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Abstract

While the permeation mechanism of solute (e.g., ions and glucose) through biological membrane has been

studied extensively, the mechanical role of water transport in intracellular phenomena has not received

much attention. In the present study, to investigate the effect of water permeation on the intracellular pres-

sure response, a novel permeation flux model through a biological membrane is developed by incorporating

the coupling permeabilities (between water and ion fluxes) as the water–ion interaction in the ion channels.

The proposed model is applied to a two–dimensional permeation problem of water and ions in a closed

cell separated by a thin membrane. The permeation flux model reproduces the typical time response of

intracellular pressure to action potentials with reasonable agreement with experimental results in the liter-

ature, indicating that the pressure response can be characterized by the following three parameters: water

permeability, the mass ratio of water and ion, and the ratio of the permeation fluxes of water and ion. In

particular, the permeation flux ratio plays an essential role in intracellular phenomena; depending on the

value of the permeation flux ratio, the time lag between the action potential and the pressure response is

0.1 times smaller than that expected by the previous researchers, indicating that water transport associated

with ions may trigger a pressure response. This study demonstrates the importance of water permeation in

intracellular mechanical response through coupling of the fluid motion and electric fields.
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1 Introduction

Permeations of sodium and potassium ions from/to inside and outside through the respective ion channels

induce action potential on the membrane, which is observed as a transient response of membrane potential.

Hodgkin and Huxley proposed a parallel conductance model to explain the ion permeation by treating the

axon membrane as a capacitor. They developed a set of time evolution equations for the membrane po-

tential (i.e., the intracellular electric potential with respect to the extracellular potential), Hodgkin–Huxley

(H–H) equations [1, 2, 3, 4, 5]. Although their model successfully reproduced the membrane excitation

of axons with phenomenological permeation laws, the model did not include the effect of water molecules

transported with ions on the axon membrane, and indeed it was later pointed out that membrane excitation

in a number of phenomena may involve water permeation. For example, Hill et al. [6] reported a small

radial contraction of crayfish axons in response to the generation of action potential. Furthermore, Tasaki

and Iwasa [7, 8], Iwasa et al. [9], and Terakawa [10, 11] revealed that increases and decreases in intracel-

lular pressure correspond to the depolarization and repolarization of the action potential (see Appendix A),

respectively. Although it was known that solvent water molecules also permeate axon membranes at that

time, the previous studies [7, 8, 9, 10, 11] concluded that the intracellular pressure response was caused

by structural changes in the axon membrane and/or of cytoplasm, rather than by the permeation of water

molecules, which was supported only recently [12].

The significance of water permeation has not drawn attention for the following two backgrounds: (1)

only the number of water molecules permeating the membrane was focused on and not considered in terms

of the fluid dynamics coupling mass and momentum fluxes, and (2) there was no model describing the

water–ion interaction in the ion channels. There were several hypotheses regarding the factors that cause

intracellular pressure to respond, and Tasaki and Iwasa [8] proposed verifying these hypotheses by measur-

ing the time lag between the peaks of the membrane potential and the pressure rise. However, the generation

mechanism of the pressure response is not clearly understood.

Some studies [13, 14, 15] indeed indicated that membrane permeation of water molecules causes intra-

cellular pressure response. Kim et al. [13] recorded a transient volume change in nerve terminals induced

by water transport associated with sodium inflow during the spike change of the action potential. However,

they did not discuss water–ion interactions during permeation because the membrane proteins that transport

water molecules were unclear.
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Meanwhile, recent molecular dynamics studies [16, 17] have clarified the tertiary structure of the ion

channels. Potassium ions pass through potassium channels in the completely dehydrated state [16], while

sodium ions pass through sodium channels in the incompletely dehydrated state [17, 18]. The completely

or incompletely dehydrated state of the ions suggests that the permeation molar fluxes of water and ions

interact with each other in the ion channels. Based on these findings, Oiki et al. [19] successfully measured

the molar permeation flux ratio, called the coupling ratio of water–ion flux, in a potassium channel. Their

measurement of the flux ratio clarified the average distribution of water molecules and potassium ions in

the channel.

In light of the above, by expressing the water–ion interaction in the ion channel with the coupling ratio

of water–ion flux, the present study develops a new model of the water permeation flux associated with the

sodium and potassium ion transports, through coupling with the equation of motion for a fluid as a continu-

ous phase (i.e., Navier–Stokes equation). According to the phenomenological laws, water permeation flux is

driven by intracellular pressure, membrane potential, and differences in ion concentration on the membrane.

Whereas the time dependence of the membrane potential is described by the parallel conductance model of

Hodgkin and Huxley [5], the intracellular pressure and difference in ion concentration are calculated from

the flow and electric fields of fluid and ions adjacent to the membrane. Thus, we set up a fundamental

system consisting of water and ions with the water–ion interaction in the continuous phase together with

the permeation flux model; however ion–ion interactions are not considered. In addition, for simplicity, the

present study does not address membrane deformation and changes in membrane thickness associated with

the generation of action potentials. To discretize the fluid equation, our original discrete forcing immersed

boundary (DF–IB) method [20, 21, 22, 23] is used to accurately calculate the trans–membrane flux with

consistently coupled pressure and incompressible velocity fields, and the same discretization strategy is

applied to solve the equations for the electric potential and concentration fields.

In this study, we focus on the water transportation in association with ions in the process of solute–

solvent permeation through a membrane. After showing that water–ion transportation can be characterized

by a small number of parameters, the significance of water permeation flux on the time responses of intra-

cellular pressure and action potential is discussed.
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2 Modeling

The governing equations for water, ions, and membrane potential are described in this section. In the

following, the subscript γ is used to represent ion species. In the present study, γ takes either Na or K,

and the summation convention is not applied to repeating γ indices. Hereafter, averaged variable across

membrane is represented with a bar over a symbol (e.g. φ̄), except for ion conductance gγ (see Appendix A).

2.1 Permeation flux model

Hodgkin and Huxley [5] reproduced the action potential by modeling the permeation currents of sodium

and potassium ions in two steps: (i) following the phenomenological laws, the difference between the

membrane potentials JψK and the equilibrium potential E0
γ is assumed to be the driving force inducing

the ion permeation current Iγ , and the ion permeation current is linearly related to the driving force with

conductance gγ:

Iγ = gγ(JψK − E0
γ),

and (ii) the conductance gγ is identified based on the experimental results using the giant axon of squid.

Here, the jump value JφK on the membrane for an arbitrary φ is defined as JφK = φ1 − φ2, where φ1 and φ2

are the values on the membrane in the inner and outer sides of the axon.

In the present study, the permeation flux model for three–component electrolyte solutions is derived in

the same steps as above by adopting the conductance of the H–H equations into that of the ion permeation

current, which will be explained subsequently.

2.1.1 Permeation fluxes and driving forces

Because the phenomenological laws are derived from the second law of thermodynamics, the irreversible

phenomena inside the membrane are focused on establishing a relation between the three–component per-

meation fluxes and the driving forces that induce them. If local equilibrium is assumed inside the membrane,

the Gibbs equation yields the dissipation function (entropy generation) Φ as follows [24]:

Φ = JwJµwK + JNaJµ̃NaK + JKJµ̃KK, (1)

where Jw and Jγ are the molar fluxes of water and ions relative to the motion of the membrane, respectively,

and JµwK and Jµ̃γK are the chemical potential jump of water and the electrochemical potential jump of ions
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across the membrane, respectively. Assuming that membrane pores are filled with a dilute solution, the

electrochemical potential jump Jµ̃γK is expressed by the pressure jump (intracellular pressure) JpK, the

electric potential jump (membrane potential) JψK, and the ion concentration jump JcγK as follows:

Jµ̃γK = V̄γJpK + zγF JψK +RT
JcγK

c̄γ
, (2)

where V̄γ is the molar volume of ions, zγ the valence of ions, F the Faraday constant, R the general gas

constant, T the absolute temperature, and c̄γ (≃ (cγ1 + cγ2)/2) the ion concentration inside the membrane.

Furthermore, the chemical potential jump of water JµwK can also be expressed from the Gibbs–Duhem

equation using the jump values JpK, JψK and JcγK as follows:

JµwK =V̄w

[

JpK −
(

zNaF c̄Na + zKF c̄K
)

JψK

−RT
(

JcNaK + JcKK
)

]

, (3)

where c̄wV̄w ≃ 1 is used according to the dilute solution assumption inside the membrane. Substituting

Eqs.(2) and (3) into Eq.(1), the dissipation function is given as follows:

Φ =upJpK +
IdpNa

ρ̄eNa

[

ρ̄eNa

(

JψK − JENaK
)

]

+
IdpK
ρ̄eK

[

ρ̄eK
(

JψK − JEKK
)

]

, (4)

where up is the total permeation flux given as up = JwV̄w + JNaV̄Na + JKV̄K, ρ̄eγ (= zγF c̄γ) the charge

density inside the membrane, and Idpγ and JEγK are the ion permeation diffusion current and the equilibrium

potential jump, respectively, defined as

Idpγ = zγF

(

Jγ −
c̄γ
c̄w
Jw

)

,

JEγK = −
kBT

zγe

JρeγK

ρ̄eγ
,

where kB and e are the Boltzmann constant and the electric elementary quantity, respectively, and ρeγ is the

charge density outside the membrane. Considering that the ion permeation velocity JγV̄γ can be assumed

significantly smaller than the water permeation velocity JwV̄w, we can reasonably accept up ≃ JwV̄w.

Hereafter, the total permeation flux is referred to as water permeation velocity.

In the nonequilibrium thermodynamics, the dissipation function is the sum of the products of the per-

meation fluxes and the corresponding driving forces. For each term in the right–hand side of Eq.(4), the
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permeation flux and corresponding driving force are paired, and the following phenomenological law relates

the fluxes and forces:




up
IdpNa/ρ̄eNa

IdpK/ρ̄eK



 = L





JpK
ρ̄eNa

(

JψK − JENaK
)

ρ̄eK
(

JψK − JEKK
)



 , (5)

where

L =





Lww LwNa LwK

LNaw LNaNa LNaK

LKw LKNa LKK



 . (6)

Eq.(5) is the permeation flux model proposed in this study, and Eq.(6) is the permeability matrix. The

off–diagonal components of the permeability matrix represent the magnitude of interaction with the other

components, and these components are referred to as coupling permeability coefficients, hereafter.

2.1.2 Modeling of permeability coefficients

Mathematical expressions for the permeability coefficients in Eq.(6) are derived specifically for the axon

membrane in a form that corresponds to the H–H equations.

The six permeability coefficients in the second and third rows of the permeability matrix in Eq.(6) for

the ion permeation diffusion currents Idpγ are derived. The ion permeability coefficients LNaNa and LKK

correspond to conductances in the H–H equations as follows:

LNaNa =
ḡNam

3h

(ρ̄eNa)2
, LKK =

ḡKn
4 + ḡl

(ρ̄eK)2
, (7)

where ḡγ , ḡl, m, h, and n are the parameters of the H–H equations; see Appendix A for details. The

four permeability coefficients LNaK, LKNa, LNaw, and LKw are zero as the ion–ion interactions and ion

permeations by the intracellular pressure JpK are not considered in the present study.

Then, the remaining three permeability coefficients Lww, LwNa, and LwK in the first row of the perme-

ability matrix in Eq.(6) are modeled. The coupling permeability coefficients LwNa and LwK represent the

water–ion interaction that are determined based on the distributions of water molecules and ions in the ion

channels predicted by numerical studies [16, 17, 18]. According to Oiki et al. [19], the distribution of water

molecules and ions in the ion channels can be modeled using the coupling ratio of water–ion flux

nγ =

(

Jw
Jγ

)

JpK=0

, (8)
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in the situations where the pressure jump is zero, which is equivalent to water molecules being transported

only by ionic effects ρ̄eγ(JψK − JEγK) across the ion channels. By introducing the coupling ratio of water–

ion flux nγ , the coupling permeation coefficients LwNa and LwK can be expressed using ion coefficients

LNaNa and LKK as follows:

Lwγ

Lγγ
=

(

up
Idpγ/ρ̄eγ

)

JpK=0

=
JwV̄w

Jγ/c̄γ − JwV̄w
≃ nγ

c̄γ
cw
, (9)

where it is assumed that the water concentration inside the membrane is equal to that outside the membrane

cw and that the ion concentration inside the membrane is dilute, i.e., c̄γ/cw ≪ 1. The water permeability

coefficient Lww is given as an independent parameter in this study.

In summary, the ion permeation coefficients LNaNa and LKK introduced by the model of Hodgkin and

Huxley [5] are used in Eq.(5) to induce the ion permeation diffusion currents Idpγ and in Eq.(7) to obtain

the coupling permeation coefficients LwNa and LwK using Eq.(9), and together with the water permeation

coefficients Lww, the permeation flux model specific to axon membranes is completed.

In the subsequent sections, we refer to the electric potential jump JψK as membrane potential and the

pressure jump JpK as intracellular pressure, following conventions in the field of neuronal cell biology.

2.2 Parallel conductance model

This study adopts the parallel conductance model developed by Hodgkin and Huxley [5], and the response

of membrane potential to the external current is described by the following ordinary differential equation:

Cm
dJψK′

dt
= I ′ext − IpNa − IpK, (10)

where JψK′ is the membrane potential relative to the resting potential −70 mV and I ′ext is explained in the

following. In the present study, only potassium ions pass through the leak channels, and the equilibrium

potentials are time–dependent unlike those in the H–H equations. These differences from the H–H equations

can be adjusted by replacing Iext with the following external current:

I ′ext = Iext − gNa∆ENa − gK∆EK − gl∆El, (11)

where gγ and gl are ion conductances, and ∆Eγ and ∆El are, respectively, ∆Eγ = JEγK − E0
γ and ∆El =

JEKK −E0
l , and Iext is the external current adopted in the H–H equations. The ion concentration inside the

membrane is sufficiently low that the convective terms (ρ̄eγup) of ion permeation currents are negligible.
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2.3 Governing equations in the continuous phase

The domains separated by the membrane are filled with water and ions (Na+ and K+), and those are treated

as continuous phases.

Water is treated as an incompressible fluid, and its density and viscosity are assumed to be constant.

The governing equations for the fluid are the equation of continuity and the Navier–Stokes (N–S) equation

with electrostatic force and osmotic pressure terms:

∇ · u = 0, (12)

ρw
∂u

∂t
+ ρwu · ∇u

= −∇p+ ηw∇
2u+ fel + fosm, (13)

where ρw is the density, ηw the viscosity, and u the velocity of water. The electrostatic force fel is expressed

as follows:

fel =

(

∑

γ

ρeγ − ρpolare

)

∇ψ

= ε0
(

∇ · ∇ψ
)

∇ψ

= ε0∇ψ∇
2ψ,

where ρpolare is the polarization charge density and ε0 is the permittivity of vacuum. For the osmotic pressure

term fosm, the van’t Hoff’s law is applied:

fosm = −
∑

γ

kBT

zγe
∇ρeγ.

The governing equations for ions are the Gauss’ law and the Nernst–Planck (N–P) equation:

∇2ψ = −
1

εw

∑

γ

ρeγ , (14)

∂ρeγ
∂t

+ u · ∇ρeγ

= −∇ ·Dγ

(

−
zγe

kBT
ρeγ∇ψ −∇ρeγ

)

, (15)

where εw is the permittivity of water and Dγ is the diffusion coefficient of ions.

The membrane potential calculated from the parallel conductance model is used as the boundary con-

dition for the electric potential on the membrane. To apply the two–dimensional Gauss’ law, a control
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volume is considered to include part of the membrane as a boundary as shown in Fig. 1. Assuming that the

electric potential gradient on the face normal to the membrane is zero, the following relation for the electric

potential gradient on both sides of the membrane is obtained:

−
∂ψ

∂y

∣

∣

∣

∣

out

+
∂ψ

∂y

∣

∣

∣

∣

in

=
b

εw

∑

γ

ρ̄eγ, (16)

where b is the membrane thickness. Along with Eq.(16), the membrane potential definition JψK = −ψ|out+

ψ|in is used to determine the electric potential field in the continuous phase.

x

y

n

b

δx

control volume

bδx
∑

γ

ρ̄eγ

∂ψ

∂y

∣

∣

∣

∣

out

∂ψ

∂y

∣

∣

∣

∣

in
o
u
ts
id
e

m
em

b
ra
n
e

in
si
d
e

Figure 1: Schematic of the control volume that includes part of the membrane as a boundary to apply the

Gauss’ law in two dimensions.

2.4 Non–dimensionalization of the governing equations

The above governing equations are non–dimensionalized by the scaled variables, x∗ = x/H0, y∗ = y/H0,

t∗ = t/t0, u
∗ = u/U0, p∗ = p/(ρwU0

2), ψ∗ = ψ/ψ0, ρ
∗

eγ = ρeγ/ρe0, and I∗γ = Iγ/(ρe0U0), where

U0 = H0/t0, H0 the reference length, t0 the reference time, ρe0 the reference charge density, and ψ0 the

reference electric potential.

The non–dimensional parameters are as follows: L∗

ij = Lij/(H0/ηw), Gγ = gγ/(ρe0U0/ψ0), M0 =

ρe0Mw/ρwF , Cm = Cm/
(

ρe0H0/ψ0

)

, Re = ρwH0
2/ηwt0, El = ε0ψ0

2t0/ηwH0
2, Os = kBTρe0t0/eηw,

Ψ0 = eψ0/kBT , Pe = H0
2/D0t0, Dγ = Dγ/D0, ǫw = εw/ε0, and Lt = b/H0, where Mw is the molecular

weight of water and D0 is the characteristic diffusion coefficient.

9



ASME Journal of Heat and Mass Transfer (2024) https://doi.org/10.1115/1.4065675

The non–dimensional forms of the equations and parameters are summarized in the following.

The permeation flux model, Eq.(5):





u∗p
Id∗pNa/ρ̄

∗

eNa

Id∗pK/ρ̄
∗

eK



 = L∗





ReJp∗K
ρ̄∗eNaOsΨ0

(

Jψ∗K − JE∗

NaK
)

ρ̄∗eKOsΨ0

(

Jψ∗K − JE∗

KK
)



 , (17)

where

JE∗

γK = −
1

zγΨ0

Jρ∗eγK

ρ̄∗eγ
.

The ion permeability coefficients Lγγ in Eq.(7) and the ratio of L∗

wγ to L∗

γγ in Eq.(9):

L∗

NaNa =
1

OsΨ0

ḠNam
3h

(ρ̄∗eNa)
2
, L∗

KK =
1

OsΨ0

ḠKn
4 + Ḡl

(ρ̄∗eK)
2

, (18)

L∗

wγ

L∗

γγ

= nγ
M0ρ̄

∗

eγ

zγ
, (19)

and the remaining permeability coefficients are zero.

The parallel conductance model, Eq.(10):

Cm
dJψ∗K′

dt∗
= I ′∗ext − I∗pNa − I∗pK. (20)

The details of the parameters comprising the ion currents I∗pγ in the right–hand side are shown in Ap-

pendix A.

The governing equations for the continuous phases, Eqs.(12), (13), (14), and (15):

∇∗ · u∗ = 0, (21)

∂u∗

∂t∗
+ u∗ · ∇∗u∗

= −∇∗p∗ +
1

Re
∇∗2u∗

+
El
Re

∇∗ψ∗∇∗2ψ∗ −
Os

Re

∑

γ

1

zγ
∇∗ρ∗eγ, (22)

∇∗2ψ∗ = −
OsΨ0

ǫwEl

∑

γ

ρ∗eγ , (23)

∂ρ∗eγ
∂t∗

+ u∗ · ∇∗ρ∗eγ

= −∇∗ ·
Dγ

Pe

(

−zγΨ0ρ
∗

eγ∇
∗ψ∗ −∇∗ρ∗eγ

)

. (24)
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The relation between the electric potential gradients on both sides of the membrane, Eq.(16):

−
∂ψ∗

∂y∗

∣

∣

∣

∣

out

+
∂ψ∗

∂y∗

∣

∣

∣

∣

in

=
OsΨ0Lt
ǫwEl

∑

γ

ρ̄∗eγ . (25)

The time advancement of the entire system, Eq.(17) ∼ Eq.(25), is performed using the standard numer-

ical methods. For more detail, see Appendix B.

3 Validation

3.1 Problem statement

We set up a problem of the permeations of sodium and potassium ions and water through a straight axon

membrane fixed in a two–dimensional rectangular domain of size Lx×Ly(= 2H0×H0) as shown in Fig. 2,

where the value of the reference length H0 is assumed to be 1 µm so that it is comparable to the size of a

typical axon diameter and that the solution can be considered as a continuum. The permeable membrane is

placed at the center of the computational domain along the x axis.

x

y
n

n

t

t

Lx

Ly

ρ∗eNa = 0.9, ρ∗eK = 0.2

ρ∗eNa = 0.1, ρ∗eK = 0.8

membrane (fixed at y = Ly/2)

Figure 2: Schematic of the computational domain and initial condition for the ion concentration. The

regions y∗ < Ly/2 and y∗ > Ly/2 are considered to be inside and the outside of the axon, respectively.

The initial conditions for the fluid velocity and pressure fields are u∗ = 0 and p∗ = 0 throughout the

computational domain. The initial conditions for the ion concentration field are as follows:

ρ∗eNa = 0.9, ρ∗eK = 0.2 : outside the axon,

ρ∗eNa = 0.1, ρ∗eK = 0.8 : inside the axon,
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and the membrane potential Jψ∗K = −1 is given uniformly along the membrane. An external current I∗ext is

uniformly imposed on the membrane.

The boundaries of the computational domain are treated as wall, and the fluid velocity and pressure obey

the impermeable and non–slip boundary conditions and the Neumann boundary condition, respectively:

u∗
∣

∣

wall
·n = 0, u∗

∣

∣

wall
·t = 0, (26)

∇∗p∗
∣

∣

wall
·n = 0, (27)

where n and t are the unit normal and tangent vectors on the boundary, respectively (see Fig. 2). The

impermeable boundaries result in zero water permeation flux u∗p from/to inside and outside axons. The

boundary conditions for the currents and electric potential are the impermeable and the Dirichlet conditions,

respectively:

I∗

γ

∣

∣

wall
·n = 0, (28)

ψ∗
∣

∣

wall
= 0. (29)

On the membrane, the fluid flux parallel to the membrane is zero (i.e., non–slip boundary condition) and

the pressure gradient normal to the membrane is zero although a pressure jump JpK exists across membrane.

3.2 Simulation conditions

The simulation parameters are set as follows: the grid resolution is ∆ = Lx/128 = Ly/64, the time

increment ∆t∗ = 5 × 10−7, the thickness of membrane Lt = 10−4, the coupling coefficients El = 0.01,

Os = 0.01, and Ψ0 = 1, the diffusion coefficients DNa = DK = 1, the valence of ions zNa = zK = 1, and the

relative permittivity of the fluid ǫw = 1. The Reynolds and Peclet numbers are fixed at Re = 1 and Pe = 1,

respectively. The magnitude of the applied external current is Iext = 4[µA/cm2], which corresponds to

the non–dimensional current of I∗ext = 4 × 10−2/(ρe0(H0/t0)). Under this condition, an action potential

emerges only once (see Appendix A) just as observed in the previous experiments [7, 8, 9, 10, 11]. The

uniform and steady external current I∗ext = 4× 10−2/(ρe0(H0/t0)) is applied to the membrane after t∗ = 1

when both fluid and ion fields are considered to reach steady state.

We investigate the changes in the pressure response to action potentials by varying the following pa-

rameters: the water permeability coefficient L∗

ww, the water–ion mass ratio M0, and the coupling ratios of

water–ion flux nNa and nK.
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3.3 Results

Fig. 3 shows the intracellular pressure at x∗ = Lx/2 and the action potential under the condition of L∗

ww =

1 × 10−6, M0 = 1 × 10−3, and nNa = nK = 1. The increasing and decreasing phases of the pressure

in the figure correspond to the depolarization and repolarization, respectively, which are consistent with

the results of previous experimental studies [7, 8, 9, 10, 11]. The figure shows the typical response of

intracellular pressure to the emergence of an action potential, which will be explained subsequently.
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Figure 3: The typical time response of the intracellular pressure at x∗ = Lx/2 associated with the generation

of the action potential under the condition L∗

ww = 1× 10−6, M0 = 1× 10−3, and nNa = nK = 1. The refer-

ence time is set as t0 = 20 [msec], and the non–dimensional external current I∗ext = 4× 10−2/(ρe0(H0/t0))
is applied to the membrane uniformly at non–dimensional time t∗ = 1 and kept constant thereafter.

We discuss the validity of the model of the coupling permeability coefficients L∗

wNa and L∗

wK in Eq.(19),

which represent the water–ion interactions in the ion channels. Fig. 4 compares the pressure responses for

the following four combinations of the permeability coefficients: (a) both L∗

wNa and L∗

wK are modeled by

Eq.(19); (b) only L∗

wNa is modeled by Eq.(19) and L∗

wK is fixed at the constant value of 0.5 × 10−6, which
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is half the value of L∗

ww; (c) only L∗

wK is modeled by Eq.(19) and L∗

wNa is fixed at the constant value of

0.5 × 10−6; and (d) both L∗

wNa and L∗

wK are fixed at the constant value of 0.5 × 10−6. Note that case (a) is

the same condition as in Fig. 3.

In case (a), both positive and negative intracellular pressures are generated as the membrane potential

changes. In cases (b) and (c), only positive or negative intracelluar pressure appears. In case (d), no

intracelluar pressure response is observed in response to the changes in membrane potential. The pressure

responses in case (a) exhibit reasonable agreement with the experimental results in the previous studies [7,

8, 9, 10, 11], indicating the validity of the modeling of the coupling permeability coefficients L∗

wNa and L∗

wK

in Eq.(19).
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Figure 4: The pressure response to the action potential with or without the model described by Eq.(19) for

the coupling permeability coefficients L∗

wNa and L∗

wK in the cases where (a) both L∗

wNa and L∗

wK are modeled

by Eq.(19), (b) only L∗

wNa is modeled by Eq.(19), (c) only L∗

wK is modeled by Eq.(19), and (d) no model in

Eq.(19) is given to any of them. The parameters are the same as Fig. 3.

Fig. 4 shows that the both rising and falling phases of pressure response emerge only when L∗

wγ is mod-

eled by Eq.(19), indicating that the pressure response is induced by the water inflow or outflow associated

with the ion transports through the membrane. To investigate the contribution of each permeation flow to
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water permeation flux u∗p as expressed in Eq.(17), the time evolutions of the following three components (to-

gether with the net water permeation flux and action potential) are visualized in Fig. 5: the pressure–driven

flow L∗

wwReJp
∗K, the Na+ electroosmotic flow L∗

wNaρ̄
∗

eNaOsΨ0

(

Jψ∗K − JE∗

NaK
)

, and the K+ electroosmotic

flow L∗

wKρ̄
∗

eKOsΨ0

(

Jψ∗K − JE∗

KK
)

. Positive and negative values represent outflow and inflow, respectively.

The figure shows that water molecules permeate with Na+ and K+ flow in and out of the axon, respectively.

As the net water permeation is almost zero from the mass conservation law within the region enclosing

the membrane, the pressure–driven flux is induced to counteract the sum of the electroosmotic flows. In

addition, the Na+ electroosmotic flow emerges earlier than the K+ electroosmotic flow according to the

mechanism of the H–H equations. Based on this time difference between the occurrences of two electroos-

motic flows, we can also reasonably explain the correspondence of the depolarization and repolarization of

the action potential to the increasing and decreasing phases of the pressure, respectively.
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parameters are the same as Fig. 3.

15



ASME Journal of Heat and Mass Transfer (2024) https://doi.org/10.1115/1.4065675

4 Discussion

In this section, we investigate the effects of the water permeability coefficient L∗

ww, water–ion mass ratio

M0 and coupling ratio of water–ion flux nγ on the pressure response and discuss the time lag between the

action potential and pressure response.

4.1 Parameters affecting the pressure response
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Figure 6: The effect of L∗

ww on the intracellular pressure. (a) Comparison of the time evolutions of the

intracellular pressure (together with that of the action potential) for the following ranges of the water per-

meability coefficient: L∗

ww = 1 × 10−6, 2 × 10−6, 3 × 10−6, 4 × 10−6, 5 × 10−6. (b) The maximum and

minimum values of the intracellular pressure for each water permeability coefficient L∗

ww in (a).

Fig. 6(a) compares the time responses of the pressure for the different water permeability coefficients in

the following range: L∗

ww = 1× 10−6, 2× 10−6, 3× 10−6, 4× 10−6, 5× 10−6. The values of M0 and nγ are

fixed at 1× 10−3 and 1, respectively. In the figure, the amplitudes of the pressure variation decrease as L∗

ww

increases. The maximum and minimum values of the intracellular pressure are summarized in Fig. 6(b) as a

function of L∗

ww. Both the maximum and minimum intracellular pressures are inversely proportional to the

water permeability coefficient, and the absolute value of the ratio of the maximum to minimum intracellular

pressures is 7.6 for all the L∗

ww cases. The result indicates that the magnitude of the pressure response is
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primarily influenced by the water permeability coefficient and that the time–response profiles (Fig. 6(a))

are self–similar. This result is not surprising given that the intracellular pressure is generated to counteract

the electroosmotic flows; as the electroosmotic flows induced by the membrane excitation are independent

of the water permeability coefficient and the pressure–driven flow is modeled as the product of the water

permeability coefficient and intracellular pressure (i.e., L∗

wwReJp
∗K), the water permeability coefficient and

the order of the magnitude of the intracellular pressure are inversely proportional to each other (to maintain

the net zero water permeation flux):

Jp∗K = −
M0

L∗

wwRe

∑

γ

nγ
zγ
I∗pγ , (30)

which is obtained by fixing u∗p = 0 in Eq. (17). In addition, effect of radial variation of membrane on the

above equation is discussed in Appendix C.
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Figure 7: The effect of M0 on the intracellular pressure. (a) The intracellular pressure (together with that of

the action potential) for the following ranges of the mass ratio of ion to water: M0 = 1 × 10−3, 2 × 10−3,

3× 10−3, 4× 10−3, 5× 10−3. (b) The maximum and minimum values of the intracellular pressure for each

mass ratio of ion to water M0 in (a).

Fig. 7(a) shows the time evolutions of the pressure for the different water–ion mass ratios in the fol-

lowing range: M0 = 1 × 10−3, 2 × 10−3, 3 × 10−3, 4 × 10−3, 5 × 10−3. Throughout the simulations, the

values of L∗

ww and nγ are fixed at 1×10−6 and 1, respectively. A larger water–ion mass ratio causes a larger
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variation in pressure. The maximum and minimum values of the intracellular pressure in Fig. 7(b) are in

proportion to M0, and the absolute value of the ratio of the maximum to the minimum intracellular pressure

is again found to be 7.6 for all the M0 cases. The common scaling factor indicates that both L∗

ww and M0

are major factors that determine the magnitude of the amplitude of the time response of the intracellular

pressure Jp∗K.
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Figure 8: The pressure response to the action potential for the following combinations of the coupling ratios

of water–ion flux: (nNa, nK) = (1, 1), (2, 1), (4, 1), (1, 2), (1, 4). The parameters are the same as Fig. 3.

Finally, we investigate the effect of water–ion interactions in the ion channels on the pressure response.

Fig. 8 shows the pressure responses for the following combinations of the coupling ratios of water–ion flux:

(nNa, nK) = (1, 1), (2, 1), (4, 1), (1, 2), (1, 4). In this attempt, L∗

ww and M0 are fixed at the following

values: L∗

ww = 1 × 10−6 and M0 = 1 × 10−3. The trends in the pressure development in Fig. 8 may be

summarized that the larger nNa and nK induce the stronger positive and negative phases in the pressure

response, respectively. Fig. 9 compares the time developments of the permeation flows for the above cases

of the coupling ratios except for (nNa, nK) = (1, 1). Considering that the coupling ratio of water–ion flux

(Eq. (8)) represents the number of water molecules that pass through an ion channel with respect to one ion
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molecule, a larger coupling ratio induces a larger electroosmotic flow (Fig. 9(b)), and in return, the larger

intracellular pressure to conserve the net water permeation flux u∗p.
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Figure 9: Permeation flows of water responding to the action potential for the same combinations of the

coupling ratios of water–ion flux as in Fig. 8.

The above results suggest that the coupling ratio determines the amplitude ratio of the intracellular

pressure Jp∗K during the depolarization and repolarization by adjusting the number of water molecules

passing through the respective ion channels.
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Table 1: The time lag [msec] between the maximum of the membrane potential and the peak of the pressure

rise for varying combination of the coupling ratios nγ under L∗

ww = 1 × 10−6 and M0 = 1 × 10−3, where

the reference time is 20 msec.
nNa Time lag (nK = 1) nK Time lag (nNa = 1)

1 0.126 1 0.126
2 0.153 2 0.082
3 0.164 3 0.048
4 0.170 4 0.018
5 0.173 5 −0.011

4.2 Time lag between the action potential and pressure response

Tasaki and Iwasa [8] focused on the time lag between the membrane potential and the intracellular pressure

to explain the generation mechanism of the pressure response to the action potential. They observed that

the instant of the peak pressure is delayed with respect to that of the maximum membrane potential by

approximately 0.05 msec, although their prediction of the time lag was one order of magnitude larger (0.5

msec) by assuming that the pressure response was purely caused by the electroosmotic flow of water [8].

This discrepancy was not surprising given the lack of knowledge about the water–ion interaction in the ion

channels at that time. In this subsection, we show that a time lag smaller than that predicted by Tasaki and

Iwasa [8] can be deduced and that the actual combination of coupling ratios on axons can be predicted by

measuring the time lag.

In the previous subsection, the coupling ratio of water–ion flux nγ is shown to influence the magnitude

of the electroosmotic flow of the species γ. Considering that pressure is generated to counteract the sum

of electroosmotic flows, we investigate the effect of the coupling ratios on the time lag. Hereafter, the

non–dimensional time is multiplied by reference time (20 msec) and transformed into a dimensional value,

assuming that the size of the system is identical to that of Tasaki and Iwasa [8].

Table 1 summarizes the time lags (measured at the instances of the maxima of the action potential

and pressure) by varying the coupling ratios of water–ion flux nγ in the ranges between 1 and 5 under

L∗

ww = 1× 10−6 and M0 = 1× 10−3.

By fixing nK at 1, the increase in nNa results in an increasing trend in the time lag because the magnitude

of the pressure–driven flow counteracting the Na+ electroosmotic flow becomes more dominant as nNa

increases. However, all the cases of nNa (with nK = 1) estimate larger values by one order of magnitude

compared with the experimental result.
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In contrast, by fixing nNa = 1, the time lags exhibit a decreasing trend with nK, which is caused by the

attenuation of the intracellular pressure associated with larger magnitude of K+ electroosmotic flow as nK

increases. Considering that the values of the time lag at nK = 2, 3, 4 are of the same order of magnitude

as those observed by Tasaki and Iwasa [8], their experimental results (i.e., the development of intracellular

pressure in response to the action potential) may be explained by the water permeation mainly associated

with the electroosmotic flows of K+.

Although the instantaneous coupling ratios of the ions may not be uniquely identified from a measure-

ment of the time lag in more general situations of action potentials, the above results indicate that consid-

eration of the involvement of water molecules may improve the understanding of the transport phenomena

across ion channels.

5 Conclusions

To investigate the mechanical role of water permeation induced by ion transports in the intracellular pressure

response from a fluid dynamics perspective, we developed a new water permeation flux model associated

with sodium and potassium ion transports using the coupling ratio of water–ion flux.

The validity of the proposed permeation flux model was confirmed by comparing the simulation re-

sults with previous experimental results. In the present study, only when the water–ion interactions in the

ion channels were taken into account, the rising and falling phases of the pressure response were found to

correspond to depolarization and repolarization, respectively. These correspondences were explained by

the pressure–driven flow that counteracted the sum of the two electroosmotic flows from the incompress-

ibility of water. Therefore, the pressure response is affected by the coupling ratios of water–ion flux that

determines the magnitude of the electroosmotic flows. These simulation results suggest that the water–ion

interactions in the ion channels are involved in the generation mechanism of the pressure response. More-

over, investigation of the influence of the coupling ratio on the time lag between the membrane potential

and pressure also supports the suggestion of a pressure–response mechanism.

The present study dared not consider membrane deformation to simplify the problem setting, and pos-

sible improvements are summarized in Appendix C. However, simulations that deal with the membrane

deformation will give more significant impact on the field of neuronal cell biology. One example is axonal

swelling associated with increased intracellular pressure. Barz et al. [14, 15] suggested that axonal swelling
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associated with pressure waves can increase ion conductance and accelerate the propagation rate of action

potentials. Furthermore, Wu et al. [26] modeled the ion diffusion in the axonal swelling region and visu-

alized the blockage of action potential propagation using numerical simulations. Numerical studies on the

intracellular pressure response considering membrane deformation will make essential contribution to the

elucidation of electrical or mechanical phenomena that cannot be reproduced by the H–H equations alone.
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Appendix

A Non–dimensionalization of the Hodgkin–Huxley equations

Based on the parallel conductance model as shown in Fig. A1, the generation of the action potential asso-

ciated with the external current (input) is described by the following set of time evolution equations for the

membrane potential, called H–H equations [5]:

Cm
dJψK′

dt
= Iext − INa − IK − Il,

dm

dt
= αm(1−m) + βmm,

dh

dt
= αh(1− h) + βhh,

dn

dt
= αn(1− n) + βnn,

(A1)

where Cm is the electrical capacitance of the membrane, JψK′ the membrane potential with reference to the

resting potential −70 mV, Iext the external current, t the time, m, h, n the parameters that determine the

permeability of the corresponding ion channel, INa = ḡNam
3h(JψK′ − E0

Na), IK = ḡKn
4(JψK′ − E0

K), and

Il = ḡl(JψK′ − E0
l ), with E0

γ the equilibrium potential, ḡNa, ḡK, and ḡl the maximum conductance values

of sodium, potassium, and leak channels, respectively. The non–dimensional rate constants α∗ and β∗ at

6.3 ◦C are functions of the membrane potential:

α∗

m = t̃0 ×
0.1(25− ψ̃0Jψ

∗K′)

exp
(

25−ψ̃0Jψ∗K′

10

)

− 1
,

β∗

m = t̃0 × 4exp

(

−
ψ̃0Jψ

∗K′

18

)

,

α∗

h = t̃0 × 0.07exp

(

−
ψ̃0Jψ

∗K′

20

)

,

β∗

h = t̃0 ×
ψ̃0

exp
(

30−ψ̃0Jψ∗K′

10

)

+ 1
,

α∗

n = t̃0 ×
0.01(10− ψ̃0Jψ

∗K′)

exp
(

10−ψ̃0Jψ∗K′

10

)

− 1
,

β∗

n = t̃0 × 0.125exp

(

−
ψ̃0Jψ

∗K′

80

)

,

(A2)

where ψ̃0 = 103 × ψ0 and t̃0 = 103 × t0.
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INa IK Il

Iext

Cm

d JψK

dt

gNa gK gl
Cm

ENa EK El

ψ = 0

JψK

ψ = JψKinside

outside

Figure A1: Schematic diagram of the parallel conductance model proposed by Hodgkin and Huxley.

Fig. A2 shows the numerical results of Eq.(A1), where the parameters in the above are set as follows:

Cm = 1.0 [µF/cm2], ḡNa = 120 [mS/cm2], ḡK = 36 [mS/cm2], ḡl = 0.3 [mS/cm2], E0
Na = 115.0 [mV],

E0
K = −12.0 [mV], and E0

l = 10.613 [mV]. From Fig. A2, a single pulse of the action potential is induced

by the small external current, and an intermittent pulse of the action potential is induced by the large

external current. This is due to the non–linearity of H–H equations for the membrane potential. The rising

and falling phases of the membrane potential are called depolarization and repolarization, respectively.

B Details of the numerical simulations

B.1 Spatial discretization

In the present simulation, a second–order accurate central difference method is used for the discretiza-

tion in space. The collocated arrangement of the variables is adopted for fluid velocity, pressure, charge

densities, and electric potential. The velocity and pressure are coupled by the fractional step method.

The motion of the membrane is not considered. For the discretization in time, the fourth–order Runge–

Kutta method is adopted for the convection and viscous terms in the N–S equation, and the second–order

Crank–Nicolson method for the N–P equation. The Bi–CGSTAB method is applied to solve the discretized

algebraic equations of the pressure Poisson equation, the Gauss’ law, and the N–P equation.

The fluid–membrane interface is treated by the DF–IB method developed by the present authors [20, 21,

22, 23]. In the DF–IB method, based on the variable arrangement on the collocated points on a rectangular

mesh, the discretizaiton of the governing equations (i.e., the N–S equation, the pressure Poisson equation,
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(c) Iext = 8[µA/cm2]
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(d) Iext = 16[µA/cm2]

Figure A2: The response of membrane potential to external current. After 20 msec, the constant external

current is applied. The membrane potential is computed with the resting potential set to zero.

and the velocity correction scheme) is carried out by taking the distance between the variable definition

point and interface into account. The DF–IB method satisfies mass and momentum conservations in a

discrete sense even in the computational cells adjacent to the interface, which enables capturing the interface

sharply, and in turn, accurate calculation of the jump values of the variables across membrane. In the

present study, the same interface treatment is applied for discretizing the Gauss’ law and the N–P equation.

For more details, Refs. [20, 21] describe the fundamental ideas of discretization for the DF–IB method,

Ref. [22] explains the improvement for treating permeation flow through membrane, and Ref. [23] shows

the extension to permeation problem with multi–component solution [23].
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B.2 Time update of the system

The set of governing equations in the present study is time–updated in the following order. The superscript

n represents the discrete time level.

B.2.1 Time update of the membrane potential

The membrane potential is updated by equations in Appendix A:

Cm
Jψ∗Kn+1 − Jψ∗Kn

∆t∗
= I ′∗ext − (I∗pNa)

n+ 1

2 − (I∗pK)
n+ 1

2 ,

(I∗pNa)
n+ 1

2 = ḠNa(m
n+1)3hn+1

(

Jψ∗Kn+
1

2 − JE∗

NaK
n+ 1

2

)

,

(I∗pK)
n+ 1

2 =
(

ḠK(n
n+1)4 + Ḡl

)

(

Jψ∗Kn+
1

2 − JE∗

KKn+
1

2

)

,

mn+1 −mn

∆t∗
= (α∗

m)
n
(

1−mn+ 1

2

)

+ (β∗

m)
nmn+ 1

2 ,

hn+1 − hn

∆t∗
= (α∗

h)
n
(

1− hn+
1

2

)

+ (β∗

h)
nhn+

1

2 ,

nn+1 − nn

∆t∗
= (α∗

n)
n
(

1− nn+
1

2

)

+ (β∗

n)
nnn+

1

2 ,

(B3)

where

JE∗

γK
n+ 1

2 = −
1

zγΨ0

(

3Jρ∗eγK
n − Jρ∗eγK

n−1
)

/2
(

3(ρ̄∗eγ)
n − (ρ̄∗eγ)

n−1
)

/2
,

and others are φn+
1

2 = (φn+1 + φn)/2.

B.2.2 Time update of the electric fields of ions

The N–P equation has a term including the product of the charge density ρ∗eγ and the electric potential ψ∗.

This non–linearity is dealt with by using the electric potential at the intermediate time as (ψ∗)n+
1

2 [25].

Firstly, the electric potential (ψ∗)n+
1

2 is obtained by solving the Gauss’ law:

∇∗2(ψ∗)n+
1

2 = −
OsΨ0

ǫwEl

∑

γ

3(ρ∗eγ)
n − (ρ∗eγ)

n−1

2
. (B4)

Next, the charge density (ρ∗eγ)
n+1 is time–updated for each species according to the N–P equation:

(ρ∗eγ)
n+1 − (ρ∗eγ)

n

∆t∗

= −∇∗ · (Id∗
γ )n+

1

2 − (u∗)n+
1

2 · ∇∗(ρ∗eγ)
n+ 1

2 , (B5)

(Id∗
γ )n+

1

2

=
Dγ

Pe

(

−zγΨ0(ρ
∗

eγ)
n+ 1

2∇∗(ψ∗)n+
1

2 −∇∗(ρ∗eγ)
n+ 1

2

)

, (B6)
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where (ρ∗eγ)
n+ 1

2 =
(

(ρ∗eγ)
n+1+(ρ∗eγ)

n
)

/2 and (u∗)n+
1

2 =
(

3(u∗)n−(u∗)n−1
)

/2. At the computational cells

located at the boundary, the ion permeation current is specified instead of Id∗
γ . Finally, the time–update of

the electric potential (ψ∗)n+1 is completed by solving the following equation of Gauss’ law:

∇∗2(ψ∗)n+1 = −
OsΨ0

ǫwEl

∑

γ

(ρ∗eγ)
n+1. (B7)

By the end of the process, the electrostatic and osmotic pressure terms, f ∗

el and f ∗

osm, are also updated.

B.2.3 Time update of the fluid motion

For the coupling of velocity and pressure, the fractional step method is used. Firstly, the fourth–order

Runge–Kutta method is adopted for the convection term (C∗ = −u∗ · ∇∗u∗) and the viscous term (D∗ =

∇∗2u∗/Re) to obtain the fractional step velocity (u∗)F :

(u∗)F − (u∗)n

∆t∗

= C∗ +D∗ +
(f ∗

el)
n+1 + (f ∗

el)
n

2
+

(f ∗

osm)
n+1 + (f ∗

osm)
n

2
.

(B8)

Then, the pressure is updated by solving the pressure Poisson equation:

∇∗2(p∗)n+1 =
∇∗ · (U ∗)F

∆t∗
, (B9)

where (U ∗)F is the fractional step velocity at the computational cell face, which is obtained by an interpo-

lation of (u∗)F . Finally, the velocity update is completed by accelerating with the pressure gradient:

(U ∗)n+1 = (U ∗)F −∆t∗∇∗(p∗)n+1. (B10)

C 1–D intracellular pressure and swelling model

In the main body of this paper, we formulated the mechanism of intracellular pressure generation acting

on non–deformed axons with Eq.(30) in association with the incompressibility of water inside the axon,

and predicted the parameters that affect the time response of the intracellular pressure. Here, we discuss

mechanisms of intracellular pressure and swelling for a case of deformable axon membranes. In particular,

a one–dimensional mathematical model of the intracellular pressure and axonal swelling induced by water

fluxes associated with ion transport is developed. Here, the 1–D mathematical model refers to equations of

motion of the membrane in the axon radial direction. In addition, parameters that affect the intracellular

pressure and axonal swelling are discussed.
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membrane

center

Figure C3: Schematic of forces acting on a portion of the axon membrane. Tension and intracellular

pressure act uniformly on the membrane.

C.1 Modeling

The main assumptions for modeling are summarized as follows:

1. The axon cross–section is always circular (axis–symmetric deformation).

2. The change in radius due to swelling is small relative to the initial radius r0.

3. Water is an incompressible fluid.

4. Ionic conductance follows the H–H equations and is not affected by swelling.

5. Membrane density and thickness do not change with swelling.

6. Tension of the axon membrane follows a linear spring model.

7. Shear and bending stresses acting on the axon membrane are neglected.

From the homogeneity in the circumferential direction by Assumption 1, only a part of the membrane

is considered, as shown in Fig. C3, and its equation of motion in the radial direction is given with a linear
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spring model (Assumption 6) for the tension σ, as follows:

ρmbrδθ
d2r

dt2
= JpKrδθ − 2σb sin

δθ

2

≃ JpKrδθ − σbδθ

= JpKrδθ − E
∆r

r0
bδθ ,

and through rearranging with ∆r = r−r0 and the small–deformation assumption rr0 ≃ r0
2 (Assumption 2),

the time–dependent equation for the radial variation finally takes the following form:

ρm
d2∆r

dt2
=

1

b
JpK −

E

r02
∆r . (C11)

From Assumption 3, the axon swelling rate dV/dt (V : volume inside axon) is equal to the volumetric

flow rate −up · 2πr of water permeating through the membrane and entering the axon:

dV

dt
= −up · 2πr . (C12)

The small–deformation assumption allows approximation of dV/dt = 2πrdr/dt, and Eq. (C12) is simpli-

fied as follows:

dr

dt
= −up (C13)

Based on the assumption that ion conductance is not affected by swelling (Assumption 4), the following

1–D intracellular pressure and swelling model can be obtained by applying the permeation flux model of

Eq.(5) to the right side of Eq.(C13), and then by coupling it with Eq.(C11):

ρm
d2JpK

dt2
+

1

bLww

dJpK

dt
+

E

r02
JpK

= −
∑

γ

1

Lww

nγMw

zγFρw

(

ρm
d2Ipγ
dt2

+
E

r02
Ipγ

)

, (C14a)

ρm
d2∆r

dt2
+

1

bLww

d∆r

dt
+

E

r02
∆r

= −
∑

γ

1

bLww

nγMw

zγFρw
Ipγ (C14b)
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Using the dimensionless quantities and parameters defined in § 2.4 and others: r∗0 = r0/H0, ∆r∗ =

∆r/H0, µm = ρmb/ρwH0, and Ks = Ebt0
2/ρwH0

3, the Eq.(C14) is non–dimensionalized as follows:

µm

d2Jp∗K

dt∗2
+

1

L∗

wwRe

dJp∗K

dt∗
+
Ks

r∗20
Jp∗K

= −
∑

γ

1

L∗

wwRe

nγM0

zγ

(

µm

d2I∗pγ
dt∗2

+
Ks

r∗20
I∗pγ

)

, (C15a)

µm

d2∆r∗

dt∗2
+

1

L∗

wwRe

d∆r∗

dt∗
+
Ks

r∗20
∆r∗

= −
∑

γ

1

L∗

wwRe

nγM0

zγ
I∗pγ , (C15b)

where E is Young’s modulus of the membrane.

To simplify the problem, the 1–D intracellular pressure and swelling model treats the solution as a bulk

solution. Therefore, the equilibrium potential JE∗

γK in Eq.(17) remains constant.

Let us consider the physical meaning of the Eq.(C13). In the equation, d∆r∗/dt∗ is the membrane

velocity and u∗p is the water permeation velocity (flux) relative to the membrane velocity. It implies that

u∗p + d∆r∗/dt∗ is the absolute velocity of water, and thus Eq.(C13) means that water remains in place

and permeates the membrane in response to the axon membrane motion associated with action potentials.

Therefore, as in the main body of this paper, there is no net motion of water through membrane. From this

fact, we can obtain an equation that relates the mass transports, intracellular pressure, and axonal swelling:

L∗

wwReJp
∗K +

d∆r∗

dt∗
= −

∑

γ

nγM0

zγ
I∗pγ . (C16)

Since the case of non–deformed axons implies d∆r∗/dt∗ = 0, Eq.(C16) covers Eq.(30).

C.2 Numerical simulations with 1–D model

Based on the above modeling, the numerical results of Eq.(C15) are shown in Figs. C4(a) and C4(b). The

reference length H0 is set to be 100 µm, and the water permeability coefficient is L∗

ww = 10−6, Reynolds

number is Re = 1, water–ion mass ratio is M0 = 10−3, water–film mass ratio is µm = 103, elastic modulus

is Ks = 105, the water–ion flux couple ratio is nγ = 1, and the ionic valence is zγ = 1. The initial radius is

r∗0 = 0.05, and the ion concentration field is given as follows:

ρ∗eNa = 0.9, ρ∗eK = 0.1 : outside the axon,

ρ∗eNa = 0.1, ρ∗eK = 0.9 : inside the axon.
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Although Eq.(C15) is a simple model that does not handle the fields of water and ions (i.e., hydrodynamics,

electrical, and concentration fields) on either side of the membrane, the model well captures the essential

trends of both pressure and radial responses at a comparable level with the previous experimental results [7,

8, 9, 10, 11].

Fig. C4(c) shows the membrane velocity d∆r∗/dt∗, the water permeate flow (pressure driven flow,

Na+ and K+ electroosmotic flow), water permeate flux u∗p and absolute water velocity u∗p + d∆r∗/dt∗.

As mentioned earlier, the equilibrium potential JE∗

γK, which constitutes the ion permeation current I∗pγ , is

always constant. Fig. C4(c) visualizes that the Eq.(C13) serves as a constraint that causes the mechanical

response of the axon membrane.

C.3 Physical meaning of parameters in 1–D model

Eq.(C15) is found to have the same form as the equation of motion of a mass–spring–damper system with

the external force on the right–hand side; µm, 1/L∗

wwRe, and Ks/r
∗

0
2 are regarded as the mass, damping

constant, and spring constant, respectively. Therefore, by varying the values of the parameters L∗

ww and Ks,

their effects on the intracellular pressure and swelling are discussed for the time histories shown in Fig. C5

and C6. In the following, the second and third terms on the left– and the right–hand sides of Eq.(C15) are

referred to as the damping, tension and external force terms, respectively.

In the case of a fixed axon membrane, 1/L∗

ww is a coefficient connecting the electroosmotic flow and

the intracellular pressure, as shown by Eq. (30), and the intracellular pressure was generated without any

time delay to the onset of the electroosmotic flow. On the other hand, in the case of considering the axon

deformation, 1/L∗

ww has the role of inducing a time delay in the intracellular pressure response to the onset

of the electroosmotic flow. Therefore, as Fig. C5 shows, smaller values of L∗

ww result in delays in the

response time of intracellular pressure and swelling to follow the action potential. This can be intuitively

understood as the reciprocal of the phenomenological coefficient L∗

ww in non–equilibrium thermodynamics.

In Fig. C5, smaller values of L∗

ww result in larger amplitudes of intracellular pressure and swelling, because

L∗

ww influences the external force term as well as the damping term.

As the elastic modulus Ks affects the tension term, larger values of Ks result in faster response times

to the maximum and minimum values of intracellular pressure and swelling, as shown in Fig. C6, which is

reasonably accepted. However, the Ks dependence of the maximum and minimum amplitudes shows the
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opposite trend for the time variation of the intracellular pressure and radius. This is because Ks appears in

the external force term of the intracellular pressure equation (Eq. (C15a)) but not in the external force term

of the radius equation (Eq. (C15b)).

On the other hand, we find that the parametersM0 and nγ discussed in the main body of this paper affect

both external force terms in Eq.(C15).
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Figure C4: Mechanical effects of water permeation on axons and water permeation flow through the mem-

brane using a 1–D intracellular pressure and swelling model. Axon radius normalized by initial radius

r∗0 = 0.05.
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Figure C5: Time response of intracellular pressure and swelling when water transmission coefficient is

varied in the following values: L∗

ww = 1× 10−6, 2× 10−6, 3× 10−6, 4× 10−6, and 5× 10−6. Axon radius

is normalized by the initial radius r∗0 = 0.05.
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Figure C6: Time response of intracellular pressure and swelling when the elastic modulus is varied in the

following ranges: Ks = 1 × 105, 2 × 105, 3 × 105, 4 × 105, and 5 × 105. Axon radius normalized by the

initial radius r∗0 = 0.05.
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