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Abstract 

The s t r i ng the o ry i n  back g r ound f ie lds i s  f i r s t l y  rev iewed 

in the c ontext of the non- l i ne ar cr -mode l . The c o n fo rma l 

i nvar i ance o f  the cr -mode l  re qui re s  e quat i on s  o f  mot i on f o r  

back g r ound f ie l ds . Se c ondly the ge ome t ry i ndependent cub i c  act i on 

o f  the s t r i ng f ie ld the o r y  i s  s tudie d . The we l l  known ac t i on o f  

the s t r i ng f ie l d  the o r y  ar i se s  by the expans i on around a 

c l a s s i c a l  s o l u t i on to  the cub i c  ac t i on . I n  the ma i n  part o f  the 

the s i s , the s o lut i on s  that generate the s t r i ng f ie ld the o ry i n  

curved space are i nve s t i gated . I t  i s  sh own that the cub i c  ac t i on 

the o r y  de te rmi ne s  the e quat i ons o f  mo t i on for back g r ound f ie lds 

wh i c h  are the s ame a s  t h o se obt a i ned in the c ontext o f  the 

c o n f o rma l i nvar i ant cr -mode l . A f ie l d  the o r y  i n  curved space can 

be f o rmulated as s o c i ated w i th e ach of the se s o l ut i ons . The cub i c  

acti on the o r y  i s , the re f o re , qua l i f ied a s  a ge ome t r y  i nde pendent 

and se l f- c onta i ned f ie ld the o r y  of s t r i ng . I n  the cr -mode l  

ana l ys i s  the d i mens i onal  re gular i zat i on i s  used and a cons i s tent 

extens i on of ant i s ymme t r i c  ten s o r  c ab 
on a curved w o r l d  s hee t 

f r om two to  n d i mens i ons i s  shown to  e x i s t . 
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§l. Introduction 

Supe r s t r i ng the o r y [ l ]  lS a p r om i s ing cand i date f o r  a 

c ons i s tent quan tum the o r y  wh i ch un if ie s a l l fundamental 

i nte r ac t i on s  inc luding g r av i ty .  I n  the f ramework of l oc a l  f ie l d  

the o r y  the g r av i t at i onal f ie l d  i s  pre pare d  f rom the outse t  as  the 

me tr i c  f ie l d  of space - t i me . When i t  i s  quant i zed , i t  i ne v i t ab l y  

gene r ate s unreno rma l i z ab le d i ve r gence s , wh i ch de s t roys the 

the o r y . I n  the s t r i n g  the o ry the g r av i tat i onal f ie l d  ar i se s  as a 

re s u l t  of quant i z at i on of c l o sed s t r ing . The the o r y  has much 

h i ghe r  s ymme t r ie s  than the f o rme r . I t  i s  known that the 

d i ve r gence s  c an be e l i m i nated if the s ymme t r ie s  are kept when the 

s y s tem i s  quant i zed . Th i s  make s the the o ry mathemat i c a l l y  we l l  

def i ned . 

The o the r d i s t i nc t i ve feature i n  s t r i ng the o ry i s  the fact 

that the cons i s tency of the quantum the o r y  impose s  seve re 

re s t r i c t i on s  ove r  mode l  construc t i ons and s i ngles o u t  only few 

p o s s ib i l i t ie s . I t  i s , f o r  i n s t ance, the c l o sure prope r t y  of 

L o rent z a l gebra i n  the l i g h t - c one quant i zat i on , and the 

n i lp otency of ERST charge ope r a t o r  i n  the c ovar i ant quan t i z at i on 

that de te r m i ne the d imens i ons of space - t i me t o  be 1 0  f o r  the 

supe r s t r i ng and 2 6  f o r  the b o s o n i c  s t r i ng , wh i c h  are c a l led 

c r i t i c a l  d i mens i on s  of re spe c t i ve the o r ie s . The l a t te r  cond i t i on 

i s  needed t o  guarantee the un i t ar i ty of the o ry . Fur the rmore , the 

anoma l y le s s  cond i t i on f o r  the c onf o rmal symme t r y  re qu i re s  that 

the i nte rnal symme t ry of the he te ro t i c  s t r i n g  should be e i the r  

O (  3 2 ) o r  E8xE8• 

I n  orde r  to  make the se the o r ie s  re a l i s t i c , one needs to  

c ompac t ify the h i gh d i mens i onal space - t ime to  the one h av ing a 
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four dimensi o nal L o rent z s pace and a s ome c ompact space . The 

s t ring the o r y  s h o u l d  a l l ow the c ompacti ficati on and te l l  what 

s o r t s  o f  the space - time are rea li z ab le . Recent ex ten sive 

re se arc he s  enab le us t o  unde r t ake the se i nte re s ting problems . 

Two di f fe rent app r oache s  have bee n proposed to  s tudy the 

c ompacti ficati o n . One o f  them has been made in the f ramework o f  

the fir s t - quanti zed P o l yak ov' s  appr oach . The P o l yak ov acti o n  can 

be viewed as a two - dime nsi ona l fie l d  the o r y  ( a linear a -mode l ) 

whe re the D - c omponent s t ring c o o rdinate s X � are reg arde d  as  D 

s c a l ar fie lds . The action can be extende d  to  a non- linear a - mode l  

fie l d  the o r y  whi c h  c an be exp l ained a s  a s t ring the o ry 

inte racting with a se t o f  back g r ound fie l d s  in the D - dimensi onal 

space . The the o r y  i s  re quired t o  be c o n f o rmal invari ant when i t  

i s  quanti zed , hence t o  have vani shing trace anoma l y  o r  c o n f o rmal 

anoma l y . The c o n f o rma l invari ance re qui re s  the vani s hing o f  fi -

functi ons f o r  the c oupling o f  s t ring wi th back g r ound fields . The 

vani shing c ondi ti on o f  fi - func tions i s  ab le t o  be sh own to  de rive 

the e quati o n s  o f  moti o n  f o r  back g r ound fie lds , 

the s t ructure o f  space - time [ 2 - 4 ] . 

which de te rmine 

Those e quati o n s  o f  moti o n  are a l s o  de rivab le f r om the 

e f fe c tive acti o n  f o r  l oc a l  c omponent fie l ds which 1S obtained by 

the S -matrix c a l c u l ati on in the ze r o  s l ope limi t  of the s t ring 

the o ry [ 5 ] . A s  a re s u l t  background fie l d s  in the c o n f o rmal 

invari ant a -mode l  can be identi fied wi th the c ondensate o f  

mas s le s s  mode s  o f  the s t ring . I n  the a -mode l  appr oach anothe r  way 

o f  imp osing the c o n f o rmal invari ance is to re qui re the ni l p o tency 

of BRST charge a s s o ciated wi th the non- linear a - mode l  
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act i on[ 6, 7 ] . The c o nd i t i on der i ves the same e quat i ons o f  mo t i on 

f o r  back g r ound f i e l ds as those obt a i ned f rom the van ish i ng 

co nd i t i on o f  fi - func t i ons . 

Al though the a -mod e l  approach is supposed t o  determ i ne 

c o r r e c t  g e ometry o f  spac e - t i me, i t  cannot be regarded as a s e l f -

co n t ain ed theory . I f  a s o lu t i on t o  the e quat i ons o f  mo t i on 

r e qu i red by the c on f o rma l i nvar i ance is chosen, a a -mode l 

assoc i at ed w i th the s o lu t i on is spec i f i ed .  I f  ano t h e r  lS chos e n, 

a d i f ferent a-mode l de f i nes the theory . The a - mode l app r oach 

l acks the i de a  to  l o ok for the mos t  s t ab l e  g r ound state s o lu t i on 

among many a l l owed s o lu t i ons and t o  handl e  the phase t r ans i t i on 

f r om a s o lu t i on t o  a d i f f e rent one . T h is mot i vates us to  c ons i der 

the sec ond-quant i z ed s t r i ng f i e ld theory . 

Another appr oach t o  unders tand the c ompac t i f i c at i on o f  

spac e - t ime i s  i ndebt e d  t o  the rec ent p r o g r ess and ou t c ome i n  the 

c ovar i ant s t r ing f i e l d  theory wh i c h  has been s tud i ed by 

W i tt en[ 8 ] ,  Hata, I t oh, Kug o, Kun i t omo and Ogawa ( H I KKO ) [ 9, 1 0 ]  and 

Neveu and Wes t[ll ] .  F r om the knowl edge of the o r d i nary l o c a l  

f i e l d  theory, one hopes to  be abl e  t o  deal w i th a non-

p er tu rbat i ve e f f e c t  in s t r i ng theory by the us e of the c ovar i ant 

s t r i ng f i e l d  theory . 

The c ovar i ant and gau g e  i nvar i ant s t r i ng f i e ld theory can be 

c l ass i f i ed i n t o  two types acc o r d i ng to  h ow the i nt e ract i on t e rm 

is i n t r oduc ed . The one wh i c h  is based on the m i d-po i nt 

i n t e r ac t i on h as been f o rmu l ated by W i t ten[ 8 ] .  The theory 

reprodu c es open s t r i ng du a l  amp l i tudes and c o r r e c t l y  c o v e rs the 

fu l l  modu l i  space of c o r r espond i ng R i emann su rfaces[ 1 2 ] . In sp i te 

o f  the fact that the theory i nc o rporates the c l osed s t r i ng 
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exchang e i n  the open s t r i ng l o op amp l i tudes , the theory 

co ns is t i ng o f  o n l y  c l os e d  s t r i ngs is not yet f o rmu l ated i n  the 

f r amework of W i tten ' s  s t r i ng f i e ld theory . 

On the o t h e r  hand , there ex is ts the s t r i ng f i e l d  t h e o r y  

c ons is t i ng o f  the o p e n  and/ o r  c l os e d  s t r i n g  f o rmu l ated by 

H I KKO[ 9 , l O ]  and Neveu and Wes t[ l l ] . I n  the fo rmal ism the 

unphys i cal w i dth parame t e r  is i nt rodu c e d  t o  reprodu c e  c o r r e c t  

s t r i ng t r e e  amp l i tudes . Al though i ts dependence i s  decoupl ed a t  

the s t r i ng t r e e  l ev e l , t h e  i n f i n i t e  cove r i ng o f  modu l i  space 

o c cu rs at the l o op l ev e l  du e to  the unphys i c a l  param e t e r  and 

c aus es the v i o l at i on of un i tar i ty .  Ac c o r d i ng to Neveu and Wes t 

and o t h e rs[ 1 3 ] , c ovar i ant i z ed l i gh t - c one f o rmal ism se ems t o  

r es o lve t h e  w i dth parameter probl ems . W e  w i l l  have to  wa i t  

fu r t h e r  i nves t i g at i ons a l ong thes e  l ines . 

The advantage of H I KKO ' s  f o rma l ism , however , is the 

e x is t ence o f  t h e  c l osed s t r ing f i e l d  theory that r ep r o duces 

c o r r e c t  t r e e  amp l i tudes . S i nce the c l osed s t r ing conta i ns g r av i ty 

i n  i ts spe c t rum , one expec ts that the spontaneous 

c ompac t i f i c at i on w i l l  be caus ed by the s t r ing condensat e .  The 

c ompac t i f i cat i on may be s tud i ed by f i nd i ng the s o lu t i ons t o  the 

e quat i ons de r i v ed f r om the ac t i on i n  the c ovar i ant s t r i ng f i e l d  

theory . H owever , the k i ne t i c  energy term i n  the ac t i on cons is ts 

o f  BRST operator de f ined on 2 6- d i mens i onal M i nkowsk i space and 

hence it seems to  be d i f f i cu l t  to  cons i der the s t r i ng in curved 

spac e . 

On the c on t rary , the cub i c  ac t i on theory wh i ch is 

i ndependent o f  bac k g r ound g eomet ry h as been proposed by H I KKO[ 1 4 ]  

5 



and a lso by H o r ow i t z, Lykken, Rohm and S t r om i n g e r[ 1 5 ] . The ac t i on 

co ns is ts o f  the o n l y  cub i c  t erm w i thout the k i ne t i c  energy t e rm . 

The cub i c  term is ess ent i a l l y  g i ven by the over l app i ng cond i t i on 

o f  three s t r i ngs and hence forma l l y  g e ometry i ndependent . The 

cub i c  act i on is an i nt e r es t ing mod e l  wh i ch prov i des the s t r ing 

s t r i ng f i e ld the o r y  i n  curved spac e . The f am i l i ar f o rm i n  the 

f i e l d  the o ry can ar is e by the expans i on ar ound s ome c l ass i c a l  

s o l ut i on de r i v ed f r om the cub i c  ac t i on . I n  th is appr oach the 

so lut i on det e rm i nes the g e ome t ry of spac e - t ime . I n  other words, 

the spac e - t i me is g enerated by the s t r i ng f i e l d  c ondensat i on .  

They l ooked f o r  general cond i t i ons that the so lut i on should 

sat is f y  t o  generate the o r d i nary f o rm o f  f i e l d  theory . Except for 

s ome de l i ca te regul a r i z at i on probl ems about operat o r  pr oduc ts, 

they f ound that the cruc i a l  po i n t  is the e x is t ence of BRST 

operators ass o c i ated w i th s ome back g r ound f i e l ds .  As a spec i a l  

cas e  t h e y  demons t rated that a so lut i on cons t ruc ted w i th the 

o r d i nary BRST charge f o r  a f l at M i nkowsk i space does g enerate the 

we l l  known s t r i n g  f i e ld theory . 

I n  th is thes is, we l o ok f o r  what s o r t  o f  backgr ound f i e l ds 

woul d  be a l l owed as so lut i ons t o  the e quat i on de r i ved from the 

cub i c  act i on [ 1 6 ] . We  f i nd a s e t  o f  e quat i ons o f  mo t i on f o r  

backgr ound f i e l ds and cons t ruc t the s t r i ng f i e ld t h e o r y  i n  curved 

spac e . Thes e  e quat i ons ag r e e  w i th thos e  obt a i ned by the c o n f o rmal 

i nvar i ance of the 6-mode l . The advantage of our method over the 

6 -mode l approach cons is ts in the fac t that a l l a l l owed so lut i ons 

are contained i n  a space wh i ch a s i ng l e  theory covers. I n  t h e  6-

mod e l  anal ys is a part i cu l ar attent i on is pa i d  to  the t r e atment of  

ant isymme t r i c  t e ns o r  c ab ( g ) i n  t h e  d i mens i onal regular i z at i on 
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when the wo r l d s h e e t  has a non-van ish i ng cu rvatu r e . A l though the 

extens i on o f  s ab 
f r om two t o  n d i mens i ons has been s tud i ed ,  i t  

has been always r es t r i c t e d  i n  the c ase o f  that o n  f l at wor l d  

s h e e t . I t  is shown that t h e r e  ex is ts a cons istent extens i on o f  

s ab 
o n  cu rved wor l d  s h e e t  f r om two to  n d i mens i ons . 

The p r es ent p ap e r  is organ i z e d  as f o l l ows .  I n  sec . 2 the 

c o n f o rma l i nvar i ance and the n i lp o t ency o f  BRST charge i n  the 

non - l inear a -mode l are r ev i ewed in the case of the bos on i c  c l osed 

s t r i n g  on a wor l d  s h e e t  hav i ng sph e r i c a l  t op o l ogy . I n  s e c . 3 we 

g i ve a br i e f  r ev i ew o f  H I KKO ' s  cub i c  act i on theory and p r ove the 

general c ond i t i ons that the s o lu t i on o f  the cub i c  ac t i on shou l d  

sat is fy to  generate t h e  f am i l i ar fo rm o f  t h e  s t r i ng f i e l d  theory . 

Tak i ng advantage o f  the a -mode l as an aux i l i ary t o o l , we l o ok f o r  

t h e  s o lu t i ons t h a t  g enerate the s t r i ng f i e ld theory l n  curved 

space l n  s e c . 4 .  I n  the a -mode l ana l ys is the extens i on o f  s ab 
on 

a cu rved wo r l d s h e e t  is d e t e rm i ned by the B i anch i i dent i t i es for 

background f i e l ds s o  that c ons is t ent r e l a t i ons among back g r ound 

f i e l ds f o l l ow . S e c . 5 is devoted t o  summary and d is cuss i on . I n  

app end i x  B th e e f f e c t i v e  act i on i n  the non - l i near a -mode l is 

c a l cu l at ed . 
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§2. String Theory in Background Fields 

§2.1 Conformal Invariance in Non-Linear a-Model 

We w i l l  g i ve a rev i ew o f  c o n f o rma l i nvar i ant a -mode l. The 

s t r i ng theory in cu rved spac e is des c r ibed by a non- l inear a -

mode l i n  two d i mens i ons. I n  the a -mode l appr oach , many au thors[ 2 -

4J have c l ar i f i ed that the cond i t i on o f  c o n fo rma l i nvar i anc e o f  

the a -mode l r e qu i r es the e quat i ons o f  mo t i on f o r  backg r ound 

f i e l ds that c o r r espond to mass l ess exc i ta t i ons of the s t r i ng . 

Thes e  e quat i ons are e qu i va l ent to  those obt a i ne d  by the s t r i ng S -

mat r ix c a l cu l at i on in z e r o  s l ope l i m i t[ 5J . 

Throughou t  the pres ent paper we sha l l  cons i der the c l os e d  

bos on i c  s t r i n g  wh i c h  cont a i ns g r av i t on , ant isymme t r i c  tens o r  and 

d i l aton as mass l ess states in i ts spectrum and res t r i c t  ou rs e lves 

t o  the s t r i ng t r e e  l eve l . I n  a s i m i l ar way the open s t r i ng , 

supers t r i ngs and the h e t e r o t i c  s t r i n g  i n  backg round f i e l ds has 

been s tu d i e d  by many au thors . One o f  the i nt e r es t i ng dev e l opments 

i n  the a -mode l app r o ach is the fact that e quat i ons o f  mo t i on f o r  

background f i e l ds are mod i f i ed b y  a renorma l i zat i on due t o  the 

e f f e c t  of sma l l  hand l es o f  s t r i n g  l o op amp l i tudes[ 1 7 ] . On thes e  

subj ec ts n o  d iscuss i on w i l l  b e  p r esented h e r e . 

The ac t i on o f  the non- l i near a -mod e l  on a f ixed cu rved wor l d  

s h e e t  i s  g i ven by 

whe r e  

t ens o r
* )  

and 

+ a'ygR(2)w(X) 1 
, 

( 2 ) R are c o or d i nates , 

the s c a l a r  cu rvatu r e  on the 
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the me t r i c  

w o r l d  s h e e t , 



r es p ec t i ve l y . H e r e  X
� 

i s  the s t r i ng c o o r d i nate i n  spac e - t ime M. 

I n  ( 2 . 1 . 1 )  a ' i s  the s l ope parame t e r  wh i ch i s  the i nv e r s e  o f  the 

s t r i ng t ens i on . In the c ontext of the a -mode l , G�v i s  the me t r i c  

t e n s o r  o n  M, B�v i s  the ant i s ymme t r i c  t e n s o r  f i e l d  who s e  f i e ld 

s t r ength prov i d e s  t h e  t o r s i on on M and ¢ represents the d i laton 

f i e ld . 

I f  we l o ok at the c l as s i c a l  act i on , f i r s t  two t e rms i n  

( 2 . 1 . 1 )  are i nvar i ant unde r a Weyl ( c on f o rmal ) trans f o rmat i on 

that i s  a l oc a l  r e s ca l i ng o f  the me t r i c  t e n s o r . On the contrary , 

the l a s t  t erm , wh i c h  i s  re f e r red t o  as d i l aton c oupl i ng , v i o l at e s  

t h e  i nvar i ance unde r ( 2 . 1 . 2 )  a t  t h e  c l as s i c a l  l eve l . The d i laton 

c oupl i ng , h oweve r , i s  n e c e s sary f o r  the renorma l i z ab i l i t y  o f  the 

a -mod e l  i n  two d i men s i ons [ 2 ] . Ano t h e r  i nt e rp r e tat i on o f  the r o l e  

o f  t h e  d i l aton c oup l i ng i s  t o  c anc e l  t h e  c o n f o rma l anoma l y  o f  

d i l aton v e r t ex wh i c h  ar i s e s  f r om the trace part o f  the me t r i c  

t e n s o r  o f  spac e - t ime[ 1 8 ] . Thu s the d i l aton c oup l i ng guaran t e e s  

the conformal i nvar i ance o f  t h e  quan t i z e d  theory , h e n c e  t h e  l a s t  

t er m i n  ( 2 . 1 . 1 ) i s  h i gh e r  b y  a f ac t o r  a ' i n  compar i s on w i th o t h e r  

t erms . I f  one wan t s  a more general f o rm o f  the c l as s i c a l  act i o n 

that i s  a l l owed by the i nvar i ance u nde r two -dimen s i onal 

r eparame t r i z a t i on , one may add the t e rm propo rt i onal t o  ygT(X) 

w i th T(X) be i ng a s c a l ar func t i on o f  X � . I t  has been shown that 

the c oup l ing 1 S  a bac k g r ound c ons i s t i ng of a c ondensate of a 

tachyon i c  mode[ 1 9 ] . 

* )  The metr i c  i s  taken to  be Euc l idean h e r e . 
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We r e qu i re that the c o n f o rmal i nvar i ance shou l d  be kept at 

the qu antum l eve l . The r e qu i r ement guaran t e e s  that the a -model i s  

c on s i s t ent i n  the quantum t h e o ry . To  d i s cu s s  the quantum theory 

o f  the a-mode l, we sha l l c ons i de r  the e f f ec t i ve act i on W de f i ne d  

by 

The i nvar i ance o f  W under the t r an s f o rmat i on 

that 

2 oW 
fg o¢ 

2 oW 
= gab ;;'g V!-I Ogab = < Ta 

a> = O. 

( 2 . 1 . 3 )  

( 2 . 1 . 2 )  i nd i c a t e s  

( 2 . 1 . 4 )  

Hence the c o n f ormal i nvar i ance i s  e qu i va l ent t o  the van i s h i ng o f  

the trace anomaly o f  the energy momentum tens o r . The d i mens i onal 

analy s i s  and the i nvar i ance unde r r eparame t r i z at i on l ead u s  to 

exp r e s s  as 

( 2 . 1 . 5 )  

As a r e su l t , the c o n f o rmal i nvar i ance o f  the a -mode l r e qu i r e s  the 

van i sh i ng of R - funct i ons wh i c h  are de f i ned by i ndependent 

c o e f f i c i en t s  of the trace anomaly . The van i sh i ng cond i t i on w i l l  

imp o s e  r e s t r i c t i ons on back g r ound f i e lds . 

Let u s  f i nd the van i sh i ng cond i t i on o f  R - funct i ons . A s suming 

that a ' 1S smal l , we sha l l f i rs t  make a perturbat i ve expans i on 

w i th respect to  a ' . I t  i s  c onven i ent to  u s e  the bac k g r ound f i e l d  

expans i on [ 2 0 - 2 2 ] i n  R i emann no rmal c o o rd i nate sy stem wh i ch w i l l  

be exp l a i ned b e l ow . The quantum f lu c tuat i ons rr,u around a 

c l a s s i c al s o lu t i on o f  ( 2 . 1 . 1 )  are  d e f i ned by 
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( 2. 1. 6 )  

Note that rr� i s  no  mo r e  a contravar i ant v e c t o r  under the g eneral 

c o o r d i nate t ran s f o rmat i on o f  spac e - t i me. Normal c o o rd i nat e s  E� 
are de f i n ed by the tangent v e c t o r  at XB� a l ong the g e o des i c  

pas s i ng through XB� and X�. S o lv i n g  the g eodp s ic pquati on 

i t e rat i v e l y , one f i nds that 

( 2. 1 . 7 )  

wh i c h  de f i n e s  a t r an s f ormat i on fr om rr� t o  E�. The advantage by 

the u s e  of the R i emann normal c o o r d i nate E� i s  the man i fe s t  

c ovar i ance o f  t h e  dependence o n  back g r ound f i e lds. 

The bac k g r ound f i e l d  expan s i on s  o f  r e l evant qu ant i t i e s are 

g i v en by 

whe r e  

a v� = a X' � + D c� + lR� (X' )cvcPa X' 6 + �(c3) ( 2  1 8 )  aLl. a B as 3 v p6 B S S a B J 'S , • •  

( 2. 1. 9 )  

B�V(X) = B�v(XB) + VpB�v(XB)EP + �VPV6B�v(XB)EPE
6 

- i{RAp�6(XB)BAV(XB) - RApV6(XB)BA�(XB) }EPE6 

') 
+ ("J ( EV ) , ( 2. 1. 1 0 )  

( 2. 1. 1 2 )  

i s  the backg r ound f i e ld covar i ant de r i vat i v e  and R�VP6 i s  R i emann 

t e n s o r* ) of spac e - t i me . Us ing ( 2. 1. 8 - 1 1 ) ,  one f i nds the expan s i on 
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o f  the ac t i on around a c l as s i c a l  s o lu t i on 

1 J2 G B ,.iD S = 4na' d cr(1 +1 +1�) 

1G = v'Qgab { G J.lY (X B) 8 aX B
J.l8 bX BY + G J.lY (X B) D al;

J.l Dbl;Y 

- j- RJ.lPycr(XB)I;Pl;
crDal;J.lDbI;Y} 

(2. 1. 13) 

2B = icab {BJ.ly(XB)8aXBJ.l8bXBY - 2SJ.lPy(XB)8aXB
J.lI;PDbI;Y 

2 J.l Y P + 3SJ.lyp(XB)Dal; Dbl; I; 

+ iVcrSJ.lYP(XB)Dal;,uDbI;YI;Pl;
cr} 

,tI> = a'vgR(2) {<p(XB) + VJ.l<P(XB)I;J.l + iV,uVy<p(XB)I;,uI;Y } 

wh e r e  we have o n l y  kept t erms wh i ch are r e l evant f o r  the 

p er turbat i ve c a l cu l at i on u p  t o  0(a') and the f i e l d  s trength of 

B i s  ,uY 

SJ.lYP (2.1.14) 

wh i c h  i s  gau g e  i nvar i ant f o rm unde r 0cBJ.ly=8[J.lcyJ' I n  order to  

obta i n  the bac k g r ound f i eld expans i on o f  the act i o n  (2. 1.13) i n  

the c a s e  o f  the ant i  symme tr i c  t e n s o r  B,uy' w e  have p e r f o rmed 

and R,uy=RA,uAY' 
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parti a l  inte g rati on and d r opped n o n - g au g e  invariant t o tal 

d e rivative t e rms [ 2 2 ] . 

Let u s  now p r o c e ed t o  s tud y the qu antum theory o f  the 6-
mod e l. F o r  a whi l e , the gho s t  c o n t ribu tion to  the e f f e c tive 

action wi l l  be neg l e c ted. Since the gho s t  fie ld d o e s  not int e r act 

with back g r ound fie ld s  and r emains f r e e , its c ontribu tion to  the 

e f fe c tive action can be d e a l t  wi th independ e nt l y. The e f fe c tive 

acti on is given by the path i n t e g r a l  

(2.1.15) 

which p r e s en t s  th e sum o f  the contributi ons o f  conn e c t ed g r aphs. 

The expectation value o f  the energy-momentum t e n s o r  i s  given by 

(2. 1. 16) 

The cont raction o f  <Tab> wi th r e sp e c t  t o  gab giv e s  r l s e to  the 

trace anomaly from  which R - functions are obtained. 

T o  simpli fy the di s cu s sion , the anti s ymme t ric t e n s o r  fi e ld 

BJ.lV and di l a ton <I> are di s r egarded f o r  the time being. Th e t e rms 

of G(G3) and hig h e r  o rd e r s  are a l s o  di s r eg ard ed h e r e. We shal l 

u s e  the dimensional regu lari z ati o n  and add the mas s  t e rm to  g e t  

rid o f  infrared div e r g e n c e s. T h e  action , u p  t o  G(G2), i s  

s = iJdn6 )ggab [ GJ.lv(XB)BaXB
J.lBbXBV + DaGMDbGM 

- 2na'RJ.lMVN(XB)GMGNBaXBJ.lBbXB
vj 

+ iJ dn6 vgm2G�M , (2. 1. 17) 

wh e r e  n=2+2c and dimensi on l e s s  fi e ld s  have been d e fined by the 
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r e p l ac ement Xj.t-W2na' Xj.t i n  ( 2 . 1 . 1 3 ) . H e r e  h' e  have i nt r odu c e d  the 

vie lbein f i e l d ej.t
M(xB) and d e fined �M=ej.t

M(XB)�j.t. S i nce the 

func t i onal measu r e  in ( 2 . 1 . 1 5 )  i s  i nvar i ant under the c o o r dinate 

t r ans f o rmat i ons , the variab l e s  in ( 2 . 1 . 1 5 )  can be t r ans f o rmed 

f r om �j.t to �M w i thou t  c ons i d e r i ng the contribu t i on wh i c h  ar i s e s  

f r om the Jac o b i an fac t o r  o f  the func t i onal measu r e . The advantage 

o f  c o o r d i na te t ran s f o rmat i ons f r om �j.t to �M is to  simp l i fy the 

p e r turbative c a l cu lat i on, whe r e  one can easi l y  extract the f r e e  

p a r t  o f  t h e  k i ne tic t erm i n  the acti on . 

I n s t ead o f  the u s e  o f  Riemann no rma l c o o rdinate on cu rved 

wo r ld s h e e t, we s ha l l  here make weak f i e l d  expan s i on o f  

gab=oab+hab around the f l at wor l d  s h e e t . I t  i s  o f  u s e  t o  

introdu c e  

( 2 . 1 . 1 8 )  

( 2 . 1 . 1 9 )  

as  i ndependent var i ab l e s [ 2 3 ] . Using ( 2 . 1 . 1 8 )  and ( 2 . 1 . 1 9 ) , one 

obtains that 

( 2 . 1 . 2 0 )  

E a :i ShB Bah + G(hab) , 
( 2 . 1 . 2 1 )  

whe r e  ind i c e s  a re ra i s e d  and l owered with Kronecker de l t a . The 

weak f i e l d  expan s i on of v7iR(n) i s  g i ven h e r e  for l at e r  u s e . 

The f r e e  propagator i s  given by 
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(2. 1. 22) 

whe r e  � i s  an arbi t rary mas s s c a l e. I t  i s  easy t o  c a l cu l ate 

g r aphs c ontribu ting t o  the e f fe c tive action. The g r aph s 

a s s o ciated the f o l l owing amp li tude s A ,  B and C are given in 

fi g. 1. The r e su l t s  are as f o l l ows: 

A = 

B = 

D B( n/2+1, n/2+1) r( 2-n/2) J 
dnp - -4 

)( 
l 
+ 

+ 

(4n) n/2r( 2) (2n) n 
(PaPbhab(p)- ip2h(p) ) 2 

8 r n( 2-n) 't-

p2 

l-ab 2-"4h ( p) p h ab ( -p) 

+ �hab(p)PaPchCb(-p) 

a'Jdn vq ab -2£ ( )  � v ( 
"4 (5 99 � R�v XB 8aXB 8bXB 1 

£ 

[;:r-n/2 

+ �h(P)p2h(-P)} 1 

(2. 1. 23) 2 - r ) + In ( � ) 4n 
(2. 1. 24) 

(2. 1.25) 
whe r e  r i s  the Eu l e r  cons tant. The (5 -mod e l  action wi l l  be 

r eno rmali z ed in t h e  minima l subtraction scheme . The c oun t e r t e rms 

can be r e ad o f f  f r om the above r e su l t s  to can c e l  the one - l oop 

divergenc e s: 
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Tak i ng account o f  the cont r i bu t i on o f  c oun t e r terms , 

o ne - l oop  r eno rmal i z ed e f f e c t i v e  ac t i on 

Hh e r e  

D vg ( x ) R ( x ) G( x , Y) �R( Y) 9 6 n  

( 2 . 1 . 2 6 )  

one f i nds the 

( 2 . 1 . 2 7 ) 

( 2 . 1 . 2 8 ) 

The t race anoma l y can be found ou t f r om ( 2 . 1 . 2 7 )  and ( 2 . 1 . 1 6 )  by 

c ontrac t i ng H i th r e spect to  gab: 

( 2 . 1 . 2 9 )  

L o c a l  t e rms i n  ( 2 . 1 . 2 7 ) do not cont r ibu t e  to  ( 2 . 1 . 2 9 )  becau s e  the 

var i at i ons o f  W g i ve r i s e  t o  c on t r i bu t i ons propo r t i onal t o  0 ( 8 ) .  

I n  part i cu l ar , t o  f i nd the trace anoma l y , non- l oca l t e rms i n  the 

e f f ect i v e  ac t i on are o f  impor tanc e .  Compar i ng ( 2 . 1 . 5 )  and 

( 2 . 1 . 2 9 ) , one obt a i n s  lead i ng t e rms o f  s ome fi - funct i on s . 

The gho s t  cont r ibu t i on to  the t r ac e  anomal y  has been de r i ved 

by P o l yakov [ 2 4 ] . The r e su l t  i s  

( < T a» a . g h o s t  
( 2 . 1 . 3 0 )  

Hh i c h  ar i s e s  f r om the Fadde ev-Popov determi nant . 

1 6  



I n  a s i m i l a r way , one can c a l cu l ate the c ontr i bu t i on to  the 

e f fect i v e ac t i on i n c luding h i gh e r  order t e rms i n  e and a l s o  i n  

the pre s ence o f  B�v and ¢. The r e su l t s  c a l cu l ated by many au t h o r s  

are  as f o l l ows: 

< T
a

a> -_ p¢R( 2) + pC aba X �a v V + pB 1 aba v �a X V fJ fJ�vg a B b,'1B fJ�VV[/ a.L'iB b B + 
(2.1.31) 

whe r e  

C [3�v 
B [3�v 

= --1-rD-26_ �a' (R+4Y�Y ¢-4y�¢y ¢-24nL 2 � � 

a' 
= -(R +2y y ¢-8 8 P6)H5( (a' ) 2 ) 2 �v � V �p6 V 

a' = - ( v  8P -28 yP¢)+C1((a' ) 2 ) 2 P �v P�V 

�8 8�v P ) +C1 ( (a' ) 2 ) 1 3 �vp 
(2. 1.32) 
(2.1. 33) 

(2. 1. 34) 

Thu s  the van i s h i ng o f  [3 - func t i ons r e qu i r e s  a s e t  o f  e quat i ons f o r  

back g r ound f i e lds . The s e  e quat i on s  o f  mot i on are prec i s e l y  t h o s e  

o f  g r av i ty c oup l e d  to  ant i s ymme t r i c  t e n s o r  f i e l d  and d i l aton. I n  

(2.1.31) do t s  mean non- l oc a l  t e rms c o n s t ructed w i th pow e r s  o f  0-1 
and R(2). I n s o far as we s t i ck t o  th i s  method fo l l owed by 

c a l cu l at i on s  of the e f f e c t i v e  act i on , non- l oc a l  te rms ar i s e i n  

( 2 . 1 . 31 ) , s o  that i t  i s  general ly c omp l i cated to  extract the 

c ond i t i on over bac k g r ound f i e lds i mpo s ed by the r e qu i r ement o f  

the c o n f o rma l i nvar i ance. On o t h e r  methods w e  w i l l  c omment l a t e r. 

I t  i s  worthwh i l e to  emphas i z e  that the l inear comb i nat i on s  

o f  t h e s e  e qu at i on s  are der i vab l e  f r om a s i ng l e  e f f e c t i v e  ac t i on 

f o r  background f i e lds. I n  fact , the e f f e c t i v e  act i on turns out to  

be 

(2. 1.35) 
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wh e r e  we have s e t  D = 2 6 . The e quat i ons of mot i on f o r  backg round 

f i e lds can be de r i ved f r om ( 2 . 1 . 3 5 ) . The s e  l i near c omb i nat i on s  

are noth i ng but the van i s h ing cond i t i ons of fi -func t i ons , i . e . , 

oS 
0<P 

oS 
oBJ..lV 
oS --- -

ocJ..lv 

( 2 . 1 . 3 6 )  

( 2 . 1 . 3 7 )  

( 2 . 1 . 3 8 )  

Let us summar i z e the above d i scu s s i on . I n  the a -mode l 

approach , one r e qu i r e s  that the c onf o rmal i nvar i anc e s h o u l d  b e  

k e p t  at t h e  quantum l ev e l . T h e  cond i t i on of conf o rma l i nvar i ance 

r e qu i r e s  the van i s h i ng of fi -func t i ons wh i c h  are def i ned by the 

i ndependent c o eff i c i ents of trace anoma l y . The van i s h i ng 

c ondi t i on of fi -func t i ons r e qu i r e s  e quat i on s  of mot i on f o r  

background f i e lds . The s e  e quat i ons are de r i vabl e  f r om an 

eff e c t ive ac t i on f o r  backgr ound f i e l ds . Thus , the c onf o rmal 

i nvar i ant a -mode l p r ov i de s  a c ons i s t ent s t r i ng theory in curved 

space . 

On the o t h e r  hand , the eff e c t i v e  act i on f o r  l oc a l  c omponent 

f i e lds and e quat i on s  der i ved f r om i t  are a l s o  obta i ned by the 

s t r i ng S -mat r ix c a l cu l at i on in zero s l ope l i m i t [ 5 ] . Compar i ng the 

e quat i ons of the f o rmer w i th the l a t t e r , one f i nds that the 

e quat i ons of mo t i on obt a i ned by the c onf o rmal i nva r i ance of the 

a-mode l are equ i v a l ent to  those for mas s l e s s  exc i tat i on s  of the 

s t r i ng . 

The method rev i ewed h e r e  i s  abl e  to  b e  ex t ended t o  h i gh e r  

o r d e r s  i n  a ' . I n  par t i cu l ar , i t  s h o u l d  b e  noted that the 

eff e c t ive ac t i on in ( 2 . 1 . 3 5 )  i s  propo r t i onal t o  fi<P in the f i r s t  
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two orde r s  i n  a ' .  I t  i s  expected that ( 2 . 1 . 3 5 )  may be t rue t o  al l 

o rde rs  i n  a' [ 2 5 ] . 

I n  ano ther method of perturbat i v e  c a l c u l at i on [ 2 6 ]  one m i gh t  

make u s e  of a weak f i e l d  expan s i on of back g r o und f i e lds around 

f l at spac e - t ime i n s t ead of a ' expans i on . Al though in the weak 

f i e l d  expans i on the r e s u l t s  i nc l ude s i nf o rmat i on of a l l  orde r s  i n  

a ' and the eff e c t s  of mas s i v e  modes i n  add i t i on t o  ma s s l e s s  modes 

can be treated , the c ovar i ance of spac e - t i me i s  not man if e s t . The 

c onnect i on between the c onf o rmal i nvar i anc e and the e quat i ons of 

mot i on wh i c h  are der i vab l e  f r om the effe c t i ve ac t i on 1n the 

s t r i ng S -mat r ix c a l c u l at i on w i l l  be more t r ansparent i n  weak 

f i e ld expans i on than a ' expans i on . 

F i nal l y ,  we r emark on renormal i z at i on g roup ( RG )  n -func t i ons . 

S i nc e  the r en o rma l i z e d  one - l o op eff e c t i v e  ac t i on was f ound i n  

( 2 . 1 . 2 7 ) , the renorma l i z ed me t r i c  t ens or of spac e - t i me r e s u l t s  i n  

R G�v 
a '  

= G�v + 2 

The RG n -func t i on i s  g i ven by 

a R 
= �a�G�v = -a' R�V 

( 2 . 1 . 3 9  ) 

( 2 .  1 . 4 0  ) 

wh i c h  i s  a l s o  de r i vabl e  f r om i d i v e rgent te rm i n  ( 2 . 1 . 2 3 - 2 5 ) by 

the use of r enorma l i zat i on g r oup e quat i on . In part i cu l ar , ( RG ) n G 
�v 

and ( RG ) n B 
are c a l cul ated w i th e a s e  becau s e  i t  i s  enough t o  f i nd �v 

u l t rav i o l et prope r t i e s  i n  the a-mode l on f l at w o r l d  s h e e t . S i nce 

renormal i z at i on g roup e quat i on f o r  effe c t i ve act i on g i v e s  a 

r e l at i on between RG n -func t i ons , can be more eas i l y 

obta i ned w i thout c a l c u l at i ng non - l oc a l  t e rms i n  the eff e c t i v e  
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act i on on curved w o r l d  sheet . The r e s u l t s[ 4 , 20 , 27 , 2 8 ] a l ready 

known f o r  RG p -func t i ons are as f o l l ows : 

= - a' ( R  - S s pa) + 0 ( ( a' ) 2 ) J.lV J.lpa v 

= -
2
1 

a ' V sP + 0( ( a ' ) 2 ) p J.lV 

( 2 . 1 . 41 )  

( 2 . 1 . 4 2 )  

( 2 . 1 . 4 3 )  

The RG p -func t i on s  are amb i guous becau s e  they depend on the 

cho i c e  of c o ord i na t e s  of spac e - t ime as is  s e e n  f r om i t s  t e n s o r  

s t ructure . I n  genera l , t h e y  are aff e c ted by t h e  d iff eomorph i sm i n  

s u c h  a way as  

( RG )  iJJ � ( RG ) p¢ + uJ.lVJ.l¢' ( 2 . 1 . 4 4 )  

( RG )  C � ( RG )  pC + VJ.luv+VVuJ.l' ( 2 . 1 . 4 5 )  PJ.lV J.lV 

( RG ) p
B � ( RG ) p B + 2 upSJ.lV 

p ( 2 . 1 . 4 6 )  J.lV J.lV , 

if s t r i ng c o o rd i na t e s  t r an sf o rm as XJ.l�XJ.l+ uJ.l. I n  the l ead i ng o rder 

of a' the van i s h ing of p -func t i ons in ( 2 . 1 . 3 2 - 3 4 ) i s  e qu i valent 

t o  the van i s h i n g  of ( RG ) p i n  ( 2 . 1 . 41 - 4 3 ) up to  d iff e omorph i sm 

amb i gu i ty . 

The r e l at i on between the c onf ormal i nvar i anc e and RG p -

func t i on s  has b e e n  s t ud i e d  i n  r ef s . [ 4 , 2 3 , 2 7 , 2 9 ] . O n e  m i g h t  

r enorma l i z e  c ompo s i te operat o r s  i n  the a -mode l by t h e  u s e  of 

normal produc t s  deve l oped f o r  quantum f i e ld theo r i e s  i n  curved 

space [ 3 0 ]  . I n  th i s  method the c onf orma l anoma l y  i n  ( 2 . 1 . 5 )  i s  

r e g arded as the operator e quat i on i n  t e rms of no rma l produc t s . 

The impl i c at i on s  of the c onf o rmal i nvar i anc e i n  the a -mod e l  and 

the r e l at i o n  to RG p -func t i ons w i l l  be more t ran sparent by the 
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u s e  of no rmal produc t s  rather than eff e c t i v e  ac t i on appr oach 

r e v i eh' ed h e r e . 
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§2.2 Nilpotency of BRST Charge 

Another way of i mpo s i ng the c onf o rmal i nvar i ance i n  the 6 -

mode l i s  t o  r e qu i r e t h e  n i lpot ency of BRST charge wh i c h  

guaran t e e s  t h e  ex i s t ence of t h e  V i ra s o r o  a l g ebra . We g i ve a 

r ev i ew of the n i l p o t ency of BRST charge stud i ed by Bank s , 

Neme s chansky and S en [ 6 ] . I t  i s  i nt e rp r e t ed as a generalizat i on 

f r om the n i lpot ency c o n s t r a i nt stud i ed by Kat o and Ogawa [ 31 ]  i n  

f l a t  spac e - t ime to  that i n  curved space - t ime . I n  two d i mens i on s  

o n e  can c h o o s e  a c o o r d i nate sys t em on wo r l d  s h e e t  at l e a s t  

l oc a l l y  s u c h  that the m etr i c  t a k e s  the f o rm gab= e¢8ab w i th ¢ 
be i ng a c onf o rmal facto r .  S ince we are i n t e r e s t ed i n  l o c a l  

proper t i e s , i t  1S the mo s t  g e n e r a l  met r i c . I n  the f o l l ow i ng 

analy s i s  of the n i l pot ency , ¢ i s  taken to  be z e r o  f r om the out s e t  

becau s e  t h e  c o nf o rmal fac t o r  i s  decoup l ed wh en t h e  n i l p o t ency of 

BRST charge i s  s at i sf i ed .  

When the c onf o rmal f ac t o r  van i shes , the act i on i n  the 6 -

mod e l  i s  g iven by 

( 2 . 2 . 1 ) 

whe r e  comp l ex c o o rd i nates 

(2.2.2) 

have been i nt roduc e d . I n  the f o l l ow i ng the r e p l ac ement Xf.-l-+J2na'Xf.-l 

w i l l  be made . The act i on i s  i nvar i ant under BRST t ran sfo rmat i ons 

( 2 . 2 . 3 ) 
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( 2 . 2 . 4 )  

( 2 . 2 . 5 ) 

Hhere 

( 2 . 2 . 6 )  

i s  the energy-momentum t e n s o r  wh i c h  i s  g i ven by 

( 2 • 2 • 7 ) 
and 

r£!h 
+ +  ( 2 . 2 . 8 )  

The supe r sc r i pt s  X and gh of T+ +  i n  ( 2 . 2 . 5 )  s t and f o r  the s t r ing 

c o o r d i nate and ghost parts of T+ + , r e s pec t i v e l y . By Noether ' s  

method , BRST cur rent turns out to  be 

+ _x !T9h ) J+ = C (1++ + 
2 + +  ' 

whe r e  the c omp l ex c o n j ugate of J+ i s  a l s o  c on s e rved . 

( 2 . 2 . 9 )  

The o t h e r  

i ndependent c o n s e rved current i s  obta i n ed by the rep l ac ement of 

BRST charge i s  def i ned by 

( 2 . 2 . 1 0 ) 

whe r e  the c on t our i s  taken around the o r i g i n  c i rc l ing 

c ount e r c l ockw i s e . I n s t ead of c omput i ng ant i -c ommutat o r s  of BRST 

operator Q ,  we s h a l l mak e u s e  of the method of the operat o r  

product expan s i on [ 3 2 ] . Cons i de r  the operator product of BRST 

curr ent J+ ( z )  J+ ( z ' ) Hhere the operator produc t is  def i ned by the 

rad i a l  o rder i ng . When Q 2 i s  evaluated , the c ontour i n t e g r a l  i n  
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( 2 . 2 . 1 0 ) p i ck s  up t h e  s ingu l ar i t i e s  of J+ ( z ) J+ ( z ' ) i n  the l i m i t  

z ' �z. T o  c a l cu l ate t h e  n i lpot ency of BRST charge i s , t h e r e f o r e , 

equi val ent t o  p i c k i ng up the s i ngu lar i t i e s of J+ ( z ) J+ ( z ' ) i n  the 

l i m i t  z' �z . 

The ope r a t o r  p r o duct expan s i on of r;+ ( z ) r;+ ( z' ) sat i sf i e s  

---------.-4 + [ C 
( z+ -z ' + ) 

2 r. z+z '  
+ + 2 + + ( -2- ) 

( z -z ' ) 
+ non - s i ngular t e rms l 

( 2 . 2 . 11 ) 

whe r e  c i s  the c e n t r a l  charge of the V i r a s o r o  a l gebra . L e t  us 

l o ok at a mat r ix e l ement of the operator produc t o f  BRST current 

as f o l lmvs; 

1 + ( � ) + ( �, 
) Tgh ( �, ) rre-Y ( � ) 1 + 

( ) Tgh ( ) + ( ' ) rre-Y ( ' ) + 2c � c � + +  � L+ +  � + 2c z + +  z c Z L+ +  Z 

= c ( z ) c  ( z ' ) < :1++ ( z )  :1++ ( z ' » + + [_X" _y 
4
�2 +

1 3 
+ 4 1 ( 2 . 2 . 1 2 ) 

,� ( z -z ' ) 

wh e r e  ( 2 . 2 . 9 )  and the operator product expan s i on of g h o s t  f i e lds 

have be en u s e d . S ubs t i tut i ng ( 2 . 2 . 11 ) i nt o  ( 2 . 2 . 1 2 ) , 

[. c 13 ] 1 + + , J+ ( z ) J+ ( z ' ) = -
2 - - � + + 4 c ( z ) c  ( z ) .  

I� n ( z -z '  ) 

( 2 . 2 .  1 3 )  

one obt a ins 

( 2 . 2 . 1 4  ) 

I n  D - dimens i onal M i nkmoT s k i space , < r;+ ( z ) r;+ ( z ' ) > y i e lds 

( 2 . 2 .  1 5 ) 
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< XT( Z )  V ( Z ' ) > 1 I I ' I 2 .'1. = - 4n n z-z ( 2 . 2 . 1 6 ) 

have been u s ed . Subs t i tut i ng ( 2 . 2 . 1 5 ) i nt o  ( 2 . 2 . 1 2 ) , one f i nds 

that 

( 2 . 2 . 1 7 ) 

The n i l p o t ency of BRST charge r e qu i r e s  that the s i ngular i t i e s  i n  

( 2 . 2 . 1 7 ) should vani sh , s o  that the d i m en s i on of spac e - t ime 1S 

r e s t r i c t ed to be i ng D= 2 6 . 

Nex t  l e t us  c a l cu l at e  the s i ngular i t i e s  of < T+ + ( z ) T+ + ( z ' » 

i n  the l im i t  Z '-7Z i n  the p r e s ence of back g round f i e lds . The 

brack e t i n d i cat e s  path i n t e g r a l  ave rage w i th the we i ght of the 

ac t i on ( 2 . 2 . 1 ) d i s carding gho s t  par t . As sum i ng that a ' i s  smal l ,  

we u s e  the backgr ound f i e l d  expans i on . The backgr ound f i e l d  

expans i on of the bo s o n i c  part of ac t i on i s  g i ven b y  ( 2 . 1 . 1 3 )  w i th 

the wor l d  s h e e t  me t r i c  be i ng f l a t . The background f i e ld expan s i on 

of the energy-momentum t e n s o r  i s  g iven by 

2 'R cP c60 X� �o XT V na �PV6s S + B + B 

- a' { 2V�VV�O+XB�D+GV + V��D+D+ G� + �V�Vv�D+D+ ( G�GV) } 
( 2 . 2 . 1 8 ) 

wh e r e  ( 2 . 2 . 7 ) and ( 2 . 1 . 8 - 1 1 ) have been used and i rr e l evant te rms 

have be en d i s r e g arded . 

S t ra i gh tf o rward c a l c u l at i on of g r aphs wh i ch cont r i bute t o  

t h e  t e rms propo r t i ona l  to  o+XBo_XB i n  t h e  mat r ix e l ement of 
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< T+ + ( Z) T+ + ( Z' »  r e sul t s  i n  

a ' � V z- - z' -

2n B+XB B_XB + + 3 
( z  - z' ) 

x [ R�v+ 2V�VV¢- S�PJsvPJ+VpSP�v- 2 Sp�vVP¢ J, ( 2 . 2 . 1 9 ) 

wh i ch should van i sh by the r e qu i r ement of the n i l p o t ency of BRS T 

charge . I n  t h e  c o ur s e  of the c a l cu l at i on no d i v e r g enc e s  ar i s e , s o  

that the r enorma l i z a t i on of t h e  act i on i s  n o t  ne eded . The 

van i sh i ng of ( 2 . 2 . 1 9 )  g i v e s  r i s e to 

( 2 . 2 . 2 0 )  

( 2 . 2 . 2 1 ) 

c o r r e spond ing t o  the symme t r i c  and ant i s ymme t r i c  part of 

( 2 . 2 . 1 9 ) , r e s p e c t i ve l y . 

The c a l cu l at i on of g raph s wh i c h  l ead t o  the t erms 

(2 . 2 . 2 2 ) 

wh i c h  i s  the anomal ous term i n  the operator produc t expans i on I n  

( 2 . 2 . 1 1 ) . The anoma l ous t e rm ar i s e s  wh en t h e  ant i symme t r i c  t e n s o r  

f i e l d  B�V ex i s t s . The te rm can b e  r emoved by a f i n i t e  

r enorma l i z at i on t o  the energy-momentum tens o r , i . e .  

( 2 . 2 . 2 3 ) 

The redef i n i t i on do e s  not aff e c t  the r e s u l t s  of ( 2 . 2 . 1 9 ) . 

F ina l ly , we fo cus on the cont r i but i on t o  the c e n t r a l  charge . 

I n  Appendix B the eff e c t i v e  act i on W i s  c a l c u l ated i n  det a i l .  

N o t e  t hat 
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2 a 2 a 
vg Ogab ( z ) vg Ogcd ( z '  ) 

w .  ( 2 . 2 . 2 4  ) 

To f i nd the mat r ix e lement <T+ + ( z ) T+ + ( z ' » , He can use the 

re s u l t s  of the c a l c u l at i on g i ven i n  Appendix B .  Tak i ng account of 

the re l at i on ( 2 . 2 . 2 4 ) , He se t Xab=oa+ob+ , h= O and mu l t i p l y  i t  by 

- 8  and f i nal ly take a Four ie r c omponent of e ip ( z-z' ) I n  the 

c a lculat i on i n  Appendix B ,  s o  that <T+ + ( z ) T+ + ( z ' » lS obt a i ned . 

I n  the case of the van i s h i ng background f ie lds , f o r  examp le , one 

f i nds that 

( 2 . 2 . 2 5 ) 

Hh i c h  i s  re ad f r om the re s u l t  i n  ( B . 1 2 ) . I n  a s im i lar Hay , the 

c a l c u l at i on S hOHS that 

1 

Note that the f i n i te ren o rma l i z at i on i n  ( 2 . 2 . 2 3 )  

1s s}.J.vp ) 1 
3 }.J.vp 

( 2 . 2 . 2 6  ) 

affe c t s  the 

c oeff i c ient p r op o r t i onal t o  S}.J.vps}.J.VP . Tak i ng account of the g h o s t  

c ontr i but i on I n  ( 2 . 2 . 1 2 ) , one eventua l l y  f i nds that the 

n i lpotency of BRST charge re qu i re s  

( 2 . 2 . 2 7 ) 

S ummar i z i ng the above argument , by the re qu i rement of the 

n i lp otency of BRST charge one f i nds the e quat i ons of mot i on f o r  

backgr ound f ie lds . The se e quat i ons are the s ame as t h o se obt a i ne d  

f r om the van i sh ing c ond i t i on of R -func t i ons . 
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§3. Cubic Action in String Field Theory 

I n  t h i s  s ec t i on we g i ve a br i e f  r ev i ew o f  the cub i c  act i on 

i n  the s t r ing f i e l d  t h e o r y . At the p r e s ent s tage the s t r i ng f i e l d  

theory f o rmu l at e d  by H I KKO [ 1 0 ]  and a l s o  Neveu and Wes t [ l l ]  i s  the 

only ava i l ab l e  c o var i ant theory for the c l o s ed s t r i ng wh i c h  

prov i de s c o r r e c t  t r e e  amp l i tude s . H e r e  w e  adopt H I KKO / s c l o s ed 

s t r i ng mode l . 

The cub i c  ac t i on i n  the b o s on i c  c l o s ed s t r i ng t h e o ry [ 1 4 ]  i s  

g i ven by* )  

s = ( 3 .  1 ) 

wh i ch c ons i s t s  o f  the o n l y  cub i c  te rm w i thout the k i ne t i c  energy 

term . Th e cub i c  ac t i on i s  f o rma l l y  i nvar i ant under a c o o r d i nate 

t ran s f o rmat i ons X� Y =  Y (  X )  , i f  a s t r i ng � t rans f o rms as a hal f -

den s i ty [ 3 3 ] . H e r e  � i s  the c l o s e d  s t r i n g  f i e l d  wh i ch i s  a 

func t i onal o f  b o s on i c  c o o r d i nate X ,  gho s t ( ant i- gh o s t ) c o o r d i nate 

Cee) and the s t r i ng w i dth param e t e r  a. The Fadde ev -Popov g h o s t  

number  o f  � i s  NFP= - l . A l t h ough the f o rma l i sm cont a i ns the 

unphys i ca l  w i dth parame t e r  and mak e s  l oop amp l i tude s 

probl emat i c a l , the d i scus s i on s  are r e s t r i c t ed t o  the s t r i ng t r e e  

l ev e l , hence no p r ob l em h appen . I n  ( 3 . 1 )  t h e  *-product i s  de f i ned 

by u s i ng the thr e e  s t r i ng vertex operator I V> as f o l l ows; 

( 3 .2) 

wh e r e  

dr ( 3 . 3 ) 

* ) Notat i ons are the same as  tho s e  u s e d  i n  re f . [ 1 4 ] . They are 

l i s ted i n  Append i x  A for c onven i ence . 
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i s  the i nt e g rat i on w i th r e s p e c t  t o  z e r o -mode var i ab l e s  o f  r- th 

s t r i ng . The v ertex is  g i ven by the over l ap p i ng cond i t i on and i s  

expre s s ed i n  t e rms o f  o s c i l l a t o r  modes w i th Neumann funct i on 

c o e f f i c i ents . The o s c i l l a t o r  repr e s entat i on o f  V i s  g i ven l n  

Append i x  A .  The . -produc t s t ands f o r  the i nn e r  produc t . 

One f i nds that the cub i c  ac t i on ( 3 . 1 )  i s  i nvar i ant under the 

l o c a l  gauge t r ans f o rmat i on 

Q\II':: 2,,¥* A, ( 3 • 4 ) 

w i  t h  NFpA= - 2 A, where ( i )  the Jacobi i dent i ty 

( 3 . 5 ) 

wh i c h  h o lds onl y when D=26, ( i i )  cyc l i c i ty 

( 3 . 6) 

and ( i i i )  commutat i v i ty 

( 3 . 7 ) 

hav e been u s e d . H e r e  ( - ) ¢= 1 ( O ) when ¢ i s  Gras smann odd ( even ) . 

The e quat i on o f  mo t i on wh i c h  fo l l ows ( 3 . 1 )  i s  

"¥*"¥ = O . 

As s um i ng that a c l a s s i ca l  s o l ut i on "¥O wh i ch s at i s f i e s 

f ound, one expands "¥ around "¥O : 

"¥="¥ 0 
+ g¢, 

( 3 . 8 ) 

( 3 . 8 ) 

( 3 . 9 )  

i s  

whe r e  ¢ i s  a quantum f l uc tuat i on .  Subs t i tu t i n g  ( 3 . 9 )  back i nto 

( 3 . 1 )  and ( 3 . 4 ) , one f i nds that the f am i l i ar f o rm o f  the s t r i ng 
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f i e l d  theory wh i c h  cons i s t s  o f  both the k i n e t i c  energy t e rm and 

i nt e ract i on t e rm 

and i t s  l oc a l  gaug e t r an s f o rmat i on 

= !QA+ 2<D*A, 9 

whe r e  Q i s  a l i near operator de f i ned by 

1 = -QI> 2 

(3.10) 

( 3 • 11) 

( 3 . 12) 

f o r  an arb i t rary f i e ld <D. Her e  (3.8) w i th � be i ng �O has been 

used . I t  should be emphas i z ed that a c l a s s i c a l  s o lut i on t o  the 

e quat i on o f  mot i on (3.8) det e rm i n e s  a g e ome t ry of space- t ime 

wh i ch i s  spec i f i ed by the operat o r  Q in (3.12). As a r e s u l t  the 

act i on (3.10) de f i n e s  a new s t r i ng act i on f o r  c e r t a i n  backgr ound 

f i e l ds who s e  i nf o rmat i on i s  supp o s ed to be c on t a i ned in Q .  

Let us now p r o c e e d  t o  f i nd a s o lut i on to  ( 3 .8) . As l, as 

c o n s t ructed by H I KKO , one can f i nd a s t r i n g  f i e l d  r wh i c h  obeys 

the e quat i ons 

r*<D (NFP+1- a 
= Tar 

and 

NFpr = -2r 

f o r  arb i t rary <D, whe r e  

a�)<D -
8a 

a i s  the w i dth parame t e r  

( 3 . 13) 

( 3 . 14) 

o f  <D. The 

c o n s t ruct i on of r i s  g i ven in Appendi x  A .  N o t e  that an expl i c i t  

f o rm o f  r i s  i ndependent of backg r ound g e ometry . Supp o s e  that 

t h e r e  ex i s t s  an operator Q wh i ch s at i s f i e s  a l l the prope r t i e s 

that BRST operat o r  do e s , i . e . , ( i ) the n i lpot ency 
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( 3 . 15) 

and ( i i )  the d i s t r i but i on l aw 

(3.16 ) 

I f  the opera t o r  Q wh i ch sat i s f i e s  (3.15) and (3.16) i s  found, the 

s o l ut i on t o  (3.8) i s  g i ven by 

( 3 . 17) 

I t  i s  rather ea sy t o  show that (3.17) sat i s f i e s  (3.8) and (3.12); 

(3. 18 ) 

whe r e  the n i lpotenc y  (3.15) the d i s t r i but i on l aw (3.16) have been 

used , and 

( 3 • 19) 

whe r e  [NFP, Q] =Q and (3.16) have been used . 

Al though t h e r e  a r e  many r ' s  wh i ch s at i s fy (3.13) and (3.14), 

the s o lut i on f o rmed by (3.17) i s  un i que as w i l l  be s e en be l ow . 

F o r  a g iven r ,  �O g iven by (3.17) s at i s f i e s  (3.19) f o r  an 

arb i t rary ¢ .  S i nc e  (3.19) i s  s at i s f i ed f o r  an arb i t rary ¢ ,  one 

cho o s e s  anot h e r  s t r i ng f i e l d  r wh i ch s at i s f i e s (3.13) and (3.14) 

as  ¢ i n  (3.19), i . e .  , 

(3.20 ) 
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The l e f t  hand s i de o f  (3.20) i s  r ewr i t ten as  

= � [NFP+1- I� I - a�a J Qr 

1 = ZQr, ( 3 . 21) 

whe r e  commutat i v i ty (3.7) and (3.13) f o r  r have been u s ed . I n  

pas s i ng the l as t  e qual i ty i n  (3.21), [NFP,Q]=Q and r*r=o h ave 

been used . C ompar i ng (3.21) w i th (3.20), one f i nds that Qr i s  

un i que . 

Let us summar i z e above argument s .  I f  an operator Q that 

s at i s f i es (3.15) and (3.16) i s  found , one can c ons t ruct a 

s o l ut i on 1"0 t o  (3.8). The s o l ut i on f o rmed by (3.17) de f i nes a 

s t r i ng f i e l d  theory (3.10) a s s o c i ated w i th the g e ome t r y  spec i f i ed 

by the ope r a t o r  Q. 

I f  Q happens to  b e  the usual BRS T  operator de f i ned on 26-

d i mens i onal M inkm-;, s k i  spac e , BRS T  operator QB s at i s f i e s ( 3 . 15) 

and (3.16 ) w i th I n  th i s  c a s e  t h e  s o lut i on 

g enerates the we l l -known s t r i ng f i e ld theory i n  f l at spac e - t ime . 
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§4. Curved Space-Time Solutions in Cubic Action Theory 

We l o ok f o r  the s o lut i on s  that g enerate the s t r i ng f i e ld 

t he or y  i n  curved spac e [ 1 6 ] . As was r e v i ewed i n  s e c . 3, i f  an 

operator Q wh i ch sat i s f i e s  the n i l p o t ency ( 3 . 1 5 )  and d i s t r i bu t i on 

l aw ( 3 . 1 6 ) i s  f ound, one can c o n s t ruct a s t r ing f i e l d  theory 

as s oc i ated w i th the g e ometry s pe c i f i ed by Q .  Thus i n s tead o f  

s o l v i ng the e quat i on ( 3 . 8 )  der i v ed f r om the cub i c  ac t i on, we 

s o lve  ( 3 . 1 5 )  and UL I 6 ) . 

T o  s e e k  the operator Q a s s o c i a t ed w i th a non- t r i v i a l  curved 

space , l\T e f i r s t  prepare a t e s t  operat o r  Q [ G
,uv

, B
,uv

, <I:> ]  

func t i on o f  yet unspec i f i ed f i e lds G
,uv

' B
,uv

' and <1:>. 

as a 

I n  the 

f o l l ow i ng we l o o k  for the operator Q [ G
,uv

, B
,uv

, <I:>J wh i ch s at i s f i e s  

( i )  n i lpot ency 

( 4 . 1 )  

and ( i i )  d i s t r i bu t i on l aw 

(4.2) 

wh e r e  the supe r s c r i pt r r e fe r s  the chann e l s  1, 2 and 3 .  I n  ( 4 . 2 ) 

the vertex operator I v> i s  g i ven f rom the out s e t  by the 

over l app i ng cond i t i on, h ence (4.2) r e qu i r e s  c ond i t i ons over 

back gr ound f i e lds G
,uv

' B
,uv

' <1:>. The r e l at i on (4.2) means that the 

v e r t ex should trans f o rm as a conf o rmal t e n s o r  under the operat i on 

Q .  

I n  cho o s i ng the t e s t  operat o r  Q w e  take advantage o f  the 

non - l i near G-mod e l  as  an aux i l i ary t o o l : 

( 4 • 3 ) 
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whe r e  

S X 

Sgh = �Jd26lC(6) aJC(6) +C(J) a6C(J) ] 
, 

sma l l, we have made the normal c o o r d i nate 

operator Q can b e  r e ad from ( 4 . 3 )  and i s  g i ven by 

expan s i on o f  

( 4 . 4 )  

wher e  C(C) s t ands f o r  the g h o s t  ( an t i - g h os t ) f i e ld and Tab i s  the 

two d i men s i ona l  s t r e s s  t e n s o r  de f ined by 

( 4 • 5 ) 

The s upe r s c r i pt s  X and gh o f  T i n  ( 4 . 4 )  repr e s ent the s t r i n g  

c o o r d i nate and gho s t  p a r t s  o f  T, r e spec t i v e l y . 

As far as  the n i l p o tency condi t i on ( 4 . 1 )  i s  c oncerned , Banks 

e t  a l . [ 6 ] s tud i ed i t s  imp l i cat i on i n  the c ontext o f  non- l i near 6-
mod e l  and obtained the same e quat i ons o f  mot i on f o r  backg r ound 
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fields as those required by the conformal invariance of the a-

model (see sec. 2.2). 

Here we address ourselves to the condition (4.2), which has 

a straightforward connection with the cubic theory. In the 

Hamiltonian operator formalism, the test operator Q should be 

written in terms of the normal coordinate �N(a) and its canonical 

momentum PN(a)=os/04N(a) together with ghost fields. The formula 

(4.2) implies that Q should be operated at r=O on each channel of 

the vertex shown in fig. 2. In order to make the operation 

definite, we operate the charge density j(p=r+ia) along the 

contour Co in fig. 2., and then take the limit 0-70. The effect of 

this operation can be equivalently estimated by the use of 

Lagrangian formalism , i.e. , by calculating 

f da j(a)lv> ( 4 • 6 ) 

where SD stands for the action (4.3) defined over the strip 

domain D in fig. 2. The equivalence in 

Matthews's theorem [34]. 

(4.6) 1S known as 

Readers might wonder that the shift of j-operation by r=±o 

with the background dependent action SD could not be legitimate 

in the cubic theory because all information about background 

fields should be contained in j only. This is, however, allowed. 

As one sees in the following calculation, the corrections due to 

SD appears only along the contour CO ' The role of exp [-SD] , 

therefore, can be considered to take care of background 

corrections to the canonical momenta , which no more be � , as it 

should be. 
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The c a l cu l at i on o f  (4.6) i s  p e r f o rmed on the c omp l ex z-p l ane 

i n s tead o f  p - p lane a f t e r  mak ing the Mande l s tam mapp i n g  

3 
p ( z)= [arl n ( z-z r ) 

r= l 
( 4 . 7 ) 

I t  1S important t o  n o t e  the r o l e  o f  the v e r t e x  operator 1 V> • As 

is He l l  knoHn, 1 V> i s  dete rmi n e d  f r om th e over] apping cond i t i on 

and i s  b e s t  de f i ned i n  t e rms o f  o s c i l l a t o r s  H i th Neumann func t i on 

c o e f f i c i ents ( s e e  Appendi x  A ) . I n  par t i cu l ar 

appr ox i mat i on Hhere the space is  f l at , the 

h o l d s  i n  operator f o rma l i sm ,  

212 
1,2,3<01 II '; ( P i ) IVo > = 

i = l 

12 1 II N( Z r ' Z r ) ,  
"--' r= 1 1 2 

i n  the z e r o- t h  

f o l l oH i ng r e l at i on 

( 4 .8) 

Hhere i s  i n  Hh i ch gho s t  par t s  are fac t o r ed ou t , 

N( Zr , zr ) i s  the Neumann func t i on on z - p l ane , 
1 2 

and the summat i on 

i n  the r i gh t - h and- s i de c o v e r s  a l l po s s i b l e  part i t i ons o f  2 71  

The r e l at i on (4.8) s eems t o  k e e p  the c o n f o rma l i nvar i ance 

under the tran s f o rmat i on p�z . I f , hOHever , s ome of p ' S c o i nc ide , 

the c onforma l f ac t o r  dependence rema i n s  unvan i shed i n  the r i ght 

hand s i de Hh en a c e r t a i n  regu l ar i z at i on i s  made . The dimens i onal 

r egu l a r i z at i on H i l l  be u s ed l a t e r . I n  ou r c a l cu l at i on ,  j i s  a 

c ompo s i te f i e ld H i th s ome der i vat i ve s , and i t  trans f o rms no mo r e  

as a confo rma l t e n s o r  under (4.7) and s ome cond i t i ons over 

backgr ound f i e lds are r e qu i r ed t o  r e c ov e r  the c ovar i ance . Th i s  i s  

the e s s ent i a l  f e atu re i n  ou r c a l cu l at i on . 

L e t  u s  l o ok at typ i c a l  mat r i x  e l ement s  o f  (4.2) as f o l l oHs ; 
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and 

3 
1 , 2 , 3 < oi L Q ( r ) 1 V( 1 , 2 , 3 ) > 

r=l 

= ivn 
2 

Jd7 [dPd� 
Z ) .J -1 r �y -

� 
-< l++( Z»C( z ) C( zO ) 
+2 < 8zC( Z) C( z»C( z ) C( zO ) 

- 2 < C( z ) C( z )  > 8zC( Z) C( zO ) 
+2 < C( z ) C( Zo»C( Z) 8zC( Z) 1

, 
3 

1 , 2 , 3< 01';,u ( 1 ) ';')I( 2 )  LQ( r ) 1 V(1,2,3» 
r=l 

= + --2 

( 4 • 9 ) 

( 4 . 10) 

where (4.6) and (4.8) have been used. In passing the first 

equality in (4.9) and (4.10), we transformed the variable P to z , 

hence the integration contour Co to Co in fig. 3. Here the ghost 

fields C and C are 

C( z )  = C( p) , ( 4 . 11) 

( 4 . 1 2 )  

which are those defined in refs. [9, 10]. To see the relation to 

the ordinary conformal ghost fields, see ref. [35]. 

The bracket in (4.9) and (4.10) indicates path integral 

average with the weight of action in (4.3). It is crucial to 

examine the dependence of the conformal factor: 

¢=lnl �� 12 ( 4 . 13) 
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in gab= e¢8ab in z-plane. To study the path integral we must 

prepare a renormalized a-model action on a fixed curved world 

sheet. The a-model action is renormalized and the effective 

action up to two-loop order 1S calculated in Appendix B .  In the 

course of the a-model analysis, we have made weak field expansion 

of gab=oab+hab around flat world sheet and 

(4.14) 

( 4 . 15) 

have been introduced as independent variables. A difficulty 

arises due to the ambiguity of definition of antisymmetric tensor 

c ab ( g ) in n-dimensional space. In the presence of Bf.lV h7e look for 

a consistent dimensional regularization in the a-model where 

antisymmetric tensor c ab ( g ) is extended to that on n-dimensional 

curved world sheet. The weak field expansion of c ab ( g )  will be 

represented as 

( 4 . 16) 

where c and d are some constants and will be determined later. 

The renormalized action to two-loop level becomes 

(4.17) 

where 
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s = c.t. 

Snon-cov 
1 

= - (-48 

S ( 2 )  = + � a' S SIJK Jdn6�R(n) c . t. 2 co 16n I JK • 

The calculation of fig. 4.d4 generates non-local divergent terms 

as well as infrared divergent terms. Assuming that the 

counterterms should be local, we conclude that d in (4.16) should 



be vanishing. The finite renormalization term �S has been added 

to eliminate the anomalous term given by (2.2.22). The extension 

of s ab ( g ) given by (4.16) generally violates the invariance under 

the reparametrization. We have added the term in Snon-cov which 

is finite local counterterm as it should be. The 

reparametrization non-invariant terms disappear in the effective 

action as will be seen in Appendix B .  The counterterms S and c.t. 
S ( 2 ) 
c.t. are local and invariant, which are needed at one and 

two-loop level, respectively. 

The effective action defined by (2.1.15) with XB=x becomes 

x Jd2Xd2YV9 (:X)R (X)G (X, Y)Y9 (Y)R (Y) + . . . (4.18) 

where 

( 4 . 19) 

Here ellipses mean some finite terms proportional to R (2) with 

finite coefficient and are irrelevant for our calculations. No 

infrared divergences appear in the final expression. 

The trace anomaly can be found from (4. 18) by taking 

derivative and contracting with respect to gab ' i.e., 

(4.20) 

which is proportional to the If1) without ghost contribution as is 

expected. Note, however, (4.20) is independent of the constant c 

which has been introduced in (4.16). 

To calculate the conformal factor dependence of and 
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and 

h= (2+2E)¢. 

The energy-momentum tensor defined by (4.5) results in 

T++= T++ 0 + T++ int+ T++ c. t. +D.T++ + T++ non-cov + T++ (2) c. t. 

where 

T int= ++ 

T non-cov= + (c-1)a'S SIJK 8+8+¢, ++ 24n IJK 

T (2)c.t._ a's IJK 8 8 + + - - 16 n I JKS + + ¢ , 

(4.22) 

(4.23 ) 

o where T++ ' T int T c.t. ++ , ++ ' A T T non-cov d T (2)c.t. 
il ++, ++ an ++ are 

terms associated l-,li th SO' Sint' Sc. t.' l:J.S, Snon-cov and 

respectively. In (4.23) 0 (¢2) terms are ignored. 

S (2) 
c.t. ' 

Graphs contributing to <T++> at 0 (¢) are given in fig. 5. 

The straightforward calculations of the individual graphs are 

given in Appendix C .  All of contributions amount to 
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24
1�� D- �a' (R+4V�V ¢-4V�¢V ¢- �S S�vp ) }8 8 ¢ I�l 2 � � 3 �vp z z ' (4.24) 

which has turned out to be c independent. Graphs connected with 

at most two ¢'s contribute to <�+> .  Taking account of them, we 

eventually find 

<r;+ (z» = 2!n {D- �a' (R+4V�V�¢-4V�¢V�¢- js�vpSj..lVP )} 

1 x (8z8z¢- �8z¢8z¢)' (4.25 ) 

which is also derivable from the variation with respect to the 

metric of the effective action given by (4.18) (see Appendix C ) . 

Another matrix element which is necessary for our 

calculation is <�� (1)�v (2)T++> .  The relevant graphs are listed 

in fig. 6 and the result of calculation of each graph is given in 

Appendix D .  Summing up contributions of all graphs in fig. 6, we 

arrive at 

1 , f 4 KL } = �a lRIJ+2VIVjP- (3- 3c)SII{LSJ . 

x J d2x!:" ( i-a;) 8z!:" (·cc-z) 8c8c¢ (X) 8z!:" (  2-z) 

and 

1 , f 4 KL} + �a lRIJ+2VIVjP- (3- 3c)SIKLSJ !:,. (1-z)8z!:,. (2-z)8z¢ (Z) 

1 , f 3 KL } + Sa lRI� (�-c)SIKLSJ .
8z!:,. (1-Z)8z!:,. (2-Z)¢ (1) 

+ (1�2) 
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= ia' {�KsKI�2�KWSKIJ}Jd2X� (1-X)8Z� (X-Z)8C8c¢ (X)8Z� (2-Z) 

1 , [ K K } � + 2a l� SKI�2� WSKIJ � (1-k)8z� (2-z)8z¢ (z) 

1,[ K K l � + 2a l� SKIJ-2� WSKIJj 8z� (1-�)8z� (2-z)¢ (1) 

- (1�2), (4.27) 

where � (x-y) is the Green's function defined on a flat world 

sheet. The matrix elements including the ghost are given by 

<C (z)C(z» =-

<8�C (z)C(z) > '" 

<C(z) C (zO) > 

One substitutes 

1 1 
4n 28z¢' 

1 1 = 4n 6 (8z8z¢-

1 1 = 4n z-zO' 

(4.25-30) into 

along the contour CO' 

(4.28) 

1 
28z¢8z¢) , (4.29) 

(4.30) 

( 4 . 9 ) and (4.10) and integrates 

It should be noted that the perturbation corrections due to 

interactions in (4.17) occur only on the line Co in p-plane or Co 

in z-plane. If we look at (4.9), there are potential sources of 

non-local corrections, for instance, coming from the diagram 

shown 1n fig. 5. In the amplitude, however, some of propagators 

,,,hich link 1.'int (w) with Ti�) (z) and ¢ (u) collapse into delta 

functions due to derivatives on the propagator. Thus we have 

obtained (4.25), leaving a local correction to Ti�) (z). A similar 

situation also happens in fig. 6 which occurs in the calculation 

of (4.10). Careful inspection of the integrand, in particular 

(4.25-27), shows that no singularities appear except at the image 
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of interaction point PO' so that the integration is able to be 

shrunken to a small circle Ci  around zO o  Singularities at the 

image Zo 

(dp/dz) -1 
of vertex point appear from two sources, one from 

in (4.9) and (4.10) which comes from the Jacobian and 

the trans formation factor of j, and the other from the conformal 

factor in 9ab= e¢Oab in z-plane ( 9ab=oab in p-plane ) . Collecting 

those singular terms and performing the Cauchy integral, we 

obtain 

3 
1 , 2 , 3 <0 1 [ Q( r ) 1 V(1, 2, 3» 

r=l 

vn f  
= 64 D-26- �a' ( R+ 4V�V ¢- 4V�¢V ¢- Is S�Vp)l 2 � � 3 �VP 

>< f1c'  / (zO)C (zO)- b
2C' (Zo)C (Zo) ) l a a , ( 4 . 31) 

where (4.13) and the expansion of C (z) and p (z) around the zO ;  

and 
3 

p (z)= [a i ln (z-zi )=PO - a (z-zO)2_ b (z-zO)3 _ ... 
i=l  

(4.32) 

( 4.3 3) 

have been used with 

Po=p (zo), and 

(4.31) should vanish according to the condition (4.2). Thus the 

distribution law requires the equation for background fields 

which agrees with the vanishing condition of {3¢ . 

Another matrix element of (4.2) was given by (4.10). We 

substitute (4.26) and (4.27) into (4.10) and carry out the 

contour integration. Picking up some pol es around zo' one finds 
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3 
1 , 2 , 3 < 0 I ,; I ( 1 ) ,; J( 2 )  L Q ( r ) I V( 1 , 2 , 3 ) > 

r= l 

- ( 1�2 ) . ( 4 . 3 4 ) 

The last terms in ( 4 . 2 6 )  and ( 4 . 2 7 )  do not contribute to ( 4 . 3 4 )  

because they are regular near z=zO ' The vanishing condition of 

( 4 . 1 0 )  requires that both the symmetric and antisymmetric factors 

in the square brackets in ( 4 . 3 4 )  should be zero. 

All matrix elements other than < T+ + > and < ,;� ( 1 ) ,;v ( 2 ) T+ + > are 

trivially zero. The reason is as follows. Consider the 

contraction of the energy-momentum tensor with more than three 

';'s. Up to the G ( a ' ) , the graphs which contribute to 

< ,; "  ( 1 ) '; " ( 2 )  . . .  ,; " ( n ) T+ + ( z »  ( n�4 ) do not include loop diagrams, 1"'1 1"'2 1"'n 
so that no divergent terms arise. Each graph gives rise to a 

factor s1> and vani shes in hw dimens ions ( s�O ) • 
Summarizing the above argument, we find that the 

distribution law of BRST charge imposes following conditions over 

background fields: 

( 4 . 3 5 )  
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(4.36) 

( 4 . 37) 

In (4.36) the constant c remains undetermined. These three 

equations, however, should not be independent but be related with 

each other by the Bianchi identities which ensure the consistency 

of non-vanishing background fields. Taking 

derivative of (4.36), one can show that 

where (4.37) and the Bianchi identities 

the covariant 

(4.38) 

(4.39) 

(4.40) 

have been used. Comparing (4.38) with (4.35), one can conclude 

that the parameter c must be i .  Thus the extension of the anti-

symmetric tensor c ab ( g ) on a curved world sheet is uniquely 

determined by the consistency condition among the equations for 

background fields. Substituting c=i into (4.36), we find that 

these equations are the same as those obtained from the vanishing 

conditions of fi-functions. Banks et al. studied the nilpotency 

(4.1) in 0 (a ' )  and found that those equations for G�v '  B�v and ¢ 

are necessary. It is worthwhile to emphasize that same equations 

have been deduced from a new requirement which is linear in Q. * ) 
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Thus the nil potency ( 4 . 1 )  and the distribution law ( 4 . 2 )  require 

the equations of motion for background fields which agree with 

those obtained in the context of the conformal invariant a-model. 

Summing up the arguments ln  secs. 3 and 4 ,  one can conclude 

that the equation of motion (3.8) derived from the cubic action 

determines the equations of motion for background fields. Those 

equations are the same as those required by the conformal 

invariance of the non- linear a-model. Thus the cubic action 

theory generates al l al lowed conformal independent background 

fields as the solutions of the cubic action. The cubic theory, 

therefore, can be qualified as a non-trivial,  self-contained and 

geometry independent field theory of string . 

The method developed above is able to be extended to higher 

orders in a ' Using the sigma model as an auxiliary tool one 

constructs a test operator Q [ G
�v

, B
�v

' ¢] ' then derives the 

equations for background fields to any order in a ' from 

conditions of the nilpotency ( 4 . 1 )  and the distribution law 

( 4 . 2 )  . Substituting a set of solutions that obey the equations 

one determines a BRST operator 

( 4 . 4 1 ) 

The string action 

( 4 . 4 2 )  

* ) The conformal covariance of the tachyon emission vertex was 

studied in ref. [ 7 ]  and they obtained the same equations for 

background fields. 
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associated with the geometry specified by ( 4 . 4 1 )  then provides 

the S-matrix theory in the curved space. A practical method for 

small a ' is to develop a perturbation theory in ( 4 . 4 2 ) where 

¢Q( O ) ¢ is treated as an unperturbed term. 
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§ 5 .  Summary and Discussion 

The cubic action theory has been shown to determine the 

equations of motion for background fields which agree with those 

required by the conformal invariance of the non-linear a-model. 

Taking advantage of the a-model as an auxiliary tool, we solved 

the equation of motion derived from the cubic action and 

constructed the 

cubic action 

string field theory in curved space. Thus the 

theory generates all conformal independent 

background fields as the solutions of the cubic action. The 

fact advantage of our method over the a-model consists in the 

that all allowed solutions are contained in a space which a 

single theory covers. The cubic action theory , therefore, can be 

qualified as a non-trivial, self-contained and geometry 

independent field theory of string. 

In the course of the analysis , it was shown that there 

exists a consistent dimensional regularization in the a-model 

where antisymmetric tensor s ab ( g ) is extended to that on n

dimensional curved world sheet. The extension of s ab ( g ) from two 

to n dimensions was determined by the consistency of the 

equations of motion for background fields. 

To guarantee that the cubic action theory is independent of 

the space-time metric , further investigation should be made. In 

solving the equation of motion of the cubic action ,  we chose BRST 

operator as a test operator by the use of the non-linear a-model 

as an auxiliary tool. The BRST operator we have used is expressed 

in terms of the normal coordinate variable eM( x ) , which is the 

tangent vector at the center of mass x along the geodesics, and 

its canonical momentum. The positions of the center of mass are 
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n o t  on the t h r e e  s t r ing over l ap , s o  that the operat i on o f  BRST 

charge at the v e r t ex may depend on the back g round g e ome t r y . I n  

o rder t o  avo i d  t h e  g e ometry dependenc e , w e  change var i ab l e  eM( m ) 

at the center o f  ma s s  i n t o  that at t h e  i n t e r ac t i on po i nt [ 3 6 ] . 

We remark on a r e n o rma l i zat i on c o r r ec t i on to  the back g round 

f i e l d  e quat i ons due to s t r i ng l o op ampl i tude s . As was d i scus s ed 

by F i s c h l e r  and S u s s k i nd and many o t h e r s [ 1 7 ] , the d i ve rg e n c e s  i n  

amp l i tude s hav i ng non- t r i v i a l  t opo l o gy r e qu i r e  new c ount e r  t e rms 

in the act i on of the G-mode l on sph e r i c a l  t o p o l ogy and hence the 

e quat i ons for backgr ound f i e l ds are to be mod i f i ed t h e r eby . 

I n s o far as we s t i ck to  H IKKO ' s f o rma l i sm f o r  c l o s e d  s t r i ng , our 

method s h o u l d  not be app l i ed s tr a i gh t f o rwardl y  to th i s  prob l em , 

becau s e  the unphys i c a l  w i dth parame t e r  s e ems t o  v i o l ate the 

modu l ar i nvar i anc e in l oop amp l i tude s . The c ovar i ant i z ed l i gh t 

co ne f i e l d  t h e o r y  wh i c h  has been propo s e d  by Neveu and W e s t  and 

o t h e r s [ 1 3 ]  s e ems to  r e s o lv e  the w i dth par ame t e r  probl ems . I t  l S  

i n t e r e s t i ng t o  i nc l ude s t r i ng l o op c o r r e c t i on s  i n  t h e  new 

f o rmal i sm .  

T o  pract i c e  our prog ram i n  the f ramework o f  W i t t en ' s theory 

i s  o f  extreme i nt e r e s t . As has been s tudi ed by H o r ow i t z  and 

S t r om i ng e r [ 3 7 ]  , howeve r , spec i a l  care mus t  be pa i d  about the 

m i dd l e  po i nt of s t r i ng when operat o r s  QL and QR are mu l t i p l i ed .  

M o r e ov e r , the c l o s ed s t r i ng s t a t e  s e ems n o t  t o  be i n c l uded i n  the 

phys i c al H i lbert space wh i c h  i s  ann i h i l ated by the BRST charge 

for the open s t r ing . The c l o s e d  s t r i ng f i e ld 

pr opo s e d  by S tr o m i n g e r [ 3 8 ] . We hope that our 

theory has been 

method devel oped 

here w i l l  be so ext ended that be app l i c ab l e  t o  W i t t en ' s s t r i ng 
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f i e l d  theory . 

Acknowledgements 

The auth o r  would l i k e  t o  thank P r o f e s s o r  K .  K i kkawa f o r  

sug g e s t i ng th i s  probl em , f o r  valuab l e  d i scus s i on s  and cont i nuous 

encourag ement and f o r  h i s  careful r e ad i ng of the manu s c r i pt . He 

would l i ke t o  thank P r o f e s s o r  T .  Kug o f o r  i n f o rm i ng us the 

de ta i l s of c a l c u l at i ng r and a l s o  w i s h e s  t o  thank D r . M .  Maeno 

for many d i scu s s i ons and other memb e r s  of K ikkawa Labo ratory for 

k i nd h e l p . 

5 1  



Appendix A 

The construc t i on o f  r i s  r e v i ewed h e re [ 1 4 ] . Notat i on s  

f o l l owed b y  H I KKO are l i s t ed b e l ow : 

O s c i l lator modes : 

1 00 ( + )  + .  A±,u - 1J,uvp + X,u , = L a,u - e_ z na 
V ,,/ii n n= -oo 

1 00 
( + )  + . C± - in- + C = L C - e- z na 

C 
vn 

n n= -oo 

1 00 
( + )  + . C± - C + inc = L c - e_ Z7UJ 

vn 
n n= -oo 

( ant i - ) Commutat i on r e l at i ons : 

[ a,u ( i ) a v ( j ) ] = n ' m ,uv i j nOn+m , 01J ° 
( i , j= ± )  

{ C ( i ) n ' 

a ,u ( i ) 
- n  = a,u ( i ) t C ( i ) = n ' - n - ( i ) c_ n 

- ( i ) t = 0,}2 

",,u ( + ) - ",,u ( - ) ""' 0 - ""' 0 __ 1 ,u - ( i ) _ 1 - - 8 ( ± )  __ zP , cO - -2 cO + --- , Co 8cO 

( A .  1 )  

( A .  2 ) 

The o s c i l l a t o r  r e p r e s entat i on o f  t h r e e  s t r ing vertex i s  g i ven by 

I V( 1 , 2 , 3 )  > 

whe r e  9 i s  the pro j e c t i on operator i n t o  the s ame number o f  ( +) 

and ( - )  mode s and 
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+ �-L N� ((C�+ ) ( r ) +a�,- )  ( r ) ] . p + TOt -& ({p�-2 )  
n�l r= 1 r 
r 

- ( r ) r ( r ) = i na • ( r ) r- ( r )  _ cn n rCn ' n - -;;;-"' r 

w �/� ) = 1= L (X r sN� + 1 n�1s s ) ( r  ( + ) ( s ) + r ( - ) ( s ) ) v2 n�1 arm<;;l n-m , m - n  - n  

rs X 

-rs Nnm 

-rs NnO 

-rs NOO 

= 

= 

= 

3 

s 

( ar a 1 a2cx3 - + n 

a 1 a2 -r c -- Nn , s as 

(ars a r3 TO 
--

-ar a3 

as J - 1-1�S 
m NnNm ( n , m�l ) 

( c1 , c2 , c3 ) = ( 1 , - 1 , 0 )  

a s3 ) - a3 

( n�l ) 

To = Larln l ar l , P=a 1P2 -a2P1 ' a ( 1 , 2 , 3 ) = ( 2n ) D+ 1 a (Lar ) a (LPr ) 
r= l r r 

r ( nT )  f ( x ) = = n n ! r ( nx- n+ 1 )  

L e t  us construct a s t r i n g  f i e ld r wh i c h  s at i s f i e s  

f o r  arb i t rary ¢ and a i s  the w i dth param e t e r  o f  ¢ and 

( A . 4 ) 

( A . 5 ) 

( A . 6 )  

wh e r e  NFP i s  the Fadde ev- Popov gho s t  number operator . E q . ( A . 5 )  i s  
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more exp l i c i t l y r e p r e s ented as  

Hhe r e  

i s  t h e  i n t e grat i on measure H i th r e spect t o  z e r o -mode var i ab l e s  

and 

H i th 

/ r ( 2 , 3 »  

( A .  8 ) 

We l o ok f o r  a s t r i ng f i e l d  such that Ir> =5 0 1 �> .  To f ind r ,  the 

f o l l oH i ng f o rmul a  is  of great u s e ; 
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wh e r e  ( A . 2 )  and ( A . 4 )  have been u s e d  and 

[ ) n n- 1  
h 7,,=4 ?!  [ sg n  ( ECX ) ]  n , gn=[ hn_ h.", • n .  e 3 m= l m ·� 

( A . 1 0 )  

and j ,  �n and In a re c - number sourc e s . H e r e  o n l y  the terms wh i ch 

c o n t a i n  one more � than l ' s  have been r e t a i ned . S ince NFpr= - r ,  

other t e rms d o  n o t  c o n t r ibute t o  n e c e s s ary matr i x  e l ement t o  f i nd 

r .  F o r  i n s tanc e , we c h o o s e  11 + ) , �1 + ) , ��± ) and �� - )  as n o n -

van i sh i ng s ourc e s  and s e t  

, ( - ) - , ( - )  
/l,,2 - /l,, 3 ' 

( A . 1 1 )  

I n  that cas e , the s e c ond t e rm i n  the s quare bracket I n  the r i ght 

hand s i de o f  the f o rmu l a  ( A . 9 )  van i sh e s . It  i s  eas y t o  show that 

< r ( 1 ) I = 06 1 ) 1 < 0 I [ 01 + ) ( 1 ) 01 + ) ( 1 ) o� - ) ( 1 ) - -te2 01 + ) ( 1 ) o� + ) ( 1 ) o� - ) ( 1 ) ) 

x 8 ( P1 ) l i m [8 ( CX 1 - E ) + 8 ( CX 1 + E ) ) 
E�O . 

( A .  1 2 ) 

s at i s f i e s ( A . 7 ) . The r e  are many o t h e r  r ' s wh i ch sat i s fy ( A . 5 )  and 

( A .  6 ) . 
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Appendix B 

The e f fe c t i v e  act i o n i n  the non- l i near 6-mode l i s  c a l c u l ated 

h e r e . The 6 -mode l act i on i s  g i ven by 

s = 4:a , Jd2 6 [V99abG�v ( x) aaX�abXV + i c abB�v ( X) aaX�abXV 

+ a ' V9R( 2 ) <p ( X) J
. 

( B . l )  

By mak i ng R i emann ' s  n o rmal c o o r d i nate expan s i on o f  X�=::c�+v2na '  G� 

around a c o n s t ant s o l ut i on ,  the act i on , up to  0( a ' ) , i s  

( B .  2 ) 

Hhe r e  R�VP6 i s  the R i emann t e n s o r  o f  spac e - t ime and s�vp i s  the 

f i e ld s tr ength of B�v ' They are a l l evaluated at x� . The v i e lbe i n  

f i e l d  e�M(x )  i s  i nt ro duc e d . The e f f e c t i v e  act i on i s  de f i ned by 

The Heak f i e l d  expan s i on of r e l evant quant i t i e s  are g i ven by 

5 6  

( B . 4 ) 

( B .  5 )  

c a 3 "8ha aah + C) ( hab ) ' 
( B . 6 )  



( B .  7 ) 

Hhere n= 2 + 2 c  and 

( B . 8 )  

( B . 9 )  

are  i nt r oduc ed as i ndependent var i ab l e s . I nd i c e s  are r a i s ed and 

l OHered H i th Kronecker d e l t a . 

The renormal i z ed act i on at one - l o op l ev e l  i s  

Hhere 

s = c . t .  

+ d �"'"igg - a R cLl c a c a e  f 7" a b [ 1 , T7 L M N 1 u v  3n 'MKNLS S as bS 
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The f in i t e r eno rmal i z at i on t erm �S wh i ch i s  n e c e s sar y  t o  prove 

the n i lpot ency of BRST charge has been added ( s e e  ( 2 . 2 . 2 3 ) ) . 
Graph s contr ibut i ng t o  the e f fe c t i v e  ac t i on i s  g i ven i n  

f i g . 4 .  The s t r a i gh t f o rward c a l c u l at i on o f  f i g . 4 . a l shows that 

The 

al = 

= 

D B ( n /2 + 1 , n /2 + 1 ) 
4 ( 4 n ) n /2 r ( 2 ) 

8 f 1-ab 2-+ n ( 2 -n ) \ - �h ( p ) p  hab ( -p ) 

+ �hab ( P ) PaPchCb ( -P ) + ih ( p ) p2h ( -P ) } ] 

( PaPbhab ( p )  - -2-p2 h ( p ) ) 2 

p2 

+ � D 
J 

dnp [ 
2 8  2 4n ( 2n ) n -

1-ab -c 8 2 ] 
+ �h ( p ) PaPch b ( -P ) + �h ( p ) p  h ( -p )  

+ . . . . .  ( B .  1 1  ) 

e l l i p s e s  a re t e rms propo r t i onal t o  R( n ) w i th f i n i t e  
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c o e f f i c i ent and the t e rms o f  G ( m2 ) .  Th e s e  te rms are i rr e l evant 

f o r  our c a l c u l at i ons . They w i l l  be d i s r e garded h e r e a f t e r  a l s o . 

Add i ng the c ount e r t e rm i n  ( B . I 0 ) ( s ee  f i g . 4 . a 2 ) , one obta i ns the 

e f f e c t i v e  ac t i on in f l at spac e - t i me : 

a l + a 2  = 
( PaPbhab { p ) - ip2h ( p ) ) 2 

p2 
( B . 1 2 )  

Next cons i d e r  the contr ibut i ons to  the e f fe c t i v e  ac t i on I n  

curved back g r o unds . The r e s u l t s  o f  c a l cu l at i ons o f  g r aph s re l a t e d  

t o  the spac e - t ime me t r i c  G
�v

( s e e  f i g . 4 . b l -b 5 ) t u r n  o u t  t o  b e  

b l  

b 2 + b 3 = CJ ( m2 ) 

b 4 +b 5  = G {m2 ) 

( PaPbhab ( p ) - ip2h ( p ) ) 2 

p2 ( B . 1 3 )  

( B . 1 4 )  

( B . 1 5 ) 

I n  f i g . 4 . b l  the o n l y  f in i te non- l o c a l  term contr i bu t e s  to  the 

e f f e c t i v e  ac t i on w i th out d i v e r g ent t e rms . As g i ven by ( B . 1 4 )  and 

( B . 1 5 ) , a l l  o t h e r  g r aphs cance l  out to g i ve the te rms of G ( m2 ) .  

The d i l a t on cont r i but i ons ( s e e  f i g . 4 . c l - c 4 ) t o  the e f f ect i v e  

act i on are g i v en by 

c 2  = 

c 3 + c 4  = 

c l  = 

+ � \jM\jt-fP 
1 6 n  J 

d2p 
( 2 n ) 2 

G ( E ) 

a ' 
1 6 n  J 

d2 \jMiIJ\jlvfP 
P 

( 2 n ) 2 

-ab ip2 h ( p ) ) 2 ( PaPbh ( p ) -
2 

( B . 1 6 )  

P 

( B . 1 7 )  

( PaPbhab ( p ) - 1 2 2 "ZP h ( p ) ) 
2 ( B . I S ) 

P 
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Let us c a l cu l a t e  the e f f e c t i v e  act i on i n  the p r e s enc e o f  

B
j..LV

( s e e  f i g . 4 . d 1 -d? ) . I f  d i n  ( B . ? )  i s  non-van i s h ing , the 

c a l c u l at i o n of f i g . 4 . d4 gene r a t e s  non - l oc a l  d i v e rg ent te rms as  

we l l  as  i n frared d i ve r g ent te rms . The s e  t e rms do not can c e l  even 

i f  c ontr i but i ons of any other g r aphs are added . As sum i ng that the 

c ount e r t e rms shou l d  be l oc a l , we conc lude that d in ( B . ? )  s h o u l d  

be van i sh ing . W i th th i s  c ond i t i on e a c h  g r aph w i l l  be  c a l c u l ated 

b e l ow . The two - l oop i nt e g r a l  o f  f i g . 4 . d 1 tak e s  the f o l l ow i ng 

f o rm ; 

d 1  = + 2na ' S �IJK J 
dnp hab ( p ) hcd ( _p )  c ejcgh IJli n ( 2 n )  

qa ( P+ q ) bqe ( q-k ) j ( p+ q ) g ( q-k ) hkc ( p+k ) d 
q2 ( p+ q ) 2 ( q_k ) 2 k2 ( p+k ) 2 

( B . 1 9 ) 

wh e r e  mas s  t e rms are neg l e c t e d  because no i n f rared d i v e r g enc e s  

ar i s e i n  the c our s e  o f  the c a l culat i on . Us i ng t h e  ru l e : 

( B . 2 0 )  

and mak i n g  tran s fo rmat i on s  o f  momentum var i ab l e s , we rewr i t e  

( B .  1 9 )  as 

x J 
dnq dnk qa ( p+ q ) bkc ( p+k ) d 

( 2n ) n ( 2n ) n q2 ( p+ q ) 2 ( q_k ) 2 k2 ( p+k ) 2 

P e r f o rm i n g  the momentum i nt e g ra l , one f inds that 
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+ B ( n , 1 + n/2 ) r ( 3 - n ) B ( n/2 , n/2 )  

1 + 4 c  2 l + c 2- -ab 
8 ( 1 + 2 c ) h ( p ) p  h ( -p ) + 4 c 2 ( 1 + 2 c ) P hab ( P ) h ( -p )  

( B . 2 2 )  

I n  the above r e s ul t , t2 d i vergenc e s  ar i s e . The f i g . 4 . d2 g i v e s  

t h e  momentum i nt eg r a l  o f  the f o rm ; 

d2 = + 2 na ' sIJKsIJK f dnp hab ( p ) hcd ( _p )  c efcgh 
( 2n ) n 

qa ( P+ q ) bqe ( q-k ) fqg ( q-k ) h qc ( p+ q ) d 
q2 q2 ( p+ q ) 2 ( q_ k ) 2 k 2 

( B . 2 3 )  

By us i ng the ant i s ymme t r i c  property w i th r e s pect t o  the suf f ix o f  

c ab , the momentum i nt e g r a l  i s  eas i l y car r i ed out t o  g i ve 

+ 1 + 2 c  
---z;s 

1 + 2 c 
c 

-ab PaPbh ( p ) . h (  -p )  

( PaPbliab ) 2 

1 
( B . 2 4 ) 

wh i ch has a l s o  t2 d i vergenc e s . The sum o f  the contr i but i ons g i ven 

by ( B . 2 2 )  and ( B . 2 4 )  becomes 
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d l + d 2  

+ 

1 -ab 5 2 } + 6 h ( P ) PaPbh ( -P ) - 4 8h ( P ) P h ( -p )  

( B . 2 5 )  

I t i s  worthwh i l e t o  emphas i z e  that i2 d i ve rgent t e rms i n  ( B . 2 2 )  

and ( B . 2 4 )  canc e l  out . The r e c ent r e s u l t s [ 3 9 ]  o f  the c a l c u l at i ons 

of the p- func t i ons at the two - l o op o rder showed that the c o r r ect 

p r e s c r i pt i on i s  

( B . 2 6 )  

S i nc e  i2 d i v e r g e n c e s  appear at the two - l oop c a l c u l at i ons o f  P

func t i ons , the 0 ( 8 )  t erm i n  ( B . 2 6 )  contr ibutes t o  the e quat i ons 

for back ground f i e lds de r i ved f r om the van i s h ing cond i t i on s  of P-

func t i ons . Howev e r , i t  i s  suff i c i ent to  u s e  the rule ( B . 2 0 )  i n  

1 1 t o  b 1 d O ° 
our ca cu a l ons , e c aus e no �2 l v e r g ences ar l s e . 

Other g raphs can be c a l c u l ated w i th eas e . The cont r i but i ons 

t o  the e f f ec t i v e act i on are 

= J dnp ( 
( 2 n )  n 

-ab h ( P ) PaPbh ( -P ) -
1 2 J 
Zh ( p )  P h ( -P ) 

( B . 2 7  ) 
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d4 = + c2---S �IJK sh ( p ) sh ( -p )  s e s g na t 
J 

dnp j h 
1 8 IJIi n ( 2 n )  

( Q-k-p) eQj{ ( q-k-p ) g- 2kg } qh 
Q2 ( q-k-p) 2k 2 

d 5 +d6 = (,J ( m2 ) ( B . 2 9 )  

= 

( PaPbhab ( p ) - ip2h ( p ) ) 2 

p2 

( B . 3 0 )  

N o t e  that the r e s u l t s  g iven by ( B . 2 ? )  and ( B . 2 8 )  depend on the 

unknown param e t e r  c i nt r oduced in ( B . ? ) . Add i n g  a l l  c ontr ibut i on s  

t o  t h e  e f f e c t i v e  act i on , we eventua l l y  arr i v e  a t  

1 a t IJK J 
dnp [. l-ab 2-

2 � 1 6 � SIJKS - -4h ( p ) p  hab ( -p )  
'-' ,� ( 2 n )  n 

1-ab -c s 2 ) 
+ zh ( p )  PaP ch b ( -p )  + gh ( p )  p h ( -p )  

. 
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( B .  3 1 ) 

No i n f rared d i v e r g e n c e s  app ear i n  the f i nal expre s s i on .  I f  He 

l o ok at ( B . 3 1 ) , a neH count e r te rm of o rder t should be added l n  

the c a s e  Hher e  the ant i - s ymme tr i c  t e n s o r  f i e l d  ex i s t s : 

s ( 2 )  
c .  t .  = + 

1 a ' 
S SI JK J 

dnp [. _  
2 8 1 6 n IJK 

( 2 n )  n 

1-ab - 0 8 2 1 
+ 2,h ( p )  PaP oh b ( -P ) + Sh ( p )  P h ( -P ) . 

( B . 3 2 )  

Moreove r , a f i n i t e  l oc a l  c o un t e r t e rm should be added , s o  that the 

r enorma l i z ed e f f ec t i v e  ac t i on b e c omes i nvar i ant under 

r eparame t r i z a t i on . The t erm i s  

1 
Snon - c ov = (

4 8  

0 2 a ' I JK f dnp 2 
-7 2 ) S S . h ( p ) p  h ( -p )  1 6 n IJK 

( 2 n ) n 

[ - ab x h ( P ) PaPbh ( -P ) - 1 2 ) 
2,h ( p )  P h ( -p )

. 
' 

the 

( B . 3 3 )  

Hh i ch i s  f i n i t e  l oc a l  count e r t e rm as i t  should be . B y  tak i ng 

acc ount o f  ( B . 3 2 )  and ( B . 3 3 ) , the tHo - l o op ren o rma l i z e d  act i on i s  

g i ven by 
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wh e r e  the c ount e r t e rms and 

i nvar i ant . 

S ( 2 ) c . t .  are 

( B .  3 4 ) 

l oc a l  and 

Tak i ng acc ount o f  Snon - c ov and Sc . t .  ( 2 )  and comb i n i ng the 

r e s u l t s  in ( B . 3 1 ) , we f i nal l y  obt a i n  the two - l oop e f f e c t i ve 

act i on 

1 w = 
9 6 n  

whe re  

{ D - %a t ( R+ 4 VJ.LV J.L <1>
- 4 VJ.L<1>V ;./p- � S 

J.LV P S
J.LV P ) } 

x fd2Xd2YVg ( X ) R( X ) G ( X , Y ) V9 (Y ) R ( Y ) + . . . ( B . 3 5 )  

( B . 3 6 )  

H e r e  . . .  means s ome f i n i t e  t erms propo r t i onal t o  R ( 2 ) . 
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Appendix C 

Let us  c a l cu l at e  the c o n f o rmal fac t o r  dependence o f  < T+ + ( z »  

at c-) ( ¢ ) .  The g r aph s cont r ibu t i ng to  < T+ +  ( z ) > has been s hown i n  

f i g . 5 .  S i nc e  each g r aph c an be c a l cu l ated s t r a i gh t f o rward l y , we 

s h al l l i s t onl y the r e s u l t s  be l ow . They are repres ented i n  

momentum spac e , i . e .  , 

f d2 Z < T + + ( z ) > e - i pz . ( C . 1 ) 

The sum o f  a l l  cont r i but i ons l eads t o  ( 4 . 5 )  l n  c o o r d i nate space . 

( l ) f lat spac e - t i me 

a 1  = o ( 8 ) ( C .  2 ) 

a2 
D p+p+¢ ( p ) = 

2 4 n 
( C .  3 ) 

( 2 ) G}lV 

b 1  
a ' 

p+p+ ¢ ( p ) = 
1 6 n

R ( C . 4 )  

b 2  + b 6  = l'J ( 8 ) ( C .  5 )  

b 3  + b5 = 0 ( 8 )  ( C .  6 ) 

b4  + b 7  = 0 ( 8 )  ( C .  7 )  

( 3 ) 1> 

c 1  
a ' 

V'My/11>P +P + ¢ ( p )  = 
8 n  

( C .  8 )  

a ' M c 2  = 
8 n  V'MV' 1>p+p+¢ ( p) ( C . 9 )  

c 3  + c 4  = o ( 8 ) ( C .  1 0 )  

c 5  
a ' 

V'� y/11>P+P+¢ ( p ) = -
4 n  

( C . 1 1 ) 
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( 4 ) B}.tV 

d 1  = ( C .  1 2 )  

d2  = ( C . 1 3 )  

d 3  = + c ( C .  1 4 ) 

( C .  1 5  ) 

d 5  = ( C . 1 6 )  

d6 = ( C . 1 7 )  

d 7  = t1 ( c ) ( C . 1 8 )  

d8 = CJ ( c ) ( C .  1 9 ) 

( C . 2 0 )  

d 1 0  = ( C . 2 1 )  

The expec tat i on value o f  the energy-momentum t e n s o r  i s  

der i vabl e  f r om the var i at i on w i th r e sp e c t  t o  the me t r i c  tens o r  o f  

the e f f ec t i ve act i on . Us i ng the e f f e c t i v e  act i on W obt a i ned i n  

Appendi x  B ,  one f i nds that 
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< Tab ( z ) > = -
1 �. D - �a' ( R+ 4 VJ1.V <1>- 4 VJ1.<1>V <1>- �S SJ1.'V P ) lJ 9 6n l 2 J1. J1. 3 J1.'VP 

H i th 

and 

o (ViJTX) R ( .'c )  ) 
Ogab ( z ) 

oG( �t: , y )  
Ogab ( z )  

:< 8�G( W ,  y )  J 

( C . 2 3 )  

( C . 2 4 )  

E q . ( C . 2 4 )  h a s  b e en der i ved f r om ( B . 3 6 ) .  I n  the c o n f o rmal 

c o o r d i nates gab= e¢Oab one f inds that the c o n f o rmal f ac t o r  

dependenc e o f  the energy-momentum t e n s o r  bec ome s 

< rf+ ( z »  = 2�n{D- ia' ( R+ 4VJ1.VJ1.<1>- 4VJ1.<1>VJ1.<1>- isJ1.'VpSJ1.'VP ) }  

1 x ( 8z8z¢- Z8z¢8z¢ ) .  ( C .  2 5 ) 

6 8  



Appendix D 

Let us  l o ok f o r  the c o n f o rmal fact o r  dependenc e o f  

have been g i ven i n  f i g . 6 .  The r e s u l t s  l i s t e d  b e l ow are 

r ep r e s ented in momentum space , i . e .  

( D .  1 )  

The sum o f  a l l cont r i but i ons amount s  t o  ( 4 . 2 2 )  and ( 4 . 2 3 )  i n  

c o o r d i nate space . 

( l ) f lat  spac e - t i me 

a l  = CJ ( E ) ( D .  2 )  

( 2 ) G j..t'V 

( D .  3 )  

b 2  + b 3  = CJ ( c )  ( D .  4 ) 

b 4 =  (J ( E ) ( D .  5 )  

b 5  = ( D .  6 ) 

b 6  = (:) ( E ) ( D .  7 ) 

b 7  + b8 = (:; ( E ) ( D . 8 )  

b9 + b 1 0  = CJ ( c )  ( D . 9 )  

b l l + b 1 2  = C1 ( c ) ( D .  1 0 ) 

b 1 3 + b 1 4  = CJ ( E ) ( D . l l )  
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( 3 ) <1> 

b 1 5  = a ' q 1 ( p+ k )
! l 

J 3" R I J # q2 ( p+ k ) - k 2 + p . ( p+ k )  ¢ ( k )  

c 1  = a 'V V <l> ( p+ k ) ± � k 2 
¢ ( k )  I J p2 q2 ( p+ k ) 2 

c 2  = � V V <l> E± & ¢ ( k )  
2 I J p2 q2 

c 3  = (':; ( £ )  

( 4 ) B
J.1.V 

d 1  + d 1 1 = 0 ( c ) 

d 2  = ca ' 8 8 KL � ( p+ k /3 ) ± 
¢ ( k )  IIfL J p2 q2 

d3 = a ' 8 8 KL � � ¢ ( k )  IKL J P q 

d5  + d 1 2  = 0 ( £ )  

d6 = 

d 7  = 

d8 = 

+ 

' 8 8 KL ca IIfL J 

2 ' 8 8 KL a IKL J 

"a ' 8 8 KL c IKL J 

d9  + d 1 4  = ('1 ( c )  

d 1 0  + d 1 5 = (':1 ( £ ) 

( p+ k ) ± 
p2 � 

q 

( p+ k ) ± 
p2 � 

q 

( p+ k ) ± Sl± 
p2 q2 

( p+ k )  • ( p+ k /3 ) 
¢ ( k )  

( p+ k ) 2 

p . ( p+ k ) 
¢ ( k )  

( p+ k ) 2 

p . ( p+ 2 k/3 ) ¢ ( k )  
( p+ k ) 2 
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( D .  1 3 )  

( D .  1 4 ) 

( D .  1 5 )  

( D . 1 6 ) 

( D . 1 7 ) 

( D . 1 8 )  

( D .  1 9 )  

( D . 2 0 ) 

( D . 2 1 )  

( D . 2 2 )  

( D . 2 3 )  

( D . 2 4 )  

( D . 2 5 ) 



d 1 3  = ' S  S IlL a IIlL J 

d 1 6  = (5 ( c )  

d 1 7  = G (  c )  

e l  + e 9  = G (  c )  

e 2  + e l O  = (5 ( c ) 

e 3  
a ' Il = 2 V SIfIJ 

e 4  + e l l  = G ( c )  

e 5  + e 1 2  = (5 ( c )  

e 6  = (5 ( c )  

e 7  = (5 ( c )  

e 8  = tJ ( c )  

( 5 ) <P and B J.1V 

f l  = (5 ( c )  

f 2  = (5 ( c )  

f 3  = C; ( c )  

( p+k ) ± !l± p .  ( p+ k )  ¢ ( k )  p2 q2 ( p+k ) 2 

[ 
� !l± _ � ( p+ q ) ±  k 2 
p2 q2 p2 q2 ( p+ k ) 2 

+ .§- !l± p q2 + .9± q2 ( p+ k ) ±  
( p+ k ) 2 J ¢ ( k )  

p q q ( p+ k ) ±  
J 

+ � � + � ( p+ k ) 2  ¢ ( k )  
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( D . 2 6 )  

( D .  2 7 ) 

( D . 2 8 )  

( D . 2 9 )  

( D . 3 0 )  

( D . 3 3 ) 

( D . 3 4 )  

( D . 3 5 )  

( D . 3 6 )  

( D . 3 7 )  

( D . 3 8 ) 

( D . 3 9 )  

( D . 4 0 )  

( D . 4 1 ) 

( D . 4 2 )  



f 5  = ( D . 4 3 ) 

f 6  = ( D . 4 4 )  
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Figure Captions 

F i g . 1 

F i g . 2 

F i g . 3 

F i g . 4 

F i g . 5 

F i g . 6 

Graph s cont r i bu t i n g  to  t h e  e f f ec t i ve act i on . The s o l i d  

l i ne repr e s ents the c l a s s i c a l  backgr ound XB • The Havy 

l i ne s t ands f o r  the Heak f i e l ds of tHo-dimen s i on a l  

me t r i c  t e ns o r . 

A h a l f  o f  the H o r l d  s h e e t  d i agram f o r  three c l o s ed

s t r i ng v e r t e x . The o t h e r  h a l f , a m i r r o r  i mage o f  the 

f i gure H i th r e spect t o  the b o t tom l i ne , is  impl i c i t . 

Image o f  the three s t r i n g  vertex on the comp l ex 

z-pl an e . 

Graph s c o nt r i but i ng t o  the e f fe c t i v e  ac t i on . 

Graphs contr i but i ng to  < T+ + ( z » . The c r o s s  s t ands f o r  

t h e  coup l i ng o f  energy-momentum t e n s o r . 
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F g . 4 ( C a n t  n u e d ) 
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F g . 5 ( C a n t  n u e d ) 
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