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ABSTRACT
Solid–liquid friction plays a key role in nanofluidic systems. Following the pioneering work of Bocquet and Barrat, who proposed to extract
the friction coefficient (FC) from the plateau of the Green–Kubo (GK) integral of the solid–liquid shear force autocorrelation, the so-called
plateau problem has been identified when applying the method to finite-sized molecular dynamics simulations, e.g., with a liquid confined
between parallel solid walls. A variety of approaches have been developed to overcome this problem. Here, we propose another method that is
easy to implement, makes no assumptions about the time dependence of the friction kernel, does not require the hydrodynamic system width
as an input, and is applicable to a wide range of interfaces. In this method, the FC is evaluated by fitting the GK integral for the timescale
range where it slowly decays with time. The fitting function was derived based on an analytical solution of the hydrodynamics equations [Oga
et al., Phys. Rev. Res. 3, L032019 (2021)], assuming that the timescales related to the friction kernel and the bulk viscous dissipation can be
separated. By comparing the results with those of other GK-based methods and non-equilibrium molecular dynamics, we show that the FC is
extracted with excellent accuracy by the present method, even in wettability regimes where other GK-based methods suffer from the plateau
problem. Finally, the method is also applicable to grooved solid walls, where the GK integral displays complex behavior at short times.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0155628

I. INTRODUCTION

Nanofluidics describes the motion of fluids confined at the
nanoscale and plays an important role in various fields such as nan-
otechnology, biology, and energy conversion.1–6 Solid–liquid (S–L)
slip particularly affects fluid transport, and Navier proposed the
following boundary condition (BC) as the slip model:7

τw = λ0uslip, (1)

where τw is the S–L friction force per area, λ0 is the S–L friction
coefficient (FC), and uslip is the slip velocity. Equation (1) is called

the Navier BC. If Newton’s law of viscosity is applied at the S–L
interface, the shear force per area, i.e., shear stress, is given by

τw = η
∂u
∂z
∣

interface
, (2)

where η and u are the liquid viscosity and the velocity parallel to
the S–L interface as a function of the normal position z. Hence, the
Navier BC in Eq. (1) can be written in another form as

uslip

b
=

∂u
∂z
∣

interface
, (3)
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where b is called the slip length and is defined by

b =
η
λ0

. (4)

The slip length depends on the S–L combination; e.g., for water
on a graphene or carbon nanotube surface, b was theoretically and
experimentally estimated to be about several tens of nanometers.8–10

Molecular dynamics (MD) is a powerful tool to evaluate the
FC, or slip length, and to explore the mechanisms underlying S–L
friction.8,11–22 The FC can be directly calculated by using non-
equilibrium MD (NEMD) simulations of Poiseuille or Couette flows;
however, this requires a high shear rate, typically above 109 s−1,
to reduce the statistical error due to thermal fluctuation. In such a
range, the FC λ0 can depend on the shear rate, i.e., the shear force
τw is not proportional to the slip velocity uslip as in Eq. (1).14,23,24

In addition, the S–L interface position must be defined to strictly
determine the slip velocity uslip or the slip length b, which is not
trivial.25

On the other hand, several methods for calculating the FC
from equilibrium MD (EMD) with a zero shear rate have been
proposed.24,26–36 In their pioneering work, Bocquet and Barrat
(BB)26,29 introduced a Green–Kubo (GK) integral defined by

Λ(t) ≡
1

SkBT∫
t

0
⟨Fw(t)Fw(0)⟩dt, (5)

where S, kB, T, and ⟨Fw(t)Fw(0)⟩ denote the surface area, Boltz-
mann constant, absolute temperature, and equilibrium autocorre-
lation function of the instantaneous shear force Fw on the solid as
a function of time t, respectively, for the calculation of the FC. In
bulk systems, GK integrals are a standard tool to calculate trans-
port properties; e.g., the viscosity of a fluid can be obtained from
the autocorrelation of the off-diagonal stress component.37 How-
ever, in contrast to bulk GK integrals, which show a simple behavior
of monotonically increasing with time t and converging to a cer-
tain value for t →∞, Λ(t) typically increases for a short time and
decreases after taking a maximum, which we will call the intermedi-
ate plateau value, and usually converges to a non-zero final plateau
value for t →∞. This behavior is often referred to as the plateau
problem.32,38,39 When the friction coefficient is small, i.e., the slip
length is large, the intermediate plateau region of the GK integral
Λ(t) is clearly observed, and in such cases, it indeed gives a good
estimate of the corresponding NEMD result.32 However, for larger
FC, Λ(t) decays faster with time after taking a maximum; thus, the
intermediate plateau region is not apparent, and the corresponding
value of Λ(t) is not well-defined.32,38,39 Even in such a case, the FC is
often estimated from the maximum value of the GK integral as32,34,40

λ0 ≈ max [Λ(t)], (6)

although it does not necessarily give a proper estimate.32

Recently, the authors derived an analytical expression of the
GK integral Λ(t) by explicitly modeling the liquid motion described
by the Stokes equation. The expression of Λ(t) includes a non-
Markovian effect quantified by the friction kernel λ(t),41,42 with
which the friction force per area τw(t) at time t is expressed by

τw(t) = ∫
t

−∞

λ(t − s)uslip(s)ds, (7)

including the hysteresis dependence of the slip velocity. For a steady
flow with a constant slip velocity uslip, the friction coefficient λ0 in
the Navier BC is related to this friction kernel λ(t) by

λ0 = ∫

∞

0
λ(t)dt. (8)

For simple liquids at room temperature, the friction kernel λ(t) typi-
cally decays within a short timescale, which we denote by tfk, around
several picoseconds. Considering this feature, the friction kernel is
often modeled by the following Maxwell-type expression:33,42,43

λ(t) =
λ0

tfk
e−

t
tfk . (9)

Note that taking the limit of tfk → 0 corresponds to a Markovian
FC without a hysteresis effect. It has been shown that the Maxwell
model in Eq. (9) approximates well the friction for various kinds of
liquids, e.g., Lennard–Jones (LJ) liquids or water, on various solid
surfaces,33,42,43 and that Λ(t) typically increases from zero and takes
the maximum around tfk, whereas for specific cases such as super-
cooled water, the simple Maxwell-type kernel is not sufficient to
express λ(t).43 Related to this point, Hansen et al.28,33 proposed to
calculate the friction kernel λ(t) by measuring the fluctuations of
the S–L friction force and the slip velocity. Specifically, the authors
used the cross-correlation of the force and velocity of a liquid slab
adjacent to the solid surface as an alternative method to using the
GK integral and avoided the plateau problem. In addition, Nakano
and Sasa34 derived an analytical expression of the GK integral Λ(t)
based on linearized fluctuating hydrodynamics (LFH) by assuming
timescale separation, and they proposed a measurement method of
λ0 by fitting the GK integral with this analytical expression.

Overall, the understanding of the solid–liquid FC and the
related GK integral has progressed significantly during the last few
years. In this context of active development of methods to calcu-
late the FC from EMD, we propose here a new approach based on
time separation in the GK integral Λ(t). We compare this approach
to NEMD and existing GK-based methods, and we highlight the
advantages of the new method.

II. THEORY
Let us consider a system where a liquid is confined between two

fixed planar solid walls. The authors derived a theoretical expres-
sion of the equilibrium autocorrelation function of the S–L friction
force CFw(t) ≡ ⟨Fw(t)Fw(0)⟩ for that system—which is the differ-
ential of the GK integral Λ(t) as shown in Eq. (5)—by coupling
the Stokes equation for the liquid motion and a Langevin equation
for the motion of one of the walls in the direction parallel to the
interface, using the Fourier–Laplace (FL) transform as43

C̃Fw(ω)
SkBT

=

λ̃ηζ [ηζ sinh (ζh) + λ̃ cosh (ζh)]
(λ̃ 2
+ η2ζ2

) sinh (ζh) + 2λ̃ηζ cosh (ζh)
, (10)

where the FL transform, denoted by a tilde, is defined by
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f̃ (ω) ≡ ∫
∞

0
f (t)e−iωt dt, (11)

and ζ is given by

ζ =
√

iρω
η

, (12)

with ρ, h, and λ being the fluid density, the distance between the top
and bottom S–L interfaces, and the friction kernel, respectively (see
Appendix A 1).

However, Eq. (10) in the FL form is rather complex, and the
solution does not give a clear outlook on the physical aspects of S–L
friction. Practically, calculating the FC λ0 directly from Eq. (10) is
not trivial. Regarding this point, in our previous study,43 we pro-
posed to use the convergence value Λ(∞) as one possible method to
obtain λ0 (see Appendix A 2), where Λ(∞) was related to λ0 as

Λ(∞) ≡ lim
t→∞

Λ(t) =
λ0

h
η λ0 + 2

=
λ0

h
b + 2

. (13)

Thus, λ0 can be evaluated by

λ0 =
2Λ(∞)

1 − h
η Λ(∞)

. (14)

Equation (14) indicates that the convergence value of the GK integral
Λ(t) depends on the liquid height h, and this partly gives an answer
to the long-standing issue of the plateau problem of the GK inte-
gral.43 From Eq. (13), it is also clear that a semi-infinite system with
h→∞ results in Λ(∞)→ 0, and that the final plateau values Λ(∞)
and λ0 are different. So even in that limit the final plateau does not
identify with the friction coefficient. In practice, however, for very
large slip lengths, the final plateau appears after a very long time, and
only the intermediate plateau can be observed in the simulations,
whose value is indeed λ0.32

Although Eq. (14) is simple and insightful, using the con-
vergence value Λ(∞) of the long-range time integration of the
correlation function in EMD systems is difficult in practice: for
small friction coefficients, the time needed to reach the final plateau
becomes very large, and so does the statistical error on Λ(∞); for
large friction coefficients, the denominator in Eq. (14) becomes close
to zero, leading also to large uncertainties on λ0. In addition, the
viscosity η must be additionally provided, typically calculated using
another system, and the liquid hydrodynamic height h must also
be determined. Regarding the latter point, it was indicated that the
hydrodynamic position of the S–L interface (where the Navier BC
applies) was approximately one liquid particle diameter outward
from the wall surface for the case of a Lennard–Jones liquid on a flat
surface,25,42,43 while determining the interface position for complex
surfaces is not trivial.

In this study, we propose a new method to measure the FC
by simplifying Eq. (10) and considering the timescales of the fric-
tion kernel. At first, we consider the limit tfk → +0, i.e., a Markovian
Navier BC. Then, the FL transform λ̃ of Eq. (9) writes

lim
tfk→+0

λ̃(ω) = λ0. (15)

Note that tfk is usually very small, below several picoseconds except
in extreme cases, e.g., supercooled water, and it can be estimated
from the autocorrelation function of the S–L friction force CFw(t),
whose short-time behavior corresponds well to the friction kernel
λ(t).43

In addition, we consider the limit h→∞ in Eq. (10). Then,
under these two limits, it follows from Eq. (10) that

lim
tfk→+0

lim
h→∞

C̃Fw(ω)
SkBT

=
λ0ηζ

ηζ + λ0
. (16)

The inverse FL transform of the RHS in Eq. (16) is analytically
obtained as

lim
tfk→+0

lim
h→∞

CFw(t)
SkBT

=
λ0

tslip
exp(

t
tslip
)

× erfc(
√

t
tslip
) −

λ0
√

πtslipt
, (17)

introducing a second timescale, tslip, given by

tslip =
ρb2

η
=

ρη
λ2

0
, (18)

which can be interpreted as the time of diffusion of the momentum
in the liquid over the slip length.

Then, the limit of the GK integral Λmid(t) results in

Λmid(t) ≡ lim
tfk→+0

lim
h→∞
∫

t

0

CFw(t)
SkBT

dt

= λ0 exp(
t

tslip
) erfc (

√

t
tslip
). (19)

Equation (19) is the key to obtaining the FC from the GK integral
Λ(t) in this study. Note that Bocquet and Barrat29 obtained the same
expression as Eq. (17) for a semi-infinite system, i.e., h→∞.

We see the meaning of the solution including a timescale tslip
with respect to the limits related to the other two timescales: the
Markovian limit with tfk → +0 and infinite height h→∞. The first
is supposed to be applicable if the timescale of interest is sufficiently
longer than the decay timescale of tfk. For the second limit h→∞,
we consider the diffusion timescale of the velocity information gene-
rated on one wall to the opposite wall, given by

tsys ≡
ρh2

η
. (20)

This has the same form as tslip in Eq. (18), with the slip length b
replaced by h, corresponding to a system timescale defined by the
finite liquid height h. Note that the solution in Eq. (19) indeed repro-
duces the plateau feature if the slip length b and the system height
h are large enough. Taking into account that Eq. (19) should hold
under the condition of

tfk ≪ t ≪ tsys, (21)

we propose a calculation method of λ0 as the FC in Eq. (1) by fit-
ting the GK integral with Eq. (19) in the time range t around the tslip
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timescale, satisfying Inequality (21). Indeed, this time separation is
supposed to be the key to understanding the S–L friction.44,45 Note
that the present method does not limit the functional form of λ(t).
In addition, as mentioned in the introduction, Nakano and Sasa34

proposed another analytical expression for the GK integral based on
the time separation as in the present study. They used LFH, whereas
we used a different framework starting from the Stokes equation
for the fluid and the Langevin equation for the wall, as shown in
Appendix A 1.43 The resulting expressions for the GK integral are
different (in particular, the expression of Nakano and Sasa34 is based
on an integral), but the two expressions provide almost identical
results in practice, as shown in Appendix B.

III. SIMULATION
All the simulations were performed using the LAMMPS

package.46 We considered a generic Lennard–Jones (LJ) liquid con-
fined between parallel walls; see Fig. 1(a), where we used fcc crystal
walls composed of eight atomic layers exposing a (001) face to the
liquid; the first neighbors in the solid particles denoted by s were
bound by a harmonic potential,

Φss
h (ri j) =

kss

2
(rss

i j − rss
eq)

2 (22)

with rss
i j the interparticle distance between neighboring solid parti-

cles i and j, rss
eq = 0.277 nm, and kss

= 46.8 N/m. Interactions between
fluid particles (ff) and between fluid and solid particles (fs) were
modeled by a 12-6 LJ pair potential,

Φαβ
LJ (r

αβ
i j ) = 4εαβ

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎛

⎝

σαβ

rαβ
i j

⎞

⎠

12

−

⎛

⎝

σαβ

rαβ
i j

⎞

⎠

6

+ cαβ
2
⎛

⎝

rαβ
i j

rαβ
c

⎞

⎠

2

+ cαβ
0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (23)

where rαβ
i j is the distance between particles i and j, with αβ being

ff or fs. This LJ interaction was truncated at a cutoff distance

of rαβ
c = 3.5σff, where the potential Φαβ

LJ (r
αβ
i j ) and the interaction

force −
dΦαβ

LJ (r
αβ
i j )

drαβ
i j

smoothly vanished at rαβ
c by adding a quadratic

function described by constant coefficients cαβ
2 and cαβ

0 .47 We used
σff
= 0.34 nm, εff

= 121 K ⋅ kB, σfs
= 0.345 nm, and εfs was varied

between 0.155εff and 0.464εff to change the wettability. The contact
angle is 136○ for εfs

= 0.155εff, 79○ for εfs
= 0.310εff, and complete

wetting for εfs
= 0.464εff.12,32 The atomic masses of fluid and wall

particles were mf = 39.95 u and ms = 195.1 u. We used periodic
boundary conditions along the surface’s lateral x and y directions
with a box size of Lx = Ly = 6.27 nm. The numbers of fluid and
wall particles were 6400 and 8192, respectively, and the total sys-
tem height including walls along the surface’s normal z direction
was about 12 nm. The distance between the walls was determined
by a pressure controlled pre-calculation of 20 ns in which an exter-
nal force equivalent to the target pressure of 4 MPa was applied to
the outermost layer of the top wall.

We compared the GK measurements by EMD with a reference
NEMD (Couette) measurement of the friction coefficient. For the
NEMD system, the outermost layers of the top and bottom walls
have constant velocities: utop

w = uw and ubot
w = −uw with uw = 10 m/s.

Note that the present shear rate with this setting is in the linear
response regime.23,42 The temperature of the system was set to 100 K
by applying a Langevin thermostat to the second outermost layer of
walls in the xyz-direction for the EMD and the yz-direction exclud-
ing the shear direction for the NEMD system. We integrated the
equation of motion using the velocity-Verlet algorithm with a time
step of 5 fs. The simulation time was 200 ns.

IV. RESULTS AND DISCUSSION
To test the present method, we compared five methods to

evaluate λ0, listed in Table I: λmid as the present one, and four
other methods: λmax, λshort, λ∞, and λNEMD. The former four are
obtained from the GK integral Λ(t) in EMD, where λmid and λshort

FIG. 1. (a) MD simulation system of LJ liquid between flat fcc walls. (b) (Blue) GK integral Λ(t) for εfs
= 0.310εff, and fitting curves for (red) Λmid(t) with Eq. (19) and (brown)

Λshort(t) with Eq. (24). The maximum value λmax as well as Λ(∞) used to compute λ∞ are also indicated. Finally, the timescales tfk and tsys are represented on the time
axis.
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TABLE I. Methods to evaluate the friction coefficient λ0 in Eq. (1) tested in this study.

Symbol
Expression for λ0 or for Λ(t),

fitting func. Timescalea Fit. parameters System

λmid (present)
fit. func.: Λmid(t) =

λ0 exp(
t

tslip
)erfc(

√

t
tslip
)

b t ∼ tslip λ0 and tslip EMD

λshort fit. func.: Λshort(t) = λ0(e
−t/t1 − e−t/t2 )c t ∼ tfk λ0, t1 and t2 EMD

λmax λ0 ≈ max [Λ(t)]d t ∼ tfk ⋅ ⋅ ⋅ EMD

λ∞ λ0 ≈
2Λ(∞)

1− h
η Λ(∞)

e t > tsys ⋅ ⋅ ⋅ EMD

λNEMD ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ NEMDf

atfk , tslip , and tsys are defined in Eqs. (9), (18), and (20), respectively.
bEquation (19).
cEquation (24).32

dEquation (6).
eEquation (14). Viscosity η and liquid hydrodynamic height h must be additionally calculated.
fShearing the walls with utop

w − ubot
w = 20 m/s.

are calculated through the fitting of functions to Λ(t) for the cor-
responding timescale ranges, while λNEMD is evaluated from the
NEMD simulation of steady-state Couette-type flows through the
direct measurement of τw and uslip in Eq. (1).12,21,32,40,48

Figure 1(b) illustrates the four EMD calculation methods of the
FC from the GK integrals Λ(t) listed in Table I for a system with
εfs
= 0.310εff. For λmid, we fitted the GK integral with Eq. (19) as the

red curved-line in Fig. 1(b). The set of fitting parameters is (λ0, tslip),
and the fitting range is (tfit

mid, 10tfit
mid), where 10 values for tfit

mid were
tested in the range of 2.14 and 21.4 ps at equal log-scale intervals.
Note that fitting with a monotonically decreasing function for the
middle timescale range is similar to the fitting of Nakano and Sasa34

(see Appendix B). For λshort, we fitted the GK integral Λ(t) by

Λshort(t) = λ0(e
−

t
t1 − e−

t
t2 ) (24)

as proposed in our previous study32 as the brown line in Fig. 1(b),
where the set of fitting parameters is (λ0, t1, t2) and the fitting range
is (0, tfit

short) with ten different values of tfit
short tested in the range of

2.14 and 21.4 ps at equal log-scale intervals. As observed in Fig. 1(b),
the red and brown fitting lines corresponding to Λmid(t) in Eq. (19)
and Λshort(t) in Eq. (24) reproduce Λ(t) well for their fitting ranges,
and from these fitting curves, we extract λmid (displayed with the
red arrow) and λshort. In addition, we calculated the other two FC
approximations λmax and λ∞ from the maximum of Λ(t) in Eq. (6)
and the convergence value Λ(∞) in Eq. (14). For simple cases,
including this example with Λ(t) showing a simple behavior of
increasing within a short time and decaying after taking the maxi-
mum, the former three give similar results, with a slight difference
with λmid, λshort > λmax; however, we will see later that it is not the
case with structured walls. On the other hand, as mentioned in Sec. I,
the final plateau value of Λ(t) showed a large fluctuation, as seen in
the right-end of the blue curved line in Fig. 1, from which λ∞ is
evaluated, including additional calculations of η and h obtained in
different systems.

To determine the liquid height h used to compute λ∞ and
λNEMD, we considered that the S–L interface position zSL was approx-
imately σfs outward from the wall surface for the present case.25,42

While zSL can vary by fractions of a molecular diameter, especially
as a function of surface wettability,25 uncertainties in this interface
position do not greatly affect the FC obtained from NEMD, given
that the inter-wall distance is sufficiently large and the friction is
small, i.e., the slip length is large. However, special care should be
taken in cases where friction is large and the slip length becomes
comparable to the molecular diameter. With that regard, a strength
of the new method we introduce here is that it does not require
the hydrodynamic system width as an input, provided the system
is sufficiently large.

We defined h as

h = ztop
SL − zbot

SL . (25)

The slip velocity uslip used to evaluate λNEMD was then given by

uslip ≡
1
2
[(utop

w − ubot
w ) − h (

∂u
∂z
)

bulk
] = uw −

h
2
(
∂u
∂z
)

bulk
, (26)

where (∂u
∂z )bulk

was obtained by fitting the average velocity distribu-
tion of the liquid bulk with a linear function of z.

Figure 2 shows the FCs obtained for various wettabilities
controlled through εfs, where we calculated λmid and λshort as the
average for various fitting ranges. The error bars show the uncer-
tainties due to the fitting range and due to the fluctuation of the
GK integral Λ(t), which gives a larger uncertainty as t increases
(the former was much smaller than the latter). Regarding the com-
parison with the reference NEMD value λNEMD, λmid—proposed in
this study—reproduced λNEMD the best in comparison with λmax and
λshort, which overall underestimated λ0, especially for larger FC on
more wet surfaces. One can also note that the error bars for λ∞ were
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FIG. 2. FC for various wettability εfs. The calculation methods for each of the five
estimates of the FC are shown in Table I.

too large to precisely evaluate λ0, at least with the present calculation
cost.

As mentioned in Sec. II, there are three key timescales tfk, tsys,
and tslip for the GK integral Λ(t), and for the present fitting by
Eq. (19), the timescale tslip must be separated from tfk and tsys. We
estimated the three timescales in the present systems to check this
separation. For tfk, considering that the friction kernel λ(t) can be
well approximated by the correlation function in the RHS of Eq. (27)
on a short timescale as43

λ(t) ≈
1

SkBT
⟨Fw(t)Fw(0)⟩, (27)

we fitted the RHS of Eq. (27) with the Maxwell-type friction kernel
in Eq. (9). We estimated tslip following two approaches, which we
denote by tmid

slip and tNEMD
slip , respectively: (1) evaluating it as a fitting

parameter for λmid with Eq. (19); and (2) calculating tslip from the
FC λNEMD obtained by NEMD as

tNEMD
slip ≡

ρη
λ2

NEMD
. (28)

The density and viscosity values ρ and η in Eq. (28) were obtained in
the NEMD systems, where η was evaluated by

η ≡
τNEMD

w

(
∂u
∂z )bulk

, (29)

using the average solid–liquid shear force per area τNEMD
w measured

on the solid surface. These values were also used for the evaluation
of tsys given by Eq. (20). Since the present systems were under pres-
sure and temperature control, the resulting ρ and η were constant.
On the other hand, h slightly depended on the wettability εfs under
this condition with a constant number of fluid particles; hence,
tsys slightly depended on the wettability, too.

Figure 3 shows the comparison among the three timescales.
For the present system, tslip depended largely on the wettability εfs,
as easily imagined from Eq. (18), with the results of λmid in Fig. 2.
This was in contrast to tfk, which was overall below one picosec-
ond and was almost independent of the wettability. In addition, the

FIG. 3. Time scales as a function of wettability; tsys = ρh2
/η, tfit

slip obtained as

a fitting parameter of Eq. (19), tNEMD
slip = ρη/λ2

NEMD, and tλ obtained by fitting
⟨Fw(t)Fw(0)⟩/SkBT with the Maxwell-type friction in Eq. (9).

system timescale tsys was about several hundreds of picoseconds.
Hence, the timescale separation in Inequality (21) was well satisfied
for εfs

≥ 0.3εff; however, even for the case of εfs
= 0.1εff where tslip

was larger than tsys, the present result λmid still gave a good estimate
of λNEMD. This is probably because of the features of the hyperbolic
functions sinh and cosh in Eq. (10), which quickly approach the limit
for h→∞ in Eq. (16).

In addition to the analysis on flat surfaces shown above, we
applied the FC measurement methods to the S–L friction on grooved
surfaces, as exemplified in Fig. 4(a). For each εfs, two NEMD simu-
lations with shearing in the x- and y-directions were carried out to
obtain λNEMD considering the anisotropic structure of the surface.
In the following, we will denote u and v as the velocity along the
x- and y-directions, respectively. Since the density and momentum
are inhomogeneous in the xy-plane near the wall surface, there is no
clear definition of the slip velocity or the interface position. Here,
we defined the slip velocity, uslip, or vslip, for the NEMD based on
Eqs. (25) and (26) as follows: First, the distributions of mass and
momentum density in the x- or y-direction were calculated as the
average over the xy-plane. Second, the velocity distribution obtained
as momentum density per mass density was fitted only in the bulk
part with a linear function to obtain (∂u

∂z )bulk
in Eq. (26) or (∂v

∂z )bulk
as in the flat wall systems, and finally the slip velocity was obtained
by extrapolating the fitted velocity distribution to the positions ztop

SL
and zbot

SL in Eq. (25) at σfs from the top of the grooved wall surface
toward the liquid bulk. An EMD simulation was also run for each εfs

to obtain Λx
(t) and Λy

(t) in the two directions using Fx
w and Fy

w as
the S–L friction force Fw in Eq. (5).

Figure 4(b) shows an example of the GK integrals Λx
(t) and

Λy
(t) for the grooved surface system, with εfs

= 0.155εff. The GK
integrals Λx

(t) in the left panel have a complex shape, with a sharp
peak in the short timescale below a few picoseconds and a slow decay
afterward, which was not observed for Λy

(t) in the right panel nor
Λ(t) for the flat wall system in Fig. 1(b). This short-time behavior
is due to the local vibration of the fluid particles confined in the
grooves and is not related to the hydrodynamic motion. We fitted
Λshort(t) and Λmid(t) to Λx

(t) and Λy
(t) shown with brown and

red lines to obtain λshort and λmid in both directions as well as λmax
summarized in Table I. Figure 4(c) shows the comparison between
the estimated λ0 in the x- and y-directions. As imagined from
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FIG. 4. (a) System view with grooved walls for εfs
= 0.155εff. (b) GK integrals Λ(t) in the (left) x- and (right) y-directions and their fitting curves; Blue: GK integral, red: fitting

curve for λmid, and brown: fitting curve for λshort. (c) Obtained FCs for various wettability εfs in the (left) x- and (right) y-directions; the calculation methods are summarized
in Table I.

the complex GK-integrals Λx
(t), λshort, and λmax in the x-direction

(left panel), using the short timescale resulted in a much larger esti-
mate than λmid, while the latter corresponded well with the NEMD
estimate λNEMD. On the other hand, for the FC in the y-direction
(left panel), all EMD estimates except λ∞ reproduced λNEMD well.
This also indicates that the present NEMD estimate using the
above-mentioned definition of the slip velocity was reasonable.
Considering the two results, the present FC measurement method
λmid properly evaluates the FC even in this heterogeneous-wall
system.

V. CONCLUDING REMARKS
In this study, we proposed a method to calculate the

solid–liquid FC from EMD simulations of a liquid confined between
parallel solid walls by fitting the GK integral for the timescale range
where the GK integral slowly decays with time. The fitting func-
tion was derived from an analytical solution of the hydrodynamics
equations, considering that the timescales of the friction kernel and
bulk viscous dissipation can be separated. We compared the result-
ing FCs with those obtained with other GK-based methods and with
NEMD simulations for a Lennard–Jones liquid confined between
flat crystalline walls as well as between grooved walls with differ-
ent wettability. We showed that the present method extracts the
FC with excellent accuracy for various systems, with easy implemen-
tation and low calculation costs. We also highlighted two advantages
of the method: it makes no assumptions about the time dependence
of the friction kernel and does not require the hydrodynamic system
width as an input.
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APPENDIX A: DERIVATION OF A THEORETICAL
SOLUTION OF THE GK INTEGRAL
1. Derivation through the combination of Langevin
equation and Stokes equation

We consider a system where a liquid is confined between two
solid walls under no external field and where the top wall is fixed.
Let the bottom wall move freely in a wall-tangential direction x; its
motion can be described by a generalized Langevin equation,29

M
d U
d t
= −S∫

t

0
ξ(t − t′)U(t′) dt′ + Fw(t), (A1)

where M, S, and U are the mass, the surface area, and the
x-direction velocity of the bottom wall, respectively; ξ is the friction
kernel; and Fw is the random force that originates from the direct
interaction between the solid and liquid particles. Assuming energy
equipartition, Eq. (A1) leads to the fluctuation–dissipation theorem,

CFw(t) ≡ ⟨Fw(t)Fw(0)⟩ = SkBTξ(t). (A2)

The motion of the liquid in response to the bottom wall motion can
be described by the Stokes equation,

∂u(z, t)
∂t

=
η
ρ
∂2u(z, t)

∂z2 (A3)

with the Navier boundary condition defined on the top and bottom
hydrodynamic boundaries at z = 0 and h, respectively, given by

⎧
⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪
⎩

η
∂u(z, t)

∂z
∣

z=h
= ∫

t

0
λ(t − t′)[−u(h, t′)] dt′,

η
∂u(z, t)

∂z
∣

z=0
= ∫

t

0
λ(t − t′)[u(0, t′) −U(t′)] dt′,

(A4)

where u, t, ρ, η, and λ denote the liquid velocity in the x-direction, the
time, the bulk liquid density, the bulk liquid viscosity, and the Navier
friction coefficient (FC), respectively. Note that the non-Markovian
nature is included in λ.42 Denoting the Fourier-Laplace transformed
variables with a tilde as

f̃ (ω) ≡ ∫
∞

0
f (t)e−iωt dt, (11)

the solution of Eqs. (A3) and (A4) is written in a compact form as
ũ = γ̃Ũ for the liquid velocity on the bottom wall with

γ̃ =
λ̃[λ̃ sinh (ζh) + ηζ cosh (ζh)]

(λ̃ 2
+ η2ζ2

) sinh (ζh) + 2λ̃ηζ cosh (ζh)
. (A5)

Because the first term on the right hand side of Eq. (A1) can also be
rewritten as

− S∫
t

0
ξ(t − t′)U(t′) dt′ = −S∫

t

0
λ(t − t′)[U(t′) − u(0, t′)] dt′

(A6)

in terms of the slip velocity on the wall, the friction kernel ξ can be
written as

ξ̃ = λ̃(1 − γ̃). (A7)

Combined with Eq. (A2), the expression for the force autocorrela-
tion function writes

C̃Fw

SkBT
=

λ̃ηζ[ηζ sinh (ζh) + λ̃ cosh (ζh)]
(λ̃ 2
+ η2ζ2

) sinh (ζh) + 2λ̃ηζ cosh (ζh)
, (10)

where ζ is given by

ζ =
√

iρω
η

(12)

as a function of the angular frequency ω.

2. Asymptotic behavior
As one of the possible methods to obtain λ0, we proposed to

use the convergence value Λ(∞) in our previous study,43 in which
we used the following relations:

lim
ω→0

C̃Fw(ω)
SkBT

= lim
ω→0∫

∞

0

CFw(t)
SkBT

e−iωtdt = lim
t→∞

Λ(t), (A8)

and

lim
ω→0

λ̃(ω) = lim
ω→0∫

∞

0
λ(t)e−iωtdt = λ0. (A9)

By inserting Eqs. (10) and (12) into Eq. (A8), it follows for the
convergence value of the GK integral that

lim
t→∞

Λ(t) = lim
ω→0

λ̃ηζ[ηζ sinh (ζh) + λ̃ cosh (ζh)]
(λ̃ 2
+ η2ζ2

) sinh (ζh) + 2λ̃ηζ cosh (ζh)

= lim
ω→0

ηζ tanh (ζh) + λ̃
(

λ̃
ηζ +

ηζ
λ̃ ) tanh (ζh) + 2

. (A10)

By considering Eq. (12) and

lim
ζh→0

tanh (ζh)
ζh

= 1. (A11)

Equation (A10) results in

lim
t→∞

Λ(t) = lim
ω→0

ηζ ⋅ ζh tanh (ζh)
ζh + λ̃

(
λ̃

ηζ +
ηζ
λ̃ )ζh tanh (ζh)

ζh + 2

=
λ0

h
η λ0 + 2

=
λ0

h
b + 2

, (13)

where Eq. (4) is used for the final equality. Hence, from Eqs. (4) and
(13) λ0, it can be evaluated by

λ0 =
2Λ(∞)

1 − h
η Λ(∞)

. (A12)
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FIG. 5. Comparison of the fitting functions ΛLFH(t) in Eq. (B1) proposed by
Nakano and Sasa34 and in Λmid(t) in Eq. (19) proposed in the present study
for the GK integral Λ(t) in Eq. (5).

APPENDIX B: COMPARISON
WITH AN APPROXIMATION
OF THE GK INTEGRAL BY LFH

Nakano and Sasa34 proposed, based on the LFH framework,
that the GK integral ΛLFH(t) can be approximated by

ΛLFH(t) ≈ 2η∫
∞

0

dω
π

qR(1 + qRb)
1 + 2qRb + 2q2

Rb2
sin ωt

ω
(B1)

in Eq. (51) of Ref. 34 for the timescale range t ≪ tsys, where qR is
given by

qR =

√

ωρ
2η

. (B2)

Figure 5 shows the comparison of this expression with the present
fitting function Λmid(t) in Eq. (19) for the case of εfs

= 0.310εff

(identical to the system in Fig. 1), where ΛLFH(t) was plotted by
numerically integrating the RHS of Eq. (B1) using the slip length
b obtained in our previous study.42 The two expressions in Eqs. (B1)
and (19) are almost identical in practice, and both fit the original GK
integral Λ(t) well for tfk ≪ t ≪ tsys.

APPENDIX C: VELOCITY DISTRIBUTION
OF COUETTE FLOW SYSTEM

Non-equilibrium MD (NEMD) simulations of Couette-type
flow were performed to compute the friction coefficient (FC) λNEMD.
Figure 6 shows examples of the distributions of the fluid velocity
and density, where two Couette-type MD simulations with shear in
the x- and y-directions were carried out for each wettability para-
meter εfs by moving the top and bottom walls in opposite directions
(±x- or ±y-directions), while a single simulation (x-shear) was run
for a flat wall system considering the symmetry of the system. The
velocity distributions with shear in the x- and y-directions for the
grooved surface systems are shown in blue and pink, respectively,
in Fig. 6(b). Indeed, the velocity and density distributions were not
completely quasi-one-dimensional, and the streamline was not par-
allel to the shear direction for the grooved surface system, especially
around the wall; e.g., the velocities at two points above the con-
cave and convex regions with the same z-coordinate were different,
but the velocity inhomogeneity in the xy-plane quickly vanished,
and the time-averaged velocity distribution away from the wall was

FIG. 6. Distributions of the fluid velocity and density for (a) a flat wall system with εfs
= 0.310εff and (b) a grooved surface system with εfs

= 0.155εff. Blue: (solid) fluid velocity
distribution for x-direction shear and (dashed) linear fitting. Magenta: (solid) fluid velocity distribution for y-direction shear and (dashed) linear fitting. Green: fluid density. Red
dotted lines: positions of the top and bottom solid–liquid interfaces ztop

SL and zbot
SL . Orange dashed lines: wall velocities ubot

w and utop
w .
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FIG. 7. Friction kernel λ(t) for grooved surface systems with wettability parameters εfs of (left) 0.077εff, (center) 0.155εff, and (right) 0.232εff. Blue: (solid) friction kernel λ(t)
and (dashed) CFw

(t)/SkBT for the x-direction. Magenta (solid) friction kernel λ(t) and (dashed) CFw
(t)/SkBT for the y-direction. The fitting lines with the Maxwell-type

kernel in Eq. (9) are shown in green and orange as well.

considered to be quasi-one-dimensional. Considering that the pre-
sent framework is based on the one-dimensional Stokes equation as
described in Appendix A, we averaged the physical quantities in the
xy-plane to extract λNEMD in this study. The positions of the top and
bottom solid–liquid interfaces ztop

SL and zbot
SL are indicated by the red

lines in Fig. 6 (see the definition in the main text). In the case of
Fig. 6(b), the slip velocity for the shear in the x-direction is smaller
than that for the shear in the y-direction.

APPENDIX D: FRICTION KERNEL

To investigate the complex shape of GK integral Λx
(t) in Fig. 4,

we numerically solved Eq. (10) with respect to λ(t) for the grooved
surface system using the method proposed in our previous study;43

at first, we calculated λ̃(ω) by numerically solving Eq. (10) by using
the FL-transform C̃Fw(ω) of the autocorrelation function CFw(t),
and then, we obtained λ(t) by performing the inverse-FL transform
of λ̃(ω). Figure 7 shows the results of λ(t) obtained for (blue) x-
and (magenta) y-directions. The friction kernel λ(t) corresponded
well with CFw (t)

SkBT shown in cyan and pink in the x- and y-directions,
respectively, for small friction coefficients, i.e., for low wettability.
This is consistent with the fact that Eq. (27) holds when

√

ηt
ρ
≪ min(∣

η
λ̃
∣, h) (D1)

is satisfied.43 We also attempted to fit the kernel by the Maxwell-type
kernel in Eq. (9) as shown with green and orange lines. The kernel
λ(t) can be well approximated by the Maxwell-type kernel for the
y-direction, whereas the complex kernel shape cannot be properly
expressed by the Maxwell-type kernel for the x-direction. The oscil-
lating behavior of the friction kernel λ(t) observed for εfs

= 0.232εff

in the x-direction within a short timescale <10 ps is supposed to be
due to the vibration of the fluid particles confined in the groove.
Indeed, this complex kernel shape λx

(t) is reflected in the complex
GK integral Λx

(t) in Fig. 4.
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