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Abstract
We analyze the structure of spinor coordinates on resolutions of Gorenstein ideals of codimen-
sion four. As an application we produce a family of such ideals with seven generators which
are not specializations of the Kustin-Miller model.

1. Introduction

In this paper we investigate spinor structures on free resolutions of Gorenstein ideals of
codimension 4. Such structures were first described by Reid in [21].

Let R be a Gorenstein local ring in which 2 is a unit and I C R be a Gorenstein ideal of
codimension 4. Let

d d; d, d
(1) FZO—>F4—4—>F3—;>F2—;>F1—I—>R

be a minimal free resolution of R/I. For the minimal free resolution FF of a Gorenstein ideal
I of codimension 4, there is a quadratic form on F, of F; see [17, Theorem 2.4]. It is also
shown that this quadratic form on F, can be reduced to a hyperbolic form; see [17, Theorem
5.3].

In this setting, we show in our main result (see Theorem 4.2) that there is a spinor structure
on F. We give an explicit relation between spinor coordinates of im(d3) and the Buchsbaum-
Eisenbud multipliers. In particular, the spinor coordinates are square roots of some special
Buchsbaum-Eisenbud multipliers; see Remark 4.3.

We calculate the spinor coordinates for some well-known examples of Gorenstein ideals
of codimension 4 with few generators; see Section 5. For ideals with 7 generators, Kustin
and Miller constructed a family of ideals associated to a 3 X 4 matrix, a 4-vector, and a
variable. This family is also known as the Kustin-Miller model (KMM); see [16, 18]. We
discuss a generic doubling of an almost complete intersection of codimension 3 that leads
to a specialization of the KMM; see Subsection 6.3.

Reid asks if every case of 7 X 12 resolution is the known KMM in [21, page 29]. In this
paper, we construct a new family in Subsection 7.2 using a resolution of a perfect ideal with
5 generators, of Cohen-Macaulay type 2 which was described in [7]. As an application of
our main result (Theorem 4.2), we show that the new family given in Subsection 7.2 is not a
specialization of the Kustin-Miller model; see Theorem 7.2. This answers Reid’s question.

Our calculations uncover a nice structure of Buchsbaum-Eisenbud multipliers and also
reveal an interesting pattern. Assume we look at a resolution of a Gorenstein ideal / of
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codimension 4 in a local ring (R, m). In all the examples we know, the spinor coordinates
belong to the ideal /; see Remark 4.6. Furthermore, for all known examples of ideals I with
6, 7, and 8 generators, some spinor coordinates are not in m/, and hence they can be taken
as minimal generators of /. However, for 9 or more generators, we find an example when all
spinor coordinates are in m/. This suggests that Gorenstein ideals of codimension 4 with up
to 8 generators are easier to classify than those with more than 8 generators; see Remark 7.3.

This paper is organized as follows. As the intended audience are commutative algebraists,
we include an extended Section 2 on representations of general linear groups and special or-
thogonal groups. In Subsection 2.2, while working with orthogonal spin groups, we first
deal with characteristic zero case, and then indicate which results stay true in arbitrary char-
acteristic different from 2. In Section 3 we recall the Buchsbaum-Eisenbud First Structure
Theorem for finite free resolutions and the results of Kustin-Miller on the resolutions of
Gorenstein ideals of codimension 4.

In Section 4 we prove the existence of spinor structures on resolutions of Gorenstein
ideals of codimension 4. We also apply results from Section 2.3 to explicitly calculate the
relation between the Buchsbaum-Eisenbud multipliers and the spinor coordinates.

Section 5 contains the computations of the spinor coordinates for complete intersections,
for hyperplane sections of codimension 3 Gorenstein ideals, and for the KMM with 7 gen-
erators.

In Section 6 we analyze the resolutions of “doublings” of almost complete intersection
ideals of codimension 3. We show that these ideals are closely related to the KMM model.
Finally, in Section 7.1, we show that a Gorenstein ideal of codimension 4 which is a doubling
of a resolution of a perfect ideal of codimension 3 with 5 generators of Cohen-Macaulay type
2 is not a specialization of the KMM.

2. Background in representation theory
In this section we give all the representation theory framework used in the paper.

2.1. Representation Theory of GL(V). Let V be a vector space over a field K (or a free
module over aring R). We will use the following notation for the representations of the group
GL,(V). For the dominant integral weight (a,--- ,a,) wherea; € Zanda; > a, > --- > ay,
S(ay.~.a,V denotes the corresponding Schur module. We denote the Lie algebras of GL(V)
and SL(V) as g/(V) and sl(V), respectively.

Next we recall the definition of a perfect pairing of a bilinear map.

DeriniTion 2.1. A bilinear map Q : V Q¢ V — K is called a perfect pairing if it is a
symmetric bilinear map such that the induced map Q : V — V* defined by f + Q(—, f) is
an isomorphism. A perfect pairing is in the hyperbolic form if rank(V) is even and we can
write it as a direct sum of hyperbolic two-dimensional pairings with matrices of the form

il

In this case, the corresponding basis of V is called a hyperbolic basis.



SPINOR STRUCTURES ON FREE RESOLUTIONS 905

2.2. Preliminaries on representations of the spin groups. In this section we collect the
material involving representation theory of the spin group. We will work over a field K of
characteristic different from 2. However, for the convenience of the reader we first recall the
basic facts over a field of characteristic zero, and then indicate what needs to be modified in
finite characteristics different than 2.

2.2.1. Representations of the spin group over an algebraically closed field of charac-
teristic zero. We work over an algebraically closed field K of characteristic zero. Most of
the material in this section can be found in [11, Lectures 18-20]. Other references are [13,
Chapters 2,3,6], [14, Section 2.15], and [10, Chapter 2]. Let K be an algebraically closed
field of characteristic zero and let V be an orthogonal space of dimension 2m over K. We put
the symmetric bilinear map Q in the hyperbolic form. More precisely, let W be an isotropic
space in V of dimension m. We can identify V with W & W* and the symmetric bilinear map
QO with the duality

Q. WW" - K,

also requiring W and W* being isotropic.

Throughout we deal with the representations of the special orthogonal Lie algebra so(V),
as it is well known that the categories of rational representations of the spin group Spin(2m)
and of so(V) are equivalent. The maximal toral subalgebra in the Lie algebra so(V) is the
maximal toral subalgebra of diagonal matrices in g/(W). It consists of matrices

A 0
(o )
where A is an m X m diagonal matrix. We denote the basis of V as follows. Vectors
{e1,...,en} form a basis of W, and {e_; = e],...,e_, = ¢} form the dual basis in W~.
Their weights are g; and —g; for 1 < i < m, respectively.
Since the symmetric bilinear map Q is in hyperbolic form in any characteristics different
from 2, we can use the representation of Spin(2m) as well. For the representation of the spin

group, we use the following notation. In this case, a maximal torus 7 of Spin(2m) and the
Lie algebra of T, denoted t, are

T= {diag[xly"' ,xm’x,;l]a"' 7xfl] LX € K\ {0}}’

t = {diag[al’ e ’am’ _am, ) _al] : ai E K}
Fori = 1,...,m, define (¢;, D) = a;, where D = diaglay, - ,am, —ap, - ,—a] is in t.
Then {1, ..., &,} is a basis for t*. All representations of Spin(2m) are restricted to 7' so they

decompose into weights with respect to 7. The simple roots are given by &; — g, fori <m
along with the element &,,_; + &,.

Let us recall that when K is an algebraically closed field of characteristic zero, then irre-
ducible representations of so(V) are parametrized by dominant integral weights

A= i /ll-a)i,
i-1

where
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w, =& +:--t+¢&;

forl <i<m-2,w,1 = %(81 Fooot Epy +En), and Wy = 2(E] + - + £y — &) are

so-called fundamental weights, and A; € Z. ’
We denote V(1) the irreducible representation corresponding to the highest weight A.
The fundamental representations of Spin(2m) are V(w;) = A’V for 1 <i < m -2, and
the fundamental representations are the half-spinor representations for i = m — 1 and i = m.
To define them, we need a Clifford algebra

C(V,0) =T(V)/1(V),

where 7T'(V) is a tensor algebra of V and (V) is the two-sided ideal in 7'(V) generated by the
elements

V1 Uy + vy ®v; —20(v1,12)

for vy, v, € V. Note that since the ideal /(V) has generators with components in the Oth and
2nd graded component of 7'(V), the Clifford algebra decomposes into its even part C(V),
and its odd part C(V)_. Additively we have decompositions

cv), =EH /\u

i even

C(V)_ = @/\V

i odd
Letf=e A... Nep.
We have the following result (see [11, Lecture 20] for more details, note that our conven-
tion interchanges W and W*).

Proposition 2.2. The left ideal
S=CWQ)f

is additively isomorphic to the exterior algebra /\* W*. It is therefore a representation of
so(V). It decomposes into even and odd parts S, := N\ W* and S_ := \° W*. Here the
left ideal S is called a Clifford module, and S.. and S_ are called half-spinor modules.

We also have
V(wy-1) =S, and V(w,) =S_.

Both half-spinor representationsV(w,,—1) and V(w,,) have dimension 2!, Let £ c [1,m]
be a subset, and let L€ be its complement. We denote a coset of the tensor Aepw—; by ug.
This is a weight vector of weight %(— Dicr Ei + Diere Ei)-

Note that Clifford algebra is then identified with Endc()(S) and the spin group appears
as certain subset of invertible elements of C(Q). However, we do not need this description,
so we refer the reader to [11, Lecture 20].

For the convenience of the reader we describe the action of the Lie algebra so(V) on
half-spinor representations. Strictly speaking, it will not be needed but it explains weight
decompositions of half-spinor representations.
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Fora,b € V,define R, € End(V) as R, ,v = Q(b,v)a—Q(a,v)b. By [10, Section 2.4], R,
spans so(V) fora,b € V. ThenR,, ., = e_; j—e_;; where ¢; j be an elementary transformation
on V that carries ¢; to e; and others to 0.

For y* € W*, the exterior product €(y*) and the interior product operator i(y) on A\ W are
defined as e(y*)x* = y* A x* and

k
@@ A Ay = D D 0wy A Ay A Ay
J=1
where y; € W*, x* € A W* and &; means to omit yj..

Define linear maps y : V. — End(A W*) as y(y + y*) = i(y) + €(y*) for y € W and
y* € W5 and ¢ : so(V) — Cliffo(V, Q) as o(R,p) = %[y(a), y(b)] for a,b € V where
[¥(a),y(d)] = y(a)y(b) — y(b)y(a). By [10, Chapter 2], ¢ is injective, and the Lie algebra
of Spin(V) is ¢(so(V)).

Let us also look at other exterior powers of V. We have

m—1

/\ V = V(Wpet + W),

K V= VQwpy 1) @ V(Q2w,).

To see the decomposition in the second formula, we proceed as follows. Let O : V — V*
be an so(V)-equivariant isomorphism defined by the formula

O(W)(v2) := O(v1,v2).

This isomorphism defines a similar so(V)-equivariant isomorphism

Ro:hvo Are

We also have an s/(V)-equivariant isomorphism

¢:/m\V*—>/m\V,

using ey A ... Ae, Aer A... A ey, as a volume form. We define an so(V)-equivariant
isomorphism

T:¢0(KQ~):KV—>KV.

One proves easily that 7> = 1. The representation V(2w,,_;) can be identified with the
1-eigenspace of 7 and V(2w,,) can be identified with the —1-eigenspace of 7. Thus the
operators %(T —1)and %(T + 1) are the projections on both direct summands.

Let us also mention the tensor product decompositions that will be useful. They go back
at least to 1967 Cartan’s book [6], but, for our purposes, we refer to [1] and [10].

Proposition 2.3 ([1, Theorem 4.6]). Let K be an algebraically closed field of character-
istic zero.
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2
(1 A\ Vi) = Viw)
@) $:V(wr) = Vo) P K
2
3) N\ V@n1) = P Viwna)
@) $:V(@n1) = VQwn 1) ) €D Viwn-a)
2
(5) N\ Vwn = @ Vwnaa)
(©6) $2V(wm) = VQwn) P P Vwn-)

with the convention that V(wg) = K.

2.2.2. Representations of the spin group over an algebraically closed field of arbi-
trary characteristic. Let K be an algebraically closed field of characteristic different than
2.

In what follows we apply the results of [20] to the fundamental weights w,,—; and w,, of
the root system D,,. The most relevant part of [20] is the Appendix (sections A.2, A.4, A.5
and A.9), and references therein.

Let (V, Q) be a quadratic space where dim(V) = 2m and Q is in the hyperbolic form. Con-
sider the isotropic Grassmannian IGrass(m, 2m). It consists of two connected components
1Grass(m, 2m), and IGrass(m,2m)_. The homogeneous coordinate rings of these varieties
are respectively

) K[Grass(m,2m),] = ) Vidw,1), K[Grass(m,2m)_1 = (P V(dawp).
d=0 d=0

For the root system D,,, both fundamental weights w,,—; and w,, are minuscule, so the re-
sults from [20] apply and all admissible pairs defined in [20, A.2, A.5] are trivial, as the
irreducible module V(w,,-) (respectively V(w,,)) has only extremal weights. Therefore it
has only one Z-form, i.e. its Schur module and Weyl module are the same (see [20, A.2,
A.5]). So there are modules Vz(w,,-1) and Vz(w,,) defined over Z such that after tensoring
with any field we get over K the simple modules over the spin group, which are also Schur
and Weyl modules.

Our definition of V(dw,,-1) (respectively V(dw,,)) is as the d-th homogeneous compo-
nents of the rings in equation (2) above, tensored with K. The identification of the coordinate
rings in (2) describes two components of IGrass(m, 2m) as closed subvarieties of projective
spaces P(V(w,,-1)) and P(V(w,,)), respectively. We refer to these embeddings as half-spinor
embeddings.

The Pliicker embedding of the Grassmannian Grass(m, 2m) restricted to either of the con-
nected components of IGrass(m,2m) is a double of the corresponding half-spinor embed-
ding.

In order to make everything explicit, let us choose a hyperbolic basis
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{61,...,€m,€_m,...,€_1}

in V. Consider a subspace U in IGrass(m, V) whose Pliicker coordinate corresponding to
ei,...,ey is nonzero (this contains a choice of connected component of 1Grass(m, V) in
which U is contained). Then the subspace U has a unique basis whose expansions in our
hyperbolic basis give rows of a matrix

0 0 0 1 X1,1 X1,2 oo X
M= (] X) _ 0 0 e 1 0 X211 X272 e X2m
I 0 ... 0 O Xxu1 Xm2 --- Xum

The subspace U is isotropic which makes the matrix X skew-symmetric. So the big cell
Z in Spin(2m)/P,,—1 is isomorphic to the space of skew-symmetric matrices, where P,,_;
denote maximal parabolic subgroup corresponding to the simple roots &, + &,.

The Pliicker coordinates restrict on Z to the maximal minors of the matrix M, and the
spinor coordinates restrict to Pfaffians of all sizes of all submatrices of X which are them-
selves skew symmetric. Each such Pfaffian can be described by even number of columns of
X (taking also the same rows), and it is the spinor coordinate (i.e. weight vector in V(w,,—1))
whose weight has minus signs precisely at these places. This includes identity which corre-
sponds to empty subset of columns.

So the quadratic relations defining our homogeneous space 1Grass(m, 2m). are the qua-
dratic identities among Pfaffians of all sizes of the matrix X.

ExampLE 2.4. Let us write explicitly the case of n = 5 where we have 10 quadratic rela-
tions, going back to Cartan; see [6]. Let Z C [1,m] be a subset of even cardinality. We write
pf(I) for the Pfaffian of a submatrix of X on the rows and columns from Z. The Cartan
equations are

pf@pf(1234) — pf(12)pf(34) + pf(13)pf(24) - pf(14)p f(23)

pf2)pf(1345) — pf(13)pf(1245) + pf(14)pf(1235) — pf(15)pf(1234)

and eight others which we get by permuting the numbers 1, 2, 3,4, 5.

2.3. Certain Spin(V)-equivariant map P and its properties. Let V be an orthogonal
space of rank 2m over an algebraically closed field K of characteristic different from 2.
The discussion in subsection 2.2.2 implies the existence of a Spin(V)-equivariant map

3) P:VQwp i) — /\V (or P : VQw,) — /\V).

Notice also that since the weights in our representations are integral combinations of ¢;, in
fact this is the map of SO(V)-modules.

REmARk 2.5. The map P will be very important in our application as it will give poly-
nomial formula expressing arbitrary Buchsbaum-Eisenbud multipliers by quadratic expres-
sions involving spinor coordinates.

Before we start we need some notation. The signature of a permutation of the set [1, m],
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denoted by sgn, is a multiplicative map from the group of permutations S, to £1. Permu-
tations with signature +1 are even and those with sign -1 are odd. Also L€ denotes the
complement of a subset £ of [1,m]. For a subset L of [1,m] of even cardinality we denote
up the weight vector of V(w,,—1) of weight with % on coordinates from L£¢ and ‘71 on the
coordinates from L.

m
Lemma 2.6. Set g = [%J There is an equivariant map P : Sr(V(w,,)) — AV which is
defined as

|
) P(ugtty) = 57757 D sen(Ja Ler Aegy Aer
LT,
UTo)=20(L)

such that P(ugug) = ey Nea A+ Ney. Here Jop = {y1,....yutwithl <y <--- <yy <m,

1<k<gq
e = /\ €_i,
ieL
Uy = €—yy Neoyy Ao Nlyy,

er = /\ e,

i€l
sen(Jox, L) is the signature of permutations of Jo, and £(J) is the length of any indexing
set J C [1,m].

Proof. We prove formula (4) by reverse induction on k. For k = ¢,

1
P(szqu¢) = W Z sgn(Jarg, L)e_p A e ANep.
[:CJZ(]
UJhg)=20(L)
Using the action of internal operator on V(2w,,) we see that
i(e%)i(eyj)(uquu¢) = (_l)lﬂuﬂzq\{%ﬂj}u‘ﬁ‘

The map P is equivariant, and hence, by [13, Lemma 6.2.1], the following diagram

VQw,,) s v

ie)iCe ,)J( lRei_g ;

VQwy) —— Ry

commutes. Therefore P(uy, \(y, .y, utg) is of the form

1
T DL sen(ag \ ik Der A e\ Aec
LcThg\lyivyj)
oL)=g-1
Applying interior operator successively, one gets expression for k = 1 as
Sgn(h’h y1}7 Yi» )’])
2
Again, by applying internal operator, we obtain

Pluyy, yup) = (€—y; N epyyjie N ey, + ey, A ey yie Aey)).
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P(ugug) = ey A+ Nepy,.

We extend the map P : VQ2w,) —» A"V toP: S(V(wn) — AV by setting Ply,, ) =0
fori > 1. O

It remains to show that the formula for the map P is valid in any characteristic different
from 2. The reason is that we derive the formula using the action of Lie algebra so(2m) but
this comes from using the one parameter subgroup corresponding to a given root in SO(V).

Remark 2.7. Let £, M c [1,m] of even cardinality. Set L& M = (L \ M) U (M \ L).
Assume that £ © M is nonempty. Note that £ © M is of even cardinality. Using Lemma
2.6, one can evaluate the map P by permuting indices of the monomial uzuq as

1
W Z sgn([l U M, J\/)e_(gmM) Ne_pn Nepeape N epr.

NcLem
ULOM)=2L(N")

Moreover, P(upup) = sgn(L, LYe_p A epe.

Corollary 2.8. For Q c [1,m], let L = QU {p} and M = QU {q} where p,q € [1,m) and
p # q. Then P(uguyy) is

1
E(Sgn(Ql—' {p.ghApHe—g Ne_p Neuipgp ANep+sgn(QUIP, gl {ghe—g Ae_g Aeuip.g Neg)-

2.4. Arbitrary ring R with 2 invertible in R. The constructions of fundamental repre-
sentations /\i V, V(wy-1) and V(w,,) are also valid over any commutative ring R such that 2
is invertible in R. One assumes that V is a free orthogonal R-module, i.e. V has a symmetric
bilinear form which in some basis is hyperbolic. Note that Definition 2.1 is still valid if K is
replaced by any arbitrary ring R with 2 invertible in R.

REmARK 2.9. The formulas for the map P remain valid over any commutative ring R with
2 invertible in R and any orthogonal module V in the sense of Definition 2.1. One can just
apply the formulas from Lemma 2.6 and they remain true in any hyperbolic basis of V.

3. Background on free resolutions

Throughout the rest of the paper R and S denote Noetherian commutative rings unless
otherwise stated, (/) denotes the minimal number of generators of an ideal / of R, and I,
denotes the n X n identity matrix. For an R-module M, we use M* to denote Homg(M, R).
Moreover, ker(f) and im(f) denote the kernel and the image of a ring map f : R — S,
respectively.

Buchsbaum and Eisenbud gave a structure theorem (also known as the First Structure
Theorem) that describes an arithmetic structure of free resolutions as follows:

Theorem 3.1 ([3, Theorem 3.1]). (The First Structure Theorem) Let R be a Noetherian
ring and let I be an ideal of R. Let

d, d, ds d, d,
O->F,—> Fp1— > F, > F —F

be a free R-resolution of R/I and r; = rank(d;). Then there exists a unique sequence of
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s I'n
homomorphisms a;, : R — N\ Fj— for 1 < k < n such that a, := A\ d, and the following
diagram commutes:

Tk
i Ndi 1y

N Fi A Fir

Tak

alt+]
NF—— R
We refer to maps ay, in Theorem 3.1 as the Buchsbaum-Eisenbud multiplier maps. Their
coordinates are called the Buchsbaum-Eisenbud multipliers.

The next remark reveals the structure of a minimal free resolution of R/I where R is a
complete regular local ring and / is a Gorenstein ideal of codimension four.

Remark 3.2 ([17]). Let R be a Gorenstein local ring in which 2 is a unit and let / C R be
a Gorenstein ideal of codimension four with u(l) = n. Let

d. d d d
(5) IFZO—>F4—4>F3—3>F2—2>F]—I)R

be a minimal free resolution of R/I. Then we have the following:
(a) By Gorenstein duality, Fy; = F}.
(b) rank(F) = n and rank(F») = 2n — 2.
(c) By [17, Theorem 2.4], for a minimal resolution F of R/I
d: d d d
F:05R—5F 5 F, 5 F SR,

there exist a symmetric isomorphism Q and an isomorphism p : F — F* of the form:

0 R b, g Mg
[ I LI
0 R F; —F; Fi ——R

(d) If R is a complete regular local ring, then the dualizing matrix Q is of the form

0 In—l
Li.r O

and, by part (c), the resolution of R/[ is

d 0d, d d
F:0—-R— F, — F, = F; = R.

(e) Let (, ) : F1 ® F] — R be the evaluation map and let Q : F> ® F> — R be the
symmetric bilinear map induced by Q. Then

<d2X2,X3> = Q(Xz,d3X3) for all X, € Fh, x3 € FT

(f) F has a multiplicative structure which makes it an associative differential graded R-
algebra.
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(g) The module F» has a structure of an even orthogonal module of rank 2n — 2 according
to Definition 2.1.

RemaARrk 3.3. Let R be a regular local ring or a polynomial ring over a field and let / ¢ R
be a Gorenstein ideal of codimension four with u(/) = n. Let

d d d d
(6) F:0> Fy— F3; — F, — F| — R

be a minimal free resolution of R/I. Then, by Theorem 3.1, we have a4 = d,4 and there is a
n—1

map a3 : R — /\ F, such that the following diagram commutes

n—1 7] d;  p-1
ANFs— 7 A\ F
:l . Ta3
F; — R

3.1. Generic doubling of perfect ideals. Let R be a regular local ring, let J be a perfect
ideal of R of codimension 3, and let S := R/J. Assume S is generically Gorenstein with a
canonical module wg. It is known that one can identify wg with an ideal of S and S/wy is a
Gorenstein ring, [2, Proposition 3.3.18].

Let (F,d) be a minimal free resolution of S over R. Then (F*,d") is a minimal free
resolution of wg as J is perfect. Take the minimal generators f, .. ﬂ of Homg(wg, S), and
let R := R[14,...,7/]. Now we consider the anCCtIVC map ¢ : wy — S where Vo= Zl | Tifis
S := R/JR, and wy 5 1s a canonical module of S. Then wg =~ im(}) since ¥ is injective. Next
[ lifts to a map of complexes ¢ : F* — F which gives us a resolution of a Gorenstein ring
S, /ws of codimension 4. In this case, we say that the resolution of S, /ws 1s obtained by a
generic doubling of F.

4. Spinor structures on resolutions of Gorenstein ideals of codimension four

In this section we show the existence of a spinor structure on a length four minimal
resolution of a Gorenstein ideal over a complete regular local rings and a polynomial ring
over a field; see Theorem 4.2. This is the main result of our paper. Throughout this section,
let K be an algebraically closed field.

DermviTion 4.1. Let (R, m, K) be a regular local ring (respectively a polynomial ring over
K) in which 2 is a unit and let / C R be a Gorenstein ideal (respectively a graded Gorenstein
ideal) of codimension four with u(/) = n. Let

d d d d
F:0> Fy— Fy =5 Fy = F] —R
be a minimal free resolution of R/I. We say that the resolution F has a spinor structure if

there exists a map @3 : R — V(w,-1) ®k R such that the following diagram commutes

R 2@ S (V(wn1)) ®k R

Jrer

/\Fz
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where a3 is the map given by the First Structure Theorem of Buchsbaum and Eisenbud in
Theorem 3.1 and P is the map described in Section 2.3.

Now we are ready to show the existence of a spinor structure on a length four minimal
resolution of a Gorenstein ideal over a complete regular local rings and a polynomial ring
over a field.

Theorem 4.2.

(1) Let (R, m, K) be a regular local ring in which 2 is a unit and K is algebraically
closed. Let I C R be Gorenstein ideal of codimension 4 and let F be a minimal free
resolution of R/I of the form

d d d d
F:05F4—>F;—>F,—>F —R-0.

Assume that the multiplication Q : F,® Fy — F4 defined in Remark 3.2.(e) is in the
hyperbolic form. Then there exists a spinor structure on F.

(2) The same conclusion holds when R is a polynomial ring over an algebraically closed
field K of characteristic different from 2 and I is a homogeneous Gorenstein ideal
of codimension 4.

Before we prove Theorem 4.2, let us explain its meaning more precisely.

REMARK 4.3.

(1) Assume the hypothesis of Theorem 4.2 and let u(/) = n. The Buchsbaum-Eisenbud
multiplier a; g is the square of the spinor coordinate as 7 for £ = - J U J¢, where
J c [1,n — 1] with €(J) even, i.e when the multiindex X C {%1,...,+(n — 1)}
of cardinality n — 1 contains all the numbers 1,2,...,n — 1 (with arbitrary signs).
The Buchsbaum-Eisenbud multipliers for £ = =J U J¢, where J C [1,n — 1]
with €(J) odd are all zero. Note that we already made a choice that im(d3) is in
the connected component Spin(2(n — 1))/P,—». If we make another choice, then
the opposite happens: the multiplier a; x is the square of the spinor coordinate a3 7
for K = -J U J¢, where J c [1,n — 1] with £(J) odd, i.e when the multi-index
K c{£1,...,+(n — 1)} of cardinality n — 1 contains all the numbers 1,2,...,n—1
(with arbitrary signs). The Buchsbaum-Eisenbud multipliers for £ = -J U J¢,
where J c [1,n — 1] with £(J) even are all zero.

(2) For other indices K (i.e. those where some numbers +i are missing for some 1 <
i < n—1), the multiplier as x is given by the expression from Lemma 2.6.

(3) As aconsequence of Corollary 2.8 and Theorem 4.2, we see that

a3 = 3,00(p)43.0ulg)
where K = -Q U {£p} U(QU {p,gh)  or K = -Q U {xq} U(Q U {p,q})".
We need the following lemma for the proof of Theorem 4.2.

Lemma 4.4. Let R be a polynomial ring over an algebraically closed field K of charac-
teristic different than 2 and let I be a codimension four homogeneous Gorenstein ideal of R
with u(I) = n. Let
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F:0oR-d) S FE G265 IR
be a graded free resolution of R/1. Then G has a hyperbolic basis.
Proof. Let

n—1 n—1
G = (P R(-a)) PEP R(-a; + dy)
=1 =1

where a; < - < a,.y <d-ay) < ---<d-ay. Let Q : G — G* be a symmetric
isomorphism that induces a bilinear map Q : G ® G — R. Now choose a basis element e; of
highest degree d — a; of G. Then there exists a complementary €] of lowest degree a; such
that Q(ey, e}) = 1 since Q is non-degenerate; and, for any basis element e; in G, we have
Q(ey, e;) is a constant. Let W = Re; + Re}, and let Wf denote the orthogonal complement
of Wy in G.

If d — a; = ay, then the entries of the matrix with respect to the map Q belong to K.
Then, by the change of basis, one can transform Q into a hyperbolic form. In the case that
d — a; # a;, there exists a 2 X 2 submatrix of O with respect to the basis {ey, €]} of the form

~ 0 1
0 = [1 Z] , where z € R is of positive degree.

1
52

1 ~ 1 ~
Next choose a 2x2 matrix A = [0 i ] such that AT QA = [0 ] Then AT 0, A restricted

1 0
to W is in the hyperbolic form.

If the basis elements of W;- are of the same degree, then we are done. Otherwise, repeat-
ing the argument above for Q;, we can always construct an hyperbolic pair using the highest
and the lowest degree basis elements of W;-.

Continuing in this way, we get Wy = Wi @ Re; + Re; for some k < n — 1 such that the
lowest and highest degree basis elements of W; can be transformed into a hyperbolic pair
and the basis elements of W;" are of the same degree. Then the entries of the matrix with
respect to the map ¢ restricted to W;" belong to K, and, by the change of basis, one can
transform this matrix into the hyperbolic form. This finishes the proof of the lemma. m|

Proof of Theorem 4.2. We first prove part (1). Note that, by the hypothesis in part (1)

and Remark 3.2.(d), a minimal free resolution of R/I is of the form
d Od;
Fr0oR 2 g 2 MR

Let u(I) = n and let {g;,...,9,} be a basis of F. Let {e},...,es—1,€_ps1,...,€-1} be a
hyperbolic basis of F,. By the Leibniz formula, we see that the image of d3 = ng is an
isotropic submodule.

Let R be the field of fractions of R. The complex F®g R, is split exact. We can choose a

hyperbolic basis {¢],...,e/_,,e’ ,,...,e  } of F2®gR ) such thatim(d3®g R ) is the span
of ¢f,...,e/_,. This subspace is in the connected component of the isotropic Grassmannian

IGrass(n — 1, F> ®g Rg)) corresponding to Spin(2n — 2)/P,_,. The subspace im(d3; ®r R o))
is also isotropic, and it has spinor coordinates in V(w,-»).
The Pliicker coordinates of im(d3 ®g R()) are Buchsbaum-Eisenbud multipliers, i.e., the
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coordinates of the map as. The Buchsbaum-Eisenbud multipliers must therefore have ex-
pressions given by Lemma 2.6 in terms of spinor coordinates. By equivariance, such rela-
tions have to be satisfied for every choice of hyperbolic basis of F» ®g Ry, and for every
choice of basis in | ® R).

The only remaining thing is to check that in our original bases {gi,...,¢g,} and
{er,....eqx1,€_1,...,e_,41} the spinor coordinates are not just in R but in R. But for each
of them its square is the appropriate Buchsbaum-Eisenbud multiplier which is in R. Since
R is normal, we conclude that all spinor coordinates are in R. This means all the relations
from Lemma 2.6 are satisfied in R since they hold in R(g). This proves part (1).

In case of polynomial rings over fields, F, has a hyperbolic basis by Lemma 4.4. Thus,
the proof of part (2) of the theorem follows the same as in part (1). |

As a consequence of Remark 3.2.(d) and Theorem 4.2, we get the following corollary.

Corollary 4.5. If R is a complete regular local ring in which 2 is a unit and I is a Goren-
stein ideal of codimension 4, then there exists a spinor structure on a minimal free resolution
of R/L

REMARK 4.6.

(1) The hypotheses of R being a domain could probably be dropped. It would follow by
localizing at the set of non-zero divisors in R, but probably requires some additional
work on half-spinor representations over commutative rings.

(2) The normality assumption also might not be necessary.

(3) As the examples in the next section show, often spinor structures exist even without
characteristic different from 2 assumptions. However this involves finding a hy-
perbolic basis for F, which was established by Kustin and Miller only under this
assumption.

(4) Spinor coordinates are in the radical of the ideal /. If I is a radical ideal, then spinor
coordinates are in /. We do not know any Gorenstein ideal / of codimension 4 for
which the spinor coordinates are not in the ideal /.

5. Examples of spinor coordinates on resolutions of codimension four Gorenstein
ideals

In this section, we give explicit calculations of spinor coordinates on resolutions of well-
known Gorenstein ideals with 4, 6, and 9 generators. In some of these examples, we can
find the spinor coordinates even under weaker assumptions on R than claimed in Theorem
4.2. The first two examples are also discussed in Reid’s paper, see [21].

ExampLE 5.1. Let R be an arbitrary commutative ring and KC(xy, xp, X3, X4; R)s be the
Koszul complex resolving a complete intersection in codimension 4 on elements x, X2, X3, X4
fromR.Let F = R*and R = Sym(F). Then K(x1, x2, x3, X4; R) is a resolution of R/I of the
form

0

K(x1, %2, X3, X43 R) 0—>/\F—>/\F /\F /\F /\F
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with
—X4 0 0 0 X3 —X2
— _ 0 —X4 0 —X3 0 X1
di=ln x x ul d=|, v x -x, 0

X1 X2 X3 0 0 0

Our calculation of the matrices d; and d, gives us the map Q : /\ F - /\ F* in the

hyperbolic form, that is, 0 = [0 I‘] Note that the quadratic form Q : /\ F ®g /\ F - /\ F
is just the exterior multiplication.

For the integral weight (3, 1, 1, 1), Schur module is Si3,1,1.)F = /\4 F ® S>F as rank(F) =
4. Then the following diagram

/\4F®SZF /3\(/2\ F)
A®Al

3
FOANF®F®F

!
2 2 2
NFINFRNF

i—1
commutes where A : /\ F — F® A F is the diagonal map and A is the composition of

interchange of the first and second, diagonalization of the second, and then multiplication of

the second and third components
2 3 2
Since F = R?, themaps/\F®/\F—> /\(/\F) /\F®F—> /\(/\F) and/\F—> /\(/\F)

are zero. Thus S22.0)(F) = $2F ® /\ F® /\ F. For char(K) # 2,

3 2
/\(/\ F)=80220F)®S31,1,H(F).

4 4 3 3
Note that R = A\ F® A F and thereis amap (m;3®1®1)0(A®A): R - SHFONFQN\F
where m3 : F ® F — S, F is a multiplication map (for details; see [22, Section 1.1.1]). We
use the diagonal map

A®A : /\F@AF—>F®/\F®F®/\F

and themap Q : F ® /\ FRFQ® /\ F - /\ F® /\ F® /\ F which interchanges the first and
second, and then multiplies the second and third components to get the map

3 3 302
p24:/\F®/\F—»/\(/\F)

by the commutativity of the following diagram
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P

3 3 32
NF@N\F AN\ F)

A®Al

2 2
FONF®F®\F

302
Thus thereisamap (1@ pyy) o0 : R = SFQ A(A\ F), where 0 = (m3®1® 1) o (A® A).
Now we set a3 = (1 ® pyy) 0 0.

Therefore a3 goes to the summand S22 0)(F) as in the diagram below:

RF®RF__%KF®KF®XF

|

Se220(F) ——— /3\(/2\ F)

In fact, a; is the second symmetric power of the map

E32R—>/3\F

sending 1 to xjex A ez Aeqg — xpe1 Aes Aeq+ x3e; Aey Aey— xqeq A ey A es. This last map
a3 gives us the spinor structure.

Let us interpret this in terms of the root systems. Here we deal with a root system Dj
which is just As;. So the vector representation G of rank 6 can be considered as the second

2
fundamental representation A\ H where H is the 4-dimensional space. Finding the structure

3 2
map asz, we see that it is given by R — A(/\ H). The map a3 is just the map from R to H
and it allows us to identify H and F.

Next we look at a hyperplane section of a codimension three Gorenstein ideal of Pfaffians
of a skew-symmetric matrix.

ExampLE 5.2. Let R be a polynomial ring over Z on the entries of (2n + 1) X 2n + 1)
skew-symmetric matrix X = (x;;) with x;; = —xj;, and an additional variable y. Consider the
resolution given by

1 9

5
(7) F: (0> RL5R—0)®(0 = R g2 22, gt 2

— R —-0)
where 8y = [(=1YPE([1,2n + 11\ {i}, X)| where [1,2n + 1] = {I,...,2n + 1} and 8, = X.
Here Pf(Z, X) denotes the Pfaffian of the submatrix of X on rows and columns from 7 where
1 be an index set of [1,2n + 1]. Note that the resolution F in (7) is a hyperplane section of a
codimension 3 Gorenstein ideal of Pfaffians of a skew-symmetric matrix X.

The matrix of the differential d, : R*"*! @ R*"*! — R @ R***! of F is given by

il 0]

d, = .
? [_y12n+1 X
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Our calculation directly gives
Q . R2n+1 @RZI’H-I N (R2n+1 @RZVH-I)*

which is in the hyperbolic form up to permutation, that is, Q = [12:)+1 126*‘ ] Note that, by
Theorem 4.2, a spinor structure exists on F.

Denote the ith column of d, by e;. Set e_; = es,+1+;. Hence the associated hyperbolic
basis of the middle module R”*! @ R”"*! of Fis {e, ..., ems1, €1, - ., e_(n+1))-

Let N = =T U ([1,2n+ 1]\ I). Let J be an index set of [1,2n + 2] = {1,...,2n + 2}
where the cardinality of 7 is equal to 2n + 1, and let (d») 7 » denote the (2n + 1) X 2n + 1)
minors d, on rows J and columns N . Note that (2n + 1) X (2n + 1) minors of the matrix d,
corresponding to .J rows and N columns are of the form:

y2"+1_€(1)(Pf(I,X))2, if J =1[1,2n+ 2]\ {1},

d =
)y {Pf([1,2n+ TN, Xy D(PHT, X))?, if T = [1,2n+ 2]\ {i).

By Remark 3.3, we have a3 »» = y*" “D(Pf(Z, X))*. Then the spinor coordinates a3 1
corresponding to T are +y"“D/2Pf(Z, X) by Remark 4.3.(1). If the cardinality of Z is 2n,
then Pf(Z, X) is the spinor coordinate.

ExampLE 5.3. In the 9-generator case, we have two examples of resolutions where none
of the minimal generators are spinor coordinates. Note that we cannot explicitly get a hy-
perbolic basis over Q, but, over C, we can by Theorem 4.2.(2).

(1) The ring R is a polynomial ring in 9 variables on the entries of 3 X 3 generic matrix
X over a field K of characteristic different than 2. The ideal [ is generated by 2 X 2-
minors of the matrix X.
(2) Thering R is a polynomial ring in 8 variables over a field K of characteristic different
from 2 and [ is the ideal of the generated by the equation of the Segre embedding
P! x P! x P! into P,
We observe that degree of all spinor coordinates is 3 whereas minimal generators of I are of
degree 2. Hence none of the minimal generators of / are spinor coordinates.

6. A generic doubling of an almost complete intersection and Kustin-Miller model

In this section, we discuss a generic doubling of an almost complete intersection of codi-
mension 3 which leads to a specialization of Kustin-Miller model given in Section 6.1.
Throughout all polynomial rings are over a field K of characteristic different from two.

6.1. Kustin-Miller model (KMM). We recall the well-known Kustin-Miller family of
ideals associated to a 3 X 4 matrix, a 4-vector, and a variable. For details, see [16, 18].

Let R be a polynomial ring over K with indeterminates v, x;, and a,,, where i = 1,...,4,
m=1,...,3,andn=1,...,4.
Let

ayp dpp apz a4

X1
X
[xz] and M = az; dyy dxz dz|.

X4

®) X

aszy dzp dsz  ds4
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We set g; = ijl a;jjxj = aj x| + apxy + azx; + auxs4 and
©)] I =4q1,q2, q3, x10 + M123.234, X200 — M 123,134, X30 + M 123,124, X40 — M23.123),

where M., is the minor of the submatrix of M involving K rows and £ columns. Let s be
a 12 x 12 exchange matrix with entries of the form

I, j=12-i+1
Sij = . .
0, j#I12—-i+1.

. 0 I . .
Note that s can be put in the form [I 8 ] up to permutation of columns. Then a minimal
6

free resolution for / is given by
a :
(10) 0RO 2 i L RiIS0
where
dy = [611 g2 g3 X1+ Migzozs Xov— Mizzs x30+ Miozios X4 — M123;123] ;

and the matrix D is
¢ —q3 0 Mz  Myuoy  Mppy  Mygs Mgz My —-v 0000

q1 0 -3 —Mpza —Mizps —Mizps —Mpe —Mizngz —Mizz 00 -0 0
0 ¢ g Mpzs Moy  Mpos  Mpys Mgz Mpgp 00 00 -0
0 0 0 —X2 X3 —X4 0 0 0 an any asy|.
0 0 0 X1 0 0 —X3 X4 0 daip dpy dzp
0 0 0 0 —X1 0 X2 0 —X4 apz  dzz  dsz
0 0 0 0 0 X1 0 —X2 X3 als  dysa  dzg

6.2. Spinor coordinates of the Kustin-Miller model. Next we calculate the spinor co-
ordinates on the Kustin-Miller model. Let us assume the notation in Section 6.1 and denote
the ith column of the matrix D by ¢; and e_; = eg.;.

RemMark 6.1. By Theorem 4.2, a spinor structure exists on the resolution (10) and hence
we get spinor coordinates. Let us discuss the computation of spinor coordinates displayed
in Table 1: We first find the Buchsbaum-Eisenbud map a3 with the help of Remark 3.3. For
J ={1}, a3 ¢ = —x}q3 where K = =J U J*. By Remark 4.3(1), we get a3 1, = tx1q3 where
¢t € C denotes the imaginary part of a complex number. Let us consider K = {+1, 3,4, 5, 6}.
Then as x = —x%q2q3. By using Remark 4.3(3), we have a3 .13456, = @31a3,2. Then
as ) = tx1q2. A repeated application of Remark 4.3(3) gives

2 _ = —_—
—X1X2g3 = Q3123445 = A3 (1}A3(1,56)-

Hence we get a3(156 = tx2g3. Using the relations in Remark 4.3(3), one can similarly
calculate the rest of the nonzero spinor coordinates given in Table 1. Also we observe that
four minimal generators of the ideal / in (9) are among the spinor coordinates in Table 1.

6.3. Generic doubling of an almost complete intersection. In this subsection, we recall
a resolution of an almost complete intersection ideal of codimension 3 given in [9]. We
start with a generic doubling of an almost complete intersection of codimension 3. Next in
Theorem 6.3 we see that such doubling is a specialization of the KMM. In Theorem 6.4 we



SPINOR STRUCTURES ON FREE RESOLUTIONS 921

get a resolution of the deformation of the ideal given in (17). Finally, in Corollary 6.5, we
conclude that resolutions of such deformed ideals are specializations of the KMM given in
Section 6.1. For generic doubling computations, we use Macaulay?2 software [12].

Remark 6.2. Let R = K[c;j, ux] be a polynomial ring over K where the variables c¢;; are
skew-symmetric in i, j and variables uy,; are generic variables for 1 < k,/ < 3. Consider a
3 X 3 generic skew-symmetric matrix C = (c;;) and a generic matrix N as

—uy U2 —U3
N =|-ux up -—uxy].
—u3| Uzx —U33

Let J = (q1, 92,93, —N123;123) be an ideal of R where g = co3u1 — ci3uin + cppus, 2 =
Co3Up] — C13Upp + CioU23, g3 = Co3U3] — C13U32 + CioU33, and NJ;IC is the submatrix of N
involving J rows and K columns. By [9, Proposition 2.4], a minimal free resolution of R/J
is

d d d
(11) F:0->R SR SR SRR/,
where
d = [611 Q@ g3 —N123;123],
[—q> —gq3 0 Nyao  Nozaz  Nazos
dy = q1 0 —-g3 —Nizi2 —Niziz —Nizos
0 g1 g Niziz Nz Nips
[ 0 0 0 —C12 C13 —€23
[ 0 —ci2 ci3 ]
c12 0  —c23
ds = —C13 €3 0 .
—ur Uy —U3
—Uyl Uy —U3
| —u31  Uzp  —U33]

Next we study a generic doubling of the resolution F given in (20) above. Applying
Homg(—, R) to F, one gets an acyclic complex

d; d d
F*:0—>R‘I—>R4‘2—>R6‘3—)R3—>U)R/J—)O,
where d; = —d’, d; = —d} and d} = —d! . By using Macaulay? software [12], we compute
Homg, j(wg, s, R/J) which is generated by the image of the following matrix
-3 Npzpz Nizps Niops
H=|-ci3 —Npuz —Nizuzs —Nizas|-
—ci2 Noziz Niziz Nz

Let R = R[11, T2, T3, T4]. Note that

fond ~ dy ~ dy —~—;, d| — _ -
(12) F:0->R SR SR S5R-SR/JR-0,
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and
&

= . 54 b s b
(13) F:0oR—>R DR >R - wzr—0

are minimal free resolutions of R/JR and wg, k> Tespectively.

We set
§1 = T4C23 + T1N2323 + T2 N33 + 73N 1223,
§2 = 14€13 — T1N23513 — T2N1313 — 3N 12,13,
53 = T4C12 + T1N23;12 + T2N1312 + 3N 1210
Let
—uir Ui U3 T
(14) M =|-up upy -—uy -Taf.

—Usl Uz —U3z T3

Take ¥, = [sl 5> S3], and

7 7 ’
My Mypy  Myzzy —7a 00
’ 4 7
v, = M3y Mz, Mz, 0 -74 0
’ ’ ’ ?
Miay Mgy My 000 -7y
0 0 0 —T1 T —T3

where M. . denotes the minor of M’ involving K rows and £ columns.
Set 5 = —1//§ and ¥, = —1//1T. Then ¢, : R® > R lifts to the chain map ¥ : F* - Fof
complexes as follows:

— — ds d, d; —
F:0 R3 R® R* R
R RS
F:0 R R* R® R3
Let
(15) I=JR+ (51,52, 53).

Then the mapping cone with respect to ¥ gives us a complex of the form
(16) C) 0-RER R SR L RS RI—0

where

4T T
clo ol ool S ooft ool

Theorem 6.3. The resolution given in (16) is a specialization of the KMM after substi-
tuting x; = —c23, Xa = —C13, X3 = —C23, X4 = 0, v = 74, and then sending M in (8) to M’ in
(14).

In the next theorem, we give a minimal free resolution of the following deformed ideal

(17) I(t) = {q1 + tT1,q> — T2t, q3 + 131, — det(N) — 741, 51, 52, 53)



SPINOR STRUCTURES ON FREE RESOLUTIONS 923

in the bigger polynomial ring S = RI[t]. Further, we show that the resolution of I(z) is a
KMM.

Theorem 6.4. The ideal I(t) of S in (17) above is a Gorenstein ideal of codimension 4.
Moreover, a minimal resolution of S/1(t) is

(18) 0= S 04(8) S7 63(1) Slz 62(1) S7 61(1)

S — S/1(t) — 0.

Proof. Set A = [Tl -1, 13 —-14 0 0 0]. Then the deformation of the ideal /, given
in (15), along A is I(¢) = im(8,(¢)), where

T
01(1) =01 + 1A, 6(t) = [dz lﬁz :|, 63(1) = [ d3 _lﬁZ} ,

¢, —dy ~¢, —d;
w 000 -0 0
64(t):[_d7_lmT],and¢2: 0000 ¢ O
! 000 0 0 —

By computation in Macaulay2, we see that im([8;(¢)]7) = ker([62(t)]7). Now we use
Buchsbaum-Eisenbud exactness criteria given in [5]. The rank condition is immediately
satisfied. We claim that depth(/(6;(r))) > 4 where 1(d;(¢)) denotes the ideal generated by
r; X r; minors of 9;(¢) for 1 < i < 4. By construction, we see that the ideals (/(6;(¢)), f) and
(1(6;), t) are the same. Thus depth of 1(d;(?), f) is at least 5 and the claim follows. ]

As an application of Theorem 6.4, we have the following result.

Corollary 6.5. The resolution (18) in Theorem 6.4 is a specialization of the KMM after
substituting x; = —c3, X = —C13, X3 = —C23, X4 = 1, UV = T4, and then sending M in (8) to
M’ in (14).

7. Generic doubling of resolutions of the format (1,5,6,2)

In our last section, we use the resolution of the format (1,5, 6, 2) studied in [7, Section
3] to construct a generic doubling of a resolution (22) of such format. In Theorem 7.2, we
show that the resolution (22) is not a specialization of the Kustin-Miller family.

7.1. Resolution of the format (1, 5, 6,2). We recall a minimal free resolution of a perfect
ideal of codimension 3 with 5 generators of Cohen-Macaulay type 2. This subsection is from
[7, Section 3].

Let K be a field of characteristics different from two. Let R be a polynomial ring over K
with variables Xi.j» Yij (1<i<j<4),and Zijik (I<i<j<k<4).

We use A(ij, kl) to denote the 2 X 2 minors of the matrix

X12 X13 X14 X23 Xo4 X34
Y12 Y13 Yia Y23 Y24 Y34

corresponding to the columns labeled by (i, j) and (k,/). The cubic generators are u; 3,
U4, 134 and up 34, where

U123 = =22234A(12,13) + 221 34A(12,23) = 221 24A(13,23) + 212, 3(A(13,24) — A(12, 34) + A(14,23)),

uina = 22234012, 14) — 221 3 4A(12,24) + 21 24(A(12,34) + A(13,24) + A(14,23)) — 221 2 3A(14, 24),
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Uis4 = 222340013, 14) + 21 34(=A(12, 34) — A(13,24) + A(14,23)) + 221 24A(13, 34) — 221 53A(14, 34),
U234 = 2234(~A(12,34) — A(13,24) — A(14,23)) — 221 34A(23,24) + 2212 4A(23,34) — 271 23A(24,34).

Let u = b* — 4ac, where

a = X12X34 — X13X24 + X14X23,
b = X12y34 — X13Y24 + X14Y23 + X34Y12 — X24Y13 + X23Y1 .4,
C=Y12Y34 —Y13Y24 t Y14Y23.

Consider the ideal

J(1) = (up3.4(1), 1 3.4(0), u12,4(1), U1 23(1), u(t))

in the bigger polynomial ring S = R[t], where

uip3(f) = —uip3 + 2123t

up4(t) = —uip4 + 2124t

u34(t) = —ui134 + 21341

uz34(1) = —uz34 + 22341
u(t) =u— 2.

It is shown in [7, Theorem 3.1] that J(r) is a perfect ideal and S/J(¢) has a minimal free
resolution over § of the form

with differentials

[0, uy -6 +6, -3+t 2A(13,14) —2A(12,14) —2A(12,13)
—vy —uy —2A(23,24) —-61 -0+ 03 +1 2A(12,24) 2A(12,23)
d) =] vz uz 2A(23,34) 2A(13,34) 01— 0 — 03—t —2A(13,23)
V4 Uy 2A(24,34) 2A(14,34) —2A(14,24) 61 —06,— 03+t
| 0 0 —2234 —Z1,34 21,24 21,23
and
b+t 2a ]
-2c -b+t
am=|"""
1] up
U3 us3
| —U4 —Ug |

where u; = Y. (=1)'xijz, v; = X j(=D'yijz, 61 = A(12,34), 6, = A(13,24), and 63 =
A(14,23).

7.2. Generic doubling of resolutions of the format (1,5,6,2). Let us construct a generic
doubling of the resolution F stated in (19) of the format (1,5,6,2).
We apply Homg(—, S) to F to get the complex
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di(y 5 do0y

F:0—S S 6 LW

S S* = wsyyw — 0,

where d3(1)" = —d3(1)7, dr(t)* = —d>(1)", and d(¢)* = —d(1)". Here F* is acyclic as J(1) is
a perfect ideal in S.
Consider the bigger polynomial ring S = S[711, 72, T3, T4, Ts, T¢]. Note that

) ds(1) 6 dx(1)

—~ d
(20) F:0o3 S 40T

S

—§/JS—0

ds(t) 5 ) =5 di) =
S S $ - w550

1) F:0-8

are minimal free resolutions of S/JS and wg, 5 respectively.
Then we compute Homg, ;) (ws/ (), S/J(t)) by Macaulay?2 [12], which is generated by the
image of the matrix

us uz  up uy b-—t 2a
—-v4 —v3 —-Uy -U; —2¢c -b-t|

Lety,(t) = [fi(0) f(0)]. where

fi(®) = —Tyug — Touz — T3Uy — T4ly + Tsb + 2ate — T5t

fo(t) = T1vg + Tov3 + T30y + T401 — 2¢Ts — bTg — Tet,

and take ¥,(¢) to be the transpose of the matrix given in Figure 1 at the end of this paper.
Then i, (¢) : S? — S lifts to the chain map ¥(¢) : F* — F such that

di(t) 1) d,(1)

F:0 $2 S6 s> S
—‘Pl(f)TT — (" 210] '//1(5)/[
F* 0 3: d\(0)* ~5 d ()" 376 d;(1)" 3:2

Let I(r) = J(I)E + (fi(®), f2(¢)). Then the mapping cone with respect to ¥(z) gives a
complex of the form

~ 0 o ~15 O o
(22) CW(): 0 — 4(1) §7 3(1) 512 2(1) '5,7 1) S—)S/I(l)—)()

with differentials

810 = [di(t) ¢, )], 6z(r)=["2<f> 20 }

0 —di(n’

dy(t) —,(0)" Py
b= [0 - [407).

Note that §5(f) = s8,(t)" where s is a 12 X 12 exchange matrix with entries given by

I, j=12-i+1
Sii =
oo, jE12-i+1,
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Is O
In the next remark, we provide spinor coordinates of the minimal free resolution C(¥(?))
stated in (22).

0 I
and s can be put in the form [ 6} up to permutation of columns.

Remark 7.1. By Theorem 4.2, spinor coordinates of the resolution in (22) exist and we
display these coordinates in Table 2. Let us briefly discuss the computation used in Table 2.
By applying column operations on resolution (22), one gets differentials as

dy() (1) }

81 = |di(t) ¢, ()], 52“):[ 0 —dy)

_ —Y,(0)"  d3(1) _ T
03(1) = [—dz(t)T o |- 00 =010
We denote the ith column of §,(¢) by e; with e_; = eg,;. Then {ey,...,e5,e_1,...,€-6} 18

the associated hyperbolic basis of stz Computing 6 X 6 minors of d,(¢), we see that the
coordinates of a3 corresponding to the multi-index —J U J¢ are squares where J C [1, 6]
are of even cardinality. Therefore a(t); ¢ = E(t)g’ 7 by Remark 3.3. For each [J C [1, 6], we
record a(t); 7 in Table 2. Note that i in Table 2 denotes the column corresponding to e_;.

We conclude with our main application. Using spinor coordinates, we show that the
resolution (22), which is a generic doubling of a resolution of the format (1, 5, 6, 2), is not a
specialization of the Kustin-Miller family in Section 6.1.

Theorem 7.2. The resolution given in (22) is not a specialization of the Kustin-Miller
family in Section 6.1.

Proof. Suppose the resolution (22) is a specialization of the KMM given in Section 6.1.
Then as i for K cC [1, 6] of the resolution (22) corresponds to as o for some £ C [1, 6] of
the KMM. Therefore spinor coordinates in Table 2 go to spinor coordinates in Table 1 of
the KMM. In Table 2, we see that only one of the spinor coordinates is among the minimal
generators of the ideal in resolution (22). Then, by specialization, the KMM can have at most
one spinor coordinate among minimal generators of / in Section 6.1. This is not possible as
Table 1 displays four spinor coordinates among minimal generators of / in Section 6.1. O

Remark 7.3. Calculations in Examples 5.1, 5.2, Remark 6.1, and Theorem 7.1 show that
at least one of the minimal generators of a Gorenstein ideal with 4, 6, or 7 generators are
among the spinor coordinates. However, in case of a Gorenstein ideal with 9 generators,
we see in Example 5.3 that none of the minimal generators of the ideal comes from spinor
coordinates. This suggests that Gorenstein ideals of codimension 4 with up to 8 generators
are easier to classify than those with more than 8 generators.
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Table 1. Spinor coordinates of the KMM with 7 generators

Cases as g
J ={i}fori=1,2,3 X1q4—i
J =1{56}ul{i}fori=1,2,3 X2q4—i
J={4,6ulitfori=1,2,3 X3q4-;
J ={4,5ufi}fori=1,2,3 X4qa—i
J =1{1,2,3} X1+ Mi2334
J =1{1,2,3,5,6} X200 — M 123134
J =1{1,2,3,4,6} X30 + M123;124
J =1{1,2,3,4,5} X40 — M123;124
J =1{1,2,4} angs — g
J =1{1,2,5} an3qs — asqz
J =1{1,2,6} ar4q3 — azaq>
J =1{1,3,4} a12q3 — azqi
J =1{1,3,5} ai3q3 — az3qi
J =1{1,3,6} ai4q3 — azq
J =1{2,3,4} angs — anq
J =1{2,3,5} an3qs — asq
J =12,3,6} ar4q3 — azaq>
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0 Eﬁwm + m.:uzwm + SaPli — 9avlx—
0 Eiwm + S.mswm — S2E1fi + 92€lx

0 _ZN_NW _ ﬁmm_wm — STff — 93T x—

0 0
9y T2V + TLE1A + €2017
Sy Ip¥lxy — o€y — €200x—

Emmwm _ ﬁwﬁwm + S2VThA 4+ 92ty
:.wmwwm - ﬁmﬁwm — S1€CU — 92800 —
0
C§wm + ﬁmﬁww + S2TUi 4+ 92Ty
12V — T2€0 — vaTlfi

I2¥lx + C2€Cx 4 V2Clx—

mtﬁww _ ﬁ:iwm _SavEfi — 9 vExr—
0
Cvmmwm + Smm_wm + S2€°/ + 921€Tx
C%Sw _ SQSW + S2€1/i — 92€1x—
12V€f + €1€CA — P2€lfi—

l2¥ex — €280 + V2Elx

0
S.wmmwm + ﬁvﬂww 4 S1VEA 4+ 91FEX
N.%mwwm + Evﬁww _SaVTfi — 9 v —
N.tiwm _ miﬁww — Sa¥fi 4+ 92ty
TYEf + €AV + YaVIA

Qvex — €avly — Vavix—

Fig.1. The Matrix ¢,(¢)
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Table 2. Spinor coordinates of resolution (22)
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Cases for a(r); 5

a(t)sg =0

a(t)z 12y = wu(r)

a(t)3 13y = t(xoau134(1) — x3au12,4(1) — X14u23 4(1))

a(1)3 1.4y = t(x3u134(1) — X3au123(1) — xX13U23 4(1))

a()3 15 = —X2au123(1) + X311 2,4(F) — X12U23 4(1)

a3 1,6 = X13u12,4(1) — X141123(F) — x12U1 3.4(F)

a(0)3,2,3) = Uy3au12,4(8) — yoau 3 4(1) + Y4123 4(1))

a(0)3,.4 = Uy3au123(8) — yosug 34(1) + Y1323 4(1))

a(1)3, 0,5 = —Youu123(1) + y3u134(t) — y1ouz3.4(1)

a3 0.6 = —Y1au123(1) + y13u12.4(t) — yroui 3.4(1)

~ 1
a3 3.4 = 3[U(za34u134(0) — 21 34u23 4(1)]

~ 1
a3 35y = 3[223.4u124(0) — 212.4u234(0)]

~ 1
a3 ;.6 = 3lz2134u124(0) — 212,411 34(0)]

~ 1
a(t)s a5 = 5lz23.4u123() — 2123U234(1)]

~ 1
a3 a6y = 3[z13.4u123(1) — 2123u134(0)]

~ 1
at)ss.6) = 5[Uz124u123() — 2123u124(1))]

a3 1234 =

He(Tauy 3,400 + T3u23,4(0) + 2934 f1(1) + 2x34 f5(1))]

a3 1235 =

=Tau1 24(0) + Tou()23.4 — 224 f1 (1) — 2224 f(0)]

a3 1236 =

w2400 + Tour 340 = 2414 f1 (1) — 2x14 f5(0)]

a3 1245 =

H=rau1 23(0) — Tiua3.4(0) = 2y23 f1(1) — 203 fo(0)]

a(t)s 1246 =

Hrsu23(0) = Tyur 340 = 2413 f1(1) — 2x13.f5(1)]

a3 1256 =

He(=Tou1 23(8) = Tu124(0) = 2y12.f1 () = 2x12f2(1))]

a3 1345 =

N —tsuz3.4(0) + 2234 /i ()]

a(t)313,46) =

Hu(=tsu134(0) + 21341 (1))]

a3 0345 =

%[T 6Uz34(1) — 2234 2(1)]

a(t)3 346, =

%[T6u1,3,4(f) - 2134/2(0)]

a3 356 =

3o 24(1) — 2124 /2(1))]

a3 456 =

He(=T6u123(0) = 2123 (0)]

a(t)3 1345 =

He(=tsu123() + 2123 /1(1))]

a3 1356 =

He(=Tsu12,4(8) + 2124 /1(1)]

a3 1456 =

Hu=tsu123(0) + 2123 /1(1))]

a(1)3123.4,5.6)

= Lure fi(t) = 15 fo(1))]
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