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0. Introduction

It is well-known that for a locally integrable function f : R®™ — R the Hardy-
Littlewood maximal function M f is defined by

Mf(z) = sup {ﬁ /Q @)tz € Q} (z €R"),

where the supremum is taken over all bounded cubic intervals Q of R™ containing
z and |Q| denotes the Lebesgue measure of Q.

Assuming that f has support in the unit ball B a well-known theorem of Hardy
and Littlewood [8] states that if f € L(log™ L) then M f € L'(B). Later E.M. Stein
[11] proved that the converse of the above mentioned theorem also holds. Also N.A.
Fava has proved that if f is again a function with support in the unit ball B and «
is a non negative number then the function (M f)(logt M f)* is integrable on B if
and only if f € L(log™ L)>*1.

M. Delgado and P. Jiménez Guerra [3] have defined the Hardy-Littlewood
maximal functions My f of order k € N (for a measurable function f : R®™ — R) by
iteration of the Hardy-Littlewood maximal operator, proving, among other results,
that My f € L' if and only if f € L(1 + log™ L)*.

The main object of this paper is to establish different characterizations of the
Orlicz classes of the Hardy-Littlewood maximal functions of arbitrary orders and to
state some relations between these classes according to its orders, and also between
these classes for a given Young function and the corresponding ones for its associated
function and its truncated function (also of different orders). Thus, many of the
known results about these questions are improved. In particular, Corollary 13, which
states that if ® is a Young function satisfying the A,-condition and f € L(®) then
My.f € L(®®) if and only if f € L(®}3**) for every § > 0 and k € N, contains the
above mentioned results of Stein, Fava and Delgado-Jiménez Guerra.

For every measurable function f : R” — R, we will denote by M f the maximal
function obtained from f applying the Hardy-Littlewood maximal operator associ-
ated to the differentiation basis formed by the collection of all the bounded cubic
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intervals Q of R™, i.e.,
Mf(:c):sup{—l—/ |f(t)|dt:m€Q} (z € R™),
1Rl Jo

where the supremum is taken over all the bounded cubic intervals Q of R” containing
z and |Q| denotes the Lebesgue measure of Q.
Following [9] we will say that ® is a Young function if

o) = [ (s)ds  (£20)

with the function ¢ : [0,4+00) — R having the following properties:

i)  (0)=0,

i)  p(s) >0if s >0,

i) ¢ Is right continuous at every point s > 0,

iv) ¢ is nondecreasing on (0, +00),

v)  limg_ oo ¢(s) = +00.
The function ¢ is called a density function of ® and L(®) will denote the

corresponding Orlicz space of the real measurable functions defined on R™.
If ¢ : [0,400) — R is a function verifying i), iv), v),

i)  there exists o > 0 such that ¢(s) > 0 for every s > a,

and

iii’) ¢ is right continuous at every point s > 0,

then the function

@@=Aw@w (t>0)

will be called a Young function in wide sense.

As it is well known, for every Young function ®, there exist §p, 61 > 0 such
that ®~1(t) > ¢ for every t € (0,6y) and ®(s) > s for every s > ;. From now on
we will refer to 69 and 6, in this sense.

DEeriNITION 1. Let ® be a Young function with a density function ¢ verifying
the following conditions:
1.1. o satisfies the As-condition.
1.2. fg(<p(s)/s)ds < +oo for every ¢ > 0.
Then, the associated function to ® will be the function ®, : [0, +0c0) — [0, +00)
defined by

0 if u=0

O, (u) = U
) u/ @ds if w>0.
0 S
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If ¥:[0,400) — [0,+00) is a Young function with a density function ¥ and

8 > 0 then the truncated function of ¥ in § will be the function ¥(®) : [0, +00) — R
defined in the following way:

\Il(‘s)(u)— 0 if 0<u<é
| Y(w) — () if u>é

Clearly the function ¥(®) is a Young function in wide sense since the function

0 if 0<s<$é

vO(s) = { U(s) if s>6

verifies the conditions i), ii’), iii’), iv) and v), and it is a density function of W(é)
Moreover, for every measurable function f : R™ — R we have that

/ W(|f(1)])dt < +oo
156
if and only if

[ w0 st < -+,

and

W) (y) = u/ou \I’((LZ)(S) ds

for every u > 0.

Proposition 2. [If® is a Young function with a density function o verifying 1.1
and 1.2, then the associated function ®, is also a Young function having a density
function satisfying the A,-condition.

Proof. Clearly if the function ¢, : [0,400) — R is such that
0 if u=0

e /u@dsw(u) if u>0
0 S

then
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for every u > 0 and @, is a Young function having ¢, as a density function. Let us
prove now that ¢, satisfies the Ap-condition. In fact, since the function ¢ satisfies
the Aq-condition then there exist kg > 0 and My > 0 such that ¢(2u) < kop(u) for
every u € (Mp,+0o0) and therefore,

2u 2Mo u
/ @ds=/ @ds+/ —S0(2t)dt
0 s 0 s M, t
u 2Mo
e [y [M 2y,
t 0 s

Mo
u 2My

< ko/ @dt—i—/ ﬂf—)ds
o t 0 s

and ¢, (2u) < kowa(u) + ¢ for every u > My with

2M0
c= / _<p(s) ds.
0 S

Since lim;—, 1o @4 (t) = 400 then there exists M > M, such that ¢,(u) > ¢ and
va(2u) < (ko + 1)pq(u) for every u > M. ]

Proposition 3. Let f : R® — R be a measurable function and ® a Young
function. If there exists § > 0 such that

(3.1) / B(|f (O)])dt < +oo
11156

then

(3.2) / (| ()] dt < +oo.
11156

Proof. Clearly it can be assumed that § < é; since in the other case the result
is trivial. It follows from the properties of the Young functions that there exists
h > 0 such that ®(u) > h for every u € (8, 6;). Therefore

/ B(f(0))dt > hl{t € R™ : 6 < |f(1)] < 61}]
§<|fl<61

and it is deduced from (3.1) that

[ 1 < sife e R 8 <150 < 61} + [ atswna
|fI>6

[£1281

1
i ) 20D [ asoa

[fI>61
< 4o00. O
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Lemma 4. For every n € N, there exist c,, ¢}, > 0 such that the inequalities

n ., Cn
(41) e em s My >N < s | s
and
4.2) o e R Mf(z) > u}| > 2 / 1£(t)dt
K IMf>p

hold for every measurable function f : R* — R and all the real numbers )\, ;1 > 0
and0 < p<1.

Proof. It is enough to proceed as in the proof of the similar results stated in
[7] for integrable functions. O

Theorem 5. Let f : R™ — R be a measurable function, ® a Young function
with a density function ¢ verifying 1.1 and 1.2, and 0 < 83 < 6o such that

(5.1) / (| f(t)])dt < +oo.
[f1>62

Then for every § € (62, 60) the following assertions are equivalent:
51 [yrpss ®Mf(E))dt < +oo.
5.2. f|f|>5 D, (] f(t)])dt < +o0.

Proof. Let us consider § € (83,60). Clearly

+o00

/ ﬂMﬂMﬂ:—/ Adw(A)
B(M f)>®(6) ®(6)

with w(A) = |{t € R™ : ®(M f(t)) > A}|, and so integrating by parts we obtain that

+o0
/ B(Mf(t))dt < [-Iw(N) ;;°°+/ w(A)dA
Mf>6 §

=bw(6) — lim Iw(A) + /+Oow()\)d)\.
6

A—~+00

Since w(A\) = |[{z € R™ : M f(z) > ®~1(A)}|, it follows from Lemma 4, Proposition
3 and (5.1) that

écn,

sw(6) < m)—_é/m» ()| dt < +oo.
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In a similar way,

A
lim Aw(A) < 2¢, lim —/ f(@)|dt
A—+o00 A—+o0 Q_l(/\) |f|>%q)_1()\) I |
— 2, lim 22¥) |f(t)] dt

potoo 20 sy

and since the function ¢ satisfies the As-condition we can find & > 0 and K > 0 such
that ®(2u) < k®(u) is verified for every 1 > K, and considering the nondecreasing
function n(p) = ®(u)/p we have that

n(2w) _ 19(2p)
k) 2 ()

k
< 2
-2

for every u > K and then it is deduced from (5.1) that

lim Aw(A) <¢, lim kn(,u)/ f@)|dt
A= +00 p—too |f|>u| @)l
<ok lim |F@®) (1 (®)])dt
=T JIf1>p

=c,k lim ®|f(t)| dt
H=to0 i fl>p

=0
and therefore 5.1 holds if and only if
+oo
/ w(A)d\ < 4o0.
s

Let us suppose that 5.1 holds, then

/6 " w(\)d\

+oo 1
Zc;/ ——/ f ()| dtdX
5 o-1(9) Mf>q>—1(5)| ®l

+oo 1
zc;/ ——/ F(0)| dedA
s @71(9) |f|><1>—1(6)| ®)

“+oo 1
>c = t)| dtd,
¢ / 2 s d
[f()] <P(

= F(0) / 20 gt
|f]>2-1(8) o-1(5) M
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. (I)a(u):l|f(t)| ;
C”/|f|><1>—1<5> lf(t)|[ [T PR t

) 8,(271(5))
=c a dt — 22— 7/
n/Lb@_%&¢ (s~ =55 [ st

and since it follows from Proposition 3 and (5.1) that

/ |f(t)]dt < +o0,
If1>@=1(8)

)l dt,

we have that
/ (| £(t)))dt < +oo
| fI>®—1(8)

and 5.2 holds because

/ ¢MNMW=/ @mﬂmm+/ B, (1 (1))dt
|fI>6 5<|fI<®~1(8) [fI>®—1(8)
< ha|{z €R":6 < [f(z) < 2~ H+/ @41 (1)])dt
>d-1(6)

h
=% (17 (®)])dt D, dt
<= /Mf(t)l@_l(&) (r@n +/|f|>®_1(6) (@)

< 400,

where h,, p > 0 are respectively an upper bound of @, and a lower bound of @,
on [6,®71(8)].

Let us suppose now that 5.2 holds. It follows from Lemma 4 that for every
0 < v <1 we have that

+oo +oo 1
A UJ()\) =71_ (DT(A) /f|>7¢_1(A) If(t)‘ dtd\

= — e (= |If(®)]dtdu
1—7/«»—1(6)# Ifl>u \7

w
c ()] W(;)
= — f(t —Z dudt
/|f|>v<1>—1(é)l ()l/w g

I—v o-1(5) M

e [ (M
L=5 Jif>ve-1(6) Y

__Cn (I)a(q)_l(é))
1—v @71(5) /|f|>7<p—1(5)lf(t)ldt.
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If v € (1/2,1) and v®~1(§) > &, then it follows from Proposition 3 and (5.1) that

(5.2) / £ ()] dt < +o0.
|£1>v81(6)

Moreover we have that

24()) 1/;“" =7 /::W)
a 4@(3 ds /Ow

2)\905

2=
> =
c\

>
)

—~

»

N—

Qu

@

2|~

L 0

1 /0 ”w(S)ds
! /O Aw(S)ds

19(2))
v @A)

for every A > K, where k£ and K are the constants obtained before from the fact
that  satisfies the A,-condition. Therefore,

oo ey <|f( )|) oy <lf( )I) d
/5 v =TS ~/7<I>‘1(6)<lf|<K )4 /IfI>K v )

Shal{xeR":mI"()<|f|<K}|+C"7k/ B, | f(t)|dt
T JIfI>K

1 ek
Sha——/ F(&)|dt + 22 / o, |£(t) dt,
2-1(8) 'y<I>—1(6)<|f|<K| Olde+ 12 FI>K 7o)

with h, an appropriate bound, and 5.1 holds since it follows from (5.1) and
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Proposition 3 that

/ |£() dt < +o0. 0
Y2 (O<IfIKK

Corollary 6.  With the notations of Theorem 5, if (5.1) is verified and §" > 6,,
then the following assertions are equivalent:
6.1 [orpsen ®Mf(t))dt < +oo.
6.2. f|f|>5~ B, (] f()])dt < +oo.

Proof. Let §” > 6y be and suppose first that 6.1 is verified. Then for every
6 € (62,60) we have that

/MN e f(t)dt = [

S(Mf(t))dt + / (M f(t))dt
§">Mf>6 Mf>6"
<" {z eR™: 6 < Mf(z)}| + /MM” S(Mf(t))dt

and it follows from Lemma 4 and Proposition 3 that

O(Mf(t))dt

Mf>6"

/ S(Mf(t))dt < B(6")—n
Mf>6 < :

_—1_5_2)5/|f|>62 oy

< +o00.

Now it is deduced from Theorem 5 that 5.2 holds and so 6.2 is verified.
If it is assumed that 6.2 holds, then for every é € (62,80) we have that

/ B, (| f(B))dt < Ba(6") [{z €R™ : 6 < |f(x)] < 6"} + /
|fI>6

@a(éll)
< /lf|>62<1>(|f(t)|)dt+ /

If‘>6/l
< +0oo

D (|£(2)])dt

[f1>8"

Da(|f(2)])dt

and it follows now from Theorem 5 that 5.1 is verified, and therefore 6.1 also holds

0

Corollary 7. Let ® : [0,+00) — [0,+00) be a Young function satisfying the
Aq-condition, f : R™ — R a measurable function and 6,65 > 0 such that 0 < §; < 6
and

(7.1) / ®62)(|£(t)])dt < +oo.
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Then
(7.2) / B (M f(1))dt < +ov.
if and only if

(1.3) /R _0P(If(B)])dt < +oo.

Corollary 8. Let ® : [0,+00) — [0,+00) be a Young function satisfying the
Ay-condition and § > 0. Then for every f € L(®) we have that M € L(®®) if
and only if f € L(fbf{s)).

DEerFINITION 9. From the Hardy-Littlewood maximal operator, the k-iterated
maximal function My f (k= 2,3,...) is defined in the following way:

9.1) Mkf(a:)=sup{|—é—|/ Mk_lf(t)dt::rGQ} (x e R™).
Q
Sometimes we will write M, f instead of M f.

In a similar way, for a Young function ® with a density function ¢, 6 > 0 and

k=2,3,..., we will use the following notations:
o(t) if 0<t<6
* 1%
w5 (t) = ¢
»(t) +/ f@ds if t>6,
§ S
d(t) if 0<t<$é
(I)*l*(t) — t
’ t/ )45 i ¢,
§ S
*k— 1% .
05 (t) if 0<t<é
Kk k
[y (t) = t xk—1x
ORI (t) +/ %T(S)ds if t>6
5
and
zF1(¢) if 0<t<$é
Prk(t) = ¢, xk—1x
t/ 3O PR
F) S

Proposition 10. Let ® : [0, +00) — [0,+00) be a Young function, f : R™ — R
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a measurable function, k € N and 6, 63 € R such thatk > 2,0 < 63 < 6,

(10.1) / [f(t)|dt < +o00
[£1>62

and

(10.2) / O (M f(t))dt < +oo
M f>6

Then

(10.3) / ®(M,; f(t))dt < +o0
M; f>6'

for every i € N and § € R such thati < k and 6, < § < 6.

Proof. Let us suppose first that k = 2. If 63 < 6’ < é then, since M f < My f
a.e. and the function ® is nondecreasing, it follows from Lemma 4, (10.1) and (10.2)
that

/ B(MF(£))dt = / B(MF(L))dt + / B(MF(t))dt
Mf>é S'<Mf<é Mf>6

< ®(6)|{t e R : Mf(t) > 8'}| + /M a0y

< 2(é)en /|f|>52 |f(t)|dt+/ (M2 f(t))dt

T =6 M, f>6
< +00.

Suppose now that the result holds for 2 < k and let us prove it for £+ 1. Then,
we have that

(10.4) / (M f(t))dt < / (M1 £(1))dt < +oo
My f>6 My i1 f>6

and therefore, (10.3) is verified for every ¢ € N and §’ € R such that 7 < k and
b9 < ¢’ < 6. In particular, we also have that

(10.5) /M . O(Mjo_ f())dt < +oo
k—1f>8"

for every §” € (62,6").
Therefore, it follows now from (10.4), Lemma 4, (10.5) and Proposition 3 that

[ answs [ S+ [ (S0t
My f>6' &' <Mpf<é

Mkf>6
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< ®(6) [{t € R™ : Myf(t) > 8} + /M RO

<P /M e Mk_lf(t)dt+/ O(Myf(t))dt

56" Muf>s
< 400,

and the proof is finished. O

Let us remark that Proposition 3 ensures that (10.1) holds in particular if

/ (| (1)])dt < +oo.
| f|>62

Proposition 11. Let f : R™ — R be a measurable function, ® a Young func-
tion, k € N and § > 6, > 0 such that

(L) / B(|f(1)))dt < +o0
[f1>62

and

(11.2) / B35 (| (1))t < +o0.
| fI>62

Then

(11.3) / /<I>2i*(|f(t)|)dt<+oo
|fI>6

for every i < k and §' € (63,6).
Proof. In fact, if 8’ € (62,6) and ¢ < k we have that

[ wmroha <o @lee R 8 <01 <o)+ [ #F(s0)
| fI>6 |f]>6

25 (9)
< 3 /6,<|f'<6¢>(|f(t)l)dt+/ zF* (| £(t)|)dt

|f1>6
< 4o0. O

Theorem 12. Let f : R™ — R be a measurable function, ® a Young function
verifying the conditions 1.1 and 1.2' and &, € (0,60) such that

(12.1) / B(|F()|)dt < +o0.
[f|>62

1This condition can be avoided using Young functions in the wide sense.
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Then for every k € N and § > 8, the following conditions are equivalent:
12 [y, 555 R(Mif(t))dt < +oo.
122, Jis158 DXk (|f(t))dt < +o0.

Proof. It follows trivially from Corollary 6 that it is enough to prove the
result for k(> 2) assuming that it holds for k — 1, thus let us make this assumption.
If 12.1 is verified then it follows from Proposition 10 that

My_1f>6'
for every &' € (82,6) and so it is deduced from Corollary 6 that
(12.3) / O (My_1 f(t))dt < +oo.
Mp_1f>6
Moreover, it follows from (12.2) that
[ aasena < voc
[fI>6'
for every 6’ € (62,06), and then Proposition 11 assures that
(12.4) [ s < +oo
[f>6'

for every &' € (82, 6). Now 12.2 is deduced from (12.4) and (12.3) (applying the
induction hypothesis to ®3'*).
If 12.2 holds then it follows from Proposition 11 that

[ e as@hd < +oc
[fI>6'
for every &' € (62,6) and so
/ B(My_1 £())dt < +00
Mi_1f>6'

for every &' € (62,6) and 12.1 follows immediately from Corollary 6. O

Corollary 13. Let ® be a Young function satisfying the A,-condition, f €
L(®), 6 >0 and k € N, then Myf € L(®©®)) if and only if f € L(®}**).
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