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Chapter 1

Introduction

The geometric étale fundamental groupoid of P\ {0, 1, 0o} with one or more rational base points
has the natural action of the absolute Galois group of the base field. When the base field is
a number field, the Galois action is faithful as a corollary of Belyi’s theorem and is described
by a non-commutative 1-cocycle called the Galois associator or called the Ihara associator.
Thus, the problem is to investigate the behavior of the Galois associator to reveal in detail the
structure of the absolute Galois group of a number field. The Grothendieck-Teichmiiller theory
was originated by V. Drinfeld and Y. Thara in the 1980s with one of the goals to solve the
problem. This theory corresponds to the Galois side (i.e., the étale analog) of the theory of the
KZ (Knizhnik—Zamolodchikov) differential equation due to Drinfeld.

To analyze the behavior of the Galois associator, techniques of the non-commutative profinite
combinatorial group theory are often used. Around the end of the 1980s, G. W. Anderson and
Y. Thara introduced the étale analog of the beta function (and the gamma function), and its
arithmetic properties were clarified by Anderson, Coleman, and Thara-Kaneko-Yukinari. The
Anderson-Thara’s étale beta function is defined by capturing the Galois associator associated
with the path along the (0,1) real interval on P*\{0,1,00} as a power series in two variables
through the profinite Fox’s free derivative. The f-adic Taylor coefficients of the power series
are essentially described by the ¢-adic Soulé character discovered by C. Soulé. The ¢-adic Soulé
character is the f-adic étale analog of the Riemann zeta value and is closely related to the
arithmetic of higher circular f-units.

Against this background, the f-adic Galois polylogarithm, the main subject of this paper,
is an f-adic special function on the absolute Galois group introduced by Z. Wojtkowiak around
1990 as the f-adic étale analog of the classical complex polylogarithm. The ¢-adic Galois poly-
logarithm is described by the generalized f-adic Soulé character (or called the ¢-adic Galois
polylogarithmic character) introduced by H. Nakamura and Z. Wojtkowiak, and is defined as
an f-adic Magnus expansion coefficient (i.e., f-adic iterated integral) of the Galois associator
associated with a path from the standard tangential base point to a rational base point z on
P'\{0,1,00}. This definition is the f-adic étale analog of the fact that the complex polyloga-
rithm is a coefficient of the appropriate term in the KZ associator (i.e., a fundamental solution
of the KZ differential equation). The KZ associator is the generating function of the complex
iterated integral along a path on the three-punctured Riemann sphere P!(C)\{0,1,00}. From
this perspective, the analog of the logarithmic function (i.e., the first order polylogarithm) is



understood to be the f~adic Kummer 1-cocycle along the ¢-th power roots of z.

This paper discusses (1) arithmetic—geometric properties (functional equations) and (2)
number-theoretic properties (relations with triple symbols) of ¢-adic Galois polylogarithms.
The background of the research on (1) and (2) and the specifics of this paper are as follows.

(1) arithmetic—geometric properties (functional equations):

The study of complex polylogarithm functional equations originated with the work of L. Euler
and J. Landen around the end of the 18th century. Modern studies have been conducted since
around 1990 by Zagier, Goncharov, Wojtkowiak, Beilinson-Deligne, Gangl, and others, and
in particular, Zagier established an algebraic sufficient condition, called the tensor criterion,
for the general functional equation of the complex polylogarithm to be valid. Furthermore,
the complex polylogarithm has been generalized to the complex multiple polylogarithm, and
numerous functional equations of them are known to date.

The polylogarithm has monodromy around the punctures z = 0, 1, co. Each of its functional
equations depends on a system of paths on P'\{0,1,00} that define the main polylogarithm
terms and is also based on its own underlying geometry. In this sense, functional equations of
polylogarithms are one of the arithmetic-geometric phenomena performed by the polylogarithms
based on a subtle geometrical balance of the paths on P!\ {0, 1, 00}.

On the other hand, functional equations of the ¢-adic Galois polylogarithm were studied by
Nakamura-Wojtkowiak, and several typical examples (Euler type, Abel type, inversion formula,
and distribution formula) were obtained. In Nakamura-Wojtkowiak’s previous work, they es-
tablished a topological condition called the homotopy criterion by reinterpreting Zagier’s tensor
criterion in terms of fundamental groups and also gave the tensor-homotopy criterion and spe-
cific computational algorithm similar to the complex case to derive the functional equation of
the f-adic Galois polylogarithm.

In this paper, following Nakamura-Wojtkowiak’s previous works, we derive (i) Landen-type
3-terms and (ii) Spence-Kummer-type 9-terms functional equations of the ¢-adic Galois triloga-
rithm, and (iii) a generalization of Oi-Ueno type functional equation of the ¢-adic Galois multiple
polylogarithm. The details of (i), (ii), and (iii) are as follows.

For (i) and (iii): Using algebraic relations (chain rules) of ¢-adic Galois associators arising
from the S3 symmetry of P!\{0, 1,00}, we derive Landen’s 3-terms functional equation of the
f-adic Galois trilogarithm and a generalization of Oi-Ueno’s functional equation of the f-adic
Galois multiple polylogarithm. For the former functional equation (i), no dilogarithm terms
appear in the conventional Landen’s 3-terms functional equation of the complex trilogarithm,
while the functional equation (i) contains a single f-adic Galois dilogarithm term. This ¢-adic
Galois specific term, named error term by Nakamura-Wojtokowiak, is due to a certain non-
linearity inherent in the f-adic Galois associator. In previous studies, no higher-order terms
appeared in error terms in concrete functional equations, and this study is the first to confirm
such a nontrivial phenomenon. The latter functional equation (iii) is a generalization of the
Oi-Ueno functional equation of the ¢-adic Galois multiple polylogarithm, which has two aspects:
a duality in terms of indexes and a reflection in terms of variables. By a specialization of (iii)



when z — 1, the duality formula of /-adic Galois multiple zeta values is derived.

For (ii): The Spence-Kummer’s unctional equation of the trilogarithm is a two-variable func-
tional equation consisting of nine trilogarithms, which has the geometry of Vion-fano the com-
plement to the non-Fano arrangement as its underlying geometry. The space Vion-fano 1S a
2-dimensional algebraic variety, that is the complement to a divisor of the moduli space M 5
of projective lines with ordered five points. The symmetry of Vionfano defines nine morphisms
from Vion-fano tO ]P’l\{O, 1,00}, and by using the nine morphisms, a system consisting of nine
proper paths on P'\{0, 1,00} is defined. By analyzing in detail the chain rule of /-adic Galois
associators arising from the path system, we derive the Spence-Kummer’s functional equation of
the f-adic Galois trilogarithm. In order to compute the error term, it is necessary to specify the
exact f-adic Magnus expansion coefficients of the 2-variable Galois associator associated with a
path on Vion fano- This calculation is completed by a precise study of the fundamental group of
Vhon-fano using the Galois theory of Mj 5 and the computational algebra system Magma. That
is, in this paper, we focus on the finite étale Galois covering space Vi, (the complement to the
Bj Coxeter arrangement) on My 5 and the natural open immersion from Vg, to Vion-fano. Then,
the fundamental group of Vion-fano is realized as a subquotient of the well-known fundamental
group of My (i.e., the quotient group of the pure braid group P; by its center). Thus, by de-
scribing the above 2-variable ¢-adic Galois associator in terms of pure braids, a precise analysis
of it is possible.

The above proofs of (i), (ii), and (iii) are all algebraic. Therefore, by replacing the ¢-adic Galois
associator with the complex KZ associator and reinterpreting the proof as the complex version,
we obtain a new algebraic proof of the complex (multiple) polylogarithm functional equation.

(2) number-theoretic properties (relationships with triple symbols):

Establishing the connection between the ¢-adic Galois polylogarithm and other number-theoretic
objects is a problem in obtaining applications to number theory. For this purpose, we consider
the reduction mod ¢ of the ¢-adic Galois polylogarithm. This is called the mod ¢ Galois polylog-
arithm. In this paper, following the previous work of Hikaru Hirano and Masanori Morishita on
“Arithmetic topology in Ihara theory”, we consider the relationship between the mod ¢ Galois
polylogarithm and an arithmetic object called the triple £-th power residue symbol that controls
the decomposition law of a prime ideal in the certain Heisenberg extension over a number field.
As a result, we interpret the triple £-th power residue symbol as a special value of the mod ¢
Galois polylogarithm for the case £ = 2,3 where the triple /-th power residue symbol is well-
defined. In doing so, we use a rational point of a certain Diophantus equation to determine an
appropriate rational point of P\ {0, 1,0}, and consider the special value of the the mod ¢ Ga-
lois polylogarithm at the rational point. This result is a reinterpretation of Hirano-Morishita’s
work in terms of f-adic Galois polylogarithms. Since the triple ¢-th power residue symbol is
described by a mod ¢ Milnor invariant for a prime ideal, which is an arithmetic analog of the
Milnor invariant of links, the above result of this paper gives a description of the mod ¢ Milnor
invariant by the special value of the mod ¢ Galois polylogarithm. As an arithmetic application
of this result, we discuss the relationship between the reciprocity law of the triple /-th power
residue symbol and the Euler-type functional equation of the ¢-adic Galois dilogarithm.

The works in this paper expand the specifics in the f-adic étale iterated integral theory
originated by Wojtkowiak, and should contribute to the future development of the arithmetic
of higher circular f-units and the Grothendieck-Teichmiiller theory.



Chapter 2

Preliminaries on fundamental groups

In this section, we prepare some notations concerning fundamental groups. We shall write
Set (resp. Setﬁ“) for the category of sets (resp. the category of finite sets).

2.1 Topological fundamental groups
For a connected topological manifold M and two base points x, *' of M, we shall write
mP (M %, ')

for the set of homotopy classes of topological paths on M from * to x’. For 1 € 7T11;Op(M ;% )
and vy € WiOP(M; ' "), the composite

M2 =712 € TP (M %, ) (2.1.1)

is defined in such a way that paths are composed sequentially start ing with the left. Moreover,
we shall write

TI'EOP(M, *) 1= F;OP(M; *, %)

for the topological fundamental group of M with respect to the binary operation determined
by the above path composition.
The set 7T§°p (M; %, ") is understood in terms of categories as follows. We shall write

Covys (resp. COV?\?)

for the infinite Galois category of covering spaces over M (resp. the Galois category of finite
covering spaces over M). By taking the fibre x X7 ¢ N for each covering space [f : N — M] €
Obj (Covyy), we obtain the fibre functor

F, : Covys — Set.
Then ﬂ';Op(M ; %, +') is identified with the set of natural isomorphisms from Fj to Fy:
t
Trlop(M; *, */) = Isom[COVM,Set] (F*a F*/) )

where [Covyy, Set] is the functor category from Covys to Set.
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Consider the restriction F/* : Covi? — Setfi® of F, to %. Let 7i° (M; %, ') the profinite
completion of 7}°°(M;*,*'). Then the profinite set m.°°(M;*, +') is identified with the set of

natural isomorphisms from Fi" to Ffin.

—_—
TP (M %, %) ~ Isom Fiin piin
1 » % - [Coviin Setfin] \ L » 4w/ )

2.2 Geometric étale fundamental groups

Let ¢ be a prime number and K a subfield of C with the algebraic closure K. For a connected
algebraic variety V over K and a base point * of V, we shall write

. fi . (-fi
EtCovVn (resp. EtCovy, n)

for the Galois category of finite étale covering spaces over V' (resp. the Galois category of finite
étale covering spaces over V' whose Galois closure has ¢-th power degree). By taking the fibre

. fi
* Xy ¢ W for each covering space [f : W — V] € Obj (EtCovVn), we obtain the fibre functor
. , fi
Ffinét . BtCovy, — Setf
4 ’ (-fi
and its restriction F¢ : EtCovy, " 5 Setfi™. For two base points *, *' of V, we shall write

fin-ét fin-ét

ét !
Dk, k) 1= , n
T (Vi «) Isom[Et Covt™ Setf] ( .

0-ét I
. Sk, ok = . _fin
(resp T (Vs %, %) Isom[Et Cov™ getfing

V from * to *” (resp. the pro-¢-finite set of pro-£ étale paths on V from x to x’). The composite
of pro-¢ étale paths is also defined in the same way as in (2.1.1). Moreover, we shall write

w!

(Ff‘ét, Mt)) for the profinite set of étale paths on

Wlét(V, %) 1= w?t(V; %, %), (resp. Wf“ét(V, %) 1= wf'ét(V; *, *))

for the geometric étale fundamental group of V' (resp. the pro-¢ geometric étale fundamental
group of V') with respect to the binary operation induced by the path composition.

Let V2 := V(C) be the associated analytic space of V via the inclusion K < C. Then we
have the following sequence of categories

. {-fin . fin
EtCovy, < EtCovy ~ CoviZ, < Covyan.

The middle categorical equivalence is determined by the functor of taking associated analytic
space. When two points *, " on V are regarded as points of V" by K < C, there is a canonical
comparison map

ﬂ(’p (Vo5 ') — wioP(Va“; *, %) w‘lst(V; *, ') —» Wf‘ét(V; *, %), (2.2.1)

The comparison map (2.2.1) induces an isomorphism between 75 (V; %, #') (resp. ©{¢"(V;x,+))
and the profinite completion of 7;°P (V2 %, ') (resp. the pro-¢ completion of P (Va0 %, «')),
and we identify them by the isomorphism.
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Let Gk = Gal(K/K) be the absolute Galois group of K with respect to the inclusion
K «— K. If x and # are K-rational (possibly, tangential) base points of V, the profinite set
7S (V5 *, #') has the natural Galois action defined by

Gk — Aut (w?(v; *, *')) , o [y se(0) -y sw(0) 7Y

where s, : G — m{"(V, %) is the canonical homomorphism induced by *.

2.3 Basic examples and the path set up

We shall recall the fundamental groups of P\{0, 1,00} and the moduli space Mg 5. Let

}P’%\{O, 1,00} = Spec (K [t, t(tl—l)}> (2.3.1)

be the projective line minus three points over K. Then the associated analytic space of
IP’%\{O, 1,00} via K — C is the three punctured riemann sphere P!(C)\{0,1,00}. Let

of - Spec (K((t))) — IP’%\{O, 1,00}

be the standard K-rational tangential base point over the K (t)-rational point t. We write l,
l1, and [ for topological loops with the base point 01 on P! (C)\{0,1,00} as in FIGURE 2.1.

Then 7}°° (IP’l (C)\{0,1, 00}, (ﬁ) is the free group of rank 2 with generating system (lo,{1):
71 (PHCN 0,1, 00}, 01) = (lo, b1, oo [ 1o 1y loo = 1) (2.3.2)
= (lo, l1) .

Then the pro-f geometric étale fundamental group 74t (]P’%\{O, 1,%},&) is the free pro-¢
group of rank 2 with topologically generating system (o, [1):

mft (PEA{0, 1, 00},01) = o, )

Next we discuss the moduli space M 5. Let
1\ o 1
Mos = 1 (a1,a2,a3,a4,a5) € (Pf) | ai # aj (i # j) ¢ /Aut (Pf) (2.3.3)
be the moduli space of ]P’% with ordered five points. By sending
[(a1,a2,a3,a4,0a5)] = [(1,1,t2,0,00)] = (t1,t2), (2.3.4)

we identify My s with the second configuration space Confy (IF’%\{O, 1, oo}) of IP’%\{O, 1,00}.
Note that Confy <]P’1?\{O, 1, oo}) is the complement to the braid arrangement ¢1t2(t1 — 1)(t2 —
1)(t1 — t2).

Moz =~ Confy (PE\{0,1,00}) (2.3.5)

= Spec <K [tl’tQ’ tita(t — 1)(75; —D(t — tQ)D |

11




Figure 2.1: Topological loops on P*(C)\{0,1, 00}

We use the K (t)-rational point

_2\? N
(71, 72) = ((14_;) ,<1+i> ) € Moy (2.3.6)

and consider the K-rational tangential base point

7 Spec (K((t))) = Mo (2.3.7)
over (71, 72). In the present paper, we define homotopy classes of topological loops
Ay (= Az) € m™ (ME%,7) (1<ij <5)
as follows. We set the loops l;; (i € {2,3}, j € {1,2,3,4,5}, i # j) in FIGURE 2.2.

Figure 2.2: Topological loops on P!(C)\{0, 1, 00}

lo1 los log lo3 l32 l31 I35 l34

12



Ang = Af31Af21A§41A541A5317 Ars = Af41Af31Af21, Aygs = A§41A§41Af41'

Table 2.1: Correspondence between each divisor on Mg’y and its meridian

divisor t1=0t2=0t1:t2 t1=1 t2=1 t1=OO tQZOO

meridian A24 A34 A23 A12 A13 A25 A35

The topological fundamental group of M’ is the mapping class group of type (0,5) (cf.
[N94, §3.1]). It coincides with the quotient group of the pure braid group P, by its center (wy)
where wy 1= Aj9A13A14A23A24A34. This group has the following presentation (cf. [Leel0]).

Avo, A3, A1y,

m P (M, 7) = < (R1) ~ (R5) > (: Py/ <w4>>

Ags, Aga, Asy

Avo, A3, A1y, Aas,
(R1) ~ (R6)

Aoy, Azy, Aos, Azs

where (Ri) (i =1,2,3,4,5,6) are as follows:

(R1) Ajj = Ay, Ay =1 (1<4,5<4),
(R2) A12A34 = AzqAr2, A1aAoz = AzzAiy,
(R3) A12A13A23 = A3 A12A13 = A13A23A12,
A19A14A24 = A14Ao4 A1 = Agg A2 A1y,
A9z AgqAzy = AggAza Aoz = AzqAaz A,
A13A14A34 = A14A34A13 = Az A13A14,
(R4) A3 AsqA14 A1 = A13A34A24 A1,
(R5) wy =1,
(R6) A12A23A24A25 =1, A13A23A34A35 = 1.
Then the pro-¢ geometric étale fundamental group it (Mo, T) is the pro-¢ mapping class
group of the five marked pointed Riemann sphere with topologically generating system {A;;}:

T (Mo, T) =

< A, A3, A1y, >
(R1) ~ (R5)

Ass, Aga, Asg

13



Chapter 3

Review of complex associators and
polylogarithms

In this section, we recall the definition and some properties of complex associators and polylog-
arithms.

3.1 Complex multiple polylogarithms

In this subsection, we recall the basic properties of complex iterated integrals and complex
polylogarithms [NW12], [F04], [F14], [D90].
Let z be a C-rational base point on P1\{0, 1, c0}. The complex logarithm log(z;+) in a form

depending on 7y € 7} (}P’l (C)\{0,1,00}; (ﬁ, z) is defined as follows:
dt
log(z;7) := /71 =, (3.1.1)
5ﬁ Yy
where 0 € %P (IP’I(C)\{O, 1,00}; (ﬁ, ﬁ) is the straight path along the unit interval (0,1) C
PL(R)\{0,1,00}. So our complex logarithm may be regarded to be the map
log(z) : m}°P (]P’1 (C)\{0,1,00}; o, z) — C,

sending ~ — log(z; ). Note that log(z) factors through 7} (IF’l(C)\{O, oo}; (ﬁ, z)
For each v € WEOP (Pl((C)\{O, 1,00}; (ﬁ, z), we set

v =05 dpp(y) € mP (IP’I(C)\{O, 1,00};00,1 — Z) : (3.1.2)

where ¢ € Aut (P'(C)\{0,1,00}) is given by ¢53(t) = 1 —¢t. For a pair k = (k1...,kq)
N¢, we shall define the complex multiple polylogarithm Liy (2;v) associated to (= 7.)
WT{Op (Pl((C)\{O, 1,00}; (ﬁ, z) as the iterated integral

€
€

i oy () dt kg £ 1
LZk (Z;fy) = {f'}/ tl Zkl.’ ’kd 1( 7/Yt) d # 9 (3'1'3)
Sy =t Lk e gy () At kg =1,
dt
Liy (2;7) i= —log(1 = 27') = / — (3.1.4)
L1—t

14



So our complex multiple polylogarithm may be regarded to be the map
Li(2) : 71 (PHC)\{0, 1,00} 01, 2) — C
sending v — Liyx(z;7). In particular, we define the multiple zeta value
¢(k) := Lix (10;6) € R. (3.1.5)

The complex multiple polylogarithm is closely related to the KZ (Knizhnik-Zamolodchikov)
equation. The formal KZ equation on P!(C)\{0, 1, 00} is the differential equation

sz( )= <6; + o 1) G(2) (3.1.6)

where G(z) is an analytic (i.e. each of whose coefficient is analytic) function with values in the
non-commutative formal power series ring C((eg,e;1)). There exists a solution A? (€0, e1) €

C({eq, e1)) attached to v € m}P (IF’l( N\{0, 1, 00}; (ﬁ, ) defined by the expansion in terms of
iterated integrals as

Aﬁ (eg,e1) :=1+ Z W we C({ep, 1)) (3.1.7)

k=1 ’Y k times

dz

where w : @e + %y is a 1-form on P*(C)\{0, 1, 00}. It is easily verified that the expansion

of (3.1.7) looks like

. >, log"(z; > logh(1 — 259/ = _
A(ﬁ”y (eg,e1) =1+ Z gk(;'v)elg + Z Welf — Z sz(z;'y)eleg ! (3.1.8)
k=1 ’ k=1 ’ k=2

o
+ Z(—l)d Z Lz‘k(z;v)ew’él Looe egd P
d=2 k=(k1....ka) €(Z>1)"

We remark on the relationship between the fundamental solution of the KZ equation (3.1.6)
and Aq (eg,e1). Let

G%ﬂ (eo,e1) € C{{eo, €1))

be the fundamental solution of (3.1.6) attached to v € m}°P (IPI( N\{0,1,00}; (ﬁ, z) character-
ized by the asymptotic behavior

2,7y > logi(z;'y) 7
G(ﬁ (eo,e1) %;Teo (z —0).
1=
For a word w = wy---w, (wy, - ,w, € {X,Y}), we define w? := wy,---w;. For A =

Y Coeffy(A) - w € C((ep,e1)), we define the dual of A by A°P? := " Coeff,,(A)-w. Then,
the following equation holds

G%”y (60, 61) = (A(Z)—’{/ (60, 61))0p N (3.1.9)
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that is
Li(217) = (~1)" - Coef£ sy, s1s,, (G2 (eoren) - (3.1.10)

In particular, we define the Drinfeld associator

D(eg, e1) = 351 (e, 1) € C{{eg, e1)).

Moreover, the Lie-version of the complex polylogarithm is defined as follows. We denote by
Lie(c<<€0, €1>>

the complete free Lie algebra consisting of lie-like elements of C((eg,e1)). Since Aﬁ (eo,e1) €
C((ep,e1)) is group-like, we can take the inverse of it and obtain a Lie formal power series

log (A3 (0. e1)™") € Liec((eo, e1)

where . ( . )
a1 — (-1 (AT -1
log: A7 — nz::l - .

We shall write
¢, + Liec({eg, €1)) — C

for the C-linear form that picks up the coefficient of Ay with respect to the Hall basis
hl =e1, hm = [eo,hm_l] = ad(eo)m_l(el).

We define

lig(257) == (27TF)’“ ox (log (A (eo,e1) ")) (k> 1), (3.1.11)

hO (27'7) = _27r\/—7110g (Z,’Y) )

called the Lie-version of the complex polylogarithm. Then [NW12, Proposition 5.2] asserts the
following formula

n+l n— 1
lip,(2;7) = ;W\/): Z log 2;y) Lin—k(z;7) (3.1.12)

where {B,}, is the family of Bernoulli numbers defined by

S Bupn_ T
nzon! el —1

Note that By = —1.
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3.2 Computations of complex associators

Proposition 3.2.1 (Chain rules). Given a base point z of P1(C)\{0,1,00} and a path v €
%P (IP’I(C)\{O, 1,00}; (ﬁ, z), define the paths 7/, 4" associated to ~y by

= o o) € P (PO, 1,008 01,1 7)), (3.2.1)
y' = b - b (v) € TP (IPl(C)\{O, 1,00}; 01, zi1> : (3.2.2)
where ¢33, ¢ € Aut (P1(C)\{0, 1, 00}) is given by ¢g3(t) =1 — ¢, ¢ (t) =
€xo :— —€0 — €71.

Then the following holds:
L Gl (eo,e1) = Gy ™7 (er,0) - leo, 1),

2. G%lﬁ (€0, €1) :G(Zﬁ’w (€0, €00) - €XP (my/—1 - €0).

Proof. We use the following formula

/

AIIZ i (60, 61) . Az/ B (60, 61) = AZ B (60, 61) s

for a € % (P(C)\{0,1,00};b,8) and § € 7} (P*(C)\{0,1,00};¥,"). First, we show (1).
By (3.2. 1) and (3.1.9), we compute
op

G%’W (eo,e1) = (A%’V (eo, €1))

op
= (A (eore0) AP (o)

( 25_6 (€0, €1) - P33 (A(l)fz’w/ (60361)>>0p

K o o
( 76_6 (eos€1) - A(l)—i g (%60))
= G({Z’V (61, 60) . (I)(eo, 61).

This completes the proof of (1).
Next, we show (2). By (3.2.2) and (3.1.9), we compute

Gﬁ’/y”( B Aﬁﬂ/” op
(ﬁ 60761) — (ﬁ (60761)

000,6— NETRAN op
— (A(ﬁ 005 (60,61) . Sﬁ:ol 000(7) (60761)>
(Fo,éﬂ °op
— (A(ﬁ Ooco (60,61) d)Ooo (Aﬁ (60,61)))
(Fo,&—> p op

= (A(ﬁ 02 (eg, e1) -Aa"y (eo,eoo))

000 5
Ga"y (€0, €00) - G? > (ep, 1)

— GO_’{Y (€0, €00) - €XP (7r —-1- e(]) .
This completes the proof of (2). O
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Chapter 4

Review of /-adic Galois associators
and polylogarithms

In this section, we recall the definition and some properties of f-adic Galois associators and
polylogarithms.

4.1 /-adic Galois multiple polylogarithms

In this subsection, we recall the basic properties of ¢-adic iterated integrals and ¢-adic Galois
polylogarithms [NW12], [NW20], [NW99], [WO0]-[W3].

For an algebraic variety V over K and its K-rational base points b and *, the absolute Galois
group G = Gal(K/K) acts on the pro-/-finite set 7{*(V;b, %) (cf. [N99, 2.8], [NW99, (1.1)]).
For 0 € G and p € WEOP(Van;b, ), regarding p as p € Wf‘ét(V;b, %) by the comparison map
(2.2.1), we define a pro-¢ étale loop

foP i =p- a(p)_1 c Trf'ét(V, b) (4.1.1)

called the f-adic Galois associator associated to p € WEOP(V‘“; b,*). When p = 07p it is called
the (-adic Ihara associator in [F07, Definition 2.32].
In the following, we mainly consider the case where V = IP’%\{O, 1,00} and b = 01. Recall

that Wf‘ét (IP’%\{O, 1,00}, ﬁ) is the free pro-¢ group Ff of rank 2 with topologically generating
%
system (lo, 1) as in (2.3.2). The f-adic Galois associator f}, B forms the main component of

the image of Gi in the pro-¢ Grothendieck-Teichmiiller group GT, which is a closed subgroup
of the automorphism group of m{t (IP%\{O, 1,00}, ﬁ) <: F§ = (I, l1>), defined as follows

There exists unique (\, ) € Z) x [Fy, F§] such that o(lp) = lo*,
GTy:= (o € Aut (FQK) o(l1) = §~117f, the pair (X, f) holds 2-cycle relation, 3-cycle
relation, 5-cycle relation (cf. [Ihara, 1990] (3.1.1)).

There exists the natural homomorphism

GK — GT@? o (X(U)a ?76ﬁ>
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where x : Gg — Z, is the f-adic cyclotomic character.

Let z be a K-rational base point on PL. \{O, 1,00}. For v € 7rt0p(IP’1( N\{0, 1, 00}; ﬁ, z) and
o € Gk, we get a formal power series

fo7 (€0, e1) € Qe({eo, 1)) (4.1.2)

by taking the image of {27 € wf‘ét(IFﬂF\{O, 1, oo},(ﬁ) under the multiplicative f-adic Magnus
embedding into the non-commutative formal power series ring

Zet(IE”1 \{0,1, o0}, (ﬁ ) — Qu{{eo, 1))
defined by ly — exp(eg) := Y02 2refl, I — exp(e1). The power series {27 (eq, e1) is a (-adic
Galois analog of the KZ solution G%’V(eo, e1) € C{{eg, e1)) in (3.1.9). For k = (ky,..., kq) € N,
we define the f-adic Galois polylogarithm and the f-adic Galois zeta value

Lit (z;7,0) = (—=1)¢. Coeffelgdflelmegl,le1 (f27(eg, €1)) , (4.1.3)
Ch(o) == Lk (ﬁ, 675 U) . (4.1.4)

Note that ¢k (o) is called the f-adic multiple Soulé element in [F07, Definition 2.32] and ¢4 (o)
is described by the Soulé character (cf. [FO7, Examples 2.33]).
So our f-adic Galois polylogarithm may be regarded to be the map

Lif(z) : 7P (PH(€)\{0, 1,001501, 2) x Gic = Q,

sending (v, ) = Lif (2;7,0) where z is a K-rational base point of P*\{0,1,00}.
Here we shall recall the character version of the ¢-adic Galois polylogarithm, which is closely
related to the Soulé character (cf. [NW99, REMARK 2|). For each n € N, we denote by

Cn i= exp (27rf) € K a primitive n-th root of unity and choose z'/" (n € N) as the specific
n-th power roots determined by € mi°P (Pl( N\{0, 1, 00}; (ﬁ, z). For each k € Z>1, the f-adic
Galois polylogarithmic character associated to v € 7P (]P’l( N\{0, 1, 00}; ol , z)

)Z'Z"y G — 7y (4.1.5)
is defined by the following Kummer property

o) m—1 L m—1 + @) 1
GF (Hu—c’ﬁf”) R )/H L= G T
=0

=0

where x : Gg — Z; is the f-adic cyclotomic character and p,, : Gg — Zy is the Kummer
1-cocycle defined by a(zl/gn) = A/ -(Zf”(a). Then, the f-adic Magnus expansion of the Galois
associator f27(eq, e1) € Qu((X,Y)) looks like

oo k 0o oo k
27 (e, e1) =1+ Y (Epznl0) pz’];(a)) ef+ Y EPrzy () 27( ) el (4.1.6)
k=1 ' k=1 !
00 >~<z,’y 00
- Z : 6'5*1 — > Lig(z;7,0) - ef 'er
k=2
FYEDT Y Dl e e

k=(k1...,kq)E(Z>1)"
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where v/ € 7} (IP’I((C)\{O, 1,00}; (ﬁ, 1- z:) is as in (6.1.1).

Moreover, the Lie-version of the ¢-adic Galois polylogarithm is defined as follows. We denote
by Lieq, ((X,Y)) the complete free Lie algebra consisting of lie-like elements of Q¢ ((X,Y")). Since
27 (eo,e1) € Qp((X,Y)) is group-like, we can take the inverse of it and obtain

log (ff,’“/(eo, el)_1> € Lieg,((eo, e1)).

We shall write ¢y, : Lieg, ((eo, e1)) — Qg for the Qg-linear form that picks up the coefficient of hy,
with respect to the Hall basis hy :=e1, hy = [e0, hm—1] = ad(eo)™ *(e1) of Lieg,{(eo, e1)).
We define

lig(z;7,0) == @k (log (fiﬂ(eo,el)_l)) (k>1), Vlig(z7,0):= p.y(0), (4.1.7)

called the Lie-version of the f-adic Galois polylogarithm. By computations similar to [NW12,
Proposition 5.2], we have the following formula

n—1
. B .
lin(z:7,0) = 3 7 (=p2(0))" Liy_(2:7,0)- (4.1.8)
k=0 "

The f¢-adic Galois polylogarithm is similar to the complex polylogarithm as in TABLE 4.1.

Table 4.1: Analogy between complex polylogarithms and ¢-adic Galois polylogarithms

l-adic Galois side complex side
z : K-ratinal base point on P*\{0,1, 00} 2z : C-rational base point on P'\{0, 1,00}
f57(eo, e1) € Qe{(eo, €1)) G (eo,€1) = (A%W(607€1)>0p € C({eo, 1))
(7,0) € 7 (P(C)\{0,1,00}; 01, ) x G v e (PHC\ {0, 1,00};01, 2)
Lij(z;7,0) € Q Lik(z;7) € C
¢l Gr — Q ((k) eR
Lif(2;7,0) = p1_s(0) € Zy Liy(z;7) = —log(1 — 2z;7") € C
2 (0) € Zy —(k = 1)!- Coetf yn,, (A (co,en)) € C
lig(z;7,0) € Qe Pk (log (Gfﬁ”(%, el)‘l)) cC
oy (log (77 (co,e1))™)) € Q lin(2;7) € C
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4.2 Computations of /-adic (Galois associators

Lemma 4.2.1 (Chain rules). Given a K-rational base point z of P!\{0,1,00} and a path
v e mi°P (IP’1 (C)\{0,1,00}; (ﬁ, z), define the paths 4/, 4" associated to 7 by

v = b5y o3(1) € mi® (PHCN{0,1,001:01,1 - 2) | (4.2.1)

V= B b () € TP (Pl(@\{o, ookl = 1) , (4.2.2)

where ¢33, ¢ € Aut (P1(C)\{0,1,00}) is given by ¢g3(t) = 1 — ¢, ¢ (t) = 27 Let

€co 1= log(exp(—eq)exp(—ep)).
Then, the following holds:
, 0,6
1. fg"’(eg, 61) = fiﬁz”y (61, 60) . fg 1_6(60, 61).
="

2. f5 7 (eo,e1) = 57 (€0, 0o) - exp (23 %e ).

Proof. Let 0 € Gk. First, we show (1). By (4.2.1) and (4.1.1), we compute

f27(eo,e1) = - o(y)

= b5 on3(v) - (0 (1) ™) - (555)

17Z7ﬁ/

=03 913 ( o (60’61)) '(%1 fo (€0, €1)
=727 (e1, e0) - f?%(@o, e1).

This completes the proof of (1).
Next, we show (2). By (4.2.2) and (4.1.1), we compute

z "
z—1’

& (eo,e1) =7" 0o (’7")_1

= 05z - dgz(1) - 0 (%@(7))_1 0

0oco
> 1 (Fo,(S—>

= 052~ P (157 (€0, €1)) - 055 - fo > (€0, €1)

000,6—
= 77 (€0, €00) - fo > (€0, €1)

1-x(9)
= {57 (e0; €00) 1y

1—x(o)

= 157 (e0, e0) - €xp(e0) ™ 2
= 27 (e, €c0) - €XP (12X(J)eo) )

This completes the proof of (2). O
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Chapter 5

Duality-reflection foumulas of
multiple polylogarithms and their
(-adic Galois analogues

In this chapter, we derive formulas of complex and ¢-adic Galois multiple polylogarithms, which
have two aspects: a duality of indexes and a reflection of variables.

5.1 Main results and the proof

In [0i09] and [OU13], Oi and Ueno showed the the following functional equation:

m—
log (2
> Mam i)+ Liv,.12(1—279")=¢(m). (5.1.1)
=0 ] \-v-’
m—2 times
Our main result of the complex case is as follows. The following functional equation is a
generalization of (5.1.1) and has two aspects: a duality n <> m with respect to indexes and a
reflection z <+ 1 — z with respect to variables.

Theorem 5.1.1 (The duality-reflection formula of complex multiple polylogarithms). Given a
base point z of P'(C)\{0,1, 00} and a path v € 7{°P (Pl( N\{0, 1, 00}; (ﬁ, z), define

v = by 6(7) € T (YO0, 1, 001501, 1 - 2, (5.1.2)
where ¢ € Aut (P}(C)\{0,1,00}) is given by ¢(t) = 1 — t. For n,m € Z>s, the following holds:
m— 1
—log (2; —log (1 — z; )
Z g (g ()Y 1.1 m—j(27) + Z & 57 iy 11 (1= 29)  (5.1.3)
P ~—~ -0 J: ~—~
J n—2 times ‘7 m—2 times
=((1,...,1,m).

n—2 times

We also deal with the f-adic Galois case for any prime number £. Let K be a subfield of C
and Gk the absolute Galois group of K with respect to its algebraic closure K in C. In [NS22]
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and [N21], Nakamura showed the following functional equation

gy (pz W(U))j Y, ¢ ' ¢
3 =L, (27,0) + Lity 1 o (1 —27,0) = (o) (0 € Gk). (5.1.4)
j=0 J: —~

m—2 times
Our another main result is a generalization of (5.1.4) as follows.

Theorem 5.1.2 (The duality-reflection formula of ¢-adic Galois multiple polylogarithms).
Given a K-rational base point z of P'\{0,1, 00} and v € 7P (PI(C)\{O, 1, m};ﬁ,z), define
the path 7/ associated to v as in (5.1.2). For any o € G, the following holds:

i (pz,’y(o'))j 4 = (plfz,v’(a))j i /
T Li 1,...,1,m—j (z37,0) + E TR Li 1,1 ,n—j (1—-29",0) (5.1.5)
j=0 J: S~~~ j=0 J:
n—2 times m—2 times
4
= C 1,...,1 ,m( )

By the specialization of (5.1.3) and (5.1.5) when z — 1, we obtain the well-known duality

formula of multiple zeta values (( 1,...,1,n)=((1,...,1,m) and its ¢-adic Galois analog:
2 ti 2 ti
m— 1mmes n— 1mmes

Corollary 5.1.3. For any o € Gk, we obtain

C€1,...,1 ,n(U) = Cél,...,l,m(o-) (5.1.6)
m—2 times n—2 times

Remark 5.1.4. The theory of the p-adic KZ equation is constructed by Furusho in [F04]. He
introduced the p-adic crystalline analog of Liy (z;). Using the results in [F04], we obtain the
p-adic crystalline analog of (5.1.3) in parallel ways as in the proof of (5.1.3).

Proof of Theorem 5.1.1, Theorem 5.1.2. Let n,m € Z>o and v € 7P (Pl((C)\{O, 1,00}; (ﬁ, z).
The following proofs are based on a remark given in the Appendix of Furusho’s lecture note
[F14, A.24] and an insight about the ¢-adic Oi-Ueno’s equation in Nakamura’s Oberwolfach
Report [N21].

First, we prove Theorem 5.1.1. For w,w’ € M, we write

Coeff, v := Coeff, + Coeff, .

Since G%’V(eo, e1) is group-like element in the Hopf algebra C((X,Y")), The shuffle relation

Coeffu = Coeff,, - Coeff,, (5.1.7)

holds for w,w’ € M. By the definition of the shuffle product LU, we get

e ey len ™ = eg(e] Tt el T e ) 4 eg(ed e T T 2en Y. (5.1.8)
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Then we obtain

3

(logjf’mml,.,.,l m—i(2)

j:O n—2 times
m—1
= (— 1)n+‘7 ! - Coeff ; (G—1> (61,60)) 'Coeffegbfj—le?—l (G%ﬁ(eanlD
7=0
m—1

(=1)™71 - Coet sy, oot - (G (co,en))  (by (5.1.7))

€o €1

I
o

=(=1)"" 7 Coetf, (1 - 2, (GZ (eo,e1))  (by (5.1.8)).

By the same computation as above, we have

—{ (=1 1 — .
og(l ~ %7 Liv,.1mj(1—2z7)=(-1)"tm3. Coeff, (om-1,, (Gq (eg, 61))

5

9 0,6
L...,1,m) = (=1)"tm==. Coeff, (om-1,.n-2) (G(ﬁ (e1, eo)).
n—2 times

By the chain rule (1) of (3.2.1), we get

m—2 times

¢(

Coeff L Len—2 (G_i (6’0,61))

— NEZaA %
_coeffq(eg”_lLLIe?f_Q)(G(ﬁ (61,60)) —{—Coeffel(egl_l e =2 ( o (60,61))

o 0.6
=Coeff (emflLUeg*Q)(G(lﬁm (60,61)) +C°effe1(eg“1|_ue’f*2)(G(ﬁ (60,61)>.

Then we obtain (5.1.3) by above equalities. This completes the proof of Theorem 5.1.1.
Next, we prove Theorem 5.1.2. Let 0 € Gk. Since f27(ep,e1) is group-like in the Hopf
algebra Q((eg,e1)), the shuffle relation Coeff,,,» = Coeff,, - Coeff,, holds. By the same

computations as above, we have

i (pzﬁ(O’))j 4 n+m—2 2,7y
> TLZ 1m—j(z7,0) =(=1) ‘Coeffel(egnflmgﬂ)(fa’ (6’076’1)),
-0 :

n—2 times
= (pl—z,’y ( )) / n+m—3 1—2z,
A e R A 11 m—j(I=2790) = (=1) -Coeffeo(egn—lu_‘eg—Q)(fU (eg,el)>,

0
J m—2 times

¢f (o) = (=1)"tm=2. Coeff, (om—1,en-2) ( 1_65(60,61)))

n—2 times

By the chain rule (1) of (4.2.1), we get
Coeff, (m—iyen-2) (ffﬂ(eo, 61))
=Coeft,, m1,en-2 (o7 (e1,€0)) +Coott, (mo1en2) ( 103y, 1))
=Coeft, n1 2 (T 7 (0,€1)) +CootE, (mo1en ) ( %5(60761))

Then we obtain (5.1.5) by above equalities. This completes the proof of Theorem 5.1.2.
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Chapter 6

Landen’s trilogarithm functional
equation and its /-adic (zalois analog

In this section, we derive Landen’s functional equation of trilogarithms and its f-adic Galois
analog.

6.1 Main results and the proof

Theorem 6.1.1 (The 3-terms functional equation of the complex trilogarithm). Given a base
point z of P*(C)\{0, 1,00} and a path v € 7}°P (Pl(C)\{O, 1,00}; (ﬁ, z), define the paths v/, v
associated to v by

v = o1 () € %P (PI(C)\{O, 1,00}; (ﬁ, 1- z) , (6.1.1)
y' = 8 - Gz (7) € TP (Pl((:)\{o, 1,00}; 01, Z:) : (6.1.2)

where ¢, 952 € Aut (P'(C)\{0,1,00}) is given by ¢3(t) = 1 —t, ¢5(t) = ;7. Then the
following holds:

Landen’s equation

Lis(z;7) + Lig(1 — 2;4") + Lis <ZZ_1;7”)

1 1
= ((3) + ¢(2)log(1 — 2;7') — §log(z,7)10g2(1 —z9) + glogg (1—2z7).

We next discuss the f-adic Galois case for any prime number ¢. Let K be a subfield of C
with the algebraic closure K and G the absolute Galois group of K.

Theorem 6.1.2 (The 3-terms functional equation of the f-adic Galois trilogarithm). Given a
K-rational base point z of P'(C)\{0, 1,00} and a path v € 7}°P (IP’l((C)\{O, 1,00}; (ﬁ, z), define
the paths 7/, 7" associated to 7 as in (6.1.1) and (6.1.2). For any o € Gk, the following holds:
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{-adic Landen’s equation

Li§(z;,0) + Li§ (1 — 27/, 0) + Lij <Z1 v, cr)
z J—

1

= ¢(0) ~ G5O () 3 (@)1 o (0 — pr-ei ()’

1. 1 1
- §ng(2;’7)g) - ﬁpl—z,’y’((j) - Zpl—z,'y’(o-)z-
Proof of Theorem 6.1.1. We compare the coefficients of ejege; in the chain rule

G(zﬁ,’y (60, 61) = G(lﬁ_z”y/ (617 60) ) (I)(€07 61)

of Proposition 3.2.1 (1). Let w € M and ~ € 7} (PI(C)\{O, 1,00}; 0, z). By simple calcula-
tion, we then obtain

Coettercper (G2 (€0, e1))
= — ((2)Coeft,, (Gé{zﬂ, (eo, 61)) —2¢(3) + Coeffeye, e (G(lﬁ_z’vl (eo, 61))
= — ((2)Coefte, (G ™ (eo,e1)) — 2¢(3)
+ (Coettege, (GL ™ (co,e1)) Coette, (G ™7 (eo, 1)) — 200t a., (GL™ (eo,e1)))

where in the former equality are used known identities

Coeffeye, (P (eg,e1)) = —((2), Coeffe cpe, (P (eo,e1)) = —2¢(3),

and in the last equality is used the shuffle relation epejwey = egeieg + 26361. This leads to

2
Lig1(z;7) = —%log(l —2z;7') = 2¢(3) — Liz(1 — z;7")log(1 — z;7') + 2Liz(1 — z;7/). (6.1.3)

Now let us compare the coefficients of eZe; on both sides of the chain rule

1"

G (eo,e1) = G (€0, eao) - exp (/=1 - o)

from Proposition 3.2.1 (2). It follows easily that
=3
Coeffegel (G(ﬁl (60,61)>
=Coeff 2., (G(Zﬁ’fy (eo,el)> — Coeff (G%’7 (60,61))

+ Coeff, .2 (GS_’{Y (eo, 61)) + Coeffeepe, (G%’7 (eo, 61))

1

equivalently,

. <z . . . .
—Liz (Z — ’Y”) = Lig(2;7) + Lit1,1(2;7) + Live(z:7) + Liza(z37). (6.1.4)

We know from the case n = 2, m = 3 of (5.1.3) with interchange z <+ 1 — z that
. ) . 1
Liyp(z;7) = ¢(3) — (L23(1 = 29') = Lia(1 = 2;7)log(1 = 29/) = Flog(z;7)log™(1 — za’/)) -
(6.1.5)

Putting (6.1.3) and (6.1.5) into the last two terms of (6.1.4) with noticing Lii11(2;7y) =
—%10g3(1 — 2;7'), we obtain a proof of Landen’s trilogarithm functional equation O
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Proof of Theorem 6.1.2. We only have to examine the f-adic Galois versions of the identities
(6.1.3), (6.1.4) and (6.1.5) with replacing the role of Gf)_’g (eo,e1) by §27(ep,e1). It turns out
that the two identities (6.1.3), (6.1.5) have exactly the parallel counterparts:

Liy 1 (27, 0) =C5(0)p1-2/(0) + €51 (0) (6.1.6)
+ Lis(1— 239/, 0)p1—(0) + 2Li5(1 — 2,7, 0),
Li{ 5(2;7,0) =C5(0) — Lis(1 = 27/, 0) (6.1.7)
. 1
= Li(1 = 7,0)p1-2/(0) = 5p2(0)p12 ()’

with 0 € Gx. There occurs a small difference for (6.1.4) when evaluating the key identity

=" 1 —x(o
5" (eo,e1) =137 (en, eo0) - €XP (2()6())

from Proposition 3.2.1 (4) with taking into accounts the Campbell-Hausdorff sum

€co :=log(exp(—eq)exp(—ep)) (6.1.8)
- s )~ Tseocoer +
=—€1—¢€0 5 €1€p — €p€1 12606061 )

(*)

where do exist nontrivial nonlinear terms (x) in the f-adic Galois case. Then 27 (e, €00) is
calculated as follows:

f& (€0, €co) (6.1.9)
=1+ Coeff,, (f77(ep,€1)) ep + Coeffe, (f77(en,€1)) €co

+ Coeffeye, (757 (€0, €1)) €oeoo + Coeff 2 (57 (€0, €1)) e2 -
=1+ (Coeffe, (f27(ep,e1)) — Coeff,, (fo7(ep,e1))) eg — Coeff,, (f27(ep,e1)) €1

1 1 1
+Coeff,, (f27 (e, e€1)) <2€1€0 — 56061 — Eeoeoel + .- >

l-adic extra terms in Coeff., (ff,"y(eo, el)) €oo
+ (Coeffeg (f27(e0, e1)) — Coeffeye, (F27 (€0, 61))) el

1 1
+Coeffeye, (f5 (€0, €1)) <2€0€160 - 56(2)61 + - >

l-adic extra terms in Coeffege; (ff,"’y(eo, el)) €0€eoo

+ (Coeffei (f27(eo, €1)) — Coeffeye, (727 (€0, 61))) eoel

1

1
+Coeff 2 (f57 (eo, €1)) <2e(2361 - Qe%eo +- )

f-adic extra terms in Coeff 2 (ff,”y(eo, 61)) e2,

+ Coeff,> (f27(ep, 1)) ereq + Coeff 2 (27 (eg, e1)) €3 + - -- (0 € Gg).
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Summing up, we find that the ¢-adic Galois analog to identity (6.1.4) turns to get extra addi-
tional terms as:

. z . . . .
Li (2_1;7”7 0) = —Li§(27,0) — Li{ 1 1(2;7,0) — Li{ 5(2;7,0) — Li 1 (2;7,0)  (6.1.10)
1

1. 1
- <2LZ§(Z; v, 0) + Zpl—z,’y’(o-)2 + 12/)1_2,7/(0))

for o0 € Gk. The asserted formula follows from (6.1.10) after Lifz(z;% o), Ligl(z; v,0) in the
RHS are replaced by the equations (6.1.7), (6.1.6) respectively and from knowledge of the lower
degree coefficients of {27 (ep, €1). O

Corollary 6.1.3 (The 3-terms functional equation of the ¢-adic Galois trilogarithmic charac-
tar). Given a K-rational base point z of P*(C)\{0,1, 00} and v € 7} (IP’I((C)\{O, 1,00}; o, z),
define v/, 7" associated to 7 as in (6.1.1) and (6.1.2). For any o € Gk, the following holds:

f-adic Landen’s equation

z "
~17z;y/ ,.27177

X5 (0)+ x5 T (0)+ X5 (o)

= 5 (0) 4 X))+ pon(Dprary ()2 = 22D (012 1)

P12 (0)
- PR ((0) = p1oa (0)) (X(0) = 201-2,71(0)).
Proof. Putting the conversion formula [NS22, Proposition 4.2 (ii)] into Theorem 6.1.2, we obtain
the desired equation. O

Remark 6.1.4. The above polylogarithmic character functional equation enables us to check
1 - x(0)*

the Zy-integrality of both sides. First, the term 19

pi—z~ (o) is a f-adic integer since

x(0) =1 3% .
— o X (o) € Zy. Now we need to check the ¢-adic integralness of the last term
1
5Pz () (X(0) = P12y (0)) (X(0) = 2p1-2,7/(0)). (6.1.11)

1 0 (¢ >5),
) = Therefore

Let vp : Qp — Z U {0} be the ¢-adic valuation. Then v, <6
1 (£=2,3).
(6.1.11) € Zy for £ > 5. In the case of ¢ = 2, we obtain
UQ(pl—z,'y’(o-)) >1 or UZ(X(U) - ,01_277/(0')) =1,

since p1_, (o) = 0,1 (mod 2) and x(o) =1 (mod 2) by x(0) € Z;. Hence (6.1.11) € Zy. In
the case of ¢/ = 3, we have

v3(P1-2(0)) 21 or wv3(x(0) = p1zpy(0)) 21 or w3(x(0) = 2p1--(0)) 2 1
since p1_, (o) =0,1,—1 (mod 3) and x(0) = 1, —1 (mod 3) by x(¢) € Z5. Thus (6.1.11) € Zs.
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Chapter 7

Spence-Kummer’s trilogarithm
functional equation and the
underlying geometry

7.1 Main results

Let K be a subfield of C with the algebraic closure K. The underlying geometry of Spence-
Kummer’s trilogarithm functional equation is the complement to the non-Fano arrangement

_ 1
Vnon— ano +— S (K |: 5 S2, :|) , 7.1.1
a bec 515 52 8182(1 — 81)(1 — 82)(81 — 82)(1 — 8182) ( )

together with nine morphisms {f;}i=1...9 : Vaon-Fano — IP’%\{O, 1,00} defined as follows:

s1(1 — s9)? s
fi(s1,82) := S;El — 332’ fa(s1,82) = s159, f3(s1,82) := ;;,
51(1 — 52) 81(1 — 82) 1-— S92
= = — = 712
f4(81782) 82(1 _ 81)’ f5(817$2) 81 _ 1 ’ f6(81782) 1 — 81’ ( )
Frlsnsa) = 2o fy(sr,) fos1, )
81,82) == ——————, $1,82) = S1, $1,82) = So.
7(51, 52 P 8(51, 52 1 9(51, 52 2
We take the K-rational tangential base point
7 Spec (K((1))) = Vaon-Fano (7.1.3)

over the K (t)-rational point (t2,¢). In TABLE 7.1, we identify the images f; () with standard
K-rational tangential base points of ]P’%\{O, 1,00} under Galois equivalence ~ (in the sense of

[N02, §5.9]). In FIGURE 7.1, the dashed line represents P!(R)\{0, 1,00}, and the upper half
plane is located above. The main result in the complex case is the following theorem.

Theorem 7.1.1 (The 9-term functional equation for the complex trilogarithm). Given a C-

rational point (z,4) € Vion-Fano(C) and a path yo € m}% ( an ranoi Us (2,9)), define the path
system {v; }i=1,... 9 associated to v by
Y= 8+ £ (30) € T (PHO\0, 1, 00} 01, 22 (2, ), (7.1.4)
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where §; € P (PI(C)\{O, 1,00}; (ﬁ, fan (17)) is as in TABLE 7.1. Then the following functional
equation holds:

(d-C) Spence-Kummer’s equation

s (T ' . o (x(1—
Lis (M;’h) + Liz (xy;72) + Lis <y;73> — 2Lig (yEl - i/;?%*)

. (x(l— (11— . 1- )
—2Li3 (1-y) ;Y5 | —2La3 Y ;76 | — 2Li3 — Y ;y7 | — 2Li3 (x58)
x—1 1—x y(x —1)

, 1-— 72 1
— 2Li3 (y;79) + 2¢(3) = log®(y; 70)log (1_i ’76> — 5 log(y:%) — glog*(y: ),

Figure 7.1: Topological paths on P!(C)\{0, 1,00}

05t
00 s 1
O
0 o7
Table 7.1: (51,...,(59
i | filwy) | filtt) fi (9) 5 € TP (PH(C)\{0,1,00}; of, fim (%))
2(1—y)2 o ..
1 yg_g;Q (l_ﬁt)g 0f ~ f1(9) 91 := 1 (= trivial path)
2 xy t3 01 ~ f2 () dg =1
3 z ' 0of = f5 (@) 53 =1
4| 2=y e 01 ~ f1 () §y =1
5| = | 8| 0l~ f5(5) | 05 i= 82 (= as in FIGURE 7.1)
6 | 1 L | 10~ /s (9) 5 i= 6z (= as in FIGURE 7.1)
T s | oaily | ol fr(8) | 6= 6 (=as in FIGURE 7.1)
8 x t2 (ﬁ ~ fg (17) 58 =1
9 y t of = fo (V) 09 =1
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The following theorem is the main result in the ¢-adic Galois case for any fixed prime number
£. It is noteworthy that the f-adic Galois version of the Spence-Kummer equation involves two
nontrivial Li% terms in contrast to the complex version.

Theorem 7.1.2 (The 9-term functional equation for the E—adic Galois trilogarithm). Given a
K-rational point (x,y) € Vion-Fano(K) and a path vy € 7r1 Pvan o o; U (2,9)), define the path
system {7; }i=1,... 9 associated to g as in (7.1.4). For any o € Gk, the following holds:

d-¢) ¢-adic Spence-Kummer’s equation
( P q

o (2(1—y)? x r(1—y)
Lig (Mﬁl,g +Ll3 (xy; 72, 0) Z ya%a 2L13 m,%va
o (x(1—1y) ) 1—y )
_2L7’g (x_l;f%aa) _2L7'g ( — 7767 ) (y(x_1)77770— _2LZ§ (‘1';7870—)
— 2Li (Y379, 0) + 285(0) = —py.e (0)? pizy 26 (0) 4+ 2€5(0) py e (0) + 3nyyg( o)’

g (z(1—y) (L= !
i (T, mo ) - i (y@_u”’ 7) + 3054 goun(o)

A primary ingredient of the present work is to capture 71 (Vion-Fano) as an explicit subquo-
tient of the well-known fundamental group m; (My5) of the moduli space of the projective line
with ordered five points, through an intermediate geometric object Vg,, that is, the complement
to the Coxeter arrangement of type Bs:

Figure 7.2: Key diagram to the proofs

open m
immersion
VB > Vhon-Fano, m1 (VBs) — 71 (Vaon-Fano) 5 m1 (P1\{0,1, 00}).
N "
finite "
Galois . Jrove
YO b o » {viti=1,...9
M0,5 ™1 (M0,5)

This enables us to compute precisely the lower degree terms of the Spence-Kummer equation
in both complex and ¢-adic Galois cases, where we follow the computational method devised
by Nakamura-Wojtkowiak [NW12, Proposition 5.11] plugging Zagier’s tensor criterion into the
language of fundamental groups [NW12, Theorem 5.7]. In the course of our procedure are
also obtained as byproducts the dilogarithm functional equations of Schaeffer’s, Kummer’s, and
Hill’s types entried by (a,b,c-C) and (a,b,c-¢) of TABLE 7.2. These equations will be used to
decrease Lis-terms to derive Spence-Kummer’s equations (d-C), (d-£).

Remark 7.1.3. The reason for the name “non-Fano” of the arrangement sjsa(1 — s1)(1 —
s2)(s1 — s2)(1 — s1s2) is due to the non-Fano matroid after Gino Fano. By the change of
variables s] = ﬁ and sh = ﬁ, the affine variety Vyon-Fano iS isomorphic to the complement
to the arrangement s} s5(1 — s7)(1 — s5)(s} — s5)(s] + s5 — 1). This arrangement is the decone
of a realization of the non-Fano matroid F, (cf. [O11, Figure 1.15(a)], [Su01, Example 10.5]).
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Table 7.2: Functional equations to be proved

f-adic Galois side

complex side

o (=1 —y)? y) gz
Lij (7)2;71,0 + Lig (zy;v2,0) + Lig ;;73»0
xT

y(1 -

z(1 —y) o [ =(1—vy)
i ;74,0 | —2L4 35,0
3(y(lfac) 3 z—1
-y ) 1—y

;"/GaU) —2L7§( ;“/7,0)
-z y(z —1)

—2Li§ (w378, o) — 2Li% (y; 79, o) + 2¢5(0)

=~ (Pr0@) p1oy @)

—276

+25()py 12 (@) + 5 (100 ()

z(1l —y) v 11—y
—Lit sv5,0 | — Li — 7,0
(i 0) - 1t (o

1
+-p1— o) —
QPllfwy w’( )

*'5

1
ZPyv9 ().
31/"{9()

Theorem 7.1.2 (d-¢)

(21 —y)? ) (=
Lig | ———53m1 | + Lig (zy;v2) + Liz | =573
y(l — =) y
z(1l —y) z(l —y)

_2Li ; — 2Li 5
23 (y(lfw M) 13( -1
1—y 1—y
—2Li ; —2Lig | ———;
' (171 WG) " (y(z*U W)
—2Lig (x5v8) — 2Li3 (y5v9) + 2¢(3)
—y )
Y6
— T
2

™ 1 E
*?log(y; v9) — glogd(y; 79)-

5 1
= log”(y; v9)log I

Theorem 7.1.1 (d-C),
Spence [Sp1809],

Kummer [K1840]

. xz(1— . .
Li (;E17§;;74,0) — Li& (y; 79, 0) + Lib (2548, )

. P . 1—
—Li§ (f;wam) - Li} (1,z§’7670')

=Py (@)p1y | (9) = ¢h(o).

-z’

Theorem 7.3.2 (a-¢)

Liz (;8::; ; 74) — Liz (y379) + Liz (w5 78)

o 2
—Liy (f;wa) — Liz (l,g;%) .

1—y w2
= log(y; v9)log iv6 | — —-
1—x 6

Theorem 7.3.1 (a-C), Schaeffer [Sc1846]

[ za=w)? £ (z(=y) .
L’LQ (mx’quU)*L’LQ( T—1 17510)

. 1— . c(1—
—Li§ (714@,”1);%,0) - Li§ (;EI,Z;%’M«G)

2
o (1
—Lif (173?76“7) =3 (Py,vg("))
+%Py,w9(<7) + pl—m,wé (o) = Plfzy,\,é (o).

Theorem 7.3.2 (b-{)

~Lia (teyior) - Liz (=)

—Liz (}:z;ve) = $log”(y; 79).
Theorem 7.3.1 (b-C),

Kummer [K1840]

Li (%;7770) + Li§ (xy; 72, 0) — Lib (z578, 0)
. . 1—
—Lib (y;vo, o) — Li§ (71(1,,13') 755 0)
— ¢ 1 2
= 2 C’)*’pyv’vg(")/)l—y ‘<‘7) 3 P’y,'yg(o)
T—x'76

_%Py,'yg(a')'

Theorem 7.3.2 (c-¥)

Liy (y(:i_yl);w) + Liz (zy;v2) — Liz (23 78)

. . 1—
—Liz (y;v9) — Liz (%Ws)

2
g 1-
=-5 7 log<y;v9)10g(1_g;v6) — $log®(y; 7o)

Theorem 7.3.1 (c-C),

Hill [H1830]
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Figure 7.3: Goncharov’s 7-points configuration on P2

Remark 7.1.4. In [Go091],[G095],|Go00], Goncharov looks at the following space

M := the moduli space of certain 7-point configurations on IP’% as shown in FIGURE 7.3
(7.1.5)

to derive Spence-Kummer’s trilogarithm functional equation. In fact, .#Zg is isomorphic to
Vion-Fano as follows: Since no three of four points x1,x9, 3, 2z are collinear, there is a unique
projective transformation sending the standard frame, namely [1:0:0],[0:1:0],[0:0: 1] and
[1:1:1], to x1, x2, z3 and z, respectively. By this projective transformation, ys is transferred
to [0 : 1: 1], and the images of y; and y3 are denoted [1 : uy : 0] and [1 : O : ug], respectively.
Then, .# is identified with the affine variety

Spec (K [ul,uz, 1 }) (7.1.6)

U1UQ(1 — ul)(l — ug)(ul + UQ)(U1UQ — Uy — ’LLQ)

by sending [(x1, z2, 3, Y1,Y2, Y3, 2)] — (u1,u2). This affine variety is isomorphic to Vion-Fano by

uy = S, U9 = f5(81,82) (: 81(182)> . (717)
51 — 1

Remark 7.1.5. Historically, the study of functional equations of Li3(z) originated in the late
18th century by Landen [L1780] and others (cf. [Lew81, Chapter 6]). Modern treatments
have been presented by Zagier [Z91], Goncharov [Go91], Wojtkowiak [W91], Beilinson-Deligne
[BD94], Gangl [Ga03] and so forth, since the last decade of the 20th century, where the Bloch-
Wigner-Ramakrishnan polylogarithms are recognized as the main characters for the regulator
maps in the motivic cohomology theory. Relations between Spence-Kummer’s equation and the
non-Fano arrangement are pointed out in more recent works of this century (cf. [Pel2], [Pi05],
[Pi21], [Pi22], [R02]) in the context of web geometry and cluster algebras.

7.2 Fundamental groups of Vi, and Vo -Fano

We fix a subfield K of C. Let K be the algebraic closure of K in C. We shall write

VB, = Spec (K [31, 52, s (= s = 85(81 T 8182):|> (7.2.1)
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for the complement to the pseudo-line arrangement s1s2(1 — s2)(1 — s3)(s1 — s2)(1 — s152). By

: / _ 1—s1 ! _ 1—s9 : : : :
the change of variables s; = 7 o and sy = 7 oo the affine variety Vg, is isomorphic to the

complement to the Coxeter arrangement s sh(1—s'7)(1—s'3) (s} — s4) (s} +s5) of type Bz. Then

feov : VB, — M (s1,82) — (1_51>2 (1_82)2 = (t1,t2) (7.2.2)
cov - B3 0757 81782 1+Sl ) ].+82 - 1,02 .

is a finite étale Galois covering space with Galois group Z/2Z x Z./2Z. We remark that a covering
space isomorphic to feoy is found in [M97, 3.6.2]. There is a natural open immersion

VB3 — Vnon—Fano- (723)

Through this open immersion, we regard points and (étale) paths on Vg, as those on VionFano-

Figure 7.4: Line arrangements appearing in the present paper

o0

1

0
0 s1s2 =1 s1s2 =1 0
—1

s1 =82 0 1 co 1= s182 t1 =t 0O 1 oo
s1 =s2 -1 0 1 [e’s}

non-Fano arragement B3 Coxeter arragement Braid arragement

Remark 7.2.1. The spaces V[ g0, VB;, and Mo 5(C) derive from complex arrangements

called Braid arragement, B3 arragement, and non-Fano arragement, respectively. To be precise,
the decones of what are called Braid arrangement, Bs arrangement, and non-Fano arrangement
in [Su01] with certain changes of variables are called Braid arrangement, Bs arrangement, and
non-Fano arrangement in this paper.

We also fix the tangential base points of these spaces. We shall write K ((¢)) for the Laurent
power series field over K. Let

7 : Spec (K((1))) = Vs, (7.2.4)

be the K-rational tangential base point of Vi, over the K(t)-rational point (t2,¢). As the
composite of ¥ : Spec (K ((t))) — VB, and the open immersion Vg, — Vion-Fano, We have
the K-rational tangential base point of Vion-Fano, Which is also denoted as ¢. The image of
U : Spec (K((t))) — VB; = Vion-Fano under pry (= f9) : Vion-Fano — IP’%\{O, 1,00}, (s1,82) — $2

is the standard K-rational tangential base point 0t : Spec (K((t))) — IP’%\{O, 1,00}. We set

42\ 2 N2
(7—177—2) = fcov(t27t) = ((14_;) s (14_;) ) S M075 (725)
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and write
7 Spec (K((t))) = Mo (7.2.6)

for the K-rational tangential base point of Mg 5 over the K (t)-rational point (71, 72).

Spec (K((t) ))

(PEA0, 1,00}, 1) = (Vaon-tanos (12,1)) = (Vi (2,)) ———» (Mos, (. 7m2)).

fCOV

When discussing the complex case, we regard these tangential base points of the algebraic
varieties as those of associated complex analytic spaces by the embedding F — C.

Next we compute the topological fundamental groups of Vg and Vil ., by using the
Galois theory of Mg 5(C). First, by the Galois theory for covering spaces, the pointed finite

Galois covering space f&. : (Va;l,’ﬁ) — (Mo5(C),7T) in (7.2.2) corresponds to the normal
subgroup with index 4

e (71 (VB 9) ) € 71 (Moy5(C), ),
where fan . i (V]g;l, _’) < 1% (Mg 5(C),7) is the homomorphism induced by f22. We set

Bl, ey By € 7T11:Op (MO,5(C)7 7_—‘)

as in TABLE 7.3. For each ¢ =1, ..., 10, one can see that the inverse image of B; under fZ) is
also a closed path. Thus, it holds that By, ..., Big € fén, (T ( top (Vaél, _,)) Hereafter, we identify
closed paths of (Mg 5(C),T) contained in f&, (7 ( 1oP (Va“, _’>) with those of (Van *) by taking

the inverse image under f& . Then Bj,...,Big € 771 P (Vaél, 17) are meridians of divisors on Vg
as TABLE 8.2.

Table 7.3: Bl, ceey BlO
l 1 2 3 4 5 6 7 8 9 10

Bi || A1a | A1z | Aog | A3, | A3, 141))41423145;11 A24A12A541 A34Alsz4§41 A3, | A%

Table 7.4: Correspondence between each divisor on Vg, and its meridian B;

divisor ||s1 =0|s9=0[s1 =582(s1=1|s9=1|8189=1|51 =00|89 =00|89g=—1|51=-1

meridian Bl B2 Bg B4 B5 Bﬁ B7 Bg Bg B10

Moreover, one can check that the subgroup of 7;°" (Mg 5(C), 7) generated by By, ..., Byg is

a normal subgroup with index 4. Therefore 7} (VBg , 17) is generated by meridians By, ..., Bio.
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We obtain the following presentation of 7P (V"‘;, 17) by the Reidemeister-Schreier Rewriting

Process:

"

317 B27 B3> B47 B57
Vgy,v) =

(R'1) ~ (R'12) > (7.2.7)
Bg, Bz, Bg, By, B1g

< Bla B25 B37 B47

(R'1) ~ (R'10) > -
Bs, Bg, By, Bg

The relations (R'1) ~ (R'12) are as follows:

(R'1) B1Bs = BsBy, ByBg = BgBy,
(R'2) B1BaBs = ByB3By = B3B1 By, BiBsBs = BsBsBy = BB Bs,
(R'3) BsB3B4Bs = BsB3B3By, B3ByB1By = ByB3ByBy,
(R'4) B3B;B;' = BsB3B;B; ' By !,
B¢Bs;Bg ' = B;'B; ' B;B3By,
B;B3B; ' = By ' By ' B3 By B,
(R'5) B4BsBsByB3 = BsBsBaB3 By,
(R'6) B;BsB4BsBsBs = By B3B1ByBsBs, BgBsBaBsByBy = BsBaB3BrByBe,
(R'7) B3B;B;"' = BsBsBaB3B;B; ' By 'Bs ' By
BeB2Bg ' = B3B; ' By ' By ' BoBs B3 By By,
B;'BsBs = By ' By ' By ' Bs ' By Bs Bo B3 Br,
(R'8) BsBsBsByB3B7B,BsB1 = B3 B7B4BsB1B; By BsBs,
(R'9) B{'B;ByB1B; ' BBy ' By ' By ' By ' B; ' B4BsBs By ' B1 By B; B; ' Bs Bs By ' = 1,
ByB;'By'Bs' By BoBsBsBoB3B; ' By ' By ' By ' By ' B: ' By ' BeBs Ba B3 By = 1,
(R'10) B4By'B; "By 'Bg' By ' By ' By ' Bs Bs By B3 By By B B1 By ' By ' By ' B ' By ' Bs B3 By = 1,
(R'11) By B3B7ByBgBo = 1,
(R'12) BaB3BgBgBsBig = 1.

The kernel of 7} (Vagl, 17‘) — P ( o -Fano» U) induced by the inclusion V@ < V5 o
is the free group of rank 2 generated by By, B1g, which are meridians of sg = —1, s = —1,
respectively.

1— (Bg, BlO> — 7_‘_11;0p (V]g;l, 17) — ﬂ'iOp (Van

non-Fano» U) — L
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t
Hence, m;°P (V22

o Fano: U) has a presentation as follows:

top( an 17) _< Bl>B27B37B47

™ non-Fano> (R”l) ~ (R”12) > (728)
Bs, Bg, Br, Bs

Bl7 BQa B3’
(R"1) ~ (R"10) )-
By, Bs, Bg
Fori=1,2,---,10, we set (R"i) := (R'i). The relations (R"11), (R"12) are as follows:

(R"11) ByB3B;B4Bg = 1,
(R"12) ByB3BsBsBs = 1.

To obtain a more detailed structure of 7} (V22 rano» U), we consider the following diagram:
an gn (: prl) 1
Vnon—Fano P (C>\{07 17 OO} > t
O
Vi, PY(C)\{0,1,~1,00} > ¢
pry T
cov O
My5(C) PL(C)\{0,1, 00} 9<H>2 _
’ pry 1+t

Note that pry is the projection to the first component. The image of ¥ under the middle pr; is

Galois equivalent to 01. Therefore, we obtain the following diagram by taking 7}°:

an
1 —— (Ba, B3, Bs, Bg) —— 7l (Van ) —> s 2top(pl(C)\{0, 1, 00}, 01) —— 1

L —— (Ba, By, Bs, B, Bs) —— m” (Vi1 7) ——» m(PH(C)\{0, 1, ~1,00},00) —— 1

~
~

an
COV*

1] —— <A13,A23,A34> — P4/ <(,L)4> T» WEOp(Pl((C)\{O, 1,00},7’1) — 1
1%

We take a group-theoretic section of fg,

s TP (PL(C)\{0, 1,00}, 01) — 1o (Van 7)

non-Fano»
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defined by lg — B, l1 — B4. Then we have

ﬂ-;op ( naoril—Fanovﬁ) = <Bla B4> X <BQa B37 B57 B()> (729)
= F2 X F4.

One can see that the conjugation action F§P — Aut (Fjb> is trivial by using (R"1) ~ (R"20).
Hence we get

7T11;Op ( na(;il—Fanov U)ab = <Bl, B4> X <BQ, Bg, 35, B6> (7210)
_ 2ab % Ff‘b

where we denote by g the image of a element ¢ € 7 in the abelianization 7 for a group 7.

Remark 7.2.2. In [Su01], the topological fundamental groups of V2 o= “and VB, are com-
puted by the braid monodromy of the arrangement. However, in the present paper, we compute
it by using the Galois theory of Mg 5. The form (7.2.8) of the topological fundamental group
obtained in this paper has the advantage that it is easier to compute the image of B; under

an (See TABLE 7.5).

7.3 Proof of main results

In this section, we prove the main results, Theorem 7.1.1 and Theorem 7.1.2. Throughout this

section, we fix a path

t —
Y € 71-lop ( f(ﬁl—Fano; v, (:177 y)) :

For i =1,...,9, we set §; € mP <IF’1((C)\{0, 1, m};ﬁ,fﬁn (17)) and

7 € mP (PHO\0,1, 00101, (2, y) )

as in TABLE 7.1 and (7.1.4). For a (topological) group G (resp. Lie algebra L), we denote by
{T*7};, (resp. {T¥L}};) the lower central series of m (resp. L) with T''r = 7 (resp. I''L = L).
We set

grim .= Thr /T (vesp. griL .= TFL/TRH1L).

The commutator bracket (g,¢') := gg'g ¢ ~" (9,4 € 7) of 7 then induces the Lie bracket
[, B] := (a0, ) mod I lr ¢ gt (a € gifm, B € grim)

on the graded sum @72, gr’liw.

7.3.1 Complex case

In this subsection, we derive Spence-Kummer’s trilogarithm functional equation. For this pur-
pose, we also derive Schaeffer’s, Kummer’s, and Hill’s dilogarithm functional equations. These
functional equations are derived by using Nakamura-Wojtkowiak’s tensor-homotopy criteria
[NW12, Theorem 5.7, Proposition 5.11]. We fix a C-rational point (x,y) of Vien-Fano-
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First, we make the preparations for checking the tensor-homotopy criteria [NW12, Theo-
rem 5.7, (i)c, (ii)c]. Fori=1,...,9, we write

2 (Vi anos ) = 1P (PHC)\{0, 1, 00}, £ (7))
for the homomorphism induced by f*" and denote by

G o (PHON0, 1,00}, £27 (7)) S wi* (PH(C)\{0, 1,00}, 01)

K3

the change-of-basepoint homomorphism defined by p — &;-p-6; ~*. The image of Bj(j=1,..,8)
in TABLE 7.3 under (§!" o fi" are calculated as in TABLE 7.5.

Table 7.5: 5" (f"(B;))

# By By Bs | By | Bs Bg By Bs
SR | b | Lt h [ B | B ol | ool | e
SR (ERER) || lo lo 1|11 h R R Y P
GrRE) || b | Lt 1L 1 loo lo
SRR | b | B L | e | o 1 1 1
B (f#) || o 1 1| e | o | lo-li-lgt 1 loo
e (fe(#) || 1 1 h |l | lo 1 Ity loo
N (fER(#)) 1 loo Ul | lo | lo-li-1gt ly 1
A (faR(#) || Lo 1 1 L 1 1 It it 1
AN (fE0(4)) 1 lo 1 1 | 4 1 1 Ittt

We focus on (7.2.10):

7-‘—11:0p (Vna(ﬁl—Fano? U)ab = <Blv B4> X <B27 B3a 357 B6>
= F3b x F2b,
Since rankz(grid F») = 1 and rankz(grd Fy) = 6 by Witt’s formula,

2 _top an
grrmy ( non-Fano»

7) = gri Fy x griFy
has a free generating system

[B1,Bi], [Ba,Bs], [B2,Bs|, [Bs2,Bs), [Bs,Bs], [Bs,Bs|, [Bs,Bs] (7.3.1)
as a finitely generated free Zy-module. Since rankz(griF2) = 2 and rankz(gr3 Fy) = 20,

top ( an

3 -\ 3 3
grrmy non-Fano» U) - ngFQ X ngF4
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has a free generating system

By, |Bi,Bul|, [Bu B, Bi||, [Ba[Bo,Bsl|, [Bs,[BaBs||, [Ba[Bo,Bsl],
Bs, By, Bs||, |Bu[Be,Bs||, |[Bs,[BoBs||. [Bs,[Bs Bs||. |[Bs.|Bs,Bs||.
Bs. [Bs, Bs||. |Be.|Bs,Bs||. |[Bs.|Bs,Bs||, |Be|Bs,Bs||, |[Be |Bs Bsll,
Bs, [Bs,Bs||. |Bo.|Bs,Bs||, |Bs,|BsBs||, |Be|Bs,Bs||, |[Bs,|Bs Bsll,

[Bs. B Bol ] [Bs: [Bo. By

Moreover, for i = 1,...,9, by considering the composite V2 fl—) PYH(C)\{0,1,00} <

non-Fano
G (C), we may regard f" as an element of the unit group

fem e (0)”

an ; 3 3 an .
where O*" is the coordinate ring of V) o -

1

8182(1 — 81)(1 — 32)(81 — 82)(1 — 8182)

o =C 51, 52,

Then f20 — 1 € (0)* holds.
Next, we make the preparations for calculating the functional equations of complex iterated
integrals [NW12, Theorem 5.7, (iii)c]. By (3.1.11) and (3.1.12), for i = 1, ...,9, we have

lo (2,9 ) = 5 —-log (9 %),

li (77 (e, y)i) = —5log (1= f27(2,0):70).

ly (F(e,)i%) = 5 (B2 (), 0) + 0w (7o )i ) og (1= £, ).

ly (F(e,0)i7%) = g (B (o)) = 3108 (727G )i ) i (£,
—%logQ (fi" (2, y);7i) log (1 = [ (=, y);%)) :

(7.3.2)
where 7/ € ;P (PI(C)\{O, 1,00}; 0, fan(x, y)) is the path associated to 7; as in (6.1.1). Fur-
thermore, by the calculation of Drinfeld associators (cf. [NW12, §5.4]), we have

(-1 ((ﬁ;di))0<j<3 = (0,0,0,0) (i=1,2,3,4,8,9),

s = (0.0, -1 (10:55) , ~1iy (ﬁ;éﬁ))z(o,o, S (1)),

0
) (o1,
0§j§3_ 277247 ’

40



Here, we consider an associator (i.e. generating function of iterated integrals)
Ao (" 27 o) =143 [ o
f Z i 70) n times

where w = 4 TX+5 dz “:Y. Then, by the path composition ; = ;- f (70), we obtain an algebraic
relation

Agana) (F" (2, 9); [ (h0)) = Agi (£ (0)560) - Mgy (F7" (2, 9); %) (7.3.4)

in C((X,Y)). By (7.3.4), (7.3.3) and the polylog-BCH formula [NW12, Proposition 5.9], we
compute Wojtkowiak’s complex iterated integrals ([NW12, Definition 4.4])

LS (F2™ (@, 9); 2 (9) , £2 (1)) = ok (log (A gon(ay (2 (@, 95 £ (90)) 7))

associated to f2" (o) as follows:

22 (f2(,y); £ (0), £ (0) = o (F(ww)is)  (1=1,2,3,4,8,9),
L2 (f2"(z,y); [E* (D), 2" () = lia(fE™(,y);75) + 3lio (0?0;55) li1 (255 75),
L2 (F3™ ()5 1™ (3), £ () = ia(f3" (2, )3 v6) — lio (10566 )
. , (7.3.5)
LE (F3 () 2 (@), 2 () = Tia(f™ (@, )3797) — liz (10507
—lio(F3" (@, y)s yo)lix (10507
+5lis (f2 (2, )5 y7)lio (ﬁﬁ?) ;

LE (f2 (@) 2 (@), £ (0) = lig (f™(@,p)iv)  (i=1,2,3,4,8,9),
L8 (f2 () 2 (@), £2" (10) = lis (2 (. )i 75) + 3lio (o?o;as)nﬂfgn(x,y);%)
i (070,55) lio (f5"™(,y);vs) 1 (f5" (@, 9);75)
4 (ho (0@55))2111 (2, 9);%5)
L2 (f3™(,y); £ (8), f3™ () = Tis (f3™(2,9)i7%6) — s (10505 )
—3lio (f§™ (2, 9); 76) liz (ﬁ;%)
L8 (f2™(2,); 2 (B), 2™ () = lis (3" (2, 9); v7) — lig (105 07)
—3lio (f3™ (2, y); v7) liz (_6'57)
+Llia (£2"(z,9); 77) o (T0; 07 )

13 (110 (ﬁ 57)) liy (f7" (@, 9);77)

5o (200; 87) Tio (2 (., ); ) L (F2™(, )i 77) -
(7.3.6)
We also examine the relationships among {log (f*(z,y);v:),log (1 — f&(x,y);7i) by .o Let

L (ﬂﬁop ( non Fano» U)) (resp U ( P ( non Fano» U)))
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top ( an
non-Fano’

as the universal enveloping algebra of L ( top (

be the complete Lie algebra of 7, ¥) over C (resp. the complete Hopf algebra given

an

A Fano 17))) Then, there is a natural inclusion

t —
Trlop( naolil—Fanoa ) — L( tOp( non- Fanovv)) , Bim— X = log(BZ)

Each element of L ( top (V2 anos U )) has an expansion as a formal Lie series in X1, ..., Xg. Let

Az ((,9);7) € U (TP (Vitnpranos ©))

. : t
be a horizontal section along vy € w7

VIR pano X U (1P (Va0 - Vv

non-Fano non-Fano> ¥ ) non-Fano

(V2 panoi U (z,y)) of the trivial principal bundle
(cf. [W97, §1], [NW12, §4.1]). The associated

horizontal section starting from (v, 1) over v terminates at the point ((x,y), Az ((x,y);7)). We

denote by L, ( 1P (yan 17)) the homogeneous degree n part and Lo, (7" (V22 .. %)

the part whose homogeneous degree is less than n. Then, we have a decomposition

L (WEOP( non-Fano» V )) L<TL ( tOp( non Fano> V )) ©I"L ( tOp( non Fano» 77))

and

log (A7 ((2,9):70) ") = |log (As ((z.1):%0)™")]_ @ [log (As ((z,4)i70)~")]

>n’

There is an isomorphism

Ly (71 (VithFanos ©)) 2 & (71 (Vi s 9)) © €

induced by L ( P (v T )) > X, — B; € grl ( 10P (an 17)) So we write

non-Fano?’
[tog (A5 (2, 9)i70) )] _, = C1X1 + CaXa + CyXa + CuXa + C5X5 + Co Xo.
Using TABLE 7.5, we compute
[log (Mg (" @)z 2 o) ™) ], (7.3.7)

— 72 ([rog (45 (@ vn0) )] )

(C1 —Cy —2044+2C5) X + (—Co + C3 — 204+ C6) Y (i =1),
(C1+C2) X +CgY (i =2),

(Cl CQ) (—C2 + Cg) (Z = 3),
(C1—=Cy—Cy+C5) X + (—Co+C3—Cy)Y (i =4),
(Cr—Ci+C5) X +(=Ca+Cp)Y (i =5),
(=Cs+C5) X +(C5-Ch)Y (i =6),

(=C2 = Cy+C5) X+ (=Co = Cy + Co) Y (i =7),

Ci1X +CY (i=8),

CoX +C5Y (i =9).
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By (7.3.7), (7.3.4), (7.3.2) and (7.3.3), we obtain

Cy = —log(x;7g),

Cy = —log(1 — z;73),

X
Cy = —log(y;79), C3 = —log (1 - y;vé) — log(y;79),

Cs = —log(1 —y;v9),  Co = —log(l — zy; ),

z(1 —1)?
log (M 71) = log (x;78) + 2log (1 — y;79) — log (y;79) — 2log (1 — @;7g)
x(l - y)2 / < x /) / /
log|1— —F; =log(1——; + log(1 — xy; —2log (1 — =z; ,
( y(1— )2 gil Y 73 ( 72) ( )
log (zy;72) = log(z;7s) + log(y;v9),
X
log (;73) = log(z;7s) — log(y;79),
y
(1 —
log (yél g;m) = log (#;78) + log (1 — y;79) — log (y;79) — log (1 — z57g) ,
m(l - y) / z / /
10g<1— ;7) =10g<1—;7 —log (1 —z;73)
(1 — y) / ’ .
log ( R ;75) = log(z;7s) + log (1 — y;75) — log (1 — @3 7%) + mi,
1 _
log (1 - x;_ly); vé) = log(1 — y;73) —log (1 — 2375 ,
1-y / /
log (13:;76> =log (1 — y;79) — log (1 — x5 7g) ,
—y .
log (y( — 1);77) = log (1 = y;79) — log (y;79) — log (1 — x;75) + =i,
11—y /> / /
log(1—- —7 . — log(1 — zy: 75) — log (y: %) — log (1 — z: %) .
og ( y(m — 1) V7 Og( Y, 72) og (ya 79) 0og ( X 78)

(7.3.8)

By combining these formulas, we prove functional equations. As in TABLE 7.6, we set

aq, bi7 Ci,y dZ € Z7

which will be used for the coefficients in the functional equations to be proved.

Table 7.6: a;, b;, ¢;, d;

i | v e[ 4 [ 5 [6] 7 [8]09]
few) | e oy [ 5 (S8 [ [ s = |y
a; 0 0 -1 1 0 -1 0 1 -1
b; 1 0 -1 -1 -1 -1 0 0
Ci 0 1 0 —1 0 1 —1 —1
d; 1 1 -2 —2 —2 —2 —2 —2
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Theorem 7.3.1 (Functional equations for complex dilogarithms). Given a C-rational point
(2,Y) € Vion-Fano(C) and a path vy € 7r§0p (Van U, (z,y)), define the path system {7;}i=1,...0

non-Fano’

associated to yp as in (7.1.4). Then the following holds.

(a-C) Schaeffer’s equation
. (x(1— _ , . [z
Liy (( v, 74) — Lia (y;70) + Liz (2578) — Liy (; 73)
y(1 - =) y
C(1—y 1—y 72
Lo (==Y v ) = log(y; vo)log [ ~—Ling ) — .
12(1_x776> 0g(y;79) og<1_x,76> G

(b-C) Kummer’s equation

Liy (Hm) — Liy (W;%) — Lig (y(lg;}l);%)

[zl —y) ) . (1-9 ) 1. 5
12 (y(l x)774 12 1 wv’yﬁ - 2 0og (ya ?9)

(c-C) Hill’s equation

1-— 1-—
Lip (y(:c—yl);W) + Lis (zy;v2) — Lia (z598) — Lia (y;79) — Lia (H;%)

2 1—y 1
o t1og(y;9)log (1 _gc,%*) 508" (¥579)

Proof. Let k; € {a;,b;,c;} where a;,b;,¢; (1 = 1,...,9) are shown in TABLE 7.6. First, by
TABLE 7.7, TABLE 7.8, TABLE 7.9, we can check the homotopy criteria [NW12, Theorem 5.7,
()cl:

Sk (ert (30 f2)) =0 in Homg (gr (71 (Vi pano: 9))  Z)
=1

Next, by simple calculations, the tensor criteria [NW12, Theorem 5.7, (ii)c]:
9
Sk (A =1) =0 i (0™ /) A (0™ /C)

=1

holds. Therefore, we have the functional equation [NW12, Theorem 5.7, (iii)c]:

9
D ki L2 (S, y), [77 (D)5 77 (0)) = 0. (7.3.9)
=1

For each k; € {a;, b;, ¢;}, putting (7.3.5) into (7.3.9) and applying (7.3.2), (7.3.3) and (7.3.8), we
obtain the desired equations (a-C), (b-C), (c-C). This completes the proof of Theorem 7.3.1.
O
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Table 7.7: Homotopy criteria for Schaeffer’s equation

[B1, Bs] | [Ba, B3] | [Ba, Bs) | [Ba, Bs] | [Bs, Bs] | [Bs, Bg] | [Bs, Be)
—llo, 1] | —llo,1a] | [lo,14] 0 —[lo, lh] 0 0
0 0 [lo, 1] 0 0 0 0
(Lo, 1] 0 0 0 0 0 0
0 —[lo, lh] 0 0 0 0 0
0 0 0 0 —[lo, 11] 0 0
Table 7.8: Homotopy criteria for Kummer’s equation
[B1,Bs] | (B2, Bs| | [Ba2, Bs] | [Ba, Be] | [Bs,Bs] | [Bs,Bs] | [Bs, Bs)
—2[lo, 1] | —[lo, 1] | 2[lo,11] | —[lo,11] | —2[lo, 1] 0 2[lo, 1]
—[lo, 11] 0 0 0 0 0 [lo, 1]
0 0 [lo,l1] | —[lo,11] 0 0 (o, 11]
—llo, 1] | =llo,1a] | [lo, 1] 0 —[lo, 1] 0 0
gr? (52 o fo0) (#) 0 0 0 0 —[lo, 11] 0 0
Table 7.9: Homotopy criteria for Hill’s equation
[B1, By] | [B2, B3] | [Ba, Bs] | [B2,Bs] | [Bs, Bs] | [Bs, Bs] | [Bs, Be]
0 0 o, 1] | —llo,11] 0 0 [lo, 11]
0 0 0 [lo, 11] 0 0 0
[lo, 11] 0 0 0 0 0 0
0 0 [lo, 1] 0 0 0 0
—[lo, 11] 0 0 0 0 0 [lo, 1]

45




Proof of Theorem 7.1.1. First, by TABLE 7.5, we can check the homotopy criteria [NW12,
Theorem 5.7, (i)c]:

Zdl ©3 (ng (L o fan)> =0 in Homg (gr% ( tOp( Iféln_Fano,ﬁ')) ,Z) . (7.3.10)

where di,ds,...,dg are shown in TABLE 7.6. Next, by simple calculations, the tensor criteria
[NW12, Theorem 5.7, (ii)c]:

9

Sdi- (A=) =0 i (0™ /c) e (((0™m)*jc) A (o)< /)
i=1
(7.3.11)
holds. Therefore, we have the functional equation [NW12, Theorem 5.7, (iii)c]:
Zd LE (", y), 77 () 7 (10)) = 0. (7.3.12)

Putting (7.3.6) into (7.3.12) and applying (7.3.2), (7.3.3) and (7.3.8), we obtain the desired
equation (d-C). In this process, the nine Lis-terms appearing in the left-hand side of (7.3.12)
are canceled by using (a-C), (b-C) and (c-C). This completes the proof of Theorem 7.1.1.

O

7.3.2 (-adic Galois case

In this subsection, we derive Spence-Kummer’s ¢-adic Galois trilogarithm functional equation.
For this purpose, we also derive Schaeffer’s, Kummer’s, and Hill’s ¢-adic Galois dilogarithm
functional equations. These functional equations are derived by using Nakamura-Wojtkowiak’s
tensor-homotopy criteria [NW12, Theorem 5.7, Proposition 5.11]. We fix a K-rational point
(337 y) of Vion-Fano-

First, we make the preparations for checking the tensor-homotopy criteria [NW12, Theo-
rem 5.7, (i)g, (ii)¢]. For ¢ =1,...,9, we write

fix W{_ét (Vnon—Fanoa'D') - T é é (Pl \{07 1, OO} fi ( ))

for the homomorphism induced by f; and denote by

~

s, 7 (BIA{0, 1,00}, £i (8)) =5 i (PA{0,1, 00}, 01)

the change-of-basepoint homomorphism defined by p — &; - p- 6;~!. Then (L(;Z. o fix) (B;) are
calculated as well as the complex case (TABLE 7.5). Moreover, for ¢ = 1,...,9, by considering
the composite Vyon-Fano fiy pr_ \{O, l,o0} = G m. > We may regard fi as an element of the unit
group

fi € O*

of Vion-Fano. Then

where O is the coordinate ring K {51, 592, 8182(1781)(1782%(51782)(178152)

fiflEOX
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holds.
Next, we make the preparations for calculating the functional equations of f-adic iterated
integrals [NW12, Theorem 5.7, (iii)¢]. Let 0 € Gx. By (4.1.8), for i = 1,...,9, we have

lig (fz(l', y); Yis U) = pfi(x,y),%(o')a
Uiy (fi(xvy);’Yia U) = pl—fi(x,y),wg (U)’

1
. . _ y .
&2 (fl(l’, y)v Vi U) - LZQ (fz(ﬂi‘, y), Yis U) + ipfi(a:,y);yi (U)plffi(a:,y),'yl{ (U)v (7.3.13)

b (F(es0);00) = L5 (i 9)37%6:0) + 501,09 0) 145 (9%, 0)

1 2
12 (pf (@) (@ )) pl—fi(r,y),7§(0)7

where } € m}°P (]P’l( N0, 1,oo};(ﬁ,f?n(a:,y)) is the path associated to v; as in (6.1.1). By
(4.1.7), we obtain the following relations of ¢-adic Galois associators (cf. [190, p.106])

1-x(o)

ff5 "o, h) =1y 7,
fgg Tl 1) = £ (1o, o) - 137 o, 1),

(7.3.14)

where

(0, L) € 7 (PLA{0,1,00},01)

is the image of f under the map m{ (IP’%\{O, 1, oo},(ﬁ) — it (IP’%\{O, 1, oo},(ﬁ) given by
lo,ll — Iy, . Then we get

log <f(%fj)’5i(zo,zl)) 1) = 0 (i=1,2,3,4,89),
log (fgf(lo,h)) _1> = (%) X,
log <fé§i’_§6(l0,l1))l = liy (% 6, ) X Y + lig (% 6, ) [X, YH + -
log (f?(f?(zo,h))_l = (M9) X — tia (10;06,0) [X, Y]
— 1 (M) tiy (10;.86,0) [X, [X, Y]]+,
(7.3.15)
that is,
(—&j((ﬁ;éi,a))o<j<3 —(0,0,0,0) (i=1,2,3,4,8,9),
(_%(E% Mysiza = (3 0.7 1) . (7.3.16)
(—Ezj(Ooo;ég,a)) <j<3 = (0 0 —&2 (ﬁ)‘&;, ) —&3 (ﬁ)‘&;, )),
/5 )

) :: X0 0, iy (T0;66,0) 5 (F32) tia (16:06,0) )

where x : Gg — Z; is the l-adic cyclotomic character.
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We consider the path ~; € 7% ( Le)\{o, 1,oo};(ﬁ,ffn(x,y)) in (7.1.4) as a pro-/ etale
path
7 € T (PRA{0, 1, 00501, (2, 1))

by the comparison map (2.2.1). Then, we have v; = &;-f; (7o) € m} ¢ (IP’%\{O, 1,00}; ﬁ, fi(z, y))
Through this path composition, we obtain an algebraic relation

f%(a:,y)m _ ((Lé o fir) (h C;y) ’YO)) 'fé%(?’ai' (7.3.17)

01,0

By (7.3.17), (7.3.16) and the polylog-BCH formula [NW12, Proposition 5.9], we compute Wo-
jtkowiak’s native ¢-adic iterated integral (cf. [NW12, Definition 4.7])

P (), £ (B) £ (o), 0) = (ka(log ((Lai o fix) (fff(;ym)l))

associated to f; (7o) as follows:

CRIN(fw ), £ @) £ () 10) = lis(fy(w,w)ii0)  (1=1,2,3,4,8,9),
£fv2(f5)f(z5,f5 (¥) 5 f5 (10) ,0) = liz(z5;7s, ) i (0?0;55,0’) i1 (25575, 0),
Efg(ﬂj)f(zﬁyfﬁ (7); f6 (70) o) = liy(z63 76, 0) — Lia (ﬁ);5670> + 3lio (26376, o) i (ﬁ, 567‘7) 7
ﬁfg(mf(znf? ()5 f7 (%0) ,0) = lig(z7;7y7,0) — Lia (—6 o7, ) $ir (27397, 0) i (@;57#7)
—3li (27,77, )iy (ﬁ o7, >,
(7.3.18)
CRN(fw ), £ @) £ () 10) = lis(fy(w,w)imin0) (1=1,2,3,4,8,9),
£¢2(f0)f(25,f5 ()5 f5 (10) o) = lig(25; 75, 0) — 3Lig (0?0;55,0’) lia(25575,0)
+% (fio (Oﬁoo, 55,0))2&1(25;75,0)
+%€i0 000; 65, O') lio(25; 75, 0) i1 (25575, 0),
L2290 (e 16 (8) 6 (o) 0) = tis(26:76,0) — lis (10; 86, 0) + Seio(26: 76, 0)ia (T0:66,0)
Lfvzm)f(«z?,f? () ; f7 (10) , o) = lig(27;77,0) — Lig (Om, 57,0) — Llig (27577, 0)lig (ﬁ o7, )
f%€i0(27;77,0)€i2 (o@, o7, ) 13 (&0 (ﬁ o7, )) liy(z7;7v7,0)
+15io (03;57#7) lio(27; 7, 0)lix (27397, 0).

(7.3.19)

We shall write
L (7['{ é (Vnon—FaHOa U))

for the complete f-adic Lie algebra of m{** (Vion-Fano, @) over Qp. Then, there is a natural
inclusion

Wf_ét (Vnon—Fanm 17) — L (Wf_ét (Vnon Fano, U )) B = X = IOg(B )

Each element of L (7{¢t Vhon-Fano, ¥) | has an expansion as a formal Lie series in X1, ..., Xg. We
1
denote by

Ly, (W{_ét (Vnon—Fanm 77))
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the homogeneous degree n part and
(-ét =
Ly, (771 (Vnon—Fan07 U))

the part whose homogeneous degree is less than n. Then, we have a decomposition

L (ﬂ'f-ét (Vnon-Fanm 77)) =Ly, (Wf-ét (Vnon-Fanoa 77)) eI™L (F{-ét (Vnon-Fanm U))

(7))o ) e ),

Here, there is an isomorphism

and

Ln (W{_ét (Vnon Fano, U )) — gr ( -6t (Vnon—Fanm 77)) & Qé

induced by Lj (ﬂf‘ét (Vion-Fanos U )) 5X;— B; € gk ( £ (Vaon-Fanos U)) Therefore, we write

—1
[log ((fg;y)’%) >:| =C1X1 + C9Xo 4+ O3 X5+ Cy Xy + C5X5 + Cs X,
<2

1
log () )] = X1+ o + €+ CuXa + CoXs o+ oy
<3

+ C7[ X1, X4] + Cs[ X2, X3] + Cy[ X2, X5] + C10[ X2, X¢]
+ C11[ X3, X5] + C12[ X3, X6] + C13[ X5, X6)-

Using the Baker—Campbell-Hausdorff formula, TABLE 7.5, (7.3.17) and (7.3.15), we compute
X 1 .
(a0 fir) 1o ((167) )] ) € Lieg, (. 7)
<n

for n = 2,3. Consequently, we get TABLE 7.10. By (7.3.17), (7.3.15) and TABLE 7.10, we
obtain

Cl = Pz,’yg( )a 02 = Py,y9 (0)7
C3 = P1-2 (0) + Pye (),
Cy= P1— -z, (0)7 Cs = pl—y,'yé (0)7
Cﬁ - pl—ccy,'y2 (U)a C’? = Eig (-T; 85 O'),
1 . (x
Cs = 5911,79(‘7) — Lig <y§7370> ) (7.3.20)

Coy = lia(y;v9,0), Cho = lia(zy;y2,0),
1 C(1—y
Cn = —§P17x;yg(0) — iz (1 — x?’Yﬁ,U) )

, - (z(1-y)
Ciz = 7p17x,'yé(0—) — P1oay ., (0) + lia (2578, 0) + Lo (36_1;7570) )
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Table 7.10: Computation of log(f, ')

(i5, o £ix) <{l°g ((fé“ff”“)fl)} <2>

(i5, o £ix) ({log ((fff;y)”) 71)} <3>

(C1 — Cg —2C4 +2C5) X
+(-C2+C3—2C4+C6)Y

+ (%Cg — C4+ Cs — 2C7 *CS> [X,Y]

(C1 —C2 —2C4 +2C5) X + (—C2+C3 —2C4 +C6) Y
+ (%Cz — C4 4+ Cs — 2C7 — Cg +2C9 — C10 — 2C11 +2013) [X,Y]

+ (ﬁcz —$C4+ 3C6 — C7 — Cy — C1o +2C'13) [X, X, Y]]+ -

(Cl + CQ) X +CgY

(01 + CQ) X +CgY + Clo[X, Y]

(C1 —C2) X +(—C2+C3)Y

+iCa X, Y]+

(C1=Co) X+ (~Ca+Ca)Y + (3C2 - Cs) X, V]

— S CX, X, Y+

(C1 —C2—Cs+C5)X
+(=C2+C3 —Cq)Y

+(3c2-fcui-or) X, v+

(C1—=C2—-C4+C5) X +(-C2+C3—-Cy)Y
+(%Cz— %04—07—084-09—011) [X,Y]

+ (502 — 01— 07— 4Co) [X, X, Y] + - -

(C1 —C4+C5) X +(=Ca+Cg)Y

+(=30a+Co) X, YT+

(C1 = Ca+C5) X +(=Ca+C6) Y + (=4Ca + Cs — C7 + C13) [X, Y]

+(—5Ca+ 0o — 10 + Cug) (X, (X, Y] 4 -+

(=C4 +C5) X +(C3 —Cq) Y

—3Ca[X, Y]+

(~Ca+C5) X +(Ca = C)Y + (~4Ca — Cu1) [X, Y]

— 50X, [X, Y]] + - -

(=C2 —C4+C5) X
+(=C2 —C4+Cp)Y

+(-302 - fou+Co) (X, Y]+

(=C2—C4+C5) X +(-C2—C4 +C6)Y
+ (7%6'2 — 3C4+Cs+Co — C1o +013) (X, Y]

+ (=502 = £5Ca+4Co + $Co — Cro + Cua ) [X, [X, Y]] + - -

C1X + CrY

C1X + CY + C1[X, Y]

CoX +C5Y

CoX + C5Y + Cy[ X, Y]
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and

f%(ky)i ,VI(U) = Px,vs (o) + 2pl—y;yé(0) - Pyﬁg(a) - 2,0171,%@(0)’
y(1—z)2’
Py _z(-y)2. (o) = Pl—ﬁ,yg(a) + pl—my,'yé<a) - 2P1—m,7§(0);
vi—o)2 Y
Py (0) = Pzys(0) + Py (0),
95;73(‘7) = Pzys(0) = Py (0),
Pz(1-y) - (J) = Pzs (U) =+ plfy,'yé (U) ~ Py,e (U) - plfx,'yé (U),
y(1-x)’
x(1— / — _z s \O) — _ '\O ),
pl*yﬁ,gg v P1 y,73( ) £1 x,’ys( ) (7321)
x(o) —1
P (0) = Pronl@) + P1 g (0) = proag(0)+ (D).
pl_%?’)’é (U) = plfxy,'yé (U) - plfx,'yé (U)a
pL;Z;'YG (U) = Pl—yq (U) — Pl-z (0)7
x(o) —1
P () =1y () = Puon (@) = pragl0) + (XD,
pl_y(l;;—yl) o (U> = Pl-zy,~, (U) ~ Pyyo (U) ~ Pl-zv (U)

By combining these formulas, we prove functional equations of ¢-adic Galois polylogarithms.

Theorem 7.3.2 (Functional equations for ¢-adic Galois dilogarithms). Given a K-rational
point (z,y) € Vaon-rano(K) and a path vo € m}° (V22 U, (x,y)), define the path system
{7i}ti=1,..9 associated to g as in (7.1.4). For any ¢ € Gk, the following holds.

non-Fano’
(a-¢) (-adic Schaeffer’s equation

g (z(1—y) .e y g (T
Li} (;%U) — Li5 (y; 79, 0) + Lib (2378, 0) — Li5 [ =173, 0
2 y(l _ IL') 2 ) 2 ) 2 y

) Y
—ng <1_x§7670'> = Py,vo (J)p%ﬂ’ﬁ (o) = Cg(d)

(b-¢) ¢-adic Kummer’s equation

o (21 —y)? v <5L’(1—y) ) 0 < l—y )
L I el SV . b Sl I - d .
19 (y(l_x)27/ylao- 19 r—1 y 5,0 19 y(x_]-)a/y'?ao-

o (x(1l—y o (1—y
—Li (yél_);’M,U) — Lij (H;76,0>

z)
1 5 1
=5 (py/}’g (o))" + 5Pyve (o) + P1—a~, (o) — P1—zy ! (o).
2 2 8 2

(c-¢) ¢-adic Hill’s equation

o 1-y , ,
ng (?M_UW?,U) + ng (zy;v2,0) — ng (2378, 0)
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7ng (ya Y9, U) - ng <xi,1__1y)7 5, 0>
1 1
= *Cé(U) + Pyo(0 )P17 ,76( o) — 9 (Py.o (U))2 ~ 9Py (o).

Proof. Let 0 € G and k; € {a;,b;,c;} where a;,b;,¢; (i =1,...,9) are shown in TABLE 7.6.
As well as the complex case, the homotopy criteria [NW12, Theorem 5.7 (i)]:

29: ki - o2 (gr% (¢, © fz)> =0 in Homygp, (gr% (ﬂ'fét (Vaon-Fano) ,17) ,Zg) ,
i=1

and the tensor criteria [NW12, Theorem 5.7 (ii)]:
Sk (fin(fi-1))=0 i (0/K*)A(0*/K")

hold. Therefore, we have the functional equation [NW12, Theorem 5.7 (iii);, Corollary 5.8]:

Zk L8 (f ), £ (8)5 (o) Zk Py ( Lg; © fix) ([log <(f($ ymo) 1>L2)) '

(7.3.22)
By TABLE 7.10 and (7.3.20), the right-hand side of (7.3.22) is equal to
0 (if ki = ai),

1 .
3Pu99(0) F P1oa i (0) = Proay (o) (if ki = bi), (7.3.23)

1 .
FPy(0)  (if ki = ci).
By (7.3.13), (7.3.18), (7.3.16) and (7.3.21), the left-hand side of (7.3.22) is equal to

o (x(1l— . . 0 [T
Lif (M;’M, 0) — Lib (y; 70, o) + Li§ (w3798, 0) — Lif (y;’m,U)
0 (1—y .
L5 (17 %90.0) = o ()p1s, 0) + Ghl0) (i ks = i),

. 1-— ‘ . .
Li (M V7, 0) + Liby (2y; 72, 0) — Lib (2378, 0) — Lib (y; 79, 0)
v [x(l—y 1 .
— Li (;_1) V5 U) +¢5(0) — Pys(0)P1zu . (0) + 5 (Py (@) (it ki =ci).

(7.3.24)
Putting (7.3.23) and (7.3.24) into (7.3.22), we obtain the desired equations (a-£), (b-£) and (c-£).
This completes the proof of Theorem 7.3.2. O
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Proof of Theorem 7.1.2. Let 0 € Gk. As well as the complex case, the tensor-homotopy criteria
[NW12, Theorem 5.7, (i), (ii)¢] hold:

9
Z d; - p3 (gr% (15, 0 fz)) =0 in Homypg, (gr% (Wf'ét (Vion-Fano) ,17) ,Zg) , (7.3.25)
i=1

idi(fi@’(fi/\(fi_l))):o in (0K ) e ((0/E*)r(0*/K)), (7.3.26)

i=1

where d; (i = 1,...,9) are shown in TABLE 7.6. Therefore, we have the functional equation
[NW12, Theorem 5.7 (iii);, Corollary 5.8]:

9 N 9 i o
S d;- £ (f,y), £ (05 i (0) s 0) = > d;- 303;((&51, o fix) ([log ((ff;,;ym") )} 3)) :
i=1 i=1 <
(7.3.27)
By TABLE 7.10 and (7.3.20), the right-hand side of (7.3.27) is equal to

o (2(l— , 1- 1
— Li} (Ev—y);%’U) — Li} <_yl);77,0) — 5Pl (o) <px(1y>2 (o) — 1) (7.3.28)

1 y(x -z 5 Tz
1
— 5hom(9) (27301221, (0) + 30,0 0) ) - GH(0).

Putting (7.3.19) and (7.3.28) into (7.3.27) and applying (7.3.13), (7.3.16) and (7.3.21), we obtain
the desired equation (d-C). In the process, the nine Lig—terms appearing in the left-hand side
of (7.3.27) are canceled by using (a-¢), (b-¢) and (c-¢). This completes the proof of Theorem
7.1.2. O

Remark 7.3.3. Let us consider a specialization of f-adic Spence-Kummer’s equation (d-¢) when
x — 0 (i.e. taking x as a tangential base point at 0) : We write

A = ’yi|x—>0 S 7_‘_1130p (]P)l((c)\{o’ 1700};(ﬁa fz‘an(xay”x—)()) ’
A =0 B () € P (Pl(C)\{O, 1,00} 01, yﬁl)

where ¢5=> € Aut (P'(C)\{0,1,00}) is given by ¢s2(t) = 5. Then we get Landen’s (-adic
trilogarithm functional equation equivalent to [NS22, Theorem 1.1]

) ¥ ] 5 ; N
Li (y; 98, 0) + Lis (1 - 443, 0) + Lis <y_1; A a)

1 1
= ¢4(0) = C4(0)p1-y 1 (0) + 5005(0) (01y @) = = (proyy () (73.29)
1 1 1
— ST (98, 0) — 15P14,(0) — 7 (P13 (@)

by combining f-adic Spence-Kummer’s equation (d-f) setting x — 0, the inversion formula
[NW12, (6.31)] and the conversion formula [NS22, Proposition 4.2]. By a similar computation,
we can obtain Landen’s complex trilogarithm functional equation [L1780], [NS22, (1.3)] from
a specialization of Spence-Kummer’s equation (d-C) setting x — 0 and the inversion formula
[NW12, (6.26)].
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Corollary 7.3.4 (Functional equations for ¢-adic Galois polylogarithmic characters). Given a
K-rational point (x,y) € Vion-Fano(K) and a path g € WEOP (Van ¥, (x,y)), define the path

non-Fano’

system {~;}i=1,.. 9 associated to vy as in (7.1.4). For any o € G, the following holds.

(a’-¢) ¢-adic Schaeffer’s equation

z(1—y) z 1-y
~ )7 4 ~, ~x, ~ 3 ~ 1576
T (0) =X (o) + (o) = X3 (o) =X (o)
10,6
= Pi,%( )Py0(0) = Xo ﬁ(a)‘

(b’-¢) ¢-adic Kummer’s equation

z(1-y)? z(1—y) 1—y z(l—y 1—
- 771 e s Tl 5 y(l-=),7 T2 %6
BT o) =% ) =T (o) - % (@)= X3 " " (o)
1 , 1

= 5 (py,’YQ (U)) - ipy,'yg (U) - plfcz:,'yé (U) + plfxy,'yé (G)

x(o) =1
+ <2> (291—9631,75 (o) — 2p1—ﬂmé (o) = Py (U)> .
(c’-¢) t-adic Hill’s equation
,.,11_7721777 ~ - - ~1I_77y777
G (o) + X577 (0) = X5 (0) = X5 (0) = x5 (o)

_10,6 1 5 1
= X2 m(”) + Ploy v (0)pye(0) — 3 (Pye(0))” + ipyﬂ@(J)

(DY 0

(d’-¢) ¢-adic Spence-Kummer’s equation

z(1-y)? z(1-y) z(1—

- I27’Yl - ,'73 ) V4 [ )775
G (0) ) 7 o) -2 o)~ 2 o)

1—
Ty TN ~%6
20 M 0) 285 T (0) — 2857 (0) — 287 (0) + 235 (o)

— v(o)?
—2py 4 (0)° Py ,76(0) + <1>2<()> Py (0) + gpyﬁg (0)?

oy o e 2
+2x(0) | X2 (o) + X3 (@) | +x(0)?p1-sy 1 (0) = 5Py (0).

Tz 5

Proof. Putting the conversion formula [NS22, Proposition 4.2 (ii)] into (a-¢), (b-¢), (c-¢) and
(d-£), we obtain the desired equations (a’-¢), (b’-¢), (¢’-¢) and (d’-f). O

The above functional equations (a’,b’,c’,d’-£) enable us to check the Z,-integrality of both
sides of each equation. By definition and x (o) = 1 mod 2, we can easily see that the right-hand
sides of (a/,b, ¢-£) have no denominator. The right-hand side of (d’-£) is equal to

095 4 )Py0 (7) + 2x(0) <x2 (o) + XD ’”(a>)

2y (0)2012s L, (0) — 128,

X001 4 (7) — 2Py (7) (L= i (0)) (14 s (),

so it has also no denominator.
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Chapter 8

Special values of mod ¢ (Galois
dilogarithms and triple /-th power
residue symbols

8.1 Main results

Let K be a number field with its algebraic closure K in the complex number field C. for a
prime number /. let (; := exp (%) the primitive /-th root of unity in K.
Following the analogy between knots and primes, M. Morishita introduced the mod ¢ Milnor

invariant
,ug(123) S Z/EZ

for prime ideals p1, pa, ps of Q((;) satisfying certain conditions for ¢ = 2,3, as the arithmetic
analog of the Milnor invariant of links ([Mo], [AMM]). The triple ¢-th power residue symbol is
defined by

[pla p27p3]£ = Céw(lz?))?

which controls the decomposition law of p3 in a certain Heisenberg extension Ré?m JQ(Cp).
On the other hand, we consider the mod ¢ Galois polylogarithm

X Gk — L)L,

that is the composite of the /-adic Galois polylogarithmic character x77 : Gx — Zy introduced
in (4.1.5) and the natural projection Z;, — Z/¢Z. In this chapter, we relate [p1,p2, ps]s to the
mod ¢ Galois dilogarithm )ZZ;’ :Gg — ZJVZ for £ = 2,3 as follows:

Theorem 8.1.1 (Main formula). For ¢ € {2,3}, let p; = (p;) (i = 1,2,3) be three prime ideals

of Q(¢y) satisfying certain conditions. Let R](f;),m be the unique finite Galois extensiton of Q(({y)
in C in which only primes p1, p2 are ramified with ramification index ¢ and whose Galois group
is the Hisenberg group H3(Z/{¢Z). Take a Q(({y)-rational point (x,y,w) of

Q(¢e) [z, y, w]
Spee (w + (—1)5pry’ = muﬂ)) '
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We put
K = Q (Cﬁ? \6/1717 \[/172)

and choose a K-rational point of P'\{0, 1, 00}

¢
z:=p (—Z) € K\{0,1}.
Let
Gps € Gal(K/K) (8.1.1)

be an extension of the Frobenius substitution oy, := Frobs, € Gal (Rz(f;),m /K ) where p3 is a
prime ideal of K above p3 Then the following holds:

(1) The special value XM J (6p5) € Z/VZ does not depend on v € ﬂ;()p (Pl(C)\{O, 1,00}; ﬁ, z);
(2) We have

G (mte 1>) CX"; -

palt

[plaPQ,P?)]Z = (812)

As an arithmetic application of this result (8.1.2), we derive a reciprocity law of [p1, p2, P3¢
due to Rédei [Ré] and Amano-Mizusawa-Morishita [AMM] in the form

[p1, b2, p3le - [p2,p1p3le =1 (£=2,3) (8.1.3)

from a f-adic Galois dilogarithm functional equation due to Nakamura-Wojtkowiak [NW2]:

G0+ 7 @)+ pa)p1a (o) = 51 (xul0 = 1) (314)

(See Corollary 8.3.9 for details.) Thus, by using a functional equation of ¢-adic Galois polylog-
arithms, we have another proof of a reciprocity law of triple £-th power residue symbols. This
fact is an indication that the Galois action mentioned at the beginning of this introduction has
abundant arithmetic information.

8.2 Triple /-th power residue symbols for / = 2,3

For ¢ = 2,3, the triple ¢-th power residue symbol is well-defined at present in [Mo]|, [AMM].
Following [HM; Section 4], [Mo], [AMM], we recall the definition and some properties of triple
{-th power residue symbols for ¢ = 2, 3.

8.2.1 Caseof /=2

Take distinct prime numbers p1, po satisfying

<p2>—1 pi=lmodd (1<i#j<?2). (8.2.1)
Dy

Then there exist x,y, w € Z satisfying the conditions [Am; Lemma 1.1]:

2 = pry® = pow?, ged(z,y,w) = 1, (8.2.2)
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r=y+1mod4, y=0mod?2.

The choice of (z,y,w) € Z? is not unique. For such a pair (x,y), we set
05, o= &+ /D1y (8.2.3)
Let
2
R, = @ (Vi v Vo5, ). (8.2.4)
K3, = Q(y/p1, vp2). (8.2.5)

Theorem 8.2.1 ([Am; Theorem 1.2, Corollary 1.5]). The field extension Rg)’prz /Q is finite Ga-
lois and satisfies the following properties:
(i) Gal (}%15,21)4,2 / Q) is the mod 2 Heisenberg group

1 a b
Hs(Z./27) = 01 ¢ a,b,c € 227 ;;
0 0 1

(ii) p1,p2 are only prime numbers ramified in Rg)m /Q with ramification index 2;
(iii) R;(fl),m does not depend on the choice of (z,y,w). Thus, R§,21),p2 /Q depends only on the set
{p1,p2}-

Theorem 8.2.2 (An arithmetic characterization of R(®); [Am; Theorem 2.1]). Take prime num-
bers p1,p2 (p1 # p2) satisfying (8.2.1). For a field extension L/Q, the following conditions are
equivalent:

(1) L = Ryt

(2) L/Q is a finite Galois extension with Galois group Hs(Z/2Z) and pi,p2 are only prime
numbers that ramified with a ramification index 2.

Take another prime number p3 such that pg3 = 1 mod 4 and

<p> =1 (1<i#j<3). (8.2.6)

We define an arithmetic symbol which controls the decomposition of ps in the Heisenberg
extension R /Q. Set p; := (p;) for i € {1,2,3}.

Definition 8.2.3 (Triple quadratic residue symbol; [Mo; Section 8.4]). For a triple (p1, p2, p3)
of prime ideals of Z satisfying (8.2.1) and (8.2.6), the triple quadratic residue symbol is defined
by

[p17p27p3}2 = (_1)'“2(123) € {17 _1}7

where 12(123) € Z/2Z is the mod 2 Milnor invariant of (p1,p2,p3) (cf. [Mo; Section 8.4]).
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Let p; be a prime ideal of K,Sf?pz lying over p;. By (8.2.1) and (8.2.6), the prime ideals
P1, P2, p3 are ramified or completely decomposed in Kg?m /Q as follows.

Ry,
Kz()??pz P & bs
Gocomposed ramified
Q) 1N Q(/p1) p2 N Q(y/p1) SZSZEEFSS&
ramified g(érc%?rlleptgi}éd
Q 1 P2 b3

Theorem 8.2.4 ([Mo; Section 8.4, Theorem 8.25]). Let oy, := Frobs, € Gal (Rg),pg/Kg?m)

be the Frobenius substitution of p3 in R§>21),p2 / Kg?m. Then we have

/n(2)
[p1, P2, p3)2 = 7%3( 9p1,p2).
b b) 9(2)
\/ p1,p2

In particular, [p1,p2,ps]es = 1 if and only if ps is completely decomposed in R;S,QI),pQ /Q.

Remark 8.2.5. The triple symbol [p1, p2, p3]2 is nothing but the Rédei symbol [Ré]:

(2)

o 0

[P1, D2, P3|Rédei := M.
@

L. Rédei proved the reciprocity law of the triple symbol ([Ré]). F. Aamano gave another
simple proof of Rédei’s reciprocity law ([Am]).

Theorem 8.2.6 (Reciprocity law of triple quadratic residue symbols; [Ré], [Am]). For any
permutation p € S3 of {1,2,3}, we have

[(P1), (P2), (P3)]2 = [(Po1))s (Pp(2)), (Pp(3))]2-

Thus [(p1), (p2), (23)]2 - [(Pp1))s (Pp2))s (Pp3))]2 = 1.
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8.2.2 Caseof /=3

In this section, we follow [HM, Section 4.2] for various assumptions. Let the Eisenstein field
k= Q(¢3) = Q(v—3) where (3 := eXP(%\F) = 71+2 =3 Take distinct prime ideals p; =
(pi) (i =1,2) of k satisfying

Np; = 1 mod 9, <p> =1 (1<i#j<2). (8.2.7)

Following [AMM, Corollary 5.9], [HM, Section 4.2], we suppose that
each p; is generated by a rational prime number. (8.2.8)
Let p; be the unique prime element such that
p; = 1 mod (3v/-3). (8.2.9)

Let K; := k(¥/pi). Let ¢ be the generator of Gal(K/k) defined by ¢(/p1) = (3¢/p1. By (8.2.7)
and (8.2.9), there is
s € Ok, (8.2.10)

together with w € Z[(3] and prime ideals 3, B of K satisfying
NK1/1€(O‘P17P2) = p2w3, (p1ps) = me%fa (8.2.11)
f=0mod3, (¢,3) =1, (B,3) =1.

The choice of « is not unique. We set
P1,p2

052y = (o) (6 (). (8.2.12)

Let
R, = k(1. P2, ) (8.2.13)
K, = k(/p1, {/p2)- (8.2.14)

By (8.2.8), we have the following theorem.

Theorem 8.2.7 ([AMM; Theorem 5.11, Corollary 5.12]). The field extension R,()?),p? /k is finite
Galois and satisfies the following properties:

(i) Gal (Rz()?m / k‘) is the mod 3 Heisenberg group

1 a b
Hs(Z/3Z) = 01 ¢ |labceZ/3Z ;;
0 01

ii) p1,p2 are only prime ideals that ramified in R(?) ,/k with ramification index 3;
P1,p
(iii) Rg%m does not depend on the choice of «,, ,. Thus Ré‘?)’m /k depends only on {pi,p2}.
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Theorem 8.2.8 (An arithmetic characterization of R®); cf. [AMM; Corollary 5.12]). Take
prime ideals p1 = (p1),p2 = (p2) (p1 # p2) satisfying (8.2.7), (8.2.8), (8.2.9) and (8.2.15).
For a finite extension L/k, the following conditions are equivalent:

(1) L = Ry

(2) L/k is a finite Galois extension with Galois group H3(Z/37Z) and p1, ps are only prime ideals
that ramified in L/k with ramification index 3.

Take another prime ideal ps = (p3) of k such that Np3 = 1 mod 9 and
(“) =1 (1<i#j<3). (8.2.15)
i),

Definition 8.2.9 (Triple cubic residue symbol ; [AMM; Definition 6.2]). For a triple (p1, p2, p3)
of prime ideals of k satisfying (8.2.7) and (8.2.15), the triple cubic residue symbol is defined by

[p17p27p3}3 = 53(123) S {]-7(37(?:1}5

where 13(123) € Z/3Z is the mod 3 Milnor invariant of (p1, pa, p3) (cf. [AMM; (2.3) of Chapter 2,
Theorem 4.4]).

Take a prime ideal p; of Kg?pQ lying over p;. By (8.2.7) and (8.2.15), prime ideals p1, p2, p3
are ramified or completely decomposed in Kl(ff?m /k as follows.

RS,

K2, 3 2 2
omieety | i

Ky p1N Ky p2 N K gl(éggr)xlleptgé}éd
amited | sl

k p1 p2 p3

Theorem 8.2.10 ([AMM; Theorem.6.3]). Let op, := Frobs, € Gal (Rg?),pZ/KZ(,??pz) be the
Frobenius substitution of p3 in RI(,?{)’I,Q / Kl(,i’?m. Then

Ops ( y 91(7?)7172)

3 9(3)

p1,p2

[p1, P2, p3l3 =

Hence, [p1, p2, p3]s = 1 if and only if ps is completely decomposed in R;?),m k.

60



Theorem 8.2.11 (a reciprocity law of triple cubic residue symbols; [AMM; Proposition 6.5]).
We have

[p27p17p3]3 = [p17p27p3]3_17
that is [p1, p2, pa]s - [p2, 1, b3]s = 1.

Following Hirano-Morishita [HM, Section 4.2], we restrict to the case with

Assumption (A) :  The element ay,, p, € Ok, in (8.2.10) and (8.2.11) has the form
Qpy pe :$+y\?’/]71 (I,yék).

By this assumption (A), the equalities (8.2.11), (8.2.12) are equivalent to

2* + pry® = pow®, (8.2.16)
05, = (z + Gy Ip) (= + Gy ¥p)*. (8.2.17)

These will play an important role in the next section.
8.3 Triple /-th power residue symbols and mod ¢ Galois dilog-
arithms

In this section, we describe triple ¢-th power residue symbols in terms of mod ¢ Galois diloga-
rithms for £ = 2,3. As a result, we derive a reciprocity law of triple ¢-th power residue symbols
from the Euler-type functinal equation of the ¢-adic Galois dilogarithm.

8.3.1 Main formula

Q  (Gfe=2),
Let ¢ € {2,3}. Consider k := and
Q(¢s) (if £=3)
K = Q&) (Jp1, 7). (8.3.1)

We set
pi €ZG)  (i=1,23), aywek, 0 . RY KO

prp2r tlprp2r Bprps
as in Section 8.2.1 and Section 8.2.2 with the assumption (A). By (8.2.5) and (8.2.14), we have

K =K\, By (8.2.3), (8.2.17) and (8.2.2), (8.2.16), we obtain

2' = (=y)'p1 = w'ps, (8.3.2)
0%, = T (@ + Gy ym)" (8.3.3)
=0

Let p; = (p;) (i = 1,2,3). Then as discussed in Section 8.2, the triple /-th power residue symbol
[P1, P2, P3¢ is defined. We choose

2= (—i)e e K\{0,1}. (8.3.4)
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We regard z as a K-rational point of P\ {0,1,00}. For a prime ideal p3 of K lying over p3, let
Op; € Gal(K/K) (8.3.5)
be an extension of oy, := Frobg, € Gal (RZ(QW /K ) Take a path
v em™ (PHC\0, 1,00} 01, 2) .

Since z is K-rational, the mod ¢ Galois dilogarithm X, : Gk — Z; is defined.

Proposition 8.3.1. Let the assumptions and notations be as above. For any 7 € Gg, the
special value

Xi3(T) € Z/UL
does not depend on the choice of ~.

Proof. For 7 € Gk, we have x(7) = 1,p,,(7) = 0 mod ¢ by (8.3.1). It follows from Defini-

tion 4.1.5 that 1

Xg'a (T) - i A i i

<Z2 (H( C l/f £>/ H C 1/( l‘ (836)
=0

Let 70,71 € m°P(P 1(C)\{O,l,oo};(ﬁ,z). For e € {0,1}, we take 2 (1 - C};zg/) along

Ve (cf. [NW1]). In order to show that )Z& (1) is independent of the choice of v, it suffices

to show

X2’ (1) Xyt ()
¢ =¢" (8.3.7)
by comparing the right hand side of (8.3.6) for v = 79, 1. Now we show (8.3.7). Let
-1
A= I = Gt/ (e e {0,1)).
i=0
Let s € Z/{Z such that z =¢ - . For each i € Z/lZ, take t; € Z/¢{Z such that

(1_Cz 1/4)% — ng( Cz s 1/£)%.

Then
— it;
L Ho-a"
1 =0
Ay -1 ]
[T -Gzt
i=0
-1 1/t it
[Ta-d=9% 5,
_J= i=
-1 e Y ’
[T - ¢zt
i=0
Zle
¢ s it;
= (H(l—éj W) G
7=0
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/—1
By (8.3.1), (8.3.2), and (8.3.4), we have [[ (1 — (Jzy/) = 1-2 = ( ) p2 and K = Q(C)(Y/P1, v/P2)-

Jj=0

Aq
So it follows that T € K. hence
0

Cx;;gom _m(A) _ T(A) x50
14 A Ay 0 :
This completes the proof of (8.3.7).

O

Definition 8.3.2. Let the assumptions and notations be as above. Based on Proposition 8.3.1,
we let

Xia(7) ==X75(7) (7 €Gk).
Now we shall describe [p1, p2, p3]s by a special value of the mod ¢ Galois dilogarithm.

Theorem 8.3.3. Let the notations and assumptions be as above. For ¢ € {2, 3}, we have
1
Fpa (@2 7Y) (Kialors),

[p17p2ap3]€: (-1

1
T2

Proof. Let £ € {2,3}. Then

[p1, P2, p3]e = oy, <\/ o p2> /\/le po (by Theorem 8.2.4, Theorem 8.2.10)
(¢
= <\/9P1)7P2> / \/9P17P2

-1 i
($+Czyxf z)/]_[ (v +Ciyvm)" (by (833))
=0
zf1 , —1
Gy H;ce> Gy (H <1+cly 1“) )

B i=0 ' i=0
o -1 —1
xre H (1 + Czy 1/4)
i=0 i=0
= y 1/z
- Lo Ty 1+ C” >
O (a;2(f 1)) p3 (211) < )
- Ty —1 ‘
2
i=0

By (8.3.4), we have z = p; < y) The second factor of the above last side coincides with
x

/—1
6)03 (Hl_él e Z) o
=0 _ X;z(apg)

- (by (8.3.6)).

i

CZ 1/( 3

.':h

z:O
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Corollary 8.3.4 (Case of ¢ = 2). Let the assumptions and notations be as above. Let ¢ = 2.
] hen we have
[p1,p2,p3]2 = (—1)"’1(5%)%222(5;03)7

where p,(6y,) € Z/27 is characterized by Gp,(v/Z)/v/Z = (—1)P=(%3). Hence, we obtain
p2(123) = pz(0ps) + Xi 2(5ps)-
Proof. The assertion follows immediately from Theorem 8.3.3 and Definition 8.2.3. O

Corollary 8.3.5 (Case of £ = 3). Let the assumptions and notations be as above. Let ¢ = 3.
Then we have

[p1, P2, p3]s = (3¥e2(vs),

Hence, we obtain
13(123) = X7 2(0p;)-

Proof. The assertion follows immediately from Theorem 8.3.3 and Definition 8.2.9. O

8.3.2 Deriving a reciprocity law

Let the assumptions and notations be as in the previous section. We set +' = 5ﬁ . ¢ﬁ(’y) €
%P (PI(C)\{O, 1,00};(ﬁ, 1-— z) as in (6.1.1).

Proposition 8.3.6. For any 7 € G, the special value
X" (1) € LML
does not depend on the choice of .

Proof. The proof can be done in the same way as the proof of Proposition 8.3.1. O

Definition 8.3.7. Based on Proposition 8.3.6, we let

o () =% 7T (r) (T€Gk).

Firstly we describe the triple symbol [pa, p1,p3]e by the mod ¢ Galois dilogarithm to derive
a reciprocity law of triple ¢-th power residue symbols.

Theorem 8.3.8. For ¢ € {2,3}, we have

[p27p17p3]£ -

Proof. Let £ € {2,3}. By (8.3.2), we obtain

o' — (=) =w'py = 2t —wipy = (—y)'p1.
We take
/—1 ' ‘
05) = 11 (@ = Gwp)’ (8.3.8)
=0
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by replacing pi, p2, and y in (8.3.3) with py, p1, and —w. Then, as with Theorem 8.3.3, we
compute the triple symbol [p2, p1, p3]e as follows:

-1 i
- W 1/4)‘Z
| I 1—¢iz2
Gy (2“71) . ™ (z‘:o ( b )

[p27p17p3]€ = x%(z_l) —1 W /e %
I[I(1-¢=p,
i=0 X
By (8.3.2), we have
0 (_ .\ 14
l—z—x (xgy)m:;l;p}

The second factor of the above last side coincides with

-1 ' i
Fps (H (1 — ¢l - 2)1/1z)e> L

E_ZTO = 4;“%2 (70s) (by Definition 4.1.5, (8.3.1), (8.3.5)).
[T(1-cda-=")
i=0

Therefore we obtain the assertion of the theorem. O

We derive a reciprocity law of triple /-th power residue symbols from the functional equation
(8.1.4) of the f-adic Galois dilogarithm.

Corollary 8.3.9 (a reciprocity law). Let the assumptions and notations be as above. For
¢ €{2,3}, we have

[p17p27P3]€ : [p27plap3]f =1
Proof. By Theorem 8.3.3 and Theorem 8.3.8,

VT

5P3(\/5)(71)>2§72(5'p3) . 5;)3(\/5)(71);2;;(&.,3) (if £ =2),
[p1, P2, P3le - [p2, p1,P3le = 1
(5¥02(70s) . (gXen"(%%s) (if £=3)

(—1)%i2@s) X" ns)  (if ¢ — ),

(2@ ) (i g = 3)
_ Kl 517 )

_ 225,’;<ap3>+>z;,;2”’<&p3>.

By the functional equation (8.1.4), the above last side is equal to

—pz, (G 1 (Gpg )+ o7 (X(Gpg )2 —
¢ s O O g gy (8.3.1), (8.3.5)),

This completes the proof. O
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8.4 Examples for / = 3 under the assumption (A)

In this appendix, let us introduce examples of [p1, pa, p3]s and X, (Gp,) for some (p1, p2) with
Qp, po satisfying the assumption (A) in Section 8.2.2. The set of rational prime numbers p
satisfying 1 < —p < 1000 and p =1 mod 9 is

{—17, —53,—71, -89, —107,—179, —197, —233, —251, —269, }
P .= .

—359, —431, —449, —467, —503, —521, —557, —593, —647, —683,
—701, -719, —773, —809, —827, —863, —881, —953, —971

(8.4.1)

For any {p1,p2} C P (p1 # po), prime ideals p; = (p;) (¢ = 1,2) of Q((3) satisty the
conditions (8.2.7), (8.2.8) and (8.2.9).
Consider the case (p1,p2) = (—17,—-593). We take (z,y,w) = (9,2,—1) as a solution of

(8.2.16) and ay, p, = 9+ 2¢/—17 satisfying (A). Hence 652, = (9 + 2¢3&/—17)(9 + 2¢3 /—17)2.
For a prime ideal p3 = (p3) of Q((3) satisfying (8.2.15), we obtain

Op3 ( Y 957?;??2) P%-l
N 7 —pB) 73
(3) P1,p2

mod p3,
3/ (3
P1,p2

[p1, P2, p3]3 =

p%—l

where p3 is a prime ideal of K,(;;’?pg lying over p3. Since 9}(,??,,2 P e Ky =Q(G, ¢/p1), we obtain
p2—1

-3 -
[pl,pg,p;;]g = (g <~ NK1/Q (91()‘??])2 8 - Cg) = 0 mod ps3 (C S {0, 1, —1}). (8.4.2)

On the other hand, we take ap,, = 9+ /—593 satisfying (A). Thus 0,(,2),;,1 = 9+

(3¢/—593)(9 + (2 /—593)2. By replacing 65, (resp. K1) with 655, (resp. Ko = Q(Cs, /Pz))
in (8.4.2), we obtain

pg—l

[p2,p1,p3]3 =¢§ <= Nk, 0 <9§,§2p13 - (§> =0mod p3 (c€{0,1,—1}). (8.4.3)

Checking the right hand condition of (8.4.2) and (8.4.3) by using the computer algebra system
PARI/GP, we obtain TABLE 8.1 for p3 € L\{—17, —593} and

Y3 136
zl=—-m%= | = —.
PUs |~ 729

Taking a solution of (8.2.16) and checking (8.4.2) for each
{p17p2ap3} = {_173 =53, _431}7 {_177 _5577 _773}7 {_177 —593, _773}>

we get TABLE 8.2. Based on TABLE 8.2, for (p1,p2,p3) satisfying the conditions (8.2.7),
(8.2.8), (8.2.9) and (8.2.15), it may be plausible to expect that

[Po(1)s Pp2), Po(3)]s = [p1, o, pal 2", (8.4.4)

where sgn : S3 — {1, —1} is the signature.
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Table 8.1:

(_177 _593)ap3 € P\{p17p2}

Table of [p17p27p3]37 [p27p17p3]37 222 (5-13’3) and )2%752(6133) for (p17p2)

| 23 [|[p1 P2, sl | (P2, 91.p5)s [ X0 (Gvs) [ X057 (Gs)]
—53 G Gl 1 -1
71 Gt 3 —1 1
—89 (3 Gt 1 -1
—107 Gt (3 —1 1
—179 (3 ¢t 1 —1
—197 G Gt 1 —1
—233 1 1 0 0
—251 (3 Gt 1 -1
—269 (3 Gt 1 —1
—359 G 3 ~1 1
—431 Gt G -1 1
—449 1 1 0 0
—467 (3 Gt 1 —1
—503 Gt 3 —1 1
—521 (3 Gt 1 -1
—557 G3 Gt 1 -1
—647 G 3 —1 1
—683 Gt 3 —1 1
—701 Gt G3 -1 1
—719 G 3 —1 1
—773 Gt (3 -1 1
—809 Gt 3 ~1 1
—827 1 1 0 0
—863 G 3t 1 -1
—881 G G3 -1 1
—953 G3 Gt 1 -1
—971 1 1 0 0
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Table 8.2:

Table of [p1,p2,ps3]s and )222 (Gpy) for the cases of {pi,p2,p3}
(17,53, -431}, {17, —557, 773}, {17, —593, —773}

3

(p1,p2)  |Qprp =T +yYp1|2=—p1is| p3 |[P1,P2,P3l3| X7 2 (Gps)
(=17, -53) 8+ 3¢/ —17 29 —431 1 0
(—53, —17) 8+ /—53 23 —431 1 0
(=17,—-431) | 31+ 15y/—17 sp | —51 1 0
(—431,-53) | 10+ 3/—431 63T 17 1 0
(—53, —431) 10 — ¢/—53 —23 | -17 1 0
(—431,-17) | 31 —4y/—431 — 20084 | —53 1 0
(=17, =557) | —42 —16Y/—17 st | -TT3 G 1
(=557, —17) | —42 — 2Y/=557 L Rt I —1
(—17,-773) | —23+8y/—17 | -S04 |-557| (! —1

(=773,-557)| —6— /=773 e 17 Gt -1
(=557, —773)| —6+4 /=557 — 257 —17 G3 1
(=773, -17) | —23 —3Y=773 20811 | —557 G 1
(=17, —593) 9+ 2y—17 136 —773| Gt —1
(=593, —17) 9+ /=593 293 —773 G 1
(—17,-773) | —23 +8Y/—17 — B4 | —593 G 1
(—773,-593)| —55—6/—773 | o088 | 17 (3 1
(=593, —773)| —55+4 /=593 | —o2- | -17 Gt -1
(=773,-17) | —23 —3Y=773 281 1593 G -1
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