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Abstract
We give some properties of the dynamical number of base-points of birational self-maps of
the complex projective plane.
In particular we give a formula to determine the dynamical number of base-points of non
base-wandering Jonquieres twists.

1. Introduction

The plane Cremona group Bir(Pé) is the group of birational maps of the complex pro-
jective plane Pé. It is isomorphic to the group of C-algebra automorphisms of C(X, Y), the
function field of Pé. Using a system of homogeneous coordinates (x : y : z) a birational map
f € Bir(P%) can be written as

()C Yy Z) - (PO(x’y’Z) : P](X,]/,Z) : PZ(X’.I/’Z))’

where Py, P, and P, are homogeneous polynomials of the same degree without common
factor. This degree does not depend on the system of homogeneous coordinates. We call
it the degree of f and denote it by deg(f). Geometrically it is the degree of the pull-back
by f of a general projective line. Birational maps of degree 1 are homographies and form
the group Aut(Pé) = PGL(3, C) of automorphisms of the projective plane.

¢ Four types of elements.
The elements f € Bir(Pé) can be classified into exactly one of the four following
types according to the growth of the sequence (deg(f*))iav (see [8, 4]):

(1) The sequence (deg(f*))ien is bounded, f is either of finite order or conjugate
to an automorphism of P%; we say that f is an elliptic element.

(2) The sequence (deg( F)ken grows linearly, f preserves a unique pencil of ratio-
nal curves and f is not conjugate to an automorphism of any rational projective
surface; we call f a Jonquicres twist.

(3) The sequence (deg(f*))ker grows quadratically, f is conjugate to an automor-
phism of a rational projective surface preserving a unique elliptic fibration; we
call f a Halphen twist.

(4) The sequence (deg(f*))rew grows exponentially and we say that f is hyperbolic.

¢ The Jonquieres group.
Let us fix an affine chart of Pé with coordinates (x, y). The Jonquiéeres group J is
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the subgroup of the Cremona group of all maps of the form

( )__>(A(y)x+B(y) ay+b)
’ Cy)x+D(y) cy+d)’

A B
where ( ? Z ) € PGL(2,C) and ( c D ) € PGL(2,C(y)). The group J is the

group of all birational maps of P}C XP(%: permuting the fibers of the projection onto the
second factor; it is isomorphic to the semi-direct product PGL(2, C(y)) < PGL(2, C).

We can check with (1.1) that if f belongs to J, then (deg(f*))rex grows at most
linearly; elements of J are either elliptic or Jonquieres twists. Let us denote by J
the set of Jonquieres twist:

J ={f € Bir(P%)| f Jonquitres twist }.

A Jonquieres twist is called a base-wandering Jonquiéres twist if its action on the
basis of the rational fibration has infinite order. Let us denote by Jy the normal
subgroup of J that preserves fiberwise the rational fibration, that is the subgroup of
those maps of the form

Ay)x + By)
Ly > | = Y-
Cly)x + D(y)
The group Jy is isomorphic to PGL(2, C(y)). The group Jy has three maximal (for

the inclusion) uncountable abelian subgroups

Jo ={(x+a(y),y)|a € C(y)}, In ={(b(y)x,y) | b € Cy)*},

and
F
Jp = {(x,.l/), (%y) lce C[y]},

where F denotes an element of C[y] that is not a square ([7]).

A B

; — (AWx+By) ; —

Let us associate to f = (C(y)xw(w,y) € Jo the matrix My = ( c D ) The
. ) B (Tr(Mf))2 . .

Baum Bott index of f is BB(f) = M) (by analogy with the Baum Bott index

of a foliation) which is well defined in PGL and is invariant by conjugation. This
invariant BB indicates the degree growth:

Proposition 1.1 ([5]). Let f be a Jonquiéres twist that preserves fiberwise the
rational fibration. The rational function BB(f) is constant if and only if f is an
elliptic element.

A direct consequence is the following:

Corollary 1.2. Let f be a non-base wandering Jonquieres twist; the rational
function BB(f) is constant if and only if f is an elliptic element.

. 2 . .
Every f € Bir(PZ) admits a resolution
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S
N
2 2
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where m;, m, are sequences of blow-ups. The resolution is minimal if and only if
no (—1)-curve of § are contracted by both m; and 7. Assume that the resolution is
minimal; the base-points of f are the points blown-up by 7y, which can be points
of S or infinitely near points. If f belongs to J, then f has one base-point py of
multiplicity d—1 and 2d -2 base-points py, pa, . . ., p2a—> of multiplicity 1. Similarly
the map f~! has one base-point g, of multiplicity d— 1 and 2d — 2 base-points g, g2,
.- @242 of multiplicity 1. Let us denote by fy the action of f on the Picard-Manin
space of Pé, by e,, € NS(S) the Néron-Severi class of the total transform of m under
mj (for 1 < j < 2), and by ¢ the class of a line in Pé. The action of f on ¢ and the
classes (e,,)o<j<24-2 is given by:

2d-2
Al =de—(d-1)eg, - > ey,
= 2d-2
filep) = (d =Dl —(d =2y, — > &,
i=1
fiep) =C—e, — e, V1<i<2d-2.

Dynamical degree.

Given a birational self-map f: S --» S of a complex projective surface, its dy-
namical degree A(f) is a positive real number that measures the complexity of the
dynamics of f. Indeed log(A(f)) provides an upper bound for the topological en-
tropy of f and is equal to it under natural assumptions (see [3, 9]). The dynamical
degree is invariant under conjugacy; as shown in [2] precise knowledge on A(f) pro-
vides useful information on the conjugacy class of f. By definition a Pisot number
is an algebraic integer A €]1, +oo[ whose other Galois conjugates lie in the open unit
disk; Pisot numbers include integers d > 2 as well as reciprocal quadratic integers
A > 1. A Salem number is an algebraic integer A4 €]1, +oo[ whose other Galois
conjugates are in the closed unit disk, with at least one on the boundary. Diller and
Favre proved the following statement:

Theorem 1.3 ([8]). Let f be a birational self-map of a complex projective sur-
face.
If A(f) is different from 1, then A(f) is a Pisot number or a Salem number.

One of the goal of [2] is the study of the structure of the set of all dynamical
degrees A(f) where f runs over the group of birational maps Bir(S) and S over the
collection of all projective surfaces. In particular they get:

Theorem 1.4 ([2]). Let A be the set of all dynamical degrees of birational maps
of complex projective surfaces. Then

o A is a well ordered subset of R,;

o if A is an element of A, there is a real number € > 0 such that |1, 1 + €] does
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not intersect \;

o there is a non-empty interval g, A + €l, with & > 0, on the right of the
golden mean that contains infinitely many Pisot and Salem numbers, but does
not contain any dynamical degree.

¢ Dynamical number of base-points ([4]).

If S is a projective smooth surface, every f € Bir(S) admits a resolution

Z
v\
___?___>S

where 7y, 7, are sequences of blow-ups. The resolution is minimal if and only if
no (—1)-curve of Z are contracted by both m; and m,. Assume that the resolution is
minimal; the base-points of f are the points blown-up by 7y, which can be points
of S or infinitely near points. We denote by b(f) the number of such points, which
is also equal to the difference of the ranks of the Picard group Pic(Z) of Z and the
Picard group Pic(S) of S, and thus equal to b(f~").
Let us define the dynamical number of base-points of f by
b
) = im

Since b(f o ¢) < b(f) + b(y) for any f, ¢ € Bir(S) we see that u(f) is a non-negative
real number. Moreover, b(f~!) and b(f) being equal we get u(f*) = |ku(f)| for
any k € Z. Furthermore, the dynamical number of base-points is an invariant of
conjugation: if : S --> Z is a birational map between smooth projective surfaces
and if f belongs to Bir(S), then u(f) = u(y o f oy~ 1). In particular if f is conjugate
to an automorphism of a smooth projective surface, then u(f) = 0. The converse
holds, i.e. f € Bir(S) is conjugate to an automorphism of a smooth projective surface
if and only if u(f) = 0 ([4, Proposition 3.5]). This follows from the geometric
interpretation of y we will recall now. If f € Bir(S) is a birational map, a (possibly
infinitely near) base-point p of f is a persistent base-point of f if there exists an
integer N such that p is a base-point of f* for any k > N but is not a base-point of
f7* for any k > N. We put an equivalence relation on the set of points that belongs
to S or are infinitely near: take a minimal resolution of f

Z
VN
S——-5-->S

where 1, 7, are sequences of blow-ups; the point p is equivalent to g if there exists
an integer k such that (m; o ﬂl_l)k(p) = g. Denote by v the number of equivalence
classes of persistent base-points of f; then the set

(b(fY —vk|k>0}cZ

is bounded. In particular, u(f) is an integer, equal to v (see [4, Proposition 3.4]).
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This gives a bound for u(f); indeed, if f € Bir(Pé) is a map whose base-points have
multiplicities m; > my > ... > m, then (see for instance [1, §2.5] and [1, Corollary
2.6.7])

D mi=3(deg(f) - ),
i=1

> mi=deg(f7 - 1,

i=1

my +my + m3 > deg(f) + 1,

in particular, » < 2deg(f) — 1 sov < 2deg(f) — 1 and u(f) < 2deg(f) — 1.

Iffe Bir(Pé) is a Jonquieres twist, then there exists an integer a € N such that

_deg(fY) 5 u(f).
k1—1>IPoo k —a 2 ’

moreover, a is the degree of the curves of the unique pencil of rational curves invari-
ant by f (see [4, Proposition 4.5]). In particular, @ = 1 if and only if f preserves a
pencil of lines. On the one hand {u(f)| f € Bir(P2)} € N and on the other hand if f
belongs to 7, then u(f) > 0; as a result

w(H1feT)SN\{O)
Let us recall that if f, 4 = ((mw ﬁy) then u(f, ) = 1. Indeed, by induction one can

x+1 72

prove that 5’; = (M, ,82"y) with

On(x.y)
Paxy) = Y agxy, Ouxy)= > byx'y/,
0<i+j<n+1 0<i+j<n

and a;; > 0, b;; > 0 for any n > 0, so that deg ff}a = n+1 forany n > 0; we conclude
deg(f)
k

using the fact that u(f) = 2klim
—+00
any k € Z. Hence

. Furthermore, ,u(f(fﬁ) = |kp(fop)| = Ik| for

P

W1 fedh=N\{o),
and
(u(f)| f € Bir(P2)} = N.
deg(f*)

As we have seen if f belongs to 7, then u(f) = 2k1im . Can we express
—+00

u(f) in a simpliest way ? We will see that if f is a non base-wandering Jonquieres
twist, the answer is yes.
Results.

The dynamical number of base-points of birational self maps of the complex
projective plane satisfies the following properties:

Theorem A. 1. If f is a birational self-map from Pé into itself, then its dynamical
number of base-points is bounded: if f € Bir(Pé), then u(f) < 2deg(f) — 1.
2. We can precise the set of all dynamical numbers of base-points of birational
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maps of Pé (resp. of Jonquieres maps of Pé) :
(u(N)1 f € Bir(®B2)} = N and (u(H1f e T)=N\1{0).

3. There exist sequences (f,), of birational self-maps of Pé such that
o u(fy) >0 foranyn e N;
o u( lim f,)=0.
n—+co
4. There exist sequences (f,), of birational self-maps of Pé such that
o u(fy) =0 foranyn € N;
o u( lim f,)>0.
n—+co
Let us now give a formula to determine the dynamical number of base-points of
Jonquigres twists that preserves fiberwise the fibration.

Theorem B. Let f = (28;&2(5 )), y) be a Jonquiéres twist that preserves fiberwise
the fibration, and let My be its associated matrix. Denote by Tr(My) the trace My,
by x ¢ the characteristic polynomial of My, and by Ay the discriminant of x y. Then
exactly one of the following holds:

Tr(M;)+6; )

L. If xr has two distinct roots in Clyl, then f is conjugate to g = (Tr( M5, Y

where 6; = Ay, and
u(f) = pu(g) = 2(deg(g) — 1).
2. If xy has no root in Cly], set

- Tr(My) (Tr(My)
Qf_gcd( 5 ,( 5

and let us define Py and Sy as

2
) - det(Mf)J ,

Tr(M)
2

2.a. If ged(Qy, Sy) = 1, then
o ifdeg(Sy) < deg(Qy) +2deg(Py), then u(f) = deg(2y) + 2 deg(Py);
o otherwise u(f) = deg(Sy).
2b. If S = Q?Tf with p > 1 and gcd(Ty, Q) = 1, then
o if deg(Sy) < deg(Qy) +2deg(Py), then p(f) = 2 deg(Py);
o otherwise u(f) = deg(Sy) — deg(L2y).
2. IfQy = S?Tf with p > 1 and gcd(Ty,Sy) = 1, then u(f) = 2deg(Py) +
deg(Qy) — deg(Sy).

2
= Pfo, ) - det(Mf) = Sf.Qf.

Tr(M)
(=52

As a consequence we are able to determine the dynamical number of base-points
of non base-wandering Jonquieres twists:

Corollary C. Let f = (f1, f») be a non base-wandering Jonquiéres twist.
t p
If € is the order of f, then u(f) = ’% where u(f") is given by Theorem B.

Combining the inequalities obtained in Theorem A and Theorem B we get the
following statement (we use the notations introduced in Theorem B):
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Corollary D. Let f be a Jonquieres twist that preserves fiberwise the fibration.
Assume that x ¢ has two distinct roots in Cly].
Then there exists a conjugate g of f such that g belongs to J,, and deg(g) <

Tr(Mf)+6f .
i =5, % y) SUILS.

deg(f). For instance g = (

2. Dynamical number of base-points of Jonquieres twists

In this section we will prove Theorem B.

Let f be an element of Jy; write f as (éggigﬁ%, y) with A, B, C, D € C[y]. The charac-

A B
teristic polynomial of My = ( c D ) is yp(X) = X2 - Tr(M )X + det(My). There are three

possibilities:
(1) x has one root of multiplicity 2 in C[y];
(2) xy has two distinct roots in C[y];
(3) xy has no root in C[y].

Let us consider these three possibilities.

(1) If x has one root of multiplicity 2 in C[y], then f is conjugate to the elliptic bira-
tional map (x + a(y), y) of J,. In particular f does not belong to 7.
(2) Assume that y s has two distinct roots. The discriminant of y; is

Ay = (Tr(My))* — 4 det(My) = 67,

and the roots of y s are

Te(My) + 6 Te(My) -6
(My) + 65 and M) -6,
2 2
TI'(M/)+5f 0
Furthermore, M is conjugate to (2) Timp)-s, | i-€. f 1S conjugate to g =

2
(a(y)x,y) € J,, with a(y) = E%ﬁ ;J_rgi . Let us first express u(g) thanks to deg(g). Re-

mark that g* = (a(y)*x, y). Write a(y)’ as LW \here P i» Q€ Clyl, ged(P;, Q) = 1,

Q(y)
then deg(g/) = max(deg(P;),deg(Q;)) + 1. I/But deg(P;) = jdeg(P) and deg(Q;) =
Jjdeg(Q) so
deg(gk) = max(k deg(Py), kdeg(Q1)) + 1 = kmax(deg(Py),deg(Q1)) +1.

deg(g)-1

Ky _ . .. deg(gh
As a consequence deg(g*) = kdeg(g) — k + 1. According to u(g) = 2 khm T
—+00

we get

1
u(g) =2 lim (deg(g) ~ 1+ ) = 2deg(g) = 1).

Let us now express u(f) thanks to f. Since f and g are conjugate u(f) = u(g),

hence u(f) = 2(deg(g) — 1). Butg = (g%; ;fg; X, y); in particular

deg(g) < 1 + max (deg(Tr(My) + 65), deg(Tr(My) — 6¢)),
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and u(f) < 2max (deg(Tr(My) + 65), deg(Tr(My) — 6¢)).
(3) Suppose that y s has no root in C[y]. This means that (Tr(M f))2 —4det(My) is not a
square in Cly] (hence BC # 0). Note that
_ 2
(£ 50 B o e
1 1 '

0 c pllo | T1y)

In other words f is conjugate to

T (M) \2
T—(;wf)x + (T—(;Wf)) — det(My)
= JTr(M ).
g TI‘(Mf) ’ y € e 4
+ =5 ’
2
Set P(y) = ©32 € Cly] and F(y) = (Z52)" — det(M;) € Clyl. i.e. f is conjugate

tog = (%ﬁ;y), y) with P, F € Cly]. Denote by dp (resp. dr) the degree of P (resp.

F). Remark that deg(g) = max(dp + 1,dF,2).

. P F
Let us now express deg(g¥). Consider M, = ( ) and set

1 P

P+VF 0 )

Q:(\/F _\/F) 0 P-VF

1 ) and D:(

Then M} = QD*Q™", hence

(P+VE)'+(P-VE)*
= [ \/f(P+\/1_V)k—(P—‘/F)" F ]

(P+VF) +(P—VF)*
! \/F(P+\/f)k—(P—‘/F)k

k
Mg

Let us set
_ P VF) £ (P VEY
(P+VF)k = (P - VP
and let us denote by Dy (resp. N;) the denominator (resp. numerator) of 1.
Lemma 2.1. Let Qf = gcd(P, F) and write P (resp. F) as QPy (resp. QrSy).
Assume gcd(Sy, Qr) = 1. Then

o ifdsf < de + def, then u(g) = de + 2dpf;
o otherwise u(g) = ds,.

Tk

Proof. (a) Assume k even, write k as 2¢. A straightforward computation yields to

14
25) {—j p2(t—)) oj
Q /P J S/
i !
/Z:(; (21

(-1 '
P Z 2t Qf—l—jPZ(é’—l—j)Sj
f £i\2j+1 f f !

Recall that ged(Q2f, Sy) = 1 by assumption and gcd(Qf, Py) = 1 by construction.
On the one hand

f(dgf + 2de) if dS/ < de + 2dpf,

deg(Ny) =
eg(Nay) {é’dsf otherwise.
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On the other hand

dpf + (€ — 1)(de + 2dpf) ifdsf < de + 2dpf,

deg(Dy) =
eg(Dae) {deJr(g_l)de otherwise.

Finally

max (£(do, +2dp,)+1,ds,+dg, +(20-1)dp,. ((~1) dg,+(20~1)dp, +2)
deg(g*)= if ds, <do,+2dp,,
max (£ds, +1,dg, +dp,+Cds,. dp,+((~1)ds,+2) otherwise.

(b) Suppose k odd, write k as 2¢ + 1. A straightforward computation yields to

l
20+ 1) —j 52(6=)) oj
§ Q. P0s
i s f
= ( 2]

- .
Z 20+ 1) e pae-i i

2+ 1S T
7=0

Let us recall that gcd(Qf,Sy) = 1 by assumption and gcd(Qy, Pr) = 1 by
construction.
On the one hand

Tors1 = Pyl

f(dgf + def) + de + de ifdsf < de + def,

d =
eg(Nar+1) { tds, +dp, + da, otherwise.
On the other hand

f(dgf + 2dpf) if de < dgf + 2dpf,

deg(Dy41) = { tds, otherwise.

Finally

max ((+1)da, +Q2C+1)dp,+1, (C+1)dg, +2bdp, +ds,., ((do,+2dp,)+2)
deg(g”™")= if ds, <dq,+2dp,,
max (s, +dp,+dg,+1, ((+1)ds, +do,., (ds,+2)  otherwise.

deg(g")
-

We conclude with the equality u(g) = 2 klim
—+00

Lemma 2.2. Let Qf = gcd(P, F) and write P (resp. F) as QP (resp. QSy).
Suppose that Sy = Q?Tf with p > 1 and gcd(Ty, Qy) = 1. Then

o ifdgf < de + def, then u(g) = def;

o otherwise u(g) = ds, — dq,.
Proof. (a) Assume k even, write k as 2£. We get

£ 2¢ d 2¢
{=j p2(t=j) oJ (p=1)j p2(t=)j
E ( 2])9 P S Qf -_E (Zj)Q 7 P " Tf

Tor = =

(-1 (-1 ’
P f 1—jp2(f—1—j)Sj P (17 1)1P2(€ 1- J)TJ
sz(;(2]+l) ros ! fJZ 2j+1
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Recall that ged(Qf, Ty) = 1 and that ds, = pdo, + dr,, i.e. dr, = ds, — pdg,. On
the one hand

2£dp +dQ lfds SdQ +2dp.,
d — 1 7 7 3 1
eg(N2e) { tds, + (1 — 0o, otherwise.
On the other hand
Q¢ - dp, ifds, <da, +2dp,,
deo(Dop) = / / / )
ce(D20) { (€= 1)(ds, —do,) +dp, otherwise,
Finally

max (26dp, +dg, +1, (20~ 1)dp +do, +ds,. 20~ 1)dp,+1) if ds,<do, +2dp,.
max (£ds,—(0~1)dq, +1, Cds, +(Q2~0)dg,+dp,. ((~1)(ds, ~dq,)+dp,+1)
otherwise.

deg(g*)=

(b) Suppose k odd, write k as 2¢ + 1. We get

20+ 1 e+
PfoZ( ] )QK ]PZ(f ])S] P QfZ( )Q(P 1)]P2(€ j)Tch
]:

4 f f
Jj=
Toes1 = =
¢ ¢
20+ 1\ ) pc-)) 20+ 1\ S(p-1)j p2ee-))
P Jsl QP JP JTJ
Z(2]+1) Z 2j+1

J= Jj=0
On the one hand
_ | @+ Ddp, +dq, ifds, <dg, +2dp,,
deg(Natet) = { tds, — (£ = )do, +dp, otherwise.
On the other hand

2€dpf ifdsf < de + 2dpf,

deg(D =
eg(Dae+1) {gdsf — tdg, otherwise.

Finally
max ((2€+1)dp, +dq, +1,2ldp,+dg, +ds;. 2dp,+1) if ds <do +2dp,.,
deg(¢* )=\ max (¢ds,~((~1)dg,+dp,+1,(E+1)ds,~((~1)do,. Lds,~Cdo, +1)

otherwise.

d k
We conclude with the equality u(g) = 2 klim deg(g) ). m|
—+00

k

Lemma 2.3. Let Q = gcd(P, F) and write P (resp. F) as QPy (resp. rSy).
Suppose that Qy = S?Tf with p > 1 and gcd(T¢,Sy) = 1. Then

u(g) = 2dp, +dq, — ds,.



NUMBER OF BASE-POINTS OF JONQUIERES TWISTS 73

Proof. (a) Assume k even, write k as 2£. We obtain

¢
20\ emj 20— i 1(p1> 2
§(ZJ)Q PP SfE PIT]

=0

Yo = .
-1 -

p Z 2t Q{’—l—jPZ((—l—j)Sj p 2t i1 plii

Taj [ T ! szo 2j+1)7F

Recall that ged(Sy, Ty) = 1; one has
deg(Nog) = (pl = € + )ds, + 2Ldp, + tdy,,
and
deg(Da) = (€ = 1)(p — Dds, + (2 = )dp, + (£ = 1)dr,.
Finally
deg(g*) = max ((p€ — £ + D)ds, + 2Ldp, + ldy, + 1,
(l(p = 1) +2)ds, + (2t = Vdp, + tdr,,
(€= 1)(p = Dds, + (2L = Ddp, + (€ = Ddr, +2).
(b) Suppose k odd, write k as 2¢ + 1. We get

¢ ¢
20+ 1\ opv1-2) p 204 1) -1 gj p2i
;( )P F SfoPfZ s )t TIPS

Toes1 = =

l {
25+1 P2 2“1 Jp=1) i p2i

J=0 J=0

On the one hand
deg(Noer1) = (p + U(p — D)ds, + (£ + Ddr, + (2 + Ddp,,
and on the other hand
deg(Day1) = 2Ldp, + tdr, + t(p — 1)ds,.
Finally
deg(g**") = max ((p + &(p = D)ds, + (€ + Ddr, + 20+ Ddp, + 1,

(p+1+p—1)ds, +2ldp, + (L + Ddr,,
20dp, + tdy, + E(p — 1)ds, +2).

deg(g")
o

We conclude with the equality u(g) = 2 klim
—+00

3. Examples

In this section we will give examples that illustrate Theorem B; more precisely §3.1 (resp.
§3.2) illustrates Theorem B.1. (resp. Theorem B.2.)
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3.1. Examples that illustrate Theorem B.1.

3.1.1. First example. Consider the birational map of J given in the affine chart x = 1 by
f = (y,(1 = y)yz). The matrix associated to f is

I-yy 0
Mf:(( Oy)y 1)’

2
and the Baum Bott index BB(f) of £ is %
1.1). The characteristic polynomial of M is

XrX) =X -1 -yy)X - 1.

According to Theorem B.1. one has u(f) = 4 < 2 max (deg(2), deg(2(1 — y)y) = 4.
We can see it another way: [5] asserts that deg(f*) = kdeg(f)—k+1 = 3k—k+1 = 2k+1.
deg(f*) 5 lim 2k+1 4

k k—+0c0
A third way to see this is to look at the configuration of the exceptional divisors. For any

k > 1 one has f* = (x**! : x?**y : (x — y)*y*z). The configuration of the exceptional divisors
of f*is

; in particular f belongs to J (Proposition

Consequently u(f) =2 klim
—+00

Eo—1 E,
Eox E; E;
F3 F; F, For Fii2
F Fi1 Frs1 Forti For-i

where

¢ two curves are related by an edge if their intersection is positive;
o the self-intersections correspond to the shape of the vertices;
o the point means self-intersection —1, the rectangle means self-intersection —2k.

In particular the number of base-points of f* is 2k + 2k + 1 = 4k + 1 and
#0(f*) _
=

3.1.2. Second example. Consider the birational map of J given in the affine chart z = 1
by f = (x, xy + x(x — 1)). The matrix associated to f is

Mf:(g x(xl—l))

according to Proposition 1.1 the map f is a Jonquieres twist (indeed BB(f) = €
C(x) \ C). The characteristic polynomial of M is ys(X) = (X = x)(X = 1). And f is
conjugate to g = (x, xy). According to Theorem B.1 one has

u(f) = u(g) = 2(deg(g) — 1) = 2 < 2max (deg(2), deg(2(1 — y)y) = 2.

We can see it another way: for any k > 1 one has f* = (x, xy + x**! — x) and thus

u(f) = lim 4.
k—+00

>

(1+x)?
X
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deg(f9) _

2x1=2.
k

deg(f*) = k+ 1. As aresult u(f) = 2 lim
—+00

3.2. Examples that illustrate Theorem B.2.

3.2.1. First example. Consider the map of J given in the affine chart y = 1 by
f= (x, 7)6(1 — XZ)).
Z

The matrix associated to f is
—X2 X
=)
the Baum Bott index BB(f) of f is —x> and f belongs to J (Proposition 1.1).

Theorem B.2.a asserts that u(f) = 3. We can see it another way: a computation gives
deg(/*) = 3k+ 1 and deg(f**!) = 3(k+1) for any k > 0. Since u(f) = 2 lim deg}if )
gets u(f) = 3.

3.2.2. Second example. Consider the map f of J associated to the matrix

y 24
M, = .
! (y 1 )

one

The Baum Bott index BB(f) of f is ygt;);g) and f belongs to J (Proposition 1.1). Theorem

B.2.a asserts that u(f) = 9. We can see it another way: a computation gives deg(f**) = 9k+1

ety _ . . deg(fY) _ B
and deg(f~*"') = 9k + 8 for any k > 0. Since Zkhm . u(f) one gets u(f) =9.
—+00

3.2.3. Third example. Let us consider the Jonquieres map of Pé given in the affine chart
z=1by

_ yy+2)x +y°
N\ x+yy+2) )

The matrix associated to f is

(yy+2) Y
Mf‘( 1 y(y+2))’

and the Baum Bott index BB(f) of f is (;i"gzz_); . In particular f is a Jonquieres twist (Propo-
sition 1.1).

According to Theorem B.2.b one has u(f) = 3. An other way to see that is to compute
deg f* for any k: for any £ > 1 one has

deg(f*) =3(¢ + 1), deg(f21y = 30+ 5.

deg(f*)
k

Then we find again u(f) = 2 klim =3.
— 400
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3.2.4. Fourth example. Consider the map f of J associated to the matrix

[ yy+2)® y
Mf_( 1 yly +2)° )

The Baum Bott index BB(f) of f is (;g;?i; and f belongs to J (Proposition 1.1). Accord-

ing to Theorem B.2.b one has u(f) = 16. An other way to see that is to compute deg f* for

: k _ - _ o deg(fY)
any k: for any k > 1 one has deg f* = 8k + 2. Then we find again u(f) = 2kl_1)r5100 — =

k
2x 8 =16.

3.2.5. Fifth example. Let us consider the Jonquieres map of P?c given in the affine chart
z=1by

f=( yy+ Dy +Dx+ y)
W +2)x+yly+ Dy +2)
The matrix associated to f is

v = [ vu+DE+2) y
I y+2 yy+ Dy +2) )

and the Baum-Bott index BB(f) of f is %; in particular f is a Jonquicres twist
(Proposition 1.1).

Theorem B.2.c asserts that u(f) = 3. An other way to see that is to compute deg f* for
any k: forany k > 1

deg(f*) =3k +2, deg(F2*1) = 3k + 4,

k
502 lim 38U/

k—+00

= 3 and we find again u(f) = 3.

3.3. Families.

3.3.1. First family. Let us consider the family (f;), of elements of J given by f; =
(x +ty x—fl) A straightforward computation yields to

X X+t x+m-Dt )

" =|x+ nt,
/i (x Y T x+i+1  x+(—1)i+1

The birational map f; belongs to J if some multiple of ¢ is equal to 1, and to J \ J otherwise.
Furthermore,

. . . _ deg ff
o if no multiple of 7 is equal to 1, then u(f;) = 2 (because khm e 1);
—+00

o otherwise u(f;) = 0.

3.3.2. Second family, illustration of Theorem A.3. Let us recall a result of [6]: let f be
any element of PGL3(C), or any elliptic element of Bir(]P(zc) of infinite order; then f is a limit
of pairwise conjugate loxodromic elements (resp. Jonquieres twists) in the Cremona group.
Hence there exist families (f;,), of birational self-maps of the complex projective plane such
that

o u(fy) > 0 for any n € N;



NUMBER OF BASE-POINTS OF JONQUIERES TWISTS 77

o u( lim f,)=0.
n—+oo

3.3.3. Third family, illustration of Theorem A.4. Let us recall a construction given in
[6]. Consider a pencil of cubic curves with nine distinct base points p; in Pé. Given a point m
in Pé, draw the line (p;m) and denote by m’ the third intersection point of this line with the
cubic of our pencil that contains m: the map m — o (m) = m’ is a birational involution.
Replacing p; by p», we get a second involution and, for a very general pencil, oj o 0 is a
Halphen twist that preserves our cubic pencil. At the opposite range, consider the degenerate
cubic pencil, the members of which are the union of a line through the origin and the circle
C ={x>+y*>=2%. Choose p; = (1 : 0: 1)and p, = (0 : 1 : 1) as our distinguished
base points. Then, o o 0 is a Jonquieres twist preserving the pencil of lines through the
origin; if the plane is parameterized by (s, ) — (st,1), this Jonquieres twist is conjugate to
(s,1) — (s, (vg:l)%) Now, if we consider a family of general cubic pencils converging
towards this degenerate pencil, we obtain a sequence of Halphen twists converging to a
Jonquieres twist. So there exists a sequence (f},), of birational self-maps of Pé whose limit
is also a birational self-map of Pé and such that

o u(fy) =0 forany n € N;
o u( lim f,) > 0.
n—+00

References

[1] M. Alberich-Carramifiana: Geometry of the Plane Cremona Maps, Lecture Notes in Math. 1769, Springer-
Verlag, Berlin, 2002.

[2] J. Blanc and S. Cantat: Dynamical degrees of birational transformations of projective surfaces, J. Amer.
Math. Soc. 29 (2016), 415-471.

[3] E. Bedford and J. Diller: Energy and invariant measures for birational surface maps, Duke Math. J. 128
(2005), 331-368.

[4] J. Blanc and J. Déserti: Degree growth of birational maps of the plane, Ann. Sc. Norm. Super. Pisa Cl. Sci.
(5) 14 (2015), 507-533.

[5] D. Cerveau and J. Déserti: Centralisateurs dans le groupe de Jonquieres, Michigan Math. J. 61 (2012),
763-783.

[6] S. Cantat, J. Déserti and J. Xie: Three chapters on Cremona groups, Indiana Univ. Math. J. 70 (2021),
2011-2064.

[7] J. Déserti: Sur les automorphismes du groupe de Cremona, Compos. Math. 142 (2006), 1459-1478.

[8] J. Diller and C. Favre: Dynamics of bimeromorphic maps of surfaces, Amer. J. Math. 123 (2001), 1135
1169.

[9] T.-C. Dinh and N. Sibony: Une borne supérieure pour [’entropie topologique d’une application rationnelle,
Ann. of Math. (2) 161 (2005), 1637-1644.

Institut Denis Poisson

Université d’Orléans

Route de Chartres, 45067 Orléans Cedex 2
France

e-mail: deserti@math.cnrs.fr




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.53333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 150
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


