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ABSTRACT
We conduct dissipative particle dynamics simulations of nonionic surfactant solutions to investigate the statistical properties of micel-
lar recombination. We categorize the recombination events into self-recombination, where two micelles created by scission join together,
and non-self-recombination. We find that these two recombination events exhibit distinct statistical properties. The probability density
function of the recombination time for self-recombination follows a power law, and we show that the mean squared displacement of the
surfactants determines the exponent of the power law. In contrast, the survival function for non-self-recombination is exponential, which
is consistent with the mean-field model. For non-self-recombination, we evaluate the mean recombination time for various aggregation
numbers, temperatures, and surfactant volume fractions. We find a scaling law describing the mean recombination time of the micelles at
equilibrium.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0175946

I. INTRODUCTION

Surfactants consist of hydrophilic and hydrophobic moieties
and typically self-assemble into micelles in aqueous solutions. In
particular, wormlike micelles have been the subject of many rheo-
logical studies because they exhibit viscoelasticity similar to that of
polymers.1–3 However, unlike polymers, wormlike micelles exhibit
constant scission and recombination.4 These scission and recombi-
nation kinetics result in unique rheological properties. For example,
the linear viscoelasticity of concentrated micellar solutions is well
described by the Maxwell model.4–7

Over the last few decades, several theories have been proposed
to explain the rheological properties of wormlike micelle solutions.
Cates4 derived the relaxation time of concentrated micellar solu-
tions from the reptation time and lifetime under the assumption
that scission and recombination events are uncorrelated, which
corresponds to the mean-field treatment of recombination. How-
ever, O’Shaughnessy and Yu8 theoretically demonstrated that such
mean-field treatments sometimes break down. They defined self-
recombination as the process in which two chain ends created by
scission recombine with their original partner. They found that
the distribution function of the recombination time exhibits a
power law when self-recombination is the dominant mechanism.

In addition, they showed that self-recombination leads to an alge-
braic decay of stress relaxation at short time scales. Nyrkova and
Semenov9 also theoretically demonstrated that strong correlations
between chain scission and recombination result in nonexponen-
tial stress relaxation. Therefore, it is imperative to consider self-
recombination in order to understand the rheological properties of
micellar solutions10 and develop mesoscopic models.11

O’Shaughnessy and Yu’s theory8 was verified using coarse-
grained molecular simulations of polymer-like linear chains with
scission and recombination kinetics. Padding and Boek12 conducted
molecular simulations of concentrated micellar solutions using the
FENE-C model,13 where scission and recombination are introduced
into the finitely extensible nonlinear elastic (FENE) potential. They
numerically demonstrated that parameter regimes exist in which
self-recombination predominates at short time scales, as predicted
by O’Shaughnessy and Yu.8 The authors of the work of Huang
et al.14 modeled micelles using linear chains with a stochastic kinetic
model for scission and recombination. They reported that in semidi-
lute solutions, the probability density function of the recombination
time for self-recombination follows a power law whose exponent
is consistent with the theory.8 The authors of the work of Thakur
et al.15 proposed a coarse-grained model in which the internal struc-
ture of micelles is ignored and the wormlike micelle is represented
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by a string of trimers. They showed that the probability density
function of the recombination time exhibits a crossover from an
exponential function to a power law when the system undergoes a
transition from the fluid to the gel phase. However, in these previous
studies, the recombination process was explicitly modeled based on
several phenomenological assumptions. For instance, in some mod-
els, recombination occurs only at chain ends; thus, these models are
limited to linear chains. In addition, the above-mentioned models
ignore complicated internal structures of micelles. Therefore, the
statistical properties of more realistic micelles formed through the
self-assembly of surfactant molecules remain unclear.

Self-assembly of surfactants has been extensively studied using
molecular simulations.16–24 Sangwai and Sureshkumar21 employed
the coarse-grained molecular dynamics (CGMD) method to reveal
the recombination process of two spherical micelles. The authors of
the work of Liu et al.24 reported typical recombination processes of
surfactant micelles using CGMD. Although recent molecular sim-
ulations have investigated the recombination dynamics of micelles,
only few studies have been conducted on the statistical properties of
recombination.25 One major issue is the high computational cost of
obtaining large amounts of micellar recombination data.

We overcome this difficulty by using the dissipative particle
dynamics (DPD) method.26–28 Owing to coarse-graining and soft
repulsive interactions, DPD allows simulations of large systems over
long time scales at a low computational cost. Furthermore, surfac-
tant and water molecules are explicitly considered. Thus, we can
investigate the statistical properties of the recombination of micelles
composed of surfactants. In other words, we do not use an explicit
kinetic model for micelles. However, the definition of the recombi-
nation time is not clear for micelles composed of surfactants. For
the bead–spring chains used in previous studies,12,14 recombina-
tion is defined as the formation of a bond between the two arms
of the beads. In contrast, because we do not rely on a bead–spring
model, the conventional recombination definition cannot be applied
to our system. In this study, we first consider the definition of recom-
bination applicable to the micelles considered. Then, we classify
the recombination events into two categories: self-recombination,
where two micelles created by scission join together, and non-self-
recombination. We demonstrate that the two types of recombination
events in surfactant micelles exhibit qualitatively different statistical
properties, as predicted by O’Shaughnessy and Yu.8 Furthermore,
we discover a scaling law for the mean recombination time by con-
ducting DPD simulations at various temperatures and surfactant
volume fractions.

II. METHOD
A. DPD governing equations

In this study, we use the DPD method to conduct mesoscopic
simulations of nonionic surfactant solutions. In DPD simulations,
a single DPD particle represents a group of atoms and molecules.
The motion of the DPD particle obeys Newton’s equation of motion.
There are four types of forces: conservative, dissipative, random, and
bonded. Further details of the DPD method have been described in
previous studies.29,30 In the following, all quantities are nondimen-
sionalized by kBT0, m, and rc, where kB is the Boltzmann constant,
T0 is the reference temperature, m is the mass of the DPD particle,
and rc is the cutoff distance.

B. Surfactant model
The model of a nonionic surfactant molecule contains a

hydrophilic head particle and two hydrophobic tail particles, which
are connected by harmonic springs expressed as

FB
i j = −ks(∣rij ∣ − req)eij , (1)

where ks is the spring constant, req is the equilibrium bond distance,
rij = ri − rj, and eij = rij/∣rij∣ with ri being the position of the ith par-
ticle. Table I lists the simulation parameters for surfactant solutions.
Here, N is the total number of DPD particles, ρ is the number den-
sity of DPD particles, σ is the random force coefficient, and aij is the
conservative force coefficient between the different types of particles.
The subscripts indicate the particle types, and h, t, and w denote the
head, tail, and water particles, respectively.

C. Simulation details
To integrate the equations of motion, we use the modified

velocity Verlet method28 with the time step Δt = 0.04 and the para-
meter λ = 0.65 introduced in this algorithm. We have confirmed that
these parameters achieve sufficiently accurate temperature control.
We impose a random initial configuration and conduct simulations
for 20 000–40 000 time units depending on the parameters, achiev-
ing statistically steady values of the potential energy and the number
of micelles. All the analysis is done after this initial equilibration.
We implement a systematic parameter survey by changing the tem-
perature T and surfactant volume fraction ϕ. When we vary T, the
dissipative force coefficient γ changes to satisfy σ2 = 2γkBT while fix-
ing the value of σ at 3. We perform all the DPD simulations using our
in-house code.

D. Analysis details
We need to identify the micelles in the system to evalu-

ate individual micellar properties. We define micelles adopting a
method used in previous studies.31,32 In this method, two surfac-
tant molecules belong to a common cluster if a hydrophobic particle
of one surfactant molecule is within rc(=1) of a hydrophobic parti-
cle of the other. If a cluster has an aggregation number Nag that is
larger than a threshold value nmic(=10), the cluster is regarded as a
micelle.

To focus on the micellar properties for a fixed Nag, we use con-
ditional statistics based on Nag instead of statistics for all the micelles
in the system. Specifically, when evaluating the properties of micelles
with Nag, we use the data for micelles with aggregation numbers that
lie within [Nag − ΔNag, Nag + ΔNag], where we set ΔNag = 0.05Nag.

TABLE I. DPD simulation parameters for surfactant solutions. N is the total number
of DPD particles, ρ is the number density of DPD particles, σ is the random force
coefficient, ks is the spring constant, req is the equilibrium bond distance, and aij is the
conservative force coefficient between the different types of particles. The subscripts
indicate the particle types, and h, t, and w denote the head, tail, and water particles,
respectively.

N ρ σ ks req ahh aht ahw att atw aww

648 000 3 3 50 0.8 25 60 20 25 60 25
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III. RESULTS
In this section, we demonstrate that micellar recombina-

tion events consist of two types (self-recombination and non-self-
recombination) with distinct statistical properties. We then evaluate
the characteristic timescale of non-self-recombination and show
its dependence on the aggregation number, temperature, and sur-
factant volume fraction. Before delving into the details of recom-
bination, we briefly describe the characteristics of our system.
As reported in our previous paper,29 the structures of surfac-
tant micelles depend on the aggregation number Nag. Specifically,
micelles are spherical for Nag ≲ 50, rodlike for 50 ≲ Nag ≲ 200, and
wormlike for Nag ≳ 200. Note that micelles can form branched struc-
tures, especially for large Nag, which is a crucial difference from
previous studies.12,14 Incidentally, there is no entanglement effect in
the considered system.29,30

A. Two types of recombination events
Herein, we demonstrate two types of recombination events that

exhibit qualitatively different statistical properties. First, we define
the recombination events in the micelles. We judge that recom-
bination occurs when the aggregation number Nag of a micelle
increases by more than the threshold value nmic(=10) at a certain
time interval δt(=100Δt). Similarly, we judge that scission occurs
when Nag of a micelle decreases by more than nmic during δt.
In previous studies using bead–spring models with scission and
recombination kinetics,12,14 the recombination time tr was defined
for chain ends. However, because the chain ends are not uniquely
determined in the case of the micelles considered, we cannot eas-
ily adopt the same definition of tr . Therefore, we define tr for each
micelle. In the present study, tr is defined as the time between micel-
lar birth and recombination. In the following, tr is conditioned by
the value of Nag before recombination in the conditional analysis
defined in Sec. II D. In other words, tr is the time required for
a micelle with Nag to recombine with another micelle. According
to the previous study,8 recombination events can be classified into
two types. The first is self-recombination, in which two micelles
created by scission are combined. Note that our definition of self-
recombination in micelles is not necessarily identical to the original
definition of self-recombination in chain ends.8,12,14 For instance,
our definition does not include a case in which one of the two
micelles created by scission undergoes scission before recombining
with its original partner. The other type of recombination is non-
self-recombination. This type of recombination includes an event
where one of the two micelles created by scission recombines with
a micelle other than the original partner and one where a micelle
created by recombination undergoes recombination in succession.
Figure 1 shows a self-recombination process, and Fig. 2 illustrates a
non-self-recombination process. In particular, Fig. 2 corresponds to
an event in which one of the two micelles created by scission recom-
bines with a micelle other than its original partner. In the following,
we demonstrate that the two types of recombination follow different
statistical laws; thus, they should be distinguished when analyzing
recombination time.

We investigate the statistical properties of self-recombination
and non-self-recombination. Specifically, we evaluate the survival
function S(t), which gives the probability that recombination
occurs beyond a certain time t, for each type of recombination

FIG. 1. An example of the self-recombination process. The snapshots correspond
to configurations at (a) t = t0, (b) t0 + 88, (c) t0 + 216, and (d) t0 + 300, where t0
is the start time of visualization. The micelle in yellow breaks into the micelles in
pink and orange. Then they recombine and form the micelle in blue.

FIG. 2. An example of the non-self-recombination process. The snapshots corre-
spond to configurations at (a) t = t0, (b) t0 + 88, (c) t0 + 1000, and (d) t0 + 1184,
where t0 is the start time of visualization. The micelle in yellow breaks into the
micelles in pink and orange. Then, the micelle in pink and the micelle other than
the original partner in white recombine and form the micelle in blue.

event using the Kaplan–Meier method.33 Sself(t) and Snon-self(t)
denote the survival function for self-recombination and non-self-
recombination, respectively. Here, t(1)r < t(2)r < ⋅ ⋅ ⋅ < t(n)r denote the
obtained recombination times of the considered type of recombina-
tion. We define dj as the number of considered events observed at
t( j)
r and rj as the number of individuals surviving just before t( j)

r .
Then, we obtain

S(t) = ∏
{j:t( j)

r ≤t}

(1 − dj

rj
) (2)

using the Kaplan–Meier method. Note that in the Kaplan–Meier
method, rj includes not only individuals that experience the consid-
ered event but also those that experience the other events. For exam-
ple, when estimating Sself(t), rj also includes individuals that finally
experience non-self-recombination or scission at t ≥ t( j)

r . Figure 3(a)
shows Sself(t) and Snon-self(t) of micelles with Nag = 300 with the 95%
confidence intervals obtained using the exponential Greenwood for-
mula.34 Here, we also show the survival function Srec(t) without
conditioning the type of recombination for comparison. It should
be emphasized that we focus on a statistically steady state, where
scission and recombination constantly occur. To estimate the sur-
vival function with sufficient accuracy, we perform DPD simulations
for 20 000–280 000 time units after initial equilibration, depending
on the parameters. For instance, the numbers of self-recombination
and non-self-recombination events to obtain Sself(t) and Snon-self(t)
shown in Fig. 3(a) are 2010 and 4405. Figure 3(a) shows that the sur-
vival function is qualitatively different for different types of recom-
bination. Except for short times, Snon-self(t) obeys an exponential
function, indicating mean-field behavior.8 This exponential decay
of Snon-self(t) is consistent with the results of bead–spring mod-
els with scission and recombination kinetics.12,14 We evaluate the
mean recombination time τr by fitting Snon-self(t) to C0 exp (−t/τr)
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FIG. 3. (a) Survival function S(t) of micelles with Nag = 300 for kBT = 1 and
ϕ = 0.05 with the 95% confidence interval: black line, all the recombination
events Srec(t); blue line, self-recombination events Sself(t); red line, non-self-
recombination events Snon-self(t). The black dashed line in (a) is an exponential fit
to Snon-self(t). The black dash-dotted line in (a) indicates the Bezier curve approx-
imating Sself(t). (b) Probability density function fself(t) of the recombination time
for self-recombination with Nag = 200 (dashed), 300 (solid), and 400 (dotted) for
(kBT , ϕ) = (0.9, 0.03) (gray), (1,0.05) (blue), and (1.2,0.08) (orange). The black
dashed line in (b) indicates fself(t)∝ t−7/8. The inset in (b) shows fself(t) (blue
line) and fnon-self(t) (black dash-dotted line) for Nag = 300, kBT = 1, and ϕ = 0.05.

as shown in Fig. 3(a) because non-self-recombination contributes
to the effective recombination of micelles. We will demonstrate the
dependence of τr on the various parameters in Sec. III B.

Next, we examine the statistical properties of self-
recombination. Figure 3(a) shows that Sself(t) does not exhibit
exponential decay. To discuss the detailed properties of self-
recombination, we also evaluate the probability density function
f (t) of the recombination time using the relation f (t) = −S′(t).
To evaluate the first derivative S′(t) of S(t), we rely on the Bezier
curve, which approximates S(t)35 as shown in Fig. 3(a), because
S(t) obtained using the Kaplan–Meier method is a step function.
Figure 3(b) shows the probability density function fself(t) of the
recombination time for self-recombination for several Nag, kBT,
and ϕ. We find that regardless of these parameters, fself(t) obeys a
power law fself(t)∝ t−7/8 in the intermediate timescales instead of
the exponential distribution observed for non-self-recombination
[see the inset of Fig. 3(b)]. O’Shaughnessy and Yu8 predicted that
when self-recombination predominates, f (t) is proportional to the
second time derivative of ⟨Δr2(t)⟩3/2, where ⟨Δr2(t)⟩ is the mean

squared displacement (MSD) of the chain end. Previous studies12,14

numerically confirmed this relationship for polymer-like linear
chains with scission and recombination kinetics in the concentrated
and semidilute regimes. Figure 4 shows the compensated MSD
⟨Δr2(t)⟩/t3/4 of the center of mass of the surfactant molecules
for various ϕ and kBT. With regard to polymer chains, the Zimm
model36 predicts that subdiffusive motion emerges in intermediate
timescales τ0 < t < τ, where τ0 is the monomer relaxation time,
and τ is the longest relaxation time of the chains.37 We find that
the surfactant molecules for the considered parameters show
⟨Δr2(t)⟩∝ t3/4 in the intermediate timescales. In fact, the observed
subdiffusive regimes are consistent with the longest relaxation
time of micelles reported in our previous study.29 As the relation
d2

dt2 ⟨Δr2(t)⟩3/2 ∝ t−7/8 holds, the observed power law fself(t)∝ t−7/8

in intermediate timescales is consistent with the prediction of
O’Shaughnessy and Yu.8 They also theoretically demonstrated that
the dominance of self-recombination alters the relaxation behavior
of wormlike micelle solutions. To investigate the competition
between self-recombination and non-self-recombination, we show
fself(t) and fnon-self(t) for fixed Nag, kBT, and ϕ in the inset of
Fig. 3(b). In this case, non-self-recombination predominates over
self-recombination for 10 ≲ t ≲ 500. Note that the competition
depends on the values of Nag, kBT, and ϕ. Thus, it is an important
near-future study to investigate the effect of self-recombination
on the micellar dynamics and rheological properties, although the
present study focuses on the recombination statistics of micelles. In
summary, we explicitly distinguished between self-recombination
and non-self-recombination in surfactant micelles and demon-
strated that the two recombination events are described by distinct
statistical laws.

Before closing this subsection, we discuss the effect of time
interval δt. Because self-recombination frequently occurs at short
times, as expected from fself(t)∝ t−7/8, δt may significantly influ-
ence the results. To verify the robustness of the statistical proper-
ties of self-recombination and non-self-recombination, we present
Snon-self(t) and fself(t) for various δt values in Fig. 5. Figure 5(a)
shows that Snon-self(t) slightly depends on δt. When non-self-
recombination occurs after undergoing a set of scission and self-
recombination within δt, the recombination time of the micelle is
overestimated. Therefore, it is reasonable that Snon-self(t) increases
with δt. However, the qualitative behavior of Snon-self(t) and τr

FIG. 4. Compensated MSD ⟨Δr2(t)⟩/t3/4 of the center of mass of surfactant
molecules as a function of time t for (kBT , ϕ) = (0.9, 0.03) (gray line), (1,0.02)
(black dashed line), (1,0.05) (blue line), and (1.2,0.08) (orange line).
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FIG. 5. (a) Survival function Snon-self(t) for non-self-recombination with the 95%
confidence interval and (b) the probability density function fself(t) of the recom-
bination time for self-recombination with Nag = 300 for δt = Δt (gray), 10Δt
(orange), 100Δt (blue), and 1000Δt (green). The inset in (a) shows the mean
recombination time τr as a function of Nag. The black dashed lines in (a) indi-
cate an exponential fit to Snon-self(t). The black dashed line in (b) indicates
fself(t)∝ t−7/8.

shown in the inset of Fig. 5(a) is independent of δt. Furthermore, for
self-recombination, the power law fself(t)∝ t−7/8 holds, irrespective
of δt. Therefore, we conclude that the choice of δt does not change
the qualitative characteristics of self-recombination or non-self-
recombination. Thus, we use δt = 100Δt to reduce the calculation
cost.

B. Mean recombination time
In this subsection, we investigate the dependence of mean

recombination time τr on the aggregation number, surfactant vol-
ume fraction, and temperature. We first examine the Nag depen-
dence of τr . Figure 6 shows τr as a function of Nag for various ϕ and
kBT. Interestingly, as Nag increases, the scaling law exhibits a tran-
sition from τr ∝ N−2/3

ag to τr ∝ N−1
ag . We can qualitatively explain

this crossover behavior by considering the micellar morphology. The
gyration radius Rg of spherical micelles increases according to the
power law Rg ∝ N1/3

ag [see Fig. 13(a) from Ref. 29], indicating that
their surface areas are proportional to N2/3

ag . Therefore, τr of small
micelles exhibits τr ∝ N−2/3

ag because of increase in the area where
recombination can occur. In contrast, because wormlike micelles
show one-dimensional growth, τr ∝ N−1

ag holds for large Nag.

FIG. 6. Mean recombination time τr of micelles as a function of the aggrega-
tion number Nag for (kBT , ϕ) = (0.9, 0.05) (blue circle), (1,0.05) (black square),
(1,0.08) (red triangle), and (1.1,0.1) (orange diamond). The black dotted line indi-
cates τr ∝ N−2/3

ag , and the black dashed line indicates τr ∝ N−1
ag . The error bars

denote the standard deviations for three independent simulations.

Next, we investigate the ϕ dependence of τr . Figure 7(a)
shows τr as a function of ϕ for various Nag values with fixed kBT
(=1). We find that τr is a decreasing function of ϕ. We have con-
firmed that ϕ has little effect on the diffusivity of the surfactants
in dilute solutions (Fig. 4). Thus, it is reasonable to assume that an

FIG. 7. Mean recombination time τr of micelles as a function of (a) the surfactant
volume fraction ϕ with kBT = 1 and (b) kBT with ϕ = 0.05 for Nag = 100 (blue cir-
cle), 300 (black square), and 500 (red triangle). The error bars denote the standard
deviations for three independent simulations.
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FIG. 8. (a) Mean recombination time τr and (b) mean squared diffusion distance

l 2 for recombination with Nag = 300 as functions of the number density ρmic of
micelles for kBT = 0.8 (purple triangle), 0.9 (blue square), 1 (black circle), 1.1
(orange diamond), 1.2 (red triangle), and 1.3 (green triangle). Open symbols indi-
cate the results of aht = atw = 55 (blue circle) and aht = atw = 65 (red circle) with
kBT = 1. Darker colors correspond to larger values of ϕ. The inset in (a) shows
Nmic as a function of ϕ. The error bars in (a) and (b) denote the standard deviations
for three independent simulations.

increase in the number of surfactants around the micelles results in a
decrease in τr .

Finally, we investigate the kBT dependence of τr . Figure 7(b)
shows τr as a function of kBT for several Nag values with fixed
ϕ (= 0.05). We find that τr is a decreasing function of kBT, indicat-
ing that micellar recombination is promoted at high temperatures.
An increase in kBT leads to an increase in the diffusivity of surfac-
tants (Fig. 4) and the number of micelles in the system [see the inset
of Fig. 8(a)]. Thus, we infer that kBT affects τr through the diffusiv-
ity and configuration of the micelles. These effects are discussed in
detail in Sec. IV.

IV. DISCUSSION
In Sec. III B, we have evaluated τr for various Nag, ϕ, and kBT.

Here, we explore a scaling law to explain the dependence of τr in
an integrated manner. Because the Nag dependence of τr and its
physical interpretation have already been obtained in Fig. 6, we fix
the value of Nag at 300, for simplicity. We have confirmed that a
common scaling law holds for at least 100 ≲ Nag ≲ 600.

We assume that τr is proportional to the average time required
for surfactants in micelles to diffuse over the mean distance h
between the nearest micelles. Under this assumption, the most
important factors are the diffusivity of the surfactants and the con-
figuration of the micelles. The activation energy may also play an
essential role in recombination kinetics when considering differ-
ent surfactants.12 However, because we consider the same surfactant
model in this study, we focus on the effects of diffusivity of sur-
factants and micellar configuration in the following discussion. A
previous study12 using a bead–spring model estimated h through the
mean number density of chain ends. According to this concept, we
obtain

h∝ ρ−1/3
mic (3)

using the mean number density ρmic = Nmic/V of micelles, where
Nmic is the mean number of micelles in the system and V is the
volume of the system. We observe that Nmic exhibits a complex
dependence on ϕ and kBT as shown in the inset of Fig. 8. To eval-
uate the effect of ρmic on τr , we show τr as a function of ρmic for
various ϕ and kBT values in Fig. 8(a). Although we can observe
a slight correlation between τr and ρmic, ρmic cannot completely
explain the behavior of τr . To consider the diffusivity of surfac-
tants, we introduce the mean squared diffusion distance l 2 for

recombination, defined as l 2 = ⟨Δr2(τr)⟩. Here,
√

l 2 indicates the
characteristic length scale of surfactant diffusion until recombina-
tion. Figure 8(b) shows l 2 as a function of ρmic. As indicated in

Fig. 8(a), l 2 also depends on parameters other than ρmic. The strong
correlation between τr and ϕ for a fixed kBT shown in Fig. 7(a)
suggests that we must consider the explicit dependence on ϕ in addi-
tion to ρmic. In other words, ρmic alone cannot describe a micellar
configuration.

We include the explicit dependence on ϕ to obtain a scaling law
describing the characteristic time scale of micellar recombination.
It is worth mentioning here that previous studies12,14 assumed that
recombination occurs only at chain ends. However, this assump-
tion does not hold for considered micelles composed of surfactants
because they can form branched structures (see Fig. 12 from Ref. 29).
Therefore, the dependence of l 2 cannot be explained by consider-
ing only ρmic [Fig. 8(b)]. Figure 9 shows τr and l 2 as functions of
ρmicϕ. Although we heuristically choose ρmicϕ as a scaling variable,

we find a power law describing the micellar recombination. As l 2

includes the effect of diffusivity, Fig. 9(b) exhibits a clearer scaling
than Fig. 9(a). Specifically, as shown in Fig. 9(b), l 2 ∝ (ρmicϕ)−2/3 is
maintained, which is consistent with the scaling law obtained using
Eq. (3) for fixed ϕ. In addition, τr ∝ (ρmicϕ)−8/9 shown in Fig. 9(a)
can be explained using l 2 ∝ (ρmicϕ)−2/3 and ⟨Δr2(t)⟩∝ t3/4 in the
subdiffusion range, as shown in Fig. 4. Before closing this section, we
have to mention the robustness of the scaling law. Figures 8 and 9
also show the results of aht = atw = 55 and aht = atw = 65 with the
other conservative force coefficients unchanged. We find that the
scaling law holds for different values of aij. However, we note that the
scaling law does not include the effect of activation energy associated
with recombination.12 Therefore, it is an important area for future
study to explore a more general scaling law of surfactants, including
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FIG. 9. (a) Mean recombination time τr and (b) mean squared diffusion distance

l 2 for recombination with Nag = 300 as functions of ρmicϕ. The symbols are the
same as in Fig. 8. The black line in (a) indicates τr ∝ (ρmicϕ)−8/9, and that in

(b) indicates l 2 ∝ (ρmicϕ)−2/3. The error bars in (a) and (b) denote the standard
deviations for three independent simulations.

surfactants with different shapes and ionic surfactants. To summa-
rize, we have obtained the scaling law for the mean recombination
time of micelles in dilute surfactant solutions as a function of ρmicϕ,
although a theoretical derivation is left for a future study. Notably,
the scaling law explains kBT and ϕ dependence of τr (Fig. 7) using a
single function (Fig. 9).

V. CONCLUSIONS
We conducted DPD simulations of nonionic surfactant solu-

tions for various surfactant volume fractions ϕ and temperatures
T to investigate the statistical properties of micellar recombina-
tion. We classified the recombination events into two categories:
self-recombination, where two micelles produced through scission
combine, and non-self-recombination. One of the most important
conclusions is that the two recombination events have qualitatively
different statistical properties. The survival function Snon-self(t) for
non-self-recombination obeys an exponential function [Fig. 3(a)],
which indicates a mean-field picture. In contrast, the probabil-
ity density function fself(t) of the recombination time for self-
recombination follows a power law [Fig. 3(b)], wherein the exponent
is determined by the MSD of the surfactants (Fig. 4). These results
are consistent with those of previous studies,12,14 which used lin-
ear chains with a kinetic model for scission and recombination. It is

worth noting that our DPD simulations do not impose any explicit
assumption on the recombination kinetics. Therefore, we confirmed
that these statistical laws also hold for micelles formed through the
self-assembly of surfactants as well as for bead–spring models.

We also found a scaling law for the mean recombination time
τr for non-self-recombination (Fig. 9). To obtain the scaling law, we
evaluated τr for various Nag, ϕ, and kBT. For fixed ϕ and kBT, τr

shows τr ∝ N−2/3
ag for small Nag whereas τr ∝ N−1

ag holds for large
Nag (Fig. 6), which corresponds to the structural transition from
spherical to wormlike micelles. For a fixed Nag, τr is a decreasing
function of ϕ and kBT (Fig. 7). To explain the dependence of τr
on ϕ and kBT in an integrated manner, we focused on the diffu-
sivity of surfactants and the configuration of micelles. We showed
that the mean number density ρmic of micelles is insufficient to
describe the effect of micellar configurations on τr (Fig. 8). In addi-
tion, we must explicitly consider the effect of ϕ on τr . We then
obtained the scaling law for τr as a function of ρmicϕ (Fig. 9). In
previous studies,12,14 it was assumed that recombination occurs only
at chain ends and that the density of chain ends, which corre-
sponds to ρmic in the present study, dominates the recombination
rate. Thus, the necessity of ϕ in our scaling law in addition to ρmic
comes from the complex recombination processes that were ruled
out in previous studies.12,14 In other words, we demonstrated more
general recombination properties of surfactant micelles using DPD
simulations.

In this study, we have paved the way for understanding the
recombination phenomena of micelles by focusing on dilute non-
ionic surfactant solutions at equilibrium. There remain some issues
to be addressed in future studies. First, our results are restricted
to the case of a simple nonionic surfactant model. There are a
lot of important micellar properties, including end-cap energy and
stiffness.3,25,38 In addition, counterions play an essential role in
the properties of ionic surfactant micelles.39,40 Thus, the frame-
work presented here should be applied to other systems, which
will lead to a more general understanding of the recombination
process. Second, it is necessary to elucidate the recombination phe-
nomena of micelles in flowing solutions, such as uniform shear
and elongational flows. Microscopic knowledge of micellar recom-
bination in nonequilibrium systems will help understand the rhe-
ological properties and develop constitutive models of micellar
solutions.41,42
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