independent on x. The proof of the general
case is quite similar with minor modifications (see Remark 7.2). Fix an interval I = [a, ],
and set

U={JeNe (k) <B+]IVle)

According to Theorem 2.1 and Corollary 2.2, e;(0) (respectively e;(k)) tends to infinity as
|J] — oo (respectively |k| — oo0). Therefore U is finite. In what follows, (Wo(-, k), -,
Yy-1(-, k)) denotes the family (¥, (-, k)) ey, where N = #U.

To shorten notation, we omit the index d in Q, and A,. For k € RY, let Hax = Hp be the
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Hilbert space with k-dependent norm: ||u||i (= ”””?{2(1\) + |k|4||u||i2(A). We denote by C,’cv the

space CV equipped with norm (1 + [k[?)| - |cw.
By the change of variable y — y/€, the operator H(e€) is unitarily equivalent to

(6.1) Hy:=Hp+ V(y),
where
d
. 2 2
Hyp:= ZDXI + (eDy, + pjx;)".
j=1

Let G(y, k) = Hy(k) + V(y) be the linear bounded operator from H, into L*(A), where
Hy(k) is given by (2.2). Obviously, G € S"(R%*; L(Hny, L*(A)). Thus, by quantizing G we
have

G(y,eD,) = H;.

More precisely, H; can be viewed as an e-pseudo-differential operator on y with operator
valued symbol G(y, k).
For k € R?, and N € N*, define R, (k) : L*(A) — CN, R_(k) = R (k) : CN — L*(A) by

Ri(yu = u, Yo, k), - -+, (u, Wn-1 (-, K))),
N-1

R-(K)er,- sen) = ) )Pk,

J=0

According to Corollary 2.2 the family (\W(+, k)) ;e is an orthonormal basis in L>(A). Hence,
a simple computation yields

(6.2) R (K)R-(k) = Icv,
N-1

R-(OR (k= )" (1, W (-, k¥ (-, k) =: Tlyu, Yu € LA(A).
j=0

The following proposition reduces the spectral study of the operator G(y, k) : Hax — L*(A)
near the energy z, to the study of an N X N-square matrix E.g(y, k, z).

Proposition 6.1. Fix a bounded interval I. There exists N € N* such that for all 7 € I the
operator

G(y,k)—z R_(k)

(6.3) Py, k) = ( R0 0

) cHar X CN = LX(A) x CV,

is bijective with bounded two-sided inverse

G(y.k.2) R@))

(6.4) €y k.2) = ( R.(k)  Ee(y.k.2)

Here (/;;\v(y, k,z) = (G(y, k) — 271 = Ty) and E.q(y, k,z) is the square diagonal matrix
(z —ej(k) = V(0,y))0j)o<i,j<n-1. Moreover

(6.5) P e SSR¥; L(Hpy x CV; LA(A) x CY)).
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(6.6) E € SSR; L(L*(A) x CN; Hay x CVY).
Proof. By construction, we have
ejk)y+V(y)—z=c>0,
uniformly for (z,k,y) € I X R?? and J ¢ U. Thus, the operator
Gy, k) =27 (1 = Ty) : LA(A) = Hpyy,

is well-defined and uniformly bounded on (z,y,k) € I x R*!. Using (6.2), an easy compu-
tation shows that P(y, k) o E(y,k,z) = I and E(y,k,z) o P(y,k) = 1. On the other hand,
it follows from (2.6) that (y,k) — R_(k) € SO(R*; £L(CN;L*(A)) and (y,k) — R, (k) €
SOR; L(Hp g3 CV)). o

Proposition 6.2. The operator

_(G(y,eDy) —z R_(eD,)

. . 14D 2 md. N 2 2 md. N
(6.7) P = Ru(eD,) 0 ).HQXH(R,C)—)L(Q)XL(R,C ),

is bijective with an inverse

Ev D,,z; EY D,z
E(z €)= Sw(z;e)z( (. €Dy, zi€)  EL(y,€Dy,z 6)),

E"(y,Dy,z;€) E'y(y, €D,z €)

uniformly bounded with respect to 7 € I and € small enough. Moreover, £(z;€) depend
holomorphically on z, and E(y, k,z; €) has an asymptotic expansion in SO(R*?; L(L*(A) x
CkN; Hax X CNY), ie.,

. _[(Ewkze Eykzue| N0, j
©® 8(y’k’z’6)_(E—(y,k,z;e) Eer(y, k, z; €) ;gj(y’k’Z)E'

In particular Ee¢(y, k, z; €) ~ Z;io Eex j(y, k, )€l in SO(R?; L(CN; CN)). The leading terms
&0y, k, z) and Eeqo(y, k, 2) are given by Proposition 6.1, i.e.,

Eoy, k,z) = E(y, k,z;0) and Eq0(y, k,z) = Eeq(y, k, 2;0).

Proof. The fact that P can be viewed as an e-pseudodifferential operator valued symbol
P(y, k) and Theorem 5.3 show that

(6.9) P“(y,eD,) o E¥(y,eD,,z) = I + €R"(y, €D, z; €),

where R(y,k,z;€) ~ 270 R(y, k, 2)e/ in SY(R*; LIL*(A) x CV; L*(A) x CY)). Tt follows
from Theorem 5.2 that R“(y, eD,, z; €) is uniformly bounded for z € I and |e| < 1. Thus,
for € small enough the right hand side of (6.9) is invertible. On the other hand we know
that if P = p“(y, k, €) is an invertible e-pseudo-differential with p(y, k; €) ~ Zj'io Py, k)€
then its inverse ¢" is also an e-pseudodifferential operator with ¢(y, k; €) ~ Z;io qy,k)e.
Consequently, £“(y,eDy,z;€) := E(y,eD,,z) o (I + eR"(y, €Dy, z; €))”! satisfies all the
desired properties. m|

Remark 6.3. Let &)(z) be the operator given by Proposition 6.2 corresponding to the
non-perturbed operator Hy (i.e., V = 0). Since P(y, k) = P(k) is y-independent, we have
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Gn(eD,,z)  EY(eD,) )

Enz) =
0@ (EQ(eDy) E° (eD,,?)

where E) (k) = R_(k), E° (k) = R.(k) and E%.(k,z) = ((z — €;(k))Si))o<i,j<n-1

7. Proof of the main results

7.1. Proof of Theorem 4.1. In the following we fix a bounded interval / containing
supp(f), and we apply Proposition 6.1 and Proposition 6.2 on /. For the simplicity of the no-
tation we ignore the dependence of E, E,, E_, E.¢ on (y, k, z,€). We denote by EY, EQ, EY,
Egff the operators given by Proposition 6.2 corresponding to the case V = 0 (see Remark
6.3). We shall sometimes use the same symbol for an e-pseudodifferential operator and for
its Weyl symbol.

Applying formulas (5.7) and (5.8) to Proposition 6.2 we obtain

(7.1) (Hi—2)' =E-E.E4E_,

(7.2) 0,Eer = E_E..

Assume that f € CF(R) is real-valued, we can construct an almost analytic extension
fe C7(C) of f satisfying the following properties (see [11]) :

(7.3) @ = f(),VzeR,
for all N € N there exists Cy such that

o7
(7.4) |a—{(z)| < Cyl9z".

<
Let H be any self-adjoint operator, the Dynkin-Helffer-Sjostrand formula reads [11]:
1 (of O . .

(7.5) f(H) = - 6_Z(Z)(Z - H)™'L(dz), with z = x + iy,
which yields

1 (of .
(7.6) sty = [ Ly L.

nJ 0z

Here L(dz) is the Lebesgue measure on the complex plane C ~ Ri’y.
Inserting (7.1) in the right hand side of (7.6) and using the fact that z — E“(y, €D, z; €)
is holomorphic, we get

1 (of
(7.7) f(Hl):—; f 6—§(z)E+E&%E_L(dz).

Here and in what follows we use the fact that f 51 F(2)K(z)L(dz) = 0 provided that K(z) is
holomorphic in a neighborhood of supp(f). We recall that the principal symbol of E.q is
given by

Eero(y, k,2) = (2 — V(y) — €;(k))d; j)o<i,j<n-1
and that e (k) ~ |k at infinity from (2.5) in Theorem 2.1. For j =0,--- ,N — 1, let éj(k) be
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a smooth function such that &;(k) = e;(k) for |k| large enough and
(7.8) lz = V() — (k)| > co(1 + [kI*), ¥ (z,y,k) € suppf x R x RY.
Put

Eeni(y, k,z;€) = Ee(y, k, 2 €) + Een(y, k, 2) — Ee(y, k. 2),

where E.i(y, k, z) = ((z— V(y)—2€;(k))o; j)o<i,j<n-1- We conclude from (7.8) that Ei(y, k,z; €)
is elliptic for € small enough, hence that Eeg = E:]ff(y, eD,, z; €) is invertible and holomor-
phic for z € supp(f), and finally that

of -
f a—é(z)&Eef}EL(dz) =0.

Combining the above equality with (7.7), we obtain

1 0 _ ~_
19) sty == [ LEEd - EDE L.
Let ¥ be as in Theorem 4.1. Writing Egﬂlr - Egﬂlc = Ee_é(Eeﬂf - Eeﬂf)Ee_é and using the fact
that E.g — Eet = ((e (k) — €;(k))1<i j<v has a compact support, we deduce that the operator
\P(E+Ee_fl!~(Eeff - Eeff)Ee‘ﬂlE_) is trace class. Thus, by using the cyclicity of the trace we get

of
o

1 (of
= tr( - - f B—Z(Z)Eef}E,‘y&L(dz)).

(7.10) u(Wf(H)) = —7—1r @u(Eg — EghE-WE. )L(dz)

In the last equality we have used the fact the operator £_{E_WE, is holomorphic on z €
supp(f).

According to Proposition 6.2 and Theorem 5.3 the operator A = E_WE. is an e-
pseudodifferential operator on L*(RY;CN) with A = A"(y,eD,,z; €) where A(y,k,z;€) ~
Z;’;O Ay, k, 2)e/ in SO (R?; £(CN; CN)). Moreover, from Proposition 6.1 we have Ay(y, k, z)
= ¥(y).

The proof of the following lemma is similar to the one in [7].

Lemma 7.1. Fix 6 €]0,1/2[. There exists r € S°(R?*?; L(CN,CN)) such that r(y, k; €) ~
Z;io ri(y, k)e! and

1 0 B
r“(y,€Dy; €) = —;jl; . a—j;(z)Eef%E_‘PE+L(dz),
z_e§

with

1 (of -
nw b == [ Lae-ew-vo) ) v,

<i,j<N-

We now turn to the proof of Theorem 4.1. If we restrict the integral in the right hand side

of (7.10) to the dorl}ain |Jz] < € then we get a term (9(€™) in trace norm. Here we have

used the fact that Ig—é(z)l = O(3zM) for all M € N (see (7.4)). If we restrict our attention to

the domain |Jz| > €’ then by Lemma 7.1 we get a complete asymptotic expansion in powers
of €, which yields (4.3). To finish the proof let us compute ay. We have
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— dydk dk
= [[ G e Z I/ (—— [Z O o)z eyth) - Vi) Lids >)\P(y> e

zz — = 0(- — z9), it follows that
&)z — ej(k) - V(y)) "' L(dz) = f(ej(k) + V(y)). Consequently,

N-1
dydk dydk
=, [[ e+ varra 2 - > [[ e+ varra s,

In the above equality we have used the fact that e;(k) + V(y) ¢ supp(f) for (y, k) € R? x R
and j ¢ {0,--- ,N —1}. Combining this with the obvious equality

3 [ e vang s - -2 [rof gy e =~ [ rwp- v

we get (4.3).

Here tr stands for the trace of square matrices. Since 16

7.2. Proof of Corollary 4.2. Let f be as in Corollary 4.2, and fix > 0 small enough such
that supp(f) C]—o0, eg(0)—n]. Put w, := {y € R%; 3(j, k) € NxR? s.t. e;(k)+V(y) € supp(f)}.
Since V tends to zero at infinity and e;(k) > e;(0) for all j, k, it follows that w,, is a compact
set.

Let V be a smooth function such that V(y) € [-1/2,1/2] for all y € R¢ and V(y) = V(y)
for |y| large enough. Put

Eei(y, k. 25 €) = Ecni(y, k, 25 €) + (V(y) = V())ly.
By construction of V, we have
[z = ¢j(k) = V)l = C(1 + k),

uniformly on (j,y, k) € N x R* and z in small complex neighborhood of supp(f).
Hence, the principal symbol Eeq(y, k, 2) = (z— V(y) — e j(k))3; j)o<i j<n-1 Of Eeg is elliptic.
We can now proceed analogously to the proof of (7.9), and obtain

(7.11) FH) === f a_<z)E+(Egﬁ EDE_L(d2).

Lety € C ”(Rd) be equal to one in a neighborhood of supp(V = V = E.y — E.). Writing
E+(ng:. F NWE_=E.E o YEe5— Eem)E 4 LE_ and using the fact that supp(1 — ) N supp(V -
V) = 0, we deduce from (7.11) and (5.4) that (1T =) f(HDllx = O(e™). Consequently,
(7.12) t(f(Hy)) =t f(H)) + O(€™),

which together with Theorem 4.1 yields (4.4) and (4.5). Notice that the right hand side of
(7.12) is independent modulo O(e*) of the choice of ¢, since ¢ = 1 near the characteristic
set X, of Eeg.

It remains to prove (4.6). For every small > 0, choose ]7,7, Jn € C3(R; [0, 1]) with

1[‘“'7717 TS fTI < gy < f < 1[a—77,b+7;]-

It then suffices to observe that
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r| fy(H(e)| < N(la, bl ©) < tr| fy(H(e))],
which yields

lim lim (@rey'te| fy(H(e))]) < g{B(zne)dN([a, bl:€) < limlim (@rey'tr [£,(H(e))]).
and to apply Theorem 4.1.

7.3. Proof of Theorem 4.3. We only mention the steps in the proof of Theorem 4.3 which
are the same as in the proof of Theorem 4.1. Fix zo < inf(c(H;)) (j = 0,1), and let m >
d/2 + 1. From the assumption (4.1) the operator (H; — z9)™" — (Hy — z0)™" is trace class.
Therefore, f(H;)— f(Hy) is trace class for all f € C’(R). In contrast to the proof of Theorem
4.1, we don’t need to introduce the function ¥, since f(H;) — f(Hy) is trace class.

As in the proof of (7.7), Proposition 6.2 and Remark 6.3 yield

1 of _

f(Ho) = —= f Y B (B0 B Lido),
nJ 0z

which together with (7.7) gives

(7.13) tr (f(Hy) — f(Hy)) = tr(—% f %(z)[ELEeﬁ-lEl - EE(EQE)‘IEQ]L(dz)).
Next, analysis similar to that in the proof of (7.10) shows that
(7.14) tr (f(Hy) — f(Hy)) = tr(—% f ‘Z—Jg(z)[Eeﬁ—lElEi - (Egﬁ)_1E9 EE]L(dz)).

According to (5.9), Proposition 6.2 and Remark 6.3, we have
0.Eex = E'EL, 0.E%: = E°EY.
Combining this with (7.14), we obtain

1 of _
(7.15) tr(f(Hl)—f(Ho))=tr(—7—r [ Lol o.ba -kl lazESff]Md@)-

We now apply the same arguments after Lemma 7.1, with (7.10) replaced by (7.15), to obtain
Theorem 4.3.

7.4. Proof of Theorem 4.4. The starting point is formula (7.15). Let 6 and g be C*-
functions with compact support such that & = 1 near zero, g = 1 on ]4 —n,4 + 5[ and
supp(g) C]A-2n, A+2n[. We choose n > 0 small enough so that (4.9) holds on J1-2n, 1+27].
Applying (1.2) and (7.15) to the function f(x) = g(x)(F; 16)(1 — x), we obtain

(7.16) = (&' (€, gC)FZ O =) = tr (g(H)(FZ0)(A = Hy) = g(Ho)(FZ'0)(A — Hy))
1 (09 _ _ -
=tr (—; f a—g(z)(ﬂ 10)(A = D[ Eer™ 0 Eer — (Eyp) ‘azESff]udz)) :

Here § is an almost analytic extension of g, and ! is the semi-classical Fourier transform
of 6 :
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-1 _ 1 f £t‘r
(Fe o)1) = 2o Re O(t)dt.

A symbol (y, k) — A(y,k,z) € L(CV;CV) is non-trapping at the energy z = zo if and only
if there exists a scalar escape function G € C*(R?¢;R) such that

G A 3G OA
3IC>0, =2 - = -ZL.Z2 > ¢, Wy, k) with detA(y, k, z9) = 0.
y

According to Proposition 6.2, E.g is an e-pseudodifferential operator. On the other hand,
the assumption (4.9) means that the classical symbol corresponding to E.g is non-trapping.
The asymptotic expansion with respect to € of an integral similar to the right-hand side of
the second equality in (7.16) have been studied by many authors (see [1, 9, 13, 11, 25] and
the references given therein). In particular, under the assumption (4.9), it follows from the
arguments in the proofs of Theorems 2.5 and 2.6 in [9] (see also [1]) that the left-hand side
of (7.16) has a complete asymptotic expansion in powers of €, and

(1, 09(1) = (€ (50,9 )F )T =) + O(™),

uniformly for 7 €]4 — 2n, A + 2n[. This implies (4.10). The explicit formula of «y(¢) follows
from (4.8).

REmMARK 7.2. We will now show how to treat the case when V depends on x. The only
modification to be made is the proof of Proposition 6.1. Fix m € N*. By Taylor’s formula
we have

m || @

0
(7.17)  V(ex,y) = V(0,y) + Z e—x"—V(O, y) + €"1O) =: V(0o, y) + eW(x,y; ),
& al Ox®

uniformly for (x, y) € Q. Let P(y, k) and E(y, k, z) be the operators given in Proposition 6.1
corresponding to the operator V(y) = V(0, y). Now, consider the Grushin problem related to
Gy, k,€) = Gy, k) + eW(x,y, €) :

G(y’ k’ 6) —Z R—(k)

Py ke = ( R.(K) 0

0
) =Py, k) + e(VOV 0) tHax xCV = LXH(A) x CY.
Since W(-,y,€) : Hpayp — L*(A) is uniformly bounded with respect to y € R? and € €
[0, 1], it follows from Proposition 6.1 that, for € small enough the operator fJ(y, k,,€) is
bijective with bounded two-sided inverse

~ -1
5 .. [Ony.kzse)  Eilkizo€) ) _ W 0
(7.18) E(y.k,z;€) -—( E(kze) Eaykz: 6)) = (I+e€(y,k,z)(0 0)) E(y, k,2).

From (7.17) and the above equality it follows that, modulo O™, € (y, k, z; €) has an as-
ymptotic expansion in powers of € in SY(R?¢; L(L*(A) x CV; Hx x CV)). This gives Propo-
sition 6.1 when V depends on (x, ).

We can now proceed analogously to the proof of the case V = V(y).
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Appendix A Proof of Theorem 2.3

Fix J = (ji, jo, -+ » ja) € N¢, and let e;(k) = ej (k) +--- + ej,(kg) be one eigenvalue of
the operator Hy(k). Set

() = f dk.
{keR4: e (k)<t)

Lemma A.1. The function « is analytic in a neighborhood of R \ {e;(0)}.

Proof. Fix #y # ¢;(0), and let € be a small positive constant such that Ve,(k) # 0 when
k € Xty = e;l(]to — &,19 + €[). Without any loss of generality we may assume that
Ok, ej(k) # 0 for all k € Z.(1p). By the change of variable U : k — k = (e;(k), ka, ..., kq), we
have

f dk = f Jac(U™"(k))dk.
{keZe(to) s ey ()<t} {(keU(Ze(t)) ki <t)

Clearly the right-hand side of the above equality is analytic. Combining this with the fact

that f{ KERNE, (o) : €, (<) dk is constant for ¢ near ¢y, we get the lemma. |

Thus, the function p is analytic in a neighborhood of £ = R\ 07(H(0)). The remainder of
the proof of Theorem 2.3 is a simple consequence of the following lemma.

vol(S%-1)

2{’
dydet(“YY)

Lemma A.2. There exists an analytic function g with g(s) ~s_0 s¢ such that

k(1) = Y(t - e;(0)g(V1 = €,(0)),

for |t — e;(0)| small enough. Here Y(t) is the Heaviside function, and S~ stands for the unit
sphere in RY.

Proof. By Morse Lemma there exist a neighborhood V of k = 0, £ > 0 and a local analytic
diffeomorphism D : ¥V — B(0, €) satisfying D(k) = k + O(k?) such that

1
e; 0 DN (k) = e,(0) + 5<V2e1(0)k, k).
On the other hand, for |f — ¢;(0)| small enough we have
keR% e k) <t)={keV;e k) <t).

Thus making the change of variable k = D~!(¢) and using polar coordinates, we obtain

V2e,(0)\\-1/2
= [ ak = (oee[ 5 2)™ [ Fac(D (€)dé
ke es(k)<r) 2 {£€B(0.): [P <1-¢,(0))

Ve (OV\a_tfp (VARG
:(det( 2 ))) [ [, a0 ron -t
0 gd-1

which yields the lemma since Jac(D~!(rw)) = 1 + O(r). ]

We now turn to the proof of Theorem 2.3. For 1y € Z, we let S;, := {J € N9; e,(0) = to)
and m,, := #5S;, be its multiplicity. Writing
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piy = >

G s ja) 2y

dk +

(s Ja)EZy

dk .

L{ERd;eh (kp)++ej, (ka)<t} f{;ERd;ejl (ki)+ e, (ka)<e)

(¢)) ©)

It follows from Theorem 2.1 that Vie; (k) = Vi(ej (ki) +--- + ej,(kg)) # 0 on X, () for n
small enough and (j;,---, js) ¢ S;. Combining this with Lemma, we deduce that (1) is
analytic for |t — #y| small enough. Thus applying Lemma A.2 to each term of (2) we get
Theorem 2.3.
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