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Abstract

In Discrete Element Method (DEM), the stiffness of particles is often re-

duced artificially for calculation speed-up. It is known that the attraction

force and rolling resistance should be scaled to counter-balance the exces-

sive energy dissipation caused by prolonged contact duration with reduced

stiffness. The present study theoretically derives the scaling laws from di-

mensionless equations of motion in a generic form, which are for both particle

translation and rotation and with multi-body interactions. It is verified that

the proposed scaling laws keep the same particle motion in the dimension-

less time and space during the contact of more than two particles. It is also

demonstrated that the behaviour of the original (stiff) particles in Couette

flow can be replicated well in various conditions in general. Some deviation

to the original system could be observed in certain conditions, which is likely

related to the reduction of contact frequency.
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1. Introduction

In the past decades, Discrete Element Method (DEM) [1] has been ex-

tensively used to simulate particulate flows. One of the most notable advan-

tages of DEM over other modelling methods is that it can directly consider

inter-particle interactions such as contact force, attraction force and rolling

resistance. Both linear and non-linear spring-dashpot models are frequently

used for the contact force [1, 2, 3, 4]. Typical attraction forces are the cap-

illary force [5, 6, 7, 8], viscous force [9, 10, 11, 12, 13], electrostatic force

[14, 15] and surface adhesion force [16, 17, 18, 19, 20]. Due to these forces,

adhesive/cohesive particles can form agglomerates, lumps and/or wall make-

ups, which are fundamentally different from free-flowing particles. Rolling

resistance is used to express the rotational energy loss. It is needed to re-

produce physical phenomena such as the formation of a shear band, which

may not be observed with free-rolling particles. Physically speaking, rolling

resistance can arise from various sources, e.g., micro-slip and friction on the

contact surface, plastic deformation around the contact, viscous hysterisis

and surface adhesion [21, 22, 23, 24]. In addition, rolling resistance is some-

times employed to artificially take into account the particle non-sphericity

[25]. Many models for the rolling resistance are proposed in literature, and a

good review and assessment of these models are provided by Ai et al. [26].
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One of the existing challenges of DEM is the high computational cost

to perform simulations with large number of particles. There are many ap-

proaches to speed-up DEM simulations, e.g., domain decomposition [27, 28],

GPU computing [29, 30, 31], coarse grain model [32, 33, 34, 35, 36] and

reduced particle stiffness [37, 38, 39, 40]. The reduced particle stiffness ap-

proach is particularly effective for stiff particles such as glass ballotini. In

general, the time step interval for stable simulation is inversely proportional

to the square-root of particle stiffness [2, 41]. Employing artificially reduced

particle stiffness thus allows the use of a larger time step. When computa-

tional time per time step remains relatively constant, calculation speed scales

directly with the increase in time step interval. Hereafter, the system with

the original particle stiffness is called “original system”, whilst that with

reduced particle stiffness is called “reduced system”.

For free-flowing particles, it is reported that the particle stiffness only has

a limited impact on bulk particle behaviour [21, 37, 42, 43, 44, 45]. On the

other hand, it is known that the particles in a reduced system can become

more adhesive/cohesive than those in the original system when attraction

forces are exerted on the particles [38]. This is due to the excessive energy

dissipation associated with the attraction force during prolonged contact du-

ration. There have been several attempts to scale the attraction forces so that

this excessive energy dissipation can be counter-balanced [38, 39, 40, 46, 47].

Most, if not all, of such scaling laws for reduced particle stiffness are,

however, derived from either the energy equation or equation of motion of
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“two particles in contact”, which does not guarantee the applicability in

contact-dominant flow, i.e., the contact frequency of particles is high and the

effect of multi-body contact is significant. Nevertheless, these scaling laws

are used to simulate dense particle systems such as mixer flow and particle

packing without a solid theoretical basis. The reduction of particle stiffness

can also influence the rolling motion of particles, and scaling laws for rolling

resistances may be necessary. However, the discussion of such scaling laws is

still limited in literature and only available for specific combination of force

and torque models [39, 40]. To the best of the authors’ knowledge, generic

scaling laws of rolling resistances are not yet proposed.

The present work is dedicated to developing scaling laws of attraction

forces and rolling resistances that are derived from the dimensionless equa-

tions of motion in a generic form, which are for both particle translation and

rotation and with multi-body interactions. The scaling laws are derived for

both linear and non-linear contact models. This is an extended theory of

the authors’ previous work [46], which is named Reduced Particle Stiffness

(RPS) scaling. Several test simulations are performed to assess the validity

and applicability of the scaling laws.

4



2. Discrete Element Method

2.1. Governing equations

The translational and rotational equations of motion of Particle i inter-

acting with adjacent Particles j are given as:

miv̇i =
∑
j

(FCij + FAij) (1)

Iiω̇i =
∑
j

(MCij +MAij +MRij) (2)

where m is the particle mass, v is the particle velocity, I is the particle

moment of inertia and ω is the particle angular velocity. Only inter-particle

forces and torques are considered in this work. FC and MC are the contact

force and its torque, FA and MA are the attraction force and its torque and

MR is the rolling resistance. MC and MA are calculated as:

MC = rn× FC (3)

MA = rn× FA (4)

where r is the particle radius and n is the unit normal vector.

2.2. Contact force

Both linear and non-linear spring models are frequently used in DEM

in literature [1, 2, 3, 4, 39]. In this section, both of the models are briefly

summarised.
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2.2.1. Linear spring-dashpot model

In the linear spring-dashpot model, the normal and tangential contact

forces are expressed as:

FCn = −(knδn + ηnvrel · n)n (5)

FCt = −min[ktδt + ηtvs, µsFN ]t (6)

where k is the spring constant, δ is the particle deformation (overlap), η is

the damping coefficient, vrel is the relative velocity, vs is the magnitude of

the relative tangential velocity at the contact surface, µs is the sliding friction

coefficient and t is the unit tangent vector. The subscripts n and t indicate

the normal and tangential directions, respectively. FN is the normal load

applied on the particle during sliding. The relative velocity is calculated as:

vrel = vi − vj (7)

The restitution coefficient e is assumed to be constant when no force other

than the contact force is acting on the particle. In this case, the damping

coefficient can be determined as [2]:

ηn =

√
4m∗kn

1 + (π/ ln(e))2
(8)
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where m∗ is the reduced mass and given by:

1

m∗ =
1

mi

+
1

mj

(9)

The normal load during sliding, FN , is given by the magnitude of the normal

contact force.

2.2.2. Non-linear spring-dashpot model

The non-linear spring-dashpot models considered in this work are based

on the Hertzian and JKR theories [3, 16]. The normal and tangential contact

forces are given by:

FCn = −
(

4E∗

3r∗
a3 + ηnvrel · n

)
n (10)

FCt = −min[8G∗
√
r∗δnδt + ηtvs, µsFN ]t (11)

where a is the contact radius and calculated differently in the Hertzian and

JKR theories [48], and

1

r∗
=

1

ri
+

1

rj
(12)

1

E∗ =
1− ν2i
Ei

+
1− ν2j
Ej

(13)

1

G∗ =
2(2− νi)(1 + νi)

Ei

+
2(2− νj)(1 + νj)

Ej

(14)
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where E is the Young’s modulus and ν is the Poisson’s ratio. The damping

coefficients in the normal and tangential directions are given by [3]:

ηn = −2

√
5

3
β(m∗E∗)1/2r∗1/4δ1/4n (15)

ηt = −4

√
5

3
β(m∗G∗)1/2r∗1/4δ1/4n (16)

where β is a function of only the restitution coefficient and given by:

β =
ln(e)√

ln2(e) + π2

(17)

FN is given by the magnitude of the normal contact force when the Hertzian

theory is used. In the JKR theory, it is replaced with the effective normal

force [49, 50] as:

FN =

∣∣∣∣∣4
(
a

a0

)3

− 4

(
a

a0

)3/2

+ 2

∣∣∣∣∣Fpo (18)

where Fpo is the pull-off force and a0 is the contact radius at the equilibrium

condition, which are defined as:

Fpo = 3πγr∗ (19)

a0 =

(
9πγr∗2

E∗

)1/3

(20)

where γ is the surface energy of the particle.
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2.3. Attraction force

In this section, the capillary, viscous and JKR surface adhesion forces

that are used in Sections 4 and 5 are briefly summarised.

2.3.1. Capillary force model

Most of the capillary force models available in literature assume a sym-

metric pendular liquid bridge profile and do not consider the tangential force

and torque arisen from asymmetry. The capillary force is written in a generic

form as:

Fcap = Ccapn (21)

where Ccap is a coefficient determined from the surface tension, liquid vol-

ume, particle size, contact angle and separation distance. For example, the

Rabinovich-Lambert model [7, 8] gives the coefficient in the following form:

Ccap =
4πr∗σ cos θ

1 + 1/

[√
1 +

Vliq
πr∗S2

− 1

] (22)

where σ is the surface tension, Vliq is the liquid volume, θ is the contact angle

and S is the inter-particle separation distance. A cut-off value, Smin, which

is associated with the asperity of particle surface, is usually used to avoid S

to be excessively small (or even negative during contact).
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2.3.2. Viscous force model

The normal and tangential viscous forces are proportional to the relative

velocity of the particles and can be written in a generic form as [51]:

Fvn = −CNvreln (23)

Fvt = −(CTvrelt + CRωr × n) (24)

where CN , CT and CR are the damping coefficients related to the liquid

viscosity, and

vreln = (vrel · n)n (25)

vrelt = vrel − vreln (26)

ωr = riωi + rjωj (27)

One may use the Adams & Perchard model [9] for CN and the Goldman

model [12] for CT and CR as:

CN =
6πµr∗2

S
(28)

CT = 6πµr∗
(

8

15
ln

(
r∗

S

)
+ 0.9588

)
(29)

CR =


6πµr∗

(
2

15
ln

(
r∗

S

)
− 0.2526)

)
, if S � 1

6πµr∗

8

(
r∗

S + r∗

)4(
1− 3

8

r∗

S + r∗

)
, otherwise

(30)
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where µ is the liquid viscosity. A cut-off distance, Smin, is again used when

evaluating these coefficients to prevent the resultant viscous forces from ap-

proaching infinity.

2.3.3. Surface adhesion force model

One of the most frequently used surface adhesion model in DEM is the

JKR model [16]. It is generally acknowledged that this model is valid when

the dimensionless Tabor parameter, λT given as follow, is large [52].

λT =

(
4r∗γ2

E∗2D3
min

)1/3

(31)

where Dmin is the minimum atomic separation distance between the particles.

In the JKR theory, the adhesion force is given by:

FJKR = 4
√
πγE∗a3n (32)

It is noted that the adhesion force is proportional to a3/2.

2.4. Rolling resistance

Many of the rolling resistance models used in DEM can be written in the

following form:

MR = χspMsp + χdMd + χslMsl (33)

whereMsp,Md andMsl are the torques due to the rotational spring, dashpot

and slider, respectively, and χsp, χd and χsl are the corresponding mask
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parameters which take either a value of zero or one to select the required

components in each rolling resistance model. Msp, Md and Msl can be

written in the following generic manner:

Msp = krollθroll (34)

Md = ηrollωroll (35)

Msl = Msleroll (36)

where kroll is the rolling spring stiffness, θroll is the deformation (angle) vector

of the rolling spring, ηroll is the rolling damping coefficient, ωroll is the direc-

tional angular velocity for the dashpot, Msl is the magnitude of the rolling

slider torque and eroll is the unit direction vector for the slider. This section

briefly summarises three different ways to evaluate Eqs. (34), (35) and (36),

i.e., the Constant Directional Torque (CDT), Elastic-Plastic Spring-Dashpot

(EPSD) and Adhesive Rolling (AR) models, which are used in Sections 4

and 5.

2.4.1. Constant directional torque model

The models in this category [21, 53] define the mask parameters as:

(χsp, χd, χsl) = (0, 0, 1) (37)
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Msl is a constant torque applied in the opposite direction of the relative

angular velocity as:

Msl = µrr
∗FN (38)

eroll = − ωrel

|ωrel|
(39)

ωrel = ωi − ωj (40)

where ωrel is the relative angular velocity and µr is the coefficient of rolling

resistance which is dimensionless and defined as:

µr = tan βr (41)

where βr is the angle of rolling resistance at which the rolling resistance

counter-balances the torque due to gravity [26].

2.4.2. Elastic-plastic spring-dashpot model

The models in this category [22, 23] define the mask parameters as:

(χsp, χd, χsl) =


(1, 1, 0), if |Msp| < Msl

(0, 0, 1), otherwise

(42)

Msp is calculated by integration from the beginning of contact (at t = t0) as:

krollθroll = −
∫ t

t0

krωreldτ (43)
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where kr is defined as [26]:

kr = 2.25knµ
2
rr

∗2 (44)

Here, kn is the spring constant in Eq. (5) for the linear model, or kn =

4
3
E∗√r∗δn when the Hertzian model is used. Md is given by:

ηroll = 2ηr
√
Irkr (45)

ωroll = −ωrel (46)

1

Ir
=

1

Ii +mir2i
+

1

Ij +mjr2j
(47)

where ηr is a material dependant property. The magnitude of Msl is the

same as that of the CDT model (Eq. (38)) and the direction, eroll, is the

same as that of Msp.

2.4.3. Adhesive rolling model

The models in this category [24, 54, 50, 55] (called AR model in this

work) take into account the adhesive rolling behaviour in the JKR theory,

and define the mask parameters as:

(χsp, χd, χsl) =


(1, 0, 0), if |Msp| < Msl

(0, 0, 1), otherwise

(48)
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Msp is caused by the asymmetric contact region and calculated as [24]:

kroll = 4Fpor
∗
(
a

a0

)3/2

(49)

θroll = − 1

r∗

{(∫ t

t0

vLdτ

)
· tr
}

(tr × n) (50)

vL = −r∗ωrel × n (51)

where tr is the direction of the rolling velocity defined as:

tr =
vL
|vL|

(52)

The magnitude of Msl is given as:

Msl = 4Fpor
∗
(
a

a0

)3/2

θmax (53)

where θmax is the maximum rolling angle, which may be determined experi-

mentally [56]. The direction vector, eroll, is the same as that of Msp.

2.5. Time step

In the linear spring-dashpot model, the time step is determined based on

the theoretical oscillation period as [2]:

∆t ≤ 2πfl

√
m

k
(54)

15



where fl is a safety factor which has to be small enough to resolve the oscil-

lation. The time step for the non-linear spring-dashpot model is determined

based on the Rayleigh time as [41]:

∆t ≤ πfnlr

0.8766 + 0.163ν

√
2ρ(1 + ν)

E
(55)

The safety factor fnl typically takes a value between 0.1 and 0.2.

The explicit velocity Verlet scheme [57] is employed for the numerical

integration of the equations of motion in this work.

3. Scaling laws

As shown in Eqs. (54) and (55), the time step required in DEM is

inversely-proportional to the square root of the particle stiffness. In many

practical cases, the particle stiffness is therefore reduced artificially to speed-

up the simulation. Washino et al. [46] proposed a generic scaling law for

attraction force based on the dimensionless equations of motion. However,

there are two limitations in the theory: only the normal (i.e., radial) motion

is considered, and the equation of motion for binary collision is used. The

authors applied the same scaling to oblique collisions and multi-body inter-

actions without a solid theoretical basis. Moreover, a generic scaling law for

rolling resistance is not yet proposed in literature.

This section explains an extended theory of the RPS scaling. Generic

scaling laws for arbitrary attraction force and rolling resistance are derived
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based on the dimensionless equations of motion that are (i) used for both

normal and tangential motions (ii) with multi-body interactions and (iii) for

translation and rotation.

3.1. Linear RPS scaling

3.1.1. Dimensionless governing equations

First, vc, ωc, kc, rc, mc and Ic are chosen as characteristic velocity, angular

velocity, spring constant, radius, mass and moment of inertia which repre-

sent the particles in a system of interest. Then, the dimensionless velocity,

angular velocity, deformation, time, radius, mass and moment of inertia can

be defined as follows:

v̂ =
v

vc
(56)

ω̂ =
ω

ωc

(57)

δ̂ =
δ

vc

√
kc
mc

(58)

t̂ = t

√
kc
mc

(59)

r̂ =
r

rc
(60)

m̂ =
m

mc

(61)

Î =
I

Ic
(62)
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Using these dimensionless variables, Eqs. (1) and (2) are non-dimensionalised

as follows:

m̂i
dv̂i

dt̂
=
∑
j

(F̂Cij + F̂Aij) (63)

Îi
dω̂i

dt̂
=
∑
j

(M̂Cij + M̂Aij + M̂Rij) (64)

The dimensionless contact forces in the normal and tangential directions are

written as:

F̂Cn = −
(
k̂nδ̂n + η̂nv̂rel · n

)
n (65)

F̂Ct = −min
[
k̂tδ̂t + η̂tv̂s, µsF̂N

]
t (66)

where

k̂n =
kn
kc

(67)

k̂t =
kt
kc

(68)

η̂n =

√
4m̂∗k̂n

1 + (π/ ln(e))2
(69)

η̂t =

√
4m̂∗k̂t

1 + (π/ ln(e))2
(70)

F̂N = |F̂Cn| (71)

The dimensionless attraction force is written as:

F̂A =
1

vc
√
mckc

FA (72)
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The dimensionless torques due to the contact force, attraction force and

rolling resistance are given as:

M̂C =
mcvcrc
Icωc

r̂in× F̂C (73)

M̂A =
mcvcrc
Icωc

r̂in× F̂A (74)

M̂R =
1

Icωc

√
mc

kc
MR (75)

The concept of the RPS scaling is to make all the dimensionless forces and

torques to be the same between the original and reduced systems so that the

dimensionless governing equations, Eqs (63) and (64), become identical. In

the reduced system, all the characteristic quantities introduced above should

be unchanged except for the spring constant, kc. The reduction ratio Ωk is

defined as:

Ωk = kc R/kc O (76)

where the subscripts O and R denote the properties in the original and

reduced systems, respectively.

3.1.2. Contact force scaling

It is assumed that both k̂n and k̂t are the same between the original

and reduced systems. This is a reasonable assumption since the reduction

ratios for the normal stiffness and tangential stiffness are usually the same.

Then, F̂C and M̂C in Eqs (65), (66) and (73) become identical between the
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original and reduced systems since they do not contain kc in the coefficient of

each term, i.e., stiffness-independent. In other words, no scaling is required

for the contact force and its torque. This is in line with the fact that the

dynamic behaviours of free-flowing particles in many systems are not sensitive

to particle stiffness [42, 43].

3.1.3. Attraction force scaling

The attraction force should be appropriately scaled to make F̂A in Eq.

(72) the same between the original and reduced systems, that is:

F̂A O =
1

vc
√
mckc O

FA O

=
1

vc
√
mckc R

FA R (77)

= F̂A R

This coincides with the original RPS scaling [46] and theoretically proves that

the same scaling can be applied to both the normal and tangential attraction

forces. The procedure to derive the scaling laws should vary depending on

the form of FA, i.e., if it is or not a function of k and/or the variables which

use k during the non-dimensionalisation (e.g. δ and t). More details about

the procedure can be found in [46]. The scaling laws for the capillary and

viscous forces expressed by Eqs. (21), (23) and (24) are listed in Table 1.

As long as the attraction force is scaled, no special treatment is required for

M̂A since it does not contain kc in the coefficient of Eq. (74).
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Table 1: Linear RPS scaling for attraction forces.

Type of force Scaling law
Capillary force Fcap R =

√
ΩkFcap O

Normal viscous force Fvn R =
√

ΩkFvn O

Tangential viscous force Fvt R =
√

ΩkFvt O

3.1.4. Rolling resistance scaling

The rolling resistance should be scaled to make M̂R in Eq. (75) the same

between the original and reduced systems:

M̂R O =
1

Icωc

√
mc

kc O

MR O

=
1

Icωc

√
mc

kc R

MR R (78)

= M̂R R

As is the case for the attraction force in Section 3.1.3, the scaling laws vary

depending on the form of MR. The scaling laws for the CDT and EPSD

models are listed in Table 2. It is found that no scaling is required for the

CDT and EPSD models. This agrees with the work by Miyai et al. [43] that

used the rolling resistance model and found that the simulation results are

not sensitive to the spring constant.

Table 2: Linear RPS scaling for rolling resistances.

Type of rolling resistance Scaling law
CDT MR R = MR O

EPSD MR R = MR O
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3.2. Non-linear RPS scaling

3.2.1. Dimensionless governing equations

The same procedure explained for the linear spring-dashpot model in

Section 3.1 is reapplied to the non-linear spring-dashpot model. First, vc,

ωc, Ec, rc, mc and Ic are chosen as characteristic velocity, angular velocity,

Young’s modulus, radius, mass and moment of inertia which represent the

particles in a system of interest. The dimensionless velocity, angular velocity,

deformation, contact radius, time, radius, mass and moment of inertia can

then be defined as:

v̂ =
v

vc
(79)

ω̂ =
ω

ωc

(80)

δ̂ = δ

(
Ecr

1/2
c

mcv2c

)2/5

(81)

â = a

(
Ec

mcv2cr
2
c

)1/5

(82)

t̂ = t

(
Ecr

1/2
c v

1/2
c

mc

)2/5

(83)

r̂ =
r

rc
(84)

m̂ =
m

mc

(85)

Î =
I

Ic
(86)
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Using these dimensionless variables, Eqs. (1) and (2) are non-dimensionalised

as follows:

m̂i
dv̂i

dt̂
=
∑
j

(F̂Cij + F̂Aij) (87)

Îi
dω̂i

dt̂
=
∑
j

(M̂Cij + M̂Aij + M̂Rij) (88)

The dimensionless contact forces in the normal and tangential directions are

written as:

F̂Cn = −

(
4Ê∗

3r̂∗
â3 + η̂nv̂rel · n

)
n (89)

F̂Ct = −min[8Ĝ∗
√
r̂∗δ̂nδ̂t + η̂tv̂s, µsF̂N ]t (90)

where

Ê∗ =
E∗

Ec

(91)

Ĝ∗ =
G∗

Ec

(92)

η̂n = −2

√
5

3
β(m̂∗Ê∗)1/2r̂∗1/4δ̂1/4n (93)

η̂t = −4

√
5

3
β(m̂∗Ĝ∗)1/2r̂∗1/4δ̂1/4n (94)

In the Hertzian theory, F̂N is given by the magnitude of the normal contact

force, that is:

F̂N = |F̂Cn| (95)
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In the JKR theory, it is given by the effective normal force as:

F̂N =

(
r2c

m
3/2
c v3cEc

)2/5 ∣∣∣∣∣4
(
â

â0

)3

− 4

(
â

â0

)3/2

+ 2

∣∣∣∣∣ 3πγr̂∗ (96)

The dimensionless attraction force is written as:

F̂A =

(
1

m
3/2
c v3cEcr

1/2
c

)2/5

FA (97)

The dimensionless torques due to the contact force, attraction force and

rolling resistance are given as:

M̂C =
rcmcvc
Icωc

r̂n× F̂C (98)

M̂A =
rcmcvc
Icωc

r̂n× F̂A (99)

M̂R =
1

Icωc

(
mc

Ecr
1/2
c v

1/2
c

)2/5

MR (100)

In the RPS scaling, all the dimensionless forces and torques need to be the

same between the original and reduced systems so that the dimensionless

governing equations, Eqs (87) and (88), become identical. In the reduced sys-

tem, all the characteristic quantities introduced above should be unchanged

except for the Young’s modulus, Ec. The reduction ratio, ΩE, is defined as:

ΩE = Ec R/Ec O (101)
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3.2.2. Contact force scaling

As long as Ê∗ and Ĝ∗ are kept the same between the original and reduced

systems, F̂C and M̂C in Eqs. (89), (90) and (98) become identical since they

do not contain Ec in the coefficient of each term when the Hertzian theory is

used. This explains why Young’s modulus has little impact on the dynamic

behaviours of free-flowing particles as indicated by many papers in literature

[21, 44, 37, 45]. The same applies to the JKR theory except that FN needs

to be scaled to compensate the change of E
−2/5
c of the coefficient in Eq. (96).

This is further discussed in the next section.

3.2.3. Attraction force scaling

The attraction force should be scaled to keep F̂A in Eq. (97) the same,

i.e.:

F̂A O =

(
1

m
3/2
c v3cEc Or

1/2
c

)2/5

FA O

=

(
1

m
3/2
c v3cEc Rr

1/2
c

)2/5

FA R (102)

= F̂A R

The scaling for the capillary, viscous and JKR surface adhesion forces ex-

pressed by Eqs. (21), (23), (24) and (32) are listed in Table 3. Note that

the scaling law for the surface energy of the JKR adhesion force is Ω2/5 and

coincidentally the same as the others although the JKR adhesion force is a
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function of a. This also agrees with the FN scaling required in Eq. (96) as

mentioned in Section 3.2.2. As long as F̂A is kept the same, the torque due

to the attraction force in Eq. (99) does not require any treatment since it

does not contain Ec in the coefficient.

Table 3: Non-linear RPS scaling for attraction forces.

Type of force Scaling law

Capillary force Fcap R = Ω
2/5
E Fcap O

Normal viscous force Fvn R = Ω
2/5
E Fvn O

Tangential viscous force Fvt R = Ω
2/5
E Fvt O

JKR adhesion force γ R = Ω
2/5
E γ O

3.2.4. Rolling resistance scaling

The rolling resistance should be scaled to make M̂R in Eq. (100) the

same between the original and reduced systems:

M̂R O =
1

Icωc

(
mc

Ec Or
1/2
c v

1/2
c

)2/5

MR O

=
1

Icωc

(
mc

Ec Rr
1/2
c v

1/2
c

)2/5

MR R (103)

= M̂R R

The scaling laws for the CDT, EPSD and AR models are listed in Table

4. It is important to mention that no scaling is required for the CDT and

EPSD models since it provides theoretical justification for the first time to

many pieces of work in literature that used these rolling resistance models

with reduced Young’s modulus [21, 44, 37, 45]. Note that γ R = Ω
2/5
E γ O and

26



θmax R = Ω
−2/5
E θmax O are also used in the AR model.

Table 4: Non-linear RPS scaling for rolling resistances.

Type of rolling resistance Scaling law
CDT MR R = MR O

EPSD MR R = MR O

AR MR R = Ω
2/5
E MR O

4. Verification of dimensionless governing equations

In order to verify the RPS scaling laws summarised in Tables 1 to 4,

which are derived from the dimensionless governing equations, the head-on

collisions of three particles shown in Figure 1 are simulated. The particles

are initially aligned in the y-direction. The top and middle particles initially

move in the negative y-direction with a velocity of vc, whilst the bottom par-

ticle moves in the positive y-direction with 2vc. The middle particle rotates

in the z-direction with an initial angular velocity of ωc. Due to the rotation,

the particles also move in the x-direction after the collisions. Three cases

(Cases 1, 2 and 3) with different combinations of contact forces, attraction

forces and rolling resistance models are tested as shown in Table 5. The

Rabinovich-Lambert model, Adams & Perchard model and Goldman model

are used to calculate the coefficients of the capillary and viscous forces as

explained in Sections 2.3.1 and 2.3.2. The forces and torques are exerted

only when the particles are in contact, i.e., no negative overlap, to make it

easier to assess the effect of the RPS scaling. In this way, the capillary and

viscous forces are always evaluated using Smin, which is fixed to 0.05% of the
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particle radius in these cases. Gravity is not considered in the simulations.

The properties of the original particles in Cases 1 to 3 are shown in Tables 6

to 8, respectively.

Figure 1: A schematic of head-on collisions of three particles.

Table 5: Models used for head-on collisions of three particles.

Case Contact force Attraction force Rolling resistance
1 Linear Capillary & viscous EPSD
2 Non-linear (Hertz) Capillary & viscous CDT
3 Non-linear (JKR) JKR AR

First, we prove that the rolling resistance has a visible impact on the

behaviour of the original particles with the calculation conditions used. Fig-

ures 2 to 4 show the dimensionless velocities of the middle particle with and

without rolling resistance, as a function of the dimensionless time in Cases 1

to 3, respectively, where (a) is the normal velocity (i.e., the y-direction), (b)

is the tangential velocity (i.e., the x-direction) and (c) is the angular velocity.
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Table 6: Properties of original system for head-on collisions of three particles (Case 1).

Property Value
Particle diameter d [mm] 1
Particle density ρ [kg/m3] 2500
Spring constant kn, kt [N/m] 8.1× 104

Coefficient of restitution e [-] 0.9
Sliding friction coefficient µs [-] 0.3
Rolling friction coefficient µr [-] 0.5
Rolling damping coefficient ηr [-] 0.1
Surface tension σ [N/m] 0.07
Contact angle θ [rad] 0
Liquid viscosity µ [Pa · s] 0.001
Liquid bridge volume Vliq [mm3] 2.18× 10−3

Impact velocity vc [m/s] 0.001
Initial angular velocity ωc [rad/s] 10

Table 7: Properties of original system for head-on collisions of three particles (Case 2).

Property Value
Particle diameter d [mm] 1
Particle density ρ [kg/m3] 2500
Young’s modulus E [GPa] 10
Coefficient of restitution e [-] 0.9
Poisson’s ratio ν [-] 0.25
Sliding friction coefficient µs [-] 0.3
Rolling friction coefficient µr [-] 0.1
Surface tension σ [N/m] 0.07
Contact angle θ [rad] 0
Liquid viscosity µ [Pa · s] 0.001
Liquid bridge volume Vliq [mm3] 2.18× 10−3

Impact velocity vc [m/s] 0.001
Initial angular velocity ωc [rad/s] 10
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Table 8: Properties of original system for head-on collisions of three particles (Case 3).

Property Value
Particle diameter d [µm] 1
Particle density ρ [kg/m3] 2500
Young’s modulus E [GPa] 10
Coefficient of restitution e [-] 0.9
Poisson’s ratio ν [-] 0.25
Sliding friction coefficient µs [-] 0.3
Surface energy γ [J/m2] 0.1
Maximum rotation angle θmax [rad] 0.01
Impact velocity vc [m/s] 0.3
Initial angular velocity ωc [rad/s] 1

In all cases, it is observed that the rolling resistance has almost no impact

on the normal velocity but largely influences the angular velocity. It can also

be seen that the rolling resistance can have a non-negligible impact on the

tangential velocity.

Three simulations are performed in each case using (i) original particle

stiffness, (ii) reduced particle stiffness with the RPS scaling and (iii) reduced

particle stiffness without any scaling. The particle stiffness is reduced by

100 times, i.e., Ωk = ΩE = 10−2. The time step is determined based on the

criteria explained in Section 2.5 to ensure stable solution of the equations of

motion in all cases. Figures 5 to 7 show the change of the dimensionless (a)

normal velocity, (b) tangential velocity and (c) angular velocity of the middle

particle with respect to the dimensionless time in Cases 1 to 3, respectively.

It can be clearly seen that reduced particle stiffness with the RPS scaling

can provide the same curves as those of the original stiffness in all cases. On

30



(a) (b)

(c)

Figure 2: Change of dimensionless (a) normal velocity, (b) tangential velocity and (c)
angular velocity of original particle in the middle with respect to dimensionless time with
and without rolling resistance (Case 1).
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(a) (b)

(c)

Figure 3: Change of dimensionless (a) normal velocity, (b) tangential velocity and (c)
angular velocity of original particle in the middle with respect to dimensionless time with
and without rolling resistance (Case 2).
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(a) (b)

(c)

Figure 4: Change of dimensionless (a) normal velocity, (b) tangential velocity and (c)
angular velocity of original particle in the middle with respect to dimensionless time with
and without rolling resistance (Case 3).
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the other hand, the reduced particle stiffness without any scaling tends to

give larger velocity fluctuations, which can lead to larger energy dissipation

with time. These results verify that the RPS scaling can maintain the same

movement of the particles in the dimensionless time and space during contact

with any combination of contact force, attraction force and rolling resistance

models since it considers multi-body interactions in the both normal and

tangential directions. This is not guaranteed theoretically in the authors’

previous work [46] nor any other work in literature which uses a binary

system for the derivation [38, 39, 47, 40].

5. Validation of RPS scaling

Simulations of Couette flows are presented in this section to discuss the

validity of the RPS scaling in various conditions; with different particle vol-

ume fraction and reduction ratio (Section 5.1), mass ratio of large and small

particles (Section 5.2) and rolling resistance models (Section 5.3). The simu-

lation domain is 100×10×100 mm3 in the x, y and z directions, respectively.

Two parallel walls are placed at z = 0 and 100 mm, which move in the op-

posite x directions with a constant speed of 2 m/s. Periodic boundaries are

employed in the both x and y directions. The particle angular velocity is set

to zero upon contact with the moving walls, and significantly high µs such

as 10 is employed between the particles and walls. This enforces the no-slip

condition at the particle surface as well as the particle centroid, which is a

combination of Type A and B boundary conditions in [58]. Gravity is not
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(a) (b)

(c)

Figure 5: Change of dimensionless (a) normal velocity, (b) tangential velocity and (c)
angular velocity with respect to dimensionless time with (Case 1). Ωk = 10−2 is used for
reduced system.
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(a) (b)

(c)

Figure 6: Change of dimensionless (a) normal velocity, (b) tangential velocity and (c)
angular velocity with respect to dimensionless time (Case 2). ΩE = 10−2 is used for
reduced system.
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(a) (b)

(c)

Figure 7: Change of dimensionless (a) normal velocity, (b) tangential velocity and (c)
angular velocity with respect to dimensionless time (Case 3). ΩE = 10−2 is used for
reduced system.
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considered in the simulations.

The common properties of the original particles are listed in Table 9.

Simulations with the original and reduced particle stiffness are performed in

each case to compare the results. The time step is determined based on the

criteria explained in Section 2.5 to ensure stable solution of the equations of

motion in all cases. The particles are generated in the simulation domain

until the volume fraction reaches the target value. The x component of the

initial particle velocity follows the ideal linear profile of the Couette flow,

whilst the other components are randomly assigned between 0 and 0.1 m/s.

The simulations are continued for 100 seconds after steady state is reached.

The results in steady state are then analysed to obtain the profiles of time-

and spatial-averaged quantities such as the velocity, volume fraction, granu-

lar temperature and rotational energy within the sub-domains with a height

of ∆z. The granular temperature, T , is defined as:

T =
1

3N

(
3∑

k=1

N∑
i=1

(vk,i − 〈vk〉i)
2

)
(104)

where N is the number of particles within the sub-domain, k = 1, 2 and

3 stand for the x, y and z directions, respectively, and 〈v〉 is the average

velocity. Note that 〈vk〉i indicates that the average velocity is calculated per

particle between zi − ∆z/2 and zi + ∆z/2 (rather than using the average

velocity in the sub-domain) so that the granular temperature is not sensitive

to ∆z.
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Table 9: Common properties of original particles for Couette flow.

Property Value
Particle density ρ [kg/m3] 2500
Young’s modulus E [GPa] 10
Coefficient of restitution e [-] 0.81
Poisson’s ratio ν [-] 0.25
Sliding friction coefficient µs [-] 0.3

5.1. Dilute and dense flows

Simulations are performed with different particle volume fractions, φ,

between 0.1 and 0.5 as shown in Figure 8. The particle diameter is given

with the Gaussian distribution with a mean of 1 mm and standard deviation

of 0.05 mm. This small size distribution can avoid the potential formation

of crystallised structures. The JKR and AR models are employed for the

attraction force and rolling resistance, respectively, with a surface energy of

0.02 J/m2 and maximum rotation angle of 0.01 rad. The surface energy used

is not so high that the particles do not form large agglomerates or lumps,

and yet it has an impact on the flow as discussed below. In the reduced

system, the Young’s modulus is reduced by 100 and 10000 (i.e., ΩE = 10−2

and 10−4).

Figure 9 shows the profiles of the aforementioned quantities of the original

particles in a relatively dilute case (φ = 0.1). The results with γ = 0 J/m2 are

also plotted to see the influence of the attraction force and rolling resistance.

The distance from the bottom wall is normalised with the gap between the

top and bottom walls, H. In Figure 9a, it can be seen that the profile of the

average velocity is almost perfectly linear, and no-slip boundary condition is
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2 m/s-2 m/s

(a) (b) (c) (d) (e)

Figure 8: Snapshots of Couette flow of original particles with volume fraction of (a) 0.1,
(b) 0.2, (c) 0.3, (d) 0.4 and (e) 0.5. The colour indicates the particle velocity in the shear
(i.e., x) direction.

met at the walls. It is often reported in literature that the volume fraction

near flat walls can drop due to the geometrical constraint, that is referred to

as the wall effect [58]. However, in Figure 9b, it actually increases because of

the large energy dissipation per collision caused by the forceful removal of the

particle rotation upon contact with the walls. The large energy dissipation

also leads to the drop of the granular temperature and rotational energy in

Figure 9c and 9d. Comparing the results of γ = 0.02 and 0 J/m2, it can

be said that the surface energy does not affect the profiles of the average

velocity and volume fraction, but has a noticeable decrease of the granular

temperature and rotational energy by approximately 5%.

Figure 10 shows the results of the original particles in a relatively dense

case (φ = 0.4). A linear velocity profile can be observed again albeit a very

subtle deviation near the walls. The volume fraction decreases in the regions

z/H < 0.2 and z/H > 0.8 whilst the granular temperature and rotational

energy increase due to the wall effect in contrast to the dilute case in Figure
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Figure 9: Profiles of time- and spatial-averaged quantities in original system; (a) velocity,
(b) volume fraction, (c) granular temperature and (d) rotational energy in steady state
(φ = 0.1). The distance is normalised with the gap between the top and bottom walls.
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9. The surface energy does not change the average velocity and volume

fraction but has a clearer impact on the granular temperature and rotational

energy (decrease by more than 10%). Note that the granular temperature

and rotational energy are much lower than those with φ = 0.1 due to the

increased volume fraction and hence, higher contact frequency.
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Figure 10: Profiles of time- and spatial-averaged quantities in original system; (a) velocity,
(b) volume fraction, (c) granular temperature and (d) rotational energy in steady state
(φ = 0.4). The distance is normalised with the gap between the top and bottom walls.

42



Figures 11 and 12 show the results of the original and reduced systems

with φ = 0.1 and 0.4, respectively, with ΩE = 10−2 and 10−4. When

ΩE = 10−2, it can be seen that the results with the RPS scaling are in

good agreement with those of the original systems. As expected, the results

are largely different when the particle stiffness is simply reduced without any

scaling especially with φ = 0.4 because of the formation of large agglomerates

as reflected by the volume fraction fluctuation in Figure 12b. This is in line

with the observations in literature [38, 40] where simple reduction of particle

stiffness makes the particles more “cohesive”.

When ΩE = 10−4, the results with the RPS scaling are still in good

agreement with those of the original system in Figure 11c and 11d, but

some visible deviation can be seen in Figure 12c and 12d. Figure 13 shows

the granular temperature and rotational energy averaged between z/H = 0.2

and 0.8 and normalised with the results of the original system. It is clear that

the deviation increases as φ increases or ΩE decreases after a certain critical

value. The deviation is particularly large in the following three conditions:

(1) φ = 0.4 and ΩE = 10−4, (2) φ = 0.5 and ΩE = 10−2 and (3) φ = 0.5

and ΩE = 10−4. The cause of this discrepancy is still unknown and an

open question. For example, He et al. [40] argued that the discrepancy may

be related to the difference of the tangential displacement during contact.

Another possible reason is that the contact frequency may be reduced due

to the prolonged contact duration. Even if the RPS scaling maintains the

energy dissipation per collision, the total energy dissipation can be small if
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Figure 11: Profiles of time- and spatial-averaged quantities in original and reduced systems;
(a) velocity, (b) volume fraction, (c) granular temperature and (d) rotational energy in
steady state (φ = 0.1).
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Figure 12: Profiles of time- and spatial-averaged quantities in original and reduced systems;
(a) velocity, (b) volume fraction, (c) granular temperature and (d) rotational energy in
steady state (φ = 0.4).
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the contact frequency is small. Figure 14 shows the average contact (collision)

frequency computed between z/H = 0.2 and 0.8. Strong correlation can be

observed between the deviation of contact frequency from the original system

and that of the granular temperature and rotational energy, particularly in

the aforementioned three conditions of φ and ΩE. This implies that the

application range of the RPS scaling may be expanded if the deviation of

contact frequency is corrected. However, it is beyond the scope of the present

study and will be discussed in future work.
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Figure 13: (a) Granular temperature and (b) rotational energy normalised with the results
of original system.

5.2. Bi-dispersed particles

Since the RPS scaling is derived from generic governing equations as

explained in Section 3, it is expected to be applicable not only to mono-
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Figure 14: Average contact frequency in Couette flow. (1), (2) and (3) indicate the three
conditions which have large deviation from the original system.

dispersed particles but also to mixtures of different particles. In this section,

simulations of small and large particles with diameters of 1 and 2 mm, re-

spectively, are presented. The simulations are performed with different mass

ratio of large particles, C, from 0 to 1 as shown in Figure 15. The volume

fraction used is φ = 0.4 in all cases. The JKR and AR models are employed

for the attraction force and rolling resistance, respectively, with a surface

energy of 0.02 J/m2 and maximum rotation angle of 0.01 rad. In the reduced

system, the Young’s modulus is reduced by 100 (i.e., ΩE = 10−2).

Figures 16 and 17 show the results of the reduced systems with no scaling

and the RPS scaling, respectively, plotted together with those of the orig-

inal system. In Figure 16, the results of the original and reduced systems
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(a) (b) (c) (d) (e)

Figure 15: Snapshots of Couette flow of original mixtures of small particles (white) and
large particles (red). The mass ratio of large particles is (a) 0, (b) 0.25, (c) 0.5, (d) 0.75
and (e) 1. The volume fraction used is 0.4.

are largely different in all cases, and similar discussion for Figure 12 in the

previous section can be applied again: the particles become more cohesive

and form large agglomerates and/or lumps when the stiffness is reduced. In

Figure 17, it can be seen that the profiles of the average velocity and vol-

ume fraction are not affected by C except for the marginal difference in the

near-wall region (z/H < 0.2 and z/H > 0.8). The granular temperature

increases as the mass ratio increases until C = 0.75, and then it almost

plateaus (Figure 17c). The rotational energy increases rather monotonically

with increasing C (Figure 17d). These results are in good agreement with

those of the original system. It is concluded that the RPS scaling is valid for

poly-dispersed systems.

5.3. Effect of rolling resistance

According to Tables 3 and 4, it is necessary to scale both attraction force

and rolling resistance in reduced systems if the JKR model is used with AR

model. In literature, plenty of discussion can be found for attraction force

scaling of the JKR model [39, 40, 46, 47], but only limited work properly
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Figure 16: Time- and spatial-averaged quantities with different mass ratio of large particles
(0, 0.25, 0.5, 0.75 and 1); (a) velocity, (b) volume fraction, (c) granular temperature and
(d) rotational energy in steady state. The volume fraction is 0.4. ΩE = 10−2 and no
scaling is applied in the reduced system.
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Figure 17: Time- and spatial-averaged quantities with different mass ratio of large particles
(0, 0.25, 0.5, 0.75 and 1); (a) velocity, (b) volume fraction, (c) granular temperature and
(d) rotational energy in steady state. The volume fraction is 0.4. ΩE = 10−2 and the RPS
scaling is applied in the reduced system.

50



discusses the rolling resistance scaling. In this section, the attraction force

is artificially eliminated to focus on the effect of rolling resistance scaling of

the AR model. In other words, the Hertzian model is used for contact force

calculation, and the surface energy only contributes to the rolling resistance.

The simulations are performed with different surface energies (0.1, 1 and 10

J/m2) with maximum rotation angle of 0.01 rad. The particle diameter is

given with the Gaussian distribution with a mean of 1 mm and standard

deviation of 0.05 mm, and the volume fraction is φ = 0.4 in all cases. In the

reduced system, the Young’s modulus is reduced by 100 (i.e., ΩE = 10−2).

Figure 18 shows the profiles of the granular temperature and rotational

energy. In the results of the reduced particle stiffness without any scaling,

the granular temperature is slightly smaller than the original case especially

in the high surface energy case (γ = 10 J/m2), although the deviation is not

significant. On the other hand, the rotational energy is retarded more dras-

tically due to the increased net rolling torque. To the best of the authors’

knowledge, this is the first time the effect of the rolling resistance is properly

evaluated in a reduced system. The results of the original and reduced sys-

tems with the RPS scaling are almost identical, which proves the correctness

of the theory developed in Section 3.

In many simulations in literature, the CDT and EPSD models are two

popular choices for rolling resistance [21, 22, 23, 43] in DEM. Fortunately,

no scaling is required for these models as shown in Tables 2 and 4. Some

additional simulations have been performed to prove this point. The calcu-
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Figure 18: Time- and spatial-averaged granular temperature (top row) and rotational
energy (bottom row) with the AR model at different surface energies. The surface energy
only contributes to the rolling resistance. The volume fraction is 0.4. ΩE = 10−2 in the
reduced system.

52



lation conditions are the same as above (for Figure 18) except that the CDT

model is used for the rolling resistance rather than the AR model (and hence

the surface energy is not used anymore). The coefficient of rolling resistance

used is µr = 0.1. In the reduced system, the Young’s modulus is reduced by

100 (i.e., ΩE = 10−2).

Figure 19 shows the profiles of the granular temperature and rotational

energy. The results of the original and reduced systems (without scaling) fall

almost on the same curve as expected. Therefore, it can be said that the

simulation results in the literature above appear to be reasonable in terms

of the rolling resistance and stiffness reduction.
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Figure 19: Profiles of time- and spatial-averaged (a) granular temperature and (b) rota-
tional energy with the CDT model in steady state. ΩE = 10−2 in the reduced system.
The volume fraction is 0.4 and the coefficient of rolling resistance is 0.1.
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6. Conclusions

In this work, an extended theory of the RPS scaling for DEM simulation

is proposed. It provides generic scaling laws for attraction force and rolling

resistance with reduced particle stiffness. The scaling laws are derived from

the dimensionless equations of motion for both translation and rotation and

with multi-body interactions. The resultant scaling laws can be used with

any combinations of contact force, attraction force and rolling resistance. In

the simulation of head-on collisions of three particles, it is verified that the

RPS scaling can maintain the same particle motions in both translation and

rotation in terms of the dimensionless time and space during contact. The

following are the key findings from the validation simulations of Couette flow:

• It is proven that the RPS scaling can replicate the flow of the original

system well in general, but some discrepancies can be observed when

the solid fraction is high and/or the stiffness is largely reduced. It is

inferred that the discrepancies are caused by the reduction of contact

frequency.

• The RPS scaling is proven to be applicable for poly-dispersed systems.

• The reduction of particle stiffness can influence the results when the AR

model for rolling resistance is used, and the RPS scaling can capture

the particle rotation of the original system well.

• It is theoretically revealed for the first time that no scaling is required
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for the CDT and EPSD models when used with reduced particle stiff-

ness, which is often assumed in many pieces of work in literature.
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