Osaka University Knowledg

. A geometric study on optimal transport problem
Title . : .
and stochastic machine learning

Author(s) |AEH, K=

Citation |KFRKZ, 2024, HEHwX

Version Type|VoR

URL https://doi.org/10.18910/96370

rights

Note

Osaka University Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

Osaka University




A geometric study on optimal transport problem

and stochastic machine learning

Daiji T'sutsui

Osaka University
January 2023



Contents

List of publications related to the thesis
Acknowledgments

1 Introduction

I Geometry of optimal transport problem

2 Preliminaries
2.1 Optimal transport problem . . . . . . . . . ... ... ... .. ... .. ... .
2.2 Cuturi’s entropic regularization . . . . . . . ... Lo L oL oL
2.3  Geometry of entropic regularization . . . .. ... .00
2.4 Barycenter problem . . . . .. ... e

3 Generalized entropic regularization
3.1 Geometric framework . . . . ... Lo
3.2 Generalized Sinkhorn algorithm . . . . . .. ... ... oL oL oL
3.3 Generalized barycenter problem . . . . . . . ... Lo L
3.4  Generalized algorithm for computing barycenter . . . ... ... ... ... ...

3.5 Another perspective using 1-homogeneous extension . . . . ... .. ... ....

4 Relaxation of assumptions
4.1 Duality and subdifferentials . . . . . . . ... oo oo
4.2 Quadratic regularization of optimal transport . . . . . ... ... ... ... ...

4.3 Numerical Simulations . . . . . . . . . . . ...

IT Geometry of stochastic gradient descent method

5 Preliminaries
5.1 Perceptron . . . . . ..

5.2  Supervised machine learning . . . . . . .. ... Lo L

10

11
11
12
13
15

17
17
20
23
25
27

30
30
32
35

38



5.3 Known difficulties . . . . . . ...
5.3.1 Plateau phenomena . . . . .. .. ...
5.3.2 Overfitting . . . . . .. L

6 Singular regions and Milnor-like attractors
6.1 Singular regions . . . . . . . ... L
6.2 Milnor-like attractors . . . . . . . . .. Lo
6.3 Center manifold of Milnor-like attractor . . . . . . . ... ... ... ... ....

6.4 Numerical simulations . . . . . . . . . . e

7 Stochastic gradient descent
7.1 Centre manifold analysis of SGD . . . . . ... ... ... oL,

7.2 Noise-induced degeneration . . . . . . . .. .. ...
8 Concluding remarks

Appendix
A Dual problem and proof of Theorem 3.5 . . . . . ... ... ... .. .......
B Center manifold analysis for averaged gradient learning . . . . . ... . ... ..
B.1 Brief review of center manifold . . . . . .. ... L0000
B.2 Proof of Theorem 6.4 . . . . . . . . . .. . L
B.3  Reduced dynamical system . . . . .. ... ... o0

References

44
44
45
47
48

52
52
55

58

59
60
63
63
64
66

67



List of publications related to the

thesis

1. D. Tsutsui. Center manifold analysis of plateau phenomena caused by degeneration of
three-Layer perceptron. Neural Computation, 32(4), 683-710, 2020.

2. Y. Sato, D. Tsutsui, A. Fujiwara. Noise-induced degeneration in online learning. Physica
D: Nonlinear Phenomena, 430, 133095, 2022.

3. D. Tsutsui. Optimal transport problems regularized by generic convex functions: a geo-
metric and algorithmic approach. Information Geometry, 5(1), 97-130, 2022.



Acknowledgments

I would like to express my gratitude to Professor Akio Fujiwara for his continuous support and
numerous helpful comments.

T am deeply grateful to Professor Yuzuru Sato, who provides many suggestive comments from
the viewpoint of random dynamical systems theory. I learned many important methodologies
and ideas from his discussions.

I would also like to thank my dear friends, in particular Ryosei Imahashi, for their warm

encouragements .



Chapter 1

Introduction

Information geometry originated in an attempt to understand the mechanisms of statistical
inference from the standpoint of differential geometry. An early conception was provided by
Rao in 1945 [28]. He discussed using the Fisher information matrix as a Riemannian metric on
a statistical model, a family of probability distributions with finite parameters. This metric,
called the Fisher metric, is shown to be a unique Riemannian metric that is invariant with
respect to sufficient statistics by Chentsov’s theorem [34]. Efron introduced a curvature of a
statistical model [16]. Tt is a geometric expression of how “curved” the model is, compared to
the exponential family, which is the most basic model in statistical estimation. This idea was
later organized as an affine connection that is known nowadays as the e-connection. On the other
hand, the natural affineness of the space of probabilities defines another affine connection, called
the m-connection. On the probability simplex S, the e-connection V¢ and m-connection V™ are
mutually dual with respect to the Fisher metric g, and they are both flat, where the probability
simplex is a finite dimensional manifold consisting of non-singular probability distributions on
finite events. Such a tuple (S, gr, V¢, V™) satisfying the duality and flatness is referred to as a
dually flat manifold. A dually flat manifold admits an extension of the Pythagorean theorem.
This is a remarkable result in information geometry and has been widely applied to statistical
testing and estimation, information processing, and convex programming.

Optimal transport theory also studies a geometry on a space of probability distributions.
It originates from solving the problem of transporting given resources to specified destinations
at minimum cost. When a distance function is used as the cost for transporting an individual
resource, the minimum transportation cost becomes a distance function between the resource
distribution and target distribution, which is called the Wasserstein distance. The topology de-
termined by the Wasserstein distance, unlike information geometry, reflects geometric properties
such as the curvature of the underlying space [36, 35]. The Wasserstein distance itself is an impor-
tant geometric object; however it has also become important in applications in recent years. In
the context of machine learning, a method using the Wasserstein distance as a loss function was
proposed [19]. Based on this idea, in 2017, the Wasserstein-GAN, a generative model minimizing

while estimating the Wasserstein distance, was proposed [8]. This model, using the Kantorovich



duality for estimation, has been shown to produce stable, high-quality images compared to con-
ventional generative models. Optimal transport theory is also applied to the analysis of the
workings of learning machines. Sonoda and Murata showed that processing in a neural network
with very deep hierarchical structure approximates a gradient flow with respect the Wasserstein
distance [31]. In the field of image processing, the Wasserstein barycenter [1], a barycenter with
respect to Wasserstein distance, has an interesting application. By treating grayscale images as
probability distributions and computing the Wasserstein barycenter of them, one can obtain a
smooth interpolation of those images [13, 9, 23]. The computation of the Wasserstein barycenter
can be executed in a reasonable cost due to the contribution of Cuturi’s entropic regularization
[12]. Cuturi added the Shannon entropy as a regularization term to the objective function of
the optimal transport problem, and showed that an algorithm called the Sinkhorn algorithm can
solve the relaxed problem with significantly less computational cost than the original problem.
In the first part of the thesis, we extend the previous work [3, 4] by Amari et al. on the
relationship of Wasserstein and information geometry. Amari et al. interpreted Cuturi’s entropic
regularization in the framework of information geometry, and proposed a divergence that is
consistent with the Wasserstein distance in the limit where the regularization term tends to zero.
We aim to extend their framework including computational algorithms to the regularization
by general convex functions. In particular, we are interested in the optimal choice of convex
function for each problem setting in practical applications. A straightforward generalization of
the framework requires a tight assumption other than that the regularization term is strictly
convex and smooth; the feasible domain of the dual problem must be unconstrained. Even a
simple regularization term, such as a squared function, violates this assumption. We weaken this
assumption by using subdifferentials on the boundary of the dual problem. As a demonstration,
we constructed a generalized algorithm and computed Wasserstein barycenters regularized by
the squared function. Compared to Cuturi’s regularization, even when the regularization term
is large, the numerical solution obtained in squared regularization has a smaller entropy, which
results in less blurred in image processing applications. Unfortunately, the squared regularization
could not outperform Cuturi’s entropic regularization in terms of computational cost; however, we
established a theoretical foundation for finding the optimal regularization term for computation.
We also study machine learning from a geometric perspective. Similar to statistical estima-
tion, the goal of machine learning is to find a function that explains a given set of data well
from a parametric family of functions. Thus, information geometry is also applied in machine
learning. A well-known example is the Boltzmann machine, which models the function of a
neuron to fire with a probability depending on condition of neighbor neurons. Learning a Boltz-
mann machine can be described as an iteration of alternating projections onto a pair of V¢-
and V™-autoparallel submanifolds [5]. Similar algorithms are applied in different contexts and
known as the em-algorithm. Another example is the natural gradient method. The gradient
descent method is used to train multilayer perceptrons (multilayer feedforward neural networks),
the most basic model of deep learning. This method reduces some loss function by updating
parameters successively in the opposite direction of the gradient using the Newton method. The

parameter space of a multilayer perceptron is often referred to as a perceptron manifold; how-



ever, the term “gradient” in the gradient descent method simply means a partial derivative in
a particular coordinate system, not a gradient vector in manifold theory. Amari introduced the
Fisher metric into the perceptron manifold by regarding the model of a multilayer perceptron as
a statistical model [2]. The natural gradient method is a learning method using the proper gra-
dient vector field of the loss function with respect to the Fisher metric, and performs remarkably
well compared to the vanilla gradient method.

The perceptron manifold is not a manifold in a strict sense, since it contains many singular
regions composed of parameters that represent the same input-output relation. Due to this fact,
the gradient-based learning process becomes a challenging dynamical system. In 1999, Amari
and Fukumizu investigated the singular regions formed by the degeneration, in which several
neurons act the same role and behave essentially as a single neuron. They showed that a singular
region with both attractive and repulsive parts appears and causes serious stagnation of learning
[20]. Such a region is called a Milnor-like attractor. Although it later became clear that such
a structure is a very special case, the singular regions they examined are essential to elucidate
how the learning machine acquires the ability to express a target function. The singular regions
has a nested structure in the perceptron manifold, and the learning dynamical system reduces
to a smaller dimensional subsystem on such a region. Deep learning involves tuning a huge
number of parameters, and hence, it is usually not necessary to use all the parameters effectively
for representing the target function. In some cases, the input data itself can be reduced to a
smaller dimension, and it may be desirable to process it into a lower dimensional intermediate
representation in the neural network [21]. In these cases, in order for a trained network to behave
well with respect to a given input, the dynamical system needs to be trapped by an appropriate
singular region.

In the second part of the thesis, we aim to analyze how degeneration occurs, focusing on the
geometry of the perceptron manifold. In the author’s thesis for master’s degree, he analyzed
the dynamics of the “averaged” gradient descent method around a Milnor-like attractor using
a center manifold. With the help of the center manifold analysis, we show that the stochastic
gradient descent (SGD), a stochastic learning method using training data randomly chosen for
each instant, which exhibits different dynamical behavior from the averaged gradient method.
Furthermore, for a basic model, we found numerically that the dynamics of SGD tends to cause
stronger degeneration. We have considered that this novel type of degeneration suppresses over-
fitting. Overfitting is a phenomenon in which the system fits too closely to the training data
and therefore fail to explain or predict unknown data. These results are consistent with pre-
vious studies [22, 39, 11]. Our approach is novel in that it deals with the transient dynamics
of individual realization paths, whereas previous studies have been done from an asymptotic
perspective.

The construction of the thesis is divided mainly into two parts. In Part I, we analyze the
discrete optimal transport problem from the viewpoint of information geometry. In Chapter 2,
we outline a regularized problem by Cuturi and the associated geometric structure. In Chapter
3, we give an information geometric analysis to more general regularized problems. In Chapter

4, we further weaken the assumption for regularization term. As a demonstration, we construct



an algorithm computing Wasserstein barycenters regularized the squared term. In Part II, we
analyze dynamics of gradient descent learning of multilayer perceptrons. We investigate the
learning dynamics in particular around singular regions in the parameter space. In Chapter
5, we outline a multilayer perceptron and its learning methods. In Chapter 6, we introduce
the previous analysis around singular regions, including a remarkable example, a Milnor-like
attractor. In Chapter 7, we compare a behavior of the stochastic gradient learning with the
averaged learning around singular regions. We finally imply that the stochastic learning has a
qualitatively different dynamics from the averaged one, which may bring an advantage in terms

of generalization performance. Chapter 8 is devoted to the concluding remarks.
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Chapter 2

Preliminaries

2.1 Optimal transport problem

We treat the discrete setting of the optimal transport problem, that is, the sets of sources and
targets are finite. Let P,,_; be the set of nonsingular probability distributions on {1,2,...,n},
which is given by

n
sz:l’ pz>071§1§n}7

=1

where the subscript n — 1 describes the dimension as a manifold. We regard each element of
P,._1 as a distribution of resources positioned on the set of n sources. We also assign P,,,_; to
the set of distributions of resources required in m targets.

In order to represent transportation, we introduce a set P,,,_; of marginal distributions
defined by

Pum—1:=14 P=(Py) eR™™ | Pj;=1, P;j>0,1<i<n1<j<m
i,J

Each entry P;; means a quantity transported from the source i to the target j, and hence, each
P e P,,._1 is called a transport plan. Given p € P,,_1,q € P,,_1, each element of the subset

m

n
(pg) = 4 P € Punr | 3Py =p 3Py =0
Jj=1 i=1

is called a transport plan from p to g or a coupling of p and q.
Let C = (C%) be a given matrix with nonnegative entries. Each entry C% means a transport

cost from a source 7 to a target j, and we call C a cost matriz. Then, the optimal transport
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problem is presented as the minimization problem:

W(p,q):= inf (P,C)= inf ZPZ]C” (2.1)

Pell(p,q) Pell(p,q)
Here, the target function (P, C) is the total cost of the transport plan P.

When m = n and C is a distance matrix, it is known that the minimum W(p, ¢) defines a
distance on P,,_; that is often referred to as the Wasserstein distance.

2.2 Cuturi’s entropic regularization

We herein outline the entropic regularization of the optimal transport problem by Cuturi. In his
article [12], instead of the optimization problem (2.1), Cuturi considered the alternative problem:
Wi(p,q):= inf (C,P)—AH(P), X>0, (2.2)
PeIl(p,q)
H(P) = ZPZ] IOgPZj
j
Here, the function H is known as the Shannon entropy and is smooth and concave with respect
to the natural affine structure of P,,,_;. Unlike that of the original problem (2.1), the target

function

O, (P) := (C, P) — XH(P) (2.3)

in the problem (2.2) is strictly convex under the natural affine structure of P,,,,,_;. Since the
function ®,(P) is strictly convex on a convex affine subspace II(p, q), the problem (2.2) has a

unique optimum P*(p, q), which is called the optimal transport plan from p to ¢, at least on

the closure II(p,q) C R™*™. This type of regularization is usually referred to as the entropic
reqularization.

The quantity W (p,q) does not define a distance on P, _; in general; however it gives an
approximation of the Wasserstein distance W (p, q), that is, Wx(p, ¢) converges to W(p,q) as A
tends to 0 [14].

Cuturi showed that one can thus compute W) (p, q) much faster than W (p, q). The optimal
transport problem (2.1) can be solved by interior-point methods; however, it costs O(n®logn)
time in the worst case for m = n [26]. In contrast, Wy (p, ¢) is obtained by the Sinkhorn algorithm,
which costs O(max{n, m}?) time [12].

By the Sinkhorn algorithm (Algorithm 1), the optimal transport plan P*(p, q) is computed
approximately as follows. Cuturi showed that there exists a solution (o, 8) € R*™™ of the dual

problem, which gives the optimal transport plan as

Py = oo ( (a8, - ). 2.4
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Leting K;;j := exp(—C% /), u; = exp(a;/)),v; = exp(Bj/)), it is also denoted as
P*(p,q)ij = uiKjv;. (2.5)
By Algorithm 1, we obtain the vectors u®,v®, and P®) € P,,,,_; defined by
t t t
Pi(j) = ug )Kijvj(- ).

The sequence { P} converges to the optimal plan P*(p, q) as t tends to infinity [27, Section 4].

This algorithm requires O(max{n, m}?) time for each iteration of the while loop.

Algorithm 1 Sinkhorn algorithm
P E Pno1,q9 € Pm_1, K = (K;;) € R"*™, X > 0: given
u® e R, v e R™: initial values

while until converge do
for i =1 ton do
ul(t+1) <pi/ (Z;n:l Kijvj('t))
end for
for j =1 tom do
o =g/ (ZL UEM)KU)
end for
t<=t+1
end while

2.3 Geometry of entropic regularization

Let gr be the Fisher metric, V™ the m-connection, and V™ the e-connection on the probability

simplex P,,,,,_1. Amari et al. [3] focused on the set of optimal transport plans
Popt = {P*(p, Q) € an—l | pe Pn—lvq € Pm—l }7

which is an exponential family with canonical parameters (o, ) as seen in (2.4). In terms of
the information geometry [6], P°* is a V°-autoparallel submanifold of the dually flat manifold
(Ppm—1,9r, V™, V). On the other hand, for each p € P,,_1,q € Ppp—1,

> Py qu}

i=1

M,.:=< PePyn_ ZPM =pi p, M g4:= { PeP,m_1
j=1

are V"-autoparallel submanifolds. Moreover, they are orthogonal to P°P* with respect to gp.
From that fact, the Sinkhorn algorithm is interpreted as an iterative geometric operations.

Proposition 2.1 (Amari et al. [3]). Let {u®};, {v®}; be a sequence given by Algorithm 1, and

13



PO QW P, defined as

Pi(;) = u(t)Ki e

i i QEE) AR

ijUj s

for each t € N. Then, for each instant t, Q) attains the e-projection of P onto M, ., and
P attains that of QM) onto M. .

The Kullback-Leibler divergence, the canonical divergence on (P,,,,,_1,9r, V™, V¢), is given
by

Py
4 P7Q6an,1.
ij

KL[P|Q]:= ) P;log 0.
0,J

Due to the projection theorem [6, Theorem 3.9], the e-projection QW of P is given as

QY = argmin KL {RHP(”} . (2.6)

REM,,..
In this sense, Q) is the “nearest” point on M, to P®_ In addition, from the Pythagorean
theorem [6, Theorem 3.8], it holds that
KL [P*(p, q)IIP(”} ~ KL [P*(p,q)IIQ(”} +KL [Q(”IIP(”}
> KL [P*(p, q)IIQ(t)} ,

and the equality holds if and only if P) = Q(*). Combined with a similar argument for P(*+1),

we obtain
KL\ P (p, Q)||P(t)} > KL [P*(P, q)HQ(t)} > KL [P*(;D, q)||P]

and thus, the Kullback-Leibler divergence between P*(p,q) and P®) decreases monotonically
during the Sinkhorn algorithm (Figure 2.1).

14



Figure 2.1: A schematic diagram for the geometric interpretation of the Sinkhorn algorithm.
The point Q") is the e-projection of P*) onto M, ., and P*+1 is that of Q) onto M. ,. All of
P® and Q® belong to P°P* except for P(®). They converge to the optimal plan P*(p, ¢), which
is located at the intersection of P°?* and II(p, ¢) = M,.N M., (presented by the red point).

2.4 Barycenter problem

The minimum Wy(p,q) in the problem (2.2) is a strictly convex function on Pp,_1 X Pp_1
with respect to the natural (V™-) affine structure. In fact, letting p; := (1 — t)po + tp1,q: :=
(1 —t)go + tq1, we have

Wix(pe,qr) = Pel‘ilr(l;f . )‘I’,\(P)

<O ((1 =P +tPr)
< (1= t)DA(B)) +tBA(P})

= (1 =t)Wx(po,q0) + tWx(p1,q1),

where Py, Py are optimal plans for (po, o), (p1,¢1) respectively. We used the convexity of @y at
the second inequality. The strict convexity of Wy follows from that of ®.

As X tends to 0, Wy (p, q) goes to the minimal cost W (p, ¢) defined by (2.1). Assuming m =n
and some conditions for the cost matrix C, the quantity W (p,q) can be regarded as a distance
on P,,_1, called the Wasserstein distance [35]. Then, one can consider the problem of computing

the Fréchet mean N

* = i f W k 27

pto=arg inf > e Wk, g), (2.7)
k=1

of given points p',...,p"N € P,_; and weights r1,...,ry > 0 with Zivzl rr = 1. Such a type of

mean is called the Wasserstein barycenter.
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Let us consider a relaxed variant of the problem (2.7): given p!, ... N ePo_jandry,..., TN >
. N
0 with >, 7 =1,
N
Minimize Z e Wa(p®, q) under ¢ € P,_;. (2.8)
k=1
Benamou et al. showed that this problem can be solved by a Sinkhorn-like algorithm [9], which
is presented in Algorithm 2. In order to devise this algorithm, they enlarged the domain of the

problem to (P,2_1)" and considered the problem

N
Minimize Zrk @y (P*) under (P',..., PN) € M; N Mo,
k=1

where

My = { (P',...,PY) € (Ppo_y)N | P € My . for "k },
M, = { (P',...,PN) € (Ppa_y)V | geP,_1st. PPe M. 4, for Yk }
This problem is, in fact, equivalent to the original one (2.8). Algorithm 2 is obtained by comput-

ing the Ve-projection onto the pair of V™-autoparallel submanifolds M; and My of (P,2_1)",
iteratively. Each iteration of the while loop costs O(Nn?) time.

Algorithm 2 Benamou et al.’s algorithm

ply . pN € Pu1, 1, ..., vy > 0 with Zivrk. =1,K € R"™™: given
(w0 N0 (p(10)(NVi0)) € R™XN: initial values
while until converge do
for k=1to N do
fori=1tondo
w Y = gt/ (S Kol )
end for
end for
for j =1tondo
i =1L (Z?:l ng;tH)Kij)rk
end for
for k=1to N do
for j=1tondo
o =/ (Z?zl Uz('k;tH)Kij)
end for
end for
t<=t+1
end while
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Chapter 3

Generalized entropic

regularization

In this chapter, for given p € P,,_; and q € P,,,_1, we consider the minimization problem

,q) = inf &®(P 3.1
¢, q) pent (P) (3.1)

where @ is a strictly convex smooth function on P,,,,_;. We herein assume that ¢ can be
presented as a restriction of a strictly convex smooth function ® defined on an open convex set
U C R}A™ including P,,,,,—1, where Ry denote the sets of positive real numbers. This problem
includes Cuturi’s regularized optimal transport problem as the case where ® = @ given by (2.3).
We construct the dually flat structure suitable for the problem (3.1), and devise a procedure which
generalizes the Sinkhorn algorithm. We also address the generalized barycenter problem:

N
Minimize Z e o(p®, q) under ¢ € P,,_;. (3.2)
k=1

3.1 Geometric framework

On P,,,,,—1, the Bregman divergence D associated to ® is given by

D(P|[Q) = B(n(P)) — B(n(Q)) - <f§7’<n<cz>>,n<P> - n(Q)> ,

where 7 is an affine coordinate system on P,,,,,_; compatible with the standard affine structure,
which is specified later by the equation (3.5). The partial derivative ®/0n defines the dual
affine coordinate system 6, i.e.,

o(p) = 22

= 877(77(13))7 "P € Py (3-3)

17



The divergence D induces a dualistic structure (g, V, V*) in the standard manner [6]:
gP(va) = _XPYQD P||Q |Q P
9p(VxY,Z) = —~XpYpZoD(P||Q)|5_p,
9p(VXY, Z) = =XYoZpD(P|IQ)|5_p:

for XY, Z € Z(Ppm—1) and P € P,,,_1, where Z (P,,,_1) denotes the set of vector fields
on P,,,—1- The connections V and V* automatically become flat, and 1 and 6 are their affine

coordinate systems, respectively. Moreover, 17 and 6 are mutually dual with respect to g, that is,

o 0 .

where 6;- denotes the Kronecker delta.

they satisfy the relation

In order to illustrate a geometric presentation of the problem (3.1), we use the affine coordi-

nate system 7 defined by

nij(P)=Py, 1<% <n—-11<j<m-1,
Thm(P) Z] 1 zga 1 < VZ‘ <n-— ]., (35)
nnj(P) Zl 1 ’Lj7 ]-Sngm—]..

Under this coordinate system, the subset II(p, ¢) is presented as
(p,q) = My, N M. 4
by using V-autoparallel submanifolds defined by
M. :={PE€Ppm|nimP)=pi, 1<i<n—1},
M g:={P€Pun|miP)=q; 1<7j<m—1}.

In particular, II(p, q) itself is also an V-autoparallel submanifold. Then, the problem (3.1) is

reduced to

0]

0 (=0 1<% <n—-1,1<%j<m-1,
s

" (3.6)

Nim = Dis Mg =qj, 1<i<n, 1<% <m,

if its solution lies in the open simplex P,,,,,_1-

18



From the inverse of (3.5)

Pij = nij, 1<Yi<n—-1,1<Y<m-1,
—1 .

Pim = Mim — 22521 Mijs 1<¥i<n-1,
1 .

Pnj:nnj—Z?:l Nij ) 1<Yi<m—1,

Pom =1 =30 i — 305 Mg + oy Yoy i
and the relation (3.3), one can check that the dual affine coordinate system 6 is given by
07 = 5(P) — 5™ (P) — §™(P) + 5""(P),
1<%i<n-1,1<%%<m-1
gim = §im(p) — Smm(pP), 1<Yi<n-—1,
oni = S (P) — S"m(P), 1<Yj<m-—1.

(3.7)

Here, we denote by S% := ®/dA;; for 1 <i <n,1 < j < m, where ® is an extension of ® to
U CRYY™ and A = (Ay;) indicates an element of R}}™. Thus, the critical condition

gii = 9% _y
oni;

in (3.6) is rewritten as
SY(P) = §™(P) = S™(P) — §"™(P),

which implies that S%(P) — S¥™(P) does not depend on i. By rearranging terms, one can also
check that S (P) — S™(P) is independent of j. As a consequence, there exist « € R" and
B € R™ satisfying

SUPy=a'+p, 1<% <n,1<7j<m.

From (3.7), we obtain

0"m(P)=a'—a", 1<%i<n-—1,
0" (Py=p —p", 1<Vj<m—1,
and thus, the quantities 8™ and ™ are equivalent variables to a* and 87 up to additive constants

o™, g,

Let us consider a V*-autoparallel submanifold defined by
PP ={07=0, 1<i<n-1,1<j<m-1}.

Each element P € P lies in II(p, q) for some p € P,,_1,q € P,,_1, and then, P is the solution
of the problem (3.1) for those p,q. Therefore, P°*" is the set of optimal solutions for some
source and target distributions. From the duality (3.4) of the coordinate systems n and 6,
P! is orthogonal to II(p,q) with respect to g. Now, the problem (3.1) is interpreted as the
problem of finding the intersection point between the V*-autoparallel submanifold PP and the
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V-autoparallel submanifold II(p, ¢), which are mutually orthogonal.

To describe such a type of problem, the concept of a mixed coordinate system is useful.

Proposition 3.1 (Mixed coordinate system). Let (M, g,V,V*) be an n-dimensional dually flat
manifold, and n = (1n;) and 6 = (0%) be affine coordinate systems of V and V*, respectively.
Suppose that n and 0 are mutually dual. Then, for 1 <k <n,

5 = (017"'79ka77k+17"'7777l)
becomes a coordinate system on M, which is called a mized coordinate system.

We use the mixed coordinate system & = (£%) defined by

E9(P)=09(P), 1<% <n—-1,1<"j<m—1,
gim(pP) m(P), 1<%i<n-—1,

=
§9(P) = ny(P), 1< <m-1.
Under this coordinate system, the equation (3.6) is presented by
§9(P)=0, &™P)=p;, €9 (P)=¢q;, 1<%i<n-11<"j<m-L
From the above discussion, the solution P*(p, ¢q) of the problem (3.1) is, if it exists, given by
S (P*(p,q)) = (a*)" + (B*),
and a® € R™ and 8* € R™ are determined by the conditions
Nim(P*(0,9)) = pis i (P*(p,q)) = 5, 1<7i<n,1<7j<m,

due to Proposition 3.1.

3.2 Generalized Sinkhorn algorithm

We herein assume that the convex function ® has a smooth extension ® onto U = R™, and
that S : R}™ — R™ ™ is surjective. For example, the function ®y defined by (2.3) has the

extension

©5(A) := (4,C) — AH(A), (3.8)
7:[(14) = - ZA” IOgAij + ZA” -1 , A S Riim,
.3 i,J

which satisfies the assumption. These assumptions are slightly too strong for introducing an
information geometric structure; however, those assumptions are necessary for a straightforward

generalization of the entropic regularization, including algorithms which solve it numerically.
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Before we discuss the generalization of the Sinkhorn algorithm, let us introduce a dual problem
of the problem (3.1). The next lemma is a relaxed version of the Kantorovich duality [35], which
is a well-known theorem in the optimal transport theory. A proof of the lemma is located in
Appendix A.

Lemma 3.2. Let ® : Riim — R be a convex function. Forp € Pn_1, ¢ € Pm_1,

inf ®(P)= sup {(p.o)+(qB) — 2 (a®p)},
Pell(p,q) a€R”,BER™

where ®* : R™™ — R U {+o0} is the Legendre transform of © defined by

d*(u) ;= sup {(Au)—P(A)}, ueR™>™

AeRLA™
and a @ B € R™™ s defined by (a @ B)Y := o' + p7.

In our setting, since ® is an extension of ®, the left hand side in Lemma 3.2 is equal to
that of (3.1). Let us note that the dual problem always has a solution, which is guaranteed by
Lemma A.2 in Appendix. We also note that the assumption that the domain of ® is Rf_im is
essential for obtaining this lemma. Using the above lemma, we obtain the following theorem,
which guarantees that the primal solution P*(p,q) is located on the interior of the domain,
namely,

inf ®(P)= min P(P).
PeTl(p,q) PeTl(p,q)
Theorem 3.3. Suppose that ® : RA™ — R is smooth and strictly convex and that S : R\™ —
R™ ™ s surjective. There exists a unique solution P*(p,q) € Il(p, q) of the minimization problem
(3.1) for eachp € Pp_1,q € Pm—1. Moreover, a pair of dual solutions (a*, 5*) € R™xR™ satisfies

SY(P*(p,q)) = (a*)' + (8.
Proof. Since @ is strictly convex and the closure II(p, ¢) is compact,

P*(p,q) ;= arginf ®(P)
Pell(p.q)

exists uniquely in II(p, q). From the surjectivity of S, we can choose 4, € S~!(a* @ 8*). We
show that P*(p,q) = A..
Due to Lemma 3.2, the primal and dual solutions P*(p, q), (a*, 8*) attain the equality

O(P*(p,q)) = (P*,a" @ %) — ®*(a" @ B7),

where ®(P*(p,q)) := m g, pe ) ®(A). This implies that o* @ §* € R™™ is a subgradient of
P at P* (p,q). On the other hand, by the choice of A, a* @ 8* is also a subgradient of P at A,.
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Hence, for any t € (0, 1), we have
O(tP*(p,q) + (1 - t)A.)
> ((tP*(p,q) + (1 = t)As) = P*(p,q), 0" & B*) + ®(P*(p,q))
= (tP"(p,q) + (1~ ) A, 0" © §7) — &"(a" @ §7)
=t (<P*(p, q), " © f*) = (" @ ,8*))
+1-1 (0" @) - 870" 0 87)
=t®(P*(p,q)) + (1 — t)P(A.).
From the strict convexity of ®, if P*(p,q) # A, it holds that
(P (p,) + (1 — ) AL) < tB(P"(p,q)) + (1 — )B(AL),

which leads to a contradiction. Hence, we obtain the former assertion

P*(p,q) = Ax € 1l(p,q) NRYL™ = 11(p, q).
The latter assertion follows from the smoothness of ®, since a* @ 5* is a subgradient of P at

P*(p,q). O

The Sinkhorn algorithm is generalized as the iterative procedure consisting of
(S-I) the V*-projection onto the V-autoparallel submanifold M, . and
(S-II) the V*-projection onto the V-autoparallel submanifold M. 4.

By the pythagorean theorem [6], the Bregman divergence from the solution P*(p, ¢) will decrease
monotonically for each iteration.

In terms of dual affine coordinate systems, this procedure is written as follows. Suppose that
P® is given. Then, using the mixed coordinate system (7;,,,6",6™), the first projection Q®
is designated by the coordinate

Nim(QY) =p;, 1<i<n-—1,

) . . (3.9)
gw(Q(t)) =0, gnJ(Q(t)) = gna(p(t))7 1<i<n-11<j<m-1,
For o € R", 3 € R™, let A(c, 3) denote an element of R}’ satisfying
SY(Ala, ) =o'+, 1<i<n,1<j<m. (3.10)

Then, letting P® = A(a®, (1), the projection is given by

QY = A(a*V, 50,
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where a(tT1) is determined by the equation
Nim(A(aD, 80)) =p;, 1<i<n—1. (S-1y

Let us remark that the second equation #% = 0 in (3.9) is automatically satisfied because of
the equation (3.10), and that the third equation §/(Q®) = 6™ (P(Y)) means that 3(*) is fixed.
Similarly, the second projection P¢+1) = A(a(t+1) (1) is obtained by solving the equation

Mg (Al g )y =g, 1<j<m—1L (S-11)

Example 3.4 (Sinkhorn algorithm (Algorithm 1)). The partial derivative of the function defined
by (3.8) is
SY(A) =C" 4+ Alog Ai;, AeRP™.

Due to Theorem 3.3, we obtain that

P*(p,q)ij = exp (/1\(041' + 85 — C’ij)> = Ao, B)

= u; Kijvj,

for some a € R", B € R™, where we put u; = exp(a;/N),v; = exp(B;/A), and K;j := exp(—C" /\).
Then, given P® = (uM)T Ko | the equation (S-I) is reduced to

w! (ZKijUJ(‘t)> =pi, 1<i<n,
J

and it is solved to
ul(t+1) _ pi/(KU(t))i.

This shows that our algorithm actually gives a generalization of the Sinkhorn algorithm.

In the more general case, the equation (S-I)/

cannot be solved analytically; however, under
some assumptions, one can solve it at least numerically. If each S% is a function of A;; alone,
the equation (S-1)’ is given as
m
(s (a4 ) =pi, 1<i<n-L.
j=1

In this case, its inverse function (S%)~! becomes an increasing function, since so does the deriva-
tive S% of a convex function ®. Hence, in addition, if the function (S%9)~1 is explicitly obtained,
one can solve (S-I)’ by the Newton method (see Section 3.5, for example).

3.3 Generalized barycenter problem

We assume the surjectivity of S : RD\™ — R™ "™ also in this section. Then, a V-affine coordinate

system on the submanifold P is given by (im, ;) = (pi,q;), since P°P* is characterized by
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0% = 0. Let ¢ be a function on P,,_; x P,,,_; defined by (3.1). Since ® is strictly convex, ¢ is
also strictly convex. Then, the function ¢ is the potential function for the dually flat structure
on P, In fact, since % (P*(p,q)) = 0,

Dy — oD oP};(p, q)
TP (p,q) = P*(p, .
ann (P, q) ps 8%( (p,q)) o0
n—1 m—1
oD % sz 0P * 8%
+ 5 + P ’ B
;amm( ( ))(9 2 8%( (p ))5pk
~ S 6P (p,q))57m+z9 (P*(p,q))oF
ij i
= 0""(P*(p,q)). (3.11)

Similarly, the relation dp/dq; = 6™ also follows.
We herein assume that m = n, and consider the barycenter problem (3.2). If the solution lies

in the interior of the domain, this problem is interpreted as solving the critical condition

0 (& )
a(ZTW(p’“,q)> =0, 1<j<n,
G \j=1

due to the convexity of . Because of the relation (3.11), we can further interpret the problem

as the system of equations on (P!,..., PN) € (P,2_1)V
nzn(Pk) = pf»
Mg (PY) = = 15(PY) (= 5),
N ' 1<4,j<n—-1,1<k<N. (3.12)
> 6" (PF) =0,
k=1
6" (P*) =0,

In order to illustrate the geometric view of the barycenter problem, we consider the dually
flat structure (g, V, V*) on (P,2_1)" induced by the convex function

HE (P, ..., PN) =i (PY), 1<k <N, (3.13)
Hﬁj(Plv"'aPN):nnj(Pk)_nnj(Pk+1)v 1<k<N-1,
Hrjzvj(Pl""’PN>:Z]kvzlnnj<Pk)7
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for 1 <i,j < n—1, where 1;;, im, n; are defined in (3.5). Then, the dual affine coordinate ©

is, from the general relation © = 9®/dH, given by
o7 =m0 (P*), 1<k<N
Oin = roi"(P*), 1<k<N,

. _ _ (3.14)
017 (P) = rp™ (P*) — 1109 (PFFY), 1<k <N —1,
ON (P) = 25y i (PF).
We treat another minimization problem
Minimize ®(P*,..., PY) under (P',..., PY) € M; N My, (3.15)

and show that this problem is equivalent to (3.2). Here, My and My are V-autoparallel subman-
ifolds of (P,2_1)" defined by

1<i<n—1,
My ::{(P17,..7PN)6(7)7L2_1)N‘H,L-kn(Pl’,..,PN):pf7 l<k<N }’

1<j<n-1
My :={ (P',...,PN)e (P,_)N | HF (PY,...,PNY=0, —7— T
2 {( ) (n2 1) nj( ) 1<k<N-1

Making use of the dual coordinate system defined in (3.13) and (3.14), the critical condition
(3.12) is interpreted as

(3.16)

eJ(P',...,PN)=0, 1<k<N, 1<ij<n-1,
which is no other than the critical condition
od 0P
Pl ..., PMYeM;NM;, —==0, —— =0
( ) ) ) 1 2, aHé\g ) 81:[1]3

of the problem (3.15). In this mean, the problem (3.15) is another form of (3.2). Hence, via the
problem (3.15), the barycenter problem (3.2) is interpreted as the problem finding the intersection
point between V-autoparallel submanifold M; N My and V*-autoparallel submanifold

{@szO,@szO,l§i7j§n—171§k§N}.

3.4 Generalized algorithm for computing barycenter

Analogously to the Sinkhorn algorithm, the critical condition (3.16) can be solved by an iterative

procedure, which is implemented as
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(B-I) the V*-projection Q®) of P®) onto the V-autoparallel submanifold M, and
(B-TI) the V*-projection P**1) of Q) onto the V-autoparallel submanifold M.

In fact, due to the pythagorean theorem, the Bregman divergence associated to & monotonically
decreases in the procedure.
Suppose that P®) = (P11 P(NiY)) satisfies

e/(PW)y=0, 0¥ (PY)=0, 1<i,j<n-1,1<k<N.

Then, the V*-projection Q® of P(*) onto M is presented by a mixed coordinate system of (3.13)
and (3.14) as

HE QW) =pf, 67/(QY) =0(=0/(PD)), 67(Q")=ep PD),

(B-I)Y
1<i,j<n—-11<k<N.
On the other hand, the second projection (B-II) onto My is given by
HE(PUTD)y =0, 1<k<N-1,
0(PU)) = 0(=07(QM)), eV =ei"Q"Y), 1<k<N, (B-11)’
oy (PUHY) = 0(= 03 (Q")),
where 1 <i,5 <n-—1.
In terms of 7 and @ given in (3.5) and (3.7), these results are represented as follows:
e finding Q) = (QMY ..., QW) solving
Min(QED) = gk, 09(QU) =0, g73(QU) — gni (U, (B-1)”
for1<i,j<n-—-1,1<k <N, and
e finding PU+D) = (P41 pWNit+1)) golving
N .
g (PECED) = o =y (PVEED) 3 i (PUEHD) o,
J J = ey
91] (P(k;t+1)) =0, ein(P(k;t—',-l)) — Hin(Q(k;t)),
for1<i,j<n—-1,1<k<N.
By using the representation (3.10), we can further reduce each procedure. Letting
pkit) — 4 (a<k;t>75(k;t)) 7
the algorithm is written as
e finding (a0 oNit+1) solving
Nin (A (a(k;t—i_l)v B(k7t))) = p§7 (B'I)W
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for1<i<n-—1,1<k <N, and

e finding (Bt .. BINi#+1) solving

nj (A (a(l;tJrl)”B(l;Hl))) == (A (a(N;tJrl),ﬁ(N;tJrl))) ,
o i (B-I)"”
> (B =0,
k=1

for1<j<n—-11<k<N.

When the system of N equations (B-II)"” is hard to solve, one can avoid that difficulty by

splitting the projection onto M. Let us consider the V*-projection onto
Moy o= { (P',...,PN) € (Ppa_)™ | HY;(PY, ..., PN)=0,1<j<n-1},
for 1 <k < N — 1. Since

N-1
M, = ﬂ Mo,
k=1

due to the pythagorean theorem, a series of iterative V*-projections onto the V-autoparallel
submanifolds M., decreases monotonically the divergence from My. Hence, instead of computing

(B-I1)"” directly, we can utilize alternative procedure by solving

g (A <a<k;t+1>, B("“t“))) = 1y (A (a(k+1;t+1), 5(k+1;t+1))) ,

Tk (ﬁ(k;tJrl))j + Tt (ﬁ(kH;tH))j = - Z T (ﬁ(l;tﬂ))j ;

£k k+1

(B-I)y,

with fixing (a0 oWVit+)) and (Bt glk=lithl) glh+2it+1) - g(N;t+1))

3.5 Another perspective using 1-homogeneous extension

Let us introduce another generalization of Amari-Cuturi framework, using 1-homogeneous exten-
sion of the convex function ® on P,,,,,_, which works well to solve the Tsallis entropic regularized
optimal transport problem. Fix ¢ > 0 with § # 1 and A > 0. We consider the problem

Minimize ®(P) = (C, P) — A\T5(P) under P € II(p, q),

where 75 denotes the ¢g-Tsallis entropy, which is given by

1 -
TaP) = — (1-22P0 ).
q g

This problem is originally considered in [25].
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With the simple extension A — 3=, (G —1)""(1 - Agj) of the Tsallis entropy, the range of

i A g1
_ i 4 M ga-
a4, T

becomes the subset
{UERnxm|uij >Cij},

which violates the assumption that S is surjective. We herein consider the extension of T3 defined
by

. 1 I-q
To(A) = > Aij(ZAM) AL), AeRpi™
k,l

qg—1

q 6
which is 1-homogeneous, that is, T3(tP) = tT5(P) for any t > 0 and P € P,,,_,. Then, the
associated mapping S : R}™ — R™ ™ is given by

S9(tP) = §9(P) = CY + -1 (qugl +(1-9> Pi- 1), (3.17)
k,l

fort>0,P € P -

In general, a 1-homogeneous convex function induces a dually flat structure, which is called
Dawid’s decision geometry [15]. For a l-homogeneous ®, its derivative S : RIA™ — R*™
induces a mapping from P,,,,,_1 to R"*™/(1,,,). Here, R"*™/(1,,,) denotes a quotient vector
space divided by

U~V << u—v=cly, for some c € R,

where 1,,,,, denotes the matrix whose entries are all 1. Instead of Theorem 3.3, in this case, one

can utilize the next theorem, whose proof is located in Appendix A.

Theorem 3.5. Suppose that P : RYA™ — R is 1-homogeneous and is strictly convex on P, _1,

and that its derivative S : RDY™ — R™ ™ induces a bijection between
'an,1 = Rnxm/ <1nm> .

Then, there exists a unique solution P*(p,q) € Il(p,q) of the minimization problem (3.1) for
each p € Pn_1,q € Pm—1. Moreover, there exists a pair (o*, 8*) € R™ x R™ satisfying

S(P*(p,q)” = (a*)" + (8*).

Applying Theorem 3.5 to the mapping (3.17), there are a € R", 8 € R™ satisfying

C + )\<~qP*(p, q)?j_1 - m) =o'+,
q—1

K:ZP*(ZLq)il—F q_l
k,l
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We can include & in (v, 8) by replacing o with o’ + Ax. Thus, the optimal plan has the form as

1

(o + 7 — C”)) o

P*(p,q)i; = (q

Ag

The first projection (S-I) in the generalized Sinkhorn algorithm is interpreted in this case as

solving

m ~ 1
—1 ) . . q—1
(o m-09) " 1sise
. AG
j=1
for the variable a with fixing 8. In practice, this can be solved by the Newton method, for
example. The second projection (S-II) is similarly given by solving

1

" G—1, . . N\ 7T ]

Laiep-cn) —g 1<i<m
q

=1

K2

with fixing «.

For the barycenter problem, the procedure (B-I) is similarly given as the equation

S AN
Z (qu ((Oék)l‘i‘(ﬁk).? _CU)> :pf7 1 < 7 < n71 < k < ]\/v7

j=1
for (al,...,aN). The procedure (B-II) is given by
" G—1 , : o\ 7T " G—1 , . N\ 7T
> (qu (@) + (8" - C”)) > (qu (@) +(BYY - Clj)) ’

i=1

=1
N
> om(BFY =0, 1<j<n
k=1

However, this equation is hard to solve. As an alternative way, we can make use of the procedure
(B-1I), which is the equation

k(B F i (B == YT n(B, 1<j<n,

£k, k+1

only for (8¥)7 and (B**1)7. Deleting the variable (8%*1)/ by using the second relation, the
solution (8*)7 can also be computed by the Newton method.
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Chapter 4

Relaxation of assumptions

In this chapter, we consider a more general case. As in the previous chapter, we assume that the
strictly convex function @ : P,,,_1 — R has a smooth extension P to R}™. In this chapter, we
weaken the assumption that the derivative S : R}7™ — R™*™ of ® is surjective, and consider a
situation where each % can be bounded from below. For example, ®(A) = § 3, - A with its
derivative S (A) = A;; > 0 is a target of this chapter.

The lack of surjectivity of S implies that the optimal plan can be located on the boundary
of P,m_1- As seen in the above, the mapping S gives a correspondence between the primal and
dual domains. Thus, when the image of S has a boundary in the dual domain, it corresponds to
the boundary of the primal domain P,,,,,_1.

Such a situation makes the problems difficult; however, it also can provide an advantage. It
allows some masses of the optimal plan to be strictly zero, while all masses necessarily become
positive in Cuturi’s entropic regularization. In the application of optimal transportation in image
processing, this means that a solution in our framework can have strictly white pixels. It can
avoid a blurred image, which has been an issue of the original entropic regularization.

4.1 Duality and subdifferentials

Due to the convex analysis, we obtain the picture as follows. Let & : R**™ — RU {+00} be the

continuous extension of ® : R}A™ — R, that is,
®(A4), AeRpP™
d(A) = %i_r}nAi)(flL A e RP™\RX™
+o00, A¢RP™

)

where the symbol R, denotes the set of nonnegative real numbers. Then, the convex function

d is not smooth only on

6R1-’~L_Xm — { Ac RXxm ‘ Aij = 0 for some (Z;j) } .
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In contrast with the one-to-one correspondence

on R%™, we make use of a one-to-many correspondence

) ¢ OB(A(n))

on OR™. Here, 9 (A) denotes the subdifferential of ® at A € R’™, which is a convex subset

of R™*™ defined by

0b(4) = { 5 e R ‘ b(A) > b(4)+(S,A—4) VAR |

By using this type of one-to-many correspondence, we construct a pseudo-surjective mapping

from the primal domain to the dual domain. The subdifferential on R’ *™ is given in detail by

the next lemma.

Lemma 4.1. Suppose that the extension of d is finite and of C* on R™.
ORX™ | letting
Ag={(,))|1<i<n1<j<mst A #0},

the subdifferential of ® at A is given by

Sij = ai%j (A)7 (Za]) € AA7 }

0B(A) = {5: (5%) S < B2 (A), (i,5) ¢ Aa

0Aij
where R -
0P o0 | -
A) = lim — (A
5Aij( ) A—A, AeR}X™ aAij( )

Proof. Let S = (S%) € R™™™ satisfy

09 . 0d
ij _ T ij <
S aA” (A)> (Zaj) € AA? S = aAij

(4), (i,5) & Aa.
Then, for any A € R}*™, it holds that
(i,§) € Aa = Ajj — Ayj = Ay >0,

and thus,

Then, for A €



This implies that S € d®(A), where we used (9D/HA)(A) € dB(A) to obtain the last inequality.
Conversely, let S € dP(A). Since the restriction of ® onto the affine subspace

(4,7) ¢ Aa

is strictly convex and differentiable, the coordinates of the subgradient of the restriction must
be (0®/DA;;)(A), which leads

. ~ A~z>0 (Z j)EAA
Aa . Y b bl

g b Tl
(i,j) € Ay = S = (A).
BAij

For (k,1) ¢ A4, we assume that S¥ > (8®/0A)(A). Letting

i Ap = Ay +e,
Aij = Ay, (1.5) # (kD)
from the Taylor expansion
S P i
b(4) = b(a) —(4) (A — Ay) + O(1A - AJ)
- 0A;;
. 0P )
=d(A) + EaAk-l (A) + O(e7),

we obtain, for sufficiently small € > 0,

B(A) = () + 8 < B(A) + 357 (A - Ay).

This contradicts to S € d®(A), and hence,

0P
(4,7) ¢ Aa = S < ——(A).
8Aij

4.2 Quadratic regularization of optimal transport

We derive an algorithm to compute the barycenter in a similar way to the previous chapter.
However, the correspondence between n and d®(A) is not one-to-one for A OR*™. To
construct a practical algorithm, Lemma 4.1 helps to find a concrete correspondence. In this
section, we introduce the optimal transport problem with quadratic regularization as an instance.
It is also studied by Essid and Solomon [17]; however, they assumed that the cost matrix C' is

induced from a distance on a graph. In our framework, such an assumption is not required.
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We consider the convex function

~ A
D(A) = (4,0) + 5 > A3, AeRp™,
2
for a fixed A > 0. Its continuous extension is given by

A
R (A, C)+ 5> A%, AeRp™,
(I’(A) = 2 0,7

400, otherwise

Due to Lemma 4.1, for A € OR*™, we obtain

OD(A) = {s = (SY)

S :Cij‘i‘)\Aij, (Z,j) EAA7
S <CH, (i,5) ¢ Aa ’

and hence, given S = (5%7) € R"*™ the corresponding A(S) € R*™ is presented explicitly by
1 - -
A(S)ij = 5 (59 — )",

where 7 := max{z,0}. Due to Lemma 3.2, there exists a subgradient (o, 3) € R" x R™ such

that the optimal plan P*(p, q) is given as
* Lo j ij\
P (paQ)ij:X(a + 6 -CY)".

For the minimization problem (3.1), the procedure (S-I) to obtain the V*-projection onto

M, . is written as

(o + 57— CY) " = pi. (4.1)

> =

>

Solving this equation is implemented by Algorithm 3. In the algorithm, the function sort returns
the vector obtained by rearranging the entries of v so that vll > 72L > ... >~} . This rear-
rangement is implemented, for example, by the merge sort, which costs O(mlogm) time. The
procedure (S-IT) can be similarly implemented, and iterating these two procedures realizes a gen-
eralization of the Sinkhorn algorithm. The time required for (S-I) and (S-II) is O(max{n,m}3)
in the worst case. Although it requires more cost than Cuturi’s algorithm, our algorithm works
with reasonable cost, compared with the computational cost O(n?logn) required for solving the

original problem (2.1).
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Algorithm 3 Solver of (4.1) for each ¢
Require: A >0,1<i<n,3=(57),p= (p;),C = (CY)
Ensure: Zj % (ai + B — C’ij)+ =p;
v < (87— CY);
v+ <= sort(y)
for J=1tom do
al <= ()\pi - 23;1 ’Y]i) /J
if 32, 1 (ot 447 - C’ij)Jr = p; then
break
end if
end for

For the barycenter problem, the procedure (B-I) is presented in a similar form to (4.1), which
is solved by Algorithm 3 for each k and i. On the other hand, the procedure (B-II) is hard to
solve, and we make use of the alternative procedure (B-II)g, which is written as the equation

1 i j ig\ T 1 i j ij\ T
D5 (@ + (B —0)7 =3 5 (@) + (851 - 0¥)7,

i %

k(B + reg (BT = — Z r(B') =: 5,

Ik k+1

(4.2)

of g%, BF+1 € R", where (a?,...,a") and (BY,...,BK "1, gF+2 ... BN) are fixed. We can solve
this equation by Algorithm 4.

In summary, the barycenter for the quadratic regularized Wasserstein distance is obtained
by applying Algorithm 3 to p* for 1 < k < N and performing Algorithm 4 for 1 <k < N — 1,
iteratively. Since Algorithm 4, in the worst case, costs O(n?) time for each j and k, each iteration

of the main loop may require the cost O(Nn?).
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Algorithm 4 Solver of (4.2) for each j and k
Require: A >0,1<j<n,1<k<N—1,C=(0C%), (o oFtl) 0ki
Ensure: (5%)7,(8F+1)7 solves (4.2)
7 ((aF) = CY)is 92 <= (oM = C%);
(Y")* = sort(yh); (v°)F <= sort(v?)
L« L<1
while I; <n and I < n do
(B < st (B29 = (S 6D - £E62))
(1)1 < L (T4 — 1y (84)7)
i 57, ((a4)" + (34 — C9)* = 52, ((@*+1) + (3541 — C) " then
break
else if (X2, (") + (8 =€) = X, ((@*) + (871 =€) ") - (+)f,4, < 0 then
L« +1
else
L<1,+1
end if

end while

4.3 Numerical Simulations

We performed numerical simulations of solving the barycenter problems with Cuturi’s entropic
regularization (2.8) and with quadratic regularization. We prepared two 32 x 32 pixel grayscale
images as extreme points p',p? € P,_;, where n = 32 x 32 = 1024. They are presented in
Figure 4.1. The cost matrix C is set to Cj; = |i — j|? for 1 < 4,5 < n.

Figure 4.1: Two 32 x 32 pixel grayscale images prepared as p',p®> € P,_;. We regard each pixel
as event i € {1,2,...,n} and brightness of each pixel as a density on i, that is, a white pixel has

its density zero.
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(ry,r2)= (0.75,0.25)  (0.5,0.5) (0.25,0.75)

Figure 4.2: Wasserstein barycenters regularized by Shannon entropy computed by Benamou et
al’s algorithm. The number of iteration is 3,000, and the regularization constant A is 0.5 (top),

1.0 (middle), and 2.0 (bottom). The ratio (rq,r2) is set to (0.75,0.25), (0.5,0.5), and (0.25,0.75),
for each simulation.
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(r,r)= (0.75,0.25) (0.5,0.5) (0.25,0.75)

2000
2000
A000

Figure 4.3: Wasserstein barycenters regularized by quadratic term computed by our algorithm.
The number of iteration is 3,000, and the regularization constant A is 100 (top), 200 (middle),
and 500 (bottom). The ratio (r1,72) is set to (0.75,0.25), (0.5,0.5), and (0.25,0.75), for each

simulation.

A=100

A=200

A=500

We set the number of iteration to 3,000, and the ratio (r1,72) of the Fréchet mean to
(0.75,0.25), (0.5,0.5), and (0.25,0.75). Figure 4.2 presents the results of numerical simulations
for Cuturi’s entropic regularization solved by Benamou et al.’s algorithm (Algorithm 2), and the
regularization constant A is set to 0.5, 1.0, and 2.0. Figure 4.3 does that of quadratic regular-
ization solved by our algorithm (Algorithm 3 and Algorithm 4), where X is set to 100, 200, and
500.

One can see that the barycenters for smaller A is less blurred in both Figure 4.2 and Figure 4.3.
However, the barycenters with Cuturi’s regularization has blurred images even for A = 0.5, and
Benamou et al.’s algorithm cannot perform well for smaller A because of underflow. In fact,
the values K;; = exp(—C% /\) become too small for practical computation when A is small.
On the contrary, our algorithm uses only summation, and never causes the underflow. Thus,
the barycenters with quadratic regularization can be computed even for smaller A\, although the

convergence will be slower.
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Geometry of stochastic gradient
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Chapter 5
Preliminaries

In this chapter, we introduce notations used throughout the thesis, and outline the basic concepts
of machine learning theory. We also introduce well-known issues on machine learning, plateau

phenomena and overfitting.

5.1 Perceptron

A perceptron is a kind of artificial neural network that models the structure and functions of a
biological brain. It consists of a number of units called artificial neurons, or simple perceptrons,

each of which is defined as

y=<p<2wimi—b> =p(w-x —b).
i=1

The vector & € R™ represents input signals of a neuron, and y € R represents an output signal.
The vector w € R™ and real number b € R are system parameters that represent a weighting
factor for input signals and a threshold of activation, respectively. A non-linear function ¢ called
an activation function.

At an early stage of the study of neural networks, McCulloch-Pitts [24] used the step function

as an activation function. With this choice of ¢, the neuron y returns the output value 1 only
when the weighted accumulation w-x of input signals exceeds the threshold b. Such a choice of ¢
was natural at that time, since the input and output signals were taken to be binary. Later, the
use of analog-valued inputs and outputs became popular, and the class of activation functions
was enlarged accordingly. Nowadays, a variety of functions are used as activation functions. We
only assume that an activation function ¢ is differentiable (at all but finitely many points), which

allows us to use gradient descent algorithms in learning.

39



To simplify the notation, it is convenient to enlarge the vectors & and w as

T = (0, Z1,...,Tn),
w = (ww, ... w"),
where zg := 1 and wy := —b are dummy variables, so that the argument of the activation function

© is simply written as
n
Zwixi—b:w-m.
i=1

Unless otherwise noted, we will use this abridged notation throughout the thesis.

A widely used class of perceptrons is the multilayer perceptron (MLP), a hierarchical model
in which each layer consists of several artificial neurons. A set of input signals is given to the
neurons in the first layer, and their output signals are passed to the next layer. The neurons
in the next layer receive the previous output signals as inputs and send their outputs to the
further next layer. Finally, the output values of the last layer is obtained as the output of the
whole system for the given input. A schematic diagram of a multilayer perceptron is shown in
Figure 5.1.

In the thesis, we mainly deal with a three-layer perceptron, which consists of an input layer,
a hidden layer, and an output layer (Figure 5.2). Since a multilayer perceptron includes a
three-layer perceptron as a subnetwork, the phenomena that occur in learning of a three-layer
perceptron also occur in that of a multilayer perceptron. The three-layer perceptron is a minimal
target for the discussion of learning around singular regions caused by the degeneration of the
hidden layer, which is the subject of this thesis. Mathematically, it is defined as follows.

Definition 5.1 (Three-layer perceptron). A three-layer perceptron composed of n input units,
d hidden units and m output units, which is called an (n-d-m)-perceptron, is defined by the

following input-output relation:
d
FO(@;0) = vip(w; - x) +n. (5.1)
j=1

Here, x € R 1 is an input vector, and
) P )
0= ('wl,...,wd,vl,...,'vd,n)

is the system parameter with wo,...,wq € R"™ and vq,...,vq,m € R™.
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output

Figure 5.1: Multilayer perceptron.

Figure 5.2: Three-layer perceptron.

In what follows, the word “perceptron” means either the set {f(®(x;0)}g of functions or

each function f(%) (z; 0) designated by a certain value 6 according to the context.

5.2 Supervised machine learning

In this section, we introduce the supervised learning. For each problem, we set an input-output
relation which is called a teacher function T'(x). The purpose of learning is to adjust the sys-
tem parameters of a perceptron so that the perceptron emulates the given teacher function as
accurately as possible.

To achieve that goal, we consider the minimization problem for a function L(€) constructed
as follows. Let #(x,y) be a function which satisfies ¢(x,y) > 0 with equality if and only if
y = T'(x). Such a function is called an (instantaneous) loss function. A typical example is the

squared loss function:
1
(@, y) = 5lly = T(@)|]*, (5.2)

Once an instantaneous loss function is chosen, the averaged loss function (or the risk function)
L(0) is defined as
L(0) :=E, [l(x, f(x;0))],

where E, denotes the expectation over the input vectors x, which are generated according
to an unknown probability distribution. Note that if there is a parameter 8% that satisfies
f(z;0*) = T(x) for all , then L(6*) = 0 holds.

To minimize the averaged loss function L(€), we make use of the differential equation

oL

9). (5.3)

A method of finding a minimizer of L(0) by using such a dynamical system is often referred to as
a gradient decent method. Since the gradient vector OL/00 tells us the direction in which L(0)

increases, we can decrease L(0) by changing 0 to the reverse direction of the gradient.
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To implement this method on a computer, we often make use of the Euler method, in which

one changes the value of the parameter 8 successively according to the recursion formula:

oL
0t+1 = Ot - E%(Ot) (54)
However, the calculation of the exact averaged loss function L(6) is a computationally demanding
task. Therefore, as an alternative to (5.4), a stochastic gradient descent (SGD) method has been

proposed, in which one changes the value of @ successively according to the formula:

S
Orj1 =0, —c) 5%6(:1:5, f(x,;0)) (5.5)
s=1

6=6,’
where {x,}5_, be a set of realization of input vectors chosen at random. A learning strategy
based on this recursion is called the batch mode of the SGD, and the size S of the set of input
data is called the batch size. When S is large enough, the behavior of the batch mode dynamics
(5.5) imitates the dynamics of (5.4) well. On the other hand, when S = 1, the formula (5.5)
reduces to

0111 =0; —

0
68—06(33, f(z;0)) (5.6)

with a single realization of  at time ¢. This method is called the on-line mode of the SGD.

y
0=06,

5.3 Known difficulties

5.3.1 Plateau phenomena

In the actual learning process, one sometimes finds that the averaged loss function does not de-
crease for a long period of steps and starts decreasing again thereafter. Generally, this temporary
stagnation of the loss function decrease occurs repeatedly. Such a phenomenon is called a plateau
phenomenon. In the gradient descent learning, plateau phenomena occur near a critical point of
the averaged loss L(0), since its derivative becomes small there. The learning starts to progress
normally again after the parameter 8 gets away from the critical point. As described in the next
chapter, due to the structure of a multilayer perceptron, there are subspaces consisting of critical
points in the parameter space, and which construct a complex structure. These subspaces trap

the dynamics many times during the learning process.

5.3.2 Overfitting

For practical purposes, a learning machine is trained using a prepared training dataset. The goal
of training, however, is for the model to be able to successfully represent the teacher function
even for unknown data outside of the training dataset. When a highly complex model with a
huge number of degrees of freedom is sufficiently trained, the model will be able to explain the
training dataset very well, but will often return significantly different values from the teacher

function for unknown data. This phenomenon is often referred to as overfitting.
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Overfitting is usually formulated as a discrepancy between generalization error and empirical
error. The averaged loss function we defined above is averaged over all possible data including
unknown data. We refer to this type of averaged loss function as the generalization error. On

the other hand, the loss function

M
LP(9) i= Y U, f(@m; 0))
m=1
averaged over the training dataset {x,, }}_; is called the empirical error. Although the formula is
very similar to the summation in the batch mode (5.5) of SGD, note that the batch {x;}5_; in the
batch mode is a subset randomly chosen from the training dataset at an instance. Overfitting is
treated as phenomena in which once can attain very small empirical error while the generalization

error does not decrease.
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Chapter 6

Singular regions and Milnor-like

attractors

In this chapter, we introduce singular regions of multilayer perceptron, which is a key concept in
the dynamics of machine learning. As a remarkable class of singular regions, we also explain a
Milnor-like attractor found by Fukumizu and Amari [20]. We presents a center manifold analysis
of a Milnor-like attractor provided by the author [33].

6.1 Singular regions

The parameter space of a multilayer perceptron is sometimes called a “perceptron manifold.”
However, in many cases, it is not really a manifold since it usually contains a subset whose points
correspond to the same input-output relation. Such a subset is usually referred to as a singular
region. In general, there are many singular regions due to degeneration of hidden units. For
example, let us consider an (n-2-m)-perceptron. Then, for arbitrary w € R**1 v € R™, the
subset

R(w,v) :={0 = (wy,ws,v1,v3) | wg =wy =w,v; +v2 =7}

of the parameter space forms a typical singular region. In fact, on the subset R(w,v), an
(n-2-m)-perceptron £ (x; ) is reduced to the following (n-1-m)-perceptron:
FO(z;w,v) i =ve(w-x).
On such a singular region, the loss function L inherits the criticality of L), as the following
proposition shows.

Proposition 6.1 (Fukumizu and Amari [20]). Let * = (w*,v*) be a critical point of L.
Then, the parameter @ = (wy, wy,v1,vs) = (w*, w*, \*, (1 — \)v*) is a critical point of L)

for any A € R.
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Proof.

2 )= (Lo gm0 ) 0| <0 P )

ow; )

ol oL

(2)
oL <e>=E[ay<w,f<1><w;e*>>so<w*-x>}= L), =12

8’01‘

where A\; := X and A\ := 1 — \. Since 6* is a critical point of L1 these are all zero. O

The original form provided in [20] is for an (n-d-1)-perceptron which contains an (n-(d-1)-
1)-perceptron as a subnetwork, for general d > 2. Furthermore, for any d > d; > 1, a similar
argument can be made for the inheritance of criticality from L(¥ to L(?1) . This suggests that
singular regions consisting of critical points universally exist in the parameter space and form a
nested structure with respect to the number d of hidden units.

Near a critical point, since the gradient 9L/00 almost vanishes, the dynamics slows down.
Because of the universality of singular regions, such stagnation is frequently observed, and is

referred to as vanishing gradient phenomena.

6.2 Milnor-like attractors

When m = 1, i.e. the output layer is one-dimensional, every point 8 € R(w™*,v*) is a critical
point of L), since R(w*,v*) is one-dimensional. In this case, the second-order property of LM
is also inherited in L(?), and the singular region R(w*,v*) can have a remarkable structure which

causes serious stagnation of learning.

Proposition 6.2 (Fukumizu and Amari [20]). Let m = 1 and 6* = (w*,v*) be a strict local
minimizer of LV with v* # 0. Define an (n+ 1) x (n + 1) matriz H by

H—E, v*g—z@,f(”(m;e*)w"(w*~m>mT , (6.1)

and let for A € R
0, = (w*,w", " (1 — A)v").

If the matriz H is positive (resp. negative) definite, then the point @ = 0 is a local minimizer
(resp. saddle point) of L®) for any A € (0,1), and is a saddle point (resp. local minimizer) for
any A € R\ [0,1]. On the other hand, if the matriz H is indefinite, then the point 6y is a saddle
point of L for all A € R\ {0,1}.

This proposition implies that the one-dimensional region R(w*,v*) = {0, | A € R} may have
both attractive parts and repulsive parts in the gradient descent method (Figure 6.1). Such a
region is referred to as a Milnor-like attractor [37]. The parameter 6 near the attractive part
flows into the Milnor-like attractor and fluctuates in the region for a long time, until it reaches

the repulsive part.
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Figure 6.1: Flow near the singular region R(w*,v*).

We remark that the phenomenon itself is universal with respect to the number d of hidden
units. In fact, the original theorem is given in [20] for an (n-d-1)-perceptron, which contains
an (n-(d-1)-1)-perceptron as a subnetwork. The proposition above for (n-2-1)-perceptron is a
minimal version.

We also remark that the point 8y cannot be a strict local minimizer. In fact, L(®) takes the
same value on the singular region {6, | A € R}. In particular, the second derivative of L® along
the direction A is always zero.

Let us introduce a practically important case outside the scope of Proposition 6.2. Suppose
that a three-layer perceptron has some redundant hidden units to represent the teacher function
T(x). Mathematically, we suppose that a true parameter ;. exists (i.e. T(x) = f) (x; 0pue)),
and that it lies in the singular region R(w*,v*). In this case, the function L) takes the same
value L) (w*,v*) = 0 on R(w*,v*). Therefore, every point of R(w*,v*) becomes a global
minimizer of L, and a Milnor-like attractor does not appear. In fact, one can check that the
assumption of Proposition 6.2 fails as follows. For each & € R", we obtain

(@ /W @:67) =0,
since a loss function £(z, y) takes its minimum 0 at y = T(x) = ) (z; w*,v*). This implies that
the matrix H becomes the zero matrix. Thus, in particular, H is neither positive nor negative
definite.

We next treat the case when m > 2. There also exists a one-dimensional region consisting of
critical points due to Proposition 6.1. However, in this case, the region becomes simply repulsive,

and does not have an attractive part, as the following theorem asserts.

Theorem 6.3 (Tsutsui [33]). Let 8* = (w*,v*) be a local minimizer of LV If the m x (n+1)
matrix

% (1) . n* / * T
Ez ay(w,f (2:07))¢" (w* - ) x (6.2)

is non-zero, then 0y = (w*,w*, \*, (1 — \)v*) is a saddle point of L'® for any A € R, where
we regard the derivative O0/0y as a column vector.
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In their article [7], Amari et al. stated a prototype of Theorem 6.3, although they did not
give a full proof. In fact, we found that some additional assumption was necessary to prove their
assertion. In Theorem 6.3, we have added a mild assumption that the matrix (6.2) is non-zero.

Note that since 8* = (w*,v*) is a local minimizer of L), it holds that

oL
O =
ow

(6%) = (v)" Eq g—z(w, FY(x;0)¢ (w* - ) 2T

Thus, the matrix (6.2) has a kernel whose dimension is greater than one. Hence, the assumption
automatically fails when m = 1. This is an underlying mechanism for Proposition 6.2.

By Theorem 6.3, Milnor-like attractors are not observed in the parameter space when m > 2.
However, also in this case, plateau phenomena can occur because of the nested structure of
singular regions. Since the singular region is composed of saddle points, it is not repulsive in all
directions, but is attractive in some directions, and the dynamics of learning can be attracted
to the nested singular regions. To the best of our knowledge, theoretically rigorous study of
learning dynamics near the nested structure of singular regions is not known. In Chapter 7 of
this thesis, we explain, based on numerical simulation results, that the dynamics of stochastic

learning is qualitatively different from those of averaged learning around singular regions.

6.3 Center manifold of Milnor-like attractor

The content described in this section is the main result of master’s thesis by the author. The
dynamics of the gradient descent method around a Milnor-like attractor can be analyzed by the
center manifold analysis. About the definition of a center manifold, please refer to Appendix B.
Concretely, under a coordinate system & = (w, v, u, z) given by

T (w1 — w*) + vy (’wg — 'w*)

w = " + w*
v

V=1 + Vg

vy (w1 — w*) — vy (We — w*)

v*

Z =711 — Vg
the center manifold theorem for a Milnor-like attractor is described as follows.

Theorem 6.4 (Tsutsui [33]). In the coordinate system (6.3), the dynamical system (5.3) ad-
mits a center manifold structure around the critical points @ = 6y, 01 in which (w,v) converge

exponentially fast.

Here, the points 8 = 6y, 0, are the boundary points of attractive and repulsive parts in the
Milnor-like attractor R(w*,v*) = {0 | A € R}. By applying the center manifold theory, near
those points, we can assume that the dynamics (5.3) is on the center manifold. In other words,
we can reduce the dynamical system into that of slow parameters (u, z). Under the assumption

that the dynamics is on the center manifold (w,v) = h(u, z), calculating the Taylor expansion
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of (u, ), we obtain an approximated dynamics around 6 = 6, as

1
= 5o = ) Hu+ O(|lu,z o[,
Z= e u Hu + O(||lu, z — v*|?). (6.4)
v

Neglecting the higher order terms, we can integrate this equation to obtain
[ul]* = (= = v*)* + C, (6.5)

where C' is an integral constant.

We remark that Theorem 6.4 is valid even when there exists a true parameter in the singular
region R(w*,v*); however, in this case, such a simple form of the reduced dynamical system as
(B.10) is not obtained. As mentioned above, this case implies that H becomes the zero matrix.
Then, the second order terms of the reduced dynamical system vanish, and the third order terms
become dominant. It needs to calculate the center manifold (w,v) = h(u, z) up to the second
order, which makes the analysis complicated.

6.4 Numerical simulations

As mentioned in the previous section, the dynamics of (w,v) are fast and those of (u,z) are
slow under the coordinate system (6.3). In this section, we shall verify this fact by numerical
simulations.
As an example, we set the input dimension to be n = 1, and choose the teacher function
T :R — R defined by
T(z) := 2 tanh(z) — tanh(4x),

where tanh is the hyperbolic tangent function. The shape of T is shown in Figure 6.2 by the
solid black line. We set the activation function ¢ as tanh. Thus, the teacher function 7' can be

represented by the (1-2-1)-perceptron with no bias terms
FP(2;0) = vip(wiz) + vap(waz),

and the true parameter 0., is (w1, ws,v1,v2) = (1,4,2,—1). We also discard the bias terms
wy and w9 of the student perceptron. This makes the matrix H scalar valued, and hence the
assumption of Proposition 6.2 holds trivially.

Let {x,}5_; be a dataset given at random. In order to simulate the averaged learning (5.4),
we use the batch learning (5.5) with the batch size S = 1000. In this simulation, we draw
the dataset {x }5_; i.i.d. from N(0,22). Here, N(u,0?) denotes the normal distribution with
mean  and variance o2. Under the distribution N(0,2%), we obtained a local minimizer 8* =
(w*,v*) ~ (0.459,1.15) of L), The shape of the function f(!)(x;0*) that corresponds to the
local minimizer is shown by the dashed blue line in Figure 6.2. The value of H is approximately
0.0472. Since H > 0, the attractive region is {8y | A € (0,1)}, due to Proposition 6.2.
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Figure 6.2: The teacher function T'(z) and the (1-1-1)-perceptron
fO(z;0%) which corresponds to the local minimizer 6* =
(0.459,1.15).

Figures 6.3(a-d) display time evolutions of each parameter in the first 1,500 iterations from

50 different initial points. We chose an initial parameter () = (w§0), wéo), v§0), v:(,o)) by

0)

W =w + G, w)) =+ G,

1 1
v§0) =v* + §(C3 + C4)s Uéo) = 5((3 — C4),

so that v = v*+ (3, and z = v* 4+ (4, where (1, (s ~ U(—0.2,0.2), and (3,4 ~ U(—0.2,0.2). Here,
U(a,b) denotes the uniform distribution on the interval [a,b] C R. We set the learning rate e
to be 0.05 and the number of iterations to be 20,000. We can see that the parameters w and v
converge to their equilibriums exponentially fast ((a) and (b)), while u and z evolve slowly ((c)

and (d)).
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Figure 6.3: Time evolutions of each parameter for the first 1,500 iterations. Each trajectory of
w or v quickly converges to the equilibrium point w* = 0.459,v* = 1.15 respectively. On the

other hand, trajectories of u and z evolve very slowly compared with w and v.

Figure 6.4 shows evolutions on the (z, ||u||?)-plane. The red circles in the figure represent
initial points. When w = w* and v = v*, the z-axis is a Milnor-like attractor, and the region
|z| < v* is the attractive part of it. We can check that parameters near the attractive region
are trapped, and those near the repulsive region are escaping. The intersection point of the line
z = v* and z-axis corresponds to the point 8 = 6, the boundary of the attractive and repulsive
parts of the Milnor-like attractor. The analytical trajectories (B.11) are plotted as dashed blue
curves. Numerical evolutions of the parameter follow the analytical trajectories considerably well
around @ = 6;. We can find in the figure that some instances of time evolutions change their
direction sharply. This is because the fast dynamics of w and v are the main dynamics in the
beginning of the learning while the slow dynamics of u and z become dominant after w and v

converge to the center manifold.
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Figure 6.4: Trajectories on the (z, ||u||?)-plane obtained by learning for 20,000
iterations (solid black curves) and analytical trajectories (dashed blue curves)

near 6 = 0; = (w*, w*,v*,0). Red circles represent initial points.
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Chapter 7

Stochastic gradient descent

In this chapter, we discuss stochastic effects in the learning process. So far, we discussed the
deterministic dynamical system (5.3) driven by the averaged gradient. In practice, the dynamical
system is simulated as the batch mode (5.5) of SGD over a large number of input data as seen
in Section 6.4. In order to reduce the computational cost, the summation is often replaced by
the online mode (5.6) of SGD. We use the term “SGD” as the online mode in this chapter unless
otherwise noted. Unlike the averaged gradient descent, the learning process by the SGD is a
random dynamical system. It is reported that the dynamics of the SGD behaves differently
from than the averaged one and results better generalization performance [22, 39], which is
called implicit regularization [11, 38]. We herein analyze the two instances of difference between
these dynamics: dynamics around a Milnor-like attractor and attraction to a strong degenerated
subspace.
The content of this chapter includes joint research [30] with Sato and Fujiwara.

7.1 Centre manifold analysis of SGD

In numerical simulations, we found that sample paths of the SGD seems quite different from
trajectories obtained in the averaged gradient descent method. We carried out numerical sim-
ulations of the SGD in the same setting as Section 6.4. First, Figure 7.1 (a) shows numerical
trajectories of the averaged gradient descent on the (z,u)-plane around @ = 6;. In order to
approximate the averaged gradient descent sufficiently, we used the empirical distribution on a
dataset of 10,000 data drawn 4.i.d. according to N(0,22%). Compared to the above, Figure 7.1
(b) shows sample paths of the SGD for a common input data sequence {z;};. In contrast to the
averaged gradient descent, in the SGD, some sample paths move from the region {|z| > v*} to
{]z|] < v*}. Such sample paths are observed even when we use another realization of the input

data sequence.
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(a) Averaged gradient descent method. (b) Stochastic gradient descent method.

Figure 7.1: Trajectories on the (z,u)-plane obtained by the averaged gradient descent method
(5.3) and the SGD (5.6) for 20,000 iterations. Red circles represent initial values.

In order to investigate this phenomenon, we observe the evolution of the parameters, again
in the coordinate system (6.3). Figure 7.2 (a-d) show time evolutions of each parameter in
the first 1,500 iterations of the SGD. The parameters (w,v) evolve very fast compared with
(u, z) also in this case. However, in this case, (w,v) does not converge to its equilibrium point
(w*,v*) = (0.472,1.13), but fluctuate stochastically around (w*,v*).

53



0 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400

Number of iterations Number of iterations
(a) Time evolutions of w. (b) Time evolutions of v.
0.3 T T T T T T T 5
1.4f [
e
0.2} :
= =13 —
0.1 %
= 1.2
u 0o - 2 v -
—_— 144 SRS
-0.1 - e, — :
3 1.0W anatelnani
-0.2 , P e ]
M =s  0.9r
_0.3 . . . . . T 1
~o0 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400
Number of iterations Number of iterations
(c) Time evolutions of u. (d) Time evolutions of z.

Figure 7.2: Time evolutions of each parameter for the first 1,500 iterations of the SGD. Each
trajectory of w or v fluctuates intensively around the equilibrium point w* ~ 0.472,v* ~ 1.134
respectively. Trajectories of u and z evolve very slowly compared with w and v also in this case.

Based on these observations, we suppose that w and v run over sufficiently wide range of
their values to be integrated while v and z move in a small range. Then, we assume that the
dynamics of (u, z) is integrated with respect to (w,v) according to some stationary distribution.
We further assume that (w,v) is distributed around (w*, v*) with finite variance. By integrating
the dynamics with the “random variables” w and v, we obtain the following dynamical system
near 0 = 0y:

1
U= 5(zfv*)Hu+C’1,

1
z= §uTHu+C'2. (7.1)

Here, Cy and Cy are constants resulting from the variance and covariance of (w,v). Figure 7.3

is the analytical trajectories of the dynamical system (7.1), where C; = 1.71 x 10~% and Cy =
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—3.06 x 10~* are determined heuristically. One can find that the deterministic dynamical system

(7.1) gives similar trajectories to sample paths of the SGD presented in Figure 7.1 (b).
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o.1 i
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—02} —]
—03f

0.9 1.0 11

N

Figure 7.3: Analytical trajectories on the (z,u)-plane given by the dynamical
system (7.1) with C; = 1.71 x 107* and Cy = —3.06 x 10~*.

From the above, we deduce that a fluctuation of the parameter around a centre manifold
causes constants Cy and Cy working as drift terms, and that it makes the SGD qualitatively
different from the averaged gradient descent. This example suggests that stochastic effects can

influence a macroscopic flow of the learning process via a centre manifold structure.

7.2 Noise-induced degeneration

From the viewpoint of random dynamical systems theory, we herein look into the dynamic (5.6)
of the SGD. Let us consider again the dynamics around the singular region R(w,v). In this
section, we impose no constraints on the dimensions of w and v. We assume that ¢ is the
squared loss function, and that R(w,v) has a local minimizer of L. In particular, a minimizer

0* € R(w,v) of L satisfies an equilibrium condition

oL

0= 5g; ") = Ea[(vp(w-z) — T(z)) ¢ (w-a)z].

Around the minimizer, the dynamics is attracted to R(w,v).

Here, we consider a more strongly degenerated subspace
v
Ry (w,v) := { 0 = (w1, ws,v1,v2) | W = Wy = W,V = Vg = 3 } C R(w,v).

Note that the dynamics is closed on R,,(w,v) even with stochastic effects of the SGD. In other
words, once the dynamics is on the region R,,(w,v), it cannot escape from the region even with

stochastic effects.
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The dynamics of the SGD shows a type of synchronization and tends to be attracted to the

strongly generated subspace R,,(w,v). Using a coordinate system

_w1+’LU2 _1)1+1)2

2 2 (7.2)
_wl—'wg :’Ul—’vg
2 2

the singular regions are described as
R(w7v) = {p:w7q:v’r:()}7
Ry(w,v)={p=w,q=v,r=0,s=0}.
We focus on the dynamics of s

0 0
Stq41 =S¢ — % (Mf(w,f(m;e)) — a—vzﬁ(w, f(w,@)))

with an ad hoc assumption that p, q approaches w, v quickly. The is calculated as

e <az OF (o) O OF (w;@))

St+1 =5t~ 5 @me " Oy Ovy
= s (F(@:0) — T(@)) (p(wn - ) — plws ).

By calculation, we can see that the Taylor expansion with respect to r around 0 is given by
str1 = —¢ (f(@;0) = T(2)) (r-@)¢'(p- @) + (1 - 2e(r - 2)°¢' (p - 2)?) s + O(||r[°).

This implies that s; is contracting, since the coefficient of s; is smaller than 1. On the other

hand, the constant term is, in the average, equal to the zero vector, since

)

O o 87]? w1 =wsz

= B [(F(2:0) ~ T(x)) ¢/ (p - w)a).
Hence, the parameter s; tends to approach zero in average.

This type of degeneration to R,,(w,v) is a characteristic behavior of the dynamics of the
SGD. In the deterministic gradient dynamics (5.3), r approaches the zero vector monotonically
in many cases. By contrast, in the SGD, r fluctuates around the zero vector, which causes the
contraction of s. This phenomenon is comparable with noise-induced synchronization [29, 32] in
random dynamical systems.

Since the dynamics is attracted to the sub-dynamics on R,,(w,v) in the SGD, it is more
difficult to escape from the singular region compared to averaged learning. This implies that the
stochastic learning process of the SGD attempts to estimate the teacher function using fewer
hidden units, and thus the stagnation of learning can be much longer than in averaged learning.
This can be seen as the SGD causing a more serious plateau phenomenon. On the other hand,
it can also be interpreted as a spontaneous suppression of overfitting due to learning dynamics.

Overfitting is caused by the large degrees of freedom of the training model relative to the size of
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the training dataset. Therefore, if the degrees of freedom can be systematically adjusted during
the learning process, overfitting may be avoided. In the SGD, we expect trapping in the strong

degenerated singular region to result in keeping the degrees of freedom at a certain size.
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Chapter 8

Concluding remarks

In this thesis, we addressed two issues; the optimal transport problem and the stochastic gradient
descent machine learning. In Part I, we generalized the entropic regularization of the optimal
transport problem by Cuturi [12], and studied the minimization problem of a strictly convex
smooth function ® on the set P,,,,_; of joint distributions under the constraint that marginal
distributions are fixed. We clarified that the solution of the problem is represented in a specific
form using a pair of dual affine coordinate systems (Theorem 3.3), and proposed an iterative
method for obtaining the solution. We also studied the barycenter problem [13] from an infor-
mation geometric point of view and provided generalized algorithms to compute the solution
of the regularized barycenter problem. As a demonstration, we showed numerically that our
method works for ®(P) = (C, P) + 3||P||>. The framework treated in this paper is a maximal
extension of Amari-Cuturi’s one. Our framework subsumes some important problems, such as
the Tsallis entropic regularized transport problem [25], which is represented in our framework
with ®(P) = (C, P) — AT3(P), and the quadratic regularized one on a graph [17], which corre-
sponds to ®(P) = (C, P) + 3||P||? with C being a metric matrix induced from a graph. Given
the generality of our framework, it is expected that there exist many other applications. Finding
another practical problem to which our framework can be applied is a future task.

We proved that the Bregman divergence associated to the convex function ® as measured
from the optimal solution monotonically decreases with our method; however, its convergence
property is not revealed. For the Sinkhorn algorithm, a special case where ®(P) = (C, P) —
AH(P), Franklin and Lorenz [18] studied the convergence rate, and showed the exponentially fast
convergence of the sequence generated from the algorithm with respect to the Hilbert metric.
However, their analysis is specialized to the Sinkhorn algorithm, and it is difficult to extend their
result to a generic case, since the Hilbert metric has, to the best of our knowledge, no relation
with the information geometry. For a generic ®, evaluating the convergence rate of our method
is an open problem.

The properties of numerical solutions for the choice of regularization term also remains to
be investigated in future work. Compared to Cuturi’s method, our algorithm using the squared

regularization gives a barycenter with smaller Shannon entropy, which results in a less blurred
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image in the application to image processing. However, each iteration in our algorithm demands
more computational cost than Cuturi’s one. We hope to find a regularization that provides a
less blurred barycenter, with faster convergence and lower computational cost.

In Part II, we first gave a quick review of multilayer perceptrons, gradient descent learning,
and singular regions. We explained how degeneration of hidden units gives rise to a Milnor-like
attractor consisting of both attractive and repulsive parts and causes plateau phenomena in a
three-layer perceptron. We next gave a review for the center manifold analysis for the gradient
descent learning around a Milnor-like attractor, which is first provided in the author’s thesis for
master’s degree. Then, we showed numerically that the dynamics of stochastic gradient descent
(SGD) is qualitatively different from that of the averaged one and gave an explanation for the
characteristic behavior of SGD with the aid of the center manifold analysis. We also found in
our numerical experiments that learning in SGD tends to cause stronger degeneration of hidden
units than averaged learning. This type of degeneration causes stagnation of learning. On the
other hand, degeneration to a smaller dimensional subsystem can suppress overfitting. This
observation is consistent with previous work claiming that SGD achieves higher generalization
performance, which is a key concept of deep learning. Unfortunately, we only gave a conceptual
explanation for the phenomena, and could not give any mathematically rigorous formulation in
the present thesis. Future work should provide the theoretical groundwork for a rigid analysis of

the stronger degeneration in SGD.
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Appendix

A Dual problem and proof of Theorem 3.5

In this section, we give a proof of Lemma 3.2 and Theorem 3.5, and prove the existence of a
dual solution (Lemma A.2). Lemma 3.2 follows from the Fenchel-Rockafellar duality, which is a
prominent result in convex analysis. In order to prove Theorem 3.5 analogously to Theorem 3.3,

we prepare Lemma A.3, which provides the dual problem for a 1-homogeneous .

Proposition A.1 (Fenchel-Rockafellar duality). Let ©,Z : R — RU{+o0} be convex functions
which are proper, i.e., the sets {O(u) < +oo} and {E(u) < +o0o} are not empty. Let O Z* be
their Legendre transformations, respectively. Then, the equality

inf {O(u) +E(u) } = sup { -07(=4) —E7(4) }
ue AcRn

holds.

Proof of Lemma 3.2. Applying Proposition A.1 to the convex functions

@
£
I
<
0N
=
(1]

)

+o00  otherwise

T (u):{ _<p7a>_<qaﬂ> lfu:a@ﬂ

(A) if AcRP™

+o00 otherwise

)

+o00 otherwise

= (4) :{ 0 if 350 Ay =pi 2y Aij =g

the conclusion follows, where & denotes the continuous extension of ® onto Rff_xm. O

Lemma A.2. Let ® : R7X™ — R be a conver function and ®* : R™™ — R U {+occ} be its

Legendre transform. Then, there exists a solution (a*, 5*) of the oplimization problem

sup  {(p,a) + (¢, ) — ®*(a @ B)} (A1)

a€R”,BER™
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foranyp € Pn_1, ¢ € Pr1.

Proof. Let ¥ be a function on R™ x R™ defined by
U(a, B) = " (e @ B).

Then, ¥ becomes a convex function on the standard affine structure on R™ x R™. The problem

(A.1) is no other than the Legendre transformation

Ui(pg)=  sup  {{(p,9) (@, B)) — ¥(a, B)},

(a,B)ER™ XR™

and its supremum («*, 5*) is given by a subgradient of U* at (p, ¢). Hence, unless ¥*(p, q) = 400,

we can conclude that (a*, 8*) exists. Due to Lemma 3.2, we can see that

U+ = inf &P
(p.q) pent (P),

and it cannot be infinite, since @ is finite-valued on RA™. O

Before we prove Theorem 3.5, we observe the dual problem for a 1-homogeneous function P.

The next lemma is a direct consequence of Lemma 3.2, and thus we omit a proof.

Lemma A.3. Let ® : R}\™ — R be a I-homogeneous convex function. Forp € Pn_1, ¢ € Prm_1,

Pell(p.q)

a € R B eR™,
P (a®@p)=0

inf @(P)= sup{ (p,a) +(q,8) ‘

The next result is also important when treating a 1-homogeneous convex function.

Lemma A.4. Let ® : R}A™ — R be a 1-homogeneous convex function, and S : RI7™ — R"*™

be its derivative. Then,

(4) = (4,5(4)) = (4.5(A)),
for any A, A € RA™.
Proof. First, for any p # 1, since S(A) € d®(A), we have

H(pA) > (pA — A, S(A)) + H(A).
Then, since P is 1-homogeneous, we can write

(p=1DH(A) = (p—1) (A, S(4)).

We can choose p # 1 arbitrarily, and hence, the first equality is shown.
Second, since S(A) € d®(A), we have

b(4) > <A .y S(A)> +B(A)
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for any A € R}\™. Then, since P(A) = <A, S(A)> as seen in the above, we finally obtain

$(A) > <A, S(A)>.

Now, we arrive at the proof of Theorem 3.5.

Proof of Theorem 3.5. The proof proceeds in three steps. First, let P*(p,q) € II(p,q) be a
solution of (3.1), (a*,*) be a dual solution, and we show that o* @& g* € d®(P*). Second, we
construct P, € P,,,,,_; such that V®(P,) = a* & #*. Finally, we show that P*(p,q) and P, are
equal, and thus it is located in II(p, ¢). Here, we can assume that ®(P*(p,q)) < oo without loss
of generality. Thus, if necessary, let ®(P*(p,q)), S(P*(p,q)) denote the continuous extension of
®, S to P*(p,q) € II(p, q), respectively.

The existence of P*(p, q) follows from the compactness of II(p, ¢). Let (a*, 3*) be a solution

guaranteed in Lemma A.2. Due to the duality in Lemma A.3,
®(P*(p,q)) = (p,a") + (4, °) = (P*(p,q), 0" © ) — & (a" ® §%), (A.2)

which implies that a* @ 8* € d®(P*(p,q)).

Since S : Ppm_1 — R™™/{(1,,,) is surjective by assumption, there exist ¢ € R and P, €
Prm—1 such that

0D
T 0A

If we assume that ¢ > 0, from Lemma A.4, for A € R}*™,

S(P,) (P.) = a* @ B+ clum. (A.3)

®(A) > (4, S(P.)
= (A, 0" ®L" + clpm) -

Letting A tend to P*(p,q), compared with (A.2), it yields 0 > ¢, which leads to a contradiction.
On the other hand, if we assume that ¢ < 0, since é*(a* @ B*) = 0, we have

(P, 0" @ B*) < (P, S(P.))
= (P,,a* ®B* 4 clum),

which also leads to a contradiction. Hence, we obtain ¢ = 0 or S(P,) = o* & §* from (A.3).
Finally, we show that P*(p,q) = P, € II(p, q) by contradiction. Otherwise, since ® is strictly

convex on P,,,,,_1, for t € (0,1),

Q(tP. + (1= t)P*(p,q)) <t®(Py:) + (1 —)®(P*(p,q))
= <tP* - (1 - t)P*(pv Q)’a* @B*> .
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On the other hand, since o* @ 8* is a subgradient of ® at P*(p, q),

O(tP. + (1 —-1t)P*(p,q))
> ((tP. — (1 =t)P*(p,q)) — P*(p,q), o™ @ B*) + ®(P*(p, q))
= (P, — (1 =t)P"(p,q), 0" @ B").

Hence, we obtain a contradiction. This completes the proof. O

B Center manifold analysis for averaged gradient learning

B.1 Brief review of center manifold

We herein give a quick review of center manifold according to the textbook [10]. Suppose that

a dynamical system

(B.4)

a(t) = Az(t) + f((t),y(t))
y(t) = By(t) + g(=(t), y(t))

is given, where the parameters (z,y) € R x R% A and B are constant matrices, and f and g
are C? functions such that they, along with their first derivatives, vanish at the origin. We assume
that all the eigenvalues of A have zero real parts while all the eigenvalues of B have negative
real parts. This assumption means that the parameter y converges to the origin exponentially
fast, and the parameter « is driven only by the higher order terms of f and evolves very slowly
compared with y. Since f and g are of the second order with respect to « and y, the assumptions
implies that the coefficient matrix of the linearization of the system has the form as

o 7)

Definition B.5. A4 set S C R% x R% s said to be a local invariant manifold of (B.4) if for
(xo,yo) € S, the solution (x(t),y(t)) of (B.4) with (x(0),y(0)) = (xo,yo) is in S for |t| < T
with some T > 0.

Definition B.6. A local invariant manifold represented in the form of y = h(x) is called a local

center manifold (or simply a center manifold) if h is differentiable and satisfies h(0) = 0 and

oh
52(0) = 0.

The following center manifold theorems give us a method of simplifying a dynamical system

around an equilibrium point.

Proposition B.7 (Center manifold theorem 1 [10]). The equation (B.4) has a center manifold
y = h(z) for ||z|| < d, for some § > 0 and C? function h.
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Proposition B.8 (Center manifold theorem 2 [10]). Suppose that the origin u = 0 is a stable

equilibrium point of the reduced dynamical system
u(t) = Au(t) + f(u(t), h(u(?))). (B.5)

Let (x(t),y(t)) be a solution of (B.4) with the initial value (xo,yo). Then, if ||(xo,yo)|| is
sufficiently small, there exists a solution u(t) of (B.5) such that

(t) = u(t) + O(e™™),
y(t) = h(u(t)) + O(e™"),

as t — oo, where v is a positive constant.

Proposition B.8 asserts that the parameter (x,y) approaches the center manifold y = h(x)
quickly, and then evolves along it. Thus, the dynamical system (B.4) around the origin is

essentially controlled by the slow parameter , and reduced to the lower dimensional system.

B.2 Proof of Theorem 6.4

In the following sections, we assume that the matrix H mentioned in Theorem 6.2 is positive def-
inite or negative definite so that a Milnor-like attractor exists. In a column vector representation,

the dynamical system (5.4) for the (n-2-1)-perceptron is written as

) @\ T
0=— L )
00

By the coordinate transformation to another coordinate system &€ = £(0), the dynamical system

. oe (oe\T for@N\"
e-5 () () o

Thus, the coefficient matrix of its linearization at a critical point & = &* is

o6, 0 [oe foe\" for@N\T
2= " 5 %(%) (%)

o€ (ag)T 92L®

above is transformed to

£=¢*

T 00 \00) “9coE ),

where we used (OL(?) /0&)(€*) = 0. This relation implies that the coefficient matrix has the same
rank as the Hessian matrix (92L(3) /0£0€)(£*). In particular, the rank of the coefficient matrix
of the linearization does not depend on the choice of a coordinate system.

To prove the Theorem 6.4, we make use of the following lemma.

Lemma B.9. If the matriz X is positive definite and Y is positive semi-definite, all the eigen-

values of the matriz XY are non-negative.

64



Proof. The matrix XY is rewritten as
XY =X2(X2Y X2)X 2,

where X2 is a unique positive definite matrix such that (X%)2 = X. Here, the matrix Z :=
X2Y X2 is positive semi-definite. Hence, for each eigenvector a of Z, the vector Xza is an

eigenvector of the matrix XY, and the corresponding eigenvalue is non-negative. O
Then, Theorem 6.4 is shown as follows.

Proof of Theorem 6.4. The proof is essentially based on a straightforward calculation. The co-
efficient matrix of the linearization of the dynamical system (B.6) under the coordinate system
& defined by (6.3) splits into (w,v) and (u,z) parts at 6 = 60, 60;. In fact, the negative of the

coefficient matrix is written as

—
Q+H P 0 0
Ag =4, = ’v{ 2PT 2R 0 0 (B.7)
uf 0 0 0 0
2{ 0 0 0 0

and thus the system (B.6) is written as

E=—ANE—-&)+ar), A=0,1,

where g, is the higher order term, which vanish at the & = £, together with its first derivative.

Here,

and H is the matrix defined by (6.1). Remark that H and ) are matrices, P is a column vectors,
and R is a scalar.

Then, we show that all the eigenvalues of (w,v)-block of the coefficient matrix —Aq are
strictly negative. Recall that the coefficient matrix at a critical point £€* of the dynamical system

(5.4) is given by

o¢ [0\ 92L®
(%)

90 \06) oLoE &)
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Applying Lemma B.9 to X = (0£/06)(0€/06)" and Y = (9?L?) /0€0€)(&o), all the eigenvalues
of the coefficient matrix — A are non-positive. One can check that the Hessian matrix is positive
semi-definite and has rank n + 2 at 8 = 6, 0y, due to the assumption that (w*,v*) is a strict
local minimizer of L. The coefficient matrix —Ag has the same rank as the Hessian matrix,
which implies that the (w,v)-block is of full-rank. Hence, all the eigenvalues of (w, v)-block are
strictly negative. At @ = 6y, a similar assertion for —A; holds.

Finally, due to Proposition B.7, there are center manifolds parametrized by (u,z) around

0 = 6y, 0, respectively. This completes the proof. O

B.3 Reduced dynamical system

By virtue of Proposition B.8 and Theorem 6.4, we can assume that the dynamics (5.4) of the
gradient descent is on the center manifold near the points @ = 6y, 0;. Thus, we can reduce the
dynamical system into that of (u,z). Recalling the coefficient matrix (B.7), we can see that u
and Z have no first order terms. In more detail, calculating the Taylor expansion of (4, 2) up to

the second order around & = &1, we obtain

= (P (w - w0 (w0 w)

(o) RIS H)(w+ (w —w"))

+ 5z = v H(u+ (- w) ) + O - &) (3.3)
p= w0 QM+ (w - w))

)Pt (- w)))

— w —w)THw — )+ LuTHu} + O( €~ &), (B.9)

where I denotes the (n + 1) x (n + 1) identity matrix. Now we consider the reduced dynamical

system on the center manifold. Here, the center manifold (w,v) = h(u, ) satisfies that

w(u, z)]

v(u, 2)

*

w

*

h(u,z) = l +O(flu, z = v*[1?),

by definition. This gives an approximation of the dynamics on the center manifold near & = &;

as
. 1 * * (|13
U= o— (2= v )Hu+ O(||u, z = v"[]"),
2u*
z= e uHu + O(|lu, 2 — v*||?). (B.10)
v

Neglecting the higher order terms, we can integrate this equation to obtain

|ul|?> = (2 —v*)* + C, (B.11)
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where C' is an integral constant.

Around the point £ = &j, we obtain the similar dynamics

. 1 * *
=5 (2 v ) Hu o+ O[u,z + "),
1
f= e u” Hu + O([[u, z + o*[|*).
v

and the relation
[ul® = (z+v%)* + C.

We remark that Theorem 6.4 is valid even when there exists a true parameter in the singular
region R(w*,v*); however, in this case, such a simple form of the reduced dynamical system
as (B.10) is not obtained. Since this case implies that H becomes the zero matrix, the second
order terms of the reduced dynamical system (B.10) vanish, and the third order terms become
dominant. Thus, we have to take into account the cross terms between (w — w*,v — v*) and
(u,z — v*). It needs to calculate the center manifold (w,v) = h(u,z) up to the second order,

which makes the analysis complicated.
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