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The honeycomb lattice of silicene exhibits a variety of nontrivial reconstructions on the Ag(111) surface,
whose diversity hampers the theoretical prediction of experimentally unidentified structures using computation-
ally expensive density functional theory (DFT) calculations. We here apply an efficient method based on an
evolutionary algorithm and a Gaussian process, which is trained on the fly with DFT calculations, to the search
for the stable structures of silicene on Ag(111). We demonstrate that the structure search method can not only
reproduce the well-known structures, but also predict the existence of metastable structures that are close in
stability to the most stable ones. Detailed analyses of the obtained results reveal that such metastable structures
play crucial roles in the stabilization of less ordered phases often observed experimentally. The present method
can replace the conventional manual search based on intuition and is widely applicable to the investigations of
new systems such as emerging two-dimensional materials.

DOI: 10.1103/PhysRevMaterials.7.124002

I. INTRODUCTION

Emerging two-dimensional materials have recently at-
tracted much attention for their peculiar structural and
electronic properties [1–5] as well as the potential applica-
tions to, e.g., electronics [6–8], spintronics [9–11], and energy
devices [12–14]. In particular, silicene, a silicon analog of
graphene, has been studied intensively in the last decade,
because of its intriguing phenomena such as the quantum spin
Hall effect [15,16], as well as better compatibility with current
silicon-based electronics than graphene [17–19]. Whereas
freestanding silicene is characterized by the alternately buck-
led honeycomb lattice [20–25], the buckling pattern is
reconstructed when silicene is synthesized on a substrate.
Scanning tunneling microscopy (STM) has revealed that sil-
icene epitaxially grown on the Ag(111) surface, for example,
exhibits a variety of reconstructions such as 4 × 4 [26–50],√

13 × √
13R13.9◦ [26,27,29–33,35–43,45,47,49,51,52], and

2
√

3 × 2
√

3R30◦ [27,29,30,32,33,37,40,47,49,53–55] super-
structures relative to the underlying Ag surface. They are
further classified into several phases by the patterns of bright
spots, whose underlying honeycomb lattice has also been
visualized by atomic force microscopy (AFM) [56–61]. How-
ever, different phases are often observed simultaneously, and
the blurred regions between them still indicate the existence
of unidentified buckled structures.

Theoretically, stable structures of silicene on Ag(111)
have been studied using the density functional theory (DFT)
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[62–73], but its application has been limited to the phases
whose structures can be inferred from the STM and AFM
images. This is because the structural diversity inherent to
the buckling nature of silicene hampers DFT calculations
covering all the possible buckled structures. To overcome
the difficulty, we here resort to a machine-learned structure
search using global optimization with first-principles energy
expressions (GOFEE) [74–76]. This scheme not only allows for
a global search based on an evolutionary algorithm (EA) but
also accelerates the relaxation of the EA-generated candidates
by using the lower confidence bound, E − κσ , to the energy
landscape, where energy E and its uncertainty σ are estimated
by a Gaussian process (GP) and κ is a constant, typically 2.
The GP is trained on the fly by DFT single-point calculations
for the GP-relaxed structures, which is much cheaper than
the complete relaxation by means of DFT calculations. To
date, GOFEE has successfully predicted nontrivial structures
of polycyclic aromatic hydrocarbons on graphene [77], ultra-
thin oxides on the Pt3Sn(111) surface [78], and freestanding
and CeO2(111) supported PtOx clusters [79]. In the present
paper, we demonstrate that GOFEE is also applicable to the
search for the stable structures of silicene on Ag(111). Our
results include not only the well-known structures but also
metastable ones that have received little attention so far. In
particular, they include metastable structures that are close
in stability to the most stable ones and can be observed ex-
perimentally. We propose the existence of such metastable
structures as the origin of less-ordered phases often observed
in the

√
13 × √

13R13.9◦ and 2
√

3 × 2
√

3R30◦ phases.

II. METHODS

The DFT calculations are carried out using the GPAW code
[80,81] with the Perdew-Burke-Ernzerhof (PBE) exchange-
correlation functional [82]. Spin-orbit or van der Waals
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interactions are not taken into account. We explore the sta-
ble structures of silicene on Ag(111) in two steps, using a
double-zeta polarized basis set for the linear combination of
atomic orbitals (LCAO) and a plane-wave (PW) basis set with
a cutoff energy of 400 eV, respectively. The lattice constant
of bulk Ag is calculated to be 4.15 Å for both methods. Note
that the calculated result is 1.5% larger than the experimen-
tal value of 4.06 Å estimated at zero temperature [83,84],
which is due to the repulsive nature of the PBE exchange
functional.

We first apply GOFEE to silicene on Ag(111) within the
LCAO method. The Ag(111) surface is modeled with a fixed
slab composed of a single layer of Ag atoms and a vacuum
layer of 10 Å. To realize silicene with a small mismatch to
Ag(111), we focus on the 4 × 4,

√
13 × √

13, 2
√

3 × 2
√

3,
and

√
7 × √

7 supercells, in which 18, 14, 14, and 8 Si atoms,
respectively, are allowed to move within 4 Å above the sur-
face. In the surface Brillouin zone (BZ), 6 × 6 k points are
sampled for the

√
7 × √

7 supercell, while 4 × 4 k points
are sampled for the others. Fifty independent GOFEE searches
are performed in order to obtain a set of stable structures
for each system. We then switch to the PW method to fully
relax the structures obtained by GOFEE. Two Ag layers are
added to the bottom of each stable structure, and the whole
system is relaxed until the atomic forces fall below 0.08 nN
(0.05 eV/Å), except for the atoms in the bottom layer, which
are fixed at the bulk positions.

It should be noted that the above procedure implicitly as-
sumes that silicene is grown on a nearly flat Ag(111) surface,
whereas prior DFT calculations have suggested the possibility
for Si atoms to penetrate the topmost Ag layer owing to the
excess energy released upon adsorption [85]. On the other
hand, ab initio molecular dynamics (AIMD) simulations have
revealed that the honeycomb structure of silicene is preserved
on Ag(111) below 800 K without forming a silicide-like layer.
Thus, we expect that the results obtained with the present
approach correspond to the structures experimentally realized
under such a temperature condition.

The band structures of silicene on Ag(111) and the
k-resolved density of states (DOS) projected onto the silicene
layer are calculated using the STATE code [86–88] with the
norm-conserving pseudopotentials. [89]. The plane-wave ba-
sis set is used to expand wave functions (charge density) with
a cutoff energy of 64 Ry (400 Ry). The other computational
conditions are the same as the PW method of GPAW except for
the geometries of the systems, which are fixed to the relaxed
structures obtained above.

III. RESULTS AND DISCUSSION

A. Geometric structures

We here present the stable structures of silicene on Ag(111)
obtained by GOFEE. It should be noted that, on the Ag
three-layer slab, two similar but inequivalent structures of
silicene are possible that differ only by the positions of the
fcc- and hcp-hollow sites of the Ag surface. In what fol-
lows, we show only the more stable one of each pair unless
otherwise noted, since the energy difference is negligibly
small.

FIG. 1. Schematic views of the 4 × 4−α (a), β (b), and γ

(c) structures. The heights of Si atoms are represented by a color
gradient that ranges from green (highest) to cyan, blue, and black
(lowest).The underlying Ag atoms are depicted with gray spheres.
The rhombus shows the unit cell in each system, while the triangles
indicate trimer protrusions. In panel (b), the trimer indicated by the
dashed triangle is lower than that indicated by the solid triangle.

1. The 4 × 4 structures

We begin with the 4 × 4 structures [26–50,56–65,
67–72,90–95], since they have been well studied so far, and
can play the role of a benchmark of GOFEE for predicting the
stable structures of silicene on Ag(111). The results for the
4 × 4 structures are shown in Fig. 1, where the representative
ones with a honeycomb lattice are depicted. The heights of
Si atoms are represented by a color gradient that ranges from
green (highest), to cyan, blue, and black (lowest), while the
underlying Ag atoms are depicted with gray balls. We com-
pare the stabilities of different structures using the formation
energy per Ag(111)-(1 × 1) unit cell

Eform = 1

N layer
Ag

(ESi/Ag − EAg − NSiεSi), (1)

where ESi/Ag, EAg, and εSi denote the total energies of silicene
on Ag(111), a clean Ag(111) surface, and bulk Si per atom,
respectively, while NSi is the number of Si atoms forming
silicene and N layer

Ag is the number of Ag atoms per slab layer.
The buckled structure in Fig. 1(a) is characterized by two
trimer protrusions in opposite orientations, and the protruded
Si atoms are higher than the others by about 0.8 Å. The
structure has a formation energy of 0.187 eV, which is the
smallest of the three structures in Fig. 1. Thus the structure
can be assigned to the 4 × 4−α structure, one of the most
commonly observed phases in silicene on Ag(111).

The buckled structure in Fig. 1(b) has a monomer protru-
sion at the cell corner and two trimer protrusions in the same
orientation. The right trimer is lower than the others by about
0.3 Å, which suggests that the structure is characterized by
a Y-shaped pattern due to the other protrusions. Indeed, a
similar pattern has been theoretically predicted as a metastable
structure [64,65], and also been experimentally observed in
a boundary between two 4 × 4−α domains [36,48], which
is referred to as the 4 × 4−β phase. This is consistent with
the fact that the 4 × 4−β structure has a slightly larger for-
mation energy of 0.198 eV. Note that the trimer protrusions
in Fig. 1(b) have approximately threefold symmetry, whereas
in the metastable structure predicted in Refs. [64,65], one of
the three Si atoms is lower than the others by about 0.7 Å,
breaking the threefold symmetry.

In addition to the 4 × 4−α and β structures, our re-
sults also include another metastable structure as shown in
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FIG. 2. Schematic views of the
√

13 × √
13 type-II (a)–(c) and

type-I (d)–(g) structures. The color schemes for the Si and Ag atoms
are the same as those in Fig. 1. The rhombus shows the unit cell in
each system, while the line segment, triangle, and rectangle indicate
dimer, trimer, and tetramer protrusions, respectively. In panel (c), the
trimer indicated by the dashed triangle is lower than the protrusion
at the cell corner. Panel (h) shows two type-IIα domains separated
by a line defect composed of tetramer protrusions, which is indicated
by a shaded region. Panels (i) and (j) show a comparison between a
model of the less-ordered structures constructed from type-Iβ, γ , and
δ structures and the STM image taken from Ref. [36]. In the latter,
we have added labels of phases and an enlarged view of the T phase.

Fig. 1(c), which we refer to as the 4 × 4−γ structure. The
structure is almost alternately buckled by about 1 Å just as
freestanding silicene [20–25], except for the protrusion (dent)
at the Si atom located on the top (hcp-hollow) site. The
similarity suggests the emergence of Dirac electrons with a
small energy gap in the 4 × 4−γ structure, whose possibility
will be discussed in Sec. III C. To the best of our knowledge,
the 4 × 4−γ structure has never been reported so far, but
the structure is expected to be rarely observed experimentally
because of an even larger formation energy of 0.228 eV.

2. The
√

13 × √
13 structures

We next investigate the
√

13 × √
13 structures [26,27,

29–33,35–43,45,47,49,51,52,56,57,59–65,69,72,90,92–95],
which are often observed together with the 4 × 4−α structure.
The results for the

√
13 × √

13 structures are shown in Fig. 2,
where the structures in Figs. 2(a)–2(c) [2(d)–2(g)] can be

classified into type-II (I) according to an angle of θ = 5.2◦
(27◦) between the Si[110] and Ag[110] directions [27]. The
buckled structure in Fig. 2(a) has a monomer protrusion at the
cell corner and a trimer protrusion enclosing the hcp-hollow
site. There is another protrusion in the left half, which is lower
than the others by about 0.5 Å. The structure has a formation
energy of 0.200 eV, which is the smallest of the structures in
Fig. 2, and can be assigned to the structure often referred to
simply as the

√
13 × √

13R13.9◦ type-II phase [27].
The buckled structure in Fig. 2(b) is characterized by a

tetramer protrusion at the cell corner, and has a slightly larger
formation energy of 0.204 eV. A similar tetramer protrusion
has been theoretically predicted as a metastable structure
[64,65], and also been experimentally observed in a boundary
between two

√
13 × √

13 domains that are similar to Fig. 2(a)
but rotated 180◦ relative to each other [36,51,52,59,61]. More-
over,

√
13 × √

13 domains displaying tetramer protrusions
have also been identified by high-resolution AFM [59]. For
distinction, we here refer to the structure in Fig. 2(a) [2(b)]
as the

√
13 × √

13 type-IIα (β) structure. Note that the 180◦
rotation converts the type-IIα structure to a slightly less sta-
ble one as shown on the right-hand side of Fig. 2(h), in
which the trimer encloses the fcc-hollow site. Figure 2(h)
also shows a line defect between the two type-IIα domains,
where tetramer protrusions are analogous to those in Fig. 2(b).
Here the type-IIβ structure acts as a boundary between two
inequivalent domains unlike the 4 × 4−β structure mentioned
in Sec. III A 1, which appears in a boundary between two
equivalent 4 × 4−α domains.

Our results also include another type-II structure shown in
Fig. 2(c), which we refer to as the type-IIγ structure. The
buckled structure is characterized by a monomer protrusion
at the cell corner and a trimer protrusion in a half unit cell,
and can be confused with the type-IIα structure. However,
the type-IIγ structure is expected to be rarely observed ex-
perimentally, since the structure is the most unstable of the
structures in Fig. 2 with a formation energy of 0.222 eV.

The buckled structures in Figs. 2(d)–2(f) are similar to each
other except for the protrusions at the cell corners, which are
monomer, dimer, and trimer protrusions, respectively. In addi-
tion, the structure in Fig. 2(g) also shows a trimer protrusions.
These four structures, which we refer to as type-Iα, β, γ , and
δ structures, have similar formation energies of 0.208, 0.209,
0.214, and 0.215 eV, respectively, and can be observed si-
multaneously. Indeed, the

√
13 × √

13R13.9◦ type-I phase has
been observed experimentally as hexagonally packed protru-
sions, some of which are round while others are elongated in
random orientations [29,30,33,35,36,41]. Such a less-ordered
structure is often referred to as the T (or dotted) phase [29].
Although an Si monomer [36,51,62,69,95] [Fig. 2(d)] and an
Si hexagonal ring [27,30,60] have been proposed as the mod-
els of the round protrusion, the origin of the T phase is yet to
be fully understood. Our results indicate that the less-ordered
structure of the T phase can be attributed to the coexistence of
the monomer (type-Iα), dimer (type-Iβ), and trimer (type-Iγ
and δ) protrusions. The structural models for the type-Iα, γ ,
and δ structures have already been proposed [38,62,95], while
the type-Iβ structure has never been reported despite the ex-
perimental observation of elongated protrusions. In Fig. 2(i),
we construct an example of the less-ordered structure from the
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FIG. 3. Schematic views of the 2
√

3 × 2
√

3−α (a) and β

(b) structures. The color schemes for the Si and Ag atoms are the
same as those in Fig. 1. In panels (a) and (b), the hexagonal pattern
shows the large honeycomb lattice formed by the protrusions. In
panel (b), the trimer protrusion indicated by the dashed triangle is
lower than the honeycomb protrusion. Panel (c) shows two 2

√
3 ×

2
√

3−α domains separated by a line defect due to a contraction of
the large honeycomb lattice, which is indicated by a shaded region.

type-Iβ, γ , and δ structures, which is analogous to the STM
image with dimer and trimer protrusions [29,36] as shown in
Fig. 2(j).

3. The 2
√

3 × 2
√

3 structures

The results for the 2
√

3 × 2
√

3 structures [27,29,30,32,
33,37,40,47,49,53–55,61–65,69,72,92,93,95,96] are shown in
Fig. 3. The buckled structures in Figs. 3(a) and 3(b) are both
characterized by the protrusions forming a large honeycomb
lattice but differ in the structures inside the hexagonal rings.
Namely, the additional protrusion in a hexagon of Fig. 3(a)
breaks the rotational symmetry, whereas the trimer protrusion
in that of Fig. 3(b), which is lower than the large honey-
comb lattice by about 0.5 Å, almost preserves the threefold
symmetry. We refer to the structure in Fig. 3(a) [3(b)] as the
2
√

3 × 2
√

3−α (β) structure. The two structures have close
formation energies of 0.208 and 0.211 eV, respectively, and
it has also been shown that the relative stability is reversed
when a van der Waals density functional (vdW-DF) [97,98]
is adopted [69]. These results suggest that the two structures
have similar stabilities and can be observed simultaneously.
Experimentally, the STM measurements have revealed that
the 2

√
3 × 2

√
3 phase exhibits a moiré-like pattern com-

posed of ordered and disordered regions. Based on a simple
model, Jamgotchian et al. have attributed the disorder to an
apparent contraction of the large honeycomb lattice due to
the relaxation of silicene [55]. Figure 3(c) shows the con-
tracted large honeycomb lattice as a line defect between two
2
√

3 × 2
√

3−α domains. It should be noted that the monomer
protrusion inside the hexagon of the 2

√
3 × 2

√
3−α plays

the role of a lattice point in the contracted large honeycomb
lattice, facilitating the creation of line defects. This indicates
that the disorder observed in the 2

√
3 × 2

√
3 phase originates

from the coexistence of the 2
√

3 × 2
√

3−α and β structures.

FIG. 4. Schematic views of the
√

7 × √
7−α (a) and β (b) struc-

tures. The color schemes for the Si and Ag atoms are the same as
those in Fig. 1. In panels (a) and (b), the rhombus shows the unit cell
in each system. In panel (c), the lines show the large kagome lattice
formed by the protrusions in panel (b).

4. The
√

7 × √
7 structures

We finally investigate the
√

7 × √
7 structures [30,62,69],

the observation of which has never been reported except for
the STM measurements by Chiappe et al. [30]. It should
be noted that a similar phase can also be seen in the STM
image by Resta et al. [57] as pointed out in Ref. [69]. The
buckled structure in Fig. 4(a) has a monomer protrusion at
the cell corner, while the other part of the honeycomb lat-
tice is almost flat and lower than the former by about 1 Å.
Thus the structure is essentially the same as that obtained
by vdW-DF [69] but differs from the flat structure originally
proposed in Ref. [27]. The buckled structure in Fig. 4(b)
is characterized by the large kagome lattice formed by the
protrusions as shown in Fig. 4(c). A similar kagome pat-
tern has also been predicted in Ref. [62], but the in-plane
position of silicene relative to the Ag surface is different
from the GOFEE result in Fig. 4(b), where the hexagonal
rings enclose either a top or a bridge site. We refer to the
structures in Figs. 4(a) and 4(b) as the

√
7 × √

7−α and β

structures, respectively. The former has a formation energy of
0.205 eV, while the latter has a much larger formation energy
of 0.243 eV and the corresponding kagome lattice is expected
to be rarely observed experimentally. This is consistent with
the fact that hexagonally packed round protrusion correspond-
ing to the

√
7 × √

7−α structure has been observed in the
STM image [30].

5. Summary of the structure search

As seen above, the structure search based on GOFEE has
reproduced successfully the well-known stable structures such
as 4 × 4−α [Fig. 1(a)],

√
13 × √

13 type-IIα [Fig. 2(a)],
and 2

√
3 × 2

√
3−β [Fig. 3(b)] structures, and also generated

metastable ones, some of which can be considered as new
findings revealed by GOFEE. For example, the 4 × 4−γ struc-
ture with the almost alternately buckling pattern [Fig. 1(c)]
and the

√
7 × √

7−β structure characterized by the large
kagome lattice [Fig. 4(b)] are interesting from a structural
point of view, although these structures are expected to be
rarely observed due to the large formation energies. On the
other hand, the

√
13 × √

13 type-Iβ structure with the dimer
protrusion [Fig. 2(e)] is close in stability to the other

√
13 ×√

13 type-I structures already proposed [Figs. 2(d), 2(f), and
2(g)], and is analogous to the elongated protrusion observed
in the T phase. The 2

√
3 × 2

√
3−α structure characterized

by the large honeycomb lattice with the monomer protrusion
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[Fig. 3(a)] has been pointed out only in the vdW-DF study [69]
and received little attention. However, our results obtained
with the PBE functional predicts that the 2

√
3 × 2

√
3−α

structure coexists with the well-known 2
√

3 × 2
√

3−β struc-
ture, and the importance of the former can be confirmed by its
higher compatibility with a line defect than the latter. Thus
our results demonstrate that GOFEE is useful not only for
identifying the most stable structures, but also for understand-
ing less-ordered phases due to the coexistence of metastable
structures.

B. Stoichiometry dependence

A striking feature of silicene on Ag(111) is the fact that
phases with different stoichiometries are often observed si-
multaneously. To examine the influence of the stoichiometry
on the stabilities of the structures obtained above, we now
modify Eq. (1) to yield the surface free energy with respect
to Si’s chemical potential μSi as


 � 1

N layer
Ag

(ESi/Ag − EAg − NSiμSi), (2)

where the contributions from the entropy and pressure have
been neglected [99]. In Fig. 5(a), we plot �
 ≡ 
−
4×4-α

as a function of �μSi ≡ μSi−εSi, with 
4×4-α being the sur-
face free energy of the 4 × 4-α structure. In this definition,
�μSi > 0 (<0) corresponds to an Si-rich (poor) condition
relative to the chemical equilibrium with bulk Si. Figure 5(a)
shows that the most stable phases under the Si-poor, Si-rich,
and intermediate conditions are the

√
13 × √

13 type-IIα,
2
√

3 × 2
√

3-α, and 4 × 4-α structures, respectively. These
results are similar to those of previous studies [69,72], al-
though there are some differences. For example, the phase
boundary between the 4 × 4-α and 2

√
3 × 2

√
3-α structures

appears at �μSi = 0.51 eV in good agreement with the re-
sults for AIMD simulations with the PBE functional [72],
whereas the other phase boundary at �μSi = −0.27 eV is
significantly higher than the AIMD result. The discrepancy is
due to the fact that, regarding the

√
13 × √

13R13.9◦ phase,
AIMD has been applied only to a type-I structure with θ =
27◦. This is geometrically different from the

√
13 × √

13
type-IIα structure with θ = 5.2◦, which is the most stable
at low �μSi in the vdW-DF result [69] as well as in ours.
It should be noted that the line of the 4 × 4-α structure in-
tersects with those of the

√
13 × √

13 type-I structures at
chemical potentials ranging from �μSi = −0.58 to −0.43 eV
in Fig. 5(a), which are closer to the boundary between the
4 × 4 and

√
13 × √

13R13.9◦ phases in Ref. [72]. Although
the stabilization of the

√
13 × √

13 type-IIα structure under
the Si-poor condition in Fig. 5(a) is qualitatively consistent
with the vdW-DF result [69], the boundary with the 4 × 4
phase appears at a significantly higher chemical potential of
�μSi = 0.07 eV in the latter. More importantly, the

√
7 ×√

7 structures are always metastable in Fig. 5(a), whereas
the vdW-DF results predict that the

√
7 × √

7-α structure
becomes the most stable in a small range from �μSi =
0.47 to 0.55 eV. These differences indicate that vdW-DF,

FIG. 5. Phase diagram of silicene on the Ag(111) surface with-
out strain (a), and those with biaxial tensile (b) and compressive
(c) strains of ±1%. The surface free energy (2) of each structure
is plotted as a function of the chemical potential of Si, where the
former is relative to the surface free energy of the 4 × 4-α struc-
ture and the latter is relative to the chemical potential of bulk Si.
In panel (a), the seven lines for the

√
13 × √

13 structures corre-
spond to type-IIα, β, Iα–δ, and IIγ from bottom to top. In panel
(b) [(c)], the six lines for the

√
13 × √

13 structures correspond to
type-IIα, β, Iα, β, δ, and γ (type-IIα, β, and Iα–δ) from bottom
to top.
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especially the optB86b-vdW functional, tends to stabilize the√
13 × √

13R13.9◦ type-IIα and
√

7 × √
7R19.1◦ phases as

compared with others. It should be noted that vdW interaction
plays a minor role in these differences, because the stability of
a superstructure is mainly determined by the covalent bonds
between silicene and Ag(111) as well as the buckled structure
of silicene.

In addition to the prediction of the most stable phases,
Fig. 5(a) also provides useful insights into the metastable
ones. For example, the 4 × 4-β structure is less stable than
the 4 × 4-α structure by 11 meV and the second most stable
only in the small range of −0.04 eV � �μSi � 0.24 eV. In
contrast, the

√
13 × √

13 type-IIβ (2
√

3 × 2
√

3-β) structure
is less stable than the

√
13 × √

13 type-IIα (2
√

3 × 2
√

3-α)
structure only by 1 (3) meV, and always the second most
stable for �μSi � −0.36 (� 0.58) eV. This explains why
the 4 × 4-α phase is experimentally observed as an almost
ordered structure, while the

√
13 × √

13R13.9◦ type-II and
2
√

3 × 2
√

3R30◦ phases exhibit less ordered structures with
domain boundaries. Moreover, the

√
13 × √

13 type-Iα–δ

structures become more stable than the 4 × 4-α structure for
�μSi � −0.43, −0.46, and −0.57 eV, respectively, the co-
existence of which we propose as the origin of the T phase
as discussed in Sec. III A 2. These structures are always less
stable than the

√
13 × √

13 type-IIα and β structures and are
expected to readily change to more stable ones. This is also in
agreement with the experimental fact that the T phase appears
only at lower temperature and disappear by annealing.

The structure of the phase diagram can be modified by
applying a strain to the system. Figure 5(b) shows the phase
diagram of silicene on Ag(111) with a biaxial tensile strain of
+1%, where the most stable structures under the Si-poor, Si-
rich, and intermediate conditions remain to be the

√
13 × √

13
type-IIα, 2

√
3 × 2

√
3-α, and 4 × 4-α structures, respectively.

As compared with Fig. 5(a), the
√

13 × √
13 (2

√
3 × 2

√
3)

structures are destabilized (stabilized) relative to the 4 × 4-α
structure, which results in the phase boundaries at lower
chemical potentials of �μSi = −0.49 and 0.27 eV. Opposite
behaviors can be seen in the phase diagram of silicene on
Ag(111) with a biaxial compressive strain of −1% as shown
in Fig. 5(c). Namely, the

√
13 × √

13 (2
√

3 × 2
√

3) structures
are stabilized (destabilized) relative to the 4 × 4-α structure,
and the phase boundaries appear at higher chemical poten-
tials of �μSi = 0.01 and 0.69 eV. These results indicate that
the buckled structures realized in silicene on Ag(111) can
be tuned by applying a tensile or compressive strain to the
system. Moreover, Fig. 5(b) [5(c)] shows that a tensile (com-
pressive) strain stabilizes (destabilizes) the 2

√
3 × 2

√
3-β

structure relative to the 2
√

3 × 2
√

3-α structure, which sug-
gests that the ratio of these structures is also tunable.

C. Electronic structures

The structural difference in silicene on Ag(111) influences
its electronic properties and of particular importance is the
existence of Dirac electrons, which is crucial for the realiza-
tion of the quantum spin Hall effect. The existence of Dirac
electrons has theoretically been predicted for alternately buck-
led freestanding silicene, while the 4 × 4-γ structure found in
Sec. III A 1 has an analogous structure except for two Si atoms

FIG. 6. The energy band diagrams of the 4 × 4-α (a), β (b), and
γ (c) structures weighted by the k-resolved density of states (DOS)
projected onto the silicene layer. The weight of the projected DOS is
represented by the radius of a circle.

in a unit cell. Motivated by the similarity, we here investigate
the electronic properties of the 4 × 4 structures shown in
Fig. 1. The results for the other structures are given in the
Supplemental Material [100]. To focus on the contribution
from silicene, we plot in Fig. 6(a) the calculated energy bands
of the 4 × 4-α structure weighted by the k-resolved DOS
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projected onto the silicene layer. Here the weight of the pro-
jected DOS is represented by the radius of a circle. Although a
K point of the BZ of silicene-(1 × 1) is folded onto the � point
of the BZ of Ag(111)-(4 × 4), no clear sign of linear bands de-
rived from silicene can be observed near the Fermi level (EF)
at the � point. Instead, a π band is found to be EF − 0.95 eV
at the � point. These results indicate strong hybridization be-
tween silicene and the surface and are consistent with those of
prior DFT calculations [34,64–69,73]. The absence of Dirac
cones and the lowering of a silicene-derived π band can also
be seen in the calculated energy bands of the 4 × 4-β structure
as shown in Fig. 6(b). Note that the π band is found at
the same energy as in Fig. 6(a) at the � point, although the
details of the silicene-derived bands are significantly different
from each other. Finally, we plot the calculated energy bands
of the 4 × 4-γ structure in Fig. 6(c), which also show the
absence of silicene-derived Dirac cones, despite the similarity
of the buckled structure to freestanding silicene. This suggests
that the hybridization with the surface states plays a more
important role than the buckled structure of silicene in the
disappearance of Dirac cones. Moreover, a silicene-derived
π band is found at higher energy of EF − 0.62 eV than in
Figs. 6(a) and 6(b). We attribute this to the fact that fewer
Si atoms in Fig. 1(c) contribute to the covalent bonds with the
surface than those in Figs. 1(a) and 1(b).

IV. CONCLUSION

We have applied GOFEE to the search for the stable struc-
tures of silicene on Ag(111), and demonstrated that the
method can not only reproduce the most stable structures
but also predict metastable ones. It is found that there exist
metastable structures that are close in stability to the most sta-
ble ones and can be observed experimentally. Such metastable
structures play crucial roles in the stabilization of the less-
ordered structures observed in the

√
13 × √

13 type-II and
2
√

3 × 2
√

3 phases. We have also identified the existence of
the

√
13 × √

13 type-I structures with monomer, dimer, and
trimer protrusions, which are close in stability with each other.

The coexistence of these structures can be considered the
origin of the T phase, which has been experimentally observed
as a mixture of round or elongated protrusions.

The fact that GOFEE has successfully generated a variety
of stable structures of silicene on Ag(111) indicates that the
method is also applicable to the investigation of other mate-
rials with nontrivial structures. In relation to two-dimensional
materials, an intriguing example is a Ge monolayer grown on
Ag(111). The system exhibits 7

√
7 × 7

√
7R19.1◦ [101,102]

and
√

109 × √
109R24.5◦ [103] reconstructions commonly

characterized by a hexamer protrusion, the details of whose
structures are still controversial. Very recently, Zhang et al.
have proposed models that explain these superstructures,
in which the Ge monolayer contains a small amount of
Ag atoms and consists of pentagonal, hexagonal, and heptag-
onal structures [103]. A large-scale GOFEE search is useful
for elucidating the details of the alloy superstructures, and the
obtained results will be discussed elsewhere.
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