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ABSTRACT: This thesis is based on [1, 2] and investigates the hyperfast growth in de
Sitter (dS) spacetime complexity, inspired by the conjecture of a new dS spacetime
holographic principle [3]. Complexity is defined in quantum theory as the “effort”
to create a certain state or operator. Complexity is considered as the volume or on-
shell action of a certain codimension region in bulk side. There are several proposals
(CV, CA, CV2.0) for this. The main results are: 1. considering dS spacetime in 2D
JT gravity theory, CV is “bad”. 2. considering the response by shockwave in 3D
Einstein gravity theory, it causes the delay of hyperfast growth.


mailto:takanegawa@gmail.com

Contents

1

2

Introduction

de Sitter/ DSSYK dual

2.1 (Anti-)de Sitter spacetime
2.2 DSSYK

2.3 Review of AdS/CFT

2.4 dS/DSSYK conjecture

Holographic Complexity

3.1 Basics of Complexity

3.2 Holographic Complexity in AdS
3.3 Holographic Complexity in dS

CA in JT gravity

4.1 Setup

4.2 Action manual and dimensional reduction
4.3 Action evaluation

Geodesics, Volume and Weyl dependence
5.1 Volume complexity in dSs

5.2 Weyl field redefinition
5.3 Refined volume for complexity

BTZ/dS spacetime with shock waves
6.1 BTZ spacetime

6.1.1 Single shock wave

6.1.2 Double shock waves
6.2 de Sitter spacetime

6.2.1 Single shock wave

6.2.2 Double shock waves

Delay of Hyperfast
7.1 BTZ case

7.2 de Sitter case
7.3 CV calculation

Summary

11
15
30

34
34
37
39

39
40
41
46

51
ol
o1
26

57
o8
59
63
65
66
69

72
72
7
82

86




1 Introduction

The AdS/CFT correspondence [4] plays an extremely important role since it gives a
nonperturbative definition of quantum gravity in terms of dual field theory. Through
this, we can deepen our understanding of the emergent anti-de Sitter (AdS) spacetime
bulk physics. Similarly, we are naturally motivated to establish the holographic
framework for de Sitter (dS) spacetime. This is because the holographic principle has
originally developed independently of the concrete structure or solution of spacetime
[5, 6]. dS spacetime is a good model of our current universe and describes well the
features of the accelerating expansion of the universe. Therefore understanding de
Sitter’s holographic principle will lead to a better understanding of the structure of
quantum theory in our universe.

However, the holographic principle in dS spacetime is not as clearly understood
as in AdS. Since AdS and dS spacetime are connected by an analytic connection,
it seems that the dual field theories are connected by a similar analytic connection
[7-9]. In this case, the holographic screen on which the field theory is considered
would be the spacelike surface. However the field theory on the space-like sur-
face has an imaginary central charge and has no time, thus its physical meaning
is not much clear. Another proposal was made by Susskind [3], where the claim
is that the two-dimensional dS spacetime reproduced in the framework of Jackiw-
Teitelboim(JT) gravity is equivalent to the double-scaled Sachdev-Ye-Kitaev (SYK)
model with ¢ ~ v/ N, where ¢ specifies the size of the interaction terms in the Hamil-
tonian schematically as H ~ 19 and N is the number of flavors of fermions in the
high temperature [10, 11] . Using the static patch holography [12], the holographic
screen is placed on the stretched horizon which is close to the dS horizon. Some re-
sults on this model can be found in [13-17]. Before discussing Susskind’s argument,
we will briefly comment on two important quantities developed recently: out-of-time
ordered correlator (OTOC) and complexity.

OTOC is one of the good indicators to show whether a theory is chaotic or
not and is a correlation function that is not aligned in time order. It is related to
the commutator of operators and describes how much the influence of one operator
is likely to affect distant operators. In particular, in the holographic setting, this
corresponds to considering a black hole geometry with a small energy inserted as a
perturbation from the boundary, which induces a shock wave geometry due to the
exponential blue shift near the horizon. This shock wave destroys the entanglement
structure of the thermo-field double state and shows the characteristic behavior of
chaos [18]. In this way, a black hole exhibits a very large chaotic nature [19], which
turns out to satisfy the so-called MSS bound [20]. This in turn implies that a field
theory that has gravitational dual must show the similar maximally chaotic nature
of a black hole. For example, the SYK model reproduces this MSS bound in its



low temperature limit [21, 22]. This is one of the reasons why the SYK model is
extremely useful for understanding two-dimensional gravity.

Complexity for a state [¢)) on the field theory side is originally the minimum
number of gates required to achieve that state 1) from a reference state [23]. A geo-
metric definition of complexity as the length of shortest geodesics on the (Riemann)
manifold of unitary operators has been introduced in [24] for quantum systems with
a finite number of degrees of freedom. In the holographic setting, it reflects the
geometrical structure of the bulk spacetime, especially it captures the feature of the
late time ¢-linear growth of the Einstein-Rosen bridge wormholes [25, 26].

There are various proposal for holographic complexity, called complexity = action
(CA) [27, 28], CV2.0 [29], complexity = volume (CV) [30] respectively. These cor-
respond to the full gravitational action of the Wheeler-DeWitt (WdW) patch (CA),
the spacetime volume of the WdW patch (CV2.0), or the volume of codimension-one
extremal surfaces (CV). Qualitative nature of all these proposals at late time match
in many situations', and recently, it has been pointed out in [40, 41] that an infinite
class of such observables can exist which might correspond to some arbitrariness of
the choice of gates in the field theory complexity definition.

Holographic complexity for AdS in JT gravity and in two-dimensional dilaton-
gravity theories has been investigated in [33-38, 42]. Semi-classical corrections give a
volume that saturates at late times [43—45]. In recent years, holographic complexity
calculations have also been performed in hybrid spacetimes interpolating between
AdS and dS [39, 46], for general-dimensional dS spacetime in Einstein gravity [47],
and for two-dimensional dS spacetime in JT gravity [39]. See [26, 48, 49] as good
reviews. Applications of the geometric approach to free quantum field theories have
been studied in [50-53]. Extensions of complexity to CFTs have been addressed in
[54-61].

Now let us return Susskind’s hyperfast conjecture [3]. This claim consists mainly
of the following two conjectures. First, if we consider the stretched horizon as a holo-
graphic screen, then the behavior of OTOC, i.e., scrambling, should be hyperfast in
the sense that there is no log S factor for scrambling time?. Second, the growth rates
of complexity must also exhibit a hyperfast behavior. This is naturally understood
from the fact that dS spacetime well reflects the properties of the expanding universe.
In [3, 47], as we approach a critical time 7 = 7, on the stretched horizon clock, the

! Jackiw-Teitelboim (JT) gravity [31, 32] is one of the exception where CV and CA can behave
differently [33-38] due to dilaton. This is because the JT vacuum is characterized by both the dilaton
and metric and the dilaton gives the difference. See for recent works on JT gravity complexity on
ds [1, 39].

2If the position at which the operator is inserted is just above the stretched horizon which is
very close to the cosmological horizon, the behavior of the OTOC is very different from the one of
the chaotic system due to the disappearance of warping factor. Clearly, the behavior of the OTOC
depends on where one inserts the operator in dS.



complexity of dS spacetime behaves as follows,

lim Cy — oo, lim Ly — 00. (1.1)
T—Too T—Too AT
Thus, the divergence of complexity itself as well as its growth rate can be seen as an
evidence of the hyperfast property of dS complexity.

On the other hand, two-dimensional JT gravity [31, 32] has been actively studied
in recent years. JT gravity in AdS background, which is an effective low-energy the-
ory for near-extremal Reissner-Nordstrom black holes in four dimensions, has deep
connections with the SYK [21, 62] and the random matrix theory [63]. The reason
for our interest in JT gravity arises from its simplicity and analytic tractability, as
well as from the hope that it may be regarded as a solvable toy model for higher-
dimensional quantum gravity. Given this, it is quite natural to investigate JT gravity
in the dS background too.

In this thesis, we focus on holographic complexity for dS spacetime. Then, first
of all, the hyperfast property, as Susskind says, is formulated properly on the bulk
side. This is also the work of [47]. Then, in the case of the two-dimensional de Sitter
spacetime in JT gravity specifically focused by Susskind, we give a good definition
of complexity. This is the author’s work [1].

As far as we are aware of, complexity computations in JT dSy have been done
only using the CV conjecture. One surprising fact in this regard is that holographic
volume complexity in dSs has been found to be upper-bounded by an O(1) value at
early times [39, 47|, prior to a sudden infinite jump at a critical time [47]. However, at
first sight, this result might cause confusion from the following perspective. Contrary
to the late time linear growth of the wormhole volume behind the event horizon of
an AdS black hole [25, 26], the dS space beyond the cosmological horizon of the
static patch increases exponentially in time [3]. This exponential expansion of dS
is one of the reasons why Susskind originally conjectured the growth of holographic
complexity in dS to be “hyperfast” [3]. In light of this, one might ask why holographic
complexity for dSy does not keep growing as for AdS black holes.

One simple answer to this question is that in two dimensions there is only one
spacelike direction and no “volume”. For instance, in four-dimensional gravity, the
black hole horizon is a two-sphere S?, whereas in two dimensions it is just a point.
The lack of spatial dimensions prevents the metric from reading the characteristics of
the expanding dS space. Does this mean that the features of the expanding universe
disappear in two dimensions? No, because there is a dilaton.

To gain a better grasp on this point, recall that in the original CA papers [27, 28]
for AdS spacetime in Einstein gravity

= — G/\/— (R—2A), (1.2)



it is pointed out that CA is related to CV as

V w

el (13)

where ¢ is the curvature radius of the background spacetime, G is Newton’s con-
stant and V, W is the space and spacetime volume of the WDW patch, respectively.
Schematically, these are related by

WtV (1.4)

In JT gravity, there is a crucial difference due to the dilaton. In this case, one can
never get the action in the so-called “Einstein-frame”, rather one always has the
“string-frame” form of the action:

— o | VI (R-20) 4 (1.5)

where ¢ is the dilaton. Even after Weyl transformation-like field redefinition

Gy — Q<¢>g/wa (1-6)

one can never get rid of ¢ in front of the Ricci scalar in the action. Therefore, in JT
gravity the relation between action complexity and volume complexity is not given
by eq. (1.3), but it is rather corrected by the presence of the dilaton as

oW

¢~ G’

(1.7)

where ¢, is the boundary value of the dilaton. This is reminiscent of the proposal in
[33], where the effective Newton’s constant is employed for volume complexity in AdS
to manifest the expected late-time linear growth. The dilaton dependence is more
significant in dS spacetime. Indeed, since the dilaton diverges at the spacelike future
infinity behind the cosmological horizon, it renders action complexity divergent as
well. On the other hand, in AdS spacetime the dilaton remains finite but the volume
grows linearly in time. The point is that both ¢, and W matter in JT gravity.

This is consistent with dimensional reduction. In two-dimensional dS, volume
complexity is upper bounded at early times, but in higher dimensions, it diverges due
to the large expansion of the sphere in the transverse spatial directions. However,
after compactification, the growing radius of this transverse spatial sphere reduces
to the dilaton in JT gravity. The dilaton is crucial to properly capture the increase
in holographic complexity.

Another subtle issue with volume complexity is that in two-dimensional grav-
ity there is no preferred “frame”, as we have discussed. We should emphasize that
physics must be invariant under the field-redefinition of eq. (1.6) because fields are



not directly observable. Despite the on-shell action being invariant under field-
redefinition, the solution apparently changes. Since in JT gravity, both the dilaton
and the metric characterize the solution, it is strange that complexity is defined by
the volume, which picks up only the information contained in the metric. In this
regard, it is natural to take action complexity as a starting point to understand the
effect of the dilaton in JT gravity.

Next, we digress a little and treat in this thesis the de Sitter spacetime complexity
for the higher dimensional case. One quantity of high interest in complexity is the
response to perturbations. In particular, the switchback effect in the AdS/CFT case
is a good example. Therefore, we will focus on the hyperfast nature of dS complexity,
and we study how the small perturbation influences this. In dS bulk, a shock wave
is induced by a small and early perturbation. Our goal is to investigate how the
property of the hyperfast nature is affected by the shock waves. This is the author’s
work [2]. See also a very good work done with the same interest as ours [64].

Specifically, we estimate the critical time, at which complexity diverges, based
on both the WdW patch and CV proposal. Our WdW patch calculations are for
dSs, but CV calculations are in dSy4;1. Regarding dS3 WdAW patch, since the critical
times in both CA and CV2.0 are when the WdW patch reaches the point which has
infinite radius (See figure 20) [47], studying the effect of shock waves on WdW patch
enables us to evaluate the critical time shift by shock waves in both CA and CV2.0
holographic complexity. We also study the critical time shift in CV conjecture, and
we confirm that both WdW patch and CV calculation give exactly the same answer?.

Regarding the WdAW patch of dS, the main contribution of the divergence at
the critical time 7 — 7 is the volume divergence at the radius r which becomes
large. In both CV2.0 and CA, this means that we only need to examine the depth
to which the most future tip of the WdW patch is reached. Interestingly, we find
that for dS3 complexity, the critical time 7., delays, i.e., 7., becomes always greater
after the insertion of the shock waves, which satisfies averaged null energy condition.
However, the result is opposite in the case of AdS, where critical time* becomes
faster, i.e., 7., becomes lesser after that shock wave perturbation. In the AdS case,
this is reflected in the fact that shock waves make the wormholes longer [18]. In
some sense, in the dS case, the effects of shock waves are opposite compared with
the AdS case, therefore traveling between the north pole to the south pole becomes

3Because qualitative behavior near the critical time 7 — 7o, in all CA, CV2.0, CV conjecture
are very similar in general dimensions [47], and furthermore, in both CA and CV2.0, the critical
times are when the WdW patch touches the » = 0o, we expect our conclusion should hold in general
dimensions.

4Although AdS complexity does not exhibit hyperfast growth, nevertheless we can still define
the “critical time” as when the ‘tip” of WdW patch reaches » = 0 of the black hole. See figure 18
and 19.



easier. This can be regarded as “time advance” [65].

The reader might think it a little bit strange that hyperfast is delayed by per-
turbation in de Sitter spacetime since generically complexity grows under a pertur-
bation. However, in the bulk dS viewpoint, this is very natural. dS spacetime is
a spacetime where cosmological constant dominates. However, shock wave makes
the universe “radiation/matter dominance”, instead of cosmological constant dom-
inance. The universe no more exponentially expands if the cosmological constant
does not dominate, and thus, the nature of hyperfast can be destroyed by inserting
a small perturbation in the past. This is essentially the reason why the critical time
Too becomes greater in the dS case. Before we go on, we comment on the related lit-
erature. The effects of shock waves were studied in relation to quantum information.
Especially on the BTZ black hole background, it was studied in [18, 30, 66-68]. On
dS background, it was studied in [69-71]. Especially in [69], the effect of a single
shock wave in dS spacetime and OTOC was studied, which stimulated us.

Organization of this thesis

Section 2 reviews the basics of de Sitter spacetime, which is the setting for
the discussion in this thesis. We also consider its relation to the Double Scaled
SYK(DSSYK) proposed by Susskind in [3]. This DSSYK argument is not so impor-
tant for this thesis, but it is important as a background, so we will consider it here.
In addition, a rudimentary review of AdS/CFT is provided as a supplement.

In Section 3, we define complexity and review the basics of its conjecture about
bulk dual, volume of /(action value in) codimension region. In particular, we will
consider the basics in the case of AdS spacetime.

In Section 4, we consider the complexity of de Sitter spacetime in two-dimensional
JT gravity theory. First, by adopting CA (Complexity = Action) and computing
the on-shell values of action in WdW(Wheeler-de Witt) patch, we show that the
de Sitter spacetime exhibits the behavior called “hyperfast”. In this section, we
derive the two-dimensional JT gravity theory as a dimensional reduction from the
three-dimensional Einstein gravity theory and calculate the action complexity.

In Section 5, based on the results of Section 4, we discuss the volume complexity
in the two-dimensional JT gravity theory. In particular, we point out that, in the
case of two-dimensional JT gravity, the conventional volume complexity is not a
well-defined quantity due to the Weyl invariance of action, and consider redefining
the volume complexity in the two-dimensional JT gravity theory.

In Sections 6 and 7 we will look at the response of hyperfast property of de
Sitter spacetime to shockwave. In particular, this corresponds, in holography, to
a perturbation to the corresponding quantum theory, a situation which is in the
context of the switchback effect. Finally, as a consequence of the perturbation we
see a delay of hyperfast.

Finally, a light summary concludes this thesis.



2 de Sitter/ DSSYK dual

2.1 (Anti-)de Sitter spacetime

de Sitter (dS) spacetime is the maximally symmetric solution of the Einstein equation
with a positive cosmological constant. The dS spacetime in (d + 1) dimensions has
the following positive cosmological constant

d(d—1)

A=

(2.1)

where Lgs is cosmological length. A more advanced approach to the definition for
de Sitter spacetime is to view it as a hyperboloid

—(XO?2 + (X1 4 - (X2 = Lig (2.2)
embedded in a one-dimensional higher Minkowski spacetime R4+!
ds® = —(dX°)* + (dX)? + --- 4 (dX )2 (2.3)

We consider many coordinates satisfy the above equation. A good example is global
coordinates (7, z;) where we set the following.

X" = Lggsinh(7/Lqs), X' = Lagz; cosh(7/Lgs) (2.4)
z; are coordinates constraind on the unit sphere, >, 22 = 1. Then we have
ds5., = —dr* + L3g cosh®(7/Lqag)d; (2.5)

Now 7 is proper time and this metric shows that the radius of S? increases as T
increases. There is another good coordinate, static patch (¢,r, z;) defined as

X% = /L2 — r?sinh(t/Las), (2.6)
X' = /L% —r2cosh(t/Las), (2.7)
X' =rz (2.8)

where z; is coordinate on the unit sphere. In this coordinate, the metric becomes

2

2 2 2 r
d8d+1——(1—7‘ /Lds)dt —I—TQ/LdS

+72dQ3 (2.9)
The global coordinate covers the entire region in de Sitter spacetime, while the static
patch only partially covers it. Specifically, in the static patch, there is a region that
is causally disconnected from the expansion properties of de Sitter spacetime. It can
be seen at first glance as a usual black hole, and the boundary r = Lg4g is generally
called as a cosmological horizon.



Figure 1: Penrose diagram for de Sitter spacetime in global coordinate. The blue
dotted line is cosmological horizon. If a static patch describes dS spacetime, only a
right or left Rindler patch can be described.

With the appropriate conformal transformations, the de Sitter spacetime in
global coordinates can be rewritten into a Penrose diagram showing its global struc-
ture. Specifically, the diagram is shown in Figure 1. However, in the two-dimensional
case, the Penrose diagram is further stretched horizontally by a factor of two, which
is peculiar. The static patch can also be written as a region of the Penrose diagram.
It will look like a Rindler patch, just like a usual black hole.

In addition, there may be Schwarzschild black holes in de Sitter spacetime (SdS).
In such a case the metric is as follows (in Lgs = 1 units).

2M dr?
d82 = — (1 — m — 7"2> dt2 + ]__TTT,Q + ’I“QdQCQl_l (210)

On the other hand, we introduce an Anti-de Sitter(AdS) spacetime, which is in a sense

the opposite of de Sitter spacetime. It is a spacetime with a negative cosmological

constant

d(d—1)
2R?

of the opposite sign to de Sitter, where R is called AdS scale. In this case, as in dS,

A=— . (2.11)

it can also be defined as a region
(X0 = (X (X 4 (X2 = R, (2.12)
embedded in a one-dimensional higher Minkowski spacetime R?¢

ds® = —(dX%)? — (dX™)? + (dX )2 + - + (dX D)2 (2.13)



In this case, too, there are several useful coordinate systems. A good example is
global coordinates (, p, z;) where we set the following.

XY= Rcoshpcost, X' = Rcoshpsint, X'= Rz sinhp, (2.14)
where z; are coordinates constraind on the unit sphere, >, 22 = 1. Then we have

ds?

== cosh? pdt* + dp?® + sinh? pd27_,. (2.15)
Or if we adopt 7 = sinh p,

ds? dr?

% = (P +1)d? + ﬁ 4 72pd Q3. (2.16)

Another important coordinate system is the Poincaré coordinate. The definition is

X0:%<x?—t2+%+l>, (2.17)
X = Rrt, (2.18)
X' =Rtx; (i=1,---,d—1), (2.19)
Xd_%(xf—t%r%—l) (2.20)

In this coordinate, the metric becomes

ds? . dr?
7= r?(—dt* + dz?%_,) + T (2.21)
In particular, the following metric with z = 1/r is also used.
ds*  —dt* +d2* + df?i_l‘ (2.22)

R 22
Some important properties of coordinates should be mentioned here. First, global
coordinate is a coordinate system that can describe the entire AdS spacetime. On
the other hand, the Poincaré coordinate system can only describe a part of it. See
Figure 2. Secondly, there is a boundary in the AdS spacetime. In global coordinates,
it is p — oo (7 — o0) surface, while in Poincare they are r — oo (z — 0) surface.
What is important in this case is the spacetime structure of the boundary. This is
closely related to the kind of spacetime on which the dual field theory is defined in
the context of AdS/CFT. In the case of global coordinates, the boundary is R x S41,
excluding the conformal factor. In the case of Poincaré coordinates the boundary is
simply isomorphic to the Minkowski spacetime RV,

— 10 —
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Figure 2: Penrose diagram for AdS spacetime.

2.2 DSSYK

In this section, we deal with the case where we consider the double-scaled limit SYK
model where the p-point interaction is taken to be about p ~ (’)(\/N ). In particular,
it is expected that in this limit the theory may have some properties that we would
like it to have as a dual theory of de Sitter spacetime. We will touch on them lightly
in the next subsection. Starting from the conventional SYK model

H= " it i, (2.23)
ivig-ip

Usually jf” ,-iy 18 @ random coupling constant with the following distribution.

(Jigeiy) =0 (2.24)

iigip
oz y= =Dt _ 27 e 1)
]zlzgmzp Np—1 P Np—1

(2.25)

In DSSYK, consider a scale change to y = v/24.
Hps =277 3 0 o XiXin Xiy = Y Jiviaeiy Xin Xia "+ Xiy (2.26)
1192+ %p 1192+ 1p
In this way, Jj,4,..i, is a random coupling constant with the following distribution.

o -1 T p-1)
. C 2 _ _
) =275 ) = et = N (2.27)

(2

i192-1p

- 11 -



This can also be described as

NJ? NJ?  _ NJ*(p-1)!  J*(p-1)

(T2 isiy) = = ~ - (2.28)
NG Whwy w2V
The following convention is also used from here.
J? J
J2oo V=" J="2 2.29
Vi) = g I= (2.20)
where \ is
2p?
A= — 2.30
L4 (230)
Under this, let us take the following Double Scaling limit.
N o0, p—ooo, g=e = e~ K = fixed. (2.31)

This theory can also be treated by the method of G, but the following methods
are also known in [72] as a chord diagram method. First, consider the partition
function. This corresponds to considering moment m; such that

(Z)s=(Tre ™), =) (_kf ) me, my = (Tr H*), (2.32)

We take J = 1 as in the convention of Berkooz et al. This is restored by dimensional
analysis at the end. The dimension is Energy. Here, in the words of the Chord
diagram, we can express

my, = Z q# intersections (233)

chord diagrams

Figure 3: An example which contributes to kK = 8 moment mg

A chord diagram is a line drawn by writing several points on a circle and pairing
two of each of them, as shown in Figure 3. To calculate my, we consider k dots. Each

- 12 —



dot represents one Hamiltonian ~ JyP. Each line also represents an ensemble of
random couplings in the Hamiltonian. Each intersection point corresponds to a sign
change that appears when the fermions are interchanged, and in the double scaled
limit this yields a factor of ¢ = e™*. Furthermore, Berkooz et al. cut this diagram at
an appropriate point and define a chord Hilbert space and tried to understand the
moment as a certain amplitude there. As a result, they obtained

T do

(@)= [ Gone)e (2.34)
0 2m

where E(f) is a Hamiltonian on chord Hilbert space, a number understood as an

energy eigenvalue in DSSYK, and can be written in terms of the parameter ¢ which

can be regarded as an angle as follows.

2cos b
B(O) =~ =, (2.35)
() = (¢, ¢)oe (2.36)

where (a), denotes ¢g-Pochhammer symbol. When J is restored, the energy levels are

2J cos 6 27 cos0
E0) = — = — 2.37
= A1 —q) (237

Berkooz et al. also calculated the two-point, four-point functions and OTOC for

the following operators using the chord diagram.

M, = iPa/? Z Ty - i, (2.38)

i1rip
1<iy<-<ipy <N

where Ji(f),im is independent random coupling which has the same variance as (2.29).

From this result, the following diagrammatic rule for the n-point correlation function
can be given.

— 13 —



- Diagrammic rule ~

The correlation function can be calculated according to the following rules.
1. Draw a thermal circle with period 8 = T~

2. Imprint on the thermal circle the position of Euclidean time at which the
quantity M to be calculated, such as a correlation function, is inserted, and draw
a chord diagram. The thermal circle is then divided by these insertions into line
segments of length A7;. Each of them is labeled ;. Labels are equal if there is
no other operator insertion before or after the pairing on the Chord diagram of M.

3. For each line segment, apply the following.

Ar =2 cos 0

ATEO) _ AT A (2.39)

4. Apply the following to the boundary between 6; and 6,

(3% @)oo
\/(Q“Ae“i"lﬂ)?); q)oo (240)

~ _2pPa
where g4 = e "~ .

5. The intersection of the Chord is marked with R (Complex function. See [72]).

6. Apply the integral with respect to every 6.

/deu(Q)=/d—e(q;q)oo(em;q)oo(e‘m;q)oo (2.41)

o 27

NS )

As an example, let us consider two-point function of fermion chain M of length

p’. By using the above diagrammatic rule, we can obtain

2 ~
(TrMe_BQHMe_51H>J _ /H {di)j(%eiziej;q)ooegj.};(ej)} _ '(q2;q)oo (2.42)

~ _2pp/
where ¢ =e™ "~ .

Density
The probability of giving the energy F(6) is, from the above discussion, obtained as
1 :
p(0)do = 2—(q, e ) oo db (2.43)
v
/1 — )
p(BYdE = Y=g, e20. q) dE (2.44)
47 sin

— 14 —



By introducing, Jacobi’s ¥} function defined by

o0

D(zg)=i Y (—1)rei=(n=3) g3 (n=3)" (2.45)
we see that
sin 6
p0) = s 1(20,4) (2.46)
1 —
P(E) = pot1(20(E),q), po = Wl/gq (2.47)

Triple Scaling Limit
For A — 0, we see that the theory becomes Schwarzian dominated, as in ordinary
SYK. Specifically, by applying the limit of A — 0, we find that

o(E) o e 5 e 3(0-5)" ginh (@) sinh (w) (2.48)

More concretely, we can look at the behavior of the O(1) energy region in A — 0
with fixed E limit. At this time § — /2, and using this we see that it is Gaussian,
as the following.

p(E)~e s, BE= 2 (0-2) (2.49)

The triple scaling limit is an important limit, specifically it is argued that A — 0
and focusing only on the low energy part of the spectrum reproduces the usual JT
gravity/SYK dual (NAdS/NCFT)[73]. In order to see the duality with de Sitter
spacetime, one has to focus on the whole spectrum without zooming the spectrum
to the low energy part.

2.3 Review of AdS/CFT

The next subsection is a review of the proposal by Susskind to adopt DSSYK as a
dual of de Sitter spacetime. Before that, a light review of AdS/CFT will be given
first as a comparison, followed by a description of dS/DSSYK. This subsection refers
mainly to good reviews and lectures [77-83].

AdS/CFT correspondence

AdS/CFT is the current gold standard of quantum gravity theory and one of the
excellent achievements of string theory [4]. In most formal form, the correspondence
is as follows.

Large N and large A = ¢g2,;N limit of four dimensional A" = 4 SU(N) Super-
Yang Mills theory is dual to Type IIB SUGRA on AdS; x S°.
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where N/ = 4 SYM side has zero S-function and becomes Conformal Field The-
ory(CET). This holds in quantum theory. Therefore, this correspondence is called
AdS/CFT correspondence. First, I would like to comment on the symmetry of both
theories. 5-dimensional AdS has SO(2,4) symmetry, which can be understood as
an embedding of R*»*. This is the symmetry of the unit ball in RS applied to the
case of R>*. On the other hand, it is known that the conformal symmetry of the
4-dimensional CFT can also be expressed by SO(2,4). From this point of view, this
duality seem natural. Also, the symmetry (SO(6)) that S° has on the gravity theory
side corresponds to SO(6) ~ SU(4), which is a symmetry that appropriately replaces
the four supersymmetries in the A/ =4 SYM. On the AdS side, sphere exists in the
form of product. However, if the configuration of the field we will consider is even
with respect to this sphere, the contribution in this direction can be neglected. Also,
from the holographic principle, etc., CET seems to live in the AdS boundary. (More
specifically, the radial direction of the AdS spacetime corresponds to the energy scale
of the theory. The AdS boundary corresponds to the physics on the UV energy scale,
and the physics there has the physical meaning that the theory is UV complete =
theory on a fixed point). Therefore, it can be regarded simply as a correspondence
between 5-dimensional AdS spacetime and 4-dimensional CFT. Indeed, this is suf-
ficient for the calculation of correlation functions. Extending the statement to a
general dimension, it is possible to state in the following simple version.

Large N and strong coupling limit of CFT,; on the AdS boundary is dual
to semiclassical theory on AdS,,;.

In the following, we will give a brief review.

AdS/CFT - From string theory

AdS/CFT is obtained from string theory as follows. First, it is obtained by super-
posing many (N > 1) plane-like objects of (3 4+ 1)-dimensions, called D3-branes.
Brane sets the boundary conditions for the open strings and the edges of the open
strings are fixed on the brane. This situation with a large number of branes on flat
spacetime can be interpreted physically in two ways.

I. A curved spacetime without branes. Branes are very heavy objects and bend
flat space-time. Superstring theory is formulated with (9+1)-dimensional spacetime
as the target space, and the distortion of spacetime when N D3-branes are placed
on top of each other is known as black 3-brane spacetime, and is shown below [84].

ds? = H7 Y2 (—dt? + dz2) + HY?(dr?® + r2dQ2), (2.50)
R4
H=1+-"%, R= (4mg N)VAL,. (2.51)

where [, is the string length scale, g, is the string coupling constant and gy is the
coupling constants of the corresponding gauge theory. This will be explained later.
II. SU(N) gauge theory on D3 branes. The ends of the open strings are fixed
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to branes, but if there are N branes, the ends of the open strings can be written
as N x N matrices, depending on which of the N branes each of them is attached
to. From this it is known that low-energy excitations of branes can be described by
the SU(N) gauge theory. In particular, a theory with N D3-branes collected can be
described as a NV = 4 Super-Yang Mills theory in low-energy.

In description II, when the low-energy limit is not taken, there is an interaction
between the degrees of freedom of gauge theory and gravity. Here we want to see the
correspondence between gauge theory alone and gravity theory, so we must consider
taking this coupling to zero. This corresponds to focusing on the spacetime near the
black hole in the I picture. By taking the near horizon limit /R — 0,

7”2

R2
ds® = Tl v, + ﬁdﬂ + R*dQ2 (2.52)
and this is AdSs x S°. The relation between the parameters is given by

2

R ~ % ~ A2 GyRY = N2 (2.53)

where R is scalar curvature and A = ¢2,,N is 't Hooft coupling. Here, the relation
g3\ ~ gs is used. This is roughly obtained by writing the amplitude of the four-point
function of the gauge field in open string terms. See Figure 4.

From the above relation of parameters, by taking N > 1, we can neglect the
correction of Gy to the curvature of spacetime, i.e., the quantum gravity correction.
Furthermore, by taking A > 1, we can neglect the string length scale with respect
to the curvature of spacetime. By taking these limits, the theory of gravity can be
described in a semiclassical approximation.

AdS/CFT - correlation function

In the following, we will consider the most basic correspondence of AdS/CFT to
the matching of correlation functions. For simplicity, consider the scalar operator
O. And specifically, we consider the following GKP-Witten correspondence [85, 86].
First, if we want to calculate the correlation function on the CFT side, consider the
following generating function.

Zorn(0) = (0 |- [ ' 0,(0)0(0) > (2.54)

Specifically using this, for example, a two-point function can be calculated as follows

(O(2)0(y) = % . (2.55)

Here, on the right-hand side, we have taken ¢, = 0 at the end, after doing a variation.

The above is a calculation from CFT side, but how can this be multiplied when
considering the correspondence with AdS? The answer is

ZCFT(¢S) = e scalar in AdS (256)

|¢bdy—>¢s
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NS

Iym 9ym = Opel’l Strings

Closed
Strings

Figure 4: Conceptual diagram of the relationship between gyy and g;.

(upper) : Considering the upper left diagram contributing to the four-point ampli-
tude of A, in pure Yang-Mills theory, it is of order g%,;. Moreover, in string theory
terms, this is scattering of open strings, corresponding to a diagram with open string
connecting open strings.

(lower) : Let us consider the square of this amplitude. This corresponds to the
pasting together of the diagram of the open string and corresponds to the 4-point
amplitude of closed strings. Since this corresponds to g2 as the order, g2, ~ gs can
be roughly deduced.

This is equivalent to calculating the on-shell scalar action on the gravity side, finding
the profile of the scalar field solved under the boundary condition that ¢ — ¢4 near
the AdS boundary. In general, this relation is systematically obtained from string
theory. In the theory on brane, it is possible to derive the interaction between open
strings, which are essentially gauge fields, and closed strings, which are gravitational
fields. Specifically, coupled to the scalar field ¢, one of the degrees of freedom in
the theory of gravity, is O = TrE?, glueball. ¢ is the dilaton value for string cou-
pling, specifically e ~ g, ~ g%,;. Thus, in gauge theory terms this corresponds to
effectively changing the Yang Mills coupling gyy. As one further comment, when
solving for the equation of motion of the bulk scalar field, regularity inside the AdS
spacetime is also imposed along with ¢ — ¢, near the boundary. This determines
the scalar profile to be unique.

In the following we will see that the correlation function of CFT is reproduced
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in the calculations on the gravity side. Starting from the scalar field in bulk side,
S = / d™x /=g(0,00"p + m*¢?) (2.57)
1 m? R?
- Rd_l/dzddm g, <( 0.0)* + k*¢* + ¢2) (2.58)

where we adopt Poincaré coordinate (2.22) as AdS coordinate and k is momentum
in direction x.. Therefore the equation of motion becomes

2R2

1
02— (d—1)-0.¢ — ( + k2) ¢ = 0. (2.59)
z
It is possible to solve this equation exactly, but for simplicity let us focus on AdS
boundary z < 0. By taking ¢ ~ 22 as the solution ansaz, we obtain

AA-D) = (d=D)A—m’R* =0 — A, — % (¢4 VETImPRE) . (260)
= ¢~ Pzt + 2 (Alr) + ) (2.61)

It is important to note that A, > 0, A_ < 0 (suppose m? > 0). Therefore,
the first item blows up near the boundary (Non-Normalizable mode). On the other
hand, the second term converges (Normalizable mode). This means that the first
term is uncontrollable on the gravity theory side, which corresponds to the source
term in field theory terms. From the above deductions, the coefficient of the non-
normalizable mode is identified as ¢s. More generally, the general solution can be
written as

z

A

P(z,7) = /bdy d'G Ka,(2,7,9)05(7), Kalz,@,9)=C (m) (2.62)
where C' is the appropriate normalization factor. First, when ¥ — ¢ # 0, Ko — 0
is understood under the limit z — 0. Only when ¥ — ¥ = 0 does the limit of
z — 0 diverge, and specifically considering the integral of ¥ we understand K —
24=854(F — §). Hence, ¢ — 2972+ ¢,(¥) = 22 ¢,(F) under the limit of z — 0. This
is consistent with (2.61). By considering this profile up to next leading term, this
becomes

o) ~ 0u(0)2 42> [t 2 P0) _ _ (@) 1 AP (263)

bdy (T — y)2A+

Next, let us substitute this into the scalar field action and calculate the on-shell
action. Integrating scalar field action in AdS spacetime by parts,

S = R+ /b ) d%x % (¢0.¢) + R*! / dzdx (EOM) (2.64)
Yy
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Since we consider the on-shell action here, we have (EOM) = 0. Therefore, only the
first term needs to be considered. Substituting (2.63) here,

S ~ /bd d%x F((bs( )24 84) (A(2)0,2%%) o / d?z ¢4(z)A(x) (2.65)

bdy

— ¢s s(
/b N d%z /b N d4y 2A+> (2.66)

where the term which is proportional to ¢? is absorbed by renormalization. Note
that all calculations up to now have been done in the bulk side. To recap what
we have done, we have solved the equation of motion for the scalar field inside the
bulk. However, we have imposed the boundary condition ¢, on the AdS boundary
and also imposed regularity inside the AdS. This allows the solution to be obtained
specifically as a function of ¢, as in (2.63). This is again substituted into the bulk
scalar action to obtain the on-shell action. Since we have now substituted the on-
shell bulk profile, we have used the fact that the part of action which is proportional
to the equation of motion of the bulk vanishes and changed it to an integral only
on the boundary. And the main claim is that Z[¢s] ~ e defined using this is the
generating function of the CF'T. Therefore, we obtain

_ Ps(2)0s(Y)
ZCFT[¢5] = exp |:/d dd /bd dd W (2.67)
y y
as the CF'T generating function. From this we obtain the CF'T correlator as
1 1
- - - = 2 2 P2
(O@OW) = —mmr> Ae=3 (d + V& + 4m?R ) (2.68)

This has become a well-known formula for the operator’s two-point function with
conformal dimension Ay in CFT. Since A is determined by the mass m of the scalar
field, there is a one-to-one relationship between the scalar field inside the bulk and
the conformal dimension A, of the CFT.

In the above, we considered the case where the bulk is strictly AdS spacetime, but
we can also adopt the AdS black hole as the bulk. In this case, the condition of
regularity inside the AdS spacetime corresponds to a different boundary condition,
namely that the field is absorbed into the black hole, leaving the in-going mode of
the field at the black hole horizon. As a reference to the mass spectrum of glueballs
obtained using AdS/CFT, see [87-90].

AdS/CFT - Entanglement Entropy

Entanglement Entropy is a quantity naturally defined in field theory, and is specifi-
cally defined as follows. First, we start by dividing the spatial domain defined by the
field theory into two (or more) parts. For example, in the case of a (14-1)-dimensional
theory, the spatial direction is one-dimensional, so it can be taken, for example, as an
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appropriate interval of length L, or as a half line of infinite length. Or, if we consider
a system of two electron spins, then we can consider one electron spin as A and the
other as B. Mathematically speaking, the Hilbert space Htot can be decomposed
into the direct product of the Hilbert spaces H 4 and Hp corresponding to system A
and B as follows:

Ha=Hs®Hp (2.69)

Secondly, we define the reduced density matrix p4 by taking Tr with respect to
Hp of the density matrix pyo; of the whole system as follows.

pa = Try, [prot)- (2.70)

In general, however, even if the whole system is in a pure state, p4 traced with
respect to B is in general a mixed state. In this case, Entanglement Entropy can be
expressed as a von Neumann Entropy for the density matrix p4 restricted to A in
this setting

Sa = —Try,[palogpal. (2.71)

From now on, Entanglement Entropy is sometimes referred to as von Neumann En-
tropy when it is obvious. If the original system is in a pure state, the von Neumann
Entropy for the whole system is zero. However, by taking Tr for a subsystem, the
information of B is lost and the degree of loss is calculated as the deviation from the
pure state in the form of S4. Let us now calculate the Entanglement Entropy as a
system consisting of electron spin. We will consider a pure state in which the wave
function of the whole system is given by

(W) = cos0|0)a|1)p +sinb|1)4]0) 5 (2.72)
If we calculate p4 for this state, we obtain
pa = Tra, [ W) (U| = cos® 0]0) 4(0]a + sin® O|1) 4{1] 4 (2.73)

Thus, Entanglement Entropy is given by

Sy = — cos? §log cos? § — sin? A log sin? 0 (2.74)
S is maximized at cos? = %, an example of which is
1
W) = —=(10)a[1) 5 — [1)4]0)5) (2.75)

V2

In this case, if the spin of A is up (down), the spin of B is down (up), so the cor-
relation between A and B becomes large. Such a phenomenon peculiar to quantum
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mechanics is generally called quantum entanglement, and it is a phenomenon that
does not exist in classical mechanics, as can be seen from the fact that it is caused
by the superposition of quantum states. The entanglement entropy is a quantita-
tive measure of how much correlation exists in the quantum entanglement. In this
case, the entanglement entropy is log2. On the other hand, if § = 0, we can write
|W) = 10)4|1)p as a direct product, and there is no correlation between spin A and
B. In fact, it is easy to see that the entanglement entropy is 0 in this case. When
the whole system is in a pure state, the entanglement entropy generally represents
the strength of the quantum entanglement. However, when the whole system is a
mixed state, entanglement entropy includes not only quantum entanglement but also
classical correlations. For example, when S4 is calculated for a many-body quantum
system at finite temperature, the contribution of thermodynamic Entropy is also
included.

Also, in general, when there is a system in a mixed state, the entire system can
be made a pure state by introducing an auxiliary system and appropriately having
entanglement with its degrees of freedom. The original mixed state is obtained by
tracing out the auxiliary system. In general, this operation of making the whole sys-
tem into a pure state by introducing auxiliary systems is called purification, which
will be important in the next topic (TFD state).

As a generalization of field theory, the density matrix can be defined in field
theory as well, so it is simply more difficult to compute. However, when focusing
entanglement entropy in a vacuum state, the wavefunction method of path integral
can be used. In particular, we use the following method called Replica trick. First,
we calculate Try, p7) (hereafter abbreviated as Trp") and obtain the following.

D R .
Sy = lim [—%Trp } = 7111_)11% [—%log(TrpA)} (2.76)
This can be obtained from the straightforward calculations

Sx=—lim nTrpilog pa = —Trpalog pa (2.77)
n—1 Trp’

Although n is usually a natural number, in the following calculation we will make
an analytic continuation with respect to n and then differentiate n. Now we will
calculate Trp”; concretely. It is convenient to use the concept of path integrals in
field theory. First, we rotate the time coordinate t of the field theory by Wick and
rewrite it as o = it and xy. If we write ¢ for the fields appearing in the theory,
the field is a function of xy and other spatial coordinates z; (i = 1,2,--- ,d). For
simplicity, we will consider a d = 1 theory, i.e., a two-dimensional field theory. In this
field theory in Fuclidean signature, the partition function Z for the whole spacetime
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is given by the following path integral.

= / D¢ el (2.78)

Let us consider a state |¥) on ¢t = 0. Then, the density matrix is given by
proe = [T)(T] (2.79)

To compute entanglement entropy, we consider the matrix element of the reduced
density matrix

[palpae, = (Da|V)(¥|¢)y) (2.80)

where |p4) and |¢y)are states on subsystem A (¢ = 0). If we rewrite this by using a
complete set of subsystem B,

[pAlpaer, = Z<¢A¢B“I}><\Ij’¢;&¢3> (2.81)
¢B

To compute (¢40p|V), we have to translate this in language of Path integral
#(0)=¢o

Wlgo] = (0o V) = f - HO OH D (a, 2" Il5[6(0, ) — go(a)].
e (2.82)

Thus the matrix element of the reduced density matrix is given by
Z<¢A¢B|‘I’><‘I’|¢Z4¢B> (2.83)

—_/ T TIPet at)e s IT olo(-

— da(@h)]o[p(+0,2") — ¢y (a)]-
—oo<z0<0 z! zleA
(2.84)
This expression is equivalent to performing path integration in Euclidean space under
the boundary conditions ¢(—0,z') = ¢a(x'), ¢(+0,z') = ¢/, (x!

). We can multiply
this by n and take Tr, so

Trply = (H/D¢j> (1]pal o) (Dalpalds) - - (dulpaldr) = (Z2)™ [ Dpe 1

Xn

(2.85)
where ¥, is n sheets glued in region B.

We will actually compute the Entanglement Entorpy using the Replica trick.
For simplicity, we consider only the case of a two-dimensional complex scalar CFT
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We consider subsystemA as the single interval x € [u,v]. There are n sheets, and
we denote by ¢ (k = 0,1,--- ,n — 1) the field which you have in each sheet. k is
the subscript that distinguishes the sheets. Then we can write down the boundary
conditions to fields ¢ (k =0,1,--- ,n — 1) as the following:

or, (7™ (w — ) = Gpp1(w — u), G (™ (w —v)) = dp_1(w — v) (2.86)

However, we redefine the boundary conditions to new fields &k = \/Lﬁ 2?2—01 e~ 2milk/ng,

O (7 (1w — ) = Gy (w —w), by (7w —v)) = 2 (w — ) (287)

This follows the previous boundary conditions. In fact,

-1 n—1
ng (627”'( T Z 2mlk/n¢ 27ri(w - U)) _ % Z e—27rilk/n¢l+1 (w . U)
=0 =0

—2mi(l— n 7rin1 —27ilk/n mik/n 1
= S ) = TR S G ) = G
=1

=1

(2.88)

where we use the Replica symmetry ¢,, = ¢y. In order to actually perform the Replica
method, we define the Twist operator as follows. In free field theory, the Lagrangian
is quadratic in ¢ and has no interaction, but when rewritten in (/5, it is also quadratic
and has no interaction. Thus, there are n free fields in either case. Then we can
conclude this system is equivalent to the n-sheets with two twist operators o, and
o_p. Twist operator oy is an operator which induces the left-hand side of boundary
conditions on the field ¢. Thus, Trap, is given by

n—1 n—1
17 = [Ttontulosto) o IT = u;(hﬁhk) (2.89)
where (hy, hi) is conformal dimension of twist operators and it is
hy = hy = 2’?; + % (2.90)
Taking the summation of h; given in this way over k, we get
n—1
;hk - im —1/n) (2.91)
where c is the central charge. Then we get
Trp'y o (722 (hthe) — g=g(n=1/n), (2.92)
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where I(= v — u) is the length of subsystem A. To compute entanglement entropy,
we have to differentiate with respect to n and set n = 1. Thus we get

Sp= glog é (2.93)
where € is UV-cutoff. This dependence of € is hidden as a coefficient in this form, but
it is clear from the fact that S, is zero at | = ¢ — 0 and from dimensional analysis
that it appears as this form.

Next, we would like to discuss how we calculate the Entanglement Entropy from
the gravity side, which can be calculated properly in the CFT side. This answer is

Ryu-Takayanagi formula,

Area of X

2.94
en (2.94)

S4 ~ min
X

X is spatial curve in bulk such that it has 0A as the boundary (cutoff surface). We
have to search such a line which has the smallest area. Let us consider AdS3;/CFTs.
We define A is interval which has the length a on time slice t = t;. AdS3 metric is
given by

2
ds® = %(—dt2 + dz* + dz?) (2.95)

All we have to do is to calculate the length of geodesic line X which has the edges
P and Q,

P (ta,2) = (to,—g,e), Q: (t1,2) = <t0,g,e> (2.96)

where € is cutoff. Then the geodesic line we want is semicircle connecting P and @),

2
z= \/az—x? (2.97)

The induced metric on this semicircle is

R%a%d2?
2 _
ds” = 22(a? — 422) (2.98)

Thus we can calculate the length of v4 by integrating

a/2 dz
/;A dSZQXRCL/E m (299)

By using Brown-Henneaux formula

= (2.100)
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Entanglement entropy is given by

R
Sa = QGN / v a 4,22 QGN

this corresponds to entanglement entropy from CF'Ts.

log L = Slog 2, (2.101)
€ €

3

AdS/CFT - Thermo-field double state
As relevant to this thesis, we consider the thermo-field double state. This is an
important concept when considering two-sided black holes. See Figure 6.
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Figure 5: Penrose diagram for AdS black hole. Here, the wavy line with r = 0 cor-
responds to singularity. However, this situation varies depending on the dimension.
If we consider, for example, a 3-dimensional AdS black hole = BTZ black hole, r = 0
simply corresponds to conical singularity, since we are simply considering different
patches of 3-dimensional AdS. Furthermore, in the case of higher dimensional black
holes the Penrose diagram may not be an exact square. However, Thermo-field dou-
ble states can be discussed regardless of these details, so this is not a serious problem.

As can be seen from this Penrose diagram, this spacetime has two AdS bound-
aries. This implies that this bulk spacetime is described using two copies of the
CFT. When we consider the CFT living in the right boundary, the region inside
the bulk that can be reproduced from the theory does not include at least the left
Rindler patch. This is because from the perspective of the right boundary this is
not a causally connected region. Therefore, the theory cannot be dual to the whole
two-sided black hole by considering only one CF'T. Then, how can we reproduce the
internal space-time by considering two CFTs? The answer is to entangle the two
theories properly. This is the Thermo-field double(TFD) state [91].
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We first look at one-sided theories. Let H denote the Hamiltonian of the system and
let |n) denote its energy eigenstate

Hin) = E,[n). (2.102)

Let us consider two of these theories, denoted by the subscripts L(eft) and R(ight)
respectively. We now consider the following states using the respective systems of
Energy eigenstates {|n).} and {|m)r}

1
Z(P)

This is an element of the direct product of the left and right Hilbert spaces |[TFD) €
Hi ® Hpg. Since this is a pure state and furthermore seems to be a one-sided purifi-

ITFD) = > ey [n) p. (2.103)

cation of the theory. Specifically, consider the density matrix of this state.
p = |TED)(TFD|. (2.104)

From this density matrix, a reduced density matrix can be calculated with one side
(left CF'T) traced out.

1 —B(En+Em)/2
pr = Trpp = 70 > e PEFE (K (In) Ln) r) (1 (mlr(m]) k). (2.105)
1

_ e—ﬂEk )
=75 Xk: k) rr (k] (2.106)

This is a simple thermal state. Therefore, if we focus only on one side of the CFTs,

n,m,k

we observe thermal particle of the normal black hole. If we consider the expectation
value of operator on the right CF'T Op, it is equivalent to considering the thermal
expectation value of the one CFT, as follows.

(TFD|Og|TFD) = Trr(e PHROR) (2.107)

1
Z(p)
Also, considering left CFT operator Op, the expected value of the product of those
operators (TFD|OrO|TEFD) is non-zero. Importantly, no correlation at the La-
grangian level is imposed between the two CFTs. More specifically, there is no
interaction of both degrees of freedom in Lagrangian. This is a natural assumption,
corresponding to the fact that these theories are causal apart. Therefore, it is noth-
ing but the entangle between the states that generates the correlation between them.
Quantum entanglement can produce correlations non-locally (note that this is by no
means breaking the causality).

Next, consider the time evolution of this state. There are two ways to consider the
time evolution in the combined Hamiltonian, either H = H;, — Hgr or H = Hy + Hpg.
Simply looking at the Unitary evolution of state, we can understand the following.

1

[TED(tr,tr)) = 70

Z 6_I8En/26—iEntLe—iEntR|n>L|n>R_ (2.108)
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Here we see that the thermo-field double state does not evolve in time even with the
following development.

tr —>tL+At, tR%tR—At (2109)

This means TFD state does not change by Hamiltonian H = Hy — Hg. In two-sided
black hole, this corresponds to boost symmetry on the Penrose diagram, where the
time evolution is reversed on each of the left and right AdS boundaries. Therefore,
when looking at the time evolution of TF'D, the upper and lower sides must be clearly
defined on the Penrose diagram, and both the left and right theories must be time
evolved in that direction.

r = 0o, Boundary 2

1 Arepunog] ‘00 = .

Figure 6: Two types of time evolution in AdS black hole. Black time foliation
is boost evolution, TFD does not change. TFD changes with respect to red time
foliation.

AdS/CFT - Beyond entanglement

we have understood from the above example that the entanglement entropy can
probe the geometric structure of the bulk spacetime. It was discussed that we can
probe the length of the Einstein-Rosen Bridge(ERB) in two-sided black hole by using
entanglement [92]. The ERB is classically known to increase the length linearly with
(appropriate) time L o t. As a result, we find that the effects of thermalization and
scrambling saturate the entanglement entropy on a certain time scale, specifically,
the polynomial time of the maximum entropy of the system. However, even after the
scrambling time, ERB continues to increase, at least classically. A new attempt to
solve the difficulties discussed here was made in [26]. This is the rise of complexity,
but we will leave a detailed review of complexity to the next section.
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Holograhic principle

Originally, the duality between bulk gravity theory and boundary field theory, such as
AdS/CFT, was known as the holographic principle. Therefore, note that AdS/CFT
is an example of satisfying the holographic principle. The holographic principle
claims that there is a corresponding boundary theory for any spacetime other than
general AdS. This can be immediately deduced from the Bekenstein-Hawking entropy
formula.

A

— 2.11
en (2.110)

SpH =
where A is an area of black hole horizon. It is important to note that the entropy of
a black hole is proportional to its surface area, not to its volume. This is a situation
that does not exist in general statistical mechanics. For example, let us consider a
box of volume V in 3-dimensional space divided by a lattice of a on one side and a
spin placed at each site. If each spin is simply distinguished between up and down
states, the entropy of this system is S ~ log 2"/ a a% log 2, which is proportional
to volume. Then, where does the specialness of black hole entropy come from? It is
a fact that black holes are only recognized in systems in which gravity is taken into
account. In addition, black holes are particularly high-energy objects in the gravity
system. Black hole appears when an object is concentrated at a single point and
an extremely large gravitational power is applied. From these circumstances, it is
possible to consider that the essential degree of freedom of quantum gravity appears
in the area of the system.

Further on, we can see the following description. It seems that the degrees of
freedom per volume are only apparent and that the degrees of freedom essentially
live on the surface area. Thus, a theory of gravity in a certain region can be replaced
by a theory with the appropriate degrees of freedom on its surface! So what are
these degrees of freedom? Are they degrees of freedom for which the effect of gravity
should be taken into account? The answer is no. The system on the surface area
can be treated simply as a field theory. Because then the entropy of the system on
the surface area will be consistent with the volume of the system = the surface area
of the gravity theory.

From the above, we can deduce that for a certain spacetime theory of gravity, an
appropriate field theory of one dimension lower corresponds [5, 6]. Most importantly,
this inference starts from the fact that the black hole entropy is proportional to the
area, not to the volume, so it is a statement that does not rely on a specific spacetime
such as AdS spacetime. Therefore, it seems that there should be a holographic dual
theory for dS spacetime as well.
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dS/DSSYK - Holograhic screen

First, we have to answer the following question: if a dual quantum theory exists for
de Sitter spacetime, on which surface should it live? Consider, for example, the case
of AdS/CFT. In that case, the CFT would reside on the boundary of AdS, its bulk
dual. The easiest way to explain why is the existence of the entanglement entropy
and Bousso bound [93].

First, as the aspect of entanglement, we consider the states properly entangled
between the left and right field theories (thermo-field doube states) and understand
the entropy of the black hole by considering the entanglement entropy between the
left and right field theories. This can be interpreted in Ryu-Takayanagi surface terms
by picking up extremal ones in the spacelike surface of the bulk. Considering the
two-sided AdS black hole, which seems to be an Einstein-Rosen-bridge, it is roughly a
hyperbolic surface, and properly contributes as the smallest surface near the horizon.

In addition, in the argument with Bousso bound, in a nutshell, the physics in the
region covered by the sphere at a certain time should be holographically describable
on the sphere. For example, in the case of AdS spacetime, the boundary with r = oo
will play this role.

If we try to apply the same logic to the de Sitter case, for example, localising the
field theory to a timelike surface with » = 0 as an analogue of the Penrose diagram
in the case of AdS spacetime causes a contradiction. In dS spacetime, the time
slice is a sphere, and if we try to adopt the surface with the smallest radius as the
Ryu-Takayanagi surface, it will always pick up r = 0, it is not possible to reproduce
the black hole entropy by the cosmological horizon. To avoid this, the holographic
screen should be placed as close as possible to the cosmological horizon, and the
prescription should be to pick up the cosmological horizon as the smallest surface
between the right and left screens. Therefore, it is appropriate to adopt Streched
horizon as the screen. See Figure 7 and [3, 74, 94].

In this case, the argument with the Bousso bound has information about which
regions of the bulk a single screen can reproduce. The region of the bulk that the
streched horizon can reproduce is a smaller radius than the streched horizon, so it is
simply the so-called Rindler patch from the streched horizon to » = 0. However, the
interior of de Sitter, especially the internal region of cosmological horizon, can be
expected to be a spacetime that emerges by entanglement as in the usual AdS/CFT
case.

2.4 dS/DSSYK conjecture

This subsection is a review of the dS/DSSYK conjecture by Susskind [15-17, 73-76].
Although this relationship is still under development and various calculations are
not very rigorous, we will discuss the progress of the current research. Incidentally,
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Figure 7: Penrose diagram for de Sitter with streched horizon. The blue dotted line
is cosmological horizon. The red curved line is streched horizon where is close to the
horizon. (In the figure, they are written slightly apart to avoid confusion.)

this subsection can be skipped because we do not proceed with the calculations in
this thesis by explicitly using this correspondence. However, all our calculations are
based on the assumption that some quantum mechanical system corresponds to de
Sitter spacetime.

dS/DSSYK - Properties of de Sitter spacetime

From the above discussion, we have decided to adopt the streched horizon as the
holographic screen and will now look at what happens in de Sitter spacetime in that
case. And it should simply be a property that a dual field theory should have. There
are two main ones here.

1. OTOC(Out-Time-Orderd-Correlator) shows fast-scrambling
2. Complexity shows a property called hyperfast

It can be deduced from de Sitter’s simple bulk argument.

First, OTOC is a quantity well known in conventional SYK and other systems, and is
an important measure of the chaotic degree of a system. In general, the behavior of
a chaotic system is exponential, and its exponent A is called the Lyapunov exponent,
which is a very important quantity. The larger it is, the more chaotic the system
is. In general, the time for OTOC to saturate is called the scrambling time ¢,. This
is the time order in which the influence of chaos spreads sufficiently. In general,
this is t, ~ Blog S, where 8 = T! is inverse temperature and S is the entropy of
the system. OTOC can be replaced by a calculation with a bulk dual perturbed by
shockwave [18]. The log S factor included in this scrambling time emerges from the
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distance between the screen and the black hole horizon at the bulk in the holographic
discussion. In the case of de Sitter spacetime, we can expect this log S factor to drop
out because the screen is close to the horizon. This dramatic shortening of the scram-
bling time is called fast-scrambling, and we can predict that the corresponding field
theory should also have this property.

Also, de Sitter spacetime is an expanding spacetime, which makes de Sitter
spacetime a good model for our expanding universe. Therefore, at a properly defined
time, the expansion of the volume of spacetime is beyond the scope of AdS/CFT.
This corresponds to a dramatic increase in the quantity called complexity in the
language of field theory. We call this hyperfast property.

dS/DSSYK - Properties of DSSYK

Having discussed above what happens when bulk is de Sitter, we will now con-
sider DSSYK as a specifically proposed system. Here bulk is a two-dimensional de
Sitter spacetime, formulated using JT gravity (or dimensional reduction of a three-
dimensional de Sitter spacetime). Firstly, regarding the fast-scrambling property,
this has been well investigated for some time. Starting from conventional SYK, if
we fix p/N* and take double scale, the scrambling time changes from O(log.S) to
O(1) at a = 1/2 [19, 95, 96]. This corresponds to the fact that as the number of
interacting fermions is dramatically increased, the speed at which the chaos effect
spreads increases significantly. As for complexity, Susskind himself predicts in [3].
However, there seems to be no concrete calculation in DSSYK.

dS/DSSYK - Tomperature
Let us discuss the aspects of the entropy. For example, in the case of a three-
dimensional Schwarzschild de Sitter spacetime with mass M, the metric is

dr?

f(r)

and the radius of horizon is given by r = /1 — 8GyM < 1. Since the entropy is
determined by the area of the black hole, the black hole entropy in de Sitter spacetime

ds® = —f(r)dt* + +r2d¢?, f(r)=1-8GyM —r? (2.111)

is always less than the entropy of the normal cosmological horizon. Conversely, pure
de Sitter behaves as a state with maximam entropy. Chandrasekharan, Penington,
and Witten studied von Neumann algebra in de Sitter spacetime as a study in this
direction and argued that the formal temperature must be infinite [97]. From this
point, Susskind considered that the formal high-temperature limit should be taken in
DSSYK. In fact, this does not create any contradiction. This is because the effective
temperature does not go to infinity. For example, the retarded two point function
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Gr(t) = 537 Tr(x(t)x(0))0(t) is as follows under DSSYK and high temperature limit

Gr(t.)? = (mf (2.112)

where ¢, is rescaled time ¢ = ¢t..° Retarded two-point functions generally decay with
temperature scale G ~ e~7t. This is called thermalization. From the above, we can
determine the effective temperature (Tomperature 7) as

T =27 (2.113)

dS/DSSYK - Semiclassical approximation

Now, even in the case of de Sitter spacetime, it is tempting to search for a parameter
region where the semiclassical approximation can be justified through a relation like
(2.53). This is also known as

1 Lgs

1
—_— ~ =~ = 2.114
Lqgs I Gy A ( )

The first correspondence is derived from the requirement that the temperature of
the two-dimensional pure de Sitter spacetime and the tomperature of DSSYK be the
same, and the second equation is derived from the requirement that the deviation
from the respective maximum entropy be the same. From this, we see that if we
want to eliminate the quantum gravity correction, for example, we can take the limit
of A = 0.

dS/DSSYK - Developments and Some references

In connection with the above, the quantity Krylov Complexity is known. This quan-
tity is a physical quantity that describes the spread of the Operator (some also study
the spread of the state). This is expected to give an upper bound on the Lyapunov
exponent calculated from the OTOC. The Krylov Complexity in the case of DSSYK
has been calculated in [14] and fast-scrambling can indeed be observed if the time
scale is taken appropriately.

In addition, there is a discussion of two-point functions. In [98, 99], two DSSYK
systems (left and right in Penrose diagram in de Sitter spacetime) are prepared and
gauge invariant operators are constructed by gauging both of them with appropriate
energy constraints. They then construct their two point functions entirely from the
knowledge (Diagrammic rule from chord diagram) of DSSYK and show that they can
be reproduced from the equation of motion of the complex scalar field on de Sitter

®The justification and meaning of taking time in this way is discussed in [15, 16]. Simply, it
seems that this scaling is necessary if one wants to describe the cosmic scale of de Sitter spacetime
and to take the double-scaled limit well on this time scale. But in any case, it is not so important
for this thesis, so I will not discuss it any further.
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spacetime. However, in this discussion, we consider the parameter region A\ — 0
where the semiclassical description is valid. Other properties, e.g. the existence of
the maximum entropy, type II; von Neumann algebra is also discussed [100].

As mentioned above, this conjecture is now in the process of being gradually
confirmed. We consider in this context to develop our knowledge of the de Sitter
spacetime complexity. It is not a question of whether or not we actually adopt
DSSYK as the dual of de Sitter spacetime in the subsequent calculations. What
matters is that there exists a corresponding field theory and that the dual theory
lives on a streched horizon.

3 Holographic Complexity

In the history of the holographic principle, a number of physical quantities probing
the bulk have been considered. One great example is the Entanglement Entropy.
In this context, Ryu-Takayanagi (RT) prescription relates entanglement entropy in
a CFT to the area of extremal codimension-two bulk surfaces anchored at the AdS
boundary [101-103]. However, in terms of the dual theory in AdS, entanglement
entropy does not suffice [92] to capture the growth of the Einstein-Rosen bridge inside
a black hole, which continues even after the thermalization time. The appropriate
dual quantity to be considered is quantum complexity, which keeps growing for an
exponentially large time [25, 26].

3.1 Basics of Complexity

Definition and basic properties

Computational complexity is a quantity originally formulated in the field of computa-
tional science. It is the “effort” it takes to obtain the state of the system (classically,
this is n-bit). More specifically, it is the computational effort required to achieve the
desired state, starting from a simple state.

First, let us consider the classical example. The classical state is represented by
n-bit(e.g. 0101100 - --). In this case, there are 2" different states. We take 0000 - - -
or 111111 --- as a simple state. It’s possible to include the equivalence Z, for all
n-bit flips. Anyway, we define a simple state. In addition, we consider an operation
that flips one of the bits (0 «» 1) as a possible operation in unit time. In this case,
the time to reach the most laborious state (maximum complexity) is Cpax ~ n/2.
The maximum entropy of the system is also Sy = log 2™ = nlog?2 and is an order of
n. Also, the physical evolution to a state with maximum entropy is thermalization,
which generally saturates in polynomial time of the system size n. Thus, classically,
the time at which these are headed is not much different. However, things change
drastically in quantum theory.
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In quantum theory, an n-bit is generally described by the following quantum state

on

W) = ZO@W (3.1)

where |7) denotes all possible 2™ states from 0000--- to 111111---. Thus, in this
case, 2" complex numbers «; correspond to the classical bits mentioned earlier. In
this case, the typical maximum complexity is Cpax ~ 2" ~ €. Incidentally, as
a basic operation, we cannot adopt here only the operation of changing the state
of one qubit. It is necessary to have an operation that generates an entanglement
between two qubits. This is formulated in quantum information as quantum gates.
However, even in this case, the maximum entropy is scaled by Spy.x ~ nlog2 as is
well known. Of course, this is typically achieved after only thermalization time (or
scrambling time).

Furthermore, it should be noted that there is also a time scale called recurrence
time. This is the time scale from the initial condition to the time when the system
evolves and returns to the original initial condition. Since it depends approximately
on the degrees of freedom and the number of possible states, it can be estimated to
be on the scale of t.. ~ " classically and t,. ~ € in quantum theory.

Another extremely important property of typical chaotic theory is that it keeps
increasing with respect to time until saturation.

dc
dt
where T is the temperature and S is entropy. This is proved by the geometry
formulation of Nielsen and collaborators [24, 104]. This is also a formulation of

TS (3.2)

complexity for continuous Hamiltonian deformations, moving away from the discrete
definition of complexity. Specifically, we consider the change of state by k gates.

[W(k)) = U(k)[¥(0)) (3:3)

where U(k) is an element of SU(2") (Now dimension of this Hilbert space is 2").
And they properly introduced the inner product in this SU(N) space and properly
introduced the notion of distance. As a result, the equation of evolution from the
origin (the unit matrix I) in SU(N) as

dU(s)
ds

U(s) = Pexp [—i /0 sh(s')ds'] (3.5)

= —ih(s)U(s) (3.4)

where s ~ time is parameter on the line connecting I and U(s) and h(s) is generator
(hamiltonian with respect to s ~ time). It’s possible to define the complexity as the
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length of the shortest of all paths that reproduce U(s). This definition is continuous
and allows us to describe the actual time evolution of the black hole, etc. In [104],
they showed that “if Hamiltonian is relatively easy, then the Hamiltonian h(s) on
SU(N) is independent of s and U(s) can be written as follows.

U(s) = e s (3.6)

and becomes shortest path before the saturation.” Therefore, in this case, the com-
plexity is simply proportional to s. Since this is time along the path, in this case
complexity is proportional to time. In SU(2) geometry, the distance from the unit
matrix I is linearly increasing with time. After the saturation, we can find paths
shorter than this.

These two properties: 1. entanglement entropy continues to increase beyond the
typical time scale of saturation. 2. its evolution is proportional to time. From the
above two properties, Susskind considered that these properties probe the long linear
growth of the ERB [26]. In the following, we present the more general case of bulk
dual beyond ERB. Several correspondences are proposed. Complexity calculated in
terms of holography in this way is also called holographic complexity.

Holographic complexity

There are two definitions of complexity, strictly speaking, one for operator and the
other for state, but when we consider holographic complexity, we mainly consider
state complexity. In this case, complexity C(|¢))) for the target state |¢) is the min-
imum number of elementary gates required to build that state from a reference one.
We can consider the case where the target state [¢) is an entangled state of two
boundary theories, that live on the left and right boundaries. Given the target state
|1}, which is a function of both the left and right boundary time t;, ¢., then ¥ is
a codimension one bulk Cauchy surface anchored at the boundary state t; and t,.
There are three main holographic proposals that are dual to holographic complexity

Cll¥)].

CA (Complexity=Action)
This is the gravitational bulk action Iwqw of the Wheeler-de Witt (WdW) patch of
bulk causal diamond of Cauchy slice X,

Ca(z) = waw (3.7)

(e

The WdW patch is given by a causal region (diamond-shaped region) inside the
bulk, whose edge is anchored to the boundary time slice. In the case of de Sitter, it
is anchored to the time slice defined on the streched horizon. See Figure 8.
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Figure 8: Penrose diagram for dS spacetime showing the WDW patch (red region).

CV2.0
This conjecture is similar to CA, but the difference is in CV2.0. The holographic
Complexity is the space-time volume of the WdW patch

Vivaw
Cw(X) = =—F— 3.8
W( ) Gn g%ulk ( )
instead of the action. In pure dS and pure AdS case, Lagrangian density is constant
and proportional to nglk, therefore both CA and CV2.0 behave in similar ways®.
Here £ is the length scale set by the cosmological constant.

CV (Complexity=Volume)
In this conjecture, the Complexity is evaluated by the maximal volume of codimen-
sion one surface X2,

o [ L2 ] 59

The maximization should be conducted under the condition that the boundary time
t; and ¢, are fixed.
3.2 Holographic Complexity in AdS

The most famous holographic calculation of complexity is probing Einstein-Rosen
bridge. As mentioned earlier, the Einstein-Rosen bridge continues to grow infinitely

5Precisely speaking, the behavior is generally different because of the boundary terms. However,
the critical time 7o, given in (3.15) is determined by the WdW patch in both CA and CV2.0, as
examined by [47].
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long [25, 26]. Let us look at this. This calculation has been done in many places,
but is most educational, for example in the case of 2D JT gravity. We can calculate
the renormalized length of Einstein-Rosen bridge as the following.

t
Lien(t) = 2log (2 cosh 5) + - (3.10)

where --- means small correction in large R, (IR cutoff in AdS bulk). In the late
time, this becomes ~ t, linear growth. On the other hand, it is known that the
computational complexity (on the field theory side) generally increases linearly.

Switch back effect

In addition, we will briefly mention the switchback effect [48, 105], which is relevant
for our purposes in this thesis. This considers the behaviour of complexity when
perturbations are added on the field theory side. In AdS/CFT a two-sided black hole
is supposed to emerge with appropriate entanglement on the CFT side. Specifically,
it’s described as Thermofield-double state |[TFD) € H; ® Hg.

_BEn
ITFD) =) e 2" |E,) 1| En)r (3.11)
When perturbations are mixed in —t,(early time, ¢, > 0), we can write perturbed
state as

W (—ty)|TFD) = U(t,)WU'(t,)|TFD) (3.12)

where U is the usual Unitary operator. This corresponds to the operation of going
back in time by t,, inserting an operator and finally advancing time by ¢,. If the
operator to be inserted is the unit operator 1, they all cancel each other. That is, the
developments of time-reversal and time-forward exactly cancel each other. However,
if the inserted operator is not 1, they generally do not cancel each other, since it can
happen that the developments on the way there and on the way back are completely
different. Thus naively, the complexity of the precursor is 2Kt,,.

However, until scrambling comes, it is not possible to distinguish whether the
inserted operator is 1 or not. Therefore, U and U cancel each other until scrambling
time, but after that they do not cancel each other because they are completely
different developments in chaotic systems. Therefore, it is possible to consider that
the increase in complexity is delayed by the scrambling time. Therefore, the actual
value is 2K (t — t.). This is called the switchback effect.

In bulk side, let us consider AdS spacetime with shockwave at the time —t,, in
the theory of boundary. If the inserted energy is F, the shockwave gains energy by
the gravitational potential and reaches the following energy scale by reaching ¢ = 0.

E 2ty

M@ B (313)
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where M is the mass of the black hole. This becomes O(1) from the time order
ty ~ % log % where FE is the energy of a single particle being thermalized by the
black hole, E ~ Ty and

s
o~ —1 14
t o og S (3.14)

Thus, we can see that this energy changes significantly after ¢,. Shockwaves inserted
after ¢, do not acquire the gravitational potential well and do not cause significant
changes in complexity(U and UT cancel). Shockwaves inserted before ¢, will result
in a significant change in geometry. See for example [18, 106, 107].

3.3 Holographic Complexity in dS

Using all three (CA, CV2.0, CV) methods, the complexity calculations in general
dSas1 (d > 2) were made in [47]. As a result, they found that complexity and its
growth rate diverge when a certain critical time 7., is reached, no matter which
conjecture is followed,

lim C — oo, lim dc — 00. (3.15)

T—Too T—Too AT
This is typical hyperfast behavior in dSgzy1 (d > 2). The main contribution to this
divergence is 7y reaches infinity, where ry is the radius of the conical point at the
most future tip of the WdW patch. In other words, the fact that the radius r = ry
at the top vertex of the diamond-shaped-WdW patch diverges causes the volume of
S9=1 to diverge, and as a result, causes the complexity diverges. In the case of CV,
7 = Tt diverges, which we will define later but ry,., is the radius of most future tip
in ¥ slice. See Figure 20 and 23.

In particular, let us look at the time dependence of the WdW patch. Note here
that the holographic screen is on the stretched horizon r = p ¢, which is close to the
cosmological horizon. Here r = /¢ is the cosmological horizon for pure dS and p is
a parameter for the stretched horizon, i.e., 0 < p < 1 and p — 1. We choose the
boundary time increases upward on both the left and right stretched horizons such
that tp = —t;, oc 7 on the stretched horizon. As 7 increase, the radius r at the top
vertex of the diamond-shaped-WdW patch also increases. Then at some finite time,
r; will eventually reach infinity, and then, at the moment of arrival, the volume of
the WdW patch also grows rapidly and diverges in dSgy1 (d > 2). Therefore, the
critical time can be estimated as the time when r; = oo.

4 CA in JT gravity

In this section, we calculate the action complexity of the de Sitter spacetime consid-
ered in the two-dimensional JT gravity theory and show that it satisfies the hyperfast
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property. Specifically, we define the Action of JT gravity in de Sitter spacetime as
a dimensional reduction of 3-dimensional Einstein gravity. We consider reduction
from three dimensions, partly because of Susskind’s Motivation and partly because
we will later reconsider the dual of two-dimensional complexity in terms of reduc-
tion in three dimensions. The divergence of the concrete complexity comes from the
dilaton value.

4.1 Setup

According to the CA conjecture, the complexity of a state with a holographic realiza-
tion is proportional to the full gravitational action of the Wheeler-DeWitt (WDW)

patch:
I
Cp = VDWW (4.1)
T
We compute action complexity in Jackiw-Teitelboim (JT) gravity, whose bulk action

1S

In=— [ Eov=g (om0 ) + %/BW VR K, (42)

with ¢ the dilaton and ¢, its value at the boundary 0. The dilaton potential is
U(¢) = 2¢ for anti-de Sitter (AdS) spacetime and U(¢) = —2¢ for de Sitter (dS)
spacetime. The boundary term represents the Gibbons-Hawking-York (GHY) action
[108, 109], where K = h*"K,,, is the trace of the extrinsic curvature. The latter is
defined as K, = hﬁhgvpng, with n, the outward-directed normal to OW.

The equations of motion for the dilaton and the metric are

U'(¢)
R=— 72 (4.3)
0= VoVt — gV + %U(d))- (4.4)
In this paper, we work in dS spacetime, so we choose
U(p) = —2¢. (4.5)
With this choice, the equations of motion are solved by the following metric and
dilaton 2
ds? = —f(r)d2 + = =1, 4.6
()t + s (4.6
where the blackening factor f(r) is
2
f(r)zl—ﬁ. (4.7)

In the following, we focus on the portion of spacetime with 0 < r < oo (for the reason
we shall explain at the beginning of subsection 4.2). Therefore, the position of the
cosmological horizon is r, = L. It is convenient to introduce the tortoise coordinate

[T di
A 16

. (4.8)
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Taking as a boundary condition 7*(0) = 0, we get

L r+ L
(ry==1 : 4.
) = los |7 (4.9)
The Eddington-Finkelstein (EF) coordinates are given by
v="t+1r"(r), u=t—r"(r). (4.10)

To describe the whole of spacetime, we need to consider two copies of EF coordinates,
one for the right (R) and one for the left (L) side of the Penrose diagram, see figure
9. Note that ug is constant along null rays falling into the cosmological horizon,
whereas vp is constant along outgoing null rays. The reverse behavior applies to the
EF coordinates for the left side of the Penrose diagram.
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Figure 9: Penrose diagram for dS spacetime. The time coordinate ¢ runs upwards
on the right and downwards on the left. Coordinate axes for the EF coordinates on
the right and the left are shown in red.

4.2 Action manual and dimensional reduction

Action complexity is obtained by evaluating the full gravitational action of the WDW
patch as in eq. (4.1). The question of which action should be considered is non-trivial
since the full JT gravity action of the relevant spacetime region is not just given by
Iyr in eq. (4.2). In fact, there are several additional boundary contributions. In
order to determine the right action, we exploit the fact that the dS JT gravity action
in two dimensions can be obtained by dimensional reduction from three-dimensional
pure dS, starting from the Einstein-Hilbert (EH) action plus boundary terms [110].7
We employ this procedure to explicitly compute action complexity in dS,.

"The dimensional reduction allows us to circumvent the study of the variational problem in JT
gravity, leading to the same result for the full gravitational action.
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Before we proceed, we point out that there are two ways to obtain dS, JT gravity
from dimensional reduction. One is half reduction from pure dS; [110] and the other
is full reduction from Schwarzschild-dS,; (d > 4) in the near-Nariai limit [111, 112]
(see [110, 113, 114] as well). For our analysis, we use half reduction from pure dSs,
which automatically reduces to the r» > 0 range. The dS, spacetime obtained from
Schwarzschild-dS,; (d > 4) in the near-Nariai limit also includes r» < 0 and a horizon
at negative r. In this limit, we are zooming in on the very tiny region near the
black hole and cosmological horizons, and the r-negative horizon corresponds to the
original black hole one. Since our main interest is holographic complexity beyond
the cosmological horizon, rather than black hole complexity, we focus on r > 0.
For this purpose, half reduction from three-dimensional pure dS is enough. In three
dimensions, the full gravitational action is [115]

Itot = ]EHGHY + [null + ]joint + [ct 5

1 1
I = X/~ Ry — 2A d*Y \/—h@ K
EHGHY 167G /W 96 (Re3) @) + 87G /a - 3)1e),
1 1
I = dSd\\/vk, Tioint = /d@ a,
! 87TG(3>/@ v = SeG J;

1 -
= o /BdeAﬁ@ log ‘L@‘ .

(4.11)
The term Igpguay contains the EH and the GHY actions, the latter coming from
spacelike and timelike codimension-one boundaries. Contributions from codimension-
one null surfaces B are given by I [115, 116]. In fjoime, we have the contributions
from codimension-two joints J [115, 117] at the intersection between codimension-
one surfaces. Finally, I is a counterterm for null boundaries B [115] which ensures
invariance of the full action under reparameterization of null normals. In what fol-
lows, we analyze each term separately and we apply dimensional reduction to deter-

mine the right action for holographic complexity in dS, JT gravity.
The EH-GHY action in three dimensions with positive cosmological constant

reads 1
Ignguy = / dSX\/ —9(3) (R(3) - 2A(3))
) .
d*Y [ —hs K,
+ 87rG(3) /mfv (3) 1L(3)
where 1
A = T (4.13)

(3)
This admits a three-dimensional dS spacetime solution

dr? 2
ds%y = geyundXMdXN = — f(r)dt® + 0 L ) =1— L (414)
(3)
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In the GHY boundary term in eq. (4.12), h(g) is the determinant of the induced
metric on WV and K3y denotes the trace of the extrinsic curvature.
We now introduce the metric ansatz

dslyy) = gy datde” + Liy¢* (x)d6* (4.15)

where we have expressed XM = (t,r,0) = (z#,0) with M = 0,1,2 and u = 0,1. As
in eq. (4.6), we consider a solution for the dilaton ¢(z) depending just on the radial
coordinate: ¢ = ¢(r). From the metric ansatz (4.15), we get [110]

9
Ry = Ry — ED(W’

1
K@) = Kpg) + 5”MV<2>M¢7 (4.16)

V=96 = L)oo/ =9

with n* the normal vector to the two-dimensional boundary 0W. Plugging into
eq. (4.12), we obtain

L
Ip= =8 / d*zr/=ge2) [0 (Rz) — 2A(3) — 2029
8G3) Jw

L)
dy\/—hey (6 Ky + 1"V ) |
RTem /a Ay =hey (@K + 0" Vo)

where W and 0V are the manifolds endowed with metric g(2),, and h(),,, respec-
tively. Defining G = Gy = G(3)/L) and L = L(g), we recognize the JT gravity

(4.17)

action [y in eq. (4.2) with some additional terms. Three comments regarding the
EH-GHY contributions are in order:

e According to the CA conjecture, we must evaluate the full gravitational action
of the WDW patch. Such a spacetime region, which we denote by W, is
bounded by null codimension-one surfaces. Since there are neither timelike nor
spacelike boundaries, the GHY term in eq. (4.17) vanishes.

e With the metric ansatz in eq. (4.15), the three-dimensional dS spacetime solu-
tion in eq. (4.14) comes down to the two-dimensional dS solution with linear
dilaton given in eqgs. (4.6) and (4.7). On-shell we have

Rg) = 20@3) = 75—, (4.18)

so the bulk contribution Ijr in eq. (4.17) reduces to

1
Tpu = — / d*z+/~g(2) D26 - (4.19)
AG ) Jw

— 43 —



Even though we refer to this expression as two-dimensional “bulk” action, Iy

is in fact a boundary term since it comprises a total divergence.®

e We can integrate the term [s)¢ getting a codimension-one contribution for
the null boundaries of the WDW patch distinct from I,y in eq. (4.11):

1
40(2)

Ibulk = -

1

/ AN K"V (9,0 = — / d\0\¢, (4.20)
5 4G Jp

where k* is the null normal to B, see [34] for an analog analysis in AdSy JT

gravity. As we will see, this term yields nonzero contribution and is important

to get consistency with the three-dimensional CA result.

Besides the bulk term, the full gravitational action of the WDW patch contains
boundary terms for null codimension-one surfaces and joint terms for codimension-
two surfaces at the intersection of null bounding surfaces, which we consider next.

The contribution from null boundaries has been originally studied in [115, 116].
In three-dimensional spacetime it is

null —

/de/\ VvV k, (4.21)
T(3) JB
where A is a parameter running along the null geodesics generating the surface B,
S is the transverse spatial direction to such generators, and  is the determinant of
the induced metric in the S direction. The constant x is defined by the geodesic
equation

];‘MV(g)M/;‘N = KJ];‘N s (4.22)

with &M = % the null generator. In other words, x measures the failure of A\ to
be an affine parameter. Consequently, we can set k = 0 by a wise parameterization
choice, getting rid of the I, contribution.

At the intersection between bounding codimension-one surfaces, where the bound-
ary is non-smooth, the joint term comes into play. The joint contributions involv-
ing just timelike and spacelike intersecting surfaces have been investigated in [117],
while joints involving at least one null boundary have been studied in [115]. In
our computation we will meet only joints involving two null boundaries, which in

three-dimensional spacetime are given by

1
['oin = 5 _~ dao a )
jont 87TG(3) /\‘j ﬁa

VY = V9600 a = sign(joint) x log

ki - ko
2

(4.23)

?

J

8 As it will be clear later, at late times all contributions to the full action have the same divergence
structure. Therefore, by neglecting I, the qualitative behavior of action complexity at late times
does not change.
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where El, k, denote the one-forms normal to null boundaries, which are taken to be
outward-directed from the spacetime region of interest. The sign of the joint term is
fixed by the following rule. Choosing either of the two null boundaries intersecting
at the joint, the sign of the corresponding contribution (4.23) is positive if the bulk
region W is at the future (past) of the segment and the joint itself is located at the
past (future) edge of the selected segment. In the remaining configurations, the joint
term has a negative sign [115].
Applying the dimensional reduction, we obtain

ky - ko

(4.24)

Lioint = ﬁ@) g o(rg)az, az = sign(joint) x log ;
Here r = rz is the radial position of the joint, and we consider one-forms ki, ko
normal to one-dimensional boundaries. By spherical symmetry of the dS3 geometry,
we trivially have k; = k; and l;}iM = (k¥,0), with i = 1, 2.

The joint contributions in eq. (4.24) are affected by the arbitrariness of choosing
the normalization of null normals ky,ks. Such ambiguity can be partially removed
by requiring that k; - 9, = 4« at the spacetime boundary [118-120], with 0; the
timelike Killing vector in the boundary theory and « a positive constant. Still, the
constant o can be arbitrarily chosen. For the gravitational action to be invariant
under the reparameterization of null generators, a counterterm must be added for
each null boundary [115]. In three-dimensional spacetime, the counterterm has the
following form

1

I =
‘ 87TG(3)

dedAﬁ@log]z@], (4.25)
B

where L is an arbitrary length scale. In the above expression, © is the expansion
of null geodesics given by © = 0ylog /7. An explicit calculation with the metric
ansatz (4.15) leads to

)
© = d\log /93106 = Orlog ¢ = % : (4.26)
Therefore, in JT gravity the counterterm reads
1 .
Iy = / A\ Do log (L 9, log ¢>( . (4.27)
4G(2) B
Summarizing, the full gravitational action for holographic complexity in dS, JT
is given by
Iyras, = Tvuk + Lioint + Lot
1 1
=— A\ O\ + —— rz)a
4G 9 /g Ao 4G (2 ; ors) 8 (4.28)
1 .
AN log | L o log o .
+4G(z)/3 £ log | L dxlog ¢
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The lesson we learn from the dimensional reduction analysis is that the effects
of the dilaton, which explicitly appears in all terms of the full action (4.28), are
important for the evaluation of holographic complexity. This is consistent with the
discussion in the introduction. Note that in JT gravity the value of dilaton varies,
and as a result, one has an effective Newton “constant”

1 ¢

=2 4.99
Goer G2 (4.29)

We recall that in two dimensions there is no “area” for a black hole horizon, but
instead, there is a dilaton. The dilaton plays the role of area. In fact, in d(> 3)-
dimensional dS spacetime, the orthogonal S92 area grows to infinity near the future
spacelike infinity, and by dimensional reduction the size factor of the S92 area
becomes the dilaton. Since the divergence of complexity in higher-dimensional dS
is associated with the growth of the orthogonal S92 area [47], without taking into
account the dilaton one cannot see the divergence of complexity in two-dimensional
dS spacetime in JT gravity.

4.3 Action evaluation

We now move to the explicit computation of the full gravitational action, mainly
following [47]. To ease the notation, we set Ly = L. First, we introduce the
stretched horizons for both the left and the right sides of the Penrose diagram.
These are r-constant surfaces described by

rse = pL, 0<p<l1, (4.30)

where the limit p ~ 1 is intended. We then attach the WDW patch to the two
stretched horizons, and we define the anchoring times as ¢, and tg for the left and
the right horizons, respectively. It is not restrictive to focus on the symmetric case
tr = —tr. For convenience, we define a dimensionless time as tg = L 7. We focus on
the case where the tip of the WDW patch does not meet the future spacelike infinity
at r = oo.

For the right side of the geometry, the future boundary of the WDW patch is
at constant ug, whereas the past boundary is at constant vg. From eq. (4.10), the
defining equations are

L 1
UFR:tR—T’*(’I”St):LT—ElOg(lﬂ),
P (4.31)
tr 1 (r) = L+ Zlog ((1F
VUpR = r(rsg) = LT+ < lo .
PR = LR t 5 08 1—p

Let us denote by r = r1 the position of the future and past tip of the WDW patch,
respectively. By symmetry, both tips are located on the vertical axis in the middle
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Figure 10: Penrose diagram for dS spacetime showing the WDW patch (red region).
The stretched horizons at r = pL are represented by red curves.

of the Penrose diagram, which is described by t = 0. So, evaluating upg defined in
eq. (4.31) at the future tip, from eq. (4.10) we get

L 1+p L r+1L
LT—Zlog[—L) =-21 4.32
" 20g(1—p) ZOg(m—L)’ (432)

which leads to )
ry  coshT — psinh7

= . 4.33
L pcoshT —sinh7 ( )

Similarly, computing vpg defined in eq. (4.31) at the past tip we obtain

L 1+p L. r_+1L
L —1 — | = —log—— 4.34
T+20g(1—p) 2 S L’ (434)
from which h inh

r— _ cosh7+ psinhT (4.35)

L pcosht +sinh7’
The time 7 = 7, at which the future tip meets the future spacelike infinity » — oo
can be obtained by eq. (4.33) as

Too = tanh ™ p. (4.36)

We can thus rewrite eqs. (4.32) and (4.34) as

L L
Too — T = tanh™* (—) ) T+ Too = tanh ™! (—) ) (4.37)

T4 r_

or equivalently
ry = Lcoth (1 F7) . (4.38)
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Since we are interested in how complexity grows as 7 approaches 7., we focus on
T < To. We now evaluate the gravitational action in eq. (4.28) term by term.
Explicit computation of the boundary term in eq. (4.20) gives

¢ r++ o |7 1 (r++r_—2,0L)
2G ) e 27

o 2G@)
1 p(1—p?)cosh’r

Ge) 1—(1—p?)cosh®* 7’

Tk =

(4.39)

where in the last step eqgs. (4.33) and (4.35) has been used.
We now move to the boundary terms. The null normals k = k,dz* to the four
codimension-one boundaries of the WDW patch are

kFR:OszR:O./(dt—i) N

f(r)
dr
kpr = —fdvgr =3 (—dt — —> )
f(;Z (4.40)
ki, = —o' dv, = « (—dt— f('r’)) ,
kps = ' dug, = § (dt - %) ,

where «, 3, a/, 5’ are positive arbitrary constants and F (P) stands for future (past),
see figure 10. This choice corresponds to an affine parameterization of null normals,
thus the boundary term (4.21) for null surfaces vanishes. To compute the four joint
terms in eq. (4.24) we need

krr -k
u+:+10g M —]_0g aa ,
2 N— flrs)
kpr -k !
2 e f(r-)
(4.41)
b n = —log | KrrKen :_bg‘ af
. 2 |, fpL) |
Gy — —log |KEL KLl | @
- 2 |, fpL)
Then, the total joint contribution is
Ligine = I+ +I_ + Iqr+ I
- 1 ry lo —ao/LZ +7r_lo BEL? —pL lo —aﬁ&/ﬁ/ (4.42)
L \'*®E T T )

Finally, we have to calculate the counterterm for null boundaries given by eq.
(4.27). We start from the FR boundary. The null vector orthogonal to this surface
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is
1
rp=0"kpr, = —a| —=,1] . 4.4
kpr = 9" krr a(f(r) ) (4.43)

By definition, the null vector is k* = Oz = (75, f), where the dot denotes a derivative
with respect to the affine parameter \. We thus conclude that 7 = —q, implying
that r = —a A is an affine parameter too which increases when A decreases. Putting
all together, we get

1 pL Lo
I, pp = dr log =&
YR T 4G L / o8

- - (4.44)
=L {pr—ritpLlog [ L2 log [ 22

By symmetry, the contribution on the future left boundary is simply .t . = It pr (@ — &).
Similarly, the counterterm for the right past boundary is

1 L L ﬁ
1, = dr 1
t,PR 4G(2)L/T r log —

1 Ps i (4.45)
4G L (pL ke </’_L> e ( - )) ’

and the contribution from the past left boundary is I pr, = I pr (8 — 8'). So, the
total counterterm reads

It = It rR + et + Lot PR + It PL
1

T4 =% 72 1 233!
= Gl <4pL —2ry —2r_ + pLlog (lyﬁﬁ) —r4log (Lrg:a ) —r_log (LT?B )) .
(4.46)
Note that the terms containing the arbitrary constants «, 8, ’, 5" cancel the corre-
sponding terms in the joint contribution (4.42). In details,

p°L

1 ryL 272
Lioing + 1ot = =—— | 2pL —r4 —r_ + 14 log ——=—= +1_ log ———== — pL log ~7
2G ()L ( Ly/r2 — 12 ,/r ~L? .

_ 2G(12)L (L coth (o — 7) (log (W) - 1) + (1= -7)

9L tanh (r.) (log (Lsmz(ﬂ”)) - 1)) ,

where in the second equality eqs. (4.36) and (4.38) have been used.

(4.47)
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Summing up eqs. (4.39) and (4.47), we finally get the action complexity
Cr — Iytas, ok + Lot + Lot
A

™ ™

1 2p (1 — p?) cosh? 7 ( (L sinh (Too)> >
_ — 2tanh (r,) (log [ 2222 T) ) _y
27TG(2) (1 _ (1 _ pg) COSh2 - an (7— ) 0og I (448)

+ coth (1o — 7) (log (LCOSh (LTOO - T)) - 1) +(r— —T)> :

which matches the dSz result found in [47], with G(9) = G(3)/L.
Some comments are in order:

e The Cy given by eq. (4.48) diverges at the critical time
1

1—p2’

which is exactly eq. (4.36). In the limit 7 — 7, both 7 and Cx diverge at

cosh? 7o, =

(4.49)

the leading order. In particular,

L

ry = 7 + (subleading) as T — Too s (4.50)
where we have used eq. (4.33), and
1 1 1 ry

Ca x + (subleading) as T — Too . (4.51)

B 7TG(2),/2—p2 (T—Too) G(g)

Therefore, the late-time behavior of Cp is

¢ 1

Goy Goyei

As discussed in the introduction, this is exactly what we expect in JT gravity.

Ca

(4.52)

e As first pointed out in [3], in d > 3 dimensions volume complexity diverges at
the critical time. This can be understood from the fact that maximal slices
anchored at the two stretched horizons bend upwards to the future spacelike
infinity, where local (d — 2)-spheres exponentially expand. In JT gravity, the
effect of such an exponential expansion appears in the linear dilaton. Note that
the static coordinate r behaves as time beyond the cosmological horizon » > L
and it diverges at the future spacelike infinity.

e Even though 7, diverges in the limit p — 1, it does as
1 2
p=1—ce, Toozélog——l—O(e). (4.53)
€
So, the 7, dependence on the stretched horizon parameter € is very mild [3, 47].

e Without taking into account the dilaton, volume complexity in dS; remains
finite due to the lack of a local exponentially expanding (d — 2)-sphere in two
dimensions [39, 47].
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5 (Geodesics, Volume and Weyl dependence

In this section, we point out that volume is not a well-defined quantity in JT gravity,
focusing on the intrinsic properties of JT gravity theory, and discussing the superi-
ority of action complexity over volume complexity.

5.1 Volume complexity in dS,

First, we discuss the complexity of the two-dimensional de Sitter spacetime.

5.2 Weyl field redefinition

In this section, we discuss volume complexity and its subtleties. Before we proceed,
we review the basic point.

The most general two-dimensional dilaton gravity bulk action up to two deriva-
tives can be written in the form

1 - ~ ~
S=<o | Py (L@R+U(0)79,0V,0 + L2U4(@)) . (5.1)
w

We can perform a Weyl field redefinition

Us(®)
2U(D)

G = € Guv Vuw = V@, (5.2)
to get rid of the kinetic term. Then, by doing a simple field redefinition ¢ = U, (P),
we can remove U; as well. Note that this Weyl field redefinition does not change the
coefficient of the \/—_g”]R terms and we are left with just one function of ¢ which is
related to Us as U(¢) = Us(®). Therefore, a general dilation gravity system can be
brought to the form

1

=3G

/=g (pR+ LU(9)) , (5.3)
which admits the two-dimensional dS solution with linear dilaton in eq. (4.6).

Note that even though the intermediate Weyl transformation done above is just
a field redefinition, and hence should not affect physical quantities, it has significant
influence in the context of the CV conjecture, since the volume changes by Weyl
transformation. In this section, we study the effects of Weyl transformations on the
CV conjecture. To evaluate volume complexity, it is convenient to use the metric
ansatz

dr?
flr)
In fact, by starting with the dSs solution in eq. (4.6) and by applying the Weyl

ds* = —f(r)dt* + (5.4)

transformation-like field redefinition

G = Q(Cb)guw (5-5)
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one can always put the metric in the form of eq. (5.4) by a coordinate change, as
we will show soon. Here we always assume €2(¢) is regular. In what follows, we set
L =1 for convenience. The L scale can always be recovered by dimensional analysis.

Since ¢ = r, we have Q(¢) = Q(r). Starting from f(r) = 1 — r?, the Weyl-
transformed metric is given by

dr?
fr)

Defining the coordinate 7 in terms of r as

Q2 (r)dr?
Qr)f(r)

ds* = Q(r) (—f(r)dt2 + ) = —Q(r)f(r)dt* + (5.6)

) = / (), (5.7)

the line element can be written as

=2
ds® = —f(7)dt* + dL F(7) = Qr () f(r(7). (5.8)
f(7)
One can check that the temperature of the solution remains unchanged upon Weyl
transformation-like field redefinition because t is unmodified. In this way, we can
always make the metric in the form eq. (5.4). However, note that the dilaton is no
more linear in terms of the new radial coordinate r

o =r(r). (5.9)

In the end, this is just a field-redefinition, so physics should not be modified. Since the
vacuum of JT gravity is characterized by both the metric and the dilaton, reasonable
physical quantities should be determined by taking into account both. While the on-
shell action is invariant under such field-redefinitions, the volume is not, because it
is determined by the metric only. In other words, action complexity is invariant, but
the volume (precisely, geodesic length) changes, as we will see explicitly.

Given the metric ansatz in eq. (5.4), we now present the procedure to compute the
length of geodesic following the approach of [39, 47]. As in the action computation,
we focus on the portion of spacetime with 0 < r < oco.

In EF coordinates (4.10), the line element on the right side of the Penrose dia-
gram covered by (vg,r) or (ug,r) coordinates is

ds®> = — f(r)dv + 2dvgdr = — f(r)du% — 2dugdr . (5.10)

The length of geodesics in this geometry reads

V:/ds\/—fi)%fr%pj:/ds\/—fu%—%m*, (5.11)

— 52 —



where the dot denotes the derivative with respect to the geodesic parameter s. Since
the geodesic is spacelike, we can always choose a parameterization such that the
integrand in eq. (5.11) is unity:

1+ fo?
ST TN S R S
2UR
L4 a2 (5.12)
— fu% —2upi =1 — f=-——2"
2UR

The equations of motion obtained from eq. (5.11) by varying ug,vg lead to the
conserved quantity

oV 1 — fo?
P:f:_fDR‘i_f’:ﬂ
§UR QUR
.9 (5.13)
=—=—fug—1r=——"".
Siig f Qi
We can thus express ug, Vg, and 7 in terms of the conserved quantity P as
p_ P
Fy = 2/f+ P2, uRi::-——}fff, oRi::-——jifi. (5.14)

The sign =+ in the above equation indicates whether the parameter s increases or
decreases along the direction of increasing r. There is a turning point where f(r;) +
P? = 0. We consider geodesics anchored at the left and right stretched horizons
r = rg, defined in eq. (4.30). We take by convention the parameter s to increase
from the left stretched horizon to the right one. In the chosen gauge, the volume is

V(P):/ds:Z/:f—::2/T:\/%, (5.15)

where by symmetry we integrate over the left half of the geodesic and we introduce a

given by

multiplicative factor of 2. The dependence of volume on the stretched horizon time
tgr = —tr, = 7 is encoded in the conserved quantity P. For P > 0, geodesics explore
the region beyond the future cosmological horizon [39, 47]. In this case, the right
portion of geodesics is fully covered by the EF coordinate ug, while the left portion is
fully described by vy, see figure 9. The time dependence of P can thus be computed
by

wn(re) — un(re) :/“ri r:/rtT(P,r) dr, (5.16)
vn(re) — vp (1) = / h %dr: / “rP)dr, (5.17)

where
=Y P (5.18)
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Summing up egs. (5.16) and (5.17) and using the definition of the EF coordinates,
we end up with

N . Tt . Tt .P
"(P) =) =1+ [ TP = st 619

where we have defined rf = r*(r;). Note that the case P < 0 corresponds to a

time-reflection 7 — —7.

As we have seen, the metric resulting from Weyl field-redefinition is given by
eq. (5.6). So, egs. (5.15) and (5.19) still hold true, provided that we replace r, f(r) —
P f (7) given by egs. (5.7) and (5.8). Therefore, after the Weyl field-redefinition, the
volume and the stretched horizon time are given by

e dr "t Q(r)
viP)=2 ] —————— =2 dr, 5.20
%) /fst JF(7) + P2 ra Q) f(r) + P2 20
Tt B Tt P
7(P) = 7 (Fy) — 7 T(P,7)dif = — dr, :
P = =i+ | T == [ i (521

where 7 is the turning point obtained by
f(7)+P* =0, (5.22)
and 7* is the tortoise coordinate defined by

T dA
() (5.23)
f(7)
To illustrate the Weyl dependence of the volume, we consider Q(¢) = Q(r) of the
form

Q) = ¢* =r", (5.24)
so that we get
rw+1
;= . 2
T —— (5.25)

By choosing a few specific values of w, we now show in detail how the volume in dS
spacetime changes as we change w.

cw=0
We consider the dS blackening factor given by eq. (4.7) with L = 1. Thus, the
cosmological horizon is at r = 1. The stretched horizon is specified by the location
where the dilaton takes the fixed value

Pst =Tst = p. (5.26)
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The turning point of the geodesic elongating between the right and left stretched
horizons is

re =1+ P?. (5.27)

The volume and the boundary time can be computed explicitly and are given by

Vi+P?
V(P):Q o L:W—%irctan S ,
) V() + P2 VP2 +1—p?
B V1+P? P B Pp
7(P) —/p TONVIOE =dr = arctanh m] ; (5.28)

as found in [47]. If we set p = 0, geodesics stretch between the poles of dS spacetime.
In this case, we get V(P) = mand 7(P) = 0, which is consistent with the result of [39].

cow =2
For the case w = 2, we have

T =— (5.29)
so the blackening factor becomes
F(7) = (3R = (37)7). (5.30)

The turning point in terms of the original coordinate r is given by

1

Since the Weyl transformation only changes the metric, and not the dilaton, the
location of the stretched horizon is still given by eq. (4.30). The expressions for the
volume and the boundary time are given by

—2/ / dT’,
/ +P2 \/7"21—7“2 + P?
P) = dr =
T( ) /rstf ,/ _|_p2T / 1—7‘2 \/Tzl—rg + P2

In order to compare the cases w = 0, 2 described above, in figure 11 we present some

dr. (5.32)

plots of the volume as a function of time on the stretched horizon.

Remarkably, for w = 2 the volume diverges at the critical time, qualitatively
matching the behavior of action complexity. Below, we consider refined volume for
complexity.
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Figure 11: Plot of V(7) for fixed values of w. As 7 — 7., the refined volume
behaves differently depending on w. The w = 0 result is bounded by 7. Instead, the
refined volume for w = 2 diverges, due to the additional Weyl (dilaton) contribution
from the point near the future infinity. We set p = 0.7 and 7, = arctanh(p) = 0.88.

5.3 Refined volume for complexity

As we have seen, despite a field redefinition should not influence physics, volume
complexity is clearly modified by this kind of transformation. Moreover, there is a
discrepancy between volume complexity and action complexity in JT gravity. In this
subsection, we look for a Weyl factor of the form in eq. (5.24) with an appropriate
parameter w for which the transformed volume complexity behaves qualitatively as
action complexity. We refer to the volume with this specific choice of w as refined
volume.

This can be easily done as follows. We recall that the action complexity we
computed in section 4 is obtained by dimensional reduction from dSs;. Therefore,
action complexity in dS, JT gravity is essentially the same as in dS3 Einstein gravity.
For Einstein gravity in dSgy1, both CV and CA conjectures are studied in detail in
[47], where the authors have found

/ r/L)W Y . / dr —P
VP S e o L f(r)/P2+fr) (r/L)>@D
(5.33)
see eq. (5. 9) and (5.11) in [47]. In dSg441 (d > 2), both volume and action complexity
grow as 722, Therefore, a direct comparison of the above result with our eqs. (5.20)
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and (5.21) for dS; determines
0(6) = & (5.34)

With this choice, corresponding to w = 2 in eq. (5.24), the refined volume matches
volume complexity in Einstein gravity dSsz, which reduces to JT gravity dSs. In
this way, in JT gravity one can define the Weyl transformed refined volume which
behaves as action complexity.”

We end this section by pointing out that, in a similar spirit as the refined vol-
ume we have discussed, modifications of the CV conjecture in non-Einstein gravity
theories with higher derivative terms have been proposed in [121-124].

6 BTZ/dS spacetime with shock waves

In this section, we review the spacetime metric when a shockwave is inserted as a
preparation for the next section, which examines the response of hyperfast properties
to shockwaves. To understand the effects of shock waves, we will study the geometry
of AdS and dS in single shock wave case and double shock waves case. There are
two ways that we consider for our analysis.

e Method 1

Finding a shock wave geometry on the horizon through the Finstein equation
One way is considering a shock wave on the horizon, which is induced by the
delta-function stress tensor. Einstein equation determines the resultant back-
reacted metric of the shock wave, and the effect of the shock wave is restricted
only on the shock wave, 7.e., horizon. Even though the metric is unchanged by
the shock wave except on the horizon, in this case, the two metric coordinates,
one above and the other below the shock wave, are connected by a simple
translational constant shift on the horizon.

o Method 2

Cutting and connecting different solutions

Another way is preparing the two different geometry, and cutting them at a
null surface but that null surface is not necessarily the horizon, and connecting
the two geometry at the null surface. In this case, the stress tensor is not
simply a delta functional. Although it is proportional to a delta function, its
magnitude is a function of the radial coordinate. The difference of coordinates
at the connecting null surface is not as simple as above Method 1. However, in
certain limits, one can see the consistency with the Method 1.

9More generally, to get the volume complexity result of conventional JT gravity to match with

the corresponding result of Einstein gravity in dSg41, the Weyl factor should be taken to be Q(¢) =
¢2(d71).
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Hence we will analyze shock waves following these two methods for the BTZ case
and dS case respectively. We will also check the consistency between Method 1 and
2 as well.

6.1 BTZ spacetime

We first consider the case of BTZ with shock waves.
The BTZ black hole metric is
ds* = —f(r)dt* + d_7’2 + r2d¢? (6.1)
f(r) ’
7,2 _ RZ
ez
where f(r) is blackening factor and ¢ is AdS-radius. R is the horizon radius which
is related to the BTZ black hole mass M as

fr) = (6.2)

R* = 8GNM{*. (6.3)

Let us rewrite this in Kruskal coordinates defined by
UR = —672%(”%7“), VR = 64%(tR+r*), (64)

where r*(r) is a tortoise coordinate,

dr 72

r*(r) = ) =37 log (6.5)

r—R
r+ R‘ ’
The subscript R in tg indicates that this definition only covers the right Rindler
patch. At the black hole horizon r — R, r*(r) — —oo. To describe the black
hole patch, the left patch, and the white hole patch, we need to perform analytic
continuation for ¢ in eq. (6.4) as

t—>t+lﬂ t—t+
4"’ 2

. . 2
ﬁ, t—>t+%, where 5:27T£ (6.6)

respectively. In this coordinate, the BTZ metric is

— 402 — 2
05 = R () e ©.7)
and the black hole horizon is U = 0 or V = 0.
One can define the null coordinates (u,v) as follows.
up=t—r", vp=t+r". (6.8)
Again, R stands for the right patch. On the left patch, we can define
up =t—1r" v =t+r", (6.9)
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where on the left, ¢ goes backward. Unlike (U, V) coordinates, these (ug,vg) null
coordinates are not defined smoothly beyond the horizon and thus cover only the
right patch in Figure 12. Note that on the right boundary, r* =0 and ug = vg =t
ranges from —oo to oo.

The ingoing Eddington-Finkelstein coordinates are

ds® = — f(r)dv + 2dvgdr + r*d¢® (6.10)

where (vg, ) coordinates cover the right and black hole patch. See figure 12.

(vo = —ty) 22
Figure 12: Penrose diagram of single shock wave on BTZ geometry. Here we
consider the case where a single shock wave is inserted at t = —t,, on the right or
left boundary. The horizons are R and R before and after the shock wave passes
through. Here before and after are for the right (left) boundary time, tgp = —t,
(t, = —ty) for the left (right) figure. On this geometry, a geodesic jump at the
shock wave. For example, a blue geodesic starting from the left boundary intersects
a shock wave at r = r,, but it emerges from the same r = r, but different U, because
r is continuously connected to the other geometry but U is not.

6.1.1 Single shock wave

We would now like to study the BTZ black hole metric with a single shock wave. As
we mentioned, we study the shock wave geometry based on two ways;

Method 1

Suppose a shock wave is launched along V' = 0. Then we want to find the solution
of the Einstein Equation with the following stress tensor,

(07
47TGN

Ty = s(V), (6.11)
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where o > 0 due to the averaged null energy condition (ANEC). The resultant metric
is as follows
_ —Aeduav

1-UV\?

Clearly, this metric is the same as eq. (6.7) except V' = 0. It is convenient to rewrite
this metric as follows.

ds® =

AU AV 1—(U+ aQ(V))V)2 e

(1+ (U +ab(V)V)? + R? (1 R CAG (6.13)

Setting U — U — af(V') (where (V) is step function), eq. (6.13) becomes (6.12),
therefore they are equivalent. However written the metric as eq. (6.13), the spacetime
structure becomes clearer. The spacetime is divided into two parts by the shock wave
which is on the horizon V' = 0. The metric is unmodified by the shock wave at V' > 0
and V' < 0, namely if V = 0 is avoided, there is no effect of the shock wave. However,
at V = 0, U coordinate is shifted by the amount of a > 0. See Figure 13 for the
Penrose diagram. These two black holes have the same mass, and this corresponds
to inducing a time delay on the horizon. As a result, the distance between the left
boundary to the right boundary becomes longer by the shock wave [18] as butterfly
effects.

Figure 13: Penrose diagram of BTZ geometry with single shock wave which is
inserted on the horizon. The red line represents a shock wave. In this case, a time
delay of a > 0 is generated. This can be interpreted as a simple constant shift only
when the shock wave is as close as possible to the horizon.

Method 2

The second way is preparing the black hole geometry with different masses. In this
case, the shock wave is not necessary on the horizon. For example, we can consider
the case that a shock wave is released at the time —t,, from the right/left boundary.
More concretely, we consider the situation where the mass of the BTZ black hole is
modified from M to M + E by the insertion of a shock wave. This has a natural
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interpretation that the mass has increased due to the insertion of a shock wave. Each
black hole is described by (U, V) and (U, V') coordinates respectively. See figure 12.
In this case, the shock wave trajectory can be described in UV coordinates as

Rty ~ Rty

V=+te 2, V==e & (6.14)

where we take the positive sign for the situation in the left figure in figure 12, and
the negative sign for the one in the right figure. In the uv coordinate system, it is
given as a constant surface where

VR(L) = Vo = —tw - (615)

The (U, V) and (U, V) coordinates are connected at this shock wave trajectory, and
r must be continuous there such that the metric is C°. The smoothness of r at the
shock wave trajectory requires

1-UV  ~1-U0V
=R

1+UV 140V (6.16)
where V and V are given by eq. (6.14) and
R? =8GNM?, R?®=8Gy(M+ FE). (6.17)
Thus, the metric is C° and it can also be written in the Vaidya metric as
ds* = —%2(73 — R*0(vg — v) — R*0(v — vp))dv? + 2dvdr + r*d¢? (6.18)
= —%2(72 — R? — 8GNEPO(v — v))dv? + 2dvdr + r*d¢? (6.19)

Here v means vy (v = v) in the left (right) figure 12. This is the solution of the
Einstein equation under the following stress tensor.

Ty = Q—fré(v — vp) . (6.20)
The ANEC requires £ > 0. This shock wave has some strange properties since it is
induced by the stress tensor whose magnitude depends on r. However, as we will see
below, this is consistent with Method 1 in certain limits.
Consistency check
We now check the consistency that the metric obtained with Method 2 matches the

one obtained with Method 1, i.e., the shock wave geometry eq. (6.13) in a certain

limit.

As described earlier, in Method 2, the shock wave propagates not necessarily on
the horizon. To see the consistency with the metric obtained in Method 1, we need to
take the limit large t¢,, so that the shock wave approaches the horizon. Furthermore,

— 061 —



in Method 1, the geometry is unmodified except for the horizon. This implies that £
must be small.
Thus we are led to the following double scaling limit,

E E
ty — 00, i — 0, where Mee%tw = fixed. (6.21)

Under this double scaling limit, using eq. (6.14), (6.16) and (6.17), we can obtain
the relationship between U and U , which turns out

et > (. (6.22)

~ E
U=U+=+ =
@ o=

Here +(—) is for the left (right) figure 12. This corresponds to the extreme case
where the shock wave is localized on the horizon and R — R. This is simply a black
hole geometry with the same mass connected by constant shift translation obtained
in Method 1.

Note that in the case where the shock wave is inserted on the left boundary at
tr, = —ty, the region where the tilde coordinates are defined is the exact opposite
of the case where the shock wave is inserted on the right boundary at tg = —t,,
as shown in figure 12. Then U and U are switched and eq. (6.22) is exactly what
we obtained in the metric eq. (6.13). In this way, the shock wave geometry inserted
at time —t,, from the right/left boundary gives essentially the same shift between
different coordinates U and U under the double scaling limit eq. (6.21).

The stress tensor eq. (6.20) is also consistent with eq. (6.11). To see this, we

have
dv\” dV R =
Tvyv=|—-—) T, — = —e2"? 2
W (dV) wlv) = & (6.23)
and in the double scaling limit v = vy = —t,, - —00, r — R and
5o — o) = (L 715(1/— By, (L 715(1/) (6.24)
v = \av ‘ v ‘
thus, starting from eq. (6.20),
dv\? E
Tyy = (W) %6(0 — )
dv E E R «
) = 5(V)= ——— 2 §(V) = (V). 2
- (dV) 72V = Toaemre W) = gy i) (6.25)

we obtain eq. (6.11).
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6.1.2 Double shock waves

Next, we consider the case where two shock waves are inserted. We will describe the
metric based on the two previous methods.

Method 1

First, we consider the case where two shock waves pass over two horizons. i.e., V =10
and U = 0, where the following stress tensors are inserted,

« «

47TGN6(V) ’ TUU -

Tyy = (U . (6.26)

Just like the single shock wave case, we can find the following solution

1-UV
1+0V

—4p?
s> — “AAVAV. SN2 4 4Cas(V YAV 4 R
1+ UV)

)2 d¢®.  (6.27)

However, this is a solution only in the leading order of a, neglecting O(a?). On the
other hand, the single shock wave solution eq. (6.12) is an exact solution. Therefore
we assume « is small enough to justify this perturbative solution in a.

At constant U(# 0) surface, (or constant V(# 0) surface), this geometry is a
solution with a single shock wave at V' =0 (or U = 0). Therefore, if we leave aside
the points where the shock waves intersect, we will see a shift of coordinates on each
shock wave, as seen in the single shock wave solution.

Method 2

Next, let us consider the method connecting two black hole geometries with different
masses. The same continuity condition for r as a single shock wave case must be
imposed across shock waves.

However, a nontrivial additional condition is required at the point where shock
waves intersect each other, which is Dray-"t Hooft-Redmount (DTR) condition [125-
127]. DTR condition is the consequence of the C° property of metric at the inter-
section point of delta-functional shock waves. Suppose dividing the spacetime into
4 regions at the intersection of shock waves, a(bove), b(elow), r(ight), and 1(eft) of
the intersection in the Penrose diagram, then the blackening factor for f,, fi, fr, fi
must satisfy

Ja(re) fo(re) = filre) folre) (6.28)

at the shock wave intersection radius r = r..

Let us consider this condition more concretely. Suppose that the below part of
the Penrose diagram divided by shock waves is a black hole geometry with mass
M — E and that the left and right parts are mass M as a result of inserting energy
E. See Figure the left figure in figure 14.

The DTR condition (6.28) at the intersection radius r = r. becomes

(r2 — 8GN M,)(r2 — 8GN*(M — E)) = (r? — 8G NP M)? (6.29)
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Figure 14: BTZ space-time divided by two shock waves (red solid lines). For
simplicity, we consider the insertion of double shock waves in such a way that the
Penrose diagram is left-right symmetrical. There is a choice to be made as to which
boundary to insert the shock wave from ¢t = —t,,. In the left figure, one shock wave
is inserted at the right boundary time ¢tz = —t,,. Another shock wave reaches the
left boundary at t; = +t,. In the right figure, the situation is the other way around;
one shock wave reaches the right boundary at tx = +t,, and one shock wave is
inserted at t;, = —t,, on the left boundary. Shock waves divide the spacetime into
four distinguished region as a(bove), b(elow), [(eft), r(ight), and their masses are
M,, M — E, M and M respectively in the left figure. Two shock waves intersect at

r=Te.

which determines the relation between M, and r, as

8GN I*E?

M,=M+FE
N .Y S TR

(6.30)

In the right figure 14, simply the role of above and below patches is flipped.
Consistency check

The left /right patch and the below patch have masses M and M — E, respectively
in the left figure 14. This mass difference is the same as the single shock wave case.

Therefore, the continuity of r across the shock wave reproduces the constant shift of
a given in (6.22) in the double scaling limit eq. (6.21).

Next, let us look at the relationship between the left (or right) and the above
patch in the left figure 14. In the double scaling limit eq. (6.21),

12— R? =8GNI*M, GyE —0, (6.31)

then, the denominator of the last term in (6.30) becomes zero and we need careful
analysis in that limit.
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To understand M; in detail, let us first determine r. as a function of ¢,. Since
both shock waves are inserted at t = t,, on the left and right boundary, we have

Rty

U=V =de ¢ (6.32)

at the intersection r = r.. Here again, the positive and negative signs represent the
case in the left and right figures of figure 14, respectively.
Therefore, we have

UV = e 2Rte/t? = 2R/t % (6.33)
which determines t,, dependence of r. as
r. = Rtanh gtw (6.34)
From this, M; in (6.30) becomes
M= E e B (6.35)

M — E cosh? %tw '

Let us consider the double scaling limit (6.21). which is E/M — 0 with ¢, — oo
where « is fixed. In this limit

R
M < E cosh? a2t (6.36)

and therefore M; becomes
M; — M (6.37)

Therefore, the effects of the shock waves are restricted only on the horizon U = 0
and V = 0 in the double scaling limit (6.21) which is consistent with the metric
eq. (6.27).

6.2 de Sitter spacetime

We now consider the case of dS. The method is the same as for the BTZ case.
However, the results are different in a very interesting way.
The (Schwarzschild) dS spacetime [128, 129] can be written as
dr?

ds* = —f(r)dt* + o) + r2de?, (6.38)
L2 - 7’2

flr)=—p5— (6.39)
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where ¢ is dS-radius. L is a parameter for the cosmological horizon, such that

L =2 (for pure dS) (6.40)
L? = (1 - 8GNyM)¢* (for Schwarzschild dS) (6.41)

Note that even though we call Schwarzschild dS (or SdS in short), only a cosmological
horizon exists and there is no black hole horizon in three dimensions.
Let us rewrite this in Kruskal coordinates defined by

UR = Gf%(tR_r*), VR = —e_é%(tR—H*), (642)

where 7*(r) is a tortoise coordinate,

- 2 |L
= ’ T (6.43)

Ul TSR T e

at the cosmological horizon r — L, r*(r) — 4o00. Note that the sign in eq. (6.42) is
different from that of AdS in eq (6.4).

Again the subscript R in tg indicates that this definition only covers the right
static patch. We sometimes call the right static patch r = 0 a south pole and the
left static patch » = 0 a north pole. In this coordinate, the dS metric is

—42dUdV 1+UV\?
ds* = ——— + L* d¢? 6.44
ST a—ove T (1—UV> ¢ (6.44)
and the cosmological horizon is U =0 or V = 0.
It is also useful to define the null coordinates (u, v) as follows,
ugp=t—r", vp=t+r", u,=t—r*, vp=t+r" (6.45)

Note that this definition of (u,v) is the same as that of AdS in eq. (6.8), however,
the orientations of the u and v coordinates are switched compared to the AdS case,
and so are (U, V') coordinates. See figure 16 for the orientations of the coordinates.
Note that in the right static patch, the south pole, » = 0, corresponds to r* = 0, and
there, ugr = vg =t ranges from —oo to oco.

The ingoing Eddington-Finkelstein coordinates are

ds®> = — f(r)dut, — 2dugdr + r*d¢*. (6.46)
where (ug,r) coordinates the right static patch and future patch which is r > L.

6.2.1 Single shock wave

Method 1
As is the case of BTZ, we can find the solution of the Einstein equation under the
stress tensor

Ty = 5(U) (6.47)

47TGN
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where § > 0 due to ANEC. For simplicity, we are considering a 2 + 1 dimensional
solution, but the solutions in higher dimension were specifically constructed in [130-
132]. These solutions can be obtained by appropriately boosting the solution for a
point particle.

The Einstein equation with stress tensor eq. (6.47) yields

—402dUdV

2 __
I =T -ovye

1 2
_4285(U)dU? + L? (1 i ZXV/) d? (6.48)

In this metric, the effects of the shock wave are restricted only on the horizon U = 0.
It is convenient to rewrite this metric as follows.
—402dUdV L, (1+ UV =8N\, .,
5+ L do
(1=U(V —=po(U))) 1-U\V - po(U))
Setting V' — V + 0(U), eq. (6.49) becomes (6.48). Note that compared with the

BTZ case in eq. (6.12) and (6.13), the effect of the shock wave is exactly the opposite.
This reverse shift behaves as if it induces a time advance. However, this is causally

ds® =

(6.49)

consistent [65, 69]. Shock wave makes the universe shrink gravitationally and allows
a causal connection between the left and right patch. See figure 15.

Figure 15: Penrose diagram of dS with single shock wave which is inserted on the
cosmological horizon. The shift is exactly the opposite compared with the BTZ case
as Figure 13. In this case, effectively a time advance of [ is generated.

Method 2

Now let us see the second method by preparing Schwarzschild dS spacetime with
different masses and connecting them at the shock wave. In the case of dS, the mass
shift is nontrivial, so we will use (U, V') for the upper part and (U, V) for the lower
part as in Penrose diagram in the left figure of figure 16. Again, in the right figure,
the role of U and U is reversed. The connection condition is the same as BTZ,
making r continuous on the shock wave,

1 1+ 0V
I +UV_L + UV

v~ o (6.50)
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Thus, the metric must be C° and it can also be written in the Vaidya metric as
<L26(u — ) + L*0(ug — u) — r2)
02

where u implies ug (uy) in the left (right) figure in Figure 16. ug is a parameter for

ds? = — du? — 2dudr + r2d¢? (6.51)

the shock wave trajectory; the shock wave is on the constant surface

UR(L) = Up = —tw (652)
in wv coordinates, and ¢t = —t,, is the time on the south (north) pole, i.e., right (left)
patch r = 0, and

_ Ly ~ _L,
U=xe 2™, U=z2e @™ (6.53)

where we take the positive (negative) sign for the case in the left (right) figure in
figure 16.
This metric is the solution of Einstein equation with the stress tensor

L2 - I?
Tww=—"—0(u— 6.54
TorG ez ) (6.54)
Setting
L? =0 —8GyMP?, L[*=1—8GyM?* (6.55)
we obtain
M—M E
Ty = - = = 5(u— _ '
I - d(u — up) 27T7°5(u up) (6.56)
Therefore the ANEC requires
M>M&E>Q. (6.57)

Thus, after the shock wave, the mass should decrease in the dS case. For example, if
M =0, the L is for the dS cosmological horizon. Then M > 0, where L is for SdS.
Consistency check

As is the case of AdS, we also check if Method 1 and Method 2 are consistent in the
case of dS, and for that purpose, we need the following double scaling limit

GyE =0, t,— oo where GyE e = fixed . (6.58)

Under the double scaling limit eq. (6.58), we can solve r-coordinate continuity con-
dition eq. (6.50) for U, with (6.53) and (6.55) and we obtain [ as

~ 2GNE i 2GNEL Lty
V=V8, B=gtoqiet =T et 200 (659)
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r=1Lp

= (uowz - w)

Figure 16: Penrose diagram of single shock wave on dS geometry. Note that our
convention of U and V orientation is switched compared with the BTZ case as Figure
12. We treat the case where a single shock wave is inserted at tg = —t,, (t;, = —t.)
in the south pole (north pole). The stretched horizon is drawn in the orange curve,
which is r = pL and p — 1. L and L are shifted by the inserted energy E. Note,
however, that the relationship is inverse compared with the BTZ case. For example,
if L is for pure dS, then L is for SdS. r is again continuously connected in this case.

Again, the positive (negative) sign for the left (right) figure in figure 16. Since L
and L are switched between the left and right figure, eq. (6.59) is exactly what we
obtained in the metric eq. (6.49).

The other thing to check is that the stress tensor of the Vaidya metric, which
describes the mass shift in an obvious way, does indeed match that of Method 1. One
can also check the stress tensor (6.56) matches with (6.47) in the double scaling limit
(6.58), where r — L as follows

du \ 2 du E 15}
Ty = <@) T — <@) 5,7 0U) = G-0U) atr L (6.60)

where [ is given by (6.59). This is indeed consistent with the stress tensor in (6.47).

Before we go on to double shock waves, we summarize the results and emphasize
the difference between BTZ and dS. First of all, the shift of coordinate translation
at the shock wave in dS is the exact opposite of that in the BTZ, which allows a
time advance. In this way, it is possible to travel from the south pole to the north
pole. Second, the mass shift is also the exact opposite of the BTZ. In other words,
in the Penrose diagram, the lower part is the Schwarzschild dS spacetime which has
a larger mass compared with the upper part. For example, the lower part is the
Schwarzschild dS spacetime and the upper part can be pure de Sitter spacetime, see
the left figure 16.

6.2.2 Double shock waves
Method 1
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As in the case of AdS, we consider following stress tensors

B B

Torr — T = ) .61
Vv 47TGN5<V)’ vu 47TGN6(U> (6.61)
which yields the solution as follows
—402dUdV 1+UV\°
ds* = ———— — 40*B6(U)dU?* — 4*B5(V))dV?* + L? dep? .62
= O —aess v —aessV)ave + 1 (1) a6

Again this is the solution only in the leading order of 3, neglecting O(/3?). Therefore
we assume [ is small. As in the BTZ case, this should be a shift solution similar to
the single shock wave case if we consider V' # 0 or U # 0.

v v
N fa(r) U N fa(r) U

fi(r) () fi(r) £-(r)

fo() fo()

Figure 17: dS space-time divided by two shock waves (red solid lines). For sim-
plicity, we consider the insertion of symmetric double shock waves. Again there are
two choices for the shock waves, as left and right figures. On the left (right) figure,
the shock wave is inserted tp = —t,, (t, = —t,). Another shock wave is determined
such that the Penrose diagram is symmetric between [(eft) and r(ight) as these two
figures. Shock waves divide the spacetime into four distinguished region as a(bove),
b(elow), [(eft), r(ight), and their masses are 0, E;, E and E respectively in the left
figure. Two shock waves intersect at r = r,.

Method 2
In the case of dS with double shock waves, we need to consider the DTR condition.
We consider the case where one shock wave is inserted from the past on the south
(or north) pole at tg = —t,, (t, = —t,) in the left (right) figure in figure 17. The
other shock wave position is automatically determined so that the Penrose diagram
is symmetrical between left and right.

For simplicity, let us consider the setting of the left figure 17, and we take the
above part of the shock wave as simply pure dS, and set the mass of Schwarzschild
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de Sitter in the below part as F;, then
2

fa(r) =1- % (6.63)
filr) = fo(r) =1—8GNE — 2—2 (6.64)
fo(r) =1—-8GNE; — Z—i (6.65)

In this case, the DTR condition becomes,

r? 72 2\’
<1 — €—2> <1 —8GNE — €—2> = (1 —8GNE — 5_2) (6.66)

at the shock wave intersection r = r,.

In the case of the right figure 17, the a(bove) and b(elow) parts are exchanged,
but the DTR condition is the same.

Therefore in both left and right figures in figure 17, we can calculate F;

E, =2F + Eng2N—_£2§2 (6.67)
Here 7, is c
re — @ (6.68)
with
[?=0(1—-8GNE) . (6.69)
This can be seen since the two shock waves intersect at
U=V =t (6.70)

where the positive (negative) sign is for the left (right) figure in figure 17. Then at
the shock wave intersect,

2Lty 2Lr* (re C—E
UV = e 2 :e_Lﬂ( Pt =, (6.71)
re+ L

which gives eq. (6.68).
Pluggin eq. (6.68) and (6.69) into (6.67), we obtain
8GN(*E?

B =20+ (6.72)
Consistency check
In the double scaling limit eq. (6.58), L — ¢ and (6.72) goes to
2
GNE, — 2G4 E2™ = % <1 (6.73)

which is O(8%) and negligible, where 3 is given by eq. (6.59) with L = ¢. This is
consistent since eq. (6.62) is a solution neglecting this order.



7 Delay of Hyperfast

We will now study how this critical time is affected by shock waves. Even in the
absence of a shock wave, the critical time can be calculated by the time when r
becomes infinite [3, 47]. However, the shock waves affect the critical time because
the shape of the WdW patch is modified. We are particularly interested in, by
the shock wave perturbation, how the dS complexity critical time 7., is modified,
especially whether 7,1, becomes greater or lesser by shock waves. Our argument is
based on both the WdW patch, which is for CV2.0 and CA, and also the complexity
= volume (CV) method. We will find in both methods, the results are the same and
therefore consistent.

7.1 BTZ case

Before we proceed to the dS case, let us calculate the critical time in the BTZ case
as a warm-up.

Single shock wave

Given the boundary time ¢, and ¢z, the WdW patch extends from there. See Figure
18, where the future null boundaries of the WdW patch are drawn. The value of
U or V on each null boundary is determined by the boundary time. Note that ¢,
goes backward on the left boundary. However, due to the shock wave, the value of
U is not continuous. To distinguish before and after the shock wave, we use (U, V)
coordinate after the shock wave and (U, V') before the shock wave.

As Figure 18, let us define the ry as the radius where the U = constant and
V' = constant null lines meet, namely the top “tip” of WdW patch where the radius
r becomes the smallest. Even in the BTZ case, we can define the “critical time”
as the boundary time when the intersection point, 7, reaches the singularity, ¢.e.,
ry = 0. In BTZ, this does not give a significant contribution, since the volume near
the singularity r = 0 vanishes'’. However, the shape of the WdW patch will change
after this time.

Under this setting, we can write down the relationship between r; and t,, the
boundary time shock wave is inserted, and tg and t;. It is also convenient to define
re as a radius where the shock wave and null line of fixed U from the left time ¢,
intersect, denoted as point A in Figure 18.

When U = constant and V' = constant null lines intersect at a certain radius r,

10Because of this, although r = 0 is a region where the semiclassical approximation inherently
breaks down, formally one can compute the critical time. More specifically, even if we introduce an
appropriate cutoff such as r > €, the main contribution to the Complexity is the volume away from
the small r region.
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7 = eRtr/??

U= e—RtL/f’2

Figure 18: The future null boundaries of the WdW patch are drawn in BTZ geom-
etry. We use (U,V)/(U, V) after/before the shock wave (red line). 7 is the radius
of conical point where fixed U and fixed V of the null boundaries (blue line) meet.
Point A and B have the same radius r» = r,, but U is shifted by the shock wave. The
“critical time” is the time at the boundary where r; — 0.

the following holds,

2Rr* (r)

UV =%de & | (7.1)
~ ~ 2R7* (r)
UV =+e @ (7.2)

where 7 (r) is a tortoise coordinate as eq. (6.5) but in terms of R instead of R. For
+, we choose — if r > R and + if r < R. Eq. (7.1) is valid in (U, V) coordinate
patch, and (7.2) is in (U, V) coordinate patch. Note that the shock wave is inserted
at tp = —t,, which is the boundary between (U, V) and (U, V) coordinate patch.
Therefore, there are two definitions of V here, one using R and the other using R as

Rty ~ Rt

V=e @, V=e"@ (ontheshock wave) (7.3)

Before proceeding to the evaluation of the critical time, we first confirm a con-
stant shift occurs between U and U in the double scaling limit (6.21). Since U =
constant and U =constant intersect with the shock wave given by eq. (7.3) at r = ry,
using (7.1) and (7.2), we have

R(tw+27* (rs)) R(tw+2r*(rs))
2 2

U-U=e ¢ —e ¢ (7.4)
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Substituting R = ,/%R, using the fact that in the double scaling limit (6.21),
rs — R, the right hand side of (7.4) becomes

~ R(tw+22F*(rS)) R(tw+22T*(r5)) E  Rrtw

U-U=c¢e¢ ¢ —e ¢ - —e 2 =q (7.5)

which is exactly what we have seen in (6.22).

Now, let’s calculate the critical time 7. It must be clear from Figure 18 that the
critical time is smaller than that without a shock wave. In particular, since critical
time is zero without a shock wave, it must be negative. In order to evaluate the time
shift, using eq. (7.1) for point A and (7.2) for point B and C,

R w r* (rs)
e (point A) (7.6)
~ Rty 2R7* (rs) .
Ue 2 =e 2 (point B) (7.7)
. Rip 2R# (ry)
Ued =¢ £ (point C) (7.8)

where U is the coordinate value on the null line between points B and C, and we use

Rty ~ Rtp

U=e &, V=ea (7.9)

as shown in figure 18.
Eq. (7.6), and the equation (7.8) divided by (7.7) yield,

tr + tw = —2r"(rs), (7.10)
th+ty =27 (ry) —77(rs)) (7.11)

respectively. Eliminating t,, from the above and setting —t;, = tg = 7, we have
2r =t —t, =2(7(ry) + 1" (rs) — 7 (rs)) (7.12)

Since at ry — 0, 7*(ry) — 0, this leads to the following as the advanced part of
critical time.

ATy = Too = 1(ry) = (1) (7.13)

AT, = T because critical time without shock wave is at 7 = 0.

To see 7, < 0, we need to evaluate the right-hand side of eq. (7.13). Since
this is the difference of tortoise coordinates for the difference between R and R, the
derivative r* with respect to R is

dr*(R) £ ([ 2rR R+
dR _2R2 (RQ_T,Q +10g (R—)> >0 (fOI‘?”<R) (7.14)

Thus, we see that 7* increases by increasing R at r = ry < R, and therefore 7(r) >
r*(rs) and thus, A7, is negative.
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We can also examine 7., < 0 in the double scaling limit (6.21). For that purpose,
we set R = 21+ %R. Furthermore, we use

R
re = Rtanh oo (ty +11) (7.15)

This can be obtained by solving (7.10) for r,. In the double scaling limit (6.21),

R —r? — AR%e i (twtin) ; (7.16)
2
E R E ot B tort) _ 4B, (7.17)

— —
MR?—r2  4AM
Thus, we obtain the following

2
Ar = 1°(1) = 7'(r) = g0+ 0la?) <0. (718)

Thus A7, is negative.

Double shock wave

Next, we calculate the critical time in the case where two shock waves are inserted
from both boundaries. For simplicity, we insert two shock waves in such a way that
the resultant Penrose diagram is symmetric between left and right, see figure 19.
Note that, as we did in section 6.1.2 and figure 14, there are two ways to put shock
wave in the symmetry, but this time we consider the situation as shown in figure
19 in order to perform the calculation unambiguously. Then we can use (U, V') for
the left and right region, which is separated by double shock waves (red line in the
figure).

Again, U = constant and V' = constant null lines (blue line) are determined by
the left boundary time ¢; and right boundary time ¢z. As in the single shock wave
case, there are two different coordinate descriptions for a single shock wave, such as
(7.3). However, R = 8GnM,*> now. As in the single shock wave case, the following
conditions are derived using eq. (7.1) for points A and E, and (7.2) for points B, C,
D,

Rty Rty 2Rr*(rs)
2

—e ?e 2 =—¢ ¢ (point A) (7.19)
~ Rty 2R (rs)
—Ue 2 =—e 2 (point B) (7.20)
-~ 2R# (ry)
UV =e & (point C) (7.21)
S N (point D) (7.22)
_e e = _™F™ (point E) (7.23)

where U is the coordinate value on the null line between point B and C, and V is
the one between C and D. Just as a single shock wave case, in the double scaling
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U = e_RtL/‘g2

Figure 19: Future boundary of WdW patch in the case of a double shock wave
in AdS. Double shock waves (red line) divide the region into left, right, above, and
below. We use (U, V) coordinates for left and right and (U7, V') on the above region.
M, in (U, V) coordinates is determined by the DTR condition.

limit (6.21), the effect of shock waves is simply the coordinate shift in U and V' by
a. Again setting —t;, = tg = 7, and from the symmetry, U = V', (7.19) and (7.23),
and (7.20) and (7.22) are the same. Therefore from (7.19),

T —ty = 2r"(rs), (7.24)
and from (7.20) and (7.21),
[ = Mgt 0 0w (r) = 7 (ry) (7.25)
From these, we obtain
T =2r"(ry) — 27 (rs) + 77 (ry) (7.26)

Since ry — 0, 7 (ry) — 0, we obtain
AT =2(r"(rs) — 7 (rs)) . (7.27)

This is twice as large as (7.13). Thus in the double scaling limit (6.21),
2

14
ATy = — RO+ O(a?) < 0. (7.28)
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Let us understand this in terms of constant shift. By using formula (7.21), we
have at point C,

Uv =1 (7.29)

where we take r; — 0. Using eq. (6.22)'!, U = U + a, and left right symmetry of
the Penrose diagram, V' = U. After setting —t; = tg = 7, we can solve this for 7,
and we obtain
_RtL 2 £2 2
U=e @& =1l—-a = T:§log(1—a):—§a+0(a)<0 (7.30)
This is the same quantity as in (7.28). Here, in the last equality, we used the fact
that the solution of the shift is satisfied in the limit where « is small.

7.2 de Sitter case

Now let us discuss complexity in the dS case. As we said earlier, we consider the
stretched horizon as a holographic screen [3]. Furthermore, we consider the effects
of the shock waves which are inserted at times ¢, = —t, on the north pole (left
patch » = 0). In the case of dS, even without the shock wave, the critical time for
complexity divergence is nontrivial.

As BTZ case, in dS, when U = constant and V' = constant null lines intersect
at a certain radius r, the following holds

72Lr*(r)
UV =x4e & | (7.31)
~ ~ 2L7* (1)
UV =+ 2 (7.32)

For £, we choose — if r < L, and + if » > L. 7*(r) is a tortoise coordinate as
eq. (6.43) but in terms of L instead of L. Eq. (7.31) is valid in (U, V) coordinate
patch, and (7.32) is in (U, V) coordinate patch.

No shock wave

First, let us calculate the critical time without a shock wave. The discussion in this
case is based on [47].

In figure 20, the point ry is the location where U and V' are determined on the
stretched horizon. At the r =r; > L point, using eq. (7.31) we have

_ L(tp—tp+2r¥(rst) _2Lr™(rp)

UV =e & =e (7.33)

Note, however, in dS, the coefficient in front of r* on the right-hand side is negative.
Therefore, it follows that

—tr +tp — 2r*(rgy) = —2r"(ry) . (7.34)

UNote that U and U are switched between the right figure 12 and 19.
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V = e Lt (rse)) /€[] = oL(tR-T"(rs)) /€2
V

d N
B L N

r=Lp I S~ tw

Figure 20: The WdW patch is anchored by the time on the stretched horizon, where
t; and tg is the time on the stretched horizon r = pf, where p — 1. If this WdW
patch reaches the depth of 7, the critical time is the stretched horizon time when
Ty —> OQ.

Setting —t;, =tg = K—T and considering the pure dS case, L = ¢, and we obtain the

(0

critical time 7 = 75 ) when 7y — oo as,

KT(O)—T(T ) Tf—>OO =1 (rs),
70 = Let) ’ = Arctanhp. (7.35)

This is the same result as in [47]. Here 79 represents the critical time without shock

waves.

Single shock wave

Next, let us consider the case where a shock wave is inserted at the time t;, = —t,, on
the north pole. As shown in Section 6.2, in this case, the lower part of the Penrose
diagram is pure dS.

Similarly in this case, the following equation holds eq. (7.31) for point A and (7.32)
for point B and C,

2r* (rs)

—e tV =—e "t  (point A) (7.36)
Lty ~ 2L7* (rs)
—e 2V =—e =~ (point B) (7.37)
L(tg—r*(rs)) ~ 2L7* (r¢)
R (point C) (7.38)

— 78 —



T = —o-Ltw/? [ = oLtr—T"(rse)/

V\ /
U=—e W/t —tus

\

V = e-tr s/

M
T='£p Iz

Figure 21: Consider the future boundary of the WdW patch in dS. If this patch
reaches the depth of r; (= point C), the critical time is the boundary time when
r; = 00. The stretched horizon is ry = p ¢, with p — 1.

where V is the coordinate value on the null line between points B and C, and we

have
_tr +r*(rse)

V=e 7 (7.39)

for the coordinate value on the null line between point A.
Using eq. (7.36) and (7.37), in this case too, the shift can be understood under
the limit as follows.

~ I:(tw727:*(7'5)) w—2r"(rs
V-V=c¢ 22 —et 2@ (re) (740)
O e R L (7.41)
L + 7y 14 + 7

Substituting L = (/I — 8GNy E, and taking the double scaling limit (6.58), with
rs — £, we obtain

V-V = —2GyEe/f = —p (7.42)

which matches the (6.59).
The calculation of the critical time is straightforward, however, it must be clear
from the figure 20 that the critical time is greater than the one without a shock
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wave. Using eq. (7.36) with (7.39), and the eq. (7.37) divided by (7.38) become,

respectively

tr +tw + 17 (rs) = 2r™(ry) (7.43)
th 4ty — 1 (rse) = =27 (ry) + 277 (rs)

Eliminating t,, from the above and setting —t;, = tp = ¢, and using at r; — oo,
7™(ry) — 0, we obtain the following

(Too = 17 (Tst) +77(rs) —177(1s) (7.45)

The term 7*(ry) is the critical time without shock waves, (7.35), therefore (70 =
r*(rs), and the delay of critical time is given by

AToe = Too — 70 = % (7 (rs) —r7(rs)) (7.46)

To understand what eq. (7.46) implies, we need to consider the difference of tor-
toise coordinate between L and L. In our setting r; < L = ¢, and L = (/1 — 8GN E.
Since

di*(ry) _ dL  di*(r.)
dE dE " dL

40G N Pr, ? L+
__<TGNE) x_(L(LZ—r§)+2L210gL—rS> >0 (7.47)

Therefore, the critical time becomes greater by the shock wave.
In the double scaling limit (6.58), ry — L. To analyze this carefully, using (7.43),

C+r,
tr, 4ty + r*(rsg) = 2r*(rs) = Llog €+T

(7.48)

s

tr +tw + 1" (rst)

= 1y =/{tanh
r an 57

(7.49)

Therefore in the double scaling limit (6.58), we can derive the delay of critical time
as

Are — g +0(8Y) > 0. (7.50)

Thus A7, is positive, and this implies the delay of hyperfast growth for small g
perturbation.

Double shock waves

Finally, we compute the case of a dS with a double shock wave. As shown in Figure
22, we insert double shock waves and consider the critical time at which the future
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boundary of the WdW patch extended from a certain time on the stretched horizon
reach infinity, i.e., ry = oo of the point C.
As usual, the following is satisfied,

tw  _tptrT(rst) _2r*(rs)

—e Le T =—e ¢ (point A) (7.51)
Lty ~ _2L#* (rs) .
—e 2V =— 2 (point B) (7.52)
- 2£f*(rf)
UV =e & (point C) (7.53)
Lty ~ _2L#* (rs) .
—e 2lU=—e 2 (point D) (7.54)
_e*%ew P (point E) (7.55)

where V is the coordinate value on the null line between point B and C, and U is
the one between C and D. Just as a single shock wave case, in the double scaling
limit (6.58), the effect of shock waves is simply the coordinate shift in U and V' by .
Again setting —t;, = tg, and from the left-right symmetry of the Penrose diagram,
U =V, (7.51) and (7.55), and (7.52) and (7.54) are the same. From eq. (7.51) -
(7.53), we obtain

V = e_(tL'H'*(Tst))/f« U = e(tR_r*(rst))/f

Figure 22: Future boundary of WdW patch in the case of a double shock wave in
dS. The black hole mass of the below part is determined by the DTR condition.

tr +ty =2r"(rs) —r*(rs) (7.56)
ty = 27" (rs) — 7 (ry) (7.57)
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Setting —t;, = tg = {7 and using 7 (ry) — 0 as ry — oo,

AToo = Too — T*(;St) — %(f*(rs) —1%(rs)) (7.58)
— B+ 0(B*) > 0. (7.59)

Thus, as in the case of AdS, the change in critical time is twice as large as a single
shock wave case. Here, we used the fact that the double shock wave solution is
satisfied in the limit where 3 is small.

Let us understand this result in terms of constant shift of the metric in eq. (6.49)
as BTZ case. By using formula (7.53), at » = r; — oo we have

Uv — 1, (7.60)
From (6.59) (or equivalently (7.42)),

V=V-5 (7.61)
Using the left-right symmetry of the Penrose diagram, we obtain U = V and

r* (rst) t r*(7s
V:e‘tﬁ%—nJrﬁ = —7L—> (gt)

Setting —t;, = tg = {7, we obtain the critical time 7, as the right hand side of (7.62)
and therefore,

+1log(1 + B). (7.62)

r*(7st)
14

This is the same quantity as in (7.58).

=log(1+ B) = 8+ O(B%) >0 (7.63)

AToo = Too —

7.3 CV calculation

Finally, let us derive the above critical time delay based on CV calculation as well.
For that purpose, we need to calculate the volume of the extremal geodesic anchored
to a time slice on the stretched horizon. The following discussion is based on geodesic
surface prescriptions between different patches, as is worked out in [106, 107]. We
are interested in three dimensions. However, we will proceed a little in the general
dimension and finally discuss the three-dimensional case.

In the Eddington-Finkelstein coordinate, the metric for the left (right) static
patch and the future patch is written in terms of vy (ug) as

ds* = — f(r)dv} + 2dvpdr + r*dQj_, (= — f(r)duf, — 2dugpdr + r?dQ5_,) . (7.64)

Then the volume of the geodesic is given by

V=0Q4, / dsr™\/— f02 + 207 <: Qa1 / dsr=ty ) —fu? — 2uRf~> (7.65)
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where the dot is derivative with respect to geodesic parameter s. {2;_; is the volume
of a unit (d — 1)-dimensional sphere. To simplify the notation, we sometimes omit
L and R in vy, and up.

The shock wave separates spacetime into several patches, as a result, different
f(r) is assigned for each spacetime patch. However, there is a conserved quantity in
each patch. If we regard (7.65) as the action, its Lagrangian is independent of v (or
u). Therefore the following P is conserved with respect to s;

p= LV _ G for? (PEL‘S—V:HL_M)M_I). (7.66)

Qa1 00 /= f0% + 201 Qa1 00 \/—fi2 — 2ur

Since (7.65) is invariant under the reparametrization for parameter s, we can always
choose a parameterization gauge such that

—fi? + 207 = 141, <\/—fu2 i — rd_1> . (7.67)

Then we have
P=7r—fo, (P=-r—fua). (7.68)

Consider a geodesic line extending from the left stretched horizon to the right
stretched horizon. r extends from the left stretched horizon to a point called the
turning point r = 74,.,. After that, r decreases to the right boundary. r is a
continuous parameter on the shock wave due to the C° nature of the metric and we
set r = r, at the point where the geodesic line crosses the shock wave as before.

As we have mentioned, P is conserved only within each patch. Therefore we
denote P in the patch where the cosmological horizon is L, and P for L. Similarly
we put ~, for the quantity in L, such as f( ), @, U, etc. See figure 23.

Eq. (7.67) and (7.68) give

= 4/ P2+ r2d-2f(r) (r = —\/P2 4 r2-2f( )) (7.69)

P+ \/p2 4 p2d-2 f(r)) 7 <u — <_p + \/pz 4 p2d—2 f(T)>) 7
(7.70)

. 1 ( 1
vV = ——

f(r) f(r)
where we choose the convention that s increase starting from left stretched horizon
toward 74, With this, the volume is given by

CV :le/dsr (d=1)

r2(d—1)

Tturn d 1)
Tt \/P2 + f(r)r2@d-1 /7" \/p2 r)r2(d-1)

Ts

=204 1

dr| . (7.71)
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Figure 23: Figure of a geodesic line. The turning point is assumed to be in the
interior of pure dS. The momentum of pure dS is assumed to be P, and that of the
SdS patch is assumed to be P.

Turing point is defined as the point where the 7 is zero,

2
(1 - ”L—Q") e+ P2 =0 (7.72)
As is clearly seen from this equation, the turning point 7y, — oo as P — oo.
Therefore, we will investigate P — oo limit. In fact, in this limit, P — oo as well
because the effect of the shock wave in the double scaling limit (6.58) is simply a
coordinate shift!?.

Using (7.69) and (7.70), the variation of u and v along the geodesic can be
calculated by the following integral

Av = / gdr - / T(P,r)dr, (Au: / %dr: - / T(P, r)dr) . (7.73)

where T'(P,r) is

o P
fr) fV/PP+ ey

12Under the coordinate shift, if momentum diverges in one patch, it also diverges in another
patch as well. More formally, one can obtain the relation between P and P as follows. 1) Deriving
the equation of motion for r(s) from (7.65) as ¥ = %avf + 10, (r**=2f). 2) By integrating out
this equation with respect to s between r = r5 — € to r; 4+ € with € — 0, we obtain how 7 jumps by
crossing the shock wave. 3) By furthermore using this with (7.68), (7.69) and (7.70), we obtain the
relation between P and P. By taking P 00, one can see in fact that P — oo as well.

T(P,r) = (7.74)
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Consider a geodesic that leaves the left-stretched horizon and reaches the right-
stretched horizon. From the left stretched horizon to r4,,.,, we use v;, and vy, and

from 7, to the right stretched horizon, we use ur and ug, as
vp(rs) —vp(rg) = +/TS T(P,r)dr, (7.75)
31 (Fourm) — B(rs) = + / r (7.76)

UR(Tturn) — / T, (7.77)

ur(rs) — ur(re) /Tg T(P,r) (7.78)

13 In fact, from the

Note that vy (rs) # vr(rs) since vy, jump at the shock wave

definitions of u and v in eq. (6.45), we have
Av(rg) = 0p(rs) —vp(rs) = (up(rs) + 2r%(ry))
=2(7"(rs) —17(r5)) .

— (ug(rs) + 2r*(ry))
(7.79)

Here we use the continuity of u;, on the u = constant shock wave (= shock wave

propagating V' direction). Similarly ug(rs) # tg(rs) and
U (rs) — ur(rs) = (0r(rs) — 27 (rs)) — (va(rs) — 2r"(ry))
= =2(7"(rs) —1*(rs)) = —Av(rs) .

due to the continuity of vg on the v = constant shock wave (= shock wave propagating

(7.80)

U direction).
Adding (7.75) with (7.76), and (7.78) with (7.77), we have
/ T(P,r)dr, (7.81)

30 (Frurm) — v (rat) — Au(ry) = / T(P.r)dr +
UR(Tiurn) — ur(rst) + Av(ry) = —/ | T(P,r)dr — / T(P,r)dr, (7.82)
Using the definitions of v and v, we have
uR<Tst) - uR(Tturn) + 7’jL (Tturn) — UL (Tst) - tR - tL —2r (Tst) + 2r (Tturn) (783)
Thus, by subtracting (7.82) from (7.81), we have
tr —trn —2r"(rs) + 27" (Trurn) — 2A0(r5) = 2/ T(P,r)dr + 2/ (P,r)dr
| * (7.84)

13In (6.51), we use uz, which covers left and past patch, where uz, does not jump but vz jumps

at the shock wave.
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As we have mentioned, in the limit where the turning point r,., — 0o, both
P and P goes to infinity, then the right hand side of eq. (7.84) vanishes. This is
because T'(P,r) given (7.74) vanishes as

. r2d=2 .
T(P,r):O( [ ) —0 (at P — 00), (7.85)
and from (7.72),
P2=0 ((rtum)m) — 00 (at rym — 00), (7.86)
therefore
/Ttum T(P,r)dr =0 <rtirn) — 0 (at Ty — 00). (7.87)
Finally setting tr = —t; = ¢ and using 7 (rym) — 0 at 7 — 00, we have
(T = 77(1st) + Av(rs) = 1" (rse) + 2 (F*(rs) — r*(75)) (7.88)
Thus we have
07 = r*(ra) (7.89)
Aoy = 1o =10 = 2 (7(r) — 7° (1)) (7.90)

which is exactly the same as eq. (7.35) and (7.58). Therefore, in three dimensions,
as (7.59),

ATy >0 (7.91)

In this way, even with the CV argument!?, exactly the same conclusions can be

derived as WdW patch argument for CA/CV2.0.

8 Summary

In this doctoral thesis, two main points were discussed.

First: we have confirmed that action complexity in dS, JT gravity, with the effect
of the dilaton properly taken into account, diverges at the finite time 7 = 7, given
in eq. (4.36). Instead, volume complexity reaches an O(1) critical value, although

14Tn fact one can also show 7*(rs) > 7*(rs) and thus A7, > 0 in higher dimensions as well. For

. . . . 2 2 .
example, in 3+1 dimensions, blackening factor becomes f(r) = 1— 7 — m+E ~1l—m = QGé"E since

rs — ¢. Compared with the blackening factor in 2+1 dimension, this is just a formal replacement
8GNE — 2GNE/{, therefore inequality (7.47) holds as well.
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with a diverging rate as the critical time 7 = 7. is approached. We point out
that for larger times 7, when geodesics anchored at the stretched horizon meet the
future infinity of dS,, the definition of volume complexity requires particular care.
An analysis has been done in [47], where extremal curves are replaced by piecewise
geodesics including a cutoff portion nearby the future infinity. With this prescription,
volume is divergent too, but at the edge of the two regimes, there is an infinite jump.
On the other hand, action complexity is well-defined even after the critical time
Too, When the WDW patch is cut off by the future infinity. The crucial difference
between volume and action complexity in two dimensions is due to the dilaton. Since
the solution of JT gravity is characterized by both the metric and the dilaton, the
effect of the latter is crucial. The dilaton naturally arises by dimensional reduction
of three-dimensional dS spacetime, which provides the “right action” in eq. (4.28).
This is because the dimensional reduction of dSs yields dS, with a linear dilaton,
which is the solution of JT gravity. Consistently, by evaluating the on-shell action
in eq. (4.28), we obtain the same action complexity as for dS; [47], see eq. (4.48).
Note that all contributions in eq. (4.28) are boundary terms. This is expected since
the bulk JT gravity action vanishes on-shell. We also stress that in dS spacetime the
dilaton diverges at the future infinity. This behaviour of the dilaton is crucial for
action complexity in JT gravity to show the hyperfast growth predicted in [3].

We have observed that the CV conjecture suffers a Weyl field-redefinition issue.
A field-redefinition should not affect the physics, but volume complexity is manifestly
modified by Weyl field-redefinition. In higher dimensions, there is a preferred frame,
the Einstein frame. However, in two dimensions, since /gR is invariant under Weyl
transformation, there is no such preferred frame and this leads to an ambiguity in
the definition of the CV conjecture. On the contrary, the CA conjecture is free from
this problem, because the on-shell action is invariant under field-redefinition. As a
way out, we have proposed a particular gauge choice in dS, JT gravity under which
the so-called refined volume behaves qualitatively as action complexity.

Second: we systematically study shock wave geometries and see how the shock
waves affect the WdW patch for CA/CV2.0 complexity. We study on both BTZ
and dS background, and see that the effects of shock waves are exactly opposite
signs between BTZ and dS. Especially we see that the hyperfast nature of the dS
complexity is always delayed, i.e., the critical time at which complexity diverges,
becomes always greater by shock wave perturbation which satisfies ANEC.

Our result is consistent with Gao and Wald’s theorem [65] and also the analysis
in [69]. If we compute the geodesic distance between the north and south pole with
shock wave insertion, then unlike the BTZ case where the wormhole becomes longer,
the distance becomes lesser. This reflects the point that the two-point function
between the north pole and south pole grows instead of decay before the scrambling
time £log S [69]. This is due to the fact that de Sitter’s Penrose diagram has shrunk
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horizontally and the geodesic length has shortened.

The point that the shock waves delay the hyperfast nature might not be so sur-
prising. dS is the spacetime where the cosmological constant dominates. Once we
perturb the spacetime by the shock wave insertion in the far past, then cosmological
constant dominance can be destroyed due to the shock waves. However, considering
this to be a characteristic of dual field theory, our results suggest something very
nontrivial. This is because complexity becomes generically greater under the pertur-
bation. Therefore, the results obtained here provide a restriction to the structure of
the state of field theories for holographic dual to dS, which could be a double-scaled
limit of SYK, DSSYK,, proposed by Susskind. Thus, a dual state like TFD in de
Sitter must have its complexity, such that the critical time at which the complexity di-
verges is delayed for perturbations that correspond to shock waves in bulk spacetime.

We wish our analysis of complexity is useful as one of these criteria and will help
us understand more about dS dual in the future.
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