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Abstract
The main purpose of this paper is by using the Fourier expanfr character
sums and the mean value theorems of Dirichletunctions to give some hybrid
mean value results for a generalization on a problem of D.lehnher and
hyper-Kloosterman sums.

1. Introduction

Let g > 2 andc be two integers withq,q) = 1. For each integea with 1 <a <q
and @, q) = 1, we know that there exists one and only dneith 1 <b < q such that
ab=cmodq. Let

q q
L@ ko= @b

a=l b=1
ab=c modq

where )" denotes the summation over alsuch that & q) = 1. In reference [1],
the second author used the estimates for Kloosterman sudhsrigpnometric sums to
obtain a sharp asymptotic formula far(q, k, ¢), and prove the following:

Proposition 1. Let q > 2 and ¢ be two integers witlic, g) = 1. Then for any
positive integer kwe have the asymptotic formula

1
L@ K9 = G gyger @97 + O a ™) in ),

where ¢(q) is the Euler functionand d(q) is the divisor function
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The error terms in Proposition 1 is best possible. In factikferl, let
1 , 1
L(a, 1,0) = zo(@a”+ 3q [ [(1 - p) + G(a. ©),
pla

where]_[p‘q denotes the product over all distinct prime divisorggofthe second author
[2] used the properties of Dedekind sums and Cochrane sungivéoa sharp mean
value formula forG(q, ¢). That is the following:

Proposition 2. For any integer g> 2, we have the asymptotic formula

q

' 2 _5 3.3 (p+1)%/(p(p® + 1)) — 1/(p*) 5 4Inq
E_ G*(a,0) = zza’*(@) [ | L+ Upr U +O<q exp(—mlnq)),
c=1 p“lq

whereexp(y) = €, [
and g*11q.

la denotes the product over all prime divisors p of g withip

Let M(q, ¢) be the number of cases in which and b are of opposite parity.
That is,

q q
/! /
M@= 31
a=1 b=1
ab=c modq

2tat+b

Forg = p an odd prime and =1, D.H. Lehmer [3] asked us to findl(p, 1) or at least
to say something nontrivial about it. For the sake of sinigliove call such a number
as a D.H. Lehmer Number. In references [4] and [5], the se@rttor proved that

) M(@, 1) = 29(e) + O(a*d() In* o)

For any nonnegative integer, let

q q
M(q’ 1’ n) = Z Z (a_ b)2n,

a=1 b=1
ab=1 modq
2fatb

the second author [6] also proved the following asymptotieriula:

1
M(, 1,n) = mfb(qun +O(4"g*™2d?(q) In? q).
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For any fixed positive integer with (c, g) = 1, define

F(@,9) = M(@, ) ~ 59(a).

Then the second author showed in [7] and [8] that for any oduberq > 2,

q
' 2_3 > (p+1p/(p(p*+1))— 1/p** 4Inq
2; IF(@ 0P =3¢ (q)p]:H[q T +o<qexp(|nmq>)_

This proved that the error terms in (1) is also best possible.
In [9], the second author found that there exists some clekdion between the
error termsF(q, ¢) and the classical Kloosterman sums:

q —
K(m. n: q) = Z/ e<mb+ nb>,

b=1 q

where ey) = €™, b is defined by the equatiobb =1 modq, and obtained the fol-
lowing hybrid mean value formula:

o _ 4 1 v
Zl F(a, K (4c, 1;0) = —a¢(a) 1‘[(1— m) +0(q**),

plg

wheree is any fixed positive number.
In [10], Mordell introduced the hyper-Kloosterman sums atofes:

Khkao= Y e<a1+"'+ak+ha1'”ak>,

a,--,a modq q
(a1,9)==(ax,q)=1

which is the high-dimensional generalization of the Kleostan sums. Some appli-
cations of the hyper-Kloosterman sums were found in themeditbn of Fourier co-
efficients of Maass forms [11] and the work on Selberg’s eiglres conjecture [12].
Moreover, there exists some interesting connections betwkee hyper-Kloosterman
sums and the Heibronn sums (see reference [13]).

Now we consider a generalization on this problem of D.H. Lehntor any inte-
gerk > 1, let

q q
/ / /
N(QIkac):Z Z(al+"'+ak_b)2
=1 a=1 b=1
a;---acb=c modq

2tagt+--+agth
and
3k? — Bk + 4 k+1
£,k 9 =N@ k0 - XX Dyt - E Vg rga[Ta - p)

Plq
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In this paper, we use the Fourier expansion for characterssand the mean value
theorems of DirichletL-functions to study the hybrid mean value B&fq, k, ¢) and
the hyper-Kloosterman sums, and give an interesting meke farmula. That is, we
shall prove the following:

Theorem. For any odd number @ 3 and integer k> 1, we have the asymptotic
formula

d k+2
/ —k+ C 1 .
> ek oK@ ek @ = SO (1 Pl YL ogesn,
c=1 ol p“(p — 1)

wheree is any fixed positive numbe]r'[pIIq denotes the product over all prime divisors
p of g with gq and @ {q, and

o —6, if k=1,
K7 ik 2[72(k2 — Kk +2) — 8(k + 1)], otherwise

2. Several lemmas

To complete the proof of the theorem, we need the followingnes.

Lemma 1. Let g > 3 be an odd numberThen for any positive integer ¢ with
(c, g) =1, we have

2
@ 19= 5 Y 70 -ar@
¢()

x(=1)=1 a=1
X7 Xo
1 d ’
+—~ > X(Q)(4x(4) - 4x (2))<Z ax (a))
¢(a) x(=1)=—1 a=1
q q
e D <0 ¢ 2x(2»<2 ax(a)) <Z(—1)bb2x(b)> +0(),
¢(q)q X(—l)=—1 a=1 b=1

where )", (-1)=1 denotes the summation over all non-principal even characteodulo
X7 X0
g, and }_, ;-4 denotes the summation over all odd characters modulo ¢

Proof. From the definition oN(q, 1, c) we can get

q q
N@ L9=) Y @-b?= Z Z [1 - (-1F*)(a— by’
a=1 b=1 a=1 b=1
ab=c modq ab=c modq

2ta+b
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q q
1 ’ /
=5 Z Z @-b7 =3 3 Y (-1Pa by
a=1l b=1 a=1 b=1
ab=c modq ab=c modq

By the orthogonality relation for character sums ngpave easily deduce

N(q, 1,¢)

1 1 1 d ?
=—¢@a*+=q| [@-p-—= 7(0)< ax(a)>
12 6 lr:q[ #(a) X(%;l ;
q q 2
¢(q) > x( )[(Z(—l)aazx(a)) (Z(—l)bx(b)) - (Z(—l)aax(a)> ]

X7 Xo a=1 b=1 a=1

+0(q),

where we have used the identities (see reference [14])

q q
@) > = @+ a[Ja-p, Y a=?

a=1 plg a=1

and

q
> (=17 =0, Z( 1)aa-——1"[(1—p) Z( 1fa 2———q1_[(1—p)
a=1

piq piq

for any odd numbeq > 3.
Note that if x(—1) = 1 then

q
3) > -1Pxb) =0,

b=1
and if x(—1) =—1, then

(9-1)/2

@) Z( 1fay(a) = 5 Z( 1Px (@), Z( 1°x(b) = 2x(2) > x(b).

a=1 b=1 b=1
From [15] we also know that for any odd characjemod g, we have

(9-1)/2

®) (- 2x(2))2cx<c) @a Y. x©.

c=1 c=1
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So from the above formulae we can have

q 2
E@. 1,0 = — ¢() 3 (C)(Z(—l)aax(a)>

x(=1)=1 a=1
X7 Xo
1 a ?
+—— Y x(©@x4) - 4x<2))<2 ax (a))
() x(-1)=-1 a=1
q
_ 2 > x©@- 2x(2))<2 ax(a)> <Z(—1)bb2x(b)) +0(q).
¢(q)q X(_l)= 1 a=1 b=1

This proves Lemma 1. ]

Lemma 2. Let q> 3 be an odd number and & 2 be an integer Then for any
positive integer ¢ withc, q) = 1, we have the identity

k-2

q k
Y. X212 (Z ax (a)>

G e i ~

q q
‘ [2"‘; D <Z(—l)bbzx(b)> +k(k — 3)(1 - 2x(2))<Z bx (b))}-

E(q, k, c) =

b=1 b=1

Proof. From the definition ofN(q, k, ¢) we can get

q q q
/ / ’
N@ k=)D D (@t +ac—by
=1 a=1 b=1
a;--axb=c modq
21’31+"'+ak+b
1 g ’ g ’ d ’
D IRED B I R S GRS
a=1 a=1 b=1
a---axb=c modq
q q q
/ / / 2
Z Z Z(al"'"""ak_b)
=1 a=1 b=1
az-- akb:cmodq

Z Z Z( 1)a1+ +ak+b(a - b)2
a=1 b=1
al -axb=c modq

= P(q, k, ¢) + E(q, k, c).

NI =

a
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Then by (2) and the properties of character sums mage have

q q q

1 ’ ’ ’
Pako=53 ) (@ +- - +a—h)?

a;=1 a=1 b=1

2¢(Q) x modq =1 ax=1 b=1
1 g / g ’ g ’
:2—2"'22(31+ +ay — b)?
(q) 31:1 akzl b=1

q q q
+i((k_1)+(k_2)+...+1_k)Z’...Z/Z/alb
¢(q) =1 a=1 b=1
_(k+1)2/ i,i,szrk(k_s)Z/ Xq: q,ab
2¢(Q) a=1 a=1 b=1 2¢)(Q) =1 a=1 b=1 '
C(k+ kg | 1 , 1 k(k—3) , 5
= [gqb(q)q + 50 ];!(1 - p)} + =0
_(BK2—5k+4) , o, (k+1) ,
= @e? + =524 (a)a 1;!(1— p).

On the other hand, from (3), (4) and (5) we also have

q q q
E(q.k, ©) = —% 33T aprathiag -y — b)Y

b=1

2
I
Y
2
il
Y

x modq a=1 a=1 b=1

x x(a1) - x(@)x(d)(@y +- - - +a —b)?
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-1

q k/q
YV, x(©)| (k+1) (=1 x(a) (—1)°b? (b)>
w0, 5 oo s Zerw) (Koo

x(-1)=—1 a=1

q 2 q k-1
+k(k - 3)<Z(—1)aax (a)) (Z(—l)bx(b)> }

a=1 b=1

a=1

q q
X [2"‘; L <Z(—1)bbzx(b)> +k(k—3)(1— 2« (Z»(Z bﬂb)ﬂ :

b=1 b=1

k-2 q k
o X TOL-20@) (Z ax (a))

This completes the proof of Lemma 2. O

Lemma 3. Let x be a primitive character modulo pand let m> 3 be an odd
number Then we have

> ax@= TGOl R, i x(-D=-1;

a=1

Y (-vrax@ = T ®) 6 5y om), it x-1=1
T

a=1

m 2 _ .
S vrana = T2 )
a=1

c DD LE 0 +om), i x(-=—L

where (1, x) is the Dirichlet L-function corresponding t@, t(x) = Y ar, x (@)e@@/m)
is the Gauss supand |t(x)| = /m.

Proof. From Theorem 12.11 and Theorem 12.20 of [14] we knaat thy is a
primitive character modulen with x(—1) = —1, then

© > bx(®) = Le(0LA. ).
b=1

Sl

so we get the first formula.
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Now we prove the third formula, since similarly we can dedtite second one.
For any odd primitive charactey modulom, we have

Y (—1a(a) = Y alx(@) - Y alx(@) = Y ax(@) - Y (m—a)’x(m—a)
a=1 a=1 a=1 a=1

a=1 =
2la 2ta 2la 2la
(7) m m m
=2) ax(@)—2m) ax(@)+m’ ) x(@).
a=1 a=1 a=1
2la 2la 2la
Note that

dax@=) ax@+) (m—axm-a)=2) ax@-m)_ x(),
a=1 a=1 a1 oy oy

2la 2ja 2la 2la

so from (6) and (7) we can get

Y (—1ya’x(@)=2) a’x(a) —m)_ ax(a)

a=1 a=1 a=1
©®) 2
_ 2 m?i _
=8¢(2) ) @x@— —()LL ).
l<a<m/2

Notice the Fourier expansion for character sums which wasdiven by Pélya [16]:

0y KREER) o), i x(-D=1,

> )= "~

0O<n=my tOOLAX) () i x(n) cos(2rny)
i i n

+0(1), if x(=1)=-1,

n=1

where x is a primitive character modulen, andy > 0 is a real number. Then by
Abel’'s identity we have

2 m/2
> o= Y xm-2[ v Y o

O<n<m/2 O<n<m/2 O<n<u
m?(%(2) — 2)i - m2
= TS -2 [ u Y () dur o)
O<n<u

2/— oy 1/2
=WT(X)L(1,7)—W /0 s 2 x(n)ds+O(m’)

O<n<ms
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S
= MEAZ2 oLz

172 L@, x > ¥ X
_on? /O S[f(x) (L.7) _ 00 - (0 cos ”%om} s

mi —

+0(m?)
= 7m2(722n)_ L) T(O)L(, 7)+2m2% il @ /Ol/ZSCOS(ZTnS) ds

+0(m?)

2(%(2) —
_m (Xg,zn) 1)i —~r _)+ (x) Z X(n)(COSQTn) l)+O(m2)
_ mZ(X(z) Voo™ r(x) Z x(n) +O(m?)
Z)m

_ M(X(2) — 1) COOLL )+ 2(X( ) 8) t()L(3. %)+ O(md).

4

Hence from (8) we have
Z( paty@) = TEZON 17+ TE@D ) 7)o,

This proves Lemma 3. U

Lemma 4. Suppose thag is an even character modulg generated by the prim-
itive character y,, modulo m and g> 3 is an odd numberLet | be the largest divisor
of q with (I, m) = 1. Then we have

S (-1Fax(@) = Ml 2 4m@), g, xm)<2 du(d)xm(d)> +0(0),

a=1 dl

where u(n) is the Mébius function

Proof. Note thatm and| both are odd numbers, then from (3) we have

(q/mh)—1 ml
Z( Pax@= > Y (1™ iml+j)yimi+])
a=1l i=0 j=1
(g/ml)—1 ml (g/ml)—-1 ml

= > DD (=Diami+j)xmi+i)= Y (-1 Y (-1 jx ()

i=0 j=1 i=0 j=1
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—Z( 1) jx(j)= Z( 1Paym(a)= Z( faxm(@ Y u(d)

j=1 dja
(al) 1 d|l
Im/d
—Zu(d)Z( 1faxm(a)= Zu(d)dxm(d)Z( 1)*®bm(b).
djl a=1 djl

dla

Sinced is odd, we have £1)%° = (—1)°. Therefore

Im/d
Z( 1Pax(a) = Y u(d)dxm(d) D> (—1)’bxm(b)
a=1 d|l b=1
(I/d)—1 m
=Y w(ddxm(d) D Y (D)™ Im+ [)xmim + )
d|l i=0 j=1
(1/d)—1
=Y u(d)dxm(d) Z( 1y Z( DI im+ j)xm(j)
djl i j=1

=" u(d)dxm(d) Z(—l)j i xm(j).

d| j=1

Note that

[ ] - pxm(p)

pll

<[Ir=1,

pil

> M(d)dxm(d)‘ =

d|l

so from Lemma 3 we get

q —
> (-1fax(a) = T 2 0@ 5 5 (2 du(d)xm(d)> +0(0).

a=1 dil
This completes the proof of Lemma 4. Ul

Lemma 5. Suppose thay is an odd character modulo,@enerated by the prim-
itive characterx, modulo m and q> 3 is an odd numberLet | be the largest divisor
of g with (I, m) = 1. Then we have

Z ax(a) = —r(Xm)L(l Xm) (Z M(d)xm(d)>

a=1 djl
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Furthermore for g =Im, we also have

Z( 1ay(@) = TE 2@, ym)(z M(d)xm(d)>

dl

¥ Wrum)u& Xm) (Z dzu(d)xm(d)> +0(a%),

dll

Proof. The first formula can be easily deduced from Lemma 65pfahd Lem-
ma 3. Now letq =Im, we have

q Im Im Im
> (—1Pa%x(@) = Y (—1Pa%x(@) = Y (1 axm(@) = Y _ u(d) Y _(-1)%axm(a)
a=1 a=1 (;131:. L djl z‘z ;.
Im/d

= (@) xm(d) Z( 1) m(b)
dil
Im/d
= du(d)xm(d) Z( 1)°0% in(0).

d|l

Since

Im/d (/d)-1 m ) _

D (1P mb) = Y D (—1)™Iim + )2 xm(im + j)
b=1 i=0 j=1

(1/d)-1

Z( 1y Z( 1) (i2m® +2imj + %) xm(j)

(1/d)—1 (I/d)-1 ~om .
=m’ Y (-1)i 22( D) +2m Y- (=10 Y (1) jxm(i)
i=0 j=1 i=0 j=1
(I/d)-1
+ _Z( 1y Z( 1) j%xm(i)
21 —d
=T )Z( 1)) (i)
m(I d)

Z( 1)'JXm(J)+Z( 1) i2xm(j),

j=1
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and note that

[ 1@ - pxm(p)

pll

<[Ir* =1

pil

3 du(d)xm()

djl

so from (4), (5), (6) and Lemma 3 we have

q 2 m ,
> (-1ratx@ = % (Z M(d)xm(d)> (Z(—w g ))

a=1 dll =1

2 m .
-= (Z dzu(d)xm(d)> (Z(—l)l o ))

dil =1
+ (Z dzu(d)Xm(d)> <2:(—1)j J2xm(] ))
di =1
= qz(l_HMT(Xm)L(l, i) (Z u(d)xm(d))
djl
. PN
+ Wr(xm)us, Xom) (Z dzu(d)xm(d)> +0(a%),

djl
This proves Lemma 5. ]

Lemma 6. Let x be a character modulo ,ggenerated by the primitive character
xm Modulo m Then we have the identity

t(x) = m(%)u(%)f(m)-

Proof. See Lemma 1.3 of reference [17]. U

Lemma 7. Let m and r be integers with m 2 and (r, m) =1, and let x be a
Dirichlet character modulo m Then we have the identities

* m
x(r) = w| = |#(d)
x%dm d\(f;l’*l) <d>

and
am =Y niea( )
dim

where 3" oqm denotes the summation over all primitive characters moduland
J(m) denotes the number of primitive characters modulo m
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Proof. This is Lemma 3 of [18]. U

Lemma 8. Let g=uv, where(u, v) =1, u be a square-full number or &1, v
be a square-free numbeThen we have the asymptotic formulae

W= Ut Y Y u(dh) - () Z* X (01 - ) L2, %)

djv di|(v/d)  dyeal(v/d) x modud
x(=1)=-1
q“¢?(q) k-1 ke Lee
= 1-—— |+ :
2 m pk(p — 1)? o@™:
v gt 3y MOEE) 57 i)
dlv di/d)  dedl(/d) LK modud
x(=1)=1
_gk¢?(q) ph—1 KeLoey.
g (G RE Gl
— k+1 yk+1 p(dy) - - - pe(Clsr) L Kfq — _
W= Ui R0 R0 S Y M den) L TLEY)
djv dil(v/d)  disal(v/d) k+l x modud
x(=1)=-1
_q"¢%(a) pk — ke Lee
- pk(p — 12 +O@™).

pla

Proof. We only prove the first formula, since similarly we aget the others. For

any non-principal charactex modulo ud, and parameteN > ud, applying Abel's
identity we have

—\ — = Y(I"I) _ 7(”) *© ZN<n§y Y(n)
L(S, X) - ; ns - 15r|ZSN ns *S N ys+1 dy
_ x(n) Jud log(ud)
) 1§§:N ne ' O< NS )

Let 7w+1(n) be the k + 1)-th divisor function (i.e., the number of positive inézgsolu-
tions of the equatiomn; - - - ng+; = nN). Then we have

W =Y Ut 30 3 () - - lde) Z* 7 - - - deer)

djv dy|(v/d) dy+1/(v/d) x modud

x(=1)=-1
k+1
x(n) +/ud log(ud)
(3 e ))

1<n<N
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=3 Uit S Y ud) - u(ed) Y. X(@ - de)

djv dy|(v/d) i1/ (v/d) x modud
x(=1)=-1
k+1
7(]’]) qk+5/2+e |0gk N
X — +O0| ———MM8M8M—
(X 20) 0T
1<n<N
_ k+1 qk+1 Tk+l(n)
=D Ut T Y u(d) (b)) Y
djv di|(v/d) sl (v/d) 1=n<Nk+

" k+5/2+€ | k N
X A dei) o T8

x modud

x(~1)=—1
y,(dk+1)d1 - O+ 17k+1(N)

gk (dy) - -
_Zuk 1gk+1 Z Z Z pAth S

djv di|(v/d) hs1l(v/d) 1<n<Nk+
% k+5/2+e lo k N
x 3 R+ den)T(n) + o(u>
N
x modud
x(=1)=-1
k+5/2+¢ lo K N
=Q+ O<7q N g )

For @ m) =1, by Lemma 7 we have

Y@=y Y A aop@=5 Y x@ -5 Y x(-a)

x modm x modm x modm x modm

9) x(D=1
1 m 1 m
=5 Z M<g>¢(s) 5 Z H(g)d’(s)-
s|(m,a—1) s|(m,a+1)

Therefore

Z uk+1dk+l Z < >¢(S)

d\u s|ud

xSy ey p(dy) - - - A1)y - - - diratiea(N)

di - --dea1n
dIE/d)  deeal(v/d) 1<n<Nked 1o ket
(n,ud)=1
d;--Ok+1n=1 mods

Z UKL Y ( ) ©
d\v slud
x Y oy p(dy) - - - (1) - - - A1 Ticra(N)

di---deain
dy|(v/d) di+1l(v/d) 1<n<Nk+l 1 kel
(n,ud)=1
dy---dks1n=—1 mods
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— % Z +ldk+1 Z ( >¢(S)
dlv

slud

% Z Z Z Z p(dg) - - - M(dkté)fll- -+ Ok Tir1(N)

dy|(v/d) di+1/(v/d) 1<n<Nk+1 0<l <((Nv/d)k*1-1)/s
(n,ud)=1
dj_ dk+1n Is+1

Sy (9ot

d|u s|ud

x Z e Z Z Z p(d) - - M(dkrsl)ijll' ++ Okr17k+1(N)

th|(v/d) der2l(v/d) 1<n<NK 2/s<l<((Nv/d)k*1+1)/s
(n,ud)=1
dp---dgsin=ls—1

Ly gy ( ) 59

d|v slud
k+1 k+1 ¢(S) dl R CI|(+1NE
P o e S D T
djv sjud dy|(v/d) Ok+1/(v/d) 1<l <((Nv/d)k*1-1)/s
ukrLgk+L #(s) dy - - - dger N€
soTurei 3 Ly y Gl
djv sjud di|(v/d) Ok+1/(v/d) 2/s<l <((Nv/d)k*1+1)/s
k 2
Z uk+ldk+1J(ud) + O(qk+l+€ N¢ ) ¢2 (U) Z dk+1J(d) + O(qk+l+e NE)
d|v dlv
k k
ukp2(u) [ K 2( pt—1 )] K 1+e
=—F P(p—DN1- ———5 ) [+O@ N
2 1;[ P(p— 1)
q“¢%(@) ( P~ ) k1
= 1-——— ) +0O(q“""™N),
g pk(p —1)?

where we have used the estimate;(n) <« n¢, the fact thatv is a square-free number,
u is a square-full number, and the identilyu) = ¢2(u)/u, if u is a square-full number.
Now taking N = g¥? in the above, we immediately get

k¢’ (@) pk—1 K1+
i H( p"(p 1)2>+O(q >

plig

This completes the proof of Lemma 8. O
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Lemma 9. Let q=uv, where(u, v) =1, u be a square-full number or & 1, v
be a square-free numbehen we have the following estimates

U, = Z uk gkt Z e Z p(dy) - -+ pe(Cen)

djv dy|(v/d) di+11(v/d)
P .
x 3 @R dedLN, )
x modud
x(=1)=-1

gt j=1,2,. .. k+1;

Zuk+1dk+1 Z Z M(dl) - (dy+1)

dJo AE/d)  deal(o/d) S Gder
X Z 7@y - - - de) L2, 70)

x modud

x(=1)=1

«qfte j=1,2,. .. k+1;

Z ukrLgk+L Z Z u(dy) - - d2 (Y

djv di(w/d)  dieal(v/d) k+l

x> X (@x(dh - den) L4, X)LEB, X)
x modud
x(-1)=-1

<git =12, k+1.

Proof. We only prove the first formula, since similarly we aget the others. For
parameterN > ud, using the method of Lemma 8 we have

_ k1 gkt o u(da) - - - ()2 dy - - - diraTicra ()
W= uetd et Yo > X 2idy - - - e

dlv d1|(v/d) esrl(v/d) 1<n<NKk+
k+5/2+¢ k
ki _ q log* N
« 3 7@ - )T () + o<*>
x modud
x(=1)=-1

=T+ o<qk*5/2*f log* N>
: - .
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Then from (9) we get

Z Uk Y ( )¢(s)

d\v sjud

X Z . Z Z p(dp) + - - 1(Oke1)2)dy - - - DerThen(N)

idy---
da|(v/d) st (v/d) 1<n<Nk+L 2ld; di+1n
(n,ud)=1
2idy---Okr1n=1 mods

Z uk+1dk+12 < >¢>(s)

d\v slud

X Z o Z Z u(dh) - - - u(der1)21dy - - - Ahera T (D)

idy .- -
dil(v/d) dye1](v/d) 1<n<Nk+1 2 dl dk+ln

(n,ud)=1
2id;-+-dgs1n=—1 mods

ZZ k+1dk+1Z ( ) (9

dlv slud

X Z .. Z Z Z p(dy) - - - M(korT)SZj_T <o Ok Tir1(N)

dy|(v/d) dhetl (v/d) T<n<NKL (21 —1)/5<] <(2) (No/d)<1-1)/s
(n,ud)=1
2idy--dgsn=ls+1

Zuk+1dk+1z < )qb(s)

d\v slud

% Z Z Z Z :Uv(dl)"'M(dk+llizidi'"dk+1fk+1(n)

da](v/d) Oieal (v/d) 1<n<NK (21 +1)/s<1 < (2] (No/d)K+1)/s
(n,ud)=1
2idy---Oeegn=ls—1

+1 k+ #(s) dp - - - dks1N€
CLuHNY EE Y e Y > e

djv slud dy|(v/d) ka1 l(v/d) (21 —1)/s<l < (2] (Nv/d)k*1—1)/s
ki1 kel N (S) dy - - - Ay N€
FO U S D e ) > s
dlv sjud di|(v/d) hs1l(v/d) (21 +1)/s<I <(2) (Nv/d)<1+1)/s
< qk+l+é NE.

Now taking N = g¥? in the above, we immediately get
\IJ4 < qk+1+e_

This proves Lemma 9. ]
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3. Proof of the theorem

In this section, we complete the proof of the theorem. det 3 be an odd num-
ber andk > 1 be an integer, for any charactgrmodq, we have

(10)
q q q q =k+1 _
_ =kl ! / _ y+---+tyt+2 c-a;---a
ZX(C)K(Z c k, q):z ZX(C)e< 1 1 k)
c=1 a;=1 a:=1 c=1 q

q k
—7k+1(2>r(7)(2 (a)e( )) = XU (x).

We first treat the cask =1 of the theorem. From Lemma 1 we get

q
Y E(a, 10K (4c, 1,q)

c=1

2
“g@ o T (x)(aX_:( ) ax(a)) 4’(Q)x<12>— -4 (x)(ai_ljax(a))
X7 X0
9 q
¢(Q)q Z (x(4)— (2))12(7)<Zax(a)> <Z(—1)bb2x(b)>+O(q5/2+€).
x(=1)=-1 a=1 oy

Let g = uv, where (1, v) = 1, u be a square-full number ar =1, v be a square-free
number. Suppose that is a character modulq, generated by the primitive character
xm modulom. Note thatt(x) = xm(Q/m)u(a/m)z(x,) # 0 if and only if m = ud,
whered|v. Then from Lemmas 4, 5, 6 we have

q
> E(@ 1, OK(%, 1,9)

c=1

ud* [16 — 8x(2) +%(4)]
4¢(q)d2|v: X%;ud

x(-1)=1

(5] 3, s o) v

@ 5 e o))
2¢(q)%u 2 - s@r (g (g
x(=1)=—1

()] en

di|(v/d)
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wdt 3 -1+ 100~ x5 )u(§)
4¢(q)§ ;,d )" \d
x(=1)=-1
v v U2 v
x u(—>x<—)][ () (a5 )}L(l LG, T)
|:d1(Zv/d) dd; dd; deZu/d) d2d2 dd, dd,
+0(q"?").
Note that

ay 7(5) =7(gg )re@ w(3)=n(gy )ue

so by Lemma 8 and Lemma 9 we have
q ’
Z E(a, 1,0)K(4c, 1,0)

u(dr)u(dy)
n%(q)zuzd2 2 2 g,

djv da|(v/d) dzl(v/d)
x D [16—8%(2) + XA (chd)LA(2, X)

x modud
x(= 1)‘1

2¢(q)2u2d2 Yo D m(d)u(d)

do d1/(v/d) G 1(v/d)
x 3[4 - 4%(2)+ K@K (chd) L1, %)

x modud
x(—1)=—1

n4¢(q)zu2d2 Z Z M(dl)l/«(dz)

dv dy|(v/d) dzl(v/d) 2

x Y [-16+107(2) - T@IX(ch)L (L, T)LE, T) + O(@"/%")
x modud
x(=1)=-1

_ 60%p(q) < p—1 ) 7/2+¢
=_ 1-—""= _)+o0 .
w4 1;5 p(p — 1) +0@™)

This proves the theorem witk = 1.
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Now let k > 2 be an integer. Then from formulae (10), (11), and Lemmas, 2, 4
5, 6, 8, 9 we can have

q
Z/ E(q, k, c)K(§k+lc, k, )
c=1
_2k—2

=——— > ErR) - 2x ()N
¢@at G,

q K q q
x (Z ax(a)> [2("; D (Z(—l)bbzx(b)> (k- 3)(1 2x(2))(2 bx(b)ﬂ
a=1

- b=1
_ iM(=1)"22%(K? — k + 2)g° 3wkt Z* 7k+1<2>ﬂk+1<2>
7Tk+1¢(Q) dlv x modud d d
x(=1)=-1
k+1
v v
x [%(2) - 2]“1[ 2 “<_)X <_>} e
da|(v/d) da; dch

sk+1 -1 k+22k—1 k+1 *
4! ( n)k+3¢(q)( +1) Z U3+ Z 7k+l<g>ﬂk+1<g>[7(2) _ 2

djv x modud
x(-1=—1

k 2
x[8—7<2)1[ u(—)x<—>H —u(—)x(—)}
dﬂ%;d) dd; )\ da; deZv/d)dng dd, )"\ day
X LKL 7L (3. 7) + O 92")

kL1 )k+20k—20k2 _ K 4 2)g2 1 okt
_ (-1) ( ) Zuk 1gk+1 Z Z w(dy) - - - w(di+1)

k+1
A ¢(q) djv dy|(v/d) dy+1l(v/d)
x 3 R@ -2 - - den) LX)
x modud
x(=1)=-1

i k+1 -1 k+22kflk 1 2 +
D D g 3y M

7Tk+3¢(q) dlv dh|(v/d) dy+1/(v/d) kel
x 3 [x(2) - 2B — X@)Ix(ch - - - de) LKL TILE, 7) + 0@
x modud
x(=1)=-1
I 1)222(k2 — K+ 2)q5*2p(q) (1 pe-1 )
Tkl ola pX(p — 1)
ik+122k+1(k + 1)q"+2¢>(q) pk -1 k+5/2
(1 o) e

pliq
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ik+322k—2 k+2 K 1 .
- e - k) - stk ) H(l - ﬁ) +0(qHr%/7).
Pl PP

So from the above we have

q
Y E@, k 9K (2, k, q)

c=1

_ %q“"?p(a) p-1 520
BT m 1—m +0(q ), for k=>1.

This completes the proof of the theorem.
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