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Abstract: We study the monodromy representation on the solution space of the Fuchsian
differential equation of order 3 derived by Dotsenko and Fateev. In particular, we give a
condition for the representation being irreducible, construct the subsystems in reducible
cases, and obtain the monodromy-invariant Hermitian form on the solution space.

1. Introduction

In[5], as a fundamental equation in conformal field theory, especially in minimal models,
Dotsenko and Fateev considered the following Fuchsian differential equation of order
3:

2

2( —1>2d3’+<1< +Ka(z — D))z(z — 1)
Z \Z dZ3 12 2(Z Z\Z d22
+(L1z7+ La(z — 1)+ L3z(z — 1))d_z + (Miz+ My(z—1))I =0, (1.1)

where

Ki=—-g—3b—3c, Kr=—-g—3a—3c,

Li=Wb+c)2b+2c+g+1), Lry=(a+c)2a+2c+g+1),

Ly=0b+c)2a+2c+g+1)+(@+c)2b+2c+g+1)
+(c—D@+b+c)+QBc+g)a+b+c+g+1),

My =—c2b+2c+g+1)2a+2b+2c+g+2),

My =—cQRa+2c+g+1)2a+2b+2c+g+2).
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We call this the Dotsenko—Fateev equation. It has three singular points at 0, 1, and oco.
The indicial equations have the roots

0, a+c+1, 2@+c+1)+g atz =0,

0, b+c+1, 2b+c+1)+g atz=1,

and
—2c¢, —2c—(a+b+1)—g, —2(@+b+c+1)—g atz=o0.

Dotsenko—Fateev also studied a monodromy representation on the solution space and
determined a monodromy-invariant Hermitian form on it. Mimachi—Yoshida [19] inter-
preted the coefficients of the Hermitian form as the intersection numbers of the twisted
cycles which produce a fundamental set of solutions.

In this paper, to give a fundamental set of solutions of (1.1), we consider the set of
functions which is different from that in [5]. The conditions on the parameters a, b, ¢
and g in the present case might be weakest for functions being the solution of (1.1) and
being linearly independent. To study the sabtlety of the condition for the (ir)reducibility
of the monodromy representation, it is very important to use such a set of functions.

The contents are the following: (1) we clarify the analytic property of these functions
as the functions of the parameters a, b, ¢ and g, (2) realize the monodromy representa-
tion by using these functions, (3) give a condition in terms of the parameters a, b, ¢ and
g for the representaion being irreducible, (4) construct the subsystems in reducible cases,
and (5) obtain the invariant Hermitian form by calculating the intersection numbers of
the twisted cycles which give the fundamental set of solutions.

The method to obtain the monodromy representation and its irreducibility condition
is an extension of our previous works on the monodromy representation for several
hypergeometric functions [13,14,16-18]. Among the conditions for the irreducibility
(in Theorem 11) we encounter the conditions: a + ¢ + gT”, b+c+ 821 € C\Z, which
are not related with the resonance conditions on parameters. It is the first time for such
conditions to appear in the study of the (ir)reducibility of the monodromy representations
for hypergeometric type functions. To know the geometric meaning is the future problem.

For related works to the Dotsenko—Fateev equation, we refer the readers to [6] and
[8]. In [6], relationship between the Dotsenko—Fateev equation and a special case of a
Fuchsian system of rank 8 in 3 variables with 4 parameters is studied from the viewpoint
of the addition and the middle convolution, which are introduced by Katz [4,9]. In [8],
the Dotsenko—Fateev equation is studied from the viewpoint of the prolongability into
the integrable system in two variables.

In this paper, the symbol

e(A) = exp(rw V=14)

is frequently used.

2. A Fundamental Set of Solutions

2.1. Integral representation of the solutions. For apoint z of C\{0, 1}, letu(t) = u(z; t)
be a multivalued function

2
u(t) =ula, b, c, g:z: )= (L — ) [ [ 1A =)z — 1)
i=l1
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on
T.={t=01, 0 eC|lti#n t;#0,1,z3(=1,2))}.

Let £, be the locally constant sheaf (the local system) defined by u(¢): the sheaf consist-
ing of the local solutions of d L = Lw for w = du(t)/u(t). Let H,,(T,, L;) be the m-th
homology group with coefficients in L., H,‘nf (T, L;) the m-th locally finite homology
group with coefficients in £,. Elements of these twisted homology groups, called twisted
cycles or loaded cycles, are represented by d-closed twisted or loaded (finite or locally
finite) chains

c:ZaAA@avA, (aa € €),
A

where each A is an m-simplex and v a section of £, on A. The boundary operator 9 is
defined to be a C-linear mapping satisfying (A ® v) = Z;”:O(—l)i A'® v Ai» Where
A is an m-simplex, A! denotes the i-th face of A, and v| i 1s the restriction of v on AL

If each factor f; () of u(¢) is defined over R, and D is a simply connected domain of
the real manifold 7R (the real locus of T'), then it is convenient to load D with a section

up() = [ [(ei fit)™

of £ on D, and to make a loaded cycle D ® up(t), where ¢; = = is so determined
that €; f;(¢) is positive on D, and the argument of ¢; f;(¢) is assigned to be zero. This
choice of a section is said to be standard. In this paper, we usually adopt the standard
loading; we omit the assignment of loading and denote just the topological cycles for
simplicity. For example, in case 7 = C\{0, 1} and u(r) = (1 — 1)#, we denote by
—_— —_— _ —_—
(0, 1) to express (0, 1) ® u(t), and (1, co) for (1, 00) ® t*(t — A,
Let HI(T., £.)%? and Hy(T., £,)©? stand for the anti-symmetric part of Hi' (T, L)
and H»(T;, L£;) with respect to the action of the symmetric group & on the coordinate

= (11, ) of T.. Let H*(T:, ﬁ;)? 2 be the anti-symmetric part of the twisted de
Rham cohomology H?(T, LY), where L is the sheaf of the local solutions of dL =
—oL, o= u@®)~" du(@.

It follows from [3] (see also [10]) that, for example, if a + b + c + g ¢ Z and
2a+b+c)+g ¢ Z; Hi(T,, L;) = H‘f(TZ,E ) =0 for j # 2, dim Hy(T:, £,)S? =
dim Hlf(TZ, L )62 =3, and dim H2(TZ, EV)GZ = 3. It guarantees the existence of the
ordinary differential equation of order 3 (although we do not necessarily impose such a
condition).

On the other hand, there exists the natural map

L Hy (T, ﬁz)?z - H%f(Tz: Lz)§2o

For aloaded cycle D € H(T, £.)%2, if there exists a loaded cycle D e Hy(T;, L )52

satisfying L(D) D, the cycle D is said to be regularizable and the cycle D is called a
regularization of D. The cycle D is also written by reg D.
It is known ([15,21]) that, when

a,2a+g,b,2b+g,c,2c+g, g, a+b+c+g,2(a+b+c)+g e C\Z,
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the natural map ¢ is an isomorphism.

If the exponent of an irreducible component of the divisor which is obtained by the
minimal blow-up 7 along the non-normally crossing loci of (P'(C))\ 7} is an integer,
the irreducible component or the exponent itself is said to be resonant. The numbers

a,2a+g,b,2b+g,c,2c+g, g, a+b+c+g,2(a+b+c)+g
are the union of such exponents. Indeed, the exponent of each of the divisors
r i =n=0, 7 1=n=1, 7" t1=n=2, 7 (1 =n=00)

is2a+g, 2b+g, 2c+g, —2(a+b+c) — g, respectively, while the exponent of each
of the divisors

G =0, 7=, n7 '\ G=2), T G =00) (i=1,2)

isa, b, ¢, —a—b — c — g, respectively,
When the complex variable z is real and 0 < z < 1, we assign the name D;, 1 <
Jj < 3 to each domain of the real manifold (77)r as in Fig. 1:

Dy ={(t1,n) |0<t) <th <z},
Dy ={(t1,0) |0 <t <z<1 <1},
Dy={(t1,0) |z <t <t <1}

Accordingly we consider the integrals

Ij(Z)=/ uDj(Z§l)dt1dt2, j=1,23,
D.

J

where up, (z; 1) is a standard loading of u(z; 7) on D;:

h@=h@boegin= [ an [ donw-m []#a-n'c-u"
0 131

i=1,2

t1—ta =0
to =1
Dy Dy
to =2
D,
ty =0
t1 =0 t1 ==z t1 =1

Fig. 1. Domains D, D> and D3
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z 1
I(z) =D, b, c, g;2) :/ dt1/ diy (i —1)f [] 40 =)z — 1) (2 — 2)°,
0 z

i=12
1 1
I3(2) = I3(a, b, ¢, g; 2) =/ dtl/ iy (n —n)* [ (0=’ — 2,
g d i=12
where the argument of each factor of the integrand is fixed to be zero.

Remark. When we consider the functions like /;(z), it is enough to choose D;’s, which

are the members of Héf(Tz, L) but are not the members of Hzlf(TZ, LZ)('_SZ. In Sect. 6,
for the study of the invariant-Hermitian form, we need to choose their anti-symmetric
counterpart.

2.2. Analytic continuations as functions of parameters. We start with the following
elementary properties.

Lemma 1. (1) The conditions for the existence of

// 111152 (t — 1)8 dtydny,
D

D :={0 <t; <ty <R} fora fixed positive number R,

where

are
Re(a; +1) >0, Re(g+1) >0, and Re(aj+ar+g+2)>0.

(2) The conditions for the existence of

/ / (—t)15% (1 — 11)8dnyda,
D

where
D:={0<th—1t <R, t1 <0, 0 <t} forafixed positive number R,
are
Re(a; +1) >0, Re(ap+1) >0, and Re(a;+ar+g+2)>0.

Proof. (1) The change of integration variable #; to uj by t{ = tu; and dt; = trdu

leads to
R 153
/ dt2/ 11152 ( — 1)8 dny
0 0

R 1
a ay+ar+g+1
:/O [) ull(l —ul)gtzl 8 duidty
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1 R
a ar+ar+g+1
=/0 u]‘(l—ul)gdm/() 5 T d,

which converges when Re(a; + 1) > 0, Re(g+1) > 0, and Re(a; +ax + g+2) > 0.
(2) The change of integration variables (#1, t2) to (41, u2) by t1 = (u1 +u2)/2, th =
(up —u1)/2 and 9(t1, 1)/ (uy, up) = 1/2 leads to

1 aj+az+1
/ (—t)"15%(1y — 1) dndy = (5) / (—uy — u2)™ (ua — u)®(—u1)® duyduy,
D D

where
D'={—R <u; <0, uy <up < —uy}.

Moreover, the change of variable uy = ujvy with duy = u1dv; leads to
f (—uy — u2) (uz — uy)™(—u1)® duyduy
D/

0 1
= f (—up) s+ gy / (1 +v2)" (1 = v2)? dvy,
—-R -1
which converges when Re(a; + a2 + g +2) > 0, Re(a; +1) > 0, and Re(az + 1) > 0.
This completes the proof. O

Lemma 1 immediately implies the following: The conditions for the existence of
I1(z) are

Re(a + 1), Re(c+1), Re(g+1), Re(Qa+g+2), ReRQc+g+2) >0,
the conditions for the existence of I(z) are
Re(a +1), Re(b+1), Re(c+1), ReQc+g+2) >0,
and the conditions for the existence of I3(z) are
Re(b+1), Re(c+1), Re(g+1), Reb+g+2), Re(Qc+g+2) > 0.
Hence we have the following.

Lemma 2. When all of
Re(a+1), Re(a+1+§), Re(b+1), Re(b+1+§), Re(c+1), Re(c+l+§), Re(g+1)

are positive, the functions 1j(a, b, ¢, g; z), j = 1, 2, 3, exist, and are holomorphic
as functions of a, b, ¢ and g.

Moreover, analytic continuation shows the following:
Proposition 3. As functions of a, b, ¢ and g, the functions Ij(a, b, c, g; 2), ] =

1, 2, 3, are meromorphic with the simple poles locating at

1
a+1, a+l+§, b+1, b+1+§, c+l, c+l+§, S@+heZa @)
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Proof. In this proof, we consider the function

® =D, A1, Ao, @) =1 —1)¢ [] 6 —z)™

1<i<2
0=<j=2

and set z;; = z; — zj, Aij.k =Ai +Aj+---+Arand dt = dt; A d1, for brevity.
First, the equalities

d((ty — z2)(t1 — z0)(t1 —z1) P d12)

2

)".
_ |:(t2 —zz){(n —z0)+ (t1 —z1) + (t1 — z0) (1 —z1)(z ’ +L>Hq’d1

/‘:Otl_zj 1 —1n

= [(tz - Zz){(2+?»012)(t1 —z2) + (1 + A0)z21 + (1 + A1)z20 + A2(220 + 221)

220221 (t1 — 22)% + (220 + 221) (11 — 22) + 220221
+ A2 +g ddr
Hh—z22 h—n
and
(12 — 22){(t1 — 22)* + (220 + 221) (11 — 22) + 220221}
— (t1 — 22){(t2 — 22)* + (220 + 221) (12 — 22) + 220221}
= (1 — ){(t1 — z2) (2 — 22) — 220221}
imply

d((t — z22)(t1 — z0)(t1 — 2P dtr) — d((t1 — 22) (T2 — 20) (82 — 21) P dty)
= [{2(2 +Ao12) + g} (t1 — 22) (12 — 22)

+{ (1 +20)z21 + (1 + A1)z20 + Aa(220 + 221) H (11 — 22) + (12 — 20) }

h—22 11 —22
— gz20221 + Xzzzozm( + —) ]d> dr. (2.2)
nh—22 hHh-—22

Secondly, the equality
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d((t1 —z0)(t1 —z1)DPdn)

220221
= [(2 +A012) (11 — 22) + (1 + Ag)za1 + (1 + A1)zp0 + A2(z20 + 221) + kzt

1—22

(t1 — 22) + (z20 + 221) (t1 — 22) + 220221
8
n—=n

]@dr

implies

d((t1 — z0)(t1 — z1)Pdn) —d((t2 — z0) (12 — 21) D d1y)

= [(2 + 012 + (11 — 22) + (12 — 22) } +2(1 + A0)z21 + 2(1 + A1)z20

1 1
+ (2h2 + g)(z20 + 221) + K2120Z21< + ) ]d> dr. (2.3)
h—22 h—22
Thirdly, the equality
1 —z0)(t] —
d((l 20)(f1 Zl)cbdt2>
th— 22
f1—z2  (L+2Ao)zo1 + (1 +A1)z20 + A2(220 + 221)
=| 2+ Xi012) +
I — h—22
220221 (t1 — 22)* + (220 + 221)(t1 — 22) + 220221
+ A2 g ddr
(t1 — z22)(t2 — 22) (t1 —n)(t2 —22)
implies
1 —zo0)(t] — tr — z0)(t2 —
d((l 20) (11 Zl)fbdtz) _d<(2 20) (12 Zl)(bdn)
n—22 h—22
h—22 h—22
:|:(2+A012+g)< + )
Ihh—22 1 —22

1 1
+{(1+ Xo)za1 + (1 + A1)z20 + (2 + 8) (220 +zz1)}<t1 — + P Z2)

220221
(t1 —z2)(t2 — 22)

Combining equalities (2.2), (2.3) and (2.4), we have

+g+@2r2+8) }@ dr. 2.4)

- - th — th —
A2220221 { d(wcp dty) — d(MQJdH) }
Ih—22 H—22

— 2+ o2+ )] d((t1 — 20)(t1 — 2) P d12) — d((12 — 20) (12 — 21) P d11) |

— {1+ Xo)za1 + (1 + A1)z20 + (A2 + 8) (220 + 221) |
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x {d((1ry — 22)(11 — 20) (11 — 21) P dr) — d((ty — 22) (12 — 20) (12 — 2) P d1y) }
= |: —(2+ k012 +8) (22 +2012) + 8) (11 — 22) (12 — 22)

— 2+ 012 + 9){2(1 + 10)z21 + 2(1 + A1)z20 + (242 + ) (220 + 221) }
x (11 — 22) + (12 — 22)) + (2 + Ao1 + 2A2 + 8)220221
— {1+ xo)za1 + (1 + A1)z20 + (A2 + g) (220 + 221)}

x {2(1+h0)za1 +2(1 +21)z20 + (222 + g) (220 + 221) |
2 .2
FhoQhy+g) 2 ]cpdf,
(1 —22)(12 — 22)
which implies that there exists a polynomial 4, € C[t1, t2, Ao, A1, X2, &, 20, 21, 22,

230 s 2 | such that

f ®(ho, A1, A2 —1, g9)dt = hy® (Ao, A1, A2, g)dT (2.5)
r

oG + %) /F

for any cycle I'. The symmetry (zg, Ag) <> (21, A1) <> (22, A2) leads to the existence
of polynomials

-1 -1
ho € Clt1, 12, ho, A1, A2, &, 20, 21> 22, 21 » Zgn )

-1 -1
hl € (C[tla t27 )\'05 )"]’ )"27 gv ZO? Z17 Z27 Z]O ’ Z]2]

such that

/cmo—l, M, Az, g)dt = ho® (o, 21, ha, )dT,  (2.6)
I

oo + %)fr

/@(xo, M =1, h, g)dT = h®Go, M, A 9)dT (2T)
I

h(hy + g)/r

for any cycle I'.
On the other hand, the equality

2
1 1 \2 1 Aj
o(pean) = (o) s o (e D ) Jeas
h—1 h—1 h—nh\f1—fp “—=hH—2j

implies

1 1 1 \2 A
d Ddn ) —d ®dn ) = 2(l—g)< >+ L B
fh—1n f—n th—1 — (1 —z))(2 = z))

J

which leads to
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2 — 1)f B0, 11, hay g — 2 de =)»0/ B0 — 1, 1, 2o, g)de
I I

+)»1/ D (hg, A1 — 1, A2, g) dr+k2/ D (Ao, A1, A2 — 1, g)dr. (2.8)
r r

Substituting (2.5), (2.6) and (2.7) into (2.8), we have

1
2(g — 1)/ P (ro, A1, A2, g —2)dT = 3 /hoq)()»o, AL, Ao, g)dt
r r

A+ =
073
1 1
+ 2 hi® (Ao, A1, X2, g)dT + z ha®(Xo, A1, A2, g)dr,
)\,]4‘5 r )\.2+§ r

which implies that there exists a polynomial

-1 -1 -1
hs € Clny, ta, ko, A1, A2, &, 205 215 225 201 5 202 5 212 ]

such that

1

(¢ = D0y +3)

/cmo, M, A2, g —2)dT = /hgmo, M, 2, g)de.
I I

(2.9)
When we consider the case
M=a, Mi=b, Mry=c, z0=0, z1 =1, 20 =2z,

equalities (2.5), (2.6), (2.7) and (2.9) imply that

1
Iia,b,c—1,8;2) = —g/ ha(a, b, ¢, g)up,(a, b, ¢, g; z; t)dr,
clc+ =) /Dj
2
1
lita—1,b,¢c, g;2)= —g/ ho(a, b, ¢, g)up,(a, b, ¢, g; z; 1)dr,
a(a+§) D;

1
L@ b=1icgi=— [ b b.c gup,a boc giznde
b(b+§) D;

and

1

Ii(a, b, c, g—2;2)=
! =D+ Ho+Her)

/ hs(a, b, ¢, up,;(a, b, ¢, g)dr,
Dj

which are equivalent to

1
Ij(a, b, c, g;2) = / ha(a, b, c+1, gup,(a, b, c+1, g; z; 1) dr,
D!

(c+1)(c+1+§)
(2.10)
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1
Ii(a, b, c, g;2) = —g/ hola+1, b, ¢, gup;(a+1, b, c, g z; 1)dr,
(a+l)(a+1+5) D;
2.11)
1

Ii(a, b, c, g;2)= —g_
(b+1)(b+1+§)

/ hi(a, b+1, ¢, Qup;(a, b+1, ¢, g z; 1) dr,
D; ’

(2.12)
and
1

lj(a, b, c, g:2) = z z z

g+D@+1+2)b+1+Z)(c+1+2)

2 2 2
x/ hi(a, b, ¢, g+2up,(a, b, ¢, g+2; z; 1) dr. (2.13)

Dj

Therefore, (2.10), (2.11), (2.12) and (2.13), combined with Lemma 2, imply that each
Ij(a, b, c, g; z) is meromorphic as a function of a, b, ¢ and g over the domain

Re(a+2), Re(a+2+§), Re(b+2), Re(b+2+§), Re(c+2), Re(c+2+§), Re(g+3) > 0,
with the simple poles locating at
a+1, a+1+§, b+1, b+1+§, c+1, c+1+§, g+1=0.
2 2 2
Moreover, repeated argument shows that each function /;(a, b, ¢, g; z) is analytically

continued to the meromorphic function with the simple poles locating at (2.1). This
completes the proof of Proposition 3. O

Remark. Proposition 3 implies that

g
'+ 5)

INj(a,b,c,g;z):= 2 2 g
F(a+1)F(a+l+5)1"(b+1)F(b+l+E)F(C+1)1"(c+1+5)I‘(g+1)

X Ij(a’ bv ¢ 85 Z)! ] = 1, 2, 3, (2.14)

are holomorphic with respect to a, b, ¢, and g. The functions INJ (a, b, c, g; z) will be

+1
used mainly in Sect. 5. (The factors F(1+§)/ I'(g + 1) arechosenin stead of 1/ F(gT)

to have good chemisrty with the formula in Proposition 5.)

2.3. Differential equation. We show that the functions 1;(z), j = 1,2, 3 satisfy the
differential equation (1.1).

Theorem 4. Suppose that

1
a+1, a+1+§, b+1, b+l+§, c+1, c+1+§, 8+’
2 2 2 2

Then each of 1j(z), j = 1,2, 3, satisfies the differential equation (1.1).

¢ ZSO-
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Proof. Until the last stage of the present proof we assume that ¢ # 0, 1.
For the sake of brevity, we set ey, ez, p2, €(2,1) to be

1 1 1
= + , e =—|
th—z h-—2 (tH —2)(t2 —2)

= , e = ,
b2 h—z h—1z @D H—2)—2)\t1—z2 h-—2

and ¢y, €1, C3 to be

€1

~

co=a+b+c+1, ci=@+b+2c0)z—a—c, ¢ =(1—-c)z(1—72).
Then we have

ou(z;t) = —cequ(z; t),

d(eru(z; 1) = {(1 —c)p2 — 2cer Ju(z; 1),

0 (eau(z; 1) = (1 — c)ep Hu(z; 1),

hence
equ(z; 1) = _icaz(u(z; 1)), (2.15)
1
(I =c)pau(zir) = _—Caf(u(z; 1) +2ceru(z;t), (2.16)
(I —0)ep,nyu = 9;(e2u(z; 1)). (2.17)

Combination of the equalities

A, {Mu(z; t)}

nh—z

[{Ch — Dt —2)—nt—1) iy —1)(0 b c g )] .
+ —+ + + u(z; t)

L (1 —2)? n—-z \un -1 t—z th-n

_ _{(2+a+b)t1—l—a}(tl—z)+(c—1)t1(t1—l)+ gti(tp — 1) ]M(Z;t)

(11 — 2)? (h —2)(1 — 1)

z(a+b+2c)fa7c+(cfl)(zzfz) gt — 1

=|(a+b+c+1)+ T+
fh—z -2 (1 =21 — 1)

]M(z; 1)

l e gti(r —1)
+ + 5
h—z H—2* (-2 —n)

]M(z; 1),

and

-1 | [~ ¢ &) gh(tr —1) ,
atz{ h—z u t)} B [ o h—z * (h — 2)? " (2 — 2)(2 _tl)j|u(z,t)
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with
(=1 N Btz —1) 14+ z2(1—-2)
tH—2)t1—n) E@R—2)0E—1n) (t1—2)(2 —2)
leads to
f(r — 1 0t — 1
dt {MW; dn - 227D, 0 dtl}
fHh—z h—z
=[200+ g +Cler +Epa+gz(l — e Ju(z: 1) dr. (2.18)

Substitution of (2.15) and (2.16) into (2.18) implies

(g — 1 it — 1
d, {Mu(z; ndn— 227D 00 dn}
-z h—z

= [28 + g +2(1 = D)Qc+ ger Ju(z: 1 dr — = 0. (u(z: 1) dr

+2z(1 — z)_ic 32 (u(z; 1) dr,

which is equivalent to

) _ 1 nm—1 -1
eu(z;t)dr =0 _9Gcrg) [ d; { P u(z;t)dn —l‘z — u(z; t) dl1}

— Q2cy+Qu(z;t)dt + %1 0,(u(z;t))drt +z(1 —2) % Bzz(u(z; t))drt :|

(2.19)
On the other hand, combination of the equalities
ti(tr—1)
——u(z;t
" {(tl —2)(tr — Z)M(Z )}
C0 Cl C) t( —1
:|: @ 1 N 622 gti(tp — 1) i|”(1;f)
h—z (M—2)—2) G- 0—2 G —-2)(—-2)( 1)

and
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i —1) .
1 {mu(z, t)}
= [ G, i . & . ghin —1) ]M(Z; 5
h—z (H—20—-2 GH-2D0—-22 -2t -2 —1)
with
! nn -1 nb—1
(Hh —2)(tr — 2) { (t1 — 1) + (th—11) } e1 +(2z )6(2)
leads to
WD gy 2B D
t {mu(z’ 0 diz (th —2)(t2 — z)u(z’ t)dtl}
= [(@+8)e1 +{26 + 2z — Dgler + S e Juz ndr.  (2.20)

Substitution of (2.15) and (2.17) into (2.20) implies

tl(tl - 1) . B M '
" {m”(z’ S T d“}

1
= (Co+ g)_—c 0. (u(z; 1))dt +{2¢1 + 2z — g Yeau(z; t) dt + z(1 — 2)0;(equ(z; 1)) dr.
(2.21)
Substitution of (2.19) into (2.21) implies

(it —1) ' _M .
et B sgndn = G 25w dn|

= (o +g)fcaz(u(z, n)dr +{2c1 + (22 - l)g}m

Hiyg —1 ) —1
X [d, {%u(x; t)ydt — %u(x; 1) dn}

— 2cp+ Qu(z; dr + %1 0, (u(z; ) dt +z(1 — z)% 8f(u(z; 1)) dr }

1 nn—-10 _hm-D
+z(1 —z)az[ a —z)(26+g)[dl { pa— u(z; 1) dm 71‘2_1 u(z; t)dtl}
— 2cp+ Qu(z; ) dr + %1 9, (u(z;t)dr +z(1 — z)% 822(u(z; 1)) drt j| } (2.22)

Here the third term of the right-hand side of (2.22) turns out to be

1 2z -1 t( —1) H(tp—1)
d, i) dty — ———u(z; t) dt
2c+g|:z(1—z)|:t{ p— u(z; t)dt P u(z; t) 1}

— (8% + Qu(z: 1) dt + %az(u(z; ) dr +z(1 — z)% 02 (u(z; 1)) de }
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+ az{d, {%u(z; O dy — @u(z 9 dn”
1 — 2 —

3:(¢1) 0. (u(z: 1)) dr + %1 92 (u(z; 1) dt

c

— (2c0 + )0, (u(z; 1)) dt +

+0;(z(1 — z))é 8z2(u(z; t))dt +z(1 — z)% 83(u(z; t))dr :|

Therefore, (2.22) is equivalent to

W=D gy 20D
- {(H_Z)(Q_Z)M(Z’ D (tr —2) (2 — Z)M(Z’ g dtl}
-t
21 —2)(2c+g)

1
T —
z(1 —2)cRc+g)

26 + {261 + 2z — D(g+ D}u(z; 1) dt
(@ + )8 +20)2(z = 1)+ (267 + @2 = Dg)éi + 2z = D

—z(z = D{Qcy +g)(—c) + 3z(0~1)}]3z(u(z; n)dr

- 3G 1)) (u(z: =2 5 .
* ey g B+ Q2= DR D) e+ oS8 ) d

1
T 20 —2cQc+g)

X {(MIZ +Ma(z — D)u(z: 1) dt + (L2 + La(z — 1)* + Laz(z — 1))d: (u(z: 1) dt

+2(1 — 2)(=K1z — Ka(z — 1)82(u(z; 1) dt + 22 (1 — 2)%93 (u(z; t))dr}, (2.23)
where

Ki=—-g—-3b—3c, Ky=—-—g—3a—-3c,

Li=0W+c)2b+2c+g+1), Lry=(a+c)2a+2c+g+1),

Li=b+c)2a+2c+g+D)+(@+c)2b+2c+g+1)
+(c—D@+b+c)+QBc+g)a+b+c+g+1),

My =—c2b+2c+g+1)2a+2b+2c+g+2),

My =—cRa+2c+g+1)2a+2b+2c+g+2).

At this stage, we temporaly assume that

a,2a+g,b,2b+g,c, 2c+g, g € C\Z.
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Then there exist reg D; € Hy(T;, L;) for j = 1,2, 3, and equality (2.23) implies that
the functions

/ up;(z;0ydndn, j=1,2,3
reg D;

satisfy the equation (1.1), since the support of each reg D; is compact and the order of
the integration and the differentiation can be changed.

Once it is established, analytic continuation implies the result. This completes the
proof of Theorem 4. O

2.4. Wronskian formula. We need a Wronskian formula for /1 (z), 12(z), I3(z), to clarify
the condition for the set {11 (z), I>(z), I3(z)} being linearly independent. The formula is
stated as follows.

Proposition 5. Fix z to be 0 < z < 1. Suppose that

1
a+1, a+1+§, b+1, b+1+§, c+1, c+1+§, 8+

S 5 # Leo. (2.24)

Then we have

W = det (07115 o

IT(+a, 1+b, 1+c, 1+g)?

2rQ+a+b+c+g, 1+§)2

F(l+a+§, 1+b+§, 1+c+§)
2 2

x 2 Z3a+36+g(1 _ Z)3b+3c‘+g’

F(2+a+b+c+§)

or

W (@) = det (3" T(2)

I=<i,j<3

| T+ %)

21"(1+a, 1+b, 1+c¢, 1+g, 2+a+b+c+§)

1

x 2 2 2 Z3a+3c+g(1 _ Z)3b+30+g’
Fl+a+2,1+b+2, l+c+2,2+a+b+c+g)?
2 2 2
where d =d/dz, T'(A1, Ao, ..., &) =T(ADT(Ap) ---T'(Ay) and Tj(z) are functions

defined by (2.14).
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Proof. We rewrite (1.1) as

BT+ p1(d°I+---=0,
where
—K; —Kz
pi1(2) = +—
-1
It is seen that the determinant W (z) = det(ai v b (z))1 <i,j<3 satisfies the differential
equation dW(z) = —p1(z)W(z). Hence W(z) is a constant multiple of z¢*3¢*&(1 —

z)3b+3c+g . Therefore, what remains is to determine the multiplicative constant. For this
purpose, we proceed as follows.
The change of integration variables #; = zu; implies

Ii(z) = f (tz—tl)g]_[t (1 —)(z — 1) dndn

i=1

2

- 12<a+c+1>+g/ (u —un)® [ uf (1 = u)“ (1 = zup)” duydus.
O<uy<uz<l i=1

The integrand converges to (up — u1)® ]_[1-2:1 uf (1 — u;)“ uniformly on any compact
subset of the integration domain 0 < #; < uz < 1 as z reaches 0+. On the other hand,
the conditions for the integral

2

/ (ug—ul)gn uf (1 —up) durduy
O<uy<ur<l

i=1

1I*(1+a, 1+a+§, 1+c¢, 1+c+§, 1+g)

_ 2 2

= 2 g (2.25)
2 F(2+a+c+—,2+a+c+g,1+§)

converging are

a+1, a+1+§, c+1, c+l+§ g—¢Z<0

The change of integration variables | = zu1, t» = 1 — (1 — z)u, implies

h(z) = [ (2 =18 ((z — 1) (12 — 2))° ]_[ (1 — 1)’ dundny

i=1

— Z1+a+6(1 _ Z)1+h+c (1 —zup — (1 _ Z)MZ)g
O<u;<l
O<ur<l

2
X ulu2(l —zu)?(1 = (1 = Dur)? H(l —u;)  durduy.
i=1
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The integrand converges to u?ué (1=up)“(1 —up)**<*8 uniformly on any compact subset
of the integration domain 0 < u; < 1, 0 < up < 1 as z reaches 0+. On the other hand,
the conditions for the integral

ulub (1 — up)°(1 — u2)**8 duyduy
0<u|<]
O<upy<l

=Ba+1,c+1)Bb+1l,a+c+g+1) (2.26)
converging are
a+l, b+1, c+1, a+c+g+1¢ Z.

The change of integration variables u; = (¢; — z)/(1 — z) implies

2
13(2) zf (=) [ 0 =) — 2 dndn
Ds i=1
2
= (1 — g)?rerbtsg / (up — up)® 1_[ (z+ (1= 2u)* (1 — u)’ul duydus.

O<up<uz<l i=1

The integrand converges to (12 — u1)® ]_[12: L udte(l — u;)? uniformly on any compact
subset of the integration domain 0 < u| < us < 1 as z reaches 0+. On the other hand,
the conditions for the integral

2

/ (uz—ul)gl_[ ui*e(1 —u)? duydus
O<uy<uz<l i=1

1r‘(1+a+c, 1+a+c+§, 1+5b, 1+b+§, 1+g)
== 2 2 (2.27)

2 F(Z+a+b+c+§, 24+a+b+c+g, 1+§)
converging are
+1
b+1, b+1+§, a+c+1, a+c+l+§, & ¢ Z<g.
2 2 2 -
Therefore, the functions
Fi(2) =277 11(2), F2(2) = 277 D(2), F3(2) = I3(2),
where
pr=2@+c+)+g, p=a+c+]l,
are holomorphic around the origin z = 0 under the conditions
a+c+1,a+c+l+§,a+c+g+l¢Z§0 (2.28)

and (2.24).
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Consequently, we have

W) = det(a;'*ll_,- (z))

1<i, j<3
1) b e Ey SRR
Y (PR B EXCZV VR RELYSERYS
Il @) ) 312(2'0‘ Fr) BZZ(Zpg F) 33(1:3)
PV Fy 2 F F3
= det P17 (p1 Fy +2F)) 227V (py Fy + 2 F}) F;

12 (p1(p1 — DF +2p12F{ + 22 F) 27272 (pa(p2 — DFy +2p02F) + 22 Fy) FY
Fi P, F3
= 7/1*2 det 2 N1 Fy +2F)) 2 N p2 Fa + 2F3) F}
22 (p1(p1 — DF +2p12F] + 22 F]) 27 2(pa(p2 — DF1 +2p22F) + 22 F)) FY
Fi P> F3
= 71+ 172 et p1F1 +2F] p2Fr +2F} 2F}
p1(p1 — DFL +2p12F] +22F] pa(pa — DF1 +2p22Fy + 22 Fy 22 F}

which implies that

F1(0) F3(0) F3(0)
lim z 7P~ P2H 2w (7)) = det p1F1(0) 02F>(0) 0
o pi(p1 — DFI©O)  pa(pr — DF20) 0

Pl 02

= BOROBOdU )G o g — 1)

= F1(0)F2(0) F3(0) p1p2(02 — p1),

where the right-most turns out to be

l1“(1+a, 1+a+§, 1+c, 1+c+§, 1+g)

2

F(2+a+c+§, 2+a+c+g, 1+§)

Fa+1,c+1,b+1,a+c+g+1)
Fa+c+2,a+b+c+g+2)

1F(1+a+c, l+a+c+§, 1+0b, 1+b+§, 1+¢9)
« - 2 2

2

F(2+a+b+c+§, 24+a+b+c+g, 1+§)
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X{2@+c+)+gla+c+1)(—a—c—1—-g)

IT(1+a, 14b, 1+¢, 1+g)2

2rQ+a+b+c+g, 1+§)2

I‘(1+a+§, 1+b+§, 1+c+§)
2 2 2

x g
F(2+a+b+c+§)

from (2.25), (2.26) and (2.27).
Finally, analytic continuation drops the conditions (2.28).

K. Mimachi

O

Remark. The equalities of (2.25) and (2.27) come from the following Selberg integral

formula (Theorem 8.1.1 of [1]):

1 1
/ / (th —11)8 H (1 — 1)t dndn
0 Jn

i=1,2

) g . g .8
(1 — D2, 1+b —D2, 1452
(I+a+(j )2 +D+(j )2 +12)

1

.8 §
FR+a+b+j=, 1+2
( J2 2)

1
where Re(a +1) > 0, Re(b+1) > 0and Re(g) > —min(z, Re(a + 1), Re(b +1)).

3. Monodromy Representations

We fix a base point z¥ € C\{0, 1} to be real and 0 < z° < 1. Let V be 215153 CI;(2).

Let p be the monodromy representation
p: m(C\{0,1}, 2% — GL(V)
defined by

y—> p(¥)f(2)

for y € w1 (C\{0, 1}, z%) and f(z) € V, where p(y) f(z) means the consequence of
the analytic continuation of f(z) along the path y. We call this representation p the
monodromy representation with respect to the basis { [1(2), ..., I3(2) }.

Let the symbols yg and y; designate the paths that express the moving of the coordi-
nate z as in Fig. 2. It is known that these paths give a set of generators of the fundamental

group 71 (C\{0, 1}, z%) with the base point z°.

The path y; induces the action p* on the homology groups Héf(Tzo, L,0) and
Hy(T,, L0). The action y;* on the homology groups induces the action p(y;) on

V = 215153 ClI;(z). For example, the actions

Yo (D1) = e(da +4c +2g) Dy, vy, (D3) =e(db+4c+2g) D3
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Y0 20 7

Fig. 2. Paths yg and y;

on Héf(Tzo, L0) imply
p(Yo)U1(2)) = e(da+4c+2¢) 11(z), p(y1)U3(2)) = e(@db+4c+2g) I3(2).

Before proceeding to derive the expression of p(y1) on V, we explain the notations
which will be used in our calculation.

When we consider the twisted chain (0, 1) ® 14(1 — 1)? or {0<t<1}®t4(1— 1P,
we tacitly consider the integral fol 1%(1 — 1)? dr. To express the domain {0 < 1 < 1}
graphically, we write it as

t-space t-space

0 1 or 0 1 or o——e— .

o—>»——o0

Here the orientation of each domain of R\{0, 1} is induced from the natural orientation
of C\{0, 1}.

When we consider the twisted chain {0 < 1 <11 < 1} ® 1{t5(t1 — )41 — )b,
we tacitly consider the integral

1 131
/ 1815 (1 —tz)d(l—tl)bdndtz:/ dtlf dn {5 — )1 —n)°
O<thr<t <l 0 0

1 1
=/ tf(l—tl)b(/ tg(tl—tz)dm)drl.
0 0

As a reflection of such relations, we denote
(0<n <t <1}l — ) —n)b
by
[(0<n<1yx(0<n<n)|@fsn —n'0-n)’
or
[{0 < <1}®id —tl)b] x [{o <t <n}®Ln —tz)d].

Similarly, to express the domain {0 < 7, < #; < 1} graphically, we write it as

or



71  Page 22 of 40
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t1-Space 1-space
0 1 0 151 ,
© o o O -

where the orientation of each domain of R2\{#; = 0}U{t, = 0}U{r; = 1}U{t; =10}
is induced from the natural orientation of C2\{r; = 0}U{t, = 0}U{t; = 1 }U{r; =12 }.
We return to the derivation of p(y1) on V.

First we consider the action of y; on Dy. Since

tr-space t1-space
O<nH<nh<z)= 0 b4 1 0 nh z 1
o—>»—0 ] o—>»—o0----0 )

we have

YD) =y (0 <1 <t <2))

0 V4 1
A
151 t
1r-space 11-space
= 0 z 1 0 z 1
15}
ty-space t1-space
= 0 z 1 0 n =z 1
o0—>»—0 o o—»—o----0 )
1r-space t1-space
+e(c) 0 z 1 0 z h 1
o o—>»——0 w----o
A
r-space t1-space
+e(c +2b) 0 z 1 0 z ,
o o—=——o0 [ A )
A n 1
t1-space
0 z h 1
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11-space t1-space
= 0 z b 1 +e(c) 0 z 1
o—>»—0----0----0 o o0—»—0----0
and
t1-space
t1-space t1-space
= 0 z L 1 +e(c) 0 z L 1
o—p»—0---0----0 o o—>»—o o
t1-space
+e(c+g)(1 —e(2b)) 0 z h 1
o o ----0—3—0
Hence,
v (D1)

=y((0<n <t <2)

ty-space t1-space
= 0 z 1 0 n z 1

o—>»—-o0 o o—>»—0----0 o
tr-space t1-space
+e(c)(1 —e(2b)) 0 z 1 15}
o o—>»——o0 o—»—o0---0----0
tr-space t1-space
+e2o)(1 — e(2D)) 0 z 1 0 z b
o O—»——o0 o oO—3»—0----
1y-space
—e(2b+2c+g)(1 —e(2b)) 0 z 1

o O—»p——0
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t1-space
X 0 z h 1
) O ----0—3—0

which is equal to

tr-space
0 Z 1
o—>»—0 o

1p-space

+e(c)(1 —e(2b)) 0

o

+e(2c)(1 —e2b))(1 —e(2b+ g))

t1-space
X 0 z n 1
o O—»—0- - 0

t1-space

0 n

o—>»—0----

tp-space

0

o

K. Mimachi

z 1
o [}
t1-space
0 z nh ]
o—>»—0----0----0
z 1
o—>»—0

=Di+e(c)(1 —e2b))Dr+e(2c)(1 — e(2b))(1 — e(2b + g)) D3.

Here we have used the symmetry of the integrals

1r-space
0 z
o oO—»—0
1p-space
= 0 z
o oO—>»——00

131 f

t1-space

0

o

t1-space
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or
ty-space t1-space
0 z 1 0

indicates the point at which the argument of each factor of the itrzltegrand is fixed to be
zero, while we omit such an arrow when the chain in the picture is an interval of (77)R.
We return to proceed our calculations.

Secondly, we consider the action of y; on D;. We have

N
—

D) =r(0<tn <z<n<l)

ty-space t1-space
=V 0 Z 1 0 z I 1
o oO—p—0 oO——p»——o0---0----0
fy-space t1-space
=eb+2c)] 0 z 1 0 z 1
o o—>»—o0 T.e--0----0
A n
ty-space [ [ t1-space
=e(2b + 2c) 0 z 1 0 z h 1
) o—>»——o0 o—»—0---0----0
t1-space
+e(c)(1 —e(2g +2b)) 0 z 1
o o—»——o0----0
t-space
+e(c+g)(1 —e(2b)) 0 z 1
o o----0-3—0
fy-space t1-space
=e(2b + 2c) 0 z 1 0 z hh 1
o O—p—--0 oO—»—0----0----0
t1-space
+e(c)(1+e(g)(1 —e2b+g)) 0 z h 1

o 0—»—0----0
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=e(2b+2c)Dy +e(2b+3c)(1 +e(g))(1 —e(2b + g))Ds3.

Here we have used the symmetry of the integrals

1r-space t1-space
0 Z 1 0 z b 1
o oO—>»—-o0 [} O - - - -0—p—0
1-space t1-space
= 0 b4 1 0 z hh 1
o o—»——o0 ) o—»0----0

Thirdly,
Y (D3) = e(2(2b +2c + g)) D3

is easily derived.

Finally, the actions of yy on D1, D>, D3 are obtained from the formulas for y; by
changing (a, b, z, D1, D3) < (b, a, 1 — z, D3, D).

Consequently, we reach the following:

Proposition 6.
p(vo)(r, I, I3) = (11, I, I3) My,
ey, I, Iz) = (11, I, I3) M1,
where
e(da +4c+2g) ea +3c)(1 +e(2)(1 — ea + g)) ee)(1 — e2a))(1 — e(2a + g))

My = 0 e(2a + 2c) e(c)(1 —eRa))
0 0 1

1 0 0
M, = e(c)(1 —e(2b)) e(2b +2c¢) 0

e(2c)(1 —e(2b))(1 —e(2b+g)) eRb+3c)(1 +e(g))(1 —e(Rb+g)) e(4b+4c +2g)

4. A Sufficient Condition for the Irreducibility

In this section we consider the condition for the monodromy representation on V being
irreducible.
For the representation

p(yo)h, I, I3) = (11, I, I3) My,

p(yDUy, I, I3) = (I, I, I3) M,



The Irreducibility of the Monodromy Representation Associated Page 27 of 40 71

we use the name of each element ml(q) or mfl-) defined as

1
Mo—(m )1<l]<3 and M; = (mgj))lsi,jﬁ,

for our convenience.
Then we have the following.

Lemma 7. Assume that

(1—ee)(1—ec+g)(l —eRa+b+c)+g)(1 —eRa+b+c+g)))

X(1l—eR@a+c)+g+ 1)1 —eRb+c)+g+1)) #0.
Then

ciliy +colhb+c3lz € W C Z (CI]'
1<j=<3

for some numbers (c1, ca2, c3) # (0,0, 0) implies that
ILheW or pyh+pilzeWwW

for some numbers (p, p3) # (0, 0).

Proof. Let vy express c111 + c215 + c313. Then we have

(p(r0) — m)(p(v0) — m$D) (vo)

(0) 0) )(m (0) (©) (0)

= Iifer (') — my)(m\) = m) + e20my — m§Hmi

0 0 0) (0
+C3{(mil)_m2)) 33)4_ () ()}]

and
(p(n) = m{)(w0) = hleimyy +ca(mly) —mi})]

1
+ I3 [Clmgl) + szgz) +c3 (mg3) — m“))]

If all of the coefficients of I, I, I3 of the right-hand sides are zero, it holds that

C1 0
Bilc|=10],
c3 0
where
0 0 0 0 0 0 0)y (0 0) (0
@@ — @) m® - m®) @@ - @@ m® — m @ + mOmQ
_ (1) (1) (1)
By = myy Moy — My 0
(1) (1) (1) (D
msy ms, M3z — My

On the other hand, the determinant of B; is shown to be
ea+2c)(1 —ee)(1 —ec+g)(1 —eRa+b+c)+g)(1 —e(Ra+b+c+g)))
X(1—eR@+c)+g+1)(1—e@bB+c)+g+1)) #0.

Thus we obtain the result. m|
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Lemma 8. Assume that

(1—ea+g)(1—ec+g)(l—e(g+1)(1 —e(Ra+2c+g+1))
X(1 —eRa+b+c+g))) #0.

Then

colh+ec3lz e W C Z CI;
1<j<3

for some numbers (ca, c3) # (0, 0) implies
LeW or I3eW.

Proof. Let vy express c2 1 + ¢313. Then we have

(0 (y0) — m$)(p(y0) — m$P) (vo)

0 0, (0 0 0 0 (0
[C (m() ())m(lz) +C3{(m(11) _mz)) (13)_'_ () 53)}]

and

1

(p(n1) —m$D)(vo) = Lleam’y D _ Dy,

+c3(myy —my,y

If both of the coefficients of 71 and I3 of the right-hand sides are zero, it holds that

where
0 0 0 0 0 0 0)_ (0
. <( () ()) ()( () ()) 53)_'_ ()m§3)>
2= .
(D (1) (1)
ms; M3 — My,

On the other hand, the determinant of By is shown to be

ea+2b+5c)(1 —e(g+1)(1 —eRa+g))(1l —e(c+g))
X(1—eRa+2c+g+ 1)1 —eRa+b+c+g))).

Thus we obtain the result.
Lemma 9. (1) Assume that
(1 —-ea)(l —eCa+g)(1 —eRa+2c+g+1)) #0.

Then I3 € W C 313 CI; implies I, € W.
(2) Assume that

(1—e2b))(1 —e@@b+g))(1 —e(Rb+2c+g+1)) #0.
Then Iy € W C ). j<3 Clj implies I3 € W.
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Proof. (1) The equality

0 0 0
(P (o) —mEN (p(y0) —mSN I3 = (p(y0) — mSD(Iim'Y + Lm'Y)
0) ). (0) (0) 0)
=11{( myp — My )mys +m 23}

=heRa+dc+g)(1 —ea)(l —e(Ra+g)(1 —eRa+2c+g+1))
implies the result.
(2) Similarly, the equality
(o)) —m$)(p(y1) —m{ 1 = (p(n) — mS) (hm$y) + BmSY)

(D (1)

. a 1
= 13{’"%2)"1%1) +(m33 —my, )m( )}

=Leb+4c+g)(1 —eb))(1 —e(Rb+g)(1 —e(b+2c+g+1))
implies the result. O

Lemma 10. Assume that 1 — e(2a) # 0 or 1 — e(2b) # 0. Then I, Iz € W C
215]53 ClI; implies I, e W.

Proof. The equalities

(p(o) —miH s = [m'Y + Lm® with m$) = e(e)(1 — e(2a))
and
(o) —mH1 = bmS) + m) with mS) = e(e)(1 — e2b))
imply the result. O

Consequently we obtain the following.
Theorem 11. Assume that

+1
a, a+§, b, b+§, c, c+§, a+b+c+§, a+b+c+g, g—,
2 2 2 2 2

+1 +1
a+c+gT, b+c+gT e C\Z.

Then V =}, _; 3 Cl; is irreducible.

Remark. As is stated in [8], the Dotsenko—Fateev equation (1.1) has an accessory
parameter: indeed, the constant term of the coefficient of I, i.e. —Mp, is the accessry
parameter of (1.1), and is not uniquely determined by the datum of the local monodromy
(or Riemann scheme).

5. Some Special Cases

In this section, we consider the special cases when the parameters a, b, ¢ and g don’t
satisfy the assumption in Theorem 11. As a result, we obtain the sufficint condition that
V=>, j<3 Cl; is reducible (Theorem 12). For such a purpose, in this section, we

use the functions INj(a, b, ¢, g; z) defined by (2.14), in stead of ;(a, b, c, g; 2).
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5.1. Thecase2a+2c+g+1=0 or 2b+2c+g+1=0. When2b+2c+g+1=0,
the differential operator defining (1.1) becomes

2z — 1?0+ [Kiz+ Ka(z — 1)}z(z — 1)d?
+{L12> + Lo(z — D? + Laz(z — D)o, + {Miz+ Ma(z — 1)}
=(- z)[z2(1 — 232+ {K2 — (K1 + K2)z)202  +{Lo — (Lo + L3)z}d, — M2]
= —z)[zz(l —2)8) + {1 =3a+2b—c— (2—3a+b—2c)z}zd?
+{(2a = 2b)(a +¢) — 2(—a +a* — ab +3ac — be)z}d, +2¢(1 +2a)(a — b)]

=(1- z)[12(1 — z)az3 + {,81 +Br+1—(a) +ay+a3 +3)z}z3z2

+ {,31/32 — (a1 +ojo3 + ooz + o + o a3 + l)Z}aZ — a1a2a3], 5.1
where
o) =—2c, ap=—1—2a, acg3=b—a, 1 =—a—c, Br=2b-2a.

The second factor of the right-most of (5.1) defines the differential equation 3 £ (¢,
a2, a3; B1, B2) which is satisfied by the generalized hypergeometric function
3Fy(aq, a2, @3; Bi1, B2; z). It is known [13] that the roots of indicial equation for
3E, are

0, 1-p1, 1 =p2 at z=0,
0, 1, B1+Pr—o) —ap —a3 at z=1,
ay, a2, @3 at z = 00,
and thus the exponents of the equation defined by the left-most of (5.1) are
0, 1+a+c, 1+2a—2b at z=0,
0,1, 1+b+c at z=1,
—2c, =1 —2a, b—a at z =o00.

On the other hand, Beukers and Heckman [2] showed that the necessary and sufficient
condition for 3 E; being irreducible is B; — «; ¢ Z forall i, j = 1,2, 3 with 3 = 1.
Hence the necessary and sufficient condition for the equation defined by the left-most
of (5.1) being irreducible is

2a, 2b, 2¢, 2(a—b—c), a—b, a—c, b+c ¢ Z.

For instance, when a = 1/4,b = ¢ = 1/12, the equation above is irreducible. This
means that even if the assumption of Theorem 11 does not hold, the equation (1.1) is not
necessarily reducible. Similarly, even if 2a + 2c¢ + g + 1 = 0, the differential equation
(1.1) is not necessarily reducible.
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g+1 g+1 . .
On the other hand, whena = —c—=——+Zandb = —c— = +7, the differential

equation (1.1) is reducible. Indeed, the element

e(e)(1+e(gNTy + (1 +e(g+20)h
+e(e)(1+e(g)Ts

is invariant with respect to p(y1) and p(32).

+1
8% ¢ 7 Ttis

5.2. The casea € Z or b € Z or a+§ eZ or b+§ e”Z or
easily seen from Proposition 6 that: (1) when a € Z, I~3 is invariant. (2) when b € Z, I~1

is invariant. (3) when

+ ~
8 €Z ie.g € 1+27Z, I is invariant. (4) when a + % IS/

i.e.2a+g € 27, CI,+Clx is invariant. (5) when b + % €7 ie.2b+g €27,Cl,+Ch

is invariant.
It implies that the monodromy representation is reducible.

5.3. The case ¢ € Z. It is seen that the element
Li+e(h+Ts
isinvariant with respect to p (1) and p (y»). Itimplies that the monodromy representation

is reducible.

54. The casea+b+c + % € 7. Itis seen that the element

(1 — ea))(1 — e(2b +2e) 11 +e(e)(1 — e(a))(1 — e2b) I
+(1 — e(2a +2¢))(1 — eb) I

isinvariant with respect to p (1) and p (y2). Itimplies that the monodromy representation
is reducible.

5.5. The case ¢ + g € Z. When g = —2c¢ + 27, we have

po) (I, . 13) = (11, L, )Mo,
p 1, b 1) = (I, b, )M,
where
e(4a) eQa — c)(1 +e(2c))(e(2c) — e(2a)) (1 —e(2a))(e(2c) — e(2a))
My = 0 e(2a +2c) e(c)(1 —e(2a)) ,
0 0 1
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1 0 0
M, = e(c)(1 — e(2b)) e(2b +2¢) 0
(1 — e(2b))(e(2¢) — e(2b)) e(2b — ¢)(1 + e(2¢))(e(c) — e(2b)) e(4b)

If we denote by V(i), i =0, 1, the eigenspace for p(y;) with eigenvalue A, we have

v 0
=Cv, ",
where
WO T
e(4a) 11’
0
Vs = (1L + QT +e(O) D,

v = (e(2¢) — ea)T +e(e)(1 — ea)) T + (1 — e(a +2c) T,

"o 7
Veapy = 13>

1 ~ ~
c((;b+2¢) =e(c)lr + (1 +e(20)) 13,

v = (1 — e@@b +20)T; +e(c)(1 — e@b) o + (e(2c) — e(2b)) T
Using these elements, we obtain

e(2a +2c) 0)

) 0 (1 )
p(vo) (v, ,v) = (v 5 V)
e(2b+2c¢) 1 e(2b+2c) 1 1+ e(2c) 1

(O]

e(2b+2c) —(1 —eCa+2b))(1 —e2c))
P(Vl)(ve(zmzc)’ UIO)) = (Uigmzc)’ Ui())) < ) )

0 1
or
e(2a+2¢) —(1 —e(2a+2b))(1 — e(2¢))
(©) (1) 0 )
p<y0)(ve(2a+2c)’ Vi ) = (ve(2a+2c)’ vl ) ( 0 1 ’

e(2b +2c) 0)

0) [eY] (0) (D
Py s U = (v ;U1
e(2a+2c) 1 e(2a+2c) 1 1+ 6(20) 1

It implies that the monodromy representation is reducible.

(@)

Remark. Among the elements v, °, we have

(1= eQa +20)0} 300 = (€Q2a) — €20V 400 + (1 +Q20))0]”,

(1 —eQa+20)0}" = (1 — eQa +2b)(1 — )V 2y 50 + (€(20) — e@b))]”,
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(1= e(2b +20) V5 100 = (€(2D) — €(20))0}3) 100 + (1 + e},

(1 —e@b+20)v}” = (1 — e2a +2b))(1 — €0V} 340, + (e(20) — ea))vi".

5.6. The casea+b+c+ge€Z. Wheng =—a —b — c € Z, we have
p(o)(I1. 1. I5) = (I, I, ) Mo,
p0(1. b, 1) = (I b, LMy,
where M and M are given by
ea —2b+2c)e(a—2b+c)(1+e(a+b+c))(e(b+c)—ela))

My = 0 e(2a + 2c¢)
0 0

e(c —b)(1 —eRa))(e(b+c) —e(a))
e(c)(1 —eRa))

1
and
1
M, = e(c)(1 —e(2b))
e(c—a)(1 —e@2b))(e(a+c) —e(b))
0 0
e(2b +2c) 0

e(b—2a+c)(1+e(a+b+c))(e(c+a)—e)) e2b —2a +2c)
If we denote by V(i), i =0, 1, the eigenspace for p(y;) with eigenvalue A, we have
(@) @)
VAI = (Cv)f ,
where
0

Vo2a—2p+20) = 11>

Vi aiae) = (e@) —e(b+ )L +e(a+b+c)i +e(a+c)(1 —e2b) I,

vio) = —e(c)(l —eRa))(e(a) —e(b + c))ﬁ +e(c)(1 —e(2a))(e(b) —e(a + c))Tz

+ (e(b) —e(a+c)(1 —eQa +2c) T,

’
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e
Ve2b—2a+2¢) = 13’

Ve piaey = b+ 0)(1 — ea) T + (e(b) — e(a+0)(1 +e(a+b+0)]s,

v = (e(a) — e(b + ) (1 — e(2b +20) T +e(c)(e(a) — e(b +¢))(1 — e(2b) T

—e(c)(1 — e(2b))(e(b) — e(a +c)) 5.

Using these elements, we obtain

e(2a +2c¢) 0
1) (0) (1) (©)
P (o) (v sUp) = S v) ’
e(2b+2c)* 71 Ceapiaey V1 l+e(@+b+c) 1

(H Oy _ .. (D) (0)
P(Vl)(ve(zmzcy v = (Ue(2b+2c‘)’ v ) < 0 )

or

e2b+2c) —(1—e(a+b+c))(1— e(2c))>

eQa+2c) —(1 —e(@a+b+c))(1 —e(2c))
0 (1 0 )
p(YO)(ve(2a+2ﬂ)’ Yy )= (ve(2a+20)’ Yj ) ( 0 | ’

e(2b +2c) 0
©) (1) 0) (1)
Py s v )= (v ,U0) .
e(2a+2c) 1 e(2a+2c) 1 1+ e(a +h+ C) 1

It implies that the monodromy representation is reducible.

Remark. Among the elements v( D we have

(1= e2a +20)0} 300 = €)1 — Q)10 + (1 +e@+b+ )y,

(1 —eQa+20)0}" = (1 — eQe)( = e(@+b+ )00 — e(@)(1 — e(2b)v]”,

(1 —eb+ 20))Ue(2a+2c) =e(c)(1 — e(2b))vt(2b+20 +(1+e(a+b+ c))v(l)

(1—e@b+20)0” = (1 —e(@+b+0)(1 — eV 00 — €)1 — ea))vi".

5.7. Summary of the reducible cases. From Subsections 5.2-5.6, we obtain the follow-
ing.
Theorem 12. If one of

+1
a, a+§, b, b+§, c, c+§, a+b+c+§, a+b+c+g, §r -
2 2 2 2 2

is an integer, then V. = Zl<j<3 (CTj is reducible.

Remark. The same result is obtained in [7] as Theorem 12.11, where it is derived
by using the shift operators for the shiftsa — a+1, b - b+£1, ¢ > c+x1and
g — g £ 2, which are given in A.6 of [7].
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6. Intersection Numbers and the Invariant Hermitian Form

In this section we derive the monodromy-invariant Hermitian form F(z, 7) in terms of
the functions /1 (z), I2(z), 13(z) by using the theory of intersection numbers for twisted
cycles [11,12], and thus for this purpose we restrict the exponents a, b, ¢ and g to be
real numbers satisfying

+1
g, c, c+§, a+b+c+§, a+b+c+g, 8+ ¢ 7.
2 2 2 2
We use the symbols s(A) = sin(rA), c(A) = cos(rA) and dy = eRQA) — 1 =
exp(2mra/—1A) — 1. We assign the names Dﬁ.l), 1 <j<3,i=1,2, when z is real
number and 0 < z < 1, to the domains of the real manifold (7;)r as follows:

a, a+§, b, b+
2

DIV ={(.n) 10 <1y <12 < 2}, D ={(1.n) |0 <1 <1 <2z},

DSV ={(t1,0) |0<t1 <z<np<1}), DY ={(t1,00)|0<n<z<t <1},
M _ o _

Dy’ ={(n,n)|z<t <t <1}, Dy ={(t,n)|z<n <t <1}

Remark. Each D;l) here is nothing but D; defined in Subsection 2.1. In this Section,
the name D; will be used in different manner.
Remark. Each D;’) here is different from D;.') or C](.’) in [19]. The domains D;.') in
[19] correspond to the solutions around the point z = 0 with exponents 0, a + ¢ + 1 and
20@+c+1)+g.
First, following [19] [20], we calculate the intersection numbers as follows:
1 1 1 dasg desg

1
D(1)0D51)=1+—+—+—+ + + )
da dc dg dadc d2a+gdadg d2c+gdcdg

NG e(c) dasacrg

D" eD,’ = T dd
¢ A2c+gla

_eQc+g)e(®)
d20+g dg

D) 1 _
D" e D3 = )
e(2c +8) devg

D¢ D? =+ ,
d2c+g dcdg

NG e(2c+g) e(c)

Dl [ D2 = —d—d—,
2c+g c

_6(8) d2a+20+2g

DV e D? = ,
dg d2a+gd20+g

1) ) 1 2 1 1 2 1 /1 1 1
Dy’ oDy’ =1+—+—+—+—+ +—<—+_)+ ,
dg de dp d26+g d26+gdc dg \dp d. dpd,
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@ db+20+ g

DV e D{ = — :
de dbd2c‘+g

)4 p) __€Cctp) ee)

2 3 d2€+g dc

+€(26 +8) dac
d2c+g d2 ’

C

(1) (2)
D, e D;y” =

D" eD{" =1+ 1 + s + 1 b g dete
’ dy de dy  dpde " dapegdpdy  dergdedy

D e DP = _e(g) dapyacrag
dg doprgdicsg
and
DM oDV =pVep® ~1<i j<3 and 1<k <2,
D(l) ° D(2) D(Z) Di(l)’ 1<i, j<3.
Secondly, we calculate the following:

da +c+ % da +ct+g

1
2 duded,y5d, s (1+e(2)

1
Dy Dy = (D" e DIV + D" ¢ D) =

1 1 e(0)d, iz
DyeD;=-(D" e DV + DV e D) = - 3
2 2 d,d ey
1 1 2c+
DieDs= DV epspVep?y—L__c2*8)
2 2 ded,,5 (1 +e(3))
1 1
DyeDy == (DS e DV + DSV e D) = = _®
2 2 dydpded, g
1 1 e(©)dp, oyt
Dye D3 =~ (D" ¢ D" + DIV o DY) = —+C+ ,
2 2 dyded,,
1 db+c+ gdpicsg

ORI e
DyeDs = (D" e DV + DV ¢ DP) = ,
3o = ( 3 ) =3 and, dysdyys (1+e(9))

and
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where

(*)=1+eQc) —eRa+2c)—eRb+2c) —eRa+2c+g) —eRb+2c+g)
+e(Ra+2b+2c+g)+e(Ra+2b+4c+g).

When we consider the integrals /;(z) as the pairing between the cycle and the form
dt; A dt, it is not adequate to choose D;l) as a cycle, but adequate to choose D; =
%(Di.l) + D;z)) € Hzlf(Tz, ﬁz)?z. Moreover, by using the results above, the determinant
of I = (D; @ Dj)1<;, j<3 is given by

d2

a+b+c+g

dgdgdgda+%db+§dc+§ (1+e(g)? .

d

a+b+c+%
det [, = 2

The inverse Ih_1 of Iy = (D; @ Dj)1<;, j<3is given by

dadb+cda+§db+c+§ (1 +e(g))

1
L= ————— | e(0)dadpd, g dy 2 (1+e())

Aysbrct§ datbrcrg

e(2¢)dadpd, 5 dp, 5 (1 +e(g))

e(c)dadbda+§db+c+% (1+e(g) e(zc)dadbda+§db+§ (I+e(g))
(%) e(c)dadpdy, gdyycrs (1+e(2)) |,

e(c)dadbdb+§da+c+% (1+e(g) dbda+6db+§da+c+§ (I+e(g)

where

(xx) = dydp (l +e(Qc+g)—eRa+2c+g) —e(2b+2c+g)
—eRa+2c+2g) —eb+2c+2g)+e(Ra+2b+2c+2g)+e(Ra+2b+4c+ 3g))
= dady (dpscys darery + Qe+ g)dadb+%)

= dady (dyscu g dpress + eQc + g)d,,da+%).

Thus,
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s(a)s(b+c)s(a+ %)s(b +c+ %)26(%)

2
1 (2v=1) g £y20(8
I, = S@ibict %)s(a Thictg) s(a)s(b)s(a+ 5)s(b+c+35)2c(3)
s(a)s(b)s(a+ 5)s(b+5)2c(5)
s(a)s(b)s(a + %)s(b +c+ %)20(%) s(a)s(b)s(a + %)s(b + %)26(%)
(% * %) s(a)s(b)s(b+ %)s(a+c+ %)26(%) ,
s(a)s(b)s(b + %)s(a +c+ %)20(%) s(b)s(a+c)s(b+ %)s(a +c+ %)26‘(%)
where

(k% x) = s(a)s(b) (s(b +c+ %)s(a +c+g)+s(a)sb+ %))

= s(a)s(b) <s(a e+ %)s(b te+g)+sb)sia+ %)).

Therefore, we obtain the following invariant Hermitian form in terms of the functions
11(z), I>(z), I3(z) (see also [19] for the invariant Hermitian form in terms of another
set of solutions of (1.1)).

Theorem 13. A Hermitian form F(z, 7) which is invariant with respect to the action of
the monodromy group is given by the following:

s(a)s(b+c)s(a+ %)s(b +c+ %)20(%)
F(z.2) = (1), h@), @) | s@sb)sa+5)sb+c+5)2c(5)

s(a)s(b)s(a+5)s(b+5)2c(%)

s(a)s(b)s(a + %)s(b +c+ %)26‘(%) s(a)s(b)s(a + %)s(b + %)26(%)

5L(2)
(% % %) s(a)s(b)s(b+ %)s(a +c+ %)26‘(%) h(z) |,
s@sB)sb+$)s(a+c+$2e(8) sB)sa+o)sb+ Lysta+c+ $2e(s) ) \BE

where

(% 5 %) = s(a)s(b) {s(b te+ %)s(a tetg) +s@sh+ %) }

= s(a)s(b) {s(a +e+ %)s(b tet+g) +sb)sa+ %) }
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