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Abstract
In this paper, we study perturbations of the d-dimensional Ising model for d > 2, including
long range ones to which the Pirogov-Sinai theory is not applicable. We show that the unique-
ness of the equilibrium state of the Ising model at high temperature and the coexistence of
equilibrium states at low temperature are preserved by spin-flip symmetric perturbations.

1. Introduction

In this paper, we deal with Z¢-lattice systems for d > 2. We begin with the definition of
them. Let F be a finite set and Q = FZ'. Then Q is a compact metrizable space with respect
to the product topology. For A ¢ Z¢, we write Q5 = F» and w = (w(x))ea for an element
of Q,. For each a € Z4, the translation by a is canonically defined, that is, for each A C 74,
we define 7% : Qp — Qp_, by

T'w)(x) =wx+a), xeA-a

for w € Qx. When A = Z, these translations define the Z¢-action on Q. In this paper, we
write A € Z¢ when A ¢ Z? and A is a finite set. We say ® is an interaction if ® is a family
of functions @, : Q5 — R for each A € Z¢ and write ® = {®p}pcze. We always assume in
this paper that an interaction @ is translation invariant, that is, for any a € 74 and A € 79,

Dp (W) = Pp—o(T).
We also assume that @ is absolutely summable, that is, the norm

IO = > sup (@A)

OcAezd $524

is finite. Under such an interaction @, for each A € Z¢ and w € Q, the Hamiltonian is
defined by

Hoaw) = ) Oaw),

AE,?A

where %5 = {A eZANA # (Z)} and @p(w) = Op ((w(x))rea). By the translation invari-
ance and the absolute summability of @, it is easily seen that the infinite sum converges.

2020 Mathematics Subject Classification. 82B20, 82B26, 82B05.
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Then Q is interpreted as the configuration space and Ho 5 (A € Z¢) define the energy for
each configuration w € Q. Then we regard Q with ® as a Z“-lattice system. We say that an
interaction @ is finite range if

r(®) = inf {R >0 |CDA =0 forany A € 74 with diam(A) > R} < 00,

In the above, for A C Z% we write diam(A) = sup{||x — yllo| X,y € A}, where ||x]| =
max {|xi], ..., |x4l} for x = (x1, ..., xs) € Z¢. We emphasize that, in this paper, we deal with
interactions which are long range, that is, 7(®) = oo in general.

The Ising model is a famous and important example of a Z¢-lattice system, which we
mainly deal with in this paper. This is a simple mathematical model of ferromagnetism.

Definition 1.1 (The Ising model). Let § > 0. The d-dimensional Ising model at the

inverse temperature £ is a Z-lattice system on Q = {1, —1}%* with a finite range interaction
®F defined by

—Bw(x)w(y), if A ={x,y} with|x -yl =1
(W) = .
0, otherwise,

for each A € Z¢ and w € Qp = {1,—-1}*, where [lx]l; = 3¢, x| for x = (x1,...,x,) € Z°.
Here, S is the parameter representing the inverse of the temperature of the system.

For a Z?-lattice system, Borel probability measures on Q which represent statistical states
of the system stable under the interaction are determined and called Gibbs states. Trans-
lation invariant probability measures representing stable statistical states are called equilib-
rium states. We give the rigorous definition in Section 2.1. It is an important problem to
determine whether there is more than one equilibrium state for the system or not. For the
case of d = 1, it is known that there exists the only one equilibrium state for any interaction
under a reasonable condition. For example, finite range interactions satisfy this condition
(see [27, Chapter 5]). On the other hand, the system might have more than one equilibrium
state when d > 2. Concerning this problem, the Ising model defined in Definition 1.1 shows
the remarkable property below.

Theorem 1.1 (Phase transition on the Ising model). Let d > 2. Then there exists 5. > 0
depending on d such that the followings hold.

(1) If B < Be, then ®® has a unique Gibbs state and, in particular, a unique equilibrium
state.
(2) If B > B., then ®F has more than one equilibrium state.

This phenomenon is called phase transition on the Ising model and S, as above the
critical inverse temperature. The coexistence of equilibrium states at low temperature was
shown in [22]. For an intelligible explanation of Theorem 1.1, see [13, Chapter 3].

Remark 1.1. (i) For the Ising model with 8 > S5, the concrete structure of the set of
equilibrium states is known. See [1] or [16] for d = 2 and [6] for d > 3. For the
result on the Ising model on a general amenable graph, see [25]. We will mention
this structure in detail later (Section 4).

(i1) It seems difficult to study the Ising model at the critical temperature. However, it
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is shown that, at 8 = S., ®* has a unique Gibbs state. This was shown in [29] for
d=72,[3]ford > 4 and [2] for d = 3.

The central question of this paper is to determine for the Ising model whether the unique-
ness or coexistence of equilibrium states is preserved if we perturb the interaction ®*. Here
a perturbation of ®® means an interaction ®* + P defined by

(@F +¥)\ = O} + ¥,

for each A € Z¢ for some small perturbation interaction ¥. Perturbations of the interaction
may correspond to some influence from the surroundings to the system or some noise in
the interaction. Hence, it is interesting to study what happens under perturbations of the
interaction. We remark that the ‘upper semicontinuity’ of equilibrium states in perturbations
of interactions holds in the following sense.

Proposition 1.2. Let @y be an interaction, lg, be the set of equilibrium states for @
and I be the set of translation invariant Borel probability measures on Q. Then, for any
neighborhood U of Iy, in I with respect to the weak™*-topology, there exists 0 < 6 < 1 such
that, for any interaction ¥ with ||| < 6, we have

ICD0+‘{1 c U.

We give the proof in the appendix. However, Proposition 1.2 does not ensure the stability
of the uniqueness or coexistence of equilibrium states.

If the perturbations are finite range, then this perturbation problem can be studied by
the known theory, called the Pirogov-Sinai theory and it is known that the coexistence
of equilibrium states at low temperature is stable under finite range perturbations which
preserve some symmetry of the Ising model, called the spin-flip symmetry.

Definition 1.2. An interaction ¥ on Q = {1, —1}%" is spin-flip symmetric if
Pa(w) = Ya(-w)

for A € Z¢ and w € Q4.

Our main theorem says that the same statement holds under long range perturbations to
which the Pirogov-Sinai theory is not applicable. We remark in detail the relation between
our main theorem and the Pirogov-Sinai theory in Section 2.4. We consider perturbations
by small perturbation interactions with respect to the norm |||, which we call the d-th order
decaying norm. We give its definition in Section 2.2. The following is our main theorem.

Theorem 1.3 (Main theorem). Let d > 2 and, for 8 > 0, ®® be the interaction of the
d-dimensional Ising model at the inverse temperature 3. We write (3. for the critical inverse
temperature. Then we have the following.

(1) There exist O < B, < . and 6 > 0 such that, for any 0 < 8 < B, and any translation
invariant interaction ¥ with ||| < 6, ® = ®® + ¥ has a unique Gibbs state and, in
particular, a unique equilibrium state.

(2) There exist B. < B; < oo and 6 > 0 such that, for any 8 > [; and any translation
invariant interaction ¥ with ||¥|| < 6 which is spin-flip symmetric, ® = ®® + ¥ has
more than one equilibrium state.
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We notice that this norm is stronger than || - || and weaker than the exponentially decaying
norm.

Remark 1.2. (1) Actually, Theorem 1.3 (1) is a direct corollary of Dobrushin’s cri-
terion, which gives a condition for an interaction to have a unique Gibbs state. We
remark this in detail in Section 2.3.

(i) Theorem 1.3 (2) follows from stronger results, Theorems 3.1 and 3.2 below.

(iii) In Theorem 1.3, the d-th order decaying condition is crucial. See Remark 3.2.

We notice that Theorem 1.3 (2) fails if we drop the spin-flip symmetry condition. To see
this, we see the phase diagram of the Ising model with external fields. For 8,/ € R, we
define the interaction {<D/j\’h} Aczd DY

—Bw@wy), A ={xy} with lx -yl =1
O () = { ~hw(x), A= {x)

0, otherwise,

for each A € Z¢ and w € Q. When h = 0, then ®** = @ and, by taking /& # 0 arbitrarily
small, we can think ®?” as a perturbation of ®#. The following was shown in [19] (see [13,
Chapter 3] for an intelligible explanation).

Theorem 1.4. For any 8,h € R with h # 0, %" has a unique Gibbs state.

We notice that the perturbations ®*" (h # 0) are not spin-flip symmetric. Hence, Theorem
1.4 says that, for sufficiently large 8, non-spin-flip symmetric perturbations of ®® can break
the structure of the equilibrium states. Moreover, it is known that the uniqueness of the
equilibrium state is a ‘generic’ property in the space of interactions (with appropriate norms).
This fact is discussed in [8], [12], [28] and [17]. Our Main Theorem 1.3 says that spin-flip
symmetric perturbations are ‘not generic’ and preserve the coexistence.

In Section 2.1, we give the rigorous definition of Gibbs states and equilibrium states. We
give the definition of the d-th order decaying norm ||-|| in Section 2.2. In Section 2.3, we give
Dobrushin’s criterion and deduce Theorem 1.3 (1) from it. We remark the relation between
our main theorem and the Pirogov-Sinai theory in Section 2.4. We prove the main theorem
at low temperature in Section 3. We use in the proof some extension of Peierls’ argument.
We notice further questions in Section 4.

2. Preliminaries

2.1. Gibbs states and equilibrium states. In this section, for a 74 lattice system on
Q = FZ' with an interaction @, we give the rigorous definition of Gibbs states and equi-
librium states. We first define Gibbs states by the thermodynamical condition, called the
DLR condition'. We next define equilibrium states by the variational principle in the the-
ory of dynamical systems and notice that these different definitions are equivalent under the
translation invariant condition.

For A € 74, n € Qzap and Ep € Qp, we write &5 V 17 for the element of Q defined by
En Vrla = &x and éx V 1lzan = 7. We define the finite Gibbs state 1, , in A with the

I This is named after R. L. Dobrushin, O. E. Lanford and D. Ruelle.
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boundary condition 7 as the Borel probability measure on Q4 defined by

1
(2.1 Hep p (wn)) = —— exp (=Hoa(wp V 1))
’ Zoa

for each wp € Q\, where

Zyp = Z exp (—Hoa(éa V1).
EAEQA

We call Zg)’ » the partition function in A with the boundary condition 7. Let C(Q) be the
real Banach space of continuous real-valued functions on Q with the supremum norm and
M(Q) be the set of Borel probability measures on 2. Then M(£2) can be viewed as a subset
of the dual space of the Banach space C(Q) and is a compact, convex and metrizable space
with respect to the weak*-topology.

Definition 2.1 (Gibbs state). A probability measure oo € M(L) is a Gibbs state for an
interaction ® if for each A € Z, there exists a Borel probability measure Oza\p ON Qza\ A
such that for any wp € Qa,

o({§ € Q| élx = wa)) = f Hep n {wa)) dorza A ().

Qua \A

Definition 2.1 is equivalent to the following: for each A € Z¢ and n € Qza\4, the condi-
tional probability that |5 = wa under &|zap = 718 ,ug’ A {wa}). This condition is called the
DLR condition. Let K¢ be the set of Gibbs states for @. This is a nonempty, compact and
convex subset of M(Q) (see [27, Chapter 1]). We notice that K¢.c = K¢ for any constant
interaction C (that is, an interaction such that C is constant for each A € Z%).

Next, we state the variational principle in the theory of dynamical systems and give the
definition of equilibrium states. Let I be the set of Borel probability measures p on Q which
are translation invariant, that is, 7%u = u for each a € Z¢. This is a nonempty, compact and
convex subset of M(2). For a sequence {A,}, of finite subsets of 74, we write A,, / o
(limit in the sense of van Hove) when |A,,| — oo and, for any a € Z¢, |(A,, +a)\ Aul/IAL] = 0.

An example of such a sequence is {B(n)},_,, where B(n) = {-n, ..., n).

Definition 2.2. For each u € I, the limit

1
1Al

D7 ua,(wh logua, (w}),

WEQY,

h(u) = lim —

where up,({w}) = u({€ € Q| €|p, = w)), exists and is independent of the choice of sequence
{An}2, such that A, ' oo (see [27, Chapter 3]). h(u) is called the measure-theoretic
entropy of u.

Definition 2.3. For each interaction ® and A € Z¢, we define the partition function in
A with free boundary condition by

Zoa= ) exp (— > cbmu)).

WeQA ACA

Then, the limit
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1
P?® = lim
oo A,

exists and is independent of the choice of sequence {A,}, such that A, oo (see [27,
Chapter 3]). We call P? the pressure of ®.

IOg Z(I),A,,

For an interaction ®, we define Ag : Q — R by

Ap(w) == )" Dp(w),
A

where the sum runs over those A € Z¢ such that A contains 0 in Z¢ and 0 is the middle
element of A (that is, the |(JA] + 1) /2]-th? element) with respect to the lexicographic order
on A. Since O is absolutely summable, Ag is continuous. Here, —Ag(w) represents the
contribution of 0 € Z4 to the energy in the configuration w. The variational principle is the
statement which connects entropy, pressure and Ag.

Proposition 2.1 (Variational principle). For each interaction @,
P® = sup (l’l(,u) + f Aq)d,u).
pel Q
Moreover, there exists some u € I such that u achieves the supremum (see [27, Theorem

3.12)).

Definition 2.4 (Equilibrium state). An element u € [ is an equilibrium state for an inter-
action @ if y achieves the supremum of Proposition 2.1.

Let Iy be the set of the equilibrium states for @. This is a nonempty, compact and convex
subset of M(€). The definition of the equilibrium states turns out to be a characterization
of the translation invariant Gibbs states, that is, the following proposition holds (see [27,
Theorem 4.2]).

Proposition 2.2. For each interaction @,
Io = Ko N 1.

2.2. d-th order decaying interactions. In this section, we introduce d-th order decaying
interactions on Q = {-1, I}Zd and give the definition of the d-th order decaying norm ||-| in
Theorem 1.3.

Definition 2.5. An interaction ¥ is d-th order decaying if

Il = Z (diam(A) + 1)? sup [¥a(w)] < co.

0eAezd W

We call the norm ||-|| the d-th order decaying norm.

It is obvious that
(¥l < N

for any d-th order decaying interaction ¥ on Q. Let us see some examples of d-th order

Fora € R, La] denotes the largest integer that is not larger than a.



STABILITY OF EQUILIBRIUM STATES UNDER PERTURBATIONS 739

decaying interactions. Clearly, we have many d-th order decaying interactions other than
these examples.

Example 2.1. (1) Finite range interactions are clearly d-th order decaying.
(2) (Two body interactions.) Let ¥ be a translation invariant interaction on  which
satisfies
YA=0

unless A consists of distinct two points. We emphasize that these two body interac-
tions are not finite range in general. We assume that ¥ is (2d + £)-th order decaying,
that is, there exists € > 0 such that

I = sup {Ilx = yI24* [Piey(@)]| | Xy € Z9, x £y, w € Quuy} < o0,
We have
Il = > (il + 1) sup [i0.4(w)
xeZ4\(0} weo)
< D (lle + DAL
xeZ4\{0}
= MY,

where M, = ¥, (2n+ 1)? = 2n - 1)®)(n + 1)9n~24*®) < co. Hence, V¥ is d-th order
decaying.

Here, we give a remark on two body interactions. For a translation invariant two body
interaction ¥ which has a form ¥, )(w) = K ,w(x)w(y), K, , € R, the following fact was
shown in [15]. If ¥ satisfies that Ko, + ez ,>1 [%ill Kox| < O foreachi=1,...,d, then,
for sufficiently large 8 > 0, ¥ has more than one equilibrium state. Here ¢; € Z¢ is the
element such that the i-th component is 1 and the other components are 0. From this, we
can see that, if a perturbation interaction ¥ has a form as above, we obtain the coexistence
of equilibrium states under the weaker condition than the d-th order decaying condition.

2.3. High temperature cases and Dobrushin’s criterion. In this section, we give Do-
brushin’s criterion, which gives a condition for an interaction to have a unique Gibbs state.
This was first proved in [11]. We also see that Theorem 1.3 (1) follows from Dobrushin’s
criterion. Let @ be a translation invariant interaction. For any x € 74\ {0}, we define

po(x) = SUP{|,U${0,({1}) —Mé,{o}({l})| | 1,4 € Qznop, Mzavio,e = §|z<l\{o,x}}-

Proposition 2.3 (Dobrushin’s criterion). If
D pa0 <1,
xeZ4\ (0}

then @ has a unique Gibbs state.
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Proposition 2.4 below is a convenient version of Dobrushin’s criterion. We define

vara® = sup |@p(w) — Pa(w)

W,w QA

for each A € Z¢ and

[@lhver = > (1Al = Dvara®,

0eAezd

where |A| be the cardinality of A. It is obvious that
(2.2) 1Dllvar < 2/l
for any d-th order decaying interaction ©.
Proposition 2.4. If
1Dllvar < 2,
then @ satisfies Dobrushin’s criterion. Hence, it has a unique Gibbs state.

We refer [14, Chapter 8] for proofs of the above propositions. It is easy to see that
|DB|yar = 4dB. From this, Inequality (2.2) and Proposition 2.4, we have Theorem 1.3 (1).

2.4. Low temperature cases and Pirogov-Sinai theory. We notice the relation between
Theorem 1.3 (2) and the Pirogov-Sinai theory. If 8 is sufficiently large and a perturbation
interaction VW is finite range, then the equilibrium states of ® = ®® + P can be studied by
an application of the Pirogov-Sinai theory. It was introduced by S. A. Pirogov and Ya. G.
Sinai in [23] and [24], and sophisticated in [30] to study phase diagrams of more general
finite range interactions at low temperature. We refer [13, Chapter 7] for an intelligible
introduction to this theory. The periodic ground states of ®”, that is, the states which have
the lowest energy under @, are exactly the constant configurations n* and 1~ € Q, which
are constant 1 and —1 on Z¢, respectively, and it can be seen that sufficiently small and spin-
flip symmetric perturbations of ®® preserves n* and 1~ as periodic ground states. Hence,
by the Pirogov-Sinai theory, if ¥ is sufficiently small, spin-flip symmetric and finite range
interaction, then ® = @®® + ¥ has equilibrium states corresponding to two periodic ground
states, n* and .

The assumption that interactions are finite range is crucial in the Pirogov-Sinai theory.
Hence, Theorem 1.3 (2), including results in the case of long range perturbations, does not
follows from it. The Pirogov-Sinai theory was extended to some extent in [20] and [21], but
this extension is possible only for sum of finite range interactions and two body interactions
satisfying some exponentially decaying condition. It was also extended to quantum cases in
[7], or a series of papers [9] and [10]. In these cases, perturbation interactions can be long
range but must exponentially decay. Hence, Theorem 1.3 (2), allowing d-th order decaying
perturbations, also does not follow from these extended versions. On the other hand, we can
not study spin-flip symmetric perturbations (which are long range in general) in detail using
the techniques in this paper as well as finite range perturbations using the Pirogov-Sinai
theory. We will mention this later (Section 4).
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3. Perturbations of the Ising model at low temperature

3.1. The main theorem in low temperature cases and rearrangement of perturbation
interactions. In Section 3, we give a proof of Theorem 1.3 (2). As we mentioned in Remark
1.2, Theorem 1.3 (2) follows from stronger results: Theorems 3.1 and 3.2 below. We first
state these results.

We introduce a norm [|-||’, which is weaker than the d-th order decaying norm ||-||. For a
translation invariant interaction ¥, we define

eI = > 1A diam(A) + DY sup [Pa()].

0eAezd weln
It is clear that [|'P]|” < [|¥]]. Then we have the following theorem.

Theorem 3.1. Let d > 2. Then there exists 0 < L < oo satisfying the following. If 8,6 > 0
satisfy B — 6 > L, then, for any translation invariant interaction ¥ with ||'P||" < & which is
spin-flip symmetric, ® = ®® + ¥ has more than one equilibrium state.

Theorem 3.1 follows from Theorem 3.2 below. We say that A C 7% is | - ||;-connected if,
for each x and y € A, there exist finite points xg, X1, ..., X,—1, X, € A such that xo = x, x, =
Y, ||xie1 — xillh = 1fori =0,...,n— 1. We call such a finite sequence xg, X1, ..., X,—1, X, &
| - |l;-path from x to y. For an interaction ¥, we say that ¥ is zero on non-|| - ||;-connected
sets if ¥, = 0 whenever A € Z¢ is not || - ||;-connected.

Theorem 3.2. Let d > 2. Then there exists 0 < L < oo satisfying the following. If 8,6 > 0
satisfy f — 0 > L, then, for any translation invariant interaction ¥ with ||'P|| < & which is
spin-flip symmetric and zero on non-|| - ||;-connected sets, ® = ® + ¥ has more than one
equilibrium state.

We see that how Theorem 3.1 reduces to Theorem 3.2. For this purpose, we rearrange
a perturbation interaction. Let ¥ be a translation invariant interaction with [|¥||" < oo. For
ReZ we say R is arectangle if R = [a;, b1] X --X][ay, b NZ4 forsome a; < by, ...,az <
by € Z. For each finite A € Z¢, we write R(A) for the minimal rectangle which contains A
with respect to the partial order given by inclusion. We notice that diam(A) = diam(R(A)).
For each rectangle R, we define .(R) = {A e Z|R(A) = R}. For ¥ as above, we define an

interaction ¥ as

if A is not a rectangle and

Pr@)= > Walwl)

Ae.Z(R)

for any rectangle R € Z? and w € Q. This interaction ¥ is made by putting interactions
Y, on A € .Z(R) together into the rectangle R. Obviously ¥ is a translation invariant
interaction. We write .%, for the set of A € Z¢ such that A contains 0 in Z¢ and 0 is the
middle element of A (that is, the [([A] + 1) /2]-th element) with respect to the lexicographic
order on A. Then, by the translation invariance of ‘?, we have

(3.1) W= > sup ¥

0€ReZ4 R:rectangle weQg



742 S. Usukr

= > IR sup [Fr(w)
0eReZ4 R:rectangle, wEQg

REyo

< ). RD sup [¥A)

0eReZ R:rectangle, A€ (R) weldy

Re.%
= > IR sup [¥a(w))
Az, wWeQA
R(N)ESy

(%) _
= IAI"'R(A)] sup [Pa(w)l

0eAezZd wes

< >0 1A diam(A) + 1) sup [¥(w)]
0eAez? wes

= Il

Here the equation () holds since W is translation invariant and, for each A € Z¢, there is
exactly one translation of A that appears in the summation ) xcz¢ ga)es,- The following
lemma shows that ¥ and ¥ induce the same statistical system.

Lemma 3.3. Let ¥ and ¥ be the interactions as above. For any interaction ®y, interac-
tions ® = Oy + ¥ and © = Oy + ¥ have the same Gibbs states.

In particular, by Proposition 2.2, ® and ® have the same equilibrium states.

Proof. We take arbitrary A € 74 and n € Qza\ . For any wp € Qu, we have, by (2.1),

,U%’ Ldwal)

exp (— D (@at@r v +Palwr v 77))]

Ae.Fp
Z exp [— Z (q)A EV ) +PaEnV 77))]
ENEQN AT\
exp(— PIENONTED DY ‘I’s(wAVn)]
_ AeFp ReZp Se.7(R)
D exp[— PENGRTIEDIDY \Ps@Avn))
ENEQA AeFp ReZn Se./(R)

where Z\ = {R S Z"| Ris arectangleand RN A # (Z)} . Here, for any &5 € Q,,

Z Z Ws(éa VD)

ReZ\ Se./(R)

=3 Y WEavr Yy Y W@

ReR\ S/ (R)NFp ReZ\ Se.7 (R)\.Fp

=Y v+ Y, D s

AeFA ReZ )\ Se./(R)\.F
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and the second term is independent of £4. Hence, we have

Ml (wah)
exp[— Z Dy (wp V) — Z Z Y (wp Vn)]
AT\ ReZ) Se.¥(R)
>, exp[— donEvm- D > W va
ENEQA AeFA ReZ) Se.¥(R)

exp [— D7 (®atwr v +Wawr V)

AeFp
D, b {— D (@aavm +Palénv n))]
EAEQA AeFp

= :ug’A({wA})

This implies that each finite Gibbs state coincides for ® and ®. Hence, the statement holds.
O

Obviously ¥ is zero on non-|| - ||;-connected sets. Hence, by replacing ¥ with ¥ in Theorem

3.1 and using (3.1) and Lemma 3.3, we see that Theorem 3.1 follows from Theorem 3.2.

3.2. Gibbs states with the +, —-boundary condition. We will give a proof of Theorem
3.2. Let @ be a translation invariant interaction such that ||®|| < co. For A € Z¢, we define
the finite Gibbs state with the + and —-boundary condition: ”:D, A and yg, , as the Borel
probability measures on 2, defined by (2.1) forn = 7724\ , and I the constant 1 and —1

configurations on Z¢ \ A, respectively. That is,

1
(3.2) Hoa (0D = ——exp [— > %(wv@m)] and
DA Aeﬂ,\

1
Hop (w}) = o—exp [— Z Opr(w VvV nid\A)]

7-
DA AEEA

for each w € Q4, where

Zop = Z exp [— Z d)A(anZd\A)] and

WeQp AEﬁA
Zon = Z exp [— Z Dr(w Vv 77%6/\/\)]'
weQp A€yA
Here, we state the Key Proposition 3.4 and see that Theorem 3.2 follows from it. We
say that A ¢ Z¢ is || - ||o-connected if, for each x and y € A, there exist finite points
X0s X1y -+sXn—1, X, € A suchthat xg = x, x, = y, ||x;11 —Xillw = 1 fori =0,...,n—1. We call
such a finite sequence xg, X1, ..., X1, X, a || - ||o-path from x to y. Moreover, we say that A

is c-connected if A and Z? \ A are || - ||.o-connected.
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Proposition 3.4. Let d > 2. Then there exists sufficiently large 0 < L < oo and 0 <
e(L) < 1/2 with &(L) — 0 as L — oo satisfying the following. Let 3,0 > 0and 8 —6 > L
and Y be a translation invariant interaction with ||\Y|| < 6 which is spin-flip symmetric and
zero on non-|| - ||;-connected sets. We write ® = ®° + V. Then, for any c-connected A € Z¢
and x € A, we have

,uqu),A (fweQrlw(x)=1D>1-&l) and pgp\{w e Qplw(x) =—-1}) > 1-&(L).

This proposition means that, with respect to yg’ A and g . the spin at x is magnetized
for each x € A. Let us see that Theorem 3.2 follows from Proposition 3.4. For a sequence
{An}22, of finite subsets of Z¢, we write A, T Z¢ when A, C A, for each nand [ J32, A, =
7¢. For example, A, = B(n) satisfies these conditions. For each A € 74, we canonically
regard g, , and ug, , as Borel probability measures on Q with 11, , () = 1 and pg, , () =
1, where Qf = {we Qlw() =1LxeZ/\A}and Q; = {weQw(x) = -1,xeZ\ A},
respectively. It is known that if ,u:f)’ A, (T€Sp. g, » ) converges to some ut (resp. u7) in M(Q)
as n — oo, then u* € Ko (resp. u~ € Kg) (see [27, Chapter 1]).

Proof of Theorem 3.2. Assume that Proposition 3.4 holds. We take L,,0,¥ and @
as in Proposition 3.4. We take a sequence {A,}*, of finite and c-connected subsets of Z4
such that A,, T Z¢. Then we have divergent subsequences {mi}y2, and {my};2, of N such that
,ug)’ Ang and g, A, CODVErge to some 1§ and zy, in M(Q), respectively. Then, as we mentioned
above, g and iy are in K. By Proposition 3.4, 11, satisfies

(3.3) Hp ({w € Qlw(x) = 1}) = ]}LIgOME,Ank({w € Qf\nk lw(x) =1}
>1-&(L)
for each x € Z%. For each N € N, we define v&gg v € M(Q) by

1
+ X+
Von = oo Z T M-
BN &
Since @ is translation invariant and i € Ko, Tiug € Ko for each x € B(N). Hence, by the
convexity of K, vg) . € Ko. Moreover, from Inequality (3.3), we have

1
(3.4) Vow (0 € QUo0) = 1) = o B B (w € Qlo = 1)

XE€B(N)
>1-e&(l).

[se]

We can take a divergent subsequence {N;};>, C N such that v})’Nl converges to some Vg
in M(€). It is seen that v(}) € I and, since K € M(Q) is closed, vji) € Ko. Hence, by
Proposition 2.2 we have vy, € Ip. Moreover, from Inequality (3.4), we have

vep ({w e Qlw(0) =1}) = zll,rg V:I;’N[ ({lw e Qw0) =1))
>1-¢(L).

By doing the same argument to ’,J&), we have v, € Iy such that vy ({w € Q|w(0) = -1}) >

1 — &(L). Since &(L) < 1/2, we have v # vy and complete the proof. |
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3.3. Contours for a configuration and Peierls’ argument. We will give a proof of
Proposition 3.4. We notice that the following argument is based on Peierls’ argument,
which was used in [22] to show that the nonperturbed Ising model at low temperature shows
ferromagnetism.

We introduce the notion of a contour on Z¢. We follow the notion in [13, Chapter 5]. For
each x € Z4, we write ., for the closed unit cube in R? centered at x:

11
S =x+ —5 5] ,
and, for each A c Z4, define
M (N) = U . c RY
xeA
Definition 3.1. A sety c R is a contour if
y =04 (N)

for some c-connected A € Z? (where d denotes the boundary with respect to the usual
topology of R?). It is seen that, for each contour y, A € Z% such that y = 0. (A) is
uniquely determined. We call such A the interior of y and write inty.

It is seen that a contour vy is a connected sum of plaquettes, which are (d—1)-dimensional
faces of .7,, x € Z¢, such that y divides Z¢ into two || - |l-connected sets: the interior and
exterior of y (for example, see [13, Appendix B]). We write |y| for the number of plaquettes
which are contained in y. We write & = {{x, y} c 74 | llx =yl = 1} and call an element
of & an edge (considering the graph (Z¢, &)). There is the one-to-one mapping between
plaquettes and &, associating a plaquette with the unique edge crossing it. By this mapping,
the plaquettes contained in y correspond to elements of {{x, yle & |x €inty,y € 74\ inty}.

For each A € Z¢, let Q} = {a) €eQ |w(x) =1lonZzZ4\ A}. We write QF = [Jpeze Q). For
each w € Q, we define A™(w) = {x € Z¢ |w(x) = —1} € Z¢ and

M(w) = M (N (w)).

We decompose 0.7 (w) into connected components:
o) =| |7
i=1

then it is shown that each y; (i = 1,...,n) is a contour and, by the mapping mentioned above,
a plaquette contained in some y; is associated with an edge {x,y} € & such that w(x) = 1
and w(y) = —1 (see [13, Section 5.7.4]). We write

F(w) = {7’1, s ”Yn}

Let us consider the Ising model with inverse temperature 8 > 0. For A € Z¢, we define
éxn = {Hx,yt € & {x,y} N A # 0}. Then for w € QF, we have
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exp[— D @ﬁ(w)] =exp[ﬁ 2 w(x)w(y)]

AeF\ {x.y}edn
= PlEnl o 2Bllixyledilo)=1w@)==1)

;LN l_[ e 2P
vel(w)
Suppose A is c-connected. For w € Q} and y € I'(w), we define w, € Q by
—w(x), x € inty
(,()y(x) = d\
w(x), x € Z%\ inty.

Then, by the assumption that A is c-connected, w, € &} and

(3.5) Hwy) = Tw) \ {y}.

Hence, we have

exp {— Z (D/Z(a))] = e PMexp [— Z (Di((»U'y)).

AET ) AT\
This is a key equation in Peierls’ argument.
Let us consider a perturbation of ®® by a spin-flip symmetric interaction ¥ such that
¥l < o and it takes zero on non-|| - ||;-connected sets. Then, since w, = —w on inty and
wy = w on 7%\ inty, by the spin-flip symmetry of ¥, we have

DW= > W@+ Y Faw

Aey,\ AGLQ’\,\, Aeg:A,
Acinty or ANinty=0 A¢inty,ANinty+0
= D W)+ Y Ya)
AG«?A, Aeﬂ,\,
Acinty or ANinty=0 A¢inty,ANinty+0

If A € %, is||-|l;-connected, A ¢ inty and ANinty # 0, then A contains some edge {x, y} € &
associated with some plaquette contained in y. Hence, we have

S | <piwi<bie  ad | wawp)|<bio
AeFy, AeFy,
A¢inty,ANinty#0 A¢inty,ANinty#0

From these, we have

(3.6) exp[— PCERIR (w)]

AE:?Z/\

= ¢ 28] exp| - Z (Dﬁ(a)y))exp [— Z lPA(LL))]

AeFp AEFp

= ¢ PMexp| - Z (Q)ﬂ + ‘I’)A (a)y)] exp|— Z (‘PA((U) - ‘PA(wy))

Ae.Z, A AeF, As
A¢inty,ANinty+0
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— o~ 2hHoAwy) exp| - Z ((1)5 + ‘I’)A (wy)

AGL?ZA
with
(3.7 16 (A, w, )| < 2lylé.

3.4. Proof of Proposition 3.4. First, we give the following lemma about the number of
contours surrounding a fixed point. The similar statement for a little different definition of
contours is in [26]. We give the proof for the completeness.

Lemma 3.5. Forany n € N, let
[0 = {y : contour||y| = n,0 € inty}.
Then we have
0| < (n+ DCT,

where C; € N is the number of (d — 1)-dimensional faces of S, x € Z¢ which are not
(1/2} x [-1/2,1/2)%"" and intersect with it.

Proof. Lety € I',9. Then it is easily seen that, if we write 57 = {1/2+i} x[-1/2, 1727141
the (d — 1)-dimensional faces for i € Z, then J# C y for some i = 0,...,n. We define the
graph G = (V, E), where the set of vertices V is the set of all (d — 1)-dimensional faces
of Z,x € Z¢ and the set of edges is the set of all pairs {.#, #"} of elements of V such
that 57 N ¢’ + (. For any s € V, the number of edges which have .7 as an end point
is C4. By elementary arguments of graph theory, it is seen that, for any finite connected
subset S C V and any 7 € S, there exists a walk p in G such that p starts from and ends
at J7, passes through every vertex in S and does not pass through any other vertices and
the length of p is bounded by 2|S|. We fix i = 0,...,n. Then, by regarding a contour as a
finite connected subset in V, we can associate each y € I, such that 77 C y with a walk
p in G starting from and ends at .7 which satisfies the conditions for y as above. Since the
number of walks starting from .7# the length of which is bounded by 27 is bounded by C2",
we obtain |F;1,0| <(n+1)CZ. o

Remark 3.1. The proof above is simple. However, the estimate in Lemma 3.5 is not the
best. The estimate has been improved in [18] and [4] and, as the recent result, it was shown
in [4] that the number of contours of size n is bounded by (Cd)*?  where C is a constant
independent of n and d.

The next lemma is a key to prove Proposition 3.4.

Lemma 3.6. Let 3> 0,0 < 6 < 1 and ¥ be a translation invariant and spin-flip symmet-
ric interaction which is zero on non-||-||,-connected sets and |¥|| < 6. We write ® = @ + .
Let A € Z¢ be c-connected and 71, . . .,vy, be contours such that inty,, ...,inty, C A and
they are pairwise disjoint. Then we have

pop ({0 € Qi ly1,. .., va €T(W)}) < exp (=2(8 = 6)(ly1l + -+ + lyal))

: + +
(where we canonically regard g, , as a measure on €3y ).
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Proof. For each i = 1,...,n, we define a map 6,, : {a) €Q |y € F(w)} Swk wy, €
{w €Ql |y ¢ F(w)}. It is clear that 6,, is injective. From Equation (3.5), we can define

the composition § = 6, o--- 08, : {a) €Q y,..., Y € F(w)} — Q7 and it is injective.
Moreover, for each w € QX such that yq, ..., v, € ['(w), from Equation (3.6) and Inequality
(3.7), we have

exp [— Z Dp(w)

Aéy/\

< e~ 2B=0)nl exp [_ Z (I)A(le ((1))))

Aey,\

< e 2Bl p=26-00l ex {_ Z )N (972 (07, (a))))]

Aeﬁl\

< exp(=2(8 = )1l + - + yaD) exp [— D s <e<w>>).

AG:?”\A

Hence, we have

toa (w e Qi ..., yn €T(W)})

= ZJ} Z exp (— Z (DA(w)]
weQt

DA A AG«?A
Yiseees ’)’HEF((U)

1

< exp(-2B-0)yil+ ) = D exp [— D 0, («w»}
DA weQt, AeFp

Yiseens %zer(w)
< exp(=2(B = 0)(ly1l + -+ + lyal)
and obtain the statement. O

We prove Proposition 3.4 using these lemmas.

Proof of Proposition 3.4. Let 5,6 > 0 and ¥ be a translation invariant and spin-flip
symmetric interaction which is zero on non-|| - ||;-connected sets and ||| < 6. We write
® = P + ¥. We take arbitrary A € Z¢ and x € A and write QX; = {w € Q7 lw(x) = —1 }
LetI'y = {y : contour|x € inty}. For each w € QX’;, it is seen that I'(w) N 'y # (. Hence,
by Lemmas 3.6 and 3.5, we have

Hon (QF) < D g allw € Q1 ly e T@)))
yel,

< Z =26~

vel,

— i Z o~ 2B-0)k

k=1 yel'ro
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< D (k+ DCHFre 20k,
k=1

uniformly in A and x. Hence, if we take log C; < L < oo sufficiently large and 5 — 6 > L we
have

(&9

Haa (Q) < D [+ DCfe ek
k=1

< Z(k+ l)e—Z(L—long)k
k=1

1

=ell)< =

(L) >
and (L) — 0 as L — oo. We obtain the statement in the case of +. By the same argument
in the case of —, we obtain Proposition 3.4. O

Remark 3.2. In the proof of Theorem 1.3 (2) above, we showed that there exist equilib-
rium states v and v, for @ = @ + ¥ such that the magnetization is positive and negative,
respectively, that is,

f w(0) dvjy(w) >0 and f w(0) dvg(w) < 0.
Q Q

It can be seen that some condition on order of decay of ¥, like d-th order decaying con-
dition, is necessary for @ to have non-magnetization-vanishing equilibrium states. In [12],
a translation invariant and spin-flip symmetric two body interaction ® is constructed such
that every equilibrium state i for ® = @ + P vanishes magnetization. This interaction ¥ is
antiferromagnetic type (that is, ¥, ,)(w) = K, ,w(x)w(y), K, > 0) and small with respect to
|- ||, but not d-th order decaying. Moreover, it is shown in [5] that, if d < s < d + 1, then, for
the antiferromagnetic interaction ‘¥’ of the form K, , = 6/|x — y|*,6 > 0 (where | - | is the Eu-
clidean distance), every equilibrium state for ® = ®# + P vanishes magnetization. (It seems
unknown whether the uniqueness of the equilibrium state holds for these perturbations.)

4. Further questions

Here we notice some further questions next to our results. We showed that there is more
than one equilibrium state for ® = ®F + ¥, where 8 > 0 is sufficiently large and V¥ is a
translation invariant and spin-flip symmetric interaction such that [|\P|| is sufficiently small.
When ¥ = 0, that is, ® = ®#, the nonperturbed Ising model at sufficiently low temperature,
the structure of /s is completely known. Remember pgﬁ’ , and Moo o defined for each A € Z¢
in (3.2).

Theorem 4.1 (Completeness of phase diagram). Let 8 > .. We take a sequence {A,}) |
of finite and c-connected subsets of Z¢ such that A, 1 Z%. Then {/‘g)ﬁ, A”}Z":l and {,u(;ﬁ, A, o
converge to some iy, and p, in M(Q), respectively and they are independent of the choice of
{An}) . Here, ,u;)ﬂ and g, are translation invariant Gibbs states for ®P and, then u;)ﬂ, Mg €
1gps. Furthermore, ,u:;ﬁ and i, span Igs, that is,
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Ios = {p,u;“)ﬁ +(1 —p),u&)ﬁ|0 <p< 1}.

For a proof of the first half of the statement, see [13, Chapter 3] and for that of the second
statement, see [1] or [16] for d = 2 and [6] for d > 3. These results are due to the FKG
inequality, the crucial property of ferromagnetic interactions. If § > 0 is sufficiently large
and a perturbation interaction ¥ is finite range, then, as we saw in Section 2.4, we can apply
the Pirogov-Sinai theory to ® = ®* + ¥ and the same statement holds (see [30]).

Problem 4.2. For sufficiently large B > 0, does the same statement as Theorem 4.1 hold
in general when ¥ is a translation invariant and spin-flip symmetric interaction such that
PNl is sufficiently small?

We notice that these general cases include many cases to which the FKG inequality and
existing extensions of the Pirogov-Sinai theory can not be applicable.

We notice other questions. In Theorem 1.3, we saw the stability of uniqueness of the
equilibrium state for sufficiently small 8 and coexistence for sufficiently large 8. Then what
about the case when 8 > 0 is intermediate? At = S, it is clear that the stability is broken.
Hence, we have a problem as follows.

Problem 4.3. (1) Determine for each 0 < 8 < B, whether the stability of uniqueness
of the equilibrium state as Theorem 1.3 (1) holds or not.
(2) Determine for each . < B < oo whether the stability of coexistence of equilibrium
states as Theorem 1.3 (2) holds or not.

The Ising model can be considered not only on Z¢, but also amenable graphs and it has
similar properties to the Ising model on Z¢. It can be expected that the same result as
Theorem 1.3 holds for the Ising model on amenable graphs. Furthermore, it is interesting to
determine whether the same result holds for the Ising model on non-amenable graphs, such
as Cayley trees.

Problem 4.4. (1) Does the same statement as Theorem 1.3 hold for the Ising model
on any amenable graph?
(2) What about the Ising model on non-amenable graphs, such as Cayley trees?

Appendix
Here we give a proof of Proposition 1.2.

Proof of Proposition 1.2. Let @ be an interaction. We take an open set I, C U C I. For
an interaction @, we define the function F¢ : I — R as

Folw) = h(u) + fg Aod, pel.

Then F takes its maximal value P® = SUP,e; Fo(u) exactly on Ip. Moreover, since [ 3 y +—
fQA(Dd,u € R is continuous and / > u — h(u) € R is upper semicontinuous, F¢(u) is upper
semicontinuous in u € I. Hence, for ® = @, we have

INU c {u € I|Fo,(u) < P™}
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and the left-hand side is compact and the right-hand side is open in /. Then, using the upper
semicontinuity of Fg, again, there exists 0 < & < 1 such that

INU C{u€l|Fo,u) < P - &}.

We set 0 = &/4 and take an arbitrary interaction ¥ with ||| < 6. We write ® = @y + Y.
Then, for any u € I, we have

|Fq><u>—F@o(u)|=‘ f Agdp — f Acpodu]
Q Q

sf Ao — Ap,| du
Q

<1l
<0
and
|P(D - P‘DO' = |sup Fo(u) — sup Fo, ()| < 6.
uel uel
If u € I\ U, then Fg,(u) < P* — &. Hence, we have
Fo(u) < Fo, () +6
<P -g+6
<P®—g+26
E
=p®_Z
2
and y does not achieve the supremum. Hence, u ¢ Ip. m|
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