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1. Introduction

The main object of this paper is to extend the result of K. Maruo and H.
Tanabe [4] on the eigenvalue distribution of symmetric elliptic operators to a
non symmetric case. Some amelioration of the result of [4] on the remainder
estimates in Weyl’s formula as well as the formula under less restrictive smooth-
ness assumptions is also obtained.

Let Q be a bounded domain in R” having the restricted cone property. We
use the same notations as those of [4] to denote various norms and functional
spaces. In this paper it is assumed that 2m>n as in the previous paper [4].
Let B be a sesquilinear form defined in H,,(Q) X H,,(Q) satisfying

Re Blu, u] =8,/ |ul||*n for any uesV a—(1)

where V is a closed subspace of H,,(Q) containing H »(Q) and 3§, is some positive
constant independent of u. We assume that B has the following form

Blu, v] = Bu, v]+ B,[u, v] (1. 1)

where B, which is the principal part of B is a symmetric integro-differential
sesquilinear form of order m with bounded coefficients

By, v] = S SV a,s(x) D*uD® vdx
Qla|=|pg|=m

and B, is a not necessarily symmetric sesquilinear form satisfying
| By[u, v]| <K(lullml|0]lm-, + 1l | s-sl12]]m) a—(2)

for any u, veV i.e. B, is the lower order part of B. Let A be the operator
associated with the form B: an element u of V' belongs to D(A4) and Au=fe L*Q)
if Blu, v]=(f, v) holds for any veV. A is a not necessarily symmetric
operator in L*(Q) and all rays arg A =@ different from the positive real axis are
rays of minimal growth of the resolvent of 4. By N(¢) we denote the number
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of eigenvalues of 4 whose real part does not exceed . The main conclusion of
this paper is that the following asymptotic formula holds:

N(2) = C g™ +o(t"*™) as t—oo (1.2)

if the coefficients of B, are Riemann integrable,
and

N(t) = Cg™™™ 40 (£*Or™) a5 t-—>oc0 (1.3)

for any § <h/(h+2) if B, has uniformly Hoelder continuous coefficients of order
h and for any 0 <(h+1)/(h+3) if the coefficients of B, belong to the class C'**
in some domain containing Q. The formula (1. 3) is an improvement of the
corresponding result obtained for symmetric operators in [4] where (1. 3) was
established only for § <h/(h+3) and § <(k+1)/(h +4) respectively making some
more restrictive assumptions and in order to prove (1.3) for (A+1)/(h+4)<
0<1/2 still more hypotheses were required.

The author wishes to thank Professor H. Tanabe and Mr. M. Nagase for
suggesting this problem and helpful advices.

2. Main theorem

As was stated in the introduction let Q be a bounded domain in R” having
the restricted cone property (p. 11 of S. Agmon [1]) and it is assumed that
2m>n. For xeQ we write §(x)=min {1, dist (x, Q)}. Suppose that

SQS(x)”"dx<0° a—(3)

for some positive number p <1 which will be specified later.
Since all coefficients of of B, are bounded it follows from a—(2) that for
any u, veV

| Blu, o]| <K|[ullp|12]lms

for some constant K.
We state various smoothness assumptions on the coefficients of B,:

they are Riemann integrable, i.e. continuous almost everywhere in Q:

s—(0)
they are uniformly Hoelder continuous of order % in Q: s—(1)

they belong to C**#(Q),) where (), is some domain containing Q and C'**(Q,)
is the subclass of functions in C*(,) with derivatives Hoelder continuous of
order % in Q,. s—(2)
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Main Theorem. The following asymptotic formulas for N(t) hold as t— oo :

N(t) = C "™+ o (t"*™) under s—(0)
N(t) = C"*™ 0 (z=okm)
Jor any 6 satisfying
0<6<h/(h+2) under s—( 1)
0<0<(h+1)/(R+3) under s—(2)
where

__sin (n/2m) »
c, = an(x)d

— -n &+ -1
C@) = @[ {3 ausle) £+ 1)

REMARK. As was mentioned in the Introduction the remainder estimates
described in the main theorem is an improvement of those established in [4].
Furthermore applying the theorem to the sesquilinear form (Au, Av) where 4 is
the elliptic operator satisfying the conditions of R. Beals [3] we may prove
Theorem C of [3] with 0<f <h/(h+2) instead of 0 <0 <h/(h+3) if the order of
A is greater than n/2.

Following the method of S. Agmon [5] or Dunford-Schwartz [6] it is possi-
ble to show that the generalized eigenfunctions of A are complete in L*(Q)) under
our assumptions.

3. Some lemmas

As in the previous paper [4] we extend the operator 4 to a mapping on V
to V* where V'* is the antidual of V. This extended operator which is again
denoted by 4 is defined by

Blu, v] = (4u, v) for any vV

where the bracket on the right stands for the duality between V* and V in this
case.

Identifying L*(Q) with its antidual we may consider V' C L¥Q)C V* alge-
braically and topologically, and as is easily seen 7 is a dense subspace of V'*
under this convention. The resolvent of 4 thus extended is a bounded linear
operator on V'* to V. We denote by p(A4) the resolvent set of A and d(\) the
distance from the point A\ to the positive real axis for a complex number A.

Lemma 3.1. The resolvent set p(A) of A in either sense contains the set
A dW)ZCINT™ IN| =C} for some constant C. The eigenvalues {\;}5-,
of A have finite multiplicity and eigenvalues of A can have only oo as a limite point.
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Proof. We put (4—2\)u=f for any us D(A). We see that
Blu, u] —\(u, u) = (f, u) @3.1)
From (3. 1), (1. 1), a—(2) and Im B [u, u] =0, we get:
[T N el [§ < f ol el o - 2K | 24| Ll [ ] - - 3.2)

Applying to the last term ||ull,||#||,,_, Young’s inequality and then using the
interpolation inequality, for any positive constant §, and §,<1 we find that

(28] |l [22] L sy < 8] 2] 70+ 8T |4 |-,
> K, {8, |[ul|+ 878, |ul (5 + 87182 ™| [ul|3} - (3.3)

From (3. 1) and a—(1) we get

Slfaellm= I [Hleal 8+ el Lol £ 1o - 3.4
Putting §,=083*=| x| *” and combining (3. 2), (3. 3) and (3. 4) we find that
(HIm A | =K M7 [l [F< (1K I 7)1 f ol el - (3.5)

If |{Im )| >C|\ |7 for large C, we know that
el < Kf | Tm M [ | £1], - 3.6)
If Re A <0 we get

[Re M [l <1 f ol el 3.7

from (3. 1).
Combining (3. 6) and (3.7) we find that there is a constant K, independent
of A such that

el le <K [ £l 3.8)

On the other hand for an adjoint operator A* we find the same estimate (3. 8).
Thus the null space of the operator (4* — X)consists only of zero and we know

(v d)ZCIN T, I 2 Cep(4) -

Next we put (4—\)u=f for any uc V.
From (1. 1), a—(1) and a—(2) it follows that

el [§ < Ks/dN) {11 f sl o+ Vel Lol ] s} - (3.9)
For any number §, such that 0<3,<1 we know
(22| oy < Ko {85l ]|+ 85" |1l |14} (3.10)

From the inequality
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X H(w, 9)| I fllvsllollm+ Kllullmll0lle ~ for any o€V
it follows that

Xl e 11 f e+ Kol ]| (3. 11)

Combining a—(1), (3.9), (3.10) and (3. 11) and putting 3,=|r| 7" we get
the following estimate:

Ol loel 7 1 f el leel s+ 1] el
IS vl lullm+ K M AN ol l22]] 4 pal [l 28] - }
<[ vl lelln+ Ko N /A [N el Ll | 1
+ I 12}

If dA)>C|n|*7" with |an| sufficiently large there isa constant K,, in-
dependent of A such that

el | <Ko | X[ [N S 1l (3. 12)

On the other hand we put (4*—X)u= f for any uc V. Then we find the same
estimate (3. 12) for A*. Thus we see that

A d)=CIN” M| =CYcp(4) .

The last part of the lemma is a simple consequence of Rellich’s theorem.

Q.E.D.

For a bounded operator S on I'* to ¥ we use the notations |[S]||p+, .2
||S||y+.»12 etc, to denote the norms of S considered as an operator on V'* to V, V'*
to L*(Q), etc.

Lemma 3. 2. There exists a constant C, such that
i) [(A—=N) 22 <C\[d(N) i) [(A=N) 2w <CiIN["[d(N)
i) (A=) <CiIN[[dN)  iv)  [I(A =) lyrrr2<CL M [d(N)
if dN)>C N7V, |\ | = C where C is the constant in the statement of Lemma 3. 1.

Proof. The statement i) is clear from (3. 8).
If u=(A—\)7'f for any f & L*(Q) we get;

O el < 11 f 1ol l2ello+ I | 1ael 13
<Ky IS /ANy
from a—(1) and i).
The statement iii) is clear from (3.12). Finally with the aid of (3. 12) and
the following inequality
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I el < K faal 17+ 11 f T+l 24l |

we can easily show iv). Q.E.D.

Lemma 3.3. Let S be a bounded operator on V* to V. Then S has a
kernel M in the following sense:

@) = | M@ 9)f)ay  for feL(@).

M(x, y) is continuous in QX Q and there exists a constant C, such that for any
x, yEQ.

| M(x, y)|
< CUISIILRSlfenz™ = S e o S |
Proof. see [4]. Q.E.D.

Lemma 3.4. There are positive constants C, and C, such that
BJfu, ) 2C,llula—C iy forany ueV.

Proof. From a—(1) and the interpolation inequality, we can easily show
the statement. Q.E.D.

4. Estimates of the resolvent kernel

We shall estimate the difference between the resolvent kernel of 4 and that
of the operator A4, associated with B,+ C,, thus B,[u, v]+ C (4, v)=(4wu, v) for
any u, v V. Obviously for the operator 4, the analogues of Lemma 3. 2 hold.

LetS, be the operator defined by

Saf = A-N)f—(4o—N)f for any fel*.
Lemma 4.1. Thereis a constant C, such that for d\)>C|n|* 7", [N | =>C,

i) NSalysw<CsIn[[dN) (IN*7"[d(N))
ii) NI
iii) SAll 225w

iv) [1Sallzzsr2 < Cold(N) (N7 [d(N)).

}scsmm/d(x) (INP[d(n))

Proof. Let (A—X\)"'f—(4,—N\)"'f=S f=u. Now we know that
(A—N)"—(A,—N)" = (4,— ) (A4, —4) (A=)

On the other hand, since the operator 4, is self-adjoint we know
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(Sify ) = (Ao —ANA—2)"f, (A=) " ¢)
= (Bo—B)(A—N)7f, (A=) ]+ C(A—N)"f, (A—A) ' $)
= —Bi[(A-2)7f, (A=A 7]+ C((A—N)f, (A=) ) (4.1)
for any p= V'*.

Combining (4. 1), Lemma 3.2 and the interpolation inequality we find that
there are constants K, and K, such that

[(Safy P KK AIA—=2) Sl (Ao —2) " $llm_s
FNA=2) " fllm-al(Ao—X) 7 Dl |}
KK AP I fllval e -
Then we get
ISllysyr <Cs N[ [dA)(IN 727 [d(N)) -

The remaining inequalities can be proved in a similar manner. Q.E.D.

Since m>n/2 there exist the resolvent kernels K,(x, ¥) and KJ(x, y) of the
operator A and A4, such that

A=0"fx) = | Koo D)y
(A=N"f@) = | K3w 9)f(5)dy  forany feL¥@).

Theorem 4.2. For any given positive numbers p, & and any non-negative
integer j, the following inequality holds:

| Ky, €)= Cla)(=A)F 2 KON [dN) {y* v [d(n)
F TN A A N A + (T S() d(N))PY] (4.2)

for A= N E, >0, v N A(N) L1, and |\ sufficiently large,
where 1=0 under s—(1) and i=1 under S—(2). C, is a constant depending on
P, €, J but not on \, v or x, and C(x) is the function defined in the main theorem.

Proof. Combining Lemma 4. 2, 6. 2, 7.2 and 7.3 of [4] we get

| KR(x, %)= C(a)(— 1)~ | <KL [d(N){or"[d(N)
HETIMTEAN)Y + (T S(R) V)Y + AT (4.3)

where i=0 or 1 according as we assume s—(1) or s—(2).

Formally we replaced d(\) by some power of || at this point (Theorem
7.1 of [4]); however, in this paper we postpone this replacement for a little while
to obtain better remainder estimates as was stated in the introduction.

On the other hand applying Lemma 3. 3 and Lemma 4. 1 to S, we get
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| Ka(%, 9) = KX(% y)| KK (I [dN))| 2] (4.4)

Combining (4. 3) and (4. 4) the desired estimate (4. 2) is obtained. Q.E.D.

Next we shall consider the case of the assumption s—(0). We denote P,

the set of points where a,g is continuous and put P= 1 P, We fix a
l@|=|p|=m

point x,& P and set

B/[u, ©] =S SV ags(x)D%DPodx  for u, ve Ha(Q).

Q|@|=|g|=m

Lemma 4.3. There exist positive constants C, and Cgindependent of u and
X, such that

B/[u, W] >Cllulla—Cyllull}  for ucH,(Q).
Proof. There is a constant K, such that

(%) E" P> K| £

|@|=|B[=m

for any Ee R”. That the desired inequality holds for any ueﬁm(ﬂ) is a well
known fact. Q.E.D.

We put B,[u, v]=B,[u, ]+ Cy(u, v) for u, ve }OI,,,(.Q) . We know that
BjJu, u] =K Jlullz  for ue H,(Q) 4. 5)

from Lemma 4. 3.
We denote by A, the operator associated with B, under the Dirichlet

boundary condition. By definition for any u, ve I;V,,,(Q) we have
B,[u, v] = (4,u, v)

where the bracket on the right denotes the pairing between the antidual H_,,(Q)
of }OI,,,(Q) and IOI,,,(Q) this case. Obviously for the operator A4, the analogues of
Lemma 3. 1 and Lemma 3. 2 hold.

We denote by £(x) a function in Cg(R") the support of which is contained
in the set {xeR": |x| <1} and which takes the valued 1 at the origin. We
write £5(x) = E((x—x,)/8) where § is any positive number < §(x,).

Let S,; be the operator defined by

Suf = E{(A—N)Tf—(4,—N) ()} for feV*

where rf is the restriction of f& V'* to I-},,,(.Q)

Obviously S,, is a bounded operator on V* to I;V,,,(Q) and hence a fortiori
to V. Since a,p is continuous at x, for any « and B with |a|=|8|=m there
is a positive number 65 such that
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6;—0 as §—0 and
Iaaﬂ(x)_awﬂ(xo)l <08 for |x—xol <8 (4 6)
Lemma 4.4. If ) isreal <0 and 87|\ |7/ <1 we get

1) Sxlllyesy <Cofbs+ 87N ]| 7}

i) [[Sasllyrr2<Coffs+ 871 N | 7} N7
iii) |[Sxollzoy SCoffs 4871 [N | T/} N | 7
iv)  |1Sasllzsr2<Coifs+ 87 [N F |7

Proof. Let u=(A—\)"f—(4,—\)"'(rf) and v=§mu=S,;f. Noting that
ve H,(Q) we have

B[z, v]—\(v, )
= B,[v, v] —B,[u, ]+ B,[u, £5v] —\(u, Esv)
= By[v, v]—B,[u, £w] +(B,—B)[(A—N)7'f, &v] - 4.7

In view of (4. 5) we get
| B,[v, 2] =A(2, 9)| 2K {llollm+ X[ l0]10} - (4.8)
Next from (4. 7)

IBz[v) v] - 7\'(7}’ ‘Z))l
<|B,[v, v] = B,[u, £x]| + |(B,—B)[(A—N)"'f, E0]|

<I{ 30 aunlx) B (% )0 ED D ds |
gQl®I=|gi=" a>y \y

1], 3 aww) 2 (2 )DuD e Duds
Q|a|=|g|=m B>y \Y

Q|@|=|p[=m

+B,[(A—2)7f, E0] +Co((A—N)7'f, Ex0)]
=1, +I,+1,+1,. (4.9)

+ I S E {awﬁ(x) - aaﬂ(xo)} Dw(A —A )_lfpzzv Dﬂ_yfaﬁ;dx |

Noting that ||rf||_,,<|| flly» we get, by Lemma 3. 2

llull, <K |N| 72707 fllys for feV* (4. 10)

[all, <K I M| 77427 ], for felX(Q) 4. 11)
if 0<I<m.
We have

| DYEy(x)| <K, 67 (4. 12)
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From (4. 10) and (4. 12) it follows that

|1, <K, 53 8+ |ullulll,
<K 87 I fllyellell  for any feV* (4.13)
and '
|1 <K llullm 23 8 lells

<KL 87T fllosl 1l [N 1) - (4.14)

for any fe V*.
From (4. 6) it follows that

1131 <K 506l 1(A = 1) fllm 23 8 [0l
<K G5l fllvellollm+ (2] 1211) - (4. 15)
From a—(2), (4. 12) and the interpolation we know

|14| SK:S{“(A'—x)_lfllm“ESl‘va-d"— ”(A'_)“)—lf”m-l”‘fsvllm}
<Ko M flls(l0]lm+ I 210) - (4. 16)

Combining (4. 8), (4. 13), (4. 14), (4. 15) and (4. 16) we find that
(12l + I 10]1) <K 0 {05+ 87 [N 77} £l

where K, is a positive constant independent of A and &.
Thus the statements i) and ii) are clear. The inequalities iii) and iv) can be
proved similarly. Q.E.D.

Lemma 4.5. For any x& P we have

lim (— )" K (%, x) = C(x) .

A> -

Proof. From Lemma 3.3 and Lemma 4.4, it follows that if A <0 and
8_1 l A I —1/2m£ 1.

| Ka(0y 20) — KR(%0y %) | <K 1g05+ 87/7) | 0| 7Hemm (4.17)

where KJ(x, y) is the kernel of the operator (4,—\)™.
On the other hand, from Agmon [2], we get
| K 20) = Cla(— )] <K (|0 Hcnorem
N TIOR8 (%)) (4. 18)

where p is the any positive constant.



AsympTOTIC DISTRIBUTION OF EIGENVALUES 557

In view of (4. 17) and (4. 18) with p=1/2 we find

l Kk(xm xo) - ( — 7\,)-1+"/2'”C(x0) I
£K20(¢98 +o7! I oy ' —1/2m+ S(xo)—lﬂ I A I —1/4m) I A l “1+npzm

Thus we know
Hm (—A) 727K (%, %0,) = C(%,) Q.E.D.

A> =
5. Proof of the main theorem

First we shall consider the relation between the resolvent kernel and eigen-
values.

Lemma 5.1. We get the following equality and estimates:

) SQK,\(x, X)dx = ST (=)

i) i (Aj= A" = C o —N) Ty p(| 6, | HHmrm)
under s—(0) as A— — oo,
iii) If d(7\,)2 |\ |1
ST A) = Cr(—n) e
+0 U A | (i+1+h)+c"_i—h)ﬂm+5/d(x)2+h+!
+ |7\,|p+Cn—p)/2m/d(x)1+p] as |7\,|——>oo )
where i=0 or 1 under s=(1) or s—(2) respectively p is the any positive number such

that 0<p<1 and Cm=S C() dx.
Q

Proof. For the statement i) see § 13 of Agmon [1].
From Lemma 3. 2 and Lemma 3. 3 we see that

| Ka(x, 2)] <K, |\ |1 (5.1)

Since a,g(x) are Riemann-integrable functions we find that the measure of
(Q—P)is zero. Using Lemma 4. 5, (5. 1) and Lebesgue theorem we know that

lim S (—A) P K (x, x)dx = S lim (—\)' """ K,\(x, x)dx .
A>—-2JQ QA»> -

Thus ii) is proved. ’

Putting v=|y|"/****/d(\) in (4.2) and integrating both sides over Q we
get the desired estimate since the second term is smaller than the first if j is
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sufficiently large and the third term is dominated by the integral of the last.
Q.E.D.

Lemma 5.2. Under s—(0) it follows that
N(t) = C "™ 40 (£""™).

Proof. Using Lemma 5. 1 (ii) and arguing as in § 14 of Agmon [1] we get
the desired statement. Q.E.D.

Lemma 5.3. There is a constant C,, such that
ReN;>C, "™  for large j.

Proof. From j<N (Re:;)and Lemma 5. 2 we can easily show the estimate.
Q.E.D.

Lemma 5.4. If dA)>C |\ | and || is sufficiently large then we
have the following estimate

5302 = 5 (Re A=) [ SCoa [P0
Proof. We have the following equality
,2 (x,.—x)“—g (Re x;—A)™ = _,-2, Im n (0 ;—2) " (Re A;—A) ™

= - E - E =I1+Iz-

Re )ijZIM Re )\j>2l)~|
If Re A ;<2|\| there is a constant K, such that
[Im ;| <K, | AP (5.2)
from Lemma 3. 1.
On the other hand, if dA)>C|n|'""#™* and |A| is sufficiently large,

then an elementary geometrical observation shows that there is a positive constant
K, such that

IAj—=n| =Kd(\) (5-3)
for any j.
In view of Lemma 5. 2, (5. 2) and (5. 3) we get
LI < 23 IImA; A=A [Rer;—a[™
Re}\jsﬂM
o0 AP i 09
Next from Lemma 5. 3 and Re A ;>2| x| we see

[ Nj—A | =| Nj=A , 1-n(1+e)/2ml Ni—A l n(1-+e)/2m
—>_K5 | x | 1—n/2m—!j(1+2) .
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Thus we find
| Xj_ x I -1 SK‘ I )’ | -l+'l/2m+! :Zoj-(]rf-!)

<K, |n | reneme (5.4)

Re )\j>2|>\|

On the other hand, from Lemma 3.1 and Re A ;>2|\ |, we get
[Im ;| [Re A ;— N | <K [N ]| 7™, (5.5)
From (5. 4) and (5. 5) we know that
[1,] SReij>2IAI Im A A=A [Re A j—n;—n|™

SKQ‘ x | =14+(n—-1)/2m+e SK’_(,' x I 1+(n—1)/2m+e/d(7\‘)2 .
Q.E.D.

Now we follow the method of Agmon [2]. We put
f) = B (Rex;—N)" and L(z) = (Zni)“SL(z) fO)dn

where L(2) is an oriented curve in the complex plane from Z to x=¢+77 not
intersecting [0, o).
Thus for t>0, 7>0

| I(z) — (7/) Re f(z)— N() + N(0)| <C,7|Im f(z)| (5. 6)

First we consider the asymptotic formula for N(¢) under s—(1). If dA)>
| A |PREmAEEDYE and |\ ] is large then we get

[ FO) <Ky x| 7rHme (5.7)

from Lemma 5. 1 and Lemma 5. 4.
We put z=¢-+ ' "#**+D+e and take

L(z) = {\ = t4iu; porrmmdre <y <)
U {x; M =V2t Ren<i)

where ¢ is a sufficiently large positive number.

From (5. 6), (5. 7) and N(0)=0 we find
| 1(2) —~ N(t) | SK jrmmcnsosss, (5.9)

On the other hand we know the following equality
— -1 — -1 — — =1+n/2m
1) = @riy[_foydn = @eiy?{ (00— Ci(—n)my an

+(2m2)™ sz) Ci(—A\THmdn = 1,+1,.
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In view of Lemma 5. 1 and Lemma 5. 4, putting 1>p>h/2 we get that

|I1 l SKU{SLCZ) | A I 1+h+(n-h)/2m+2/d(7\)2+h| anr |

+{ gy e an
L(z)

1+(n—1)/2m+e 2
+Sm) In] 1A A |

t
< K. {fith+o—mrmie R
= 14{ t1—h/zm(h+2)+eu du

+ t1+h+(”“h)/2m+e =(2+h)+1

t
+ tﬁt(”‘ﬂ)ﬁmg u"(H'P) du
t1-h/2mCh+2)+e

+ tp+(n—p)/zm—(1+p)+1

: .
+ tl+(n—1)/2m+2$ u—z du
1+ h/2mCh+2) +e

+ t1+(n—1)lzm+e—-2+1}

£K15 tn/zm—h/zm(h+2)+e (5 9)
Noting that

L{ (nyrentm g, — prmsin ([ 2m)
27t'i L(2> nn,/zm
<K 1 {r/Am=hl2mnzte

from (5. 8) and (5. 9) we obtain the desired estimate.

In case of s—(2) assuming that a—(3) holds for some p>(h+1)/2 if h<1

and for any p<1 if A=1, we can prove the desired result in the same method as
above.

(1]
[2]
B3]
[4]
[5]
(6]
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