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Abstract
We give a simple proof of Slater’s transformations for bilateral series v, 2, ¥2,, and
2r—1¥2r—1, using only the residue theorem only, without technical manipulation of
the series.
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1 Introduction

The bilateral basic hypergeometric series , ¥, is defined by

a],...,an_ o (als"'van;q)k k
nwn<b] s 4, x)~— Z (b],.—x

v 0 Un co<k<00 ey bn, q)k

for

b1~--bnaf1 ~~~an_1 <xl <1, lgl<1, a;, bj, x, g €C, andgq;, qbf1 ¢qZ>0,
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where

(ar, azy .., an; Qr = (a1 Qrlaz; Qi -+ (@ns @k

(@; )k = (@; @)oo/ @q" ; Qoo

and

(@: @)oo = [ J(1 —ag".

i=0

In [6, 7], Slater derived transformations for bilateral basic hypergeometric series. She
applied the results by Sears [5] in [6], and she considered the basic analogue of the
Barnes-type integrals in [7]. Exposition on the work by Slater is provided in Chapter
5 of the book by Gasper and Rahman [1]. On the other hand, Ito and Sanada gave
a proof of the transformation for ,v, series (Theorem 1 below) and a proof of the
transformation for very-well-poised-balanced », 1, series (Theorem 2 below) from
the viewpoint of the connection problem associated with a Jackson integral [2].

The purpose of the present paper is to give a simple proof of these results by means
of the residue theorem only, without technical manipulation of the series, and also to
study the integrals which represent several functions in g-analysis. We refer the reader
to our previous work [4] for the proof of Ramanujan’s 1 ¥1-sum and Bailey’s ¢/¢-sum
from the same point of view (See also [3]).

We also use the symbols

(a1, az, ..., an; Qoo = (A1;9)o0(@23 @)oo+ (A @)oo »

B(a) = (. ga™" 1 Qoo
and
O(ar, ..., ap) =0(a1)---0(ay) .
In this paper, the base ¢ is fixed to be a real number satisfying 0 < g < 1 for
simplicity.
2 .y, series

Slater’s transformation for .1, series is given by the following, which is (5.4.3) of [1]
((4) of [6], (7.2.5) of [7], and (5.1) of [2]):

Theorem 1 Suppose that
1 7 . .
ci, cic; ¢q°, 1<i#j=<r,

forr > 1. Then we have
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A simple proof of Slater’s transformations...

6(Ax) [Tiz; (b, qafl Qoo " ai, az, ..., ar . g x
[Tizi 0(ci) by, by, ..., b
_ Xr: q 0(Axcg™) [T @bicy, a5 @)oo

cs  O(cy) [Ti<i<r e(cxcfl)
i#s

—1 -1 —1
ajc, , garc a
xrl/f,.<(’I1s qaxcg -, , 4arCg >’

7 9 2.1
gbic;’t, gbacTt, ..., qby c_1 a @D
where A = [];_, aic; and’bl 1_1~-~a;]‘<|x|<1.
Proof Let F(t) be a function defined by
10(Axt™Y) {5 (bit, qa; 17 @)oo
F(t)=- . . 2.2
@ t 6@ hH E O(ci 1) 2.2)
First, for k € 7, we have
Res,_ge F(1)dr = lim (1 — g F ()
t—>q
6(A 6 L (big~:
_ ( xin =1 (ai) l—[( tqk'CI)oo xk, 2.3)
(@93 [Tizi 0(ci) 7 (aig*; @)oo
and
. - k
Res,_iguF@®dt= lm (—c g F ()
—c5 g
__a 8Axegh) [T 0ea ) 1—[ (@bics' 4 oo ko
Cs (q: )% 0(cy) ng;gre(csc;1> L (@aics g% : @)oo
LFS

Secondly, for real positive numbers R and R satisfying

Rj, ciRj ¢q% 1<i<r, j=1,2,

we have

F (Rl eﬂ%—l)

(Ale_le_“/jwa, gA- xR, eﬁe;q)
Ry eV=T04-1 (Rfl

[0.9)
emV=logl, queﬁg;q)m
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r (biRl eV=19, qai_lRl_1 e“m‘gql ; q)oo
i=1 (CiRleﬁe’ CIC,-_lRl_lef‘EQCIIQCI)OO
(Afol V10, q)l r (qbf]Rfl e V10, q)l
(7)1 (aaTea)
F(RyeV=1g")
(AxR;1 e—ﬁe’ gA xR, ereql q)
Ry eV=10g! (Ry ! e=V=10, g Ry eV=174 ; oo
r (bi R eﬁeql, qai_le_l e~V10, q)oO
i=1 (CiRz eV =10l ge 'Ry e V10 CI)OO
(qA_lx_le eV-1e ; 61)1 r (a,-Rz eV-10 1 q)1 .

X X,

(Rileﬁe, ;q>l i=1 (CiR2 eﬁe;q)

X

bi---by 1)
ay---arp X ’

l

X

1

and thus

| /ci” F(t)dt
2

F(Ry eV g YRy V=TV g1 a0

‘/(1) F(t)dt

where [ € Z=g, C = {Ry eV g e C|0<6 <27}, C = (RyeV 14l €
C |0 <6 <2m}, and M, M, are positive numbers independent of /.
The residue theorem combined with inequalities (2.5) and (2.6) leads to

bi--by 1 l

ap---ar X

2w
‘/ F(Ry V™14 Ry /=T V=14l 4o

<M

. @25

<M |x|', 2.6)

> Res_ qu(t)dt—l—Z Y. Res_ i auF@)di

—oo<k<o00 s=1 —oco<k<oo
1
= lim ——— F(t)dt =0, 2.7
i ([ L) o o

if ‘ by bral_l .. -ar_l ) < |x| <1, where CY) is in the counterclockwise direction
and Cél) is in the clockwise direction.

Consequently, combining (2.3), (2.4) with (2.7), we obtain
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0(Ax) Hlee(ai) (btq /DI k
PR T R D l_[ )

q:9) 1 1i=1 ¢ ooheooinl 1q 1 q)oo
q  6(Axesq™D [Tio1 6(esa D) 3 “ (gbicy! q Do
1 ¢5 (g3 )3 0(cs) Hﬁqe(c ) S is @aics g )

IAGED [T (qa; ", bis @)oo Z 1—[ (ai ; @)k o

@ % [liz 0Cc) S ) i I
g 0Axeg D T (ea; ' gbicy s 9o 3 1—[ (qaics' i
e (459%00c) Hljfre(cscﬁ Sl b g
if ‘ by - ~-b,a1_1 . ~-ar_1 ‘ < | x| < 1. This completes the proof of (2.1). O

3 Very-well-poised-balanced >, Y5, series

Slater’s transformation for very-well-poised-balanced 2,1, series is given by the
following, which is (5.5.2) of [1] ((1.1) of [2]):

Theorem 2 Suppose that

a, a;, aia_l, a,-a'_1 aza_l, a,-aja_l ¢ qZ, 1<i#j<r-2

. Then we have

forr >3, anaf|ar_1q’_2 ‘ < ‘]_[i:f

Y 1)(qb ' qab " q)oo
(qa, ga='; @)oo [[/2} 0(aia™", ar)

a¥, —ga?, b, b b r=2gr=1
X 2 V2 1q a q ~,1 1s 2,l~-~, 2(r71)1 ; 427
a?, —az, qab; ", qab; ", ..., qabz(ril) l—[igl—l) b;
-2 2(r—1 -
B rz 1Y (qaa; 67", qagh;" s @)oo
= (qgaZa~', qaa;” ,q)ooe(asa . ay) Hls,;ir_ze(a,-a;%axaia—l)
1LFS
qasa_%, —qasa_%, biasa= ', braga™t, ..., bg(,_l)asa_ll qr_zar_1
X 2rY2r _1 _1 1 -1 1 v 4, =0, |-
asa”2, —asa” 2, qasby ", qash; -, ..., qasbz(,_l) 1_[1.:1 b;
3.1
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Proof Let F(t) be a function defined by

Y b1, gab 1 )0
F(t) =
o=, at) ]'[l.=1 O(aja='t71, ait)
[17Y gb 'Y, qab 't g)o

- - 1,- —1 —1,_ ’
(t~1, gt, at, ga—'t 1,(])001_[1-:1 (aia="t=1, ga; " at, ait, qa; 171 q)oo

which satisfies F (1) = F(a~'t™1).
First, for k € 7Z, we have

Res,_ .« F (1) dt = limk(t —¢"F@)

20r—1)

B g < TS 6w I (qab'q* @)oo [ (ag)™!
@ % 0@ [ 0@a!, aNes — Bid* @)oo

and

Res,_, -1 F()dt = lim  (t —aa 'q")F(t)

t—asa~lq
a;a”'qk < [T;Y7 " 0(qaa; b

= 1 ,
(q;q)%oé(aas , as, ata~ 1)]—[1545#29(41,-% , aga;a= )

i#s

20r—1)

_ k
1l (qashb;'q" @)oo [ (qa) !
. (asbia='q*; ¢)oo l—[?gl—l) bi

i=1

Secondly, for k € Z, we have

Res,_ 1, F (1) dt = — ~!IRes, kF(a LYy w2 du
= —a"'Res,_ Fu)u~ zdu—— g *Res, _ gt P du

and

Res,_, 1, «F(1)dt = —a"'Res cFla'uHYu?du

—a_lResuzu lagqt F(u)u 2 du = aay Zq_szesu:u 1aqk F(u) du

u=a-lasq

by the change of integration variable from 7 to u by t = a~'u™!

F@t) = F(a1t™h.

@ Springer

20r—1
l_[iirl )bi

(3.2)

>k

(3.3)

(3.4)

(3.5)

(3.6)

with the equality



A simple proof of Slater’s transformations...

Thirdly, for real positive numbers R and R, satisfying
R;, aRj, a;iR;, aa;'R; ¢ ¢%, 1<i<r—2, j=1,2,

we have

F (Rleﬁeq—z)
2 —J= — —
B l—[ (r 1)( b R 1 \/719ql’ qabi 1R1€ﬁ9§6])oo
(R;! e‘req . qR efe, aRyeV=10, qa 'R eV"10gl; g)
1
X
[Tt @a 'R e V=19g!, gaa;7 'Ry eV=1%, a; Ry e¥V=10, ga7 'Ry e=V"104! ; g)oc
l—lz(r 1)(b a‘lR Jfle;q)l
Ry TV TR VT g T G Ry eV 6 Ry eV g,

( (qa)! )l
“N 72—, |
1_[1(] )b
F(RyeV™10gh

_ 10" @b Ry e V1 qaby ' RyeV ™ ¢! 1 )
(Rz_le‘fe,queFQq,aRzeﬁeql,qa‘lele‘F":q)oo

1
X
[T/2f(@a'Ry e=V=1, qaa;' Ry eV=1¢g!, a; Ry eV =10q!, qar 'Ry e=V=10; g
1
1—12(’ l)(b RzeFO q)l (qa)rfl
(quefé aRyevV—10 an [l 1(qaa "Ry eV=19, qi Ry eV=190 ; q); Hfg;%,- ’
and thus
I
2w r—1_r-=2
/ F(ndr| = / FR V107 Ry V=TV a0 | < my | o d
0 s
i=1
(3.7
27 ar—lqr l
/(1) F(t)dt| = / F(RyeV g Ry V=1Vl d0 | < My 1)
o 0 b
(3.8)

where [ € Z>, C{l) ={R; e\/qu*l eC|0<6 <2m}, Cél) — {Rze\/jleql c
C|0<6 <2m}, and M, M, are positive numbers independent of /.
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The residue theorem combined with inequalities (3.7) and (3.8) leads to

3 [Res,:qu(t) di +Res,_y1,+ F (1) dz}

—oco<k<oo

+3 Y {Resgaip FOdr+Res,_ o F(0) de

s=1 —oo<k<oo

1
= lim ——— F(t = .
l—lglo 2ma/—1 (fcfl) + /C§”> (0)dr =0, (3.9

if |[a"! q 2 | < ‘ ]—[2(r D b; ‘ , where Cfl) is in the counterclockwise direction and

Cél) is in the clockwise direction.

On the other hand, for k € Z, we have

Rest:qk F(t)dt + Res[:afquk F(t)dt
1—[2(r Do)
(q: 9% 0@ [1/Z; 0@ia=", a)
2(r—1 _ k
"D (qab7 g% oo [ (ag)!
X b ok 20—1)
- bi 4" 5 @)oo H b;
. H2<, ”e(bl)
@ D% (qa, ga='; @)oo [1/21 Oaia=L, a)

2(r—1 - 2 =1 \*
L —ag* ¢ )(qabilqk;q)oo< rz”)

1—a Pl bi g% @)oo Hz(r D b;

= (¢"—a"'q7) x

i

(3.10)

from (3.3) and (3.5), and

Rest:axaqqk F(t)dt + Rest:as_lq,k F(t)dt

1270 6(asbia™)

—1 k -1 _—k
= (asa qg —as g ) X — —
@ D3 0aas ", a5, aZa=) [Ti<i<r—20(aias ", azasa=h)

i#£s
21 - ¢
x Y @ash'd* s D [ (gay !
i=1 (asbia=1 q*; @)oo nfi’f”b-
o M2 1)6(a5ba )
@: 3% (qata=", qaa;?: @)oo Olaas" . a5) TTi<i<r—20(aiay ", ajaga=")
iFs
2(r—1 — k
L e O e (3.11)
eyl | W prwl et |
: im1 sDj q~; 4) l_[i:l bi
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from (3.4) and (3.6).
Consequently, combining (3.10), (3.11) with (3.9), we obtain

2 1
i e
(@:9)3 (qa. ga~ ,q)oo T2 6@at, a)
1—ag? 20 (qab;'¢*; oo ( q"2ar! )k

0=—a

x Z l1—a

e o gt e \ TV
- s _ _
= @: 9% (qata~", qaag?; q>ooe(aas , as) [i<i<r—20Gjas ", ajasa=")
i#s
2(r—1 — k
5 Z 1 —aZa—' g% (r—1) (qash; Lak s @)oo g 2a"! 3.12)
o TFene 1maiamt L GashiaTld* s e \ T2V 0 ) '

which is equivalent to

1Y 1)(qb Logab; @)oo
(qa, qa='; @)oo [1127 0@ia=!, a;)

_ k
| — qo2k 202D b; : r=2 r—1
o Z aq 1—[ ( 17]‘1)k qwfl)
l—a (qab; " ;@ \ 1.2, ' bi

—oo<k<0o0 i=1
-2 20r—1 _
3 1Y (qaa; ' b7", qash7" s @)oo
~ (qa2a", qaa;”; q)oo O(asa!, as) Hlf{ir—Z O(aia;", ajaga=")
LS
k
1 _az —1,2k 20 =D asbia~" r=2,r—1
D el et o) INCREY
—oock<oo %4 izt (qasb; i@ \ T2, bi
This completes the proof of (3.1). 0
Remark 1 If we change r to r + 2 and substitute by, 41 = a%, b2 = —a% in (3.1),

we obtain (5.5.1) of [1] ((7) of [6], and (7.2.1.1) of [7]), since

1

1 1 1 1 1 r
(@2, —a2; @)oo (qaZ, —qa2:q)eo  (a2a;', —aZa;'; @)oo
0(a) (qa, ga ;9o O(aa;’, ata=")
(qa2a —qaza Y @)oo

0(asa=1) (ga2a', qaa;?; @)oo

Remark 2 To obtain (5.5.1) of [1] by the same manner as in the proof of Theorem 2,
it is enough to consider the function
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—1,— —1
H,zil <qbi t l,qabi t;q)oo

F(t) = .
(lil, qt, at, qa*11*1 ;q)oo ]_[;Zl (aia*]tfl, qal-_lat, ajt, qai_lﬁ1 ;q)oo

4 Very-well-poised >, Y5, and 3,1 Y>,_1 series

If we change r to r 4+ 1 and substitute by, = q%a%, by = —q%a% in (3.1), we
obtain the following transformation for very-well-poised 2, ¥, series:

Theorem 3 Suppose that

—1 -1 2 -1 -1 Z . .
a, ai, aja ", aja; , a;a -, a;a;a ¢q-, 1 <i#j<r—1,

forr > 2, and ‘ a 2q ! | < )]_[ . Then we have

i=1

Y ”(qb ', qab; l,q)oo
(@%a, ¢*a="; ¥ [1/2] O(aia=", aj)

1 1 _ —
X 22 qaz. —qaz, by, by, ..., byp—1) . g _M
rV2r 1 1 — — — > 1 -
az, —az, qab;', qaby', ..., qab, Ll) 1" b
s ]y ”(qaa*‘b ' qasb )
= (q%aZa™", q%aa;*; ¢?)eoO(asa, ay) ng;irq O(aia; ", asaja=")
1S
_1 _1 —1 —1 —1 r—=2 r—l
qasa”?, —qasa” 2, biasa™ ", braga™", ..., bypy_1asa” q
X 2r Yor _1 _1 —1 -1 —1 S ARy ey 3}
asa”?, —asa”2, gasby ", qasby ", ..., qasby,_ [li= b

4.1

Remark 3 To obtain (4.1) by the same manner as in the proof of Theorem 2, it is
enough to consider the function

F(1) (gfa”317!, glatr, —q2a" 217!, —qrals; q)ool_lz(’ Vgb] 1",qab I @)oo
=1, g1, at, ga= 171 @)oo [T} (@ia='171, qatat, ait, a7 '171; @)oo
. 1 1,
Remark 4 1f we change r to r + 2 and substitute by, = a2, byr42 = —a? in (4.1),

we obtain (5.5.4) of [1] ((8) of [6], and (7.2.1.3) of [7]), since

1 1 1 1 1 1 1 1

(qa" 2, ga?, —qa 2, —qa% ;q)oo(q%a_l, q%a?, —q?a” %, —q%a?;q)c
= (qa, ga™"; @) o>

and
L _1 L _1
(qazag ", qasa™2, —qaZa; ", —qasa 2 ; q)eo
PO O e S | L1 g 1 2 1 )
x(q2a?ag ", q2a 2a5, —q2aZa; , —q2a 2das;q)eo = (qaga ", qaa; " ; q)co-
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A simple proof of Slater’s transformations...

Remark 5 To obtain (5.5.4) of [1] by the same manner as in the proof of Theorem 2,
it is enough to consider the function

1 1 1 1 1 1
.qralt, —qla 217, —qZalt;q)e (qa” 217!, qalt, —qa" 117!, —qali;q)e
1, qt, at, gqa='t7'; @)oo
2 1, -1,
[172 (b 7Y, qaby 't @)oo
]_["H(a a1 qai_lat, ait, qai_ltflgq)oo

The substitution by —1) = iq%a% in (4.1) implies the following transformation
for very-well-poised 2,_1¥2,_1 series:

Theorem 4 Suppose that

—1 -1 2 -1 —1 Z . .
a, ai, aia ", aja; , a;a -, aja;a ¢q-, 1 <i#j<r-—2,

5 .3
forrz?a,and‘ar 2q" 72

< ‘ 17 bi ‘ Then we have

1 11
L1 11 23 -1 ~1
(£4q2a" 2. 4q2a2:q) [[;L]7 (gb; . qab; " oo
- ) -
(qa. ga=': q) o T2 0(aia™". ;)
1 1 F_3d 3
ga?, —qal, by, by, ..., byr_3 q 2a 2

1 1 i g, E—s—m—
1 1 —1 —1 —1 2r—3
a2, —a2, qaby ", qaby ", ..., qaby. 4 [T;27 bi

X 2p—1¥2r—1

_ L1 _ 1, _
Z :l:q2a2a , £q2a 2a5;q)oo H?;13(qaaslbi1,qasbil;q)oo
s=1 qas

a1, qaa;2; q)OOQ(aSa*I, ag) ]_[15,'5,,2 G(aiafl, axa,‘afl)

i#s
_1 _1 1 1 1 r_d .3
qasa 2, —qasa 2, byasa” ', brasa™", ..., by, _3asa” " q 2a 2
X 2p—1¥2r—1 1 1 1 _ 1 > 4, iT
asa” 2, —asa 2, qasby ', qashy . ..., qasby. 5 [T:57 bi

4.2)

Here either all the upper or all the lower signs are taken throughout.

Remark 6 To obtain (4.2) by the same manner as in the proof of Theorem 2, it is
enough to consider the function

F(t) (£q2a 3!, kqiatn;q) [0 (gby 't qab;'t:q)
1) = .
(t , qt, at, ga= 't~ 1,q) Iz ]2 aja= =1, qai_lat, ait, qai_lt_l;q)CXJ
Remark 7 1f we change r with r + 2 and substitute b, = a%, b4 = —a% in (4.2),
we obtain (5.5.5) of [1] ((9) of [6], and (7.2.1.4) of [7]), since
(asa_%, —asa”?,
qa;aA R —qa;ab ,q)oo = —aga_l(qaya % —qaga %, a%as_l, —a%as_1 ;q)oo,
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and
Q(asa_l) = —asa_19(aas_l).

Remark 8 To obtain (5.5.5) of [1] by the same manner as in the proof of Theorem 2,
it is enough to consider the function

L1 11 L 1 L 1
(:I:q2a 2t ,:tqzazt;q)oo(qa 2t™, ga2t, —qa” 2t ,—qazt;q)oo
=1, qt, at, gqa='t7; @)oo

2r—1, 31 ,— -
[T b1 qab 15 )
[Timi@a="t=", qa; 'at, ait, qa;7 ' 171 @)oo

F(t) =
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