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Abstract
In this paper we study spectral estimates for perturbations of the Landau Hamiltonian by a
pseudo-differential operator with non-smooth Weyl symbol in a modulation space. We obtain
an upper bound for the counting function of the eigenvalues in a spectral gap.

1. Introduction

1.1. Perturbed Landau Hamiltonian. We recall first some classical results. Let Hy be
the self-adjoint realization in L*>(R?) of the second order partial differential operator

1a+12+1a 1\
iox 27 T\iay 2"

initially defined on S(R?); this operator is usually called Landau Hamiltonian. The spectrum
of Hy consists of eigenvalues A, := 2¢g + 1 of infinite multiplicity, the Landau levels (see
4.1).

Let V = Op”(b) be a bounded selfadjoint pseudo-differential operator (YDO). Under the
general assumption that VH !'is a compact operator, the Kato-Rellich theorem and the Weyl
perturbation theorem imply that the operator Hy — V is selfadjoint and that

O-ess(HO - V) = O—ess(HO) = O_(HO) .

Hence the discrete spectrum of Hy — V consists of eigenvalues of finite multiplicity; these
eigenvalues can accumulate only to the Landau levels.

Suppose furthermore that the operator V is non-negative. Fix ¢ > 1 and let £’ be a fixed
real number in the gap (A,-i,A,) and E a positive real number such that A,_; < E’ <
A, — E < A,. Denote by N(E’, A, — E; Hy — V) the number of eigenvalues of the perturbed
operator Hy — V lying in the open interval (£, A, — E); for brevity we set

(1.1) Ny(E):=N(E',Ay—E;Hy—-V).

Similarly for g = 0, we put No(E) = N(—o0, Ag — E; Hy — V). The behaviour of the function
N, has been extensively studied under various assumptions on the perturbation V. The
most precise results have been obtained when V is a local smooth potential with derivatives
decaying polynomially or exponentially (see [13],[15]). Recently one of the main results
proved in [4] concerns the case where the Weyl symbol of V is smooth and belongs to
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a Hormander-Shubin class F}’f(R“) of negative order. The authors obtain Weyl’s law type
asymptotics when E | 0*.

1.2. Main results. The aim of this paper is to investigate the behaviour of the function N,
defined in (1.1) when the perturbation V is a bounded WDO. In particular we are interested in
perturbation by an integral operator whose kernel is square-integrable. It is then convenient
to consider the scale of Sobolev-Shubin classes Q*(R*) (see 2.5) for s > 0 as spaces of
symbols or kernels. These classes are particular cases of weighted modulation spaces.

Denote by P,, g € Z,, the spectral projection of Hy corresponding to the eigenvalue A,,.
A common feature of the papers cited above is the important fact that the spectral properties
of the eigenvalues of Hy — V accumulating near the Landau level A, is governed (in a sense
which will be stated more precisely, see section 5) by the compact operator P,V P,; this
operator is called the effective Hamiltonian associated with the Landau level A,.

Assume V is a YDO with Weyl symbol b € L*(R*). Evidently P, VP, is a Hilbert-
Schmidt operator. But this property is not sharp. Our first result proves that, under additional
assumptions on the symbol of V, the effective Hamiltonian belongs to a Schatten class S,

s/2
with p < 2. Let us denote by L?(R“) the Lz—space with weight w(z, w) = (1 +z* + |w|2) /
and by 7> the partial Fourier transform on L?(R??) (see precise definition in subsection 1.4).

Theorem 1.1. Let b € LE(R“) (s > 0). Suppose furthermore that F»b € L%(R“). Then the
effective Hamiltonian P, V P, belongs to the Schatten class S ,,(L2(R2)) forp>2/(s+1). In
particular it is a trace-class operator for s > 1.

The second result concerns an upper bound for the counting function N, defined in (1.1).

Theorem 1.2. We suppose that b satisfies the same assumptions as in Theorem 1.1 and
that furthermore V > 0. Then

(1.2) N,(E) = O(E_%) (EL0").

For these two results we use earlier results concerning eigenvalues of YDO with symbol
in Sobolev-Shubin classes (see [11]).

The paper is organized as follows. Section 2 contains the backgrounds of phase space
analysis. We list here some important properties of the Fourier-Wigner and Wigner trans-
forms. Section 3 is devoted to some results of phase space analysis needed in the following
section. In Section 4 we apply the results proved in Section 3 to the Landau Hamiltonian
and its perturbations. We define in particular the effective Hamiltonian which is the princi-
pal object of our work. Section 5 contains the proof of the main theorem on the number of
bound states in a gap of the essential spectrum.

1.3. Comments. The technics used in [13] and [4] cannot be used here because there is
no symbolic calculus with symbols in Sobolev-Shubin classes. Instead we must use phase-
space analysis technics (see Section 3). Similarly the precise asymptotics for YDO’s with
negative order smooth symbols in Hérmander-Shubin classes proved in [5] and used in [13]
and [4] cannot be used. Instead we use the results for eigenvalues of YDO with symbol in
Sobolev-Shubin classes in [11].

Moreover it can be noted that the operator Hy is unitary equivalent to the operator L
selfadjoint realization of the partial differential operator



SPECTRAL BoUNDS OF HAMILTONIANS 779

1o 1 2+1a+1 2
iox 27 T\iay T2V

This operator is called twisted Laplacian and plays a major role in harmonic analysis on the
Heisenberg group. The spectral analysis of the operators L and H is easily performed with
the special Hermite functions (see Section 2.4 for the definitions).

1.4. Notations. For f,g € L>(RY), (f, g) denotes the standard scalar product in L>(R%); it
is linear in the first argument.

The standard symplectic form on R?? is defined by o(x, &; y, 1) := £y — x.i7. Let J be the
linear map on R?? defined by J(x,&) := (&,—x); J is a symplectic map and o(x,&;y,n) =
J(x,€).(y,n) where u.v denote the standard scalar product on R?. For z = (x,&) € R* we set
7 := (x, =§).

Let us recall some standard notations in spectral theory. For a bounded operator T
on a Hilbert space with range R(T) := T(H), rank T is the dimension of R(T), N(T) is
the kernel of 7', i.e. {x € H : Tx = 0}, ||T|| is the standard norm on £L(H) and T* is
the adjoint of 7. Let A be a selfadjoint operator acting in a Hilbert space H. The sets
P(A), 0(A), T.55(A), Taisc(A) are respectively the resolvent set, the spectrum, the essential
spectrum and the discrete spectrum of A. For Q € B(R), the Borel o-algebra on R, Eq(A) is
the spectral projection corresponding to the Borel set Q. If Q is a relatively compact Borel
subset inside an open gap of the essential spectrum of A, then rank Eq(A) is the (finite)
number of eigenvalues, counted with multiplicity, of A lying in Q. Let 7" be a compact self-
adjoint operator in H, /lj.(T) be the positive eigenvalues of 7, arranged in descending order,
counting multiplicity. For s > 0 we set

n,(s,T):=card {j € Z, : /I;T(T) > s},
For any compact operator 7 we define the singular values of 7" by
si(T) = AT, j>1.
For p > 1 the compact operator T belongs to the Schatten class S,(H) if

oo 1/p
I, = [Z s,-(T)P]

=1
is finite.

For f belonging to the Schwartz class S(R?), the Fourier transform of f, denoted by F f
or f, is defined by

F(HE) = 2n)2 f e f(x)dx .
The partial Fourier transforms are defined respectively by
FiFE) = ot [ eE
and

FaF(x,n) = (2m)" f e M F(x, y)dy
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for F in the Schwartz class S(R%); F, and F, are the inverse partial Fourier transforms.
For a complex-valued function f defined on R, we put f*(x) := f(—x).

2. Fourier-Wigner transform

2.1. Basic properties. Let R be the Schrodinger representation of the Heisenberg group
defined by

R(z,1) = €"p(z)
with
PQ)fy) = ey +8), 2= (rEeR¥, yeRY, fe PRY.

The composition law for the projective representation p is the following:
2.1 p) o pz) = 27 p(z +2), 2,z €RM.
It follows that
22) P = p@7" = p(=2) .

If f,g € L>(RY) we define the Fourier-Wigner transform V(f, g) by

V(£,9)@) = 2r) 2 (o) f.9), z€R*.
Proposition 2.1. (i) For all f,g € L*(R?) we have

d : 1 1
V(f,9)(x. &) = 2m)~> f e f (y + zf)g(y - §§)dy -
(i) Let U}, be the mixing operator defined on L*(R*?) by
ULF =F ! !
LF(x,€) = F(x+ Sx- 55) :
Then, for all f,g € L*(R?Y) we have
V(f.9) = F1UL(f®9) .
(iii) (The Moyal identity) For all fi, f>, g1, g» € L*(R%), we have
(V(fl’ gl), V(fz’ g2)) = (fl’ fZ)(gl’ gZ) .
(iv)
Vig./)=V(f.9)  fige ’RY).

Furthermore if the functions f and g are real-valued, if 7 = (x,&) € R* and 7 = (x, =€),
then

V(9. /)2) = V(f,9Q) .

Proof. (i) [17] p.10; (ii) follows from (i); (iii) is a consequence of (ii) since U and F are
unitary operators.
We prove now (iv): by definition and (2.2), we have
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V(f,9)(=2) = 21 % (p(=2) [, g) = 212 (f, p(2)g),

hence

V(. 9)(=2) = 2n) 2 (p(2)g, f) = V(g, (),

which proves the first part of (iv). Furthermore
V(F.9)(=2) = Qn) 2 (p(~2)f-g9) = Qn) " f p(=2)f g dy..

A straightforward verification proves that for all z € R*? and f € L>(RY) we have p(2)f =
p(=2)f. Consequently

V.9 = 2n) " f P& W) gy -

If furthermore f and g are real-valued, then

Vf.9(—) = @Qm f P f ) §ly)dy
Q) i (pR)f. 9))

V(9@ . O

By easy computations taking into account (2.1), we obtain the following
Lemma 2.1. For all f, g € L>(RY) and for all z;, zo € R* we have
Vip(z)f,p()g)@) = e27 2T ECE=DIV(f g)z + (21 - 22))

From this lemma we deduce the following result which is similar to formula (14.34) in
[9].

Proposition 2.2.

1 1
VIV, ), V($1,02)(z. ) = V(f, d1) (Jz + 54) V(g,¢1) (JZ - 5() :
Proof. By definition of the Fourier-Wigner transform we have

VV(f, 9), V(1,92 0) := )~ (p(z, O).V (S, 9), V(1. $2)) 2wy

= (2m)e3* f V(9w + De ="V (1, ¢2)(w)dw .
As particular cases of Lemma 2.1 we obtain

{ V(£ g)w+0) =V (p(3¢) f.p(-3) ) )

eV (1, 2)(w) = V(p(=J2)¢1, p(=T2)2)(w)
By use of the Moyal identity, we deduce

i 1 1
V(V(f,9), V($1,92))(z, {) = 2m) e37¢ (P (EC) fip(=J2) -¢1) (.0 (—54) g,p(—Jz).¢2)



782 J. BARBE

i 1 1
= 2n)4ei% (p(Jz)p (EZ) e ¢1) (,O(JZ),O (—55) g, ¢2)

and by a new application of (2.1) and a simplification of the complex exponents, we obtain
the announced equality. O
We define the Wigner transform of f, g € L>(RY) by:

d . 1 1
W(f.9)(x,§) == (2n)"> f eV f (x + Ey)g(x - §y)dy .
Proposition 2.3. For all f, g € L>(R?), we have
W(f.9) = RU(f®g) =FV(f.9) .

Proof. For the first equality, see [9]. The second equality results of Proposition 2.1 since
F =FF . O

Proposition 2.4.

1 1
WV(f,9), V(d1, $2))(z,{) = W(f,¢1)(§ + EJZ) W(g, ¢2)(§ - EJZ)

Proof. By the last proposition we get

WV (f,9), V(¢1, )z, {) = (2m) > f e COLDYV(F, ), Vg, $2))(v, w)dvdw

. 1 1
= Qm) fe_’(z‘”{'w)V(f, @1) (Jv + Ew) V(g, $1) (Jv - Ew)dvdw .
We consider the change of variables defined by

{ JU+%U) v

Jv—%w = w

Then
zo+lw=({+ %Jz).v' +(-¢+ %Jz).w'.
We deduce that
WV(f,9), Vg1, $2))(z.{) =

@™ f e ERPIY(L )W) (2m) f Y (g, g2)(wduf

1 1
= W(f,¢1)(§+ EJZ) W(g, ¢2) ({- EJZ) ) m]
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2.2. Weyl transform. We summarize the main properties of the Weyl quantization we
will use. We omit certain proofs for classical results (see [17]).

Theorem 2.1. There exists a unique bounded operator W : L>(R*?) — L(L*(RY)) with
the following properties :
(i) Denoting W(a) = Op“(a), then for all a € L*(R??), for all f,g € L>(R?) we have

Op"@)f.g) = 2n) f @) V(. 9)2)dz
and
109" @l < )4l

(i1) Furthermore

Op"(@)f.g) = 2n)t f a(2) W(f,g)(2)dz = (21)4 (@, W(g, f)
and

Op"@f,9) = 2m) % (a, V(g, f))

(iii) For all a € L*(R*?) the operator Op“(a) is a Hilbert-Schmidt operator. Let k be the
kernel of this operator; then

a=QniFULk.
In particular
10p"@)lls, = lIkllz2 = )% lall;> -
Remark Let ¢,y € L*(R?) and f € L*>(RY). We put
Hyef = (f. 0.
Then I, 4 = Sy = Op“(a) witha = W(y, ¢) and k = Y ® ¢.
The following proposition will be particularly useful in the next section.
Proposition 2.5. Let a € L*(R*) and f,g € L*(RY). Then
V(Op"(@)f,g) = 2m)2 0p"@).V(f.9)
where a(x, &) := a(& + 1Jx).

Proof. The subspace generated by the Fourier-Wigner transforms V(¢, ) when ¢, ¢ €
L*(R?) is dense in L>(R??). Thus it suffices to prove that for all ¢,y € L*(R%)

(V(Op“(a)f, g), V(¢, 1)) = 2m)? (Op“@).V(f, 9), V($, ) .

By Theorem 2.1 (ii), Proposition 2.4 and a linear change of variables, we obtain

(0p”(@).V(£,9), V(g ¥)) = 2n)* (@, W(V(g,¥), V(f, 9)))

= ) f f a(¢ + %Jx)W(gS, HE+ %Jx)W(w, g)(& - %Jx)dxdf
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- n [ a W@ W . gxoduds = @)@, W6 1) [ W
But
[ wwgode = [ 10Ww. g0 = 0.0 - G0
Therefore by Proposition 2.1(ii) and the Moyal identity we get

(Op”"@V(f.9), V(¢,¥)) Q) (a, W(g, ))(g.¥)
2n)"1(0p“(a) £, $)(g, ¥)
(@m) 2V (Op“(a)f.9). V($.9))) - o

2.3. Twisted convolution. Let F and G be measurable functions defined on R*.We de-
fine the twisted convolution F * G of F and G by
(o

(2.3) (F+G)(z) := f F(z - w)Gw)e"“dw, 7€ RM

whenever the function of w in the integral is integrable. The notation F}{G is also used. The
following property is classical ([6]).

Proposition 2.6. If F,G € L*>(R*?), then so is F * G and
o
||F:‘;G||L2(R2d) S P2y G2 R4y -

Before stating the next proposition we must recall some classical notations. Let
w : R* — (0, 0) be a submultiplicative weight defined on R?¢, which means that for all
z,we R¥

w(z+w) < w(z) ww) .
Let s € R; the standard weight w is defined on R* by
ws(x,&) = ws(z) = (1 +1z])°

is submultiplicative for s > 0.
A weight v is said to be w-moderate if for all z € R*

v(z +w) < Co()w(w) .
We frequently use the weight v, defined by
0(2) = (1 + 127" .

Let 1 < p, g < +oo. The weighted mixed Lebesgue space L7(R??) is the set of all
measurable functions F for which

alp M4
F 2z Reay = (f( |F(x, O w(x, f)pdx) df) .
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is finite. We note L’ in the case where p = g.
The following property is known ([9]); we recall it for further explicit references.

Proposition 2.7. Let p satisfying 1 < p < +oo, v a submultiplicative weight and w a v-
moderate weight. Let F € LY (R?*), G € L; (R*) and z,w € R?. Denote by T, the translation
operator defined by T.F(w) := F(w — z) for F € L>(R?). Then
() T.(F) € LY (R*?) and

1T (F)ll 2 roey < CO@NIF Il Roa)y -
(ii) The function F * G belongs to LY, (R*?) and
I Gz reay < CF |z oo IGllr roey -

(ii1) The same result is true when convolution is replaced by twisted convolution in (ii).: the
function F * G belongs to LY (R*?) and
o

||F:’;G||L5(R2d) < ClIF Ny e |Gt ey -

Proof. (i) Since the weight w is v-moderate

flTZ(F)lpw(w)pdw le(w—z)Ipw(w)pdw

IA

le(w)Ipa)(z + w)’dw

IA

C”v(z)”le(w)lpw(w)pdw.

(i) Since L?(R??) is invariant by translation, we can define a vector-valued map
¢ : R* — LI (R*) by setting

p(w) := Ty(F)G(w) .
An application of (i) yields to the following inequality
g2 R2ey < CIIF |2 (roa)|G(w)|o(w)

Hence the function ¢ is Bochner integrable and

|| f d(w)dw

Since the convolution can be rewrited as the Bochner integral

o < | Wiz < CIF iz 0n1Gllyen -

F*G:f¢(w)dw

we obtain (ii).
(iii) For all z, w € R* we have

I(F % G)(@) < (IF] *|GD(2) -
Again with (ii) we obtain that F + G € LY (R??) and
a

IF = Gllgmesy < NFGH g e
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which proves (iii). m|

By use of the twisted convolution, we get a result similar to Proposition 2.5.
Proposition 2.8. Let a € L*(R?) and f,g € L>(R?). Then
VOp"@f.9) = 2m) axV(f.g).
Proof. By Proposition 2.1 (ii), we have
VOp"@f,9)@) = m) *(p@0p"@F,9)

)" 1(0p" @ f, p(~2)9)
2m)(a, Vp(-2)g, ) -

But by Lemma 2.1

V(p(=2)g, )W) = e 27DV (g, f)(w - 2) = e27“V(F, 9)(z — w),

therefore

V(Op“@)f,g) = 2m) ™ f a(w)e 27V (F, g)(z — w)dw = 1) “a = V( £.9) . !

2.4. Special Hermite functions. Let ¢, be the Hermite function of order »n defined by
n X2
en(x) = 775273 () T H, (x)e” T

where H,, is the Hermite polynomial of order n.
We define the special Hermite functions by setting

€j = V(ei,ej)
fori, jeZ,.
Proposition 2.9. (i) The system (e; j); ; is an orthonormal basis of L*(R?).
(ii) Let be g € N. Then we have
1

eq(2) = (zﬂ)—%Lq (Emz) o1l
where L is the Laguerre polynomial of degree q and order 0.
(iii) For all z € R? and j,k € Z,

e j(2) = ex(2) .

Proof. For (i) and (ii), see [17] and (iii) results of Proposition 2.1 (iv). ]

2.5. Modulation spaces. As explained in the introduction, we will be concerned with
pseudo-differential operators with symbols in modulation spaces rather than in Hérmander-
Shubin classes. We state the definitions and results we need in the following.

First at all, we recall the definition of the Short Time Fourier Transform (STFT). Let
g € S(RY)\ {0}. For f € L>(R?) we define the STFT Vyf by
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Vaf (.6 = @ [ f)5 =0 s

The modulation space M"?(R?) is the set of all tempered distributions f € S’(R?) for
which the short-time Fourier transform V,, f € L!;(R*?). This space equipped with the norm

q/p l/q
1 lprraray 2= [ f ( Vo f (e, 1P w(x, &) dX) df)

is a Banach space. We note L/, resp. M?, in the case where p = ¢. The definition of
MPARY) is independent of the choice of the window g € S(RY) \ {0} and the norms cor-
responding to different choices of the window are equivalent. In particular we will use the
following spaces

L2(R*), My (RY), Ly (R*)
abbreviated respectively by L2, M? and L! (the weights v and w, are defined in section 2.3).
Lemma 2.2. f € M? ifand only if V(f, g) € L? and for all f € M? we have
1flhe = IV 9l -
Proof. The Fourier-Wigner V(f, g) and the STFT V, f are connected by the relation
V(f,9)(x.6) = eV, f(€.—x) .

Furthermore vy(&, —x) = v,(x, &); then by using the (symplectic) change of variables (x, &) —
(¢, —x) we obtain

A1, = IV IR, = f Vo f 6, —)Pus(E, —2)dxd

B ff VoS (e, E)Pvs(x, € dxdé = V(£ 9 - .

It happens that the modulation space M2(R?) coincide with the Sobolev-Shubin space
Q°(RY) initially defined in [16] as a Sobolev space corresponding to pseudo-differential
calculus with symbols in Hérmander-Shubin classes (see the remark below). This space is
defined for s > 0 by

Q' (RY) := {f € L*(RY) : Opj(vy)f € L*(RY)}
where Opy, (vs) is the Anti-Wick operator with symbol v; and Gaussian window defined by
) x|
Yo(x) i=m dr4 exp( - 7) .

Lemma 2.3 (2, lemma 2.3). Forall s > 0 Mf(Rd) coincide with Q°(R?) and the norms

are equivalent.

Combining the two preceding lemma, we obtain immediatly the following result.

Proposition 2.10. Let f € L>(RY) and s > 0. Then f € Q*(RY) if and only if V(f,g) €
L?(Rz"). Furthermore, there exists Cy > 0 such that for all f € Q*(RY)
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CHIVU DIz < 1fllgwey < CSllV(F @)z -
Remark For s = m € Z,, the Sobolev-Shubin space is defined by
0"(RY) = {u e S'(RY); x*DPu e L*(RY), |a| + |8 < m} .
Another explicit characterization of Mf(Rd) is (see [9], [11])

M*R?Y) = L2 (RY) n H(RY) .

3. Some results of phase-space analysis

Let U be an isometry from a Hilbert space H; into an other Hj; denote by G its range
G := U(H,;). It is well known that G is a closed subspace of H, and that, if P is the
orthogonal projection on G, then U*U = Iy, and UU* = P.

Let g € S(RY) satisfying ||lg|l» = 1. For f € L*(R?) define Vy,(f) :=V(f, 9.

Proposition 3.1. The map V, is an isometry from L*(RY) on a closed subspace of L*(R*?)
and if Py is the orthogonal projection on this closed subspace, then V,;V, = Ij2gre) and
VgV, = P,

Proof. V, is an isometry by the Moyal identity (Proposition 2.1 (iii)) and the assumption
on g. We apply then the result above to the isometry U = V. |

The following results are inspired by [7] and [8] Chapter 18; the isometry V, plays the
role of the windowed wavepacket transform W; in [8] p. 299.

Proposition 3.2. Let be F € L>(R*?) and g € L*>(R?). Then
Vi(F) = (21)¢ Op"(FF).g .
Proof. Let 1 € L*(R%). By (ii) of Theorem 2.1 and Proposition 2.3 we get
(Op"(FF).g.h) = 2m)"* (FF. W(h,g)) = 2m)"*(F,V(h.g)) .
On the other hand
(Vy(F), h) = (F, Vy(h)) = (F,V(h,g)) . o

Corollary 3.1. Under the same assumption on F and g, we have V,(F) = Sy g where S
is the Hilbert-Schmidt operator with kernel

k() = <2n>—%r1F(%<x+ - y)) .
Proof. We apply Theorem 2.1 (iii) :
Op"(FF) = Sk
with
k= Qm) UL Fa(FF) = @m) 2 UL (Fi(F))

and
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. 1
Uy (Fi(F)(x,y) = F1F 5(X+y),x—y) . o

We deduce in particular

Corollary 3.2. Under the same assumptions as in Corollary 3.1 we have
) 1 —
)2 fF (E(x +y),x— y) gy)dy = V,(F1F)(x) (ae. in RY) .

Proposition 3.3. Let be F € L;(R*) and g € S(R?). Then V;(F) belongs to Q*(R?) and
there is C; > 0 such that

1V, (F)llg:wrey < @m) 2 ClIVg )l IF 2 -
Proof. Put f := V)(F) € L>(RY). Applying Proposition 3.2 and Proposition 2.8, we
obtain
Vo(f) = Vy(Vy(F)) = (27)2 Vy(Op"(FF).g) = 2m)* V(Op"(FF).g.9)
= QUFxV(g.9).

And now we conclude from Proposition 2.7 (iii) that V,(f) € L2(R*/) and

IV,(Nllz < @) 21V(g, 9l I1F 2,

or equivalently by Proposition 2.10 that f € Q*(R¢) and

/gy < CollVy(Dllz < @)~ 2 CilV(g. 9l IF 2 - =

The next result is a consequence of Proposition 2.5; we use the same notations.

Proposition 3.4. We suppose that the symbol a is real-valued and therefore that the oper-
ator Op"”(a) is self-adjoint. The operators Op"(a) and Op"(a) have the same eigenvalues. If
f is an eigenfunction of Op”(a) corresponding to the eigenvalue A, then for all g € S(R?) the
function F := Vy(f) is an eigenfunction of Op"“(a) corresponding to the same eigenvalue.

Proof. By Proposition 2.5 we have
(3.1) VY, 00p“(a) =0p“(a)o VY, .

Let A be an eigenvalue of Op“(a), let f be in L>(R) \ {0} such that Op“(a)f = Af and
F = V,(f). We have Op“(a).F = AF, and since ||F|| = ||f|l > 0 we deduce that A is an
eigenvalue of Op”(a) and F is an eigenfunction of Op”(a).

Let now A be an eigenvalue of Op”(a)) and let F # 0 € L?>(R?) be an eigenfunction.
Taking adjoint operators in (3.1), it results that V; o Op”(a) = Op“(a)o V,. Since Op”(a)F =
AF, we get that Op”(a)V;F = AV,F for all g € L*(R). Suppose that V;F = 0 for all
g € L*(RY); then F € N(V;) = R(V,)*, hence (F,V(f,g)) = 0 forall f,g € L*(R?); in
particular (F, V(ej,ex)) = (F,ejx) = 0. Since (ej;) is an orthonormal basis of L*(RY), we
deduce that F = 0 which is not possible. Therefore there exists g € L*(RY) such that V; (F)
is not the null function and this proves that A is an eigenvalue of Op“(a) and that F is a
corresponding eigenfunction. m|
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4. Pseudo-differential perturbation: the Hilbert-Schmidt case

We will now apply the results proved in the previous section to the Landau Hamiltonian
perturbed by a Hilbert-Schmidt W¥DO operator.

4.1. The Landau Hamiltonian. We suppose d = 1 and a(q, p) = ¢* + p* for (¢, p) €
R%. The DO Op“(a), initially defined on S(R), is essentially self-adjoint and its unique
realization as unbounded operator on L*(R) is the harmonic oscillator /. It is well known
that o(hg) = {2g + 1;q € N}, ho(ey) = (2q + 1)e, and Ker(hg — (2g + 1)I) = Vect (e,), where
e, 1s the Hermite function of order g.

With the notations of section 3, the symbol a associated to a is defined by a(x,¢&) =
a(é + %Jx); more precisely here

_ _ 1 1) Y Y
alxy, x2,&1,6) =a §1+§X2, §2—§X1 = §1+§X2 + 52—5961 .

Therefore

On _(to LY (1o 1Y
PAO=\Tax T 27 ' *

We deduce from Proposition (3.4) that
o(Ho) = o(hy) ={2g + 1;q € N} .
Let ES be the eigenspace of H corresponding to the eigenvalue A, = 2¢g + I:
E) := Ker(Hy— A,l) .

We know again from Proposition 3.4 that, since ¢, is an eigenfunction of s with respect to
the eigenvalue A, then V, (e,) = ¢, ; is an eigenfunction of Hy for the same eigenvalue:

Hoequ:(2q+1)eq,j’ j=0,1,....

Proposition 4.1. Let g € Z, be fixed and let Vect({e, j; j € Z.}) be the subspace of
L*(R?) spanned by the special Hermite functions eqjfor j € L. Then

E) = Vect({egj: j € Z,}) -

Proof. It is sufficient to prove the inclusion E° C Vect({e,, j; j € N}). Letbe F € E% we
have V; oHy=hgo v; and HyF = (2g+ 1)F, from which we deduce (2q + l)V;F = hOV;F,
thereby V;F € Ker(hg — (2q + 1)I) = Vect (e,). In particular V:jF € Vect (e,). But for all
keN

Ve, Foer) = (F, V(e e)) = (Fex) -
Since V:j(F ) € Vect (e,), we deduce that (F, e ;) = 0 for k # g and then

F = Z Z(F, ek j)ekj = Z(F, €k.j)ek.j
ko J
which proves that F' € Vect({e, ;; j € N}). m]

Next we wish to express Eg with V. and factorise P, the orthogonal projection on Eg.
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Recall that R(V,,) = Vect({e ;] € N}) := E;. Let be U the unitary involutive operator
defined on L2(R?) by

UF@) :=F{Z, FelL*R?, zeR?

or equivalently U F(xy, x3) = F(x1, —x2).

By Proposition 2.1, for all j, k € Z, we have e;i(Z) = e j(z) or U(e;4) = e, j. We deduce
that U(E,) = Eg. Let P, be the orthogonal projection on E,; we have P, = V,, V:q; therefore
UP,U* = P,. Define now

@.1) V, = UV, .
Then
4.2) P, = VquZq .

4.2. Hilbert-Schmidt perturbation. Let be b € L>(R*) a real-valued symbol and V :=
Op”(b) the YDO with Weyl symbol b. Since b is square-integrable, V is an Hilbert-Schmidt
operator. Hence the operators VH "and

T,=P,VP,

are also Hilbert-Schmidt operators on L>(R?). The last operator is the effective Hamiltonian
corresponding to the perturbed operator Hy — V and to the Landau level A, as we will see in
the next section.

Our first goal is to show that the operator T, has the same spectrum as a ¥DO operator
S, on L*(R) easier to study. We can first give an abstract result.

Proposition 4.2. Let U : H; — H, be an isometry, S = §* € L(H ) and T = T* € L(H)).
We suppose that
T:=USU".

Then the operators S and T have the same non-zero eigenvalues; more precisely for all A # 0
and for all u € H,, u is an eigenvector of S corresponding to the eigenvalue A iff Uu is an
eigenvector of T corresponding to the same eigenvalue.

Proof. Let be u € H; \ {0} and A # O such that Su = Au. We setv := Uu :
Tv=(USUYUu=USu=AUu = A

and since v and u have the same norm, then v is non null, and A is an eigenvalue and v an
eigenvecteur of 7.

Conversely, suppose Tv = Av with A and v non null and let be u := U*v. Then, composing
on the left hand side by U*, we obtain that Su = Au. Furthermore, if © = 0, then Tv =
(US)(u) = 0 and since Tv = Av, we deduce Av = 0, hence v = 0 since 4 # 0, which
contradicts the assumption v # 0. m|

We will apply this result to our problem by considering the operator
Sy = quVVeq .

The operator T, defined above can be rewrited since
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T,=P,VP, =V V*{IVV%V*{I = VequVZq .

g Ve, e

Furthermore V,, = UV, is also an isometry. Applying the latest proposition, we obtain that
the operators S, and T, have the same non-zero eigenvalues.

We will now prove that the operator S, is a ¥DO and determine its Weyl-symbol. By
definition of S, and by Theorem 2.1 (ii) we have

1
0.0 = 55 [ [ D3 E MWV 0, Vig )5~y 6. -middydean

By Proposition (2.4) we get

1 1 1 1
W(V(fa eq)’ V(g’ eq))(x’ -Y, é‘:’ _T]) = W(f’ g) (é:_ Ey’ —-n- Ex) W(eq, eq) (é:"' Ey’ -n+ Ex) .

Making use of a change of variables, we deduce

(Sqf’ g) =

1 1 1
o 1 [[ o€ = 3= 300 =56 4 Wiy e W 0

therefore S, is a ¥ DO with Weyl symbol y,, defined by

1 1 1
4.3)  yy,n) =Q2n)2 ffb (é: -1n,x-y, E(X +y), _E(é: + TI)) Wiey, eg)(x, E)dxdé.
Let us define F € L*(R*) by
4.4) F(uy,up,v1,02) := b(=vp, =01, u1, —uz)

We put w = (x,€) et z = (y,n7). Then we have

1 1 1
F(E(Z + LU),Z - w) = F(E(x + y)’ E(é‘: + 77)9 —()C - !/), _(é‘: - T]))

1 1
=b(f—n,x—y,5(X+y),—§(§+n)),

hence by (4.3)

Y4(2) = Q)2 ffF(%(z tw),z— w) W(ey, e)(w)dw
and by Corollary 3.2
Ya = Vivie,e) F1F) -
If we set A(uy, up, v1,02) := (—vy, —01, —U1, Uy), wWe obtain easily
Y = V{;,(eq’eq)(sz oA).

Suppose now that 7»b € L2(R*). The function space L2(R*) is invariant by linear change of
variables; thus 7»b o A is also in L2(R*). According to Proposition 3.3 we deduce that

(4.5) Ya = Virep(Fab o A)
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belongs to Q*(R?). We have therefore prove the following result.

Proposition 4.3. Let b € L2(R*). Suppose that F>b belongs to L2(R*). Then S, =
Op”(y,) with vy, defined by (4.5), belonging to Q' (R?).

We can now achieve the proof of Theorem 1.1. We recall first the following result about
Schatten class properties for YDO with symbols in Shubin-Sobolev classes obtained by C.
Heil in [11]. Let s > O be given and let a € L*(R?). Define the operator L := Op”(a). By
Theorem 2.1 we know that L is a Hilbert-Schmidt operator; let s;(L) be the singular values
of L, arranged in descending order, counting multiplicity.

Proposition 4.4. If the symbol a lies in Q*(R?), then

s+1

s(L)=0(j"7) .
Consequently L € Sp(Lz(R))for p > 2/(s+ 1). In particular L is trace-class if s > 1.

From this result we deduce that, with the same hypothesis as in Proposition 4.3, the
singular values of S, = Op(y,) verify

5,8 =0(j%) .

Therefore we obtain the same estimates for the operator T, since the two operators S, and
T, have the same non-zero eigenvalues by Proposition 4.2.

5. Proof of Theorem 1.2

5.1. Reduction to an effective Hamiltonian. The first aim of this section is to prove
that the operator T, = P, VP, is the effective Hamiltonian for estimating the number of
eigenvalues of the perturbed Landau Hamiltonian near the Landau level A,. We follow [15]
but some modifications must be precised.

We recall the classical Weyl inequality ([2], chap. 9).

Lemma 5.1. Let T\ and T, be linear self-adjoint compact operators in a Hilbert space.
Then for each sy > 0 and s, > 0

ny(sy + 2, Ty +T2) < ny(s1,T1) + ni(s2,T2)
holds true.

Let Hy and V be as in Section 1 and let A, be a fixed Landau level, P, be the corresponding
spectral projection and Q, := I — P,. For A € p(Hp) we set

T(A) := V2 (Hy - )V,
This operator is selfadjoint and compact.

Proposition 5.1. Assume that the interval [A1, A;], 1 < Ay belongs to the gap (Ay-1, Ay),
then

rank Epy, ) (Ho — V) = ny (1, T(12)) — ny (1, T (1)) .

For the proof of this result, we refer to [14, Sections 1 and 3], and to the earlier article [1,
Proposition 1.6].
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Lemma 5.2. Let E’, E be positive real numbers satisfying A,—1 < E' < 2q and
0< E < 1. Then

N(E'.Ay—E: Hy= V) =n, (1.Vi(Hy— A+ EY'V2)+ 0(1), EL0".

Proof. With these assumptions, the interval [E’, A, — E] is included in the gap (A,_1, Ay).
Therefore we can apply Proposition 5.1 :

rank Egpr p,-g)(Ho = V) = n (1, T(Ay = E)) = ni(1, T(E"))
or equivalently with the notations of section 1 :
N(E',A;—E;Hy-V)=n.,(1,T(A; — E)) —n.(1, T(E")) — dim[Ker(Hy — V — E")] .

But the last two terms in the right-hand side are independent of E. |

For brevity, we set
T(E):=T(A,—E) = Vi(Hy- A, + E)"'V? .
We then write T,(E) = T 4(E) + T,»(E) with

{ Tl q(E)
TZ,q(E)

Vi(Hy— A, + E) 'R, V2
Vi(Hy— Ay + E)'Q,V? .

First we remark that

+00
(Ho— Ay + E) Py = > (A= Ag+ EY'PiP, = E7'P,,
1=0

and so
T ,(E)= E'ViP,V? .

The operator T’y ,(E) is compact, selfadjoint and positive. The operator T ,(E) can be rewrit-
ten as

Tog(E) = Y (A= Ag+ EY'VIPV2

I#q

Proposition 5.2. For all s > 0 we have
n.(s, Tag(E)) < 4AZ72|VIHG'VAS, .

Proof. The operator T ,(E) is compact, selfadjoint but not positive. We are led to define

T3 (E) = Y (A1=Ag+E) VIRV
I>q
T; (E) = —Z(A, — A+ E)VIRVT
I<q

Since 0 < E < 1,wehave Aj— A, +E < -lifl <g,and Aj— A, +E > 2if [ > gq.
Consequently the operators T2+’ q(E )and T, q(E ) are selfadjoint and positive and

T2 y(E) = T3 (E) = T5 (E) .
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By straightforward inequalities we get
0<(N=Ag+E)y' <A L 1>q.
Thereby it follows that

(T3 (Eyu,u) < Aq+1ZA,‘1 (VePViuu) < Ag (V%(ZA;IP,)V%)M,M

I>q l#q
Ager (V2HG'Vu,u) .

IA

Similarly we have
(T (E)u,u) < Agy ((V%Halvé)u, u) _

By assumption the operator V is a Hilbert-Schmidt operator. Since the operators V%Ha yz

1o
and H,*VH,* have the same non-zero eigenvalues, we deduce that V%Ha V1 is a Hilbert-
Schmidt operator. As a consequence of the preceding inequalities, we obtain that T q(E)
and T q(E ) are Hilbert-Schmidt operators and

IA

I3 (Bls, < AgallViH;'Vis,

T3, (Blls, < AgllVEH;'Vis, .

A

Since T 4(E) = T2+’q(E) - Tz‘,q(E), it follows that T, ,(E) € S, and
IT2(Els, < (Ag-1 + Age)IVIH ' VElls, < 20,1V Hy' Vi,
and
n.(s, Tag(E)) < 4A272|VIHG VA, O
5.2. End of the proof of Theorem 1.2. For 0 < £ < 1 we deduce from the Weyl inequal-
ity that
(1, T(E)) < ni(1 = &,T1 o(E)) + ni(e, Ta (E)) .
For the first term of the right-hand side, we have
no(1 —&,T1 (E) = ny(1 — &, E"'VIB,V?) = ny((1 - £)E,P,VP,) .
But by Proposition 4.4
4B, VE) = 0 ()
or equivalently there is C, > 0 independent of £ and E such that
n((1 - &)E,P,VP,)) < Cy(1 — &) FTE "1
For the second term of the right-hand side, we have by Proposition 5.2
ni(e, Tog(E)) < 48272V H 'VEE,

Finally we deduce from the preceding inequalities that
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EFn.(1, T,(E)) < Cy(1 — &) 71 +4A262EFTVEHy V32, .

Consequently

limsup E#7n, (1, T,(E)) < C,(1 — )5,
E—0*

and letting & tend to 0" we deduce

(1, T(E)) < C,E™

or equivalently

N(E',A,— E; Hy—V) < C,E™5 .
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